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Alternative Tests of Rational Expectations Models:

The Case of the Term Structure

Robert J. Shiller*

'I. Introduction

The aims of this paﬁer are:

1. To display a linearized version .of rational expectations models‘of the
term structure of interest rates in terms of a complete véctor of equally spaced
observations along the yield curve. The linearized version is essentially the
same as that which I derived (Shiller [197Q]) for two observations along the
yield curve: thebone—period rate and the perpetuity rate. . The more general
vector representation enables a more complete specification of hypotheses.

2. To present a data set on U.S. government bond yields which accurately
fits the description of the data assumed in the model.

3. To present an alternative.hypothesis in terms of the vector of observations
along the yield curve that represents an easily interp;eted alternative to the
model, and to present a posterior odds ratio between the hypotheses.

4. To comment on a recent study by Sargent [1979] which appears to confirm
the expectations model, in contrast to my conclusion (Shiller [1979]) that long-
term interest rates appear to be too "volatile" to accord with the model. The
data and sample period used here are closer to that of Sargent and represents
some improvement over Sargent's. It will be shown that Sargent's procedure
did not test all of the restrictions imposed by the model. Not only did he first
difference the data, but also he omitted restriction% on the stochastic properties of

the differenced daca. He threw away the very restrictions used to establish the

volatility restrictions which I used.

*Associate Professor of Economics, University of Pennsylvania and Research
Associate, National Bureau of Economic Research.



II. Data Set

The data set used here (Table III below) consists of nine semi-annual
series of yields on 1%% five year Treasury notes (series designation
‘EA and EO), each series representing yields of bonds with a given time
to maturity, from 6 months in multiples of 6 months up to 4.5 years. Yields
are computed from midpoints of bid-asked price spreads for the end of
March and September as provided on the Rodney White Center Government
Bonds Tape maintained by the Wharton School. 1/ This data is ideal in that
bonds were issued each April 1 and October 1 from 1951 to 1978, on the same
day that the 1%% coupons were paid on outstanding notes. The notes are not |
callable, may not be redeemed at par in payment of estate taxes, and the
appreciation in price from original issue discount was, throughout the éample
period, taxed as income.

The sample was confined to the interval 1955-IT to 1973-1 because over this
interval there were always fairly large quantities (ranging from 33 million
dollars to over a billioq dollars)’of bonds in each of the nine maturity
categories outstanding. We might wish for a series based on uniformly
large quantities, but no such series which shares the other advantages of this.
series appears to be available in the United States. Data on bonds with the
full maturity of five years were not used, because of possible anomalies in
the pricing ofvnew issue bonds (Shiller and Modigliani [1979[).

The data series represent a clear improvement over the series used by

t/ The tape prepared by John Bildersee and described in Bitdersee [1975J
has as its primary source Salomon Brothers quote sheets. The prices are usually
identical to the corresponding figures quoted in the first issue in April and
October of the Commercial and Financial Chronicle, differing sometimes by a few
32nds of a point. After 1969, when quantities in some maturities fell below
$100 million, the discrepancics between the two sources are bigger and more
common, reflecting perhaps the relative thinness of the market when smaller
quantities of the bonds were outstanding.:
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Sargent which he took from Salomon Brothers' book, An Analytical Record of Yields

and Yield Spreads. The Salomon Brothers data are "yield curve'" data based upon

judgmental interpolation of yields on heterogeneous bonds. Sargent used quarterly

~data on five year and three month rates from 1953-I1 to 1971-1IV.

ITI. The Simple Expectations Model of the Term Structure

The simple expectations models of the term structure-as we shall define

it can be written:

i-1 A .
(i) _ 1-v KL (D) *i
= - Ty d, = + ¢ 1
R Tklo YV ERk * %7 ELRD) i (1)
1-y
vhere Ril) is the yield to maturity at tinme t of a bond maturing at tine t+i,
(1) ) . Lo ) 2
Rt is the one~period rate, and ¢ ; 1s the constant liquidity premium. —
. . i-1 '
*i i . k 1) . ' . , .
Rt S (- /(1-y) kéO Y RE+; is the "ex-post rational i period rate'. In the
empirical work data will be demeaned so that Qi will drop out. We thus
disregard it in what follows. E R(l) is the mathematical expectation of R(l)
' t t+K . ' t+K

conditional on all information available at time t. The information includes

all current and past interest rates at time t and perhaps other information. The
weipghting scheme in (1) is truncated e#ponentinl scaled so that the sum of the
coefficients is one. It was shown in Shiller [1979 l that (1) is a useful
approximation, based on a linearization argument, to a number of variants of

the expectations model of the term structure, where Y = 1/(1+C) and C is the
coupon rate per period on the bond. 1n the lLimiting case of a discount bond,

as C approaches zero, (1) reduces to a simple average of expected one-period

rates. In practice, however, all but the shortest bonds carry coupons.

(i) _

The one-period holding return on an i-period bond is Ht

2/
= Throughout the paper, superfluous parentheses are used to distinguish
superscripts from exponents.
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i-1 i i _ i) .
(P£+l ) Pg ) + C)/PE ) where Pél) is the price of the i-period bond so that
(i-1) (1) . . Co .
Pt+1 - Pt is the capital gain and C is its coupon. In our data, price,

coupon and other yields are expressed as fractions of one, rather than in
percent as is customary. One must multiply C or H by 200 to arrive at the

annual percent, and P by 100 to arrive at price as quoted. The holding period

yield can also be written in terms of the yields Réi;l) and Ril), since

price is a function of yield. As described in Shiller [19791, if this

expression is then linearized around R(1 L = R(l) = C, one finds a linearized

t+1 t

(1 l%/(] 7 ) where & (Y‘Yi)/(]-yi).

. , (i) N(1) (1) _
approximation to I :
Dl o . (R t+l

Expression (1) is then the solution to the rational expectations model found

(1) = Rél) for all i and ¢, which implies that Ril) = Y.E R(l—l)

by setting LtH iRt

+ (l—Yi)Rél). To derive (1), one proceeds by recursive substitution, first

replacing Riill) in this expression yielding an expression in E RE;ZZ) and R(l)
Then one replaces Réi;z) and so on, until one arrives at (1). No terminal
condition assumptions need be made in arriving at this solution.

The i-1 period forward rate applying to next period, Fiiiz)t, is the
yield the i-period bond would have to have in period t+l in order for H(i)
to equal R(l) 'fi]l)t can be expressed in terms of R(i) and Rél)‘and if
this (implicit) expression is linearized drnund R(ill) {éi)= C we find. the
linearized approximation to F(i]l)t : Viill)t = (Rél)— (l—yi)Rél%/ \FE The

model (1) can also be described as the solution to the rational expectatiohs

model obtained by setting the linearized forward rate equal to the expected

(1 n o _ . 3i-1)

spot rate:
P t+1 t t t+l

) for all i and t, by the same recursive substitution.

The linearization which enables us to use It and F in place of H and F is

1 (1)

. i .
quite accurate. The correlation between H and Hé ) over our sample period

ranges from .999767 for i=9 to .999992 for i=2. ' The correlation between




F(i) and F(i)

> ) € a 1 T 3 23 icti ~ i at -_‘
L], ¢ 41, t exceeds 99999 for all i. Thus the distinction that is

of ten made between models equating expected one-period holding yields and

models setting forward rates equal to expected spot rates is not important in
. 3

practice. —

We will define a column vector of interest rates with maturities ranging

’ 1 2
from 1 to n, R, = ]RE ), RE ), e Rin)l', In our data, n = 9. The
autocovariance function for the vector Rt is B(K) = E(RtRE—K) where Rt has been

demeaned. By writing B '‘as a function of K but not t we are assuming stationarity.

B(K) is an nxn matrix which is a function of the scalar K, and B(0) is the

o (1)

variance matrix for the vector Rt' From the definition of Ht

C () ~(n) ],
the vector Ht lHt Ht s e Ht I

we can define

as Ht = URt - VRt+l where U and V are

nxn matrices. Our model then says cov((Ht - LRél)), Rt .) = 0 where L is an
=1

nx1l vector whose elements are all ones and j > 0. The restrictions the model

imposes on the stochastic properties of the Rt vector can then be written as:

MBL R NBL =00 20 (2)
[ o 0 0 0 0|
~(1-v) 1-vH o
3
-(1-Y) 0 (1-y7).. O 0
where M = ’ ) Lo
n
- (1Y) 0 0....0 1-y" ]
0 0
2
-r=x") O
3
o 0
N = 0 Gr—=x") O
.. . C e oo L
0 0 0 -G=) OJ
3/ We note that Fii; ¢ the one-period forward rate applying to a time i
2 (1)

periods in the future, shows a correlation exceeding .99999 for all i with Ft+i ¢ the
(1 = i+l i+l ’
linearized one-period forward rate defined by FE+1 ¢ = ((1-Y )RE )_
(l—Yl)Rilx/(Yl—Y1+l). The linearized i-period forward {ate is related to the
. . . ~(1) (1-v) *5° Kp(1l)
linearized l-period forward rates by Ft+l, e T KEOY Ft+l+K, £

(1-y7)



These are straightforward linear restrictions on the autocovariance function
of Rt. If the generalized likelihood ratio principle is used to devise a
test of these restrictions given data.on the vector Rt’ then with certain

normality and homoscedasticity assumptions the test will amount to a series

of ordinary least squares regressions of Hél) Ril) onto current and lagged

Rt i =2,...n and F-tests on their coefficients or their multivariate analogues.
o . e (1) () e
The reason for such regressions is intuitive. Ht - Rt is by our model an "ino-

(1)

vation'" which cannot be forecasted based on information at time t. Since H -1

él; is known at time t, the residuals are serially uncorrelated,

In Shiller [l979bJ it was shown that the restrictions on the autocovariance

function between the perpetuity yield R( ") and R( ) imply bounds on the
variance of H( ) él) for given variance of RE ). The inequality restrictions

suggested a test of market efficiency which is recommended by its simplicity
and intuitive plausibility. The bound appears to be exceeded, i.e., long-term

interest rates appear to be too "volatile" to accord with the model. To derive

(l)

for given variance of

(1)
t+]

from (2) an analogous bound on the variance of Hél)

R(l) and for small i, we use the fact that Héi) (l) Z Y (h (R (l)) E (R ).

t i= t+] t+1

By arguments parallel to those presented in Shiller [l979a], it is easily

established that var(Hél) é ))1g maximized if R( ) is an (i-1) order moving
i-1
point average process R(l) = YlF where £ is white noise As was
t j=1 “t+i “t N

established in that paper, if‘var(Hél)— rt) is to be maximized, the elements

in the summation which comprise it must be perfectly positively correlated.

_ (0, _ ¢ (1) (1)
Moveover, if we assume stationarity then var(R ) = j___-lvar(Et(RH_j) t+l(Rt+J))
jgoﬁj. Thus, to maximize var(]lt - REL)) one sets up the Lagrangean:
22 (1) : o2
L= (.2.y + o
(J=0Y oj) Alvar (Rg™7) - =0 j) (3)

Differentiating with respect to Oj’ j=0... »and setting to zero one establishes




the form of the moving average process. Evaluating the summations one finds

(1) (l)
t

the upper bound to var(H ). It follows that:

o(H(l)) < a O(R(l)) (4)

where a; = ((1—y2i)/(1--y2))1/2 and ¢ denotes standard deviation. This inequality
reduces to inequality I-1 in Shiller [1979b] as i approaches infinity while
for low i, a, = /i. This inequality is violated by sample standard deviations
for i > 4 but is not violated by i < 3 (Table I).* The violations of the inequality
are most strong for the highest i in our data but still less dramatic than the
violation observed with really long-term interest rate data as reported in
Shiller [1979].} The violation of the inequality for 4.5 year bonds is less
dramatic than that reported by Singleton [1980] for 5 year bonds. He also
used a six-month short rate and a similar sample but with monthly data: 1959-1
to 1971-VI . Perhaps his more dramatic results stem from his decision to
subtract linear trends from the data, and in effect assume the trends were
known by the market in advance. Any such assumption has the effect of reducing
the uncertainty about future interest rates and thus reducing the permissible
volatility of long rates according to the expectations model. Ultimately the
inequality tests must hinge on our priors as to the reasonableness of such
assumptions. Although these results suggest that the interest rates R( )
i > 4 are too volatile to accord with the model, we shall not attempt here (as
did LeRoy and Porter [J980J and Singleton [l980]) to derive a formal test
of the model based on variance statistics but will develop regression tests
below.

In his paper [1979] Sargent emphasized that the model placed complicated

(1) (n)l

nonlinear restrictions on the autocovariance function of the vector Z —IR

%The standard deviations of the data from the source used by Sargent, Salomon
Brothers' An Analytical Record are very close to those reported here. For example,
the standard deviation over our sample, using the March + September Solomon Brothers

data, of R(z) was .0071, of R(8) was .0066.




TABLE I

Standard Deviations of Interest Rates and Holding Period Yields

() (@ (3) (4) (5) (6) (7)

i O(R(l)) O(H(l)) O(H(l)) ‘ai aio(R(l)) O(H(i))/aid(R(l))

1 .0081 .0081 .0081 1.00 .0081 e

2 .0077 .0098 .0097 1.409 L0114 .853

3 .0071 .0135 .0134 1.719 .0139 .964

4 .0070 .0178 .0176 1.978 .0161 1.09
(.0149) (.0148) ‘

5 .0068 .0206 .0204 2.203 .0179 1.14
(.0172) (.0171) ‘

6 L0066 .0243 .0240 2.405 0195 1.23
(.0203) (.0202)

7 .0065 .0282 .0279 2.588 .0210 1.08
(.0237) (.0234)

8 .0064 .0311 .0307 2.756 .0223 1.38

. (.0261) (.0258).

9 .0063 .0336 .0332 2.912 .0237 140

(.0282) (.0278)

The R(l) series (yield to maturity of a bond maturing in i periods) appear in

p(D (1)

(the one-period holding yield), H (the linearized one-period

Table I11.
holding yield) are defined from data in Table IILl as described in the text, and
a, is defined in expression 4. The expectations model implies that the number
in column 4 ought to be less than the corfesponding number in column 6, or

that the number in column 7 ought to be less than one. Numbers in parentheses

arc lower bounds of one-sided 95% confidence interval based on the assumption

independent normal observations. Sample period is 1955-I1 to 1972-II.



analogous to those previously noted in Sutch [19681 and Shiller [1972]. The
reason for such complicated restrictions is that the data vectors contained
only two interest rates: a long rate and the one-period rate. By omitting

. . (2) (3 ¢ (a-1) ‘
‘the intervening rates Rt s Rt cee Ry from the data vector, straightforward
linear restrictions on the autocovariance function were converted into non-

linear restrictions. One finds these nonlinear restrictions by a series of

recursive substitutions to eliminate the covariances relating to the variables

2 3) (n-1)
Ré ), RE s s Rt , from the set of restrictions (2), substitutions
which yield nonlinear relationships. To see why this is the case in another

way, consider the simple relationship between the regression coefficient g of

Rin) on Ril) and the autoregressive coefficient p. of Rél) on Riii.

El) onto Rél) is the same

jRii% onto Ril). By the law of iterated

The
model (1) implies that a theoretical regression of R
. i, izl
as a regression of ((1-y)/(1l-y ))jéoY
(1) (1 . -1
t

projections, a regression of Rt+j onto R is p° ~. Hence, B = ((1-Y)/(1—Y1))-
i-1

iion Lo casvna-amdyra-yhy/a-ve)) . clearly, if i > 2 this is a

nonlinear relationship between R and r,

Sargent []979] further specified the model by assuming that the first
difference of the bivariate process Zt was fourth order autoregressive and

that the innovation is bivariate normal with a general variance matrix:

where a,, i=1l, ... m are 2x2 matrices of coefficients, and € is the 2 element
i
innovation vector E(et) = 0, E(eteé) =V, E(ete;_k) = 0, k # 0. He wrote

the likelihood conditional for T+m observations of Zt in the form:



T+m
_ o =T, =T/2 =1
Llas [VI{Zy5 -oe 20)) = 217 |V exp(—  _Ri1eV e ,)
m
where €y = Azt —».;la.AZ L This form of the likelihood function is conditional

on the first m observations AZl,Az . AZm, which are treated as if they

27
were not generated by this model. This form might be justified on the basis
of analytical convenience. By representing the model in first difference form,
Sargent effectively assumed that the variance of Rél) is'infinite, and hence
the inequality (4) is assumed satisfied.

sargent did not test all of the restrictions imposed by the model even if
‘we assume that 2t is unstationary and must be differenced to impose stationarity.
The restrictions on the o s i=1, ... m, which Sargent tested are those

imposed by the requirement that [ ((1-y)/(l-y™)) (Eg Y AR(ii - AREn)]

(where for Sargent y = 1) be uncorrelated with all lagged variables AREl% (i;,
AREJ%, and AR(HI, [(ni’ . AR(S). The implications Sargent did not test
can be seen first by noting the forecast error of the levels E I(l-Y)/(l—Yn))
n-1 n-1
(1) (n) (1) (n) _ (l)
L 0 Y Rt+k - | = '((l—Y)/(l-Y ))kgl YJZlAR (R )| and the
spread R( ) E ) are stationary under his assumptions.

Since the projection of the forecast error on 1nformat10n dated t-1 or

n-1
earlier is zerq, it follows that gt = k50 B(k)et+k - (z-:2t - Flt) where
B(k) k—O ... n-1 are 2x1 vectors of coefficients of ¢ for ((l—y)/(l—yn))
n-1
. (1 ) (1) (1) (l)
k;]y JLIAR minus its optimal forecast linear. in ARt 1’ ARt—Z’ . t m’

én{’ ARE“; e AR(n). The coefficients B(k) are found by recursive

substitution in terms of the coefficients of the autoregressive representation.

Since ét is known at time t, if Et is to be unforecastable at time t, the term
i '

£¢ must drop out of the expression for fes which means that ecither 3(0) = [1,-1]

or therc is a linear‘dcpcndcnce between €o¢ and €1¢° The former imposes additional .

restrictions on the coeffieicents of the autoregression, the latter implies that

Vt is singular.
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This point was also established in a different way by Melino [1981]. The
restriction that Et is uncorrelated with contemporaneous level variables
'is the basis for the volatility tests reported in Shiller [1979] and is

the basis for the regression tests below as well.

One can further see why the technique Sargent chose (as alse the technigue

chosen earlier by Sutch [1968], Shiller |l972| and Modigliani and Shiller) was as
(n) (1)

complicated as it was if one considers that with data only on Rt and Rt

(n)
t

one cannot form the innovation in R in terms of observed variables. With

() (1)
t

data in this paper and the expectations model Ht is the innovation

in the yield on an n-period bond, which is observable: ﬁ(n)_ REl) =

(Rin) - YnREEIL))/(l—Yn) - Ril). Lacking data on R(n—l), however, one cannot
i n-1 , . .
observe this innovation. One can effectively observe _ % YJ(H(n,J)— R(]?)
-— J=g 1 t+] t+]
(n) .

because this equals, by our model, ((l—y)n/(l—y))(R I YJREii) but one

t i=0
et et i e o Coe g L (D)
cannot extract from a series of observations on this sum a series Ht - kt .

I11. The Alternative llypothesis

In framing alternative hypotheses about the term structure of interest

rates, we must first bear in mind some basic facts about interest rates which

are consistent with the expectations model. We do not want our alternative
hypothesis to deny these basic facts, otherwise our testing procedure would

do no more than reflect facts that are already well known.

(n) _ ()

For large n and short time intervals, it is well known that Ht - Ry

is approximately serially uncorrelated and not highly forecastable by other

information, as our data here confirm, which is consistent with the implication
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of (1) that H(n)_ R(l) is unforecastable. This fact is related to the fact

t t

that changes in 1ong rates show low serial correlation. Secondly, it is well
known that short rates have generally varied over a wider range than have
llong rates. In periods of tight credit short rates tend to be substantially
higher than long rates. If short rates are stationary stochastic processes,
then a high spread betweenbshort and long rates will tend to indicate, since
a high spread tends to indicate a high’short rate, that short rates will

decline as the expectations model suggests. With our data there is indeed a

(1) _ (%) (L)
t

N and ARt+l'

negative correlation between R Thirdly, the yield curve

is generally a fairly smooth curve, which is consistent with smooth forecasts

of the short rate. The smoothness of the yield curve coupled with the positive

i(l? is

serial correlation of short rates implies, for example, that b+t
) ’

(1)

itively ¢ at i .
positively correlated with Rt+l

Fourthly, in recent years the entire yield
curve has shifted up. Both long‘rafes and short rates are higher in the 1970s
than they were in the 1950s which suggests a positive correlation between holding
yields and short rates or forward rates and spot rates.

None of the above facts, howéver, estéblish that the shape of the yield
curve is a useful indicator of the path of future longer-term interest rates
as predicted by our model. The first two facts noted above would remain true

if we shifted the longest rate series Rin) and Rgn—l)

(1)
t

in time relative to the

so as to throw them out of alignment. The variable

(n)
t

shortest rate series R

HE”) - R(l) will remain approximately serially uncorrelated sinceé H

Ly

approximately serially uncorrelated and has a muchk larger variance than RE

. _ 9 . , o, (1)
(with our data U(Ht) = .0335 while ”(Rt

(1) (n) (1)
Rt t

) = .0081). A high spread between

will fall since a high spread

and R may still tend to indicate that Rt

Our third fact would remain true if

still tends to correspond to a high Ril).

we interpolated our misaligned long-term rate and one-period rate by any

(1)

smooth yield curve each period, and F
‘ y ‘p ’ t+1, t

would still correlate highly with
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(1)

t+1° Only our fourth fact has anything to do at all with the alignment between

R
long-term and one-period rate series. However, this fact is clearly consistent
with the expectations model only as a characterization of very long-term or
‘1ow frequency movements in interest rates.

All of the above basic facts are consistent with an alternative hypothesis
that denies that the shape of the yield curve carries information about the
future path of interest rates. Before defining it, recall what the null
hypothesis says about the implications of the shape of the yield curve. Tf
the yield curve (computed with demeaned data so that its average shape is flat)
is upward sloping between 1 and i, i.e., if (Rii)— Rgl)) > 0, then the expected

5 (1)

linearized one-period holding return Eth must be less than the yield to

maturity. Since the one period holding return equals the yield to maturity 1if

R(l_l) = R(l), an upward sloping yield curve must then require that the yield

t+1 t
. » . . (1) . . (1)
on the i-period bond increasing on average when Rt+1 is greater than Rt .
Specifically, since Et(Hil)— RE1% = 0, and since Rél)— Rél) is known at time

t, it follows from the definition of Hil) and the expectations operator that
a regression of Réi;l) - Rgl) on Ril) - Rél) should yield a coefficient of

(l—Yn)/Yn which is strictly greater than zero. Such a regression is identical,

except for o linear data transformation, to a regression of Réi;l)_ Réi) on
L (i-1) (i) _ " ) e s " , .
Pt+l e T Rt except that now the coefficient must, by the null hypothesis,

be 1.00. This follows since, from the definition of #('-1)  g{i-1) _ p(i) _
e+, ¢ Ferl, 0 Re

((l—v")/vn)(kf‘) - Rfl)).

The altcrnative we shall consider (which was suggested by results with
longer term bonds in Shiller [l979 ]) asserts that interest rates tend to move
in the direction opposite to that indicated by the shape of the yield curve,
i.e., that the coefficient in either of the above regressions is less than or
equal to zero. The diagrams in figures 1 and 2 as described in the accompanying

captions illustrate what is meant by the null as contrasted to this alternative.
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The long rate Ril) always lies between Ril) and ﬁ(i—l)

I by the definition of
1, ‘

the linearized forward rate. The null hypotheses asserts that the distribution

-1) .. . .
1 )lles centered on the forward rate, so that Rél) tends to be between

(i-1)
t+1

- (1
of Rt+

(1) -
‘Rt and R . The alternative hypothesis asserts that the distribution

(1)
t

of R(i—l)

t+1 is centered on the same side of Rél) as ‘the short rate, i.e.,

(i-1)

. . 1) _
does not tend to lie bet R( ’
e between ¢ and Kt+1

The histograms shown give a
visual impression of the truth of the expectations hypothesis. These diagrams
are not ideal in that small values of the spread between long and short rates
produce outliers in the histogram, and so observations for which the spread was
- small were eliminated (about 1/3 of the observations). The figures suggest

why regression tests of the null hypothesis are likely to have little power.

The movements in actual interest rates are very large relative to the movements

predicted, according to the expectations model, by the shape of the yield curve.

The figures probably exaggerate the weakness of the test since they do not
single out the occasional observation when the yield spread was large and
therefore forecasted large movements in interest rates. The figures show

that the validity of the expectations hypothesis may be sensitive to the choice
of central tendency measure used to represent public expectations.

This alternative hypothesis represents an alternative so dramatically at

variance with the expectations model of the term structure that it could not
be reconciled with the model by such other considerations as tax effects or
other coupon effects (as discussed in Shiller and Modigliani []979J). é/

If we consider the alternative only for one maturity, collapse the
alternative to its upper bound, maintain the other cocfficient restrictions of

the null, and make an appropriate normality and homoscedasticity assumption,

-4/ Tt is difficult to model tax effects directly because of the multiplicity
of tax brackets, life cycle tax patterns, special tax provisions, changes in the
law, relation of tax burden to holding period, etc. The simple model proposed by
Shiller and Modigliani [1979] abstracts from many of these problems. This model
implies that when long rates are high relative to short rates, long rates are
still expected to rise, but to rise somewhat less than in the simple expectations
model due to the tax preference shown capital gains. '




TABLE II
REGRESSION RESULTS

(-1 (1) _ -(i-1) (1)
Ry R =ag B (P e ~Re )
B 2

-1 (ta) (tB) R D-W. Posterior odds

2 L 454x1072 612 L0414 2.52 1.53
(.548) (1.19)

3 -.531x10 2 1.13 .0406 2.39 2.01
(-.560) (1.18)

4 ~.226x1073 .762 .0129 2.44 1.22
(-.232) (.657) .

5 . 449x1073 1.80 .0439 2.44 1.84
(-.468) (1.23)

6 -.383x1073 1.93 0440 2.40 1.79
(-.408) (1.23)

7 ~.293x1073 1.56 0223 2.44 1.39
(-.299) (.867)

8 -.394x10"> 1.88 .029 2.44 1.48
(-.410) (.997)

9 -.629x10'4 1.21 011 2.44 1.19
(-.066) (.597)

Source of data is Table III. The linearized (i-1) period forward rate
applying to period t+l, Féiilz is defined from Table 111 data as described

in the text. The sample is 1955-I1 to 1972-II1. Numbers in parentheses are
t statistics.
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then the Neyman-Pearson lemma tells us that the best test is an ordinary

regression t-test of a simple null versus simple alternative. One regresses

. ' i-1 i
the change in the long rate R£+1 ) - Rél) on a constant and the spread between
ety , S(1-1) (1) .
the forward rate and the long rate Ft+l ¢ Rt . The null hypothesis says
b

that the coefficient of the spread is 1.00. The alternative hypothesis described
above states that the coefficient is less than or equal to zero, which we collapse
now to a simple alternative that the coefficient equals zero. Had we chosen
instead to give the alternative hypothesis a one-sided prior distribution below
zero for the coefficient; along lines suggested by Zellner and Siow [1979],
then the effect in our sample would be to iﬁcrease the posterior odds, sowthat
they would favor the null more strongly. One could increase the posterior odds
ratio arbitrarily by giving more weight in the alternative prior to very
negative values of B.

The regression tests in Table II show some mild support for the expectations

. . 5 . . .
hypothesis but the support is very weak. 5/ The posterior odds ratio, based on
a prior odds ratio of one, diffuse priors on the intercept and log uniform
. . . 6/
priors on the standard error of the regression ranges from 1.19 to 2.01. —
The results for the 8 different maturities shown in Table II are not

independent. Tn fact, if we add to the null hypothesis that the forecasts

of R(l) are based on ‘a univariate ARIMA assumption, then the residuals should

5/ The regression tests shown in Table I1 are based on. the arbitrary
assumption of homoscedastic normal residuals, contrary to the distributional
assumptions implicit in figures 1 and 2. The same regressions cannot be run
using data from Salomon Brothers An Analytical Record... except for the

case i=2. In this case, over our sample B = —-,47 and 18 = ~.39.  Thus, the

result using the Salomon Brothers data is not significantly different from
that reported in Table I1.

~

6/ The posterior odds ratio is computed as t((]—ﬂ/s&)/t((—ﬁ)/s&) where

t(-) gives the ordinate of t-distribution with N-K = 33 degrees of freedom,

A ~

f 1s the ordinary least squares estimate of R, and s[ is the usual estimated
) ‘

standard deviation of the estimate of B.
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be perfectly correlated. If we wished to compute posterior odds ratios that
all coefficients are 1 versus the alternative that all are zero we would need
to consider the correlation of residuals across equations.

A natural assumption to make is the uninformative prior on the (i-1)x(i-1)

. o s _l @ —l _% .

covariance matrix of residuals I, of the form f(I ™) IZ | which results
from a Wishar prior on I as the degrees of freedom in the prior go to zero.
Zellner [l97lJ shows the marginal posterior for our model which, however, does

not reduce to a generalized multivariate student t distribution.

Conclusion and Summary

We have seen how the complicated nonlinear restrictions implied by
expectations mddels on the cross autocovariance functibns of interest rates
shown . by Sutch Ll968J, Shiller [1972], Modigliani and Shiller [1973] and
Sargent [1979] are the result of omitted variables in their analysis. With the
complete vector of interest rates used here, the restrictions are of the simple
linear variety which can be tested by simple regression tests rather than the
asymptotic XZ likelihood ratio test of the nonlinear constraints used by
Sargent [1979]. Precisely which regressions to run depends on the alternative
hypothesis of interest. An alternative hypothesis was proposed which represents

the notion that the shape of the yield curve does not give the right signals

as to the likely future path of interest rates. Although the data favored this

alternative hypothesis with the long term (over 20 year) bonds in Shiller
l}979 J, the data on short to intermediate term bonds used here, Table II,
favor the expectations hypothesis. The results thus su#gest that there may be
an element of truth to the expectations hypothesis for short or intermediate
term interest rates but posterior odds ratios show that the evidence is very

weak., Before general conclusions are reached about short to intermediate term
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interest rates and the rational expectations model, these procedures ought to be
applied to other data sets as well. In view of these results, it is perhaps

not surprising that Sargent's tests, which used similarvdata and sample period,
.accepted the model. His procedure is, however, slightly different from that

used here and was not directed at testing against the alternative hypo-

thesis considered here.




TABLE III
YIELDS TO MATURITY (R) ON 1.5% U.S. TREASURY NOTES,
END OF MARCH & SEPTEMBER%*
1955~I1 to 1973-1

i=1 i=2 i=3

6 months 12 months 13 months

1955-1T1 @, A14325¢ ,atPa377? A,M11987%
1956-1 A,M106583 N,0125946 N, M1309¢5
A, 0125629 A, N1USRSR? R,N162125

1957-1 A,m138%64 0, 145252 N, NIS666M
n,N17908> N, 171163 R,ALRIAND

1958-1 a,n;a71RaY? A, PNTRpAR a,0191974
n,"13RZp4 n,n13887%4 N,M152294

1959-1 A, 0144746 D,2151714 PN,N1469797
D,12A05762 2,2°3m200 N,N22976%

1960-1 a,my1h3Q34 A NI59719 AePIT7419¢
A, 21192714 H.012594n n,A13pS87

1961-1 2,m125629 A,0125946 n,0149419
A,n131090 M, N129156 n,"N147939

1962-1 a,m1288M9 n,0125944 n,7135997
2,01 38364 2,2125946 N,M27347

1963-1 2,M128409 P, N1289%464 A, A132780
M,M147939 P.015171¢ A, N154477

1964-T a,72163934 2. P1A7914 n,M171993
2.7157834 n.,n154945 N,LHTHNT

1965-1 a ny163934 0.n1695348 Ne?171993
P,M1R319A n.018m0932 N,M1832n2

1966-1 2 ny196n7A ,021m407 2,72209619
2,0234927 n,MPUKT8BR n,M25AA7 ¢

1967-1 n,n183194 N, 018m93D MyM18SP 1
n,A22RE27 B.,uP2npRQ n,2232m1 3

1968-1 n,0228427 d,02401 38 A, A241026
N,0234922 N,N°2Mm289 n.P23200¢43

1969-1 n,m274a%9 a.,0”83546 N,M2R1980
N, M3IS9R9A P, m37RI43 P.A356431

1970-1 a aq8anq4 a,u37R943 N U3TARKZP
N,A3T328n n,A%44572 M,N13517(5

1971-1 & n{76769 n, 0184198 R, A1ATU2OQ
", m254454 0,027ty n,”286570

1972-1 a,m254454 n, 0283546 n,N2hKB256
1,728a611 N.APTABTD n,M295717

1973-1 N, A346599 @, N337736 ”n,N323594

~*Exact yields to maturity computed using midpoint of bid-asked price
as reported on Rodney White Center Governmental Bonds Tape.
by 200 to convert to annual percent.

Multiply



1959-1

TABLE III - (continued)

{=4
24 nonths
P.2120971
P,A136414
N 162837
N,0162837
A, n179528

D.AA9T4U1Q
N, 0159516

a,016783
d,024n767

1960-1 2, N189629

1961-I

1962-1

1963-1

1964-1

1965-1

1966-1

1967-1

1968-1I

1969-1

1970-1

1971-1

1972-1

1973-1

2,2136414
N, N14A282
A, 2156199
D, M14n282
Q.0134774
W,0139698
N,A157897
NeA176179
B,216785%1
P.,M1778%3
W,N1845b2
N,2215028
n,7251153
D, A1B4SK?
2.M232191
N,02Bh158
a,m227p00
BN ,MPT5594
D N34T0k
2.0372668
@, N340k
Ne?213323
M. 0289692
B.0272085
A,N29A776
2,231A178

i=5

30 mont hs
A,AL24284
n,2136172
A,2166930
N.NA161541
n,M1AS929
R, 100761

N,Q164234

A, M1AS929
R.M243404
N, AtABKANA
A.M14281
N, A1S52813
A,016423)
N, P1534809
n,A145474
M ,ALA3476
A, A1628R7
DAL TT761
NeM1 73691
A,M182479
N, 218BA60
A, M2283A0
BMehL2S?
?,M1RS929
A, A232967
n,A24422%
B,M23N1m4
M,M2R1333

#,N3460AR

B,A376224
0, A3460AR
N,B207904
7,029291%
2,M278452
n,A3NEST >
n,2316310

i=6
36 months
MeM125m35
A, A136144
P,P167707
n,AEH543M
n,M186n84
A, N109624
A, 0174561
n,N192994
A.024p197
N,08192994
a,214713139
MeM158619

‘nN,n167747

N,M1584619
NeMd7330
N,2147339
A,016145%
A, 183744
N.,2177999
N,M4Rn29h
A,M{BRIAY
A,0218724
M, 2256973
A, M1 ABRKU
NP230571
A, 249726
nN,M223452
A, AR 1397
mM,A341499
A,M36TSHT
N,2TI6RTH
A P21R724
A.0296241
7,M286326
2,M326223
n,n316273




"~ 1959-1
1960-1
1961-1
1962-1
1963-1
1964-1
1965-1
1966-1
1967-1

1968-1

1969-1
1970-1
1971-1
1972-1

1973-1

TABLE III - (continued)

i=7
42 months
B.0125668
R.2134249
A, n1714k9
n,A1684%
n,0197459
R,1112%3
p.0184a4%2
n,N192475
NeN243916
A, 01965198
N, 2154673
.8160602
n,0182429
P, 01515864
2154713
N N11R8%)
A, 0164543
n.,0185435
N,01T7A43S
a,0181429
P.N19%484
N, A1RI68
N, PnP62949
N, O1ARUGTD
B.,273138
A 1PURL2Y
B, 0P2723%n
q.n?aﬂtﬂs
B.A%35231
n,n353376
n,9°23092
A, nP996R82
A, N°B22h4
Q.U30ﬂﬂ7q
n,A30R4T9

i=8
48 months

B,M129A1S

n,"137271
Nn,A173694
neM171254
n,A197739
n,0119487
n,M185208
N ,A194145%
A,A24n839
A, NP1 34S
2,A160552
N, A164916
N, A1RI4L9
R,A165791
Nn,A158R 11
P B154470
n.A1T7T1254
N,A1ARANII

N ,N179880

A, A179R480
", A193°48
A,A217712
MN,M256837
n,A1RE90
ReN231532
P, P25 16S
n,0226907
", 0283479
N,"335248
A A3T72%44
n,"351589
P 216930
n,0303242
N,029146S
n,A3IATY9S
W,MINZPY2

i=9
54 month:
ANt 32nA5
P A139715
N D1T75662
n,N173279
N,2203%880
N,A1270695
N,2197884
A,N195738
B.7245579
M, PP0388p
2,M168375
B.0166995]
D,019252p
Q.2167739
2.0162230
D.B15A313
N,A1T73279
N.,N189271
n.018m444
RP1BTRAS
A N190277
P.2215387
N, A255842
N.N187661
B AP3T1N3
.A251698
N, 227023
P,APTRY3ZZ
¥.0336229
D.237T2197
N,ATI5A75n
2,0249843
A, NP92583
n.,0”85484
2,23123859
R.70299734
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