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The purpose of this study is to develop econometric methodology for
‘estimating 1abor'suﬁ§1y in the presence of taxes. GoVernment programs- of income
maintenaﬁce and taxation imply that the net wage faced by an individual changes
at different levels of labor supply. Cohsequently, to the éxtent_that'an indi-
vidual chooseés his labor supply, he also chooses his tax rate. This selection
of taxes by the individual presents problemé for empirical tax analysis. * It is
incorrect to uge the selected tax rate as dn‘éxplanatory variable fér measuring
_tax effects'in a labor supply model Thls spec1f1cat10n is sﬁbject to 51mu1—
tanelty bias because labor supply and the tax rate are jointly determlned ~ The
preblem is that labor supply is a functlon of all the ‘tax rates faced bv the
individual. Although some: progress has been~made-in implémentingrsﬁéh a function
empirical;y, it has been made by bringing'a_considgfable amount of structure
into the model.1

This study develbpes_a coﬁsiStent method for eétimating labor Supplyrthat uses
all the tax rates faced by an individual and relies On no more structure than
has been used in the previous literature on the subiec;;j Other methods of
estimation are presented as steps in this development. These ﬁethods constitute
an empirical examination of labor_sppply in which it is possible to test whether
individuals réSpond to taxes aﬁd achieve an equilibriumT It is also possible
to examine'whether models based on strong‘assumptions_and a considerable amount
of structure are justified. Such an examination is an. important part of
empirical tax analysis.

This study is based on the realization of a connection between two different
areas of research on labor supply. One area has to do with tax analysis and
the other with sample selection. The first is best represented in a study by
Rosen (1976) which examined the effect of income taxes on the labor supply of

married woemn, The budget constraint of these women is kinked because their




net wage makes abrupt changes as they move inte different tax brackets. Rosen
summarized the kinked budget constraint by computing the effect of taxes oﬂ
earniﬁgs at a stand&rd number of hours of work. Essentially the constraint was
suﬁmariied by the average tax rate at a point. Other studie52 of labor suﬁply
and taxes have taken similar approaches by fd¢using on different points or
constructing linear'approximations of the budgef constraint. These stﬁdiés did
not represent the entire budgéf constraint in any detail. Nonetheless, Rosen
_does remark thaf “ideally we wﬁnt to represenﬁ the whole opportqnify locus"

and this tésk is taken up here.

Another- group of labor supply studiés3 that is not concerned about taxes
focuses on decisions made at a particular corner-of the budget constraint. The
choice of whethqr or not to work —rthe pafficipation decision —'ié uSedrin these
studies to analyze issues of bias in wage comparisons and sample selection. The
analysis takes place at the corner of the budget constraint where hours of
work equal zero. The comparison of market wage and reservation wage at this
corner has important implications for the,esfimatioﬁ of wages and labor supply.
This analysis is extended in this study by carrying out the same comparison at
other corners along the taxed budget_constraint in order to develop methods
for estimating labof supply ‘in the presence of taxes, Thus, the analysis of
sample Selecfion i1s used to address the tax selection problem discussed in the
first paragraph. Also, it is the basis for finding a way "to represent the whole
opportunity locus' as Rosen suggested.

Section Il sets up a two~equation model of labor supply that serves as the
foundation for the methodology developed in this study. This section presents
technigues for estimating the model based on a probit analysis of the decision

to work above or below certain corners of the budget constraint. This section also




spells out under what condition these technidques can be applied to a nonconvex
budget constraint, Whiie showing thdat the model can be estimatéd.by looking
at discrete choices, the probit results are also needed in the mefhodology
developed later oﬁ{r

Section III brings hours of work into the estimati&n of the model and
develops a consistent procedﬁre for kinked bgdget constraints using_ordinary
least squares. The prqcédu;ersﬁmmarizes the_budget constraint in'an intuitively
appealing way by calculating the e*pebtéd value of variables that assume
different valueé on the sectiqns of-the cﬁnstraint. The weighté in this expectéd |
value equal the probabilities of ch0051ng to work on these sectlons, the probit
results of Sect10n II are used to compute these probab111ties. ,Because these
probabilities depend on the parameters‘of,the tax program, it is possible to
simulate behaviorai responses‘to tax changes. Maximum_iikelihodd,estimation fql;
lows naturally from the consiﬁtent procedure and is preseﬁted in Section IV,
Likelihood maximization can be used to examine the sourcé of information in model
estimates. Section V discusses the problem posed by the nonconvex budgét coh—
straint for the consistent and maximum likelihood methods and proposes adjustments
for each. The methodology presented here'describes a process of defining
a labor supply model for empirical gtudy that brings in as much structure as 15 

justified by the data. A summary and conclusion are given in Section VI.

II. A Two-Equation Model of Labor Supply and Its Estimation Based on

Probit Analysis
A person decides to work based on the value of his time in market and
nonmarket activities. In the market, his time is valued at his market wage.

Outside the market the price that an individual attaches to his time is his shadow




price. A person's shadow price when he does not work is defined to be his
reservation wage. By definition, the reservation wage of éinOnworkef'exceeds

his market wage. When a peison's reservation'wage is less than his wage, he will
work, i.e., he suppliesilabor in the market at his wage rate. As he'increaées

his labor supply, a rise in his shadow price is predicted on the usual assumﬁtionr
that leisure is é_normal gdod. Arperson supplies,lébor to the‘poiﬁt whérerhis
shadow price gquals his‘marke; wage. However,rin.the presence ef incomé'taxes or
other incpme related programs, labor supply is ﬁo-longer,deterﬁined by equating
shadow pricé and markef wagé. -The_prOCess By which a labor supply equilibrium

is achieved underlies the methods for estimating labor supply that are devéloped
in this study. The disﬁﬁssionrturns to a_fbrmal dqscription of tﬁis process.

The tréditionallanélysis:of laber forpe-pérticipation4ris tﬁe féundation of
the methodology fcr‘estima;ing labor supply developed here. The analysis uses
equations to éstimate an-individual‘s market_wage;énd shadow price. A'personfs
potential wage, w; is rglated te a set of variables, X, andlan error term e

1"
This relationship is specified in the following semi-logarithmic formsz

(1) ) Inw = Xa + e

The X variables consist of schooling and age as well as other determinants of
wage. The error term, e is assumed to be random and uncorrelated with the X's.

The decision to work also depends on an individual's shadow price, denoted
s. This is influenced by: time spent working, h; a set of observed variables,

Y; and an error term, e The general form of the shadow price equation is adoptéd

2

from the wage equation as follows:




() Ins = YR + Ah + e,

The Y vector inc¢ludes schooling and age, as does X, and'other variables-that ,
influence shadow pricé aldne; Labor supply is assumed to Have,a single time
dimension méaSufed:byrtﬁé scalér yéfiable h.6 The error term is a random
variable distributed independently of h and Y by assumption:

A person will Qorkrwhen his resérvation wage, i.e.; srat h=0,:is léss

than his wage. Using eqs. (1) and (2) this means:

(3) e, - eL.< Xa - Y8

Let DP be a binary variable that indicates whether a person works (DP=1) or
is not working-(DP=0J. The probability of working, P(DP=1), equals the
probability that eq. (3) holds. Letting F denote the distribution Function

of eé;e1 and o dencte the stﬁndard deviation of e, =€, the probability of

working becomes:

4y PP = 1) = F[(Xa - Y8)/a]

The argument of F will be called the "participation index" because it determines

labor force participation; it is denoted JO.




The discussion turns to an analysis of labor force participation because
it illustrates some points of_tecﬁniqué that will be used again. The participa-
tion decision is the natural starting point for estimating labor supﬁly. Estimates
of a and B up to the scale factor ¢ are obtﬁined from'a.ﬁarticipation analysis;
This is done by dividing the sample. into subsampyes of individuals who are working,
DP=1, and those who are not working, DP=0, and then maximizing the Iikelihoo& of ;
observing this behavior in the'samplé. The‘likelihéod functionlfoliowing from

eq. (4) to be maximized is:

(5) - L= 1~ F(JO ) n{1 - F(JO )
: ie{DP=1} i ie{DP=0} i
where JO = the value of the,participatioﬁ index based on individual i's values
i -

for the‘vafiables. Maximum likelihood estimafes of a/0 and B/c follow from the
maximization of L. If a variable appears in both X and Y, theﬁ'only the differénce
between its coefficients in equatidn5 (1) and (2) relative to ¢ can bé'identified.

When F is the normal distribution function then eq. (5) is the standard
probit model. Although the analysis is amenable to whatever distributien function
is assumed for F, the. probit specification is adopted because this hasrbeen the
- choice in the labor force participation literature.-

A two-step procedure permité estimating all coefficients separately without
any scale factor. In the first step, an estimate of o is obtained directly by
estimating the wage equation alone. These results are used to impute the log
of an individual's market wage based on X. In the second step, this imputed log

of wage is used in a probit analysis of participation. The inverse of the estimated




coefficient on the imputed log of wage is an estimate of the standard deviation

in the denominator of the participation index. Multiplying the coefficient esti-
mates for Y variables by this estimate of tﬁe standard‘deviationVYields maximum
1ike1ihood”estimates_of the R's.

This two-step proaedure-willlbe described explicitly. The first sﬁep prodﬁces

an estimate of eq. (1) which iS'given a5-fol1ows7

(6) In w = Xa + 31 = Inw + él .

The decision to work now implies:

(7 e, - e, < In w - Y8 .

Let e' equal e, - 31 and have standard deviation o', The probability of working
becomes:

(8) POP = 1) = F[(In"w- Y8)/c')]

. Let Jé denote the argument of F; the likelihood function based on eq. (8) is8

(9) L I F(J'. ) - T [ - CARS

ietop=1}. % ie{pP=0} i




This is the same as eq. (5) except that lnAw, the imputed log of wage, replaces
Xdand o' repléces g.
An important feature of the two-step procédure is that a .single Qage cffett
on participation is conveniently summarized by the coefficient estimate of 1n w.
An estimate of o' isrgiven by the inverse of the estimated coefficient of 1n w.
An estlmate of g is obtained by multlplylng the estlmated coeff1c1ents of the Y
9 =l
variables by the estlmte of 0' U
It is possible to estimaté B using the probit analysis based on X and Y

(eq- (5)) and the wage regre551on wlthout carrylng out the second probit step
I S TR A 1 e A Y £

Doing this requireg that a varlable be in X but not in Y; let x, denote such a

varigble. The wage regression provides an estimate of x_ 's coefficient in

1
eq. (1) - &1_. The probit analysis yie1d$ an estimate of xl's coefficient in the
participation index -_(alycj‘_ Thus, an estimate of ¢ is given by &1/(a1/c] .

If there are two (or more)‘variables in X but not in Y, tﬁere'would‘be’two (or more)
such estimates and ¢ would be overidentified. A solution to this problem of ovet-‘
identificatiOn is embedded in the two-step procedure. The inverse Qf coefficient
estimate of lnfw in this procedure can be interpreted as a weighted average of the
estimates of o in tﬁe overidentified case.10

Once a person has decided to work, the decision on how much labor to supply
over a kinked budget constraint follows from a comparison of market wage énd shadow
price at points other than the corner of zero hours. The details of this approach
are presented using the budget constraint illustrated in Figure 1. As shown, earn;
ings are untaxed up to the level M at which point a tax rate of t is applied to
further earnings. Hours of work at this kink point will be denoted by k. Thus,
a person earns his full wage, w, for hours worked up to k and earns his taxed wage,

(1-t}w, for hours worked above k.




Figure 1

THE CONVEX KINKED BUDGET CONSTRAINT
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A person works when €, - & < Xa - YB but the amount of labor supplied

depends on other wage and shadow price comparisons. Working below k implies

that the shadow‘price of time at k exceeds the market wage so that:

(10) ' ey - > Xa - YB - YK R

Using the same notation to describe the distribution of e, - e, as before,

the probability that a person works less than k hours is given by:
(11). Plh<k) =1- F[(Xa - YB - vk)/a]

The a:gﬁmentoff’will'be called the "index for working up-k“ and  is denoted Iy
The participation analysis described above did not yield an eStimafe'of

Y because the analysis was applied where h=0. However, it is possible to'estimaté '

vy along with the other parameters by applying probit analysis at the kink point.

A bingry vaviable DK is used to indicate whether a person works less than

k(DK = 0) or at least k hours (DK = 1). The sample is divided into the two

subsamples corresponding to this classification and the likelihood function for

observing this behavior is given by:

(12) L= T F(JL) + 1 [1-F(, )]
iefDk=1} i  ic{DK=0) i
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where Jk = the value of the index for working up to k based on individual i's
i .

values for the variables. Maximum iikelihood‘estimates of a/c, 8/0 and now
y/o are obtained by maximizing L with respect to these pdrameters. The same
problem in estimating the separate cbefficienfs of'variables—in both X an&rY
arises as it did before. The same two-step procedure can berapplied as before
,inrorder to éstimate a, B and Y separately. |

The probiﬁ analysis at the cofnerrof ierolhOUrs_and at the kinkrpoint
may yield Aiffefénf estimates of the same coefficient énd as a fesﬁlf provide.
a richer description of labor suﬁply. For example, children can Hﬁfe opposife
effects on the-lgbor supply of women at‘fhese points,11 The presénce of young
children is expe;ted to lower therprpbabiiiﬁy of‘wprkipé.' However, having_dgcidedi
to work, a woman's labor might be ihcréésed by thé presence of chiiaren.in'order
to cover the cost of childcare. Iﬁ other words, children become a fixed cost in.
labor supply decisions. Consequentiy, the coefficient df‘a variable measﬁrihg
the effect of-children can have a diffcrént sign in estimates of the model at zero
hours and the kink point. The probit methods de3cribed above provide a direcf
examination of whether labor supply is influenced by fixed costs or other factors.

Although the aﬁove methods for estimating'the hodels using probit analysis
were constructed based on a convex budget, they can.aiso be applied when the bud-
get constraint is nonconvex subject to a certain-cﬁndition. This conditioﬁ is best
illustrated with the aid of Figure 2. Three kinked nonconvex budget constrﬁints,
ABCDI, ABCD2 and ABCDS, are shown in this figure. The éxtension of the common
initial segment of all of these constraints is given by the dashed line BE.

The probit methods for estimating the model presented in this section are valid

on the condition that BE lies above the rest of the constraint. This condition




Figure 2
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is satisfied by ABCD1 and ABCDZ. Even when the slope of a segment of the budget

constraint exceeds the slope of its initial segment, as in the cdse of ABCDZ,

this conditionris still sufficient for the validity of the above methods. -
If the above condition is not met, an individual could have'his shadow

price equal the slope of the budget constraint when.it is above the extension of

its initial'segment and-also satigfy the eqhilibrium-condition for working

below k. In other words, equilibrium éonditions for working above and below k can

3 in FiguréAZT

When such'budget constraints prevail, a utility function must be employed for

be_met.' This situation is illustrated by-the budget'constraint ABCD

estimating labor supp1y. As Heckman (1974b) says "the essence of the problem
involves ufiiity comparisons Betweén two or more discrete alternatives.'
Individuais‘féce'kinked nonconvex budget constraints under programs'of _
income maintenance su;h as welfare assistance,.negative income fax plans; and the
social ;ecurity earnings test. The essential idea of these programs is to offer.
a grant as income suppoft and reduce (tax) it as a person's earnings go up. The
noncdhvexity arises because an individual's wage 1s taxed in the range where his
earnings reduce the grant (segment (b) in Fig. 2) and then is not taxed when the
grant is réduced to zero (segment:(c) in Fig.'ZJ. If there is an initial range
over which an individual can work without reducing his grant then the methods pre-
sented abo%e can probably be applied. The condition for using theée methods
is likely to hold because the net wage after the gr%?t‘isqygguséq:t?.?Frqr}%lnopn:;\41 b
likely to exceed the slopeof the initial segment. The exaﬁinationﬂof whethér IR
this condition holds is important because it determines whether a labor supply

model can be estimated using the methods developed here for which computational

procedures already exist or the model requirecs more complicated analysis.
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This section applied the apalysis of discrete choices to estimate the
labor supply model. The following sections bring hours of work into the estimation

of the model.

II1. Consistent Estimation Using Ordinarereast Squares

A fechnique for obtaining COnSistent eétimates of the labor supply model
using ordinary least squaresris derived in this section. The techniﬁue is based
on using the distribﬁtion of the disturbances in eqs. (1) and (2) for Computing
the probabilities of working on each segment and cérner of the budget Eonstrainf,
Therefore, the discussion on how choices are made on the kinked convex,budéet
constraint must_be taken up again. | |

The probability that a person Qorks af a;lével Iess than k, ige.; élohg

segment (a) in Figure I, is given by eqs. (3) and (10) to.be:
(13) _ P(O<h<k) =PXa - YB - vk < e, - &) < Xa - YR)

Using the same notation from the last section to describe the distribution of

e, - e, this probability is expressed as follows:

2

(14) PO<h < k) =F[(X - Y)/o] - F[(Xa - YB - vk) /o]

The wage that a person faces at k is taxed at the rate t. A person may '

be willing to work more than k at his full wage but not at his taxed wage. In
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other words, the market wage can exceed his shadow price at k but his taxed
wage does not. For this reason there is a nonzero probability that an_iﬁdividual

works k exactly. Working at least k requires that:
(15) e, - e < Xa - YB - vk

2" "1

- A person works no more than k when (1 - t)w < s at k. By taking the log of this

inequality, it is expressed using_eqs. (1) and (2) as follows:
(16). e, - e > In(l - t) + Xa.- YB - vk

Based on eqs. (15) and (16) the probability of working at the corner on the

budget constraint where h = k becomes:
(17) P(h = k} + P(In(1 - t) + xa - YB - vk < e2 - el'% Xa - YR . vk)

This probability is further expressed as follows:

(18) S P(h=K) + F[(Xa - YB - vk)/o] - F[(In(1 - €} + Xa - YB - vk)/o]
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A concentration of individuals working k may appear because some individuals
work as much as possible at their full wage but will not work any more at their
taxed wage.12 |

Finally; a person will work along the taxed segment of the budget constraint

when his net wage exceeds his shadow price at k so that:

(19) ey~ e <In(l-£) +Xa- Y - vh

The probability of working more than k is given by:
(20) _ P(h>k) = F[(In(l - t) + Xa - YB - vk)/d]

The labor supply choices over the budget constraint illustrated in Figure 1
and the probabilities of-makiﬁg‘these choices are summarized in Table 1. The
indexes derived in this section to describe these choices are‘given in the table
also. |

The technique for consistently estimating the model is based on the probabili-
ties in Table 1 and an equaticn for the 5pecifiC'amouﬁt of labor supplied.
Consequently, the focus of attention turns to the labor supply equation that
follows from eqs. (1) andr(2). This equation is derived by equating shadow price
and market wage and solving for h. For the moment, the problems posed by the

kinked budget constraint are ignored so that this equation is:




Table 1 .

LABOR SUPPLY CHOICES AND THEIR PROBABILITIES

17

Labor:SuppIy Choice | Probability of Choice*
Nonparticipation, h = 0 o 1 - F(JO) |
Along segment (a), 0 <h < k 3 F(J0)'~ F(J)

At corner, h = k | | _ Fth) - F(JE)'

Along segment tb],rh > k ' F(JE).

* The indexes

used in the probabilities of choices are:

It

(Xa ~ YB)/o, the participation index;

{(In{l - t) + Xa - Y3 - vyk)/o , the index for

working beyond k. .

- (Xa - YB Q-yk)/c , the index for working up to k; -
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(21) h = X(a/Y) - Y(B/¥) + (e, - &)/

This equation shows that labor supply is a linear multiple (1/y) of the dlfference'
between market wage and reservation wage. Therefore, this dlfference determines
whether a person works and how much time he spends working. Evenrwithout the
complicatioﬁ ofra kinked budgef constfaint, the participation and labor supply
decisionslmay not be sd strictly related. The cdefficients of some of the X

and Y va?iables in the participation step may differ from the corresponding
coefficients im the labor supply equat;on. The point made in the discussion on
the fixed cost of children in the lastrsection applies here as well. To allow

for this poSsibility and-to simplifyrthe expressions in subsequenf calculations,

the labor supply equation will be specified in the following general way:
(22) h=Wd+u

W is just the set of all variables in X and Y; it is doubtful that a
variablé:in either the wage or shadow price equation would not appear in the
labor s;pply equation and vice versa. The difference between egs. (21) and (22)
is in the vector of coefficients. The essential point is that the strict deriva-
tion of labor supply from the market wage and shadow price equations can be
examined empirically by testing whether the coefficients in eq. (22) are different
from those in eq. (21). This point is made by Hanoch (1976, p. 13). To estimate

eq. (22) the problems posed by the kinked budget constraint must be handled.
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The technique for consistent estimation of eq. (22) using OLS follows
from calculating the expected value of h over the kinked budget constraint.
To illustrate this,-let q index the types of 1abor'supply choices where q equals
1 for not working, 2 for working along segment (a), 3 for working at k, and

4 for working along segment (b). The expected value of h conditional on W is:

4- ' o
@ EGIW = [ PGa= DN EQW, @)

1=1
A

where P(q = 1) equals the probability of making choice q = ij these probabili-
ties ére_given‘in Table 1. Estimates of these probabilities follow from thé
probit analysis of DK presented in Section II. |

The q subscript for W indicates that the value of some variableé in'W
depend on-the labor supply choice. For example, the value of the tax rate
depends on labor supply. The problem posed by this dependency was referred

to in the introduction as the tax églggxipg_problem. The'source of this problem

is shown explicitly in eq. (23): the error term depends on q and heﬁce is
potentially correlated with the choice-dependent value of a variable. quevef,
this problem does not arise with the specification given by egq. (23) because
the variables are not defined by the value of q that is chosen. Instead, the
value of a variable equals the probability weighted average of its values for
all possible choices.

An important result of the above expected value calculation is that the
expected value of the error term equals zero. This can be shown by writing out
the summation in eq. (23) in full. The values of the probability weights,

P{q = i), are given in Table 1. The expected value of u for a given value of




q, E(u|¥, q)], is nonzero because u is potentially correlated with e, - e

and e2 - e1 has been shown to be truncated for any particular choice. Letting

e denote this potential correlation and f denote the. standard normal density:
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2

function, and using the formulas for the means of truncated normal variables

the expansion of eq. (23) becomes:

due -f(J 7

o) 1 - F(J )]

(2a) Ehl) = [1 - F(I)1{Wd

. £(3y) - £

ue L)

FT, - T

+

[F(I3g) - F(I)1[W,d -

. o £01) - f(J?j
+ [FI) - FIDIMd - — - ]
F) T RED)
: (J )
t d ue k
+ [F(I)][w )
k 4 o F(Jk)

It follows immediately that:

(25) | E(hiw) = [

I~

P(q = i d
(q }) Wq]

The probability weighted average of the expected value of u, as shown, equals
zero. There is no selection problem because the actual labor supply choice
was not used to calculate the conditioned mean of h. Therefore, neither

the expected value of the error nor an explanatory variable depend on this choice.




The-Only conditioning variables in eq. (24) are the exbgenous variablesr
given by W. The fact that some variables, in particular the tax raté, differ
~in value over the bﬁdget coﬁstraiﬁt is handied by taking their expected value
ovef the constraint. In other words, the kinked'budgét constraint is summarized
in anrexpectedjvalue calculation. . This summary of the Budget constraint ansﬁers
Rosen's (1976) request for a way to represent the wole 0pp0rtuni£y locus.

An important vafiabie'in W is the'net wage and the wéy it is treated in
eq. (25) illustrates gdme important.feétures 0f,the procedure. The coefficient

of this variable'will be denoted d For the homent, each individual's market

1
wage, w; is assumed to Be constant and observed. The net wage varies over the
budget cohstraint_becaUSe the tax rate‘changes; for eﬁample, in Fig. 1, the

tax rate for q = 1 and 2 is zero and for q = 3 and 4 it is t. In general, let

Ty be the tax rate thatrindividuaIS'face for choice q. Letting Z be the variﬁbles

in W other than the net wage and d_ be the vector of their coefficients, eq. (25)

.becomes:

(26) E(h|w) : dl[ZP(q

i)In(l - tq)w] + [YP{q = i)zq]dZ

i)ln w + dl[Zp(q_= i)In(1 - tq)]

1]
1

4, [IP(q

+

[TP(q = i)Zq]dé

dln w + dl[zp(q = 1)1In(l - t)] + [JP(q = i}Zq]dZ




where ] expresses summation over q.

The first term shows that a variable which is conetanﬁ overuthe budget
constraint assumes its constant value in the spec1f1cation given by eq. (25)
since the probabilities sum to.-one. The second term shows that labor supply
is a function of all the tax rates as mentioned in the introdUction, and eq. (26)
offers a eonvenient wayAto-express this. A further implication is that the coef-
ficients of In w and the expected tax rate sheuld be eqeal. This equelity
suggests a simple test of tax perception of the t}pe carried out by Rosen - (i;;6]

An 1mportant feature of eq. (26] is that it is PQSSIble tp-51mulate responses
to changes in the tax program,based on the specification of,fhe equation. The |
breakpoints and tax retesrof the program are used to define,the J indexes end
the probability weights feilow directly from estimaies:of theselindexes; Con-
sequeﬁtly, when the breakpoints or tax rates‘are changed, the probability weights
change which results in a potentialrchange in the expected value of hours of
work for each individual as given by eq. (26).

If each individual's wage rate is not observed then there are alternafive
ways to estimate eq. (25). One way is to substitute the equatien for w into

eq. (26) so that the X's appear as explanatory variables with d,a as the vector

1

of their coefficients. The estimate of eq. (26) based on the X's and the wage

regression can be used to estimate d This procedure is identical to what was

1
done in Section II to estimate B baSed on a probit analysis and the wage regression.

Again, Let x, denote a variable in X and not in Y. The wage regression yields

1
an estimate of xl's coefficient in the wage equation-—&1 The estimate of ea. (26)
gives an estimate of xl's cocfficient in the labor supply equation - d1 A - An

estimate ot d1 is given by dlAall&l . Overidentification of d1 follows when more

than one variable appears in X but not in Y. Another way to estimate eq. (26)




solves this problem of ovéridentification; The solution is analogous to what
was done before: the wage regression is used to impute a log of wége_to everyone
based on_their X values and the imputed log of wage ié'used.in eq. (26} as an
explanatory variable., The coefficient of the imputed log of wagé provides an
estimate of dl‘ -Again, the equality of the wage and tax éoefficient_can be
tested as a way to test tax perception.

The main result of this secti@n is expressed by eq. (26). Ordinaryrleast
squares estimation of thé 1ab0r‘supply'qué1-based dﬁ this specifiéation-yields
a consistent estimate of the model in the ?resgnce of a convex kinked budget

constraint. The way in which this specification summarizes the budget constraint

- in.aqjg§pgc;e§;yalu§ has a certain intui;ivé appeal. Althbugh thé procedure for
imp lementing this specification requires probit analysis as a first gfep and the
calculation of estimates of the probabilities given in Table 1 from the probit.
resuits, it 1s not computationally burdensome. More impo}tantly, fhe_steps in therl
procedure build on themselves and consfitute a thoroﬁgh empiricai éxamination 
of labor supply. In the process it is possible to test tax perceptién as well
as measure fax effects.

The model is developed tq‘the point where maximum likelihood estimation is

easy to discuss. The value of this discussion lies in presenting a way to test

the source of information in the estimates 0f the model.

IV. Maximum Likelihood Estimation

This section will describe ways to estimate the labor supply model based
on likelihood maximization. Most of the derivations and formulas needed to
‘define the likelihood function have been presented in the previous sections.

However, the specific amount of labor supplied by individuals who work on a linear
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segment of the budget constraint gives additiomal information on the
probability of their choice, which is put to use heré. To be spécific, a
person who chooses to work an amount h* along segment (a)} i.e. 0 < h* < k,
is considered. Based on the assumptions that individuals can work

any amount they want and that they choose their labor supply so as to equate

shadow price and net wage, it follows that: :

) _. = - _.“-*
(27) e, o Xa - YR yh

Based on this equalitf and eq. (14} andlletting,f'denote the density function

for e, - e

5 L’ the probability of working along segment (a} at h* becomes:

' _ f(Xo - YB ~ yh*)
(28) P(h = h*|0 < h < k) = —
_ _ F(Jp) - F(J)

This probability and the probability for working along segment (b) will be

expressed more conveniently By defining'the following J indekes:

J, = (Xee - YB - yh*}/o for choices along segment (a),

i.e., 0 < h* < k
or,

JE = (In(l - t) + Xa - YB - yh*}/o , for choices along

segment (b), i.e., h* > k .




In order to define the likelilicod of observing the behavior in a sample,
individuals are grouped by the labor supply choice they actuaily make. Thus,
the sample is partitioned as follows: DO'for nonworkers; D1

for persons working
along segmeﬁt [a); D2 for persons working at the kink point; and D

3_for per-
sons working more than k. Given this partition and the probabilifies-of making. .

these choices, the likelihood of observing this behavior is given by:

(29) L

L[1-F(I,)] - @ £, )/FU, ) - FU, )]

1:-:D0 | 1 1eD1 1 1 1

G, ) - F(O, )] - T£QE )R )
ieD, i K5 iep, i Ky

2 '3 _

Asympotically efficient, consisteﬁt estimates ofrthe céefficients in the ‘model
are obtained by,maximizing the likelihood function with respect to these
coefficients.l4

The above likelihood function was based, in part, on the assumptién that

individuals équate shadow price and net wage in determining their-l&bor,éupply.
However, individuals may not be able to choose their hours-of work freely because
employers offer jobs for specific amounts of work. As a result, work choices-
along linear seghents do not follow from tangencies of indifference curves with
budget constraints. By dropping this tangency assumption the likelihood function

becomes:

(30) L= T [1-FU ) T [F(J,) - F(J )]

IEDO 1 15D1 1 1

t - t
.H [F(Jk.) - F(Jk_)].ﬂ F(Jk.)
ieD i 1 ieD 1

2 3




This adjustment for dropping the tangency assumption is identical to what
Rosett and Nelson (1975).d0 in the two-limit probit model whee nonlimit values
of the dependent vafiable dre not -known.

The maximization of the likelihood functiqns_given by eqs. (29)-and (30)
permits testing the sourcerof information in the_coefficient estimates. If
the value of the iikelihoed function given byreq. (29) is significantly higher

than that based on eq. (30) than additional information is gained by assuming -

that individuels equate shadow price and net wage. This result woﬁld sﬁpport
the usual descriptien of iabor supply as an equilibrium that follows from a
tangency of an indifference curve with the budget line.

1f the maXximum 11Le11hood estimates from egs, (29) and (30) are not signi-
ficantly dlfferent then the assumption that shadow price equals net wage along
linear segments of the budget constraint does not add much information empirically.
In other words, most of the‘information fqrhlabor sﬁpply eStimation is captured
by the c0mparison of shadow price and net wage thet determines which linear seg-
ment or corner of the budget constraine is chosen; variation in labor supply
ralong linear segﬁents does not add much precision to the estimate of the model.

This section presented maximum likelihood methods estimatien that followed
naturally from the consistent methods developed in the previous section. A
test of the source of information in model estimates was also presented. Both
the consistent and maximum likeiihood methods were given for a convex budget
constraint. The problem posed by a nonconvex constraint and the accompanying

adjustments to each method are presented in the next section.




I
=1

V. Adjustments for the Nonconvex Budget Constraints

The purpose of this section is to point out precisely what prbﬁlem arises
for the estimation'proéedures-given in Sections III and IV when they are
applied to a nonconvex kinkedrbudget constraint, and'what_adjﬁstments have to
be made. For maximum likelihood methods the adjustment is one of interpreta-
tion; the likelihood function is. defined in the same way as before but the
predictiﬁe powér-of the estimates is limited. An adjustment in the probability
weights QSéd in the consistent procedure is suggested as a pracfigal soluﬁioﬁ
to the nonconvexity pfoblem.

The noﬁtonveﬁity problem is best illustrated with the budget constraint
shown in Figure 3. This budget constraint describes a program of income support
in which.individuéls receivé a grant -or benefit that is reduced by $t for ever}
dollar of'earnings above a certain amount (bc on the vertical aﬁis). The budget
constraint becomes noncorivex at point D where the grant is reduced to zero and
earningé can ne longer be taxed. At this peint, where labor supply equals n,.
net wage rises from its taxed value, (1 - t)w, to the market wage rate, w;

The shadow price at n can exceed the taxed wage implying that labor supply is
less than n. At the same time, this shadow price can be less than the market -
wage implying that labor supply is greater than n.

The following indexes are used to express the nonconvexity problem—eiplicitly:

-]
I

(In(l - t) + Xa -~ YB - yn)/o , the index for working up to n

[
]

(Xa - YB - yn)/o , the index for working bevond n.
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Figure 3

THE NONCONVEX KINKED BUDGET CONSTRAINT THAT
FOLLOWS FROM AN INCOME SUPPORT PROGRAM
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Since In(l - t) < 0, then Ji < J_ . Therefore, it is possible that
t :
J < (e2 - el) < Jn ﬂhere € andre

n are the error terms inm the wage and shadow

2
price equations respectively. The first inequality says that the shadow price-
at n exceeds the'taxed-wage and the second inequality, that this shadow price

is less than the market wage. Thus, conditions for working below and above

n are both satisfied implying that there are two potential equilibrium points.

One solution to this problem would be to introduce a utility funcfion into
the model either by prior specificafion or through a derivation based on the
labor gupply eﬁuation; With this funcfion, theamhiguity posed by two potential
equilibrium points can be resolved by choosing the one Yielding higher utility.
This selution is.based on the assumption_that labor supply is*detgrmiﬁed by
tangencies between indifference curves and bu&get cbnStraints, i.,e., individuals
adjust their hours of workrfreely in ordef'to equate shadow price and net wage.
However, indivi&uals may not be able to choose ;héir houfs so freely. A
utility function based on an assumption tﬁat is not supported empirically will
not describe labor suﬁply choices accurately. | |

The tangency assumption is not used in the procedures developed here for
estimatiﬁg labor supply based on probit analysis and likelihood maximization.
It is not important for the consistent method because the coefficients in thé
labor supply equation are allowed to differ from those in the indexes forlthe'
probabilities of choices. More importantly, the methodology developed here‘re—
lies on the data to indicate what steps in the labor supply decision convey
the most information for estimation purﬁoses. The methods wili be adjusted for
the nonconvexity problem in ways that should not cause significant problems
empirically. The limitations of these adjustments must be weighted against the

potential inaccuracies of a more complicated functional analysis.
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The likelihood function based on the nonconvex budget constraint in
Figure 3 would simply add another term to eq. (28) for the subsample of indi-
viduals working on segment (c). The probabilities for'choosing zero hours,
segment_(a), and the kink point remain as given in Table 1. The subgroup
of individuals work;ng‘along,segment (b) is again denoted by D3’ and the proba-
bility of tﬁis choice is F(Ji) —_F(J;). The éubgrOup working albng segment'(éj_
is denoted by D4, and the probability of this choice is E(J). Tﬁe.;ikelihood

function is given as follows:

1l
=1

(31) L (1= FUOI T R, ) - B )]

1eD 1 1

teb, 0

. t : t t
1€D2 1 1ED3 1 1

I F(J_)
itD4' R

This function does not take into account the possibility that individuals on
segmenf (b) could have chosen segment (c) and vice versa. Cbnsequently, the
Vmodel cannot be used to predict jumps between segments (b) and (c) in response
to tax changes. This limitation in the predictive power of the model may be
less problematic than the restrictions impesed by a utility function.

The probabilities used for the consistent procedure can be adjusted for the
problem posed hy the nonconvexity. The probability for working at the nonconvexity
point, D in Figure 3 where h = n, equals E(Jnj - F(J;) which is negative. Since
all the probébiities sum to one, this negative probability at D implies thaf the

sum of the probabilities for the other choices exceeds one by the magnitude of




this negative amount which is F[JE) - F(Jn). fhis should be interpreted as
showing that ;he comparison of shadow price and net wage éives the expected
result that an equiiibrium should not occur around the noﬁéonvexity ﬁoint.
The proposed adjustment_conforms with this result. The adjustmenf is to sub-
tract [F(JE)'- F(Jﬁ)j/Z from thé probabilitiesrfor wprking along segents (b)
and (c). As a result, the probability of working in an interval around the
nonconvexity point equalé'zero as expected.15 |

In this section, the maximum likelihood and consistent methods were -adjusted

for the problem posed By a:nonconvex budget constraint. The belief is that these

adjustments are empirically sauﬁdrand are superior to making additional assump-

tions that may only constrain the data to fit a particular functicnal form.

VI. Summary and Conclusion

This study develops econometric techniques for estimating labor supply when
individuals face a net wage that varies as a result of a program of income-
maintenance or taxation. The methodology is based on the traditional analysis of
labor force participation. Equations for market wage and Shadqw price‘are used
to describe labor supply choicéé over a kinked budget constraint. This approach
makes a distinction between the discrete choice of which segment or corner of the
kinked constraint to work on and the selection of the actual number of hours of
work along linear segments. As a result, the methodology can be used to test
whether information in an estimate of the model comes from discrete choices or
the selection of a specific number of Hours. Such an examination of the source
of information in model estimates is important because it determines what assump-

tions about labor supply are appropriate empirically.
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Methpds of estimating all the coefficients in the model by the application
of probit analfsis at certain corners of the budget constraint have been
presented. Under a certain condition thése methods can be dapplied to,npnéonveﬁ
cpnstraints. |

Comparisons of net wage and shadow price along the budget constraint are
used to derive a_procedufe for consistently estimating the model based on' ordi-
nary least squares. An expected value calculation summarizes a variable that
changes. value ovéf the convex kinked constraint in an infuiéively appealing way.
Such a ﬁariabiefequa1s a weighted avérage 6f its valuesron the corners and seg--
ments of the constraint. The weights'equal the probabilities of‘choosing'to
work‘on each corner and-segment; TheSe,probabilities vary with.the‘vaIUes of the
exogenous variables for each individuél and with the parameters of the tax
program under study. Consequently, an éstimate of the model can be psed to
simulate individual responses to changes in thg tax progrém. An important step
in this procedurerfhat precedeé the measurement of tax effects is a test of
tax perception.

Maximum likelihood estimation of the model follows naturally from consistent
procedure. The likelihood approach makes it possible to test the assumption that
shadow price and net wage are equal along linear segments of the budget constraint.
Adjustments to the maximum likelihood and consistent methods for nonconvex budgef
constralnts were also presented.

There are two points to be made in conclusion that serve as both caveats
and defenses for this study. First, individuals may not know exactly.what their
budget constraints look like, especially when these constraints are complicated.
Consequently, they may make their labor supply decisions basedron considering only

a few discrete choices as being relevant.16 Alternatively, they may make their




decisions based on a subjective expectation of their treatment under a tax system.
The methods presented here may go too far because they rely on modelling the entire
budget constraint. However, behavioral responses based on subjective expectations

may be suitably captured by the way in which the budget constraint is summarized-

here in an expected value calculation. AVSeéond point is that variables that areé
crucial for the classification of indi#idual choices over kinkéd budget-cpnstraints'-r
e.g. hours and earnings - are subjecp to €rrors in‘meqsurement.17‘ As a result,

this study may assume too much precision in the,ehpi;iéal‘ﬁgasurémenp df the

budget constraint. However, the devélopment from probit to:consiStent to maiiﬁum
likelihood estimation fbllongﬁ“progression in the use of the budget-constraint.

How much of the budget Consffainf is ﬁeedEd for estimation is left to the actual
empirical analysis.

I Believe this study is useful because it emphasizes an empirical-development
of a labor supply model. The potential gaiﬁs from this aéproach are a realistic
description of labor supply decisions,.an insight into the amount of'infdrmafion
in a dataset, and a robust specification of arlabor supply modei based on this

desription and information.
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Notes

Burtless and Hausman (1978)-and Hausman (1979) develop # labor supply model

in which they use Roy'é_identity'to'derive a utility furction from a labor

supply equation. The‘problém pfésented by double tangencies between indiffer- 3
enée curves and nonconvex budget constraints is resolvedt@rbringing individual
tastes into the model. The coefficient for nonlabor income is assumed to vary
with individual tastes. These unobserVable tastes are related to observed
Vafiablés that appeérlélsewhere in the‘quel.r Whenever the same variables are
used‘to serve more thén'one purﬁosé, mi§Specifigation is:a‘serioﬁé pofential
problem. A more fundameﬁtal problem.is5raiséd in aﬁ éxce11eht study by Hall
(1975)i11ﬁHi¢h the approaéh of dériviné a utility function from Roy's identity
was first tdken; Hail shows that empiriéal results aré sensitive to the way
in whichrindividual tastes are brought into a labor sppﬁly'model. -This issue
of robustness in the specification of individual tastes poses serious questions -
about Burtless and Hausman's a55umption of a random cbeffi;ients model applied
to one particular coefficient in a model already based on strong assumptions,
The motivation of this study is that the empirical development of a labor
supply ﬁodel will yield a-robgst specifieétion.

-See:Hall {1973); Brown, Levin, and Ulph (1974); Robins and West (1978); Keely,
Robins, Spiegelman, and ﬁest {1978); and Moffitt (1979).

Gronau (1974}, Hanoch {197a), Heckman (1974a, b; 1979}, and Griliches, Hall,
and Hausman {1977). |

References in addition to those mentioned in n. 3 are Gronau (1973) and Hall
(1973, 1975).
-This specification of the wage equation is generally accepted in the labor
supply literature; see Heckman and Polachek (1974), Griliches (1977} and

Chamberlain (1977).
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Hanoch (1976) develops a model in which labor supply is measured ﬁy two
distinct variables that are jointly determined. Altﬁough this description
of labor sqpply has an impdrtant bearing on the issues raised hére; - the main
pointé'of this 5tudy can be made using a single time dimension..‘ |

If thé ﬁage_equation can only be estimated over a sample of wdrkers, then

the regression must- be corrected for potenfial sample selectioﬁ bias. Hanbbh

(1976) and Heckman (1979) have analyzed this problem and show.tﬁat'potential

‘sample selection bias can be eliminated by adding a variable to the wage regres-

sion, -This’variable is the-invefse:of Mill's ratio and equéls f(Jd)/FtJOj

where f and F are, respectively, the density and distribution functions of

e, - e, The probit analysis_based_on eq. (5) yields an estimate of this
variable. | |

Because él = (I - X(X'X)_1X')el, the validity ﬁfrtheispecification in eq. (9)
depends on the asymptotic normality of él' ‘ '
There is an important statistical-requirement in this two-step procéduré. The
requirement is that Y be included in the wage regression so that it will be
orthogonal to e'. Otherwise, the estimate of 3§ in the second step is
potentially biased.

This interpretation is not entirely accurate because the standard deviation
(0') of the error term is notrthe same as that (o) iIn the probit analysis based
on eq. (5)

This example was first discussed by Gronau (1973).

An example of such a concentration appears in my study (1979) of the social
security earnings test..

See Hanoch (1976, p. 15).
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16.

17,

A two-step procedure idential to those described above can be used to
estimate all the coefficients sgparateiy. As before the prdcédure is based
on using an imputed log of wage from the wage regression. Further, the hypo-
thesis that individuals perceive taxes can be tested by‘tésting the equality

of the coefficients for the wage and tax variables,

A utility function may imply that this interval is slightly different, but this

is spuriOQQ accuracy given the informational limits of data.

Mdffit'(1979) and Zabal;a, PiSsarides,‘Piachaud and Barton (1979) present’
studies based on two and three choiées respgctively.

Lillard {1978) reports that 6.6 percent of the observed variation in annual-
earnings and 17.4 percent of the observed variation in annual hours of work

are accounted for by measurement error.
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