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Abstract

In 1965 Broyden introduced a family of algorithms called
(rank-one) quasi-Newton methods for iteratively solving sys-
tems of nonlinear equations. We show that when any member
of this family is applied to an nxn nonsingular system of
linear equations and direct-prediction steps are taken

every second iteration, then the solution is found in at
most 2n steps. Specializing to the particular family mem-
ber known as Broyden's (good) method, we use this result to
show that Broyden's method enjoys local 2n-step Q-quadratic

convergence on nonlinear problems.
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1. Introduction

In 1965 Broyden [1965] introduced a family of algorithms
called quasi-Newton methods for solving systems of nonlinear

equations, i.e., for finding x* ¢ R"™ such that f(x*) = 0,

where f: R" » R" is differentiable. Broyden proposed a modified
form of Newton's method in which an approximation H to the
inverse of the true Jacobian matrix f'(x) 1is used and updated
after each step. This leads to an iteration of the form

Xi+1 =%, - AiHif(xi), where the steplength Ai is chosen to
promote convergence. In what follows we shall usually restrict our
attention to direct prediction methbds, i.e., Ai =1 as in
Newton's method. By analogy with the DFP method [Davidon,
1959; Fletcher & Powell, 1963] for unconstrained minimization,
and by considering what is desirable when f 1is linear, Broy-
den proposed updating Hi in such a way that the quasi-Newton
equation Higq [%(xi+l) - f(xiﬂ = Xiyp T Xy holds. Since

new information is picked up in only one direction each step,
Broyden suggested obtaining Hi+l from Hi by means of a
rank 1 update, i.e., by adding a matrix of rank 1 to Hi.

This leads to the following iterative procedure.

Choose nonsingular Ho e RY™ ang X € R,
For kx = 0, 1, 2, ... let

(1.1a) Sy = -ka(xk);

ltl - .

( b) Xpe1 T Xy oSy

(1.1c) Yy = f(xk+l) - f(xk);




(1.14) If y, = 0 then H ., = Hg;
(1.1e) else choose v. &€ R" such that va =
k k7 k
(1.1f) and Vka K 0
T
. = + -
(1.1g) and let Hk+l Hy (sk kyk)vk

Because of (1.1f) and the Sherman-Morrison [1949] formula,

Hk+1 is nonsingular whenever Hk is, so induction shows that

Hk is nonsingular for all k, whence 8y 7 0 only if f(xk) = 0.

Broyden's [1965] method (sometimes called his first or

good method) results from choosing vy F Hksk/(s Hkyk) in (1l.1le)
-- and is defined for Yy # 0 only so long as skayk # 0 and
sEyk # 0. Broyden's second or bad method results from choosing

Vi F yk/(yzyk) when y, # 0 and is defined so long as
Vit sy # 0.

Broyden has shown that his (first) method converges
locally at least linearly on nonlinear problems [1971] and at
least R-superlinearly on linear problems [1970]. Later,
Broyden, Dennis, and Moré [1973] showed that both Broyden's
good and his bad method converge locally at least Q-super-
linearly. Moré and Trangenstein [1976] subsequently proved
that "locally" could be replaced by "globally" when a modified
form of Broyden's method is applied to linear systems of equa-
tions. In Section 2 of this paper we show that when any form
of (1.1), including Broyden's good and bad methods (so long as
they are defined), is applied to a system of linear equations
f(x) = Ax - b 1n which A € RN is nonsingular, then the
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iteration converges in at most 2n steps (i.e., Xj = x* = A b




for all j > 2n). We show further that this result also holds

when some nonunit steps are allowed (sk = —Ak

Ak # 0, 1). Specializing to Broyden's good method, we show

ka(xk), with

in Section 3 that this method enjoys local 2n-step Q-quadratic
convergence on nonlinear problems. Section 4 presents some

concluding remarks.

2. Finite Termination on Linear Systems

In this section we show that Algorithm (1.1) converges
in at most 2n steps when applied to an f representing a
nonsingular system of linear equations: f(x) = Ax - b, where
A ¢ Rnxn, b e Rn, and A 1is nonsingular. This follows as
an easy corollary to the following lemma, which holds even if
A 1is singular. The notation Lol used below denotes the
greatest integer less than or equal to o € R, while for non-
zero u, v ¢ R", the notation u || v means that u = Av for

some real X # 0.

Lemma 2.1
If A e R™™ ang Algorithm (1.1) is applied to f(x) = Ax - b

with the result that f

f(xk) and Y.y are linearly inde-

k
pendent, then for 1 < j < L(k+1)/21,
i . . . .
(2.1) (AHk-2j+l) fk-2j+l’ 0 <i< 3j, are linearly independent.
Proof: Since V-1 = Ask—l = ‘AHk—lfk-l’ this 1s easily seen

to hold for j = 1. Assume it true for j = m < L(k+1l)/2].

Note that 2m < k-1, whence k-2m-1 > 0. Also note from

(l.la,b,c,d) that y; = 0 = Yis1® 0, so 0 =

1
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Yiemom-1 # 0. Now
- F = - +
Seeom ~ T-2mYk-2m B omfx-om ¥ Broon®Proomfieom
= Heon (T - AR o)y o> SO

) T
ARy ome1 = AH_, (T - [T - AH, _, If o v, _, ). Moreover,

} . i
frcomer = (T - AR o 0f, one Since (AH, _, )7 5ouqs

0 < i <m, are linearly independent by the induction hypothesis
(2.1), we see by the two preceeding equations and induction on

1 that there exist Y; o (dependent on k and m) such that
b
i-1

g
+ .
Qlel,l(AHk-2m) ]fk-2m

i, i
(AH, 5 417 frcom+l H (I—AHk_2m)[(AHk_2m)

) (AH )if

< i < -
for 0 <1 <m, whence (I AHk—2m K=2m K-2m’

are linearly independent. But (I - AH = 0 by

=2m?Yx-2m-1

and (AH yhe

= AR ono1fkoome1 k-2m’ ‘k-2m’

(1.1le,g), so Yie—om-1

0 < i < m, are linearly independent. As before, we see that

there exist 6; o (dependent on k and m) such that
b

i i
(aE,_, VTE_, H (I - AH_, ) [(AHk_zm_l) R
i-1 1}
YL p (A o) ]fk—2m-l
2=1
: . i ‘
for 0 < i <m, whence we readily see that (AHk—2m—l) fk-2m—l’

0 <i < mtl, are linearly independent. Thus (2.1) holds for

J = m+l, and the lemma follows by induction. |}

Theorem 2.2: If f(x) = Ax - b and A ¢ RV" is nonsingular,

then Algorithm (1.1) converges in at most 2n steps (i.e.,

£, = 0).




Proof: As noted above, Hk 1s nonsingular for all k; since

A 1s nonsingular, we thus see that if f is nonzero,

2n-2

then the same is true of s, . = -H, .f, . and

Yon-o = As2n—2' If f2n-1 # 0, then necessarily f2n—2 £ 0,

so # 0 and Lemma 2.1 implies that f

Yon-2 2n-1 ” Yon-2

(since otherwise R" would contain n+l linearly independent

vectors). Since Sopneo - H2n—ly2n—2 = H2n—lAs2n—2 by (l.le,g),
we have Yonoo = As2n—2 = AH2n-ly2n—2 and hence

fon-1 7 Aynoafong S©

fon = fono1 ¥ ASpn T fonly ~ AT 0

Theorem 2.2 leaves several questions unanswered, such as
whether a full 2n steps may actually be required. Computer
runs suggest for small values of n that Broyden's good and
bad methods may both recuire a full 2n steps. As we shall
now see, it is possible for arbitrary n and nonsingular A
to choose Ho, fo, and the Vi in (1.le) so that Algorithm

(1.1) requires a full 2n steps. This is the content of

Theorem 2.4, proof of which requires the following lemma.

Lemma 2.3: In Algorithm (1.1), if Yy £ 0, # 0, and

JT
K k-1

Rank(I - AHk) = n-1, then Rank(I - AHk+l) = n-1.

Proof: I - AH I - AHk(I - [I - aAH, If VT)

k+1 k7"k k

T
(I - AH(I + AH £ v )

YV

).

(I - AHk)(I




It suffices to show that (I - AHk+1)u # 0 whenever u 1is
linearly independent of Y+ Now Rank(I - AHk) = n-1 and
(I - AHk)yk_1 = 0, so (I - AHk)w # 0 whenever w 1is linearly

independent of Yiee1® But VE(I - ykvg) = 0, so for

T T . T
w = (I - ykvk)u, we have v.w = 0, while ViYio1 # 0 by

k
assumption. Thus w 1is linearly independent of Vo1

whence (I - AHk+l)u = (I - AHk)w £ 0. I

Theorem 2.4: If I - AH is nonsingular, if (AHo)lfoa

0 <i<n-1, are linearly independent, if vgfk # 0 and

T,.-1 4

Vka Sy 0 for k > 0, and if £ 0 for k > 1,

iy
kY k-1

then Algorithm (1.1) requires a full 2n steps to converge.

Proof: As in the proof of Lemma 2.1, we find

(2.2a) fray = (I - AHOE,

(2.2b)  AH . f ) = -(v, £ (T - AH ) (AHE,, and

(2.2¢)  (AHOYE L= -(vIE (T - AHk)[:(AHk)i + :éi aif;(AHk)“]fk
for 1 > 1. In particular, since ngo £ 0, I - AHO is non-

singular, and (AHo)lfo, 0 <1< n-1, are linearly independent,

we see for j = 1 that

i . . . .
(2.3a) (AH2j—l) f2j—l’ 0 <1< n-3, are linearly independent.
Moreover, since I - AHl = (I - AHO)(I - yovg), we see for

j = 1 that

(2.3b) Rank(I - AH?j-l




Suppose (2.3) holds for J = k < n. Since Yor-1 -

we see from (2.2) and (2.3a) that Yox-1 and (AHz]<

0 < i < n-k-1, are linearly independent. But

(T - = 0, while Rank(I - H_. .) = n-1 by (2.3b)

2k
{y2k-l} spans the null space of I - AH

AHp\ )Yy
and Lemma 2.3, so 2k

i . .
and (I - Asz)(AH2k) f2k’ 0 <1 < n-k-1, must be linearly

independent (since otherwise

yie

Yor-1 were a linear combilnation
of (AHz]< 2Kk 0 < i< n-k-1). From (2.2) it follows that

(2.3a) holds for J = k+*l, while (2.3b) holds for J = k+tl
by Lemma 2.3. Thus (2.3) holds by induction for 1 < j < n.

In particular, f2n-1 # 0, whence Algorithm (1.1) runs a full

2n steps before converging. I

Another question that Theorem 2.2 leaves unanswered 1is
what happens when a step-length parameter is introduced, i.e},

when step (l.la) is replaced by S, © —Akaf(xk). For

Ak # 0, 1, (2.2) becomes

i i-1
)°f

(2.4) (AR,

i - (k) L
K#1 “ (I - AHk) EAHk) + 251 Gi,l(AHk) ]fk +

(k)
* Giaoyk b

i.e., multiples of Yy are added to the right-hand sides of
(2.2). Thus the proof of Lemma 2.1 is unaffected if

Ak-2m—l # 1, 1 <m < L(k+1)/2}); it seems essential only that

kk—2m = 1. More generally, we see from (2.4) that if

(AH )lf 0 <i<m, are linearly independent, then the

k+1’

k+l




set {(AHk)lfk | 0 < i < m+tl} must contain at least mtl

linearly independent vectors, whence (AHk)lfk, 0 <i<m,

must be linearly independent (since if (AHk)Jfk were dependent

i . . . )
on (AHk) fk’ 0 <i<3j, for some J < m, then (AHk) fk
could be expressed as linear combinations of these same vectors
for all & > j). Hence the proof of Lemma 2.1 may be modified

to obtain

Theorem 2.5: If Algorithm (1.1) is applied to a linear function

nxn

f(x) = Ax - b with A e R nonsingular and (l.la) replaced

by Sk = —Akafk (Ak # 0), and if there are integers ki,
0 <1i <n, such that ko = -1 and Ak = 1 with
i
, . ] - .
ki > ki—l 2 for 1 < i <n, then fkn 0 .
Theorem 2.4 is readily generalized to allow A 1,

2k

0 < k < n. Whether a further generalization along the lines

of Theorem 2.5 is possible remains an open question.




3. Local 2n-Step Q-Quadratic Convergence of Broyden's Method

We now restrict our attention to the direct-prediction

version of Eroyden's (good) method. This amounts to Algo-

>rithm (1.1) with Vi = Hklsk/(skTHkyk). With this Vi it is
well known (and easily seen from the Sherman-Morrison [1949]
formula) that if Fy is nonsingular and skTHkyk # 0, then
N -l T, T R )
Hk+l z Hk + (yk Hk sk)sk /(uk sk). We shall find it some
what more convenient to restate the direct-prediction Broyden's
method in terms of B, = Hk_l. Thus for k = 0, 1, 2,
we are dealing with the following iteration (in which
fk = f(xk)):
(3.1a) s, = -B "Yf
k k k
- = + .
(3.1b) X141 X, Sy 3
(3.1c) Yy = fk+1 fk’
T -1 T T
f = -
(3.14) If SkBk Y # 0 then Brty Bk + (yk Bksk)sk/(sksk)
(3.1e) else Bk+l = By.
In what follows, ||*]| = ||| denotes the Euclidean
2
vector norm ||¥|| = x'x)Y? or the corresponding induced

matrix norm. We may now state the main result of this section:

Theorem 3.1: Suppose f: R" - R" is differentiable with
1

f(x) - fly) = [f'(y + 1(x-y))(x-y)dt, that £(x*) = 0 with
0

A = £f'(x*) nonsingular, and that the Jacobian matrix f' is




<10~

Lipschitz continuous at x%*, i.e., for some constant A

and all x sufficiently close to x*%.

I

Then there exist vy, 6§, ¢ > 0 such that if

Gy e - oo

oo

S
(3.3) X~ % . < § and ”BO— A' < g,
then the iterates produced by Algorithm (3.1) satisfy
| 2
n - x S
(3.4) |X2+2I’l X __<_Y HX2 x

for all 2 > 0.

Proof: From (3.2) and the proofs of Theorems 3.2 and 4.3 of
[Broyden, Dennis, & Moré, 1973], there exist &,e > 0 with

§ < 1/(u”A'lH) such that if (3.3) holds, then

(3.5) Xp4q = <" \ < 'Xk - x* ],
(3.6) ||B, - A H < 28,

(3.7) f(xk+l)H < Hf(xk>|,

(3.8) |37t < %”A—l“,

Tl - ' . ' = - x4
and s By, =0 only if x = x® Fix £ and let h= %, - =4I

we must show that there is a Yy independent of & such that

5 2
”X2+2n - X"” < yh.
Consider the sequences Xps Xpo v Xoo of vectors and
"~ "~ "~ R A
Bl’ B2, ceey an of matrices generated from L I and




-11-

A(x - x*),

Hi

B, = B, by (3.1) with f(x) replaced by f(x)

o
i.e g = E(; ) ; = —g_lg ; = ; + ;
Tk k" Tk k "k’ Tk+1 k k’
Yy = fk+l - fk = Ask, and
(3.9) B,,. = B + (y_ - B s )ol/(sls )
’ k+1l k k k"k™ "k k7k
for Sy # 0, with Bk+l = Bk if Sy = 0. Similarly to (3.6)
and (3.8), we have
(hapn ”ﬁk - Al < 48  and
(3.11) “B;l” < 2”A"lﬁm
. We show by induction that there exist »+, . 77 Yo 4
-3 N
(independent of £) such that
(3.12a) ||B,,. = ﬁ.” £, < ¥ 1% Lna
' 243 ] 2437 = 11,3 o
(3.12D)  [lxp.: = xs]| < vy, .hZ
L+ 3N = 72,]
for 0 < J < 2n
Since B2 = Bo and X, = X (3.12) holds for j =0
with ¥y =y = 0. Suppose it holds for j = k. To
1,0 2,0

establish (3.12b) for j = k+l, we first note that

T e LY
(3.13) < NBZL L WBIY B, - B NIE, L+
* - L+k k 2+k k L+k
A—l ~
o o IEH NEy,, - £
Now f2+k - fk = [%(X£+k) f(x£+kﬂ + [%(X2+k) - f(xkﬂ
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and (3.2) and (3.5) imply

~ 1
[£0p00 - £ox ”g[f'(x* boTlx,,, -x*]) - f%x*)] (%4 -x*)dT

e

| A

1
Mi%g o = x| g“xl+k - x¥|tdt

A 2 A2
- Mgy, - xMI? < a2,
while for Yy ° HA”Y2’k,
A A ~ ~ 2
1F0tga) = 2N < 1Al gy - %l € v 4% By (3.120), w0

(3.13), (3.8), (3.11), and (3.12a) imply

" 2

(3.14) lsger = sill 2 Yy 30

_ 8.1 2 -1 .
where Yy, , = §HA I Yyt A 7l (x + 2Y3,k)’ which,
along with (3.12b) for J = k, gives (3.12b) for Jj = k+1

1 = +
WITh Yy el T Yook T Yy ko

It remains to show that (3.14) and (3.12a) for Jj = k

~

imply (3.12a) for j = k+1. If Spek - 0 or Sy © 0. then

Ltk+]l 0 or fk+1 = 0, whence the reasoning above

A
gl £ G Yy

either f

(3.14) shows | £ )h2; together with (3.6)

and (3.10), this shows for = 38(x + 2Y3 k+l) that
b

Y5, k+1
A 2 .
IBgersr ~ Bragll Mgl 2 Y5 41N+ On the other hand, if

A

both Sg+k £ 0 and 51 # 0 (as we henceforth assume), then

in view of (3.1d), (3.9), and (3.7), we need only show that

T T
(3.15) H(y2+k - B2+ksl+k)sl+k/(sl+ksl+k)
- (yk - Bksk)sk/(sksk)“ “f2+k < Ys,kh ,
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for then (3.12a) holds for j = k+1 with

l .
= + . = ! +
Yigeer T mAXIYg g Yy T ovg e Let Ay gf (X4t TSg 44T
- . A _ A
so that Yo4x - Ak82+k Since Vi = Ask, we have the follow—

bound on LHS(3.15), the left-hand side of (3.15):

LHS(3.15) = ”(Ak-B2+k)sz+k 2+k/(82+k 2+k)
- (A- B )s /(s )U ” L+k
(3.16) < H[(Ak-A) - (B2+k k)]sz+k 2+k/(82+k L+k f2+k +

L+k 2+k/(s2+k 2+k) - 5.8 /(s s )ﬂlelﬂJ

| A

1
Now ||, - Al g”f’(x2+k totsp ) - £rGe)||ar

| A

Mxg g Tsy .y ~ x¥lar
o

I A

Mixg e = x*l

Ltk
by (3.2) and (3.5), while HfQH < Y,h by (3.2), (3.5), and the
definition of h, where Yo = llAl + A86/2. Because of (3.5),

I T /st

(3.7), and the fact that Sp+kSo+k’ (SpekSetk

)” = 1, we thus
find |lA, - Al < Ah and

T T
pexSaex’ SgarSendll 14l

for j = k, we thus find that the first term in the right-

”(Ak - A)s /(s Ay7h2. From (3.12a)

hand side (RHS) of (3.16) is bounded by (Ay, *+ v, k)hz. By
b

(3.10) and (3.6), ||A - B = ||a - B

T 1Byl < Ygllsyadls

where y, = 4§(||a]] + 28). Moreover,
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o T 4T . ] 5 \T
L+k7R+k  SkTkf| L4k L+k k .
1.8 sToll T Mspndl \ syl E
L+kTL+k k k 2+k 2+k k
A /\T
Sp+k Sy Sk
— - e ~
Isgarl NSl (N5,
2| s parlisgnd = A5
= [2/lsg T 65y - 80+ CABN - DS /IE 1“
< u”S;“.k - ’s\k”/”SQ’.'.k”'

Because of (3.14), we therefore conclude that the second
term in RHS(3.16) is bounded by uysyu kh2, so (3.15) holds
b

with Ye x © Ay Thus (3.12a) holds for Jj = k+1,
b

+ + .
7 Ykt eV x
and by induction we see that (3.12) holds for j

2n. But

X,, = X* Dby Theorem 2.2, so (3.4) holds with vy = Y1,2n" B

We could use the same techniques to prove a similar
result for Broyden's bad method, i.e., Vi F yk/(yiyk) in
(1.2e). At the time of this writing, it remains an open
question whether a similar result holds for Broyden's method

with projected updates [Gay & Schnabel, 1977].

4. Concluding Remarks

Theorem 2.2 came as quite a surprise to a number of us
who had confidently shared the belief that Broyden's method
did not enjoy finite termination on linear problems. Among

other things, this theorem should serve to still the criticism

that Broyden [1970, p. 377] had in mind when he wrote, "Thus
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Broyden's algorithm will not solve linear systems in a finite
number of steps and this has been held to be a disadvantage
of the method."

Theorem 3.1 is one interesting consequence of Theorem 2.2:
Broyden's method with unit step lengths enjoys local 2n-step
Q-quadratic convergence and hence has an R-order of (local)

convergence of at least 21/(2n)

(see £89.2 of [Ortega & Rhein-
boldt, 19701). This result nicely complements that of
[Broyden, Dennis, & Moré, 19731, which establishes the local
Q-superlinear convergence of Broyden's method. The Q-super-
linear convergence assures that eventually more progress is
made in the current iteration than in the previous one, while
the 2n-step Q-quadratic convergence assures a definite amount
of progress at intervals of no more than 2n iterations.
Theorem 2.4 suggests that Broyden's good (or bad) method
often converges no faster than 2n-step Q-quadratically and

hence has an R-order of exactly 21/(2n).

If so, then we may
extend the comparison of asymptotic efficiencies in §6 of
[Brent, 1973] to include Broyden's method. According to
Brent's definition, Broyden's method would have efficiency
E(B) = (log22)/(2n), the lowest of the methods compared. -0Of
course, this says little for practical applications, where
the bulk of execution time is consumed in finding the region
of fast local convergence and where the simple measure of

work (i.e., the number of equivalent function evaluations)

that Brent used may not suffice. Moreover, if (as we suspect)
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a result similar to Theorem 3.1 holds for Broyden's method

with projected updates [Gay & Schnabel, 1977], then this

version of Broyden's method often enjoys (n+l)-step Q-quadra-
tic convergence, which gives it efficiency E(P) = (log22)/(n+l),

the same as for the finite~difference Newton's method.
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