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RATIONAL EXPECTATIONS AND THE FOREIGN EXCHANGE MARKET

Peter R. Hartleyl
Princeton University
and NBER

In this paper I test the hypothesis that expectations of exchange
rate movements are formed rationally. To do so, I need, in addition to
the hypothesis of rational expectations, a theory of the determinants
of exchange rate movements. I shall first consider a very simple "mone-
tary approach' model of exchange rate determination. A serious defect
of the model considered in this paper is that it ignores the possibility
of a simultaneous determination of the exchange rate along with macro-
economic variables. However, it extends previous models in this genre by
attempting to distinguish the effects of changes in expectations on ex-
change rates from the effects of changes in underlying determining variables
apart from expectations. Furthermore, it does this in a context where the
assumption of rationality of expectations can be tested.

In the second part of the paper I shall present some results for the
U.S. dollar/German Deutschmark and U.S. dollar/Pound Sterling exchange
rates in the most recemt floating rate period. In the final section I
examine a model similar to one studied by Frenkel (198!). However, I am
able to test for rationality of expectations where Frenkel could not.

I have chosen to emphasize the test of rationality in the paper for
two reasons. First the test of rationality, unlike the tests of the re-
strictions implied by the simple monetary model, does not depend on the
validity of the exogeneity assumptions. If we do find a rejection of
the cross equation restrictions implied by rationality this is indeed a

rejection either of the assumption that expectations are formed rationally
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or that the forward premium differs from the rationally expected depreci-
ation or appreciation by no more than a constant terﬁ. Second, I have
tested two alternative models of exchange rate determination and while
both lead to valid tests of rationality (given our assumption on the for-

ward rate) they do not arise from a single simple model.

I. Simple Monetary Approach Model

Proponents of the monetary approach to exchange rate determination
view the exchange rate as the relative price of two monies. They therefore
argue that variables affecting the supply of and demand for two monies will
affect the rate of exchange between them. Quite a few studies have tested
the monetary approach to exchange rate determination and some of the earlier
ones are collected in Frenkel and Johnson (1978).

Since money is a durable asset it has been argued that expectations
about the values of variables affecting its future supply of demand ("ex-
ogenous"2 variables) will be important determinants of current demand.
Suppose expectations of future movements in exogenous variables are influ-
enced by current movements in the same exogenous variables.3 Movements in
the exogenous variable; would then affect money supply and demand directly,
but would also affect expectations and hence money demand. More signifi-
cantly, it is most probable that anticipated and unanticipated movements
in the exogenous variables will have quite different effects on exchange
rates. Frenkel (1979) has suggested that short run movements in exchange
rates are dominated by the effect of unanticipated movements in the exogenous
variables.

Many previous tests of simple monetary models have included lagged

exogenous variables among the explanatory variables. Insofar as the just-
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ification for including these variables 1is that they are useful for proxying
expectations, an important source of restrictions on the distributed lags
has been ignored.

The present study focuses on explaining errors in forecasting exchange
rate movements rather than the exchange rate movements themselves. This is
one way (also used in Frenkel (1979)) to separate out the effect of antici-
patedrand unanticipated movements in the exogenous variables. Only unantici-
pated movements in the exogenous variable should lead to unanticipated move-
ments in the exchange rate. Rationality of expectations implies a set of
cross—equation restrictions on distributed lags. The conformity of these
restrictions with the data provides a test of rationality which I shall
implement in this paper.

,

The statistical theory I shall use derives from a paper by Abel and

Mishkin (1979) and has been applied to a study of bond yields by Mishkin

(1981).
Let S = Txl1 vector of observations on the one period
percentage change in the exchange rate
and A = Tx1 vector of observations on the errors in
the forecast of one period exchange rate changes
Hence
1) By = Spyp ~EGle)
where ¢_ = Information relevant to the pricing of foreign

exchange at time t+1 available at time t.

Now suppose we have a theory which predicts

0>

(2) t+1 - LBt uen

where X = Txk matrix of observations on variab}es which
determine the exchange rate change S ., (Xt+l is

observed by agents at time t+1 but not before)



B = kxl vector of coefficients.

a

Suppose the variables X follow a stochastic process

(3) X = Iy + v
where 7 = Txl matrix of observations on past information
z, (i.e., z, € ¢t, t-1,2,...,T) which is useful
for predicting the elements of X
y = 1xk matrix of coefficients
v = Txk matrix of errors

Now from (1) and (2)

A = (X

e+l e " BB [$008 + [upyy = Gy [og)]

(4)

(X )JB + €

G
t+l Xt+1 t+1

where I have defined

xe = Txk matrix of the one period ahead optimal
t+1
forecasts of X
€etl = Tx1 vector of errors with E(et+1|¢t) = 0.

Now if expectations are rational then agents should use the process (3)
in forming expectations in (4). In other words we should find

(5) A = (x—zv)é + ¢

To test for rationality of expectations we estimate (3) and (5) jointly
and test for the quality of the ¥ coefficients in the two sets of equations.
An alternative procedure to estimating (3) and (5) jointly would be to
first estimate (3) and then use the residuals from that regression in (5).
The joint estimation is preferred for several reasons:
(1) The two step procedure does not test whether expectations are
optimal linear forecasts given the data on the right hand side

of (3).
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(i1) The joint e§timation will use information in both (3) and (5)
to estimate B and vy and will deliver more efficient estimates
of these parameters.

(iii) It is unlikely that the test statistics derived from the two-
step procedure will be consistent since they do not take account
of the variance-covariance structure in the regression from which
the residuals are derived.

To proceed we need an observable proxy for E(§t+1|¢t), a theory of
exchange rate determination (2) and a forecasting equation (3) for the
right hand variables in (2).

If traders in the forward foreign exchange market were not risk averse
and future prices were known with perfect foresight or were not correlated

with the future level of the exchange rate,4 we would expect to find

F = E(S

t t+l t+1|¢t)

where tFt+1 is the one period forward rate at time ¢t .

To allow for the possibility of risk aversion I shall assume

F = E(S

te e+l t+1|¢’c) - as,

where a = constant
F S

Then _
_ ¢t t+1 "t

In Appendix 1 a simple monetary model is used to derive a version of
equation (2):

~ -~ ~ ~

' - ok * ok
@7 Sy =My Moy T oYy oY,y Foghln ) iy



where Y and Y* are domestic and foreign real income
M and M* are domestic and foreign money supplies
{ and 1i* are the domestic and foreign (nominal) interest rates

is a composite error term reflecting deviations from pur-

gt+l

chasing power parity, as well as random components in

~ domestic and foreign money demand. gt+l can be auto-

correlated.
However, the model (2)' is not estimated since the interest parity

P . - _ * . -
condition implies that i, it+1 is related to the expected devalua

tion of the exchange rate. In Appendix 1, I substitute

~

Eev1 St

i - 1i

x - a
t+l t+1

~

into (2)' and then "solve forward" to get an expression for S .4 involving
the expected values of all future money supply and income changes.5 This

expression can also be written

a ~
=g _E S - (3,41 - -
By = Ser1 ~ BeSenn T 2 (l+(13) (B 1 Mer1e1 BeMers!
o 03 .1 % ~ %
(g (B Mo B e
) .

e, %3 i ~ ~ @, %3 i o ~
_ 3 - 3 -y
@ & (l+(13) (B i Yer1ai Eeler1r! %28 (1+a3) [E 41V e41ti Yet1ti!

+
Et+1

~ - ~

. %* ok
Now, we can take the variables -Mt+l s Mt+l . Yt+1 and Yt+1 as

the exogenous variables X in (2). As forecasting equation (3) for these

variables I use bivariate autoregressions so that:



Mt+1 - Yl(L)Mt +.72(L)Yt + Vit+l

Y5 (LU, + v, (DY + v

t+1 2t+1
3)
Ml = WM + v (WYL + vy,
9F o R IM 4 vF(LIY®
Yt+1 Y3(L)Mt Ya(L)Yt + Vit+l

If we use these forecasting equations in (7) it can then be shown7 that

~ -~ ~ A

= _ _ (mx *
5" At+1 (Mt+l EtMt+1)81 Mt+1 EtMt+1)82
5 ~ ~ -~ ~ ‘
- - * - *
(Yt+l Eth+1)83 + (Yt+l Eth+1)84 + et+1

which is an equation of the form (5). To test for rationality of expect-
ations, we can estimate (3)' and (5)' jointly and require that the vy
coefficients in equation (5)' equal those in (3)'.

It is important to realize that the B coefficients in (5)' depend
on the forecasting parameters vy in (3)', as well as elasticities in the
underlying money demand functions. In particular, therefore, changes in
policy which alter the Yy parameters in (3)' will alter the B parameters
in (5)'. This is a fe§ture of rational expectations models which has been
emphasized by Lucas.8 In the present context it might make us pessimistic
about the chances of getting precise estimates of the B parameters in (5)°.
If the forecasting equations (3)' have varied over the sample period and
agents have been aware of these changes, then fitting a single time series
over the whole period will produce at least two sources of imprecision in
the estimates of the B parameters. First, there will be errors in the
right hand side variables in (5)'. Second, the "true" B parameters will

have changed over the period.



The tests of rationality can be strengthened by estimating the system
(3)' and (5)' jointl? for two exchange rates. In this paper, I have jointly
estimated a U.S. dollar/k sterling equation (5)' along with a U.S. dollar/
German DM equation (5)'. If expectations are formed rationally, then the
forecast of U.S. variables agents use to preduct the $/b exchange rate should
be the same forecast they use to predict the $/DM exchange rate. Note, however,
that the e's for these two (5)' equations may be correlated. The ¢€'s
represent sources of forecast errors apart form errors in forecasting money
and income growths. It is quite likely that the same unaccounted source of
error will affect both exchange rates each period. I report one set of
estimates which do, and another which do not, ailow for this correlation
between the ¢€'s .

I have been treating the unanticipated money and income shocks as
exogenous with respect to the unanticipated exchange rate error A . If
monetary policy is varied in response to current innovations in € then
the vit'é will be correlated with € - This will bias the estimates
of the B coefficients in (5)'. 1In fact, it is shown in Abel and Mishkin
(1979) that if ove is unknown the B8 parameters are not identified.

Some set of k identi%ying restrictions on the k elements of Oe in (3)'
and (5)' is needed to identify the beta parameters. The system (3)' and (5)'
cannot be estimated using standard full information maximum likelihood tech-
niques. The covariance matrix must be constrained if we are to get unique
estimates for the B parameters. In addition, unless the covariance matrix
is restricted, in a test of restrictions on the B parameters the degrees
of freedom of the test statistic could be seriously over-estimated. In all
the estimates reported below I restricted o =0 and if this is invalid

vE

the estimated B coefficients will be biased.



II. Estimation of the Simple Monetary Model

I used M1 money stocks as reported in the IMF International Financial

Statistics. Data on industrial production were obtained from the same
source to serve as proxies for Y and Y* . The exchange rate data were

taken from the Harris Trust and Savings Bank Weekly Bulletin. The monthly

observations were taken on the last Friday of each month.

We want a parsimonious set of forecasting equations (3)' to keep the
number of estimated parameters to a minimum. We cannot get much guidance
from theory on which lags should be included and which excluded from (3)'.

I regressed each exogenous variable on 12 of its own lagged values and 12
lagged values of the other exogenous variable from the same ;ountry. In

all cases this produced white noise residuals. Insignificant variables were
then dropped from the regressions.' At each point the residuals were checked
to ensure‘they were still white noise. The forecasting equations arrived at
in this way were not altered after the joint estimation had been completed.

Appendix 2 sets out the likelihood function for the joint model (3)'
and (5)' for the two exchange rates and discusses the method used to maximize
the likelihood function. If we denote the covariance matrix of the error

’

terms in (3)' Ev , the covariance matrix of the error terms in (5)' Ze
-and the covariance between v and ¢ zve , we can distinguish two situations:
(a) Both Zv and Ze are diagonal so that the covariance matrix
of the system (3)', (5)' is diagonal.
(b) Ev and Ze are unconstrained although zve is constrained
to be zero.
In (a) the likelihood function can be maximized by iterative non-linear
least squares whereas in (b) an explicit maximum likelihood algorithm is

required. Assumption (b) is more general but alas more expensive to implement.

The results using the model (a) are set out in Table 1.
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C o Table 1
- Joint Estimation? of (;)‘ and (5)' with Covariance Structure (a)
Dependeht 8 8 ‘ 8 Testb for
Variable Period 0 USM UST BUKM BUKI BGM GI Rationality
AUKUS 2/72-4/79 .00003 .348 .293 ~-.130 .130
(.0029) (.373) (.470) (.247) (.143) 2

, X49=54.54

AGUS 2/72-4/79 .00499 .058 -.101 -.699 -.867
~ (.0040) (.446) (.615) (.383) (.309)

f““‘aAsyﬁptofic standard errors are im,brackets below ‘the coefficients.
Twice the difference in the maximized log likelihood functionms.

Most of the beta coefficients are not significantly different from zero.
However, as noted above, the beta coefficients predicted by the. simple monetary
model will be functions not only of the parameters in the money demand function
but also the parameters in the forecasting equations for money and income growth,
The fact that most of the coefficients are not significantly different from zero
cannot be taken as evidence against the simple monetary model. More explicit
tests of the simple monetary model will be considered in the next section.

When the covariance structure is generalized to model (b), and the log
likelihood function is explicitly maximized, to reduce the number of parameters
to be estimated a more Parsimonious parameterization for the forecasting
equations is required. Hence the results in Table 2 are not directly compar-
able with those of Table 1.

As in Table 1, few of the beta coefficients in Table 2 are significantly
different from zero. Furthermore, the coefficients on errors in forecasting
U.S. money growth changed sign in moving from Table 1 to Table 2. The most
robust beta coefficients appear to be those on German money and income fore-
casting errors. The cross-equation restrictions implied by rationality were

not rejected in the models of either Table 1 or Table 2.
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I1I. Testing the Simple Monetary Model

In Appendix 1, a result from Sargent and Hansen- (1980) is used to
express the B coefficients in (5)' in terms of the forecasting para-
meters vy in (3)' and the income elasticities and interest semi-elasticity
of demand for money. As long as we restrict the covariance matrix zve
to be zero, the beta coefficients will be idéntified and the restrictions
" on those coefficients implied by the simple monetary model can be tested.
At the same time, we can recover estimates of the income elasticities and
interest semi-elasticity of demand for money which can be compared with
the values of these same parameters obtained from estimates of money demand
functions.

I attempted to test for the conformity of the simple monetary model
with the data using either the real GNP, or bank clearings divided by the
wholesale price index, as the income variable.9 VI also tried estimating
the model imposing the requirement that Zv and Ze be diagonal or leaving
them unconstrained. In all cases I had difficulty getting the algorithms
to converge. The problem appeared to be that the likelihood function was

maximized for values of the interest semi-elasticity of demand for money
’ a

(a3) which were very large so that A = approached 1. One example

1+0.3

from these "results" is reproduced in Table 3. Note that these parameter
estimates are not maximum likelihood estimates as the algorithm was still
diverging at these values.

The results must cast considerable doubt on the ability of the simple
monetary model to adequately account for the data I examined. However, it
should be emphasized again that some of the difficulty might be due to
changes over the period in the stochastic processes (3)' governing the

evolution of the money and income variables.



13.

Table 3

Estimation® of the Simple Monetary Model
(X diagonal)

Independent Interest
Period Variables Income Elasticities Semi-Elasticity
U.Ss. U.K. G
2/72-4/79 M1 growth -.01482 -,0832. .6149 21,578.88
Real clearings
.growth (.1757) (.0717) (.3655) (94,754,325.1)

a
~ Asymptotic standard errors are in brackets below the coefficients.

As a further test of the simple monetary model, I used the term structure
of the forward rate to test an alternative implication of the model. I show
in Appendix 1 that the error in forecasting the change in the exchange rate
over 3 months, if exchange rates are determined in accordance with the simple

monetary model of Appendix 1 and expectations are formed rationally, can be

written:lo
S -S F -S
t Tt-3 t-3t t-3
S - S = B T Byvip t Bavy F Bavy BV
t-3 t-3
(8,-1) (8,-1) (8,-1)
+ o0y ay vy + By # a 1 vge g * [Bg 7 ay 1 vyeq
.\ [84 .\ (84-1) : _— [Bl .\ (Bl-l) (1+2a3) _ (Yll‘:1Y31) : s
g = ay a3 3
(8) - * *
(82 1) (1+2<13) (Yll a2Y31)
+ [82 + a a - a ] V3t—2
3 3 3
oIy e a 1 vy
3 3 3
(B,-1) (14+2a,)  (y%,-a,v%,)
4 3 21 241
+ [84 + ag a3 - a3 ] Vie-2 + 8t + et-l + 8t--2

where B, and v have exactly the same definition as in equations (3)'

i
and (5)' while

it

Yi1 is the coefficient of L1 in the polynomial Yi(L) in
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the lag operator in (3)'. The parameters al and a, are the income
elasticity of demand for money in the U.S. and the foreign country (UK
or Germany In our case) while a3 is the common Interest semi-elasticity
of the demand for money.

We can get a test of the simple monetary model by estimating (3)',
(5)' and (8) jointly and then testing the reétrictions on the coefficients
in (8). The values of the unrestricted coefficients in (8) are of interest
in themselves. If the so-called "overshooting hypothesis" is correctl!
then we might expect to see the coefficients on unanticipated money growth
change sign as ;he lag increases from 1 to three periods in equation (8).
The results of jointly estimating the equations (3)', (5)' and (8) are
given in Table 4. No adjustments were made for heteroskedasticity. Although
the constraints on the coefficienté in (8) are not rejected, it is apparent
that the beta coefficients in the ﬁnconstrained version of (8) are estimated
very imprecisely. The results in Table 4 would give one very little con-
fidence that the model (3)', (5)' and (8) is consistent with the data. As
far as the overshooting hypothesis is concerned, most of the coefficients
in the unconstrained version of (8) follow a pattern

by

A

7/ ~
7 ~

s ~

e Tfea

Exceptions to this pattern are the coefficients on U.S. and German income

in the German 3-month forecasting error equation. Both of these behave
monotonically as a function of the lag but only the coefficients on U.S.

income forecasting errors change sign.:
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IV. Interest Rate Model

Following Frenkel (1979) I estimated a model

1 = S W+ 8, + 8,WT, + vy,
(9) * * * * vz * ok
¥ = SRWtE + S + ST + vy,
A = - * - s %
(10) 8¢4q Bo (141 Bplpyy)By + G Bitig)By * 8

Although this model has a less rigorous theoretical foundation than
the simple monetary model studied in Appendix 1, Frenkel found it was
capable of explaining part of the exchange rate forecasting error At+1 .
He suggested that interest rates and exchange rates might both be affected
by the same "news." Further, if both bonds and foreign exchange are traded
in efficient financial markefs, the time lag between the arrival of the
news and its subsequent effect on prices will be similar in the two markets.
This begs the question as to the exact nature of the news. It also suggests
we should set up a simultaneous equation model where-exchange rates and
interest rates are both endogenous variables. Frenkel uses instrumental
variables to cope with'the simultaneity problem. I have ignored it. As
above I shall assume that € and v in (8) and (10) are uncorrelated.
On the other hand, I can test for rationality by testing the validity of
the cross equation restrictions on the & parameters in (9) and (10).
Note that the validity of this test does not depend on the validity of the
assumption that E(e,v) = zev =0 .

In the results reported in Table 5, I used the one—-month Eurocurrency

rates reported in the Harris Trust and Savings Bank Weekly Bulletin for

interest rates. Again I used the rate on the last Friday in each month.
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Date limitations prevented me estimating (9) and (10) over the full period

2/72-4/79. I used maximum likelihood estimation as for the simple monetary

model results reported in Table 2.

Table 5

Joint Estimation of (9) and (10)

Dependent Adj. for 8 8 8 . Test for
Variable Period Hetero. 0 USINT UK,GINT Corr. Rationality
AUKUS 10/72-4/79 No .1938 . 7217 -.5531
(.3875) (.6250) (.1877) .543
%us  10/72-4/79 No = .5554 1.2304  -.0802
(.7058) (.8254) (.5330)
AUKUS 10/72-4/79 Yes -2.2500 . 7175 -.5399
(9.9163) (.4616) (.1720)
.551 2
X34=44.9922
AGUS 10/72-4/79 Yes -.6508 1.0428 ~.1905
(7.7214) (.7420) (.5472) PRV=90.15%

In contrast to the tests based on the simple monetary model we find some

weak evidence against rationality of expectations in Table 4.

Also, it is

rather interesting.to hiote that although the German equation produced more

robust results for the simple monetary model, the UK equation gives more

significant beta coefficients when the simple interest rate model is est-

imated.

V. Conclusion

We have uncovered very little evidence unfavorable to the hypothesis

that expectations are formed rationally in the foreign exchange market.
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However, proponents of a simple monetary model of exchange rate determination
can find little comfo;t in the results. There is some evidence that a single
simple model may not be satisfactory for explaining all currency movements.
This might be related to the different way monetary policy is conducted in
different countries. If the monetary authorities followed an interest rate
rule then unanticipated innovations in interest rates may provide more rele-
vant information than unanticipated movement in the money stock. The opposite
might be the case for a country which followed a money stock growth rate rule.
1f the authorities did not follow any stable rule over the period examined,
then it would be very difficult to test any model of exchange rate determin-
ation. This is just another implication of the Lucas éritique of econometric
policy evaluation (Lucas, 1977). Instability in policy over the estimation

period could have been a major factor leading to the very imprecise estimates

of the B parameters found in this paper.
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APPENDIX 1

A Simple Monetary Model

The model discussed here is a rather simple variant of the models
discussed in the monetary approach literature. This has been done since
then the model

(1) delivers strong restrictions on the effect of lagged

values in the exogenous variables on exchange rate
forecast errors12

and (ii) enables the derivation of testable restrictions on
the effect of unanticipated changes in the exogenous
variables on forecast errors.

We begin with an equation representing deviations from purchasing
power partiy:

P* _ 4+ E

(A1)Syy = Pev1 7 Ferr T tend

where ~ denotes percentage rates of change and P and P* are the
domestic and foreign price 1evels.13 Equilibrium in the domestic and

foreign money markets require
(1.2) M/P = L(Y,1) and M*/P* = Lx(Y*,1%)

where Y and Y* are domestic and foreign real income and 1 and 1i¥
are the domestic and foreign (nominal) interest rates.

Then from (1.2)

p/px = [M/L(-)J[L*¥(+)/M¥]

o, —a,i o, —0,i*
Now takel4 L= le le 3 and L¥* = sz* e 3



Then
1.3)P - P* = M - Mx - —i%
1.3)p - P M- M a1?t+1+u2?t+l + a3A(it+1 it+1)
and from (1.1) and (1.3)
. = - fx - -1i*
W88y =My - By -l reliy P ey ig) F e (1.4)

which is equation (2)' in the text.

Now we impose the interest parity condition. In the absence of

15

transaction costs, arbitrage in assets ensures

41 e+2 Wiin
@-3)="g—"= = Toax
t+1 t+1
. 1
where t+1Ft+2 is the forward rate at t+l for t+2 . Expanding T+i*

and ignoring squares and higher powers of interest rates we get

F
e+1Ft42 .
e s sz - *
SH_1 1+ it:+1 it+1
or
F _ -5
t+1 t+2 t+1 a
. ~ {* = = -
Q.61 43 - 1 Ser1 Byl See ~ 2

.

from equation (6) in the text. Substitute (1.6) into (1.4)

~

St+1 Mt+1 Mt+1 alYt+1 + azYt+1 + a3Et+1 St+2 GSEtSt+1

a.n
ten

~

Take expectations of (1.7) at time t and use Et(Et+lst+2) = Etst+2 to
get
EtSt+1 EtMt+1 EtMt+1 t+1

(1'8) ~
- 3B S

A* -~
+ azEtY + + a/E S

alEtY t+1 37t t+2
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This can be written using the backshift operator as

-] ~ ~ ~ A
a.9) [1+ a3 G3B ]EtSt+1 EtMt+l EtM t+1 alEY aZEth+1

-1 %3 -1
But ltag - o B = (L+ag)[1 - EIE; B -] with |

a
3
1+a3| <l .

Hence

o

3 yip w B P IS M
l+a3 t t+1+1 i=0 1+a3 t t+l14+1i

17 4Zof

]

(1.10) (1+a3)EtSt+

[0 3 [0 3
$ 33ip ¢ + o 5 351 ¢
3

1 i=0 _L+a3 t tH+i+i 2 i=0"14a t t+1+i

We can lead (1.10) one period to get Et+lst+2 and then substitute into

1.7)

>

~ ~ A (13

=M, - M- aY 4o Y

i
t+1 t+l t+1 1 t+1 2 t+1 1+o )E

® 3
[i§0(1+a t+1Mt+2+i

3 3
[0 3

3.1 2, ©, % 1 2
l+a3) EiMiors ~ % 120(1+a3) B Yesom

(1 Q

[ z
1+a3

o

(1.11)

3 .4~
0(1+a ) EM

3 i e
E Y 1 - 5 Tt

2 1—0(1+a3) t+1 t+2+41

+

[0 3
o, %3 1 © , %3 i 2%
)1Et e+1+1 - %1 120(1+a3) Eth+1+1 ta, 150(1+a3) E Y y14i)

1—0(

+
€41

From16 (1.11)

[0 3 [0 3
A <« 3 i A*
1+a 3) [Et+lﬂt+l+i - EtMt+1+i] - S(l+a3) (B Met1ed

vk
) [Et+l t+1+i Eth+l+i]

Seer ~ BeBear - X

Jek
(1.12) - EtMt+l+i] - 0(

l+a

[0 3
= 3,31 ok S
toa, 5(1+a3) EenYet1e1 ~ Belearst] + Sen



which is equation (7), in the text.

Now we want to derive equation (5)' in the text. We begin with the

forecasting equations (3)'. These can be written using lag operator

notation as:

L"nl

Y13 () Y1 (1) e+1 Vie+l
(1.13) ) -
Yy (L) Yy (L) Yt Vor+l
nij ij k 1 4if 1=j
where Yi (L) = kZO YkJL i, j=1,2, with YQ = {p if i#g
o -;k Yk'_
3 11 12
Put AS and r = max {n,.} and =
1+a3 ij ij Yk Xk Xk k=1,..
Y1 Y2z |
Then as shown in Sargent and Hansen (1980) we can write
© i -~ | k~j j Mt‘l‘l
120 Y EpiMepgeg = Uy OO s Zl(k 41 ML G ]
t+l
and -
a1 % g 3 - Uy )T+ L5 5L Ay L) [¥t+1]
320 N PelTer4s T 2 351 RE1t Yk ¥
where U1 = [1 0] and U2 = [0 1]
But Z LJ ‘t+1] is known at time t . Therefore,
j=1" 'Y
t+l
(1.15) ) .
EM r T . M
o 1 - -1 .t t+l -1 k-j j, t+1
LV EM = U y(d) [,5 1+U,vyQ) 2(2 A )) gl E R
i=0 t+1+1 1 Eth+1 1 1'k=j+1 Yt+l

A © i 2
with a similar expression for iEOA EtYy+1+i

Substitute into (1.12) to get



A + ~ ~
< e s 3 \[Yzz( ) +a5v,,(M)] o CER )
t+1 t t+l dety(}) t+l tt+l
*
: dety(}) t+l t t+l
* *
[Yzz(k) + azvll(k)] R R
- (M* - E M%)
dety*(A) t+l t t+l
* *
[le(k) + azvll(k)] R N
+ (Y . - E Y* )
. dety*(}) t+l tt+l

where dety()) = yll(k) YZZ(A) - Y21(A) le(k)

and dety*(2) = v§; (M) v5,(0) - v, (W) v§,(Q)

Equation (1.16) corresponds to (5)' in the text. The simple monetary
model can also be tested using the term structure of the forward rate.
We could use expression (1.14) above but I decided to test an alternativ
expression which is also implied by the simple monetary model.

First observe that

S -S

t "t-3 - _
St_3 - lnSt - 1nSt_3 = lnSt 1nSt_1 + lnSt_1 1nSt__2 + 1nSt_2
(1.17)
- S + St—l + St—2
S -S F -S -
t "t-3 t-3't "t-3 . - -
So - = (S, -E_.S)+ (S, ,-E_ .S .)
S._3 S._3 t t-3"t t-1  Tt=37t-1
+ Sy ~ E_38:))

Now use (1.12) together with the forecasting equations as in (3)' in the

text

e

- lnSt_

3



>

+ Y
Yl(L)Mt YZ(L)Yt + vy

t+1 t-1
Y = L Y
41 = Y3WM + Y, (WY F vy,
(1.18)
* = vk * *(L)Y*
ME o= Y EME S+ BV F vy
* * M + vk g%
Yip = YEOME + MR H Vg
where vy, (L) I % Y Lj v*(L) = . yk Lj i=1,2,3,4
i\ 7 j=1 ij s Ii - - jElnij ‘ ERal I ]
Then St - Et-3st , for example will contain terms 1like
M- E Mo B Mgy~ BeogMen, L

A A -~ ~

and E_M -E _M,E M. . -EFE M.,

Now use (1.15) to evaluate these. For example,

~ ~

2
M- B M = [Y[ g, F Yy dvien t (v, + Cry 117410 Y91 Vo2

e T 21%2e-1Me

and
Et—lﬁt B Et-3&t N [Yil Fvyy ¥ Y1 Ya1 Vg F Dt Oy ™)1 V20
* ¥11%e-1 T Y21V2e1
Put Etﬁt+i - Et-lﬁt+i = EiV1e t RV

~ ~

E Vi ~ B 1 Ye+

E21V1e ¥ %21V2¢



a
_e %3 4
and B, = é(1+a )78 49 8py)
3
a
e, %34
By = §(1+a3) (2y47%1%54)

Define ¢&*, z* and 82, 84 analogously for the foreign variables.

Then it can be shown that

>

| 1
3¢ T B3Vor T BV T [(B-DV

S, - E S, = B v, + BZV
3

t t-3"t 11t 1t-1

By Dy g+ By vy g+ B vy )
1+a3 ) aq a,
G A - _— - - — e vk — *
+( 2 ril8y-1 1+a3(Y11 a3 vy 18y 1+a3(Y11 @)¥3171V3. 2
3
a a

Y + ¢

9 -3 _ : 1 - 3 ok o ok
+ 1851 1+a3(Y21 Y1) 1V p * [B,1 1+a3(Y21 aYF) 1o ¢

Similarly,

~ A

Se-1 7 Beo3Seo1 T ByVie-1 T BoVaeon Y B3Voror t BV

1
o LB DV

+ (B,-1)v
3 ; 2

3t-2 ¥ (83'1)v2t—2 + (B4°1)v4t—2] te2

and

A a

Se-2 T Eeo3Sem2 T BiVie—2 T ByVapen Y B3Vorca T BuVieo2 T Eeon

Substitute into (1.17). The simple monetary model predicts that

S _-S F _-S
tS =3 _ t—3st £-3 will be a moving average of the one-period forecasting
t-3 t-3
errors v, i=1,2,3,4
173 40,152



Furthermore, if we jointly estimate

S -S F-S
t "t-1 t-1t "t-1 ;
- = B Vv + B.V + B.v + B,V + €
Se-1 Si-1 11t 23t 32t 474t t
5. -S F _-S B.-1
t "t-3 t-3t "t-3 1
and - =B.v. +B.v, +Bv, +B8v, +I[B +—"]
£-3 St_3 11t 2 3t 32t 44t 1 ag
B,-1 By-1 B,-1
+ By + = —dvg g [By vy g 1B, T I
3 3 3
-1 1+ - -1 1+
. [51 . Bi 1 1(fu3 ) (Yll a1Y31)]v1 : .\ [52 .\ 82 11 Za3
o3 3 *3 " °3 %3
(k —q vk - -
O 0‘2\(31)]v P 1 142a; (v 0‘1\(41)]v
a3 3t-2 3 aq o, 3 2t-2
B,~1 1+2a (v*_ -a, v*.)
4 3 21 241
B T e T ay T P

Vie-1

the restrictions on the beta coefficients implied by the simple monetary

model can be tested.

As above, estimates of the elasticity parameters in

the money demand functions will also be obtained and these can be compared

with estimates of these same parameters which have been obtained by other

methods.
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> APPENDIX 2

The Likelihood Function for the Model (3), (5)

To simplify the exposition I will use the notation of equations (3)
and (5) in the text rather than the more explicit but more cumbersome
notation of (3)' and (5)'.

We want the likelihood function for the simultaneous system

>
[]

Zy+ v

>
[

(X-ZY)B + €

-

Let (Xlt,...,th,At) be the 1x(k+2) vector of observations on

the endogenous variables at time t and let ( "Zzt) be the

Z ..
1t’
1xf vector of observations on the' exogenous variables at time t.

Then the system can be written

(Xpponees X sB B+ (Z) 5eesZ, ) T = (v, »e,)

where
L . -8
B = (-—m—-b---)
{
0 :IZ
i
r= (v | v8)
]

Since detB = 1 we can write the log likelihood functionl7
10 -1 Ve

E—Z (vtet)Z (e') where
t=1 t

L* = —%n(k+1)10g21r - %logdetz -

I+ 0
A |
R
0 !z
€
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If Zv and Ze are diagonal the log likelihood can be maximized by
dividing each of the équations by the estimated variance of the residual
of that equation and then using non-linear least squares to obtain the para-
meter estimates Yy and 8.

In the more general case where Zv and ZE are unrestricted I used
an algorithm specified in a paper by Berndt, Hall, Hall and Hausman (1974).

In both cases, I corrected the residuals for heteroskedasticity using
the time trend procedure outlined by Glesjer and discussed in Johnston (1963).
Initial parameter estimates were obtained and the absolute values of the
residuals were then regressed on a constant and a time trend to get two
parameters BiO and Bil for each equation 1 . The data of:equation i
were then corrected by dividing by the square root of BiO + Bil o time.
Parameter estimates using the corrected data were then obtained. While
this procedure is satisfactory when Zv and Ze are diagonal, it would
have been preferable in the more general case to have included time trend
terms in ZV and Ze . However, this would have greatly increased the
number of parameters to be estimated. Results for both the unadjusted and
adjusted data are reported when Zv and Ze are not constrained to be

’

diagonal.
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Footnotes

Y

1. I would particularly like to thank Frederick S. Mishkin for many
valuable discussions and suggestions. I would also like to thank Jacob A.
Frenkel and Robert J. Hodrick for their comments. Financial support from
the Lilly Endowment Fund, the University of Chicago, and Princeton Univer-
sity is gratefully acknowledged. |

2. I shall use the term "exogenous" for these determining variables
for ease of exposition. Some of them might in fact be simultaneously deter—
mined with money supply and/or demand. This shall be discussed further
below.

3. This will be true, for example, if the evolution of these exogenous
variables can be explained by a stable low order autoregression and agents
are aware of this fact and form expectations rationally.

4, See Frenkel and Razin (1980).

5. This was also done in Mussa (1978) and Bilson (1978).

6. € = E &

t+1  tot+l T

7. See Appendix 1.

8. See Lucas (1977).

9. Bank clearings and the wholesale price indices were obtained from
the International Financial Statistics. I used this variable to capture
the transactions demand for money.

10. Note that the theory implies the error term in equation (8) will
be a moving average. This fact has been ignored in the estimation and will
lead to inefficient estimates of the parameters of the model.

11. See Dornbusch (1976) for example.



12, 1If, for example, partial adjustment parameters were appended to
the present model, a far wider range of estimated lagged effects would be
consistent with the model. However, I would consider that a weakness and
not a strength of the extended model. 1If one is to postulate a model with
lagged adjustments, it would be preferable to have a theory explaining the
source of the lags so that one could get restrictions on the adjustment
parameters ﬁore open to refutation.

13. TFrenkel (1978) discusses the use of the relevant price index to
use here. To the extent that purchasing power parity pertains to traded
goods only, (1.1) would also contain terms involving the relative price of
traded to non-traded goods.

14. The functional forms proposed here for the money demand functions
are common in monetary economics and exchange rate literature.

15. Equation (1.5) has been tested previously in quite a few studies
and appears to hold up reasonably well (see for example Frenkel and Levich,
1975, 1977 and Levich L978, 1979).

16. Note that if e 1s autocorrelated so €tl = a(L)et + vt+l then

£

E = a(L)et and € - E

t+1 41 = - a(L)st = v and we will still

t S+l t+1 t+1

get an uncorrelated error term in (1.12).

17. See for example Schimidt (1976), p. 216.
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