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Introduction

The magnitude of the subhstitution hetween present and future
consumntion induced hv chanadec in the real interest rate is one
of the centra® questions of macroeconomics. If consumers can he
infuced to postpone consumption by modest increases in intereét
rates, then (1) the IS curve is relatively flat and
crowding-out is an important consideration, (2) the dead-weight
loss from the taxation of interest is important, and (3) the
burden of the national! debt or unfunded social security is
relatively unimnortant, to name three of the many issues that
rest on the intertemporal substitutability of consumption.

In contrast to most recent research, this paper attempts to
estimate parameters of the representative individual's utility
function, rather than narameters of the consumption function or
savings function. As PRobert Lucas (1976) has pointed out, there
mav not he anything that could properly be called a consumption
or savings function--the relation bhetween consumption, income,
and interest rates Adepends on the wider macroeconomic context
and mav not he stahle over time, even though consumers are
a'wavs trying to maximize the same utility function. The
techniques of this paper are more robust with respect to this
kind of instahility than are standard econometric models of
consumption and savings.

The essential idea of the paper is the following: Consumers
plan to change their consumption from one year to the next by an

amount that depends on their expectations of real interest



rates. Actual movements of consumption Aiffer from planned
movements bv a comnletely unpredictahle random variable that
indexes all of the information available next year that was not
incornorated in the nlanning nrocess the year before. If
expectations of real interest rates shift, then there should be
a corresponding shift in the rate of change of consumption. The
magnitude of the response of consumption to a change in real
interest expectations measures the intertemporal elasticity of
substitution. Al) of this is set up in a formal econometric
model where the assumntions are formalized and the estimation
techniques rigorously justified.

Over the postwar period, there has heen a downward shift in
the expected real return from common stocks and savings
accounts, the investments thet presumably set the relevant real
interest rate for most consumers. Over the same period, there
has heen on'v a small Aownward shift in the rate of growth of
consumption. Consequently, all of the estimates presented in
this maper of the intertemporal elasticity of substitution are
small. Most of them are also quite precise, supporting the

strong conclusion that the elasticity is unlikely to be much

above 0,1, and mav well be zero.



1. Theorv of the consumer under uncertain real interest rates

The theorv outlined in this section is based on the work of
Doualas Breeden (1977,1979), and a number of other economists.
Consumers maximize the expected value of an intertemporal

utilityvy funection,

-d(t+1)

—d(t—l)u -dt +

(Ct—l) + e u(ct) + e u(c

(1-1) LI BN ) +e t+l)

e_d(t+2)u(ct+2) + ...

For the nurposes of what follows, it is not necessary to make
specific assumptions about the market setting of the
maximization. At one extreme, the consumer could face a full
set of markets in contingent commodities, and then the budget
constraint would say that the sum of all the consumer's demands
for the contingent claims valued at market prices would equal
his endowment. At the other extreme, the consumer could be
Rohinson Crusoe, with a single risky investment in a real asset.
Then the budget constraint would say that his holdings of the
real asset could never be negative. For a further discussion of
this point, see Sanford Grossman and Robert Shiller (1981).

In anv case, one of the manv choices facing the consumer is to
smend a little less, x, in vear t-1, invest x in one asset, and
svend the stochastic nroceeds in year t. Suppose that a unit
investment in year t-1 returns ert in year t. At the point of

maximum expected utility, the consumer will have thought through

all possibilities of this kind, and expected utility will reach



a maximum at x=0, so the derivative of expected utility with
respect to % will be zero at that point. Only the terms in
exvected utility dated t-1 and t participate in this

calculation, so the relevant first order condition can be

written
A -d(t-1) ~At T
(1.2y Ay Fpoq (e u(c_; - x) + e Tulcg + e X)) =0
Thne,
r
~A (- . at ., t =

(1.3) -e (t ]‘u (ct__l - %) + Et—l e tu (ct + e x) =0
At x=0,

r

t 8|

2 _ ' = '

(1.4 Ft__1 e u (Ct) e’'u (ct_l) .

This is the precise mathematical formulation of the principle
that the marginal rate of substitution should equal the ratioc of
the vrices of present and future consumption. Under
uncertaintv, it is not true that the expected marginal rate of
substitution should equal the expected price ratio (the discount
function). Rather, the expected value of future marginal
utility multiplied by the stochastic return should egual the
current value of marginal utility. Note that this
"reallocation" condition is the generalization of the

proposition investigated in my earlier paper (Hall (1978)) that



marginal utility should be a trended random walk when real
interest rates are constant over time.

Further progress in translating the reallocation condition
into consequences for observed variables requires assumptions
about the Adistributions of the random influences. A set of
assumptions introduced by Rreeden (1977) seems a natural
apnroach. First, assume that the real interest rate, Cyo
conditional on information available in year t-1, obeys the
normal dist;ihution with mean r: and variance v,.. Because
interest rates as they are defined in this paper can he
indefinitelv neqative, the normal distribution is a natural
assumption. Second, assume that the consumer's rule for
processing new information about income and interest rates makes
the distribution of marginal utilitv log-normal, conditional on
information available last vear; that is, log u'(ct) is ndrmal
with mean my and variance Ver

Because the new information arriving in year t has a bearing
on hoth the actual return to investments maturing in t and on
the consumer's long-term well being estimated in that year, the
two random variahles r_ and log u'(ct) will be correlated; I

t

will let v c stand for their covariance. Then the random

-, C

variahle on the left-hand side of the condition for optimality
_ r

of the consumption rule, e tu'(ct), is log-normal; its log has

*

mean r + m, and variance v_ + v_ + 2v

. c r,c From the rule that

the expectation of the exponential of a normal random variable
with mean m and variance v is em+v/2' the expectation of the

left-hand side of the condition is



(1.5) F e tu'(c

b1 + m +Vr/2 + Vc/2 + v, c)

*
t t ’

mhig should equal the right-hand side of the condition,

A
(1.6) eut (e, ) .

In 7oqas, the condition takes the simple linear form,

*
— [ ]
(1.7) re +om 4 Vr/2 + Vc/2 + Vr,c = d + log u (ct_l) .

Reca'l that the condition is a constraint on the consumption
rule., Tt may he useful to rearrange it so that those parts
controlled by the consumer are on the left and exogenous parts

are on the right:

*
hi - - J + = -7 - +
(1.8) m loqg u (Ct—l) + vc/2 Vr,c ry Vr/2 d

If the structure of uncertainty is stahle over time, Ver Yy oo
14

v an? A can all be combined in a constant, k:

r-l

*

(1.9) m_ - log u'{c =k - r

£ £-1)

Put another wav, the random variahle log(u'(ct)/u'(ct_l)) is
*

normal with mean k - r, and variance Ve

The development of the model to this point is the following:

re anA Joq(u'(ct)/u'(ct_l)) are bivariate log-normal with means



r: and k - r:, conditional on information available in year t-1.
The strong testahle implication of the theory is that the mean
of the marainal rate of substitution is shifted only by the mean
of the real interest rate. Information availabhle in year t-1 is
helnful in predicting the marginal rate of substitution only to
the extent that it nredicts the real interest rate. This
testable implication is the logical! extension of the one derived
in mv earlier vaper under constancy of real interest rates. 1In
that case, no variahle known in year t-1 should help predict the
marginal rate of suhstitution.

The next step in deriving testahle implications is to assume a

functional form for the utilitv functinon. _Breeden has suggested

the natural choice,
(1.10) u(c) = (l_l/s)_lcl"l/s .

Tts marginal utilitv is

(1.11) u' () = Vs |

Here s is the intertemporal elasticity of substitution and the
reciprocal of the coefficient of relative risk aversion. 1In the
next section, a more elaborate specification is introduced where
separate parameters control intertemporal substitution and risk
aversion, I show that the procedure developed here for the
simple additive utility function actually estimates the

intertemporal elasticity of substitution. The bivariate



relation hetween consumption and real interest rates does not
reveal anvthing ahout risk aversion.

It is convenient at this point to multiply the log of the
marginal rate of substitution by the elasticity of substitution,
s, to put the bivariate model in the following form: r,_ and

t

*
and k + STy,

*

an(ct/ct_1) are jointlv normal with means ry

variances v,. and v_, and covariance v, Here I have redefined

c r,c’

k, Ver and V. o SO as to eliminate an inconvenient s.
/C
Finally, it will be useful to write out the model in more

standard econometric form, with explicit disturbances:

(1.12) r, =r, + u

(1.13) loa(e /e _4)



2. Distinquishing intertemporal substitution from risk aversion

In this section, I will arque that the regression of the rate
of change of consumption on the expected real interest rate
reveals the intertemporal elasticity of substitution, not the
coefficient of relative risk aversion. In order to infer
anvthina about risk aversion, more than one asset must be
considered, The argument proceeds by introducing a utility
function where separate parameters control risk aversion and
intertemporal substitution. Consumer optimization gives rise to
exactlv the same hivariate model of real returns and the change
in consumption derived in the previous section. The risk
aversion pmarameter is not identified econometrically from the
data on the return to a single asset and the rate of change of
consumntion,

The utilitv function is the earlier function raised to a

power:
_a-1
1/s-1
oo 1-1/s
_ 1/s=1| N\ -dt' St
2.1) Feo1 731 < _ € 1=1/s

t'=t-1

I define the intertemmoral elasticity of substitution as the
elasticity of subhstitution between consumption in any pair of

vears under certainty; this is plainly the parameter, s. On the
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other hand, I define the coefficient of relative risk aversion
according to its standard atemporal definition applied to the
utility function obtained by inserting a common stochastic level
of consumption in every vear into the function Jjust given. This
is easilv seen to be the parameter a. I assume that s is less
than one and a exceeds one.

Raced on the same logic as before--that the reallocation of a
unit of wealth from year t-1 to vear t not change expected

utilitv--the reallocation condition is

a-1/s
oL 1/s=
1-1/s
; -at' St .
(2.2) TR | L e T-1/5
r=t-1
r
(_e—_d(t—1)ct—:}{5 + e te_dtCEl/s) = 0
Let a=1/s
1/s-1

1-1/s
ey
(2.3) z. = -de' 't
7y = R v e

tr=t-1

Then the reallocation condition can be written as

(2.4) E



-1~

Supnose, as before, that ry and log C, are distributed normally
conditional on information available in year t-1. Suppose

further that log 7y is distributed normally as well. The joint

distribution of the three variables is multivariate normal with

* * *
means r., c., and Zyo variances Ver Vo, and Vs and covariances
Vr,c’ vr'z, and Vc,z' Then the random variable
(2.5) Ing z_ + r, - 1 loa ¢

t t s : t
is normal with mean
76 * * l*
(2.6) z, + 1. - 3Ct
and variance
(2.7) v + v +l—v + 2(v ——l—v —-lv )
yA r SZc r,=z s c,z S r,c
and the random variahle
(2.8) log z, + 4 - X 1og c
e t s 777 Tt-1
is normal with mean
(2.0 *ra-1,
(2.9) zZp + 4 - 5 log oy

and variance vV,. Proceed as before, evaluating the expectations



of the exponentials of these two random variables, equate them,
an? solve for the implied mean of the change in the log of

consumption. It is

(2.10 Yo Y4 S 1
>, 10) Ce — 109 ¢y = 8rp + 5V, + 55V, = SVy o
+ VZ,C + vr’c + sd

: *
Note that the mean, Ze

sides of the reallocation condition. Collect all of the

drops out because it appears on both

constants here into a single constant, k. Then log(ct/ct_l) is
*
normal with mean k + Sry. The complete bivariate model of the

ohserved variahles, stated in the usual econometric form, is

*
(2.11) Ly = Ly + Uy
*
2 =
(2.12) Jog(ct/ct_l) k + Sry + vy

This is precisely the same as derived for the earlier case where
a = 1/s. The coefficient of relative risk aversion, a, does not
appear in the ioint Aistribution of the two observed variables.
The coefficient of the expected real interest rate in the
consumption equation is unambiguously the elasticity of
intertemporal substitution.

Estimation of the risk aversion parameter would be possible in
a multivariate system with the real returns to two or more
assets. Then the magnitudes of the risk premiums together with

the correlations of the returns with consumption would provide
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estimates of a.

3. Expectations of the real interest rate

To complete the model it is necessary to relate the

*
conditional mean of the real interest rate, r to observed

t,
variahles known to consumers at the time that they choose Croq-

’ *
Recall that r_ is the mean of the subjective distribution for

t
the real interest rate held bv the typical consumer at the time
consumption Aecisions are made for year t-1. What I will call
the "conventional specification" for expectations has been
empnloyed frequently in macroeconomic models derived from
rational exvectations and, in particular, underlies the recent
work of Lars Hansen and Kenneth Singleton (1981) on consumption.
The conventional specification says that the mean of the

subjective distribution is a linear combination of observed

variabhles:
(3.1 Y, = x h ,

and the coefficients, b, are known in advance. Under this

specification, the complete model of expectations and
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consumption hecomes a simple application of bivariate regression
with parameter constraints across the equations.

The conventional approach to the characterization of
expectations relies on the implicit assumption that the public
has always known the coefficients, b, of the forecasting
equation for the real interest rate. The least-squares estimate
of b emhodies information that was not actually available to
consumers, hecause it comes from a regression with later data.

The fitted value, b, cannot really claim to be the mean of

Xr-1
the subjective distribution at t-1 because it draws on
information unavailble in vear t-1. As a practical matter, the
problem is apparent in the following way: The fitted value,
xt—lb' is much too good a vredictor of actual real interest
rates, especially rates derived from the stock market. The
fitted values fluctuate far too much to interpret them as %truly
the means of the subjective distributions held by the typical
consumer.

A more satisfactorv alternative is a formal Bayesian
characterization of the subjective distribution of the real
interest rate. 1In this view, consumers bhegin the sample period
with a prior distribution on the parameters of the subjective
Aistribution of the real interest rate. As each year passes,
thev update their‘subjective distributions to form a suitable
posterior distribution, which then plays the role of the

subjective Adistribution of the prospective real interest rate.

Within the framework of a model in the form
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if the posterior distribution for b is normal (as well as the
distribution of ut), then g is distributed normally conditional

on and the theory of consumption Adeveloped earlier

-1
continues to apnly. The mean of ry from this type of model is

much hetter hehaved than is the fitted value from a regression.
To keeo the Bayesian model simple (with only a tiny substantive

effect), I will assume that the variances of the surprises , U,

and v are known in advance. In vyear t-1, the consumer and the

£’
econometrician have a record extending from 1 to t-1. The
consumer wants to infer the mean, bt—l’ of the posterior
distribution of the coefficients governing the real return. If
the surprise in consumption were uncorrelated with the surprise
in the real return, the problem would be a straightforward one
of unjvariate Bayesian reqression. Suppose that the consumer
started with a prior distribution on b with mean b and precision
matrix P (that is, the covariance matrix of the priqr
distribution is P—l). Then the mean of the posterior

distribution for b after accumulating evidence through year t-1
would be

- __]_;_v -l_l__' [
(3.3) b, = (Vux X + P) (Vux r + ph)

Here X and r are the matrix and vector, respectively, of data

available through year t-1.

Because the record of forecast errors in consumption conveys
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additional information relevant for estimating b, the consumer
and the econometrician actually face a problem in bivariate
Bavesian regression. Let W be a matrix consisting of two
columns, the first a constant and the second the history of
values of the mean of the posterior distribution for r, in past

vears. Then define

X 0
(3.4) 7 =
LP W
and
= h—
r
(2.5) vy = )
log(c/c_l)

the history of real! interest rates and the rate of change of

consumption to date. Let g he the stacked vector of surprises,

(3.5) q =

LV
and let the covariance matrix of g be V& I. Let d be the

combined vector of all parameters:
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(2.7) A = k

Suppose that the consumer's prior on 4 is normal with mean d and
precision matrix P. Then the mean of the posterior distribution

for the complete set of parameters is

1

(3.8) (Z'(V "R I)7 + p)'l

g I)v + Pd)

(7 (v~
Let bt_1 hbe the nosterior mean for the forecasting parameters
for the real! interest rate. The consumer and the econometrician

can then compute the mean of the subjective distribution as

This numher then hecomes data for re-restimation next vear and
each subsequent vear.

The following intuitive summary of the econometric procedure
will provide a reasonably accurate guide: For each year, run a
regression using data available only up to that year to estimate
the parameters, b. 1Include the consumer's prior beliefs held at
the heginning of the period in this regression. Compute the
fitted value from the regression and call it rz. This process
will yvield a complete time series for r*. The very last

regression will also provide the econometrician's best
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descrivtion of information about both the process generating
real. returns and the response of consumption, provided that the
econometrician also holds the same prior heliefs as the
consumer .

Because the econometrician usually presents just the sample
evidence, not the nosterior distribution incorporting prior
beliefs, it is also useful to re-estimate at the end with
conventjonal bivariate regression, but using the same series for
r*. The re-estimatinn gives sample evidence conditional on the
validity of the characterization of the prior beliefs of
consumers at the beginning of the sample. 1In what follows, it
is important to Aistinguish between the prior beliefs attributed
to consumers and those which the econometrician might hold. The
purvose of Rayesian analvsis here is to generate a reasonable
series for exvected real interest rates, not to impose anyone's
orior beliefs ahout parameter values. In particular, at no time

is any informative prior placed on the parameter of highest

scientific interest, the intertemporal elasticity of

substitution., Moreover, the more informative is the prior on

the coefficients, b, the less precise is the derived information

about the elasticitv.
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Following are brief definitions of the data series used in

this studv:

real consumption of nondurables (not including services)
in the fourth quarter of year t, from the U.S. national

income and product accounts.

realized real return after taxes on a investment in the‘
Standard and Poor's 500 stock portfolio on a random date
in the fourth quarter of year t-1, liquidated one year
later,

OR
realized real return after taxes from a savings account
earning the requlated passhook interest rate,

OR
realized real return after taxes from holding a sequence

of four 90-day Treasury bills over the year.
log of the S&P 500 index of share prices, deflated.
dividend vield of the S&P 500.

nominal vield of 90-day Treasury bills in the third

quarter
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Ay : nominal requlated passhook interest rate in the third

auarter
m_: log of the money stock (MlA concept), deflated.

Py : log of the implicit deflator for consumption of
nondurahles (used as deflator for all deflated

variables).

Vet log of disposable income, deflated.

Data are ohserved annually, but consumption is measured as the
averaqge flow over a calendar quarter. The theory as developed
‘earlier'amplies to consumption measured instantaneously,
senvarated bv a time span of any length. 1In practice, the time
span should he long enough to permit consumers to assimilate
information and put consumption plans into effect; a year seéms
reasonahle from this point of view. Hansen and Singleton (1981)
make use of unpublished monthly data on consumption, which might
offer some further advantages. Again, an annual spacing of
observations seems most harmonious with the theory.

It is important that the variables used by consumers to
=17 Fe-17 Zeo1r Fpo1r Meopr Peoyo

and Yt-l) he known when consumption dated t-1 is determined.

predict real interest rates (h

For quarterly series (p and y) I used data for the third

quarter. They are not actually published until about three
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weeks into the fourth quarter, but this does not appear to be an
important nrohlem. For m T used data for September; again,
these are not puhlished until the first week of the fourth
quarter. The stock market index, h, is publshed essentially
instantaneously, hut for the results in this version of the
paper I used its average value over the third quarter. The
timing of the Aividend yield series, 4, is ambiguous. I used
the value remorted hy Standard and Poor's for the third quarter,
hut this seems to involve some averaging with earlier data, and
a series with higher predictive power may be available. For the
Treasury hill yield, =z, I used monthly data for September,
though, again, instantaneous data might be slightly superior.
For the nominal passhook rate on savings accounts, g, I used the
value specified in the requlations prevailing at the end of
ASeptember.

After—-tax magnitudes weré calculated using the effective
marainal rate under the federal personal income tax from John
Seater (1980). The full nominal amount of dividends and
interest was assumed to be taxed at this effective marginal
rate., Capital gains and losses were assumed to be untaxed, on
the grounds that the comhination of low statutory rates,
taxation only at realization, and forgiveness of accrued gains
at Aeath make the effective rate close to zero.

All data for the study are listed in an appendix available

from the author.
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5. Results

Before plunging into formal econometric results, I think it is
useful to indicate whv the data virtually dictate the answer
that mervades of the the results of this paper, namely that the
intertemporal elasticity of substitution is small. Some simple
facts abhout the Aata are apparent just by taking averages over
the first half of the postwar period (1952 throught 1965) and

the second balf (1964 through 1979):

Real return Average growth
of consumption
stock passbook Treasury
market savinas hills
1952-65 11.2% 1.5 1.3 2.9

le66-79 -1.6 -2.0 -0.2 2.5

'All three measures of real returns were lower in the second half
of the era, vet the growth of consumption was almost unchanged.
A verv rough estimate of the intertemporal elasticity of
substitution is the ratio of the decline in the rate of growth
of consumntion (0.4 percentaage points) to the decline in the
real return (12.8 percentage points for the stock market, 3.5
points for passhook savings, and 1.5 points for Treasury bills).
Theee ratios are 0,031, 0.114, and 0.270, actually quite close

to what emerges from formal econometric analysis.
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The stock market

Some experimentation with univariate prediction equations for
the real return to common stocks suqgested that the following
variables had suhstantial value in predicting the return: the
dAividend vield (dt—l and ﬂt_z), the change in the stock price
index (ht_l—ht_2), the rate of inflation (Py_1"Pt_o), and the
rate of growth of real income (yt-l—yt~2)' I will start by
discussina the results of estimating the conventional
snecification for the expected real return, though these results

will prove defective. Applying bivariate regression to the

equations for the real return and the rate of growth of

consumntion gives:

r, = =0.06 - 4.4 4 + 10,4 A = 2.9 (Pe_1=Py_y)

E (0.00) (7.3) Y (7l1) (1.0)
~0.5 (v,_-V,_ o) - 0.87 (h,_, - h__.)
(o ay e1TVe-n) 7 0-87 ey £-2
’ *
Toa(e /ey _4) = 0.028 - 0.038 ry

(0.005) (0.043)

(standard errors are in parentheses)

In the second equation, r: stands for the analytical expression
on the right-hand side of the first equation, not the numerical
values. Actual estimation was by multivariate least squares
(minimization of the determinant of the residual covariance
matrix). The standard errors of the residuals in the two

equations are 0.153 and 0.019 respectively.
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Taken at face value, these results say, first, that there are
~important shifts in the expected real returns in the stock
market associated with variables known in advance. The
hvnothesis that all the coefficients on the right-hand side of
the real return equation except the constant are zero is
overhwelmingly rejected. Although it is true that this equation
is the result of an informal specification search, every
candidate in the search revealed an important predictable
element in real returns. Every equation explained at least half
of the wariance of ry. All agreed that expected real returns in
the stock market declined over the period, a findina that
confirms results reported »v Eugene Fama (1980).

Secon?, the intertemporal elasticity of substitution, s, (the

*
coefficient of r_ in the consumption equation) is estimated

t
quite precisely to be small. The 95 percent confidence interval

includes values of s only up to about 0.05.

Tahle 1 gives the actual and fitted values for the real return
and the rate of growth of consumption, and shows clearly the
problem with the conventional econometric model of expectations
when apnlied to a variable like the realized one-year return to
common stocks. Although the equation for the real rate includes
only five variables, its fitted values manage to pick up an
astonishing amount of the actual variability of the left-hand
variahle, The equation correctly signals the stock market
brea%s of 1962, 1956, 1969, 1973-74, and 1977. An investor who

had access to this equation throughout the period could have



Ta»le 1, Actué] and fitted values for the real return to the

stock market and the rate of growth of consumption

Year Real return Consumption
Actual Fitted Actual Fitted
1953 -1.4 26.9 0.0 1.8
1954 40.5 30.4 2.9 1.6
10545 26.7 7.7 5.3 2.5
1954 3.0 -4.4 1.4 3.0
1957 -14.7 5.6 1.6 2.6
1958 33.7 16.4 2.5 2.2
1059 2.1 3.3 3.0 2.7
1960 -2.2 1.1 0.6 2.8
1941 23.1 12.1 3.2 2.3
1962 -11.2 -3.5 2.8 2.9
19673 19.8 12.0 1.5 2.1
19A/4 12.3 -6.8 5.4 3.1
194”5 8.7 ~-6.5 5.2 3.0
1964 -14.9 -1.0 1.6 2.9
1967 18.7 13.5 1.9 2.3
1968 5.3 ~-6.9 4.6 3.1
1249 ~-14.3 -2.7 1.7 2.9
1970 -1.1 7.0 2.8 2.5
1971 9.7 10.8 1.1 2.4
1072 12.9 -2.5 5.8 2.9
1973 -2A.9 -4.4 0.5 3.0
1074 -44.3 -7.0 -2.2 3.1
10675 25.3 20.8 2.7 2.0
1974 17.9 -6.3 5.7 3.0
1977 -13.0 -3.9 3.7 2.9
1978 -2.4 5.9 3.4 2.5
1979 4.5 0.0 0.9 2.8

Note: Real return is annual percent return, after taxes. Rate
of change of consumption is annual percent change.
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earned an outrageous return from a suitabhly leveraged position
hased on the equation. But this is only a variant of the
trivial ohservation that perfect foresight will make any
investor infinitely rich. The rule itself embodies a lot of
foresight.

The expected real return inferred from the conventional
specification of expectations is excessively and implausibly
volatile. Armed onlv with the evidence actually available in
each vear, nobody would predict as wide fluctuations as appear
in the fitted values for the real return in Tahle 1,
Correspondingly, the finding of a small coefficient when the
fitted value is the right-hand variable in the consumption
eqﬁation is no surprise. By the standard argument of errors in
variables, a noisy right~hand variahle receives a coefficient
that is biased toward zero. MNonetheless, a good deal of
investigation suggests that the true coefficient of the expected
real return in the consumption equation is sméll, even though
the standard econometric technique very clearly uses an estimate
of the expected real return that is badly contaminated. 1In the
first nlace, the simple manipulation reported at the beginning
of this section is quite robust, though inefficient. 1In the
standard econometric framework, it amounts to the use of a
single time dummv as the only predictor in the equation for the
real! return. Because of its simplicity, it is much less likely
to introduce excess variation into the predicted real return.

The Bayesian characterization of the subjective distribution

of the real return is the most promising way to enforce
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reasonahle hehavior on the key variable, r*. Relative to the
conventional specification, it has two favorable
characteristics. First, it does not attribute perfect foresight
to consumers. Thev are viewed as forming the subjective mean,
r*, purelv from information available at the time. Second, it
provides a wav to make consumers mildly skeptical of strong but
largelv untested relations hetween observed variables and
predicted real returns. Consumers are viewed as thinking that
large coefficients in h are unlikely. As it happens, estimates
of s derived from the more reasonable series for r* emerging
from the Bayesian specification confirm the finding of a very
small value of s.

I assume that the public bhelieved that the expected real
return in 1953 was five percent, and that this value was
unaffected by any variable known in advance. 1In terms of the
parameter vector, h, the mean of the public's prior distribution
is (.05, n, 0, 0, 0, 0). I characterize the precision of their
heliefs in terms of a diagonal érecision matrix, with diagonal

elements of the form,

(5.1) % (1,100,100,100,100,100)p2 .

u
The overall precision is controlled by the parameter p--high
values of p indicate profound skepticism about large values of
the coefficients, b. I note again that no informative prior is
placed on the elasticity of intertemporal substitution, s.

For simplicity, I assume that the residual covariance matrix
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was known to the public from the start; I take it to be

.0243 .00248

\Y - .00248 .000384

The procedure, then, is to compute the bivariate formula for the
posterior mean of the coefficients, b, for each year, and then
to comnute the mean of the subjective distribution for the real
return, r*._ The series for r* is the only thing that is saved
from the computations for each year. Then the bivariate system
is estimated once again without anv informative prior
distribution on b, trewa:ing the series for r* as data.

Tabhle 2 presents the series for e obtained by this technique
for three values of the precision parameter, p: 3, 1, and .01.
Of these, the most reasonahle-seems to be the column for p=1.

It is very much smoother than the predicted value from the least
squares results in Tabhle 1. Even though the public is viewed as
thinking that 5 percent is the likely return as of 1953, in 1954
they have been persuaded by unfavorahle experience to lower
their expected return to 1.8 percent, but then very favorable
returns raise the posterior mean above 10 percent through 1957.
From 1959 through 1966, expected real returns remain between 9
and 11 percent. Then the subjective mean declines modestly
until the debacle of 1973-74, which persuades the public that

expected returns have dropped to 4 or 5 percent.
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Mean of the subjective distribution for the real
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*
The results for the consumption equation, using the r from

Table 2, with the precision parameter, p, equal to 1, are

*
log(ct/ct_l) = ,033 - .075 r,

(.008) (.083)

The equation for the real return was estimated jointly, but only
because of the covariance of its residuals with those of the
consumption equation, so I will not trouble the reader with the
paramneter estimates for the real return equation. The switch to
a more reasonahle series for r. only strengthens the conclusion
that s is very small. Note that the estimate is quite precise.
T should emphasize that no informative prior has been placed on
S, only on the parameters of r*.

The prior distribution in this analysis is not a statement
about the investigator's heliefs, as in the usual application of
Bavesian analysis. Rather, it summarizes what the public
believed in 1953 and so presumably is related to sample evidence
from earlier years. The conclusion about the low value of the
intertemporal elasticity of substitution is not sensitive to the
precision of the prior. With the preciSion increased by a
factor of 3 the coefficient on r*t in the consumption equation
becomes slightly, but not significantly, negative. With the
precision decreased by a factor of 100, the coefficient is 0.044
with a standard error of 0.051. The more informative is the

prior, the smoother is the r*t series and the higher is the
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standard error of the elasticity, s. But all results agree on

the low value of s,

Savings accounts

A surprisinalyv large volume of household wealth is held in the
form‘of savings accounts, so it is relevant to examine the
relation between their real return to and the rate of change of
consurmption. Recall that the basic relation derived at the
beginning of the paper applies to each asset when consumers face
numerous alternative means for holding wealth. For savings
accounts much the same conclusion emerges as for stocks: By any
reasonable measure, anticipated real returns have declined
substantially over the past thirtyv years, while the rate of
growth of consumption has remained almost constant. These two
facts are consistent only with a low elasticity of intertemporal
subhstitution,

Because the nominal return to savings accounts is tightly
regulated and changes infrequently by small amounts, the main
problem in nredicted real returns is predicting inflation.
Lagged nominal variables, particularly the money stock and

lagged inflation, might seem logical candidates for predicting
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the real return, and this indeed turns out to he the case. The
1aqged change in the nominal value of common stocks also emerged
as a useful predictor over the whole sample. Because the real
return %o savings accounts fluctuates relatively little, the
nroblem of wild reaqression coefficients and implausibly good
predictions hardlyv arises in this case. Tab»le 3 shows the
actual and expected real return for the same prior distribution
used for the stock market, but with the precision parameter, p,
set to .001. The equation relating the change of consumption to

the exvected real interest rate is

*

loq(ct/ct_l) = 0.026 + 0.039 Ty

(n0.004) (0.175)

Again, the estimated value of the intertemporal elasticity of
substitution, s, is close to zero and is reasonahly precise5
Because there has heen rather less variation in expected real
returns to savings accounts, the standard error of the estimate

of s is considerably larger, but still, the confidence

prohabilitv that s exceeds 0.2 is only about 15 percent.
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Table 3. Actual and expected real returns for savings accounts

Year Actual Expected
real return real return
1053 2.8 2.0
19054 1.9 2.8
1055 2.4 5.2
10564 -0.6A 1.9
1957 -0.4 -1.9
las8 1.4 -0.3
1059 1.0 1.7
1950 0.6 1.3
1941 2.5 0.4
1962 1.8 0.4
1963 2.0 1.8
19454 2.4 1.1
1965 1.0 -0.2
194K -0.5 -1.8
1987 1.2 -0.4
1968 -1.2 -2.2
loa0 -1.8 -0.8
197N -0.3 -1l.1
1071 0.8 -1.0
1972 -0.1 -1.5
1973 -6.7 -2.1
1974 -9.1 -0.9
1975 -1.3 -0.1
1974 1.5 -4.1
1977 -0.7 -0.8
1078 -3.6 0.0
1079 -7.1 -2.0
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Treasurv hills

Direct househnld ownershin of short-term marketabhle
inctruments like Treasurv bills has been common since the
mifd-19/0s. Again, the relation hetween their expected real
returr and the rate of growth of consumption cshould reveal
somethina ahout the elasticitv of intertemporal suhstitution.

S Fugene Fama (1975) pointed out, the expected real

v}

However, a
return to Treasurv hills has been close to a constant. Unlike
other forms of consumer assets, there has not heen a pronounced
Adecline in the real earnings of Treasurv bills. Consequently,
the estimate of s Aerived hy an»nplying the techniques of this
paper is highlv imprecise., Some predictive power was found for
the monev stock, lagqged one an?d two years, the lagéed rate of
inflation, the laaged nominal return on Treasury hills, and the
lagged rate of growth of real! income. With a prior mean of 1
percent in 1253 and the same precision matrix as before, with
n=.01, the estimated relation is

*
]OQ(Ct/ct—l) = 0.023 + 0.59 ry

(N.005) (0.54)

These results Ao not contradict the earlier findings of low
values of s, but thevy do not support them either. The evidence

from Treasurv bills simply does not shed any light on the issue



of intertemporal substitutibhility.

ConrtTusions

One cannot emerge from this study of the evidence thinking
that consumntion of nondura™les is a major source of
intertenporal suhstitution and therefore part of the explanation
of the ups an® downs of real output. This is exactly the
opnosite of the conclusion I reached in closely related work on
intertemporal! suhbstitution in lahor supply (Hall (1980)), in an
econometric framework not nearlv as fully worked out as the one
used here. I an nrepared to defend hoth conclusions on
intuitive, oractical grounds. People are quite willing to work
har® this year and take it easy next vear, in resnonse to a
modest incentive from real wages and real interest rates. They

reaqnire miuch larger incentives to eat and drink more than usual

[N

this vear anAd less than usual next year. Whatever cyclical
fluctuations take olace in consumption of nondurables (and they
are verv weak) probably cannot be attributed to the
intertemporal suhstitution effects featured in modern theories
of eauilibrium business cycles. In fairness to the proponents

of such theories, I don't think that intertemporal substitution

in consumption has been given much of a role. The evidence of
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this paper sugqqests we should stick with the labhor supply side.
of household preferences in egnilibrium explanations of
fluctuations.

I nlan a senarate paper on some of the macroeconomic
implications of low intertemporal! substitutability of
consumption, so I will confine myself to two brief comments.
First, the substitution elasticityv controls the speed of
convergence of the simnle general equilibrium model to its
steadv state., TIf the elacsticity is zero, then convergence never
occurs—--the long-run state of the economy depends on its initial
conditions. The simple idea conveyed bv the model with positive
substitution that eventuallv the economy moves to a point where
the marginal product of capital equals the rate of time
nreference fdoes not applv when the elasticity is zero. It is
virtually irrelevant with very low but positive-values.of the
elasticity, hecause convergence can take thousands of vears.

Second, the strenath of the intergenerational redistribution
effects of the national debt or unfunded social security,
dehated recentlyv by Robert Barro (1975) and Martin Feldstein
(1976), demend on the elasticity of substitution. Of course, as
Barro points out, if families hehave as single individuals with
infinite lifetimes, redistribution among gencerations 1is
meaningless. RBut if the economy contains isolated individuals
with finite lifetimes, then the elasticity of substitution
governs the extent to which redistribution of consumption within
lifetimes offsets the government's attempt to redistribute

consumption across agenerations. With low substitution,
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edistribution is highlv effective--unfunded social security

[t

reallyv dnes create more consumption for the older generation in

genearal ecnilibhrium,
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