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ABSTRACT. In this paper, we propose a method that determines endogenous
individual weights for social optimization problems, which maximize the weighted sum
of individual utilities subject to certain constraints. We first provide three axioms which
uniquely determine, for any welfare function, the contribution of a bundle of goods to that
welfare function. We then define weights to be value preserving (VP) if the contribution
of an individual’s initial endowments to the social welfare function is proportional to
the contribution of the final consumption allocation to that individual’s welfare function.
We show that VP weights coincide with Negishi weights and the corresponding VP
allocations coincide with Walrasian allocations in Arrow-Debreu economies. In contrast
to Negishi weights, VP weights can also be used in economies with frictions. In the
context of standard optimal taxation problems, we compare the optimal tax scheme
under VP weights with the one under exogenously assumed equal weights. By muting
the redistribution motive inherent in the equal weights assumption, VP weights can
highlight the aspects that derive from taxation motives other than redistribution and
can lead to very different implications regarding the optimal taxes. We also show how
to extend our general methodology for computing social welfare weights under other

normative principles of justice.
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1. INTRODUCTION

A typical social optimization problem maximizes the weighted sum of individual utilities
over feasible allocations that satisfy certain constraints. Such problems are often used to
understand the properties of constrained efficient allocations and to characterize optimal
government policy. The purpose of this paper is to provide a method that can be used to
determine endogenously the set of individual weights for any social optimization problem.

When the fundamental welfare theorems hold, Negishi (1960) provides a method which
endogenously determines welfare weights by requiring that the resulting allocations coincide
with the Walrasian allocations. Although the Negishi method was not developed with a
view to achieving justice, some authors have argued that market allocations are indeed
just.! Mankiw’s (2010) Just Deserts Theory is a recent example. An alternative view on
achieving fair allocations that has been commonly used in modern macroeconomics calls
for choosing equal weights (EW) for every agent, which is often justified on the grounds of
justice behind the veil of ignorance. However, the literature has pointed out several flaws with
utilitarism, as well as empirical evidence against EW in the data?. In this paper, we suggest
an alternative to the EW approach that is closer to the Negishi approach but that can be
applied to environments where the fundamental welfare theorems do not hold. Specifically,
the paper defines value preserving (VP) welfare weights to be weights which ensure that
the value of an individual’s contribution to social welfare is in proportion to the value the
individual receives in the final allocation of the social optimization problem.

To define the VP principle, we first characterize axiomatically a mechanism that allows
us to compute the per unit contribution of a good to a welfare function. The mechanism we
propose is uniquely characterized by a set of three axioms. Given a bundle of commodities,
the first axiom (rescaling) requires that the per unit contribution of a commodity should be
independent of the units of measurement. The second axiom (separability) asserts that if the
welfare function can be decomposed into the sum of different welfare functions, each of which
is generated by different and disjoint sets of commodities, then the per unit contribution of a
commodity depends only on the corresponding welfare function. The third axiom (continuity)
requires that the mechanism is continuous in a neighborhood of both the welfare function and
the initial bundle. It is shown that the unique mechanism that satisfies these three axioms
equates the per unit contribution of a commodity to the marginal welfare with respect to
that commodity.

We use this mechanism in defining the contribution of a bundle of goods to a welfare
function as the inner product of the per unit contributions and the bundle. In turn, this
provides a way to measure, for any set of individual welfare weights, the contribution of an

individual’s initial endowment of goods to social welfare (social value) and the contribution

'There is a wide range of views on what constitutes a fair approach. For earlier references see Rawls
(1971), Noszick (1974) and Aumann (1975). Saez and Stantcheva (2014), Fleurbaey and Maniquet (2014)
and Weinzierl (2015) provide authoritative reviews of both classic and recent contributions to that literature.

2For example, Weinzierl (2014) provides survey evidence indicating that only a minority of individuals
consider the EW approach and its implications for taxation as fair. Moreover, Chang et al (2017) uncover
the Pareto weights that justify current income tax systems as optimal in different OECD countries and show
that these deviate considerably from EW.



of the individual’s final allocation of goods to his individual welfare (individual value). The
VP weights are the ones that equate the ratio of social to private (STP) contributions across
agents.

Our second contribution lies in the characterization of the VP weights and allocations.
We show that VP weights coincide with Negishi weights, and the corresponding VP alloca-
tions coincide with Walrasian allocations, for economies in which the welfare theorems hold.
Intuitively, the reason is that, in such environments, the gradient of the welfare function
at the initial bundle is a competitive equilibrium price vector. Hence, the social value of
an individual’s endowments coincides with the market value of his initial endowments and,
by the budget constraint, also equals the value of his final allocation. This result provides
some support for Mankiw’s argument regarding the justice of market allocations. The re-
sult, however, is only true in a frictionless environment and will not, in general, hold in the
presence of frictions. Nevertheless, VP weights and allocations can still be computed for
economies in which the equilibrium is not Pareto optimal and they can therefore be seen as
a natural extension of the Negishi method to these types of economies. A nice property of
the VP approach is that the resulting allocations are invariant under positive affine transfor-
mations of one (or more) individual utilities, in contrast with the EW approach, which has
the undesirable property that a rescaling of utilities changes the prescribed allocation.

The VP approach and the EW approach make implicit assumptions regarding the social
preference for equality and redistribution that stand, in some sense, at opposite extremes?.
We first illustrate this by characterizing theoretically optimal tax policy in a benchmark first
best scenario where the government uses lump sum taxes. In this case, a VP government
raises revenues from each individual in proportion to the present (market) value of their initial
endowments, implying no redistribution of income, whereas a government with EW prescribes
taxes that implement perfect equalization of income and consumption across individuals.
When we depart from a first best environment, however, the different distributional motives
have to be weighted againts other concerns, such as efficiency, insurance provision etc and the
VP approach can provide a method to abstract from the redistribution effect. We illustrate
this through two different examples that have been commonly used in the literature on
optimal taxation.

First, we first study a two period example with wealth inequality, a flat distortionay tax
on capital income and a flat tax on labor income that is not distortionary. With no initial
inequality, both the VP and the EW weights prescribe no taxes on capital and positive taxes
on labor to finane government spending. When inequality increases, however, EW taxes
become higher for capital even with moderate levels of inequality purely for redistribution
reasons and despite the distortions introduced, while VP taxes try to approach the ones that
do not redistribute income at all, prescribing capital taxes that never become higher than
labor taxes even with extreme levels of inequality. Introducing uninsured idiosyncratic labor
income risk does not change the VP tax prescription, since the insurance motive for taxation

also calls for high labor taxes to reduce the risky part of income. In sum, the different

3Throughout the paper, we use the term redistribution to refer to ex-ante redistribution and distinguish

this from insurance which can be thought of as redistribution after the resolution of uncertainty.



distributional concerns of EW and VP weights generate an optimal tax reversal, illustrating
that VP weights could potentially lead to very different implications regarding optimal taxes.

Whereas higher labor taxes under VP weights imply redistribution towards the rich in
the previous example, we show that this is not a general property of VP weights. To do
this, we then study a second example in which individuals also differ in their endowments
of skill, while governments can only use a linear tax rate on income to fund a transfer and
an exogenous level of government spending. In the absence of government spending, we can
establish some interesting implications analytically. First, with no taxes or transfers, the
ratios of social to private (STP) contributions, which a VP government will equalize across
agents through tax policy, depend positively on the level of effort and ability, and negatively
on initial wealth (and on the capital to ability ratio of the individual). Everything else
equal, a VP government will not redistribute income as long as agents exert the same level of
effort, but otherwise will redistribute towards the agent exerting a higher effort. We consider
the fact that VP weights reward effort a desirable property. Second, whereas a utilitarian
government always redistributes towards the poor (regardless of whether this is because of
low ability or low initial wealth), the type of redistribution of a VP government is not always
towards the wealth rich and in fact depends on the reason for why an agent is poor. In
particular, if inequality in initial wealth is bigger than inequality in income, as in the US
data, and preferences are such that all households exert the same level of effort, the STP
contribution is higher for low wealth agents. A VP government will therefore redistribute
towards low wealth individuals, who typically have a lower VP welfare weight, also consistent
with US data. Whereas other effects play a role with positive government spending, such
as how much agents contribute from a tax revenue perspective, an illustrative numerical
example that is calibrated to match the Gini of income and wealth in the US data delivers
similar implications.

Our paper is related to, and establishes a link between, several distinct strands of litera-
ture. It is motivated by the macroeconomic literature that uses EW in environments where
the welfare theorems do not hold.* Instead, we obtain endogenous welfare weights using the
VP principle.” We also use standard optimal taxation examples to show how VP weights
can be computed and to illustrate how the choice of weights could affect the conclusions in
that literature.

In more recent contributions on optimal taxation, Heathcote, Storesletten and Violante
(2016), Weinzierl (2014), Saez and Stantcheva (2015) and Fleurbaey and Maniquet (2014)
have considered alternatives to the EW approach.® Heathcote et al (2014) present an analyt-

*Aiyagari (1995), Domeij and Heathcote (2004), Abraham and Carceles-Poveda (2010) and Anagnos-
topoulos et al (2012) use this social objective for taxation problems. Davila et al (2012) use it to compare
the constrained efficient allocations to the competitive equilibrium allocations in an economy with incomplete

markets.

®Endogenous and time varying Pareto weights are also computed in the literature on endogenous incomplete
markets arising from the presence of limited commitment (see for example Kehoe and Perri (2002). In that
literature, however, the set of initial Pareto weights are exogenously given and it is exactly those initial
weights that our approach aims to determine endogenously.

In an earlier contribution, Benabou (2002) uses a social welfare function that focuses on efficiency and

abstracts from equity concerns to study taxation and education policy.



ically tractable model with several frictions and they compare the EW implications to those
when using the Negishi weights from the corresponding first best economy to determine the
optimal tax progressivity in their environment with frictions. In contrast, our VP weights
take into account how the value of endowments change depending on the friction and in that
sense extend the Negishi approach to economies with frictions. Weinzierl (2014) shows that a
social welfare function which includes a utilitarian component but penalizes deviations from
equal sacrifice can explain a number of features of US tax policy. In contrast we follow a
normative approach and we consider a different principle. Saez and Stantcheva (2015) pro-
pose a general non welfarist approach to optimal tax theory that can accommodate different
principles or redistribution preferences by applying marginal social welfare weights, inspired
by different fairness principles, directly to earning levels. Instead, Fleurbaey and Maniquet
(2014) show that one can incorporate different fairness principles into the standard social
welfare framework to do optimal taxation by treating utilities as normative indices that em-
bed these ethical principles. Our work is complementary to these two papers. We use a
welfarist approach but focus on a specific principle that takes a stand on social preferences
about redistribution. Moreover, we develop an axiomatic approach that provides a way to
measure the contribution and we also show that one could potentially use it to determine
social welfare weights that satisfy other social justice principles and show how to apply our
method to potentially dynamic economies with endogenous prices.

The VP principle is related to the literature on values of cooperative games, such as
Shapley (1969) and Aumann (1975), but our approach is different, since we measure the
value of an agent via the contribution of his initial endowments to welfare without the use
of any game theoretic notion. Finally, our axiomatic approach is related to the literature on
cost allocation as in Mirman and Tauman (1982) and Samet and Tauman (1982), but we
use a different set of axioms and a different functional space to accomodate social welfare
functions.”

The paper is organized as follows. Section 2 defines in general terms the social opti-
mization problem we are interested in and Section 3 defines and discusses the VP principle.
Section 4 presents the axiomatic approach to define the contribution of a bundle of goods to
a welfare function and proves the main theorem. Section 5 provides a characterization of the
VP weights for an Arrow-Debreu economy. Section 6 discusses how to use our approach with
alternative principles. Section 7 provides an application of the theory to optimal taxation

examples and Section 8 summarizes and concludes.

2. THE EcoNOMY

Consider an economy with L goods that are indexed by [ € {1,...,L}, I agents indexed
by i € {1,2,...,1} and J firms that are indexed by j € {1,2,...,J}.% Let R* be the L-
dimensional Euclidean space, let Ri be the nonnegative orthant of RY and let RJLF . be the

"Importantly, we replace the axiom of additivity, which can be justified as an accounting convention in
the context of cost functions, but is harder to justify in the context of welfare functions. From a technical
perspective, we also provide a much simpler proof that does not rely on the Riesz representation theorem.

®In order to reduce notation we also use L to denote the set of goods {1,...,L}. We follow a similar

convention for I and J throughout the paper.



positive orthant of RY. We let w’ = (wi, w’L) € Ri be the vector of initial good allocations
(or endowments) of agent i € I and w = (wl, ...,w[) € Rf be the vector of initial good
allocations. Similarly, z¢ = (3311,,332) € ]Ri represents the vector of final allocations of
agent ¢ and x = (:1;1, s ) € Rf is the vector of final allocations.

A firm is identified with a production plan 2/ € RE. Let z = (zl, e zJ) € RY and let

9; € R, be the initial share of agent i in firm j so that 3!, ¢’

i—1 05 = 1 for all j. Finally, let

U; (.’L’Z) be the utility function of agent 7. It is assumed that each u; is continuous on ]Ri.

Definition 1. Social Optimization Problem. A social optimization problem (SOP)
is one that maximizes the weighted sum of utilities under constraints, where the individual
weights are A = (\;)

F\ (w) : RE — R is a social welfare function (SWF) provided that the maximum exists,

ier N = 0 for all 4 and Zle Ai = 1. The resulting value function

which is the case if utilities are continuous and the constraints define a compact subset of

R_LJ X RJLFJ for every w € Rf . Formally,

1
Fy(w) = maXZ)\iui (3:2) s.t. (1)
gt

et e RY,i=1,..,1

gs (z,z,w) > 0,8=1,...,8

where g5 : Rf X Rf;‘] X Rf — R. The inequalities gs (z,z,w) > 0 are constraints on the
economy and the sets {(z, z,w) |gs (z,z,w) > 0 for all s} are compact. Examples of social

optimization problems will be provided in section 6.

3. VALUE PRESERVING (VP) WELFARE WEIGHTS

Our objective is to determine welfare weights A or, equivalently, to choose one out of the
constrained Pareto optimal allocations. The approach we propose is inspired by Aumann
(1975) and Shapley (1969) who select weights so that each individual’s allocation is related
to their contribution to society. It differs substantially from the aforementioned papers in
terms of how this contribution is measured and in terms of how the weights are chosen.

We measure the social value or social contribution of agents through their initial endow-
ments, i.e. through what they bring with them. Similarly, the value of a final allocation
of an individual is the contribution of the allocated bundle to their individual welfare. The
next section provides a mechanism that can be used to compute the contribution of a bundle
of goods to a welfare function, regardless of whether it is an individual utility function or a
social welfare function. In this section, we take such a mechanism as given and describe the
value preserving principle.

Denote @' = (0,...,0,wi,0,..,0) € Rf_l and notice that @' < w and > @' = w. Let
A = (N);er and let C (F), @', w) be the contribution of the bundle @' to the social welfare
function F) generated by the weights A and the vector of initial bundles w. Similarly, the
contribution of the bundle z* to individual i’s welfare function \;u; generated by the bundle

z'is C ()\iui, zt, m’) In this case, we can simplify notation and write C (Aiui, mz) 9 Given the

9We have assumed that the individual welfare function depends only on z* and not any z, h # 4. It



private and social contributions, welfare is allocated so that the value of the final allocation
to an individual is proportional to the value of the individual’s initial endowment bundle to
society.

Definition 2. Value Preserving (VP) Weights and Allocations. Consider a SOP
with weights A = (\;);c/, let 25 € RE! be a maximizer and F) (w) be the corresponding
maximized value. The weights A = ()\;),c; and the final bundle allocation x) are value
preserving iff 4

ClBatw) OB hw) oy ihel (2)
C ()\iui, :1?3\) C ()\huh, $§)

The contribution of the initial allocation @’ of agent i € I to social welfare is C (F \, 0, w) .

Similarly, the contribution of the final bundle :L*f\ to the private welfare function A;u; is
C (/\zuz,xﬁ\) Thus, under VP weights, the ratio of the social to the private contribution
is equalized across all individuals. To put it differently, the private contribution of an in-
dividual is proportional to his social contribution, where the proportion is the same for all
individuals.

In the following section, we characterize the contribution mechanism by a set of three
axioms. Subsequently, we show that, for Arrow-Debreu complete market economies, VP
weights coincide with the Negishi weights and VP allocations coincide with competitive
equilibrium allocations. Thus, our principle can be thought of as weighing individuals ac-
cording to what they could obtain through voluntary trade. There is a range of views on
whether such a principle can be thought of as just.!” Recently, Mankiw (2010) has argued,
in the libertarian tradition, that this is indeed the case. Referring to a similar principle, Au-
mann (1975) suggests instead the term "reasonable compromise" as opposed to "equitable
solution". A very different perspective underlies the commonly used approach of assigning
equal weights to all individuals, which is often justified using an argument based on the
original position ‘behind the veil of ignorance’.!! Our paper does not attempt to offer new
arguments in favor of libertarian principles. Heterogeneity in endowments and utilities is as-
sumed exogenously and any concept of justice would necessarily have to address the causes
of this initial heterogeneity. The VP principle could be deemed just if one believed that all
of the initial heterogeneity is deserved. Equal weights would be easier to justify if all hetero-
geneity were due to luck. We view these two assumptions regarding initial heterogeneity as
the two extremes of a spectrum. The equal weights approach has been extensively used in
macroeconomics. VP weights formalize an alternative extreme.

Mechanically, condition (2) provides equations that can be used to endogenously solve
for the weights A. Alternative principles, such as the equal sacrifice principle or the Rawlsian
principle, which could be used instead of the VP principle to determine weights are discussed
in Section 6. We note here that the VP principle differs from the principle of equal sacrifice
used by Weinzierl (2014) and, earlier by Young (1988, 1990) in a fundamental way: private

and social values are defined for the same economy. In contrast, the equal sacrifice principle

would be straightforward to define u; on Rﬁl, i.e. to allow for individual utilities that depend on the whole
distribution z. In that case, the contribution would be denoted C' ()\iui,i’i,m).

108ee the introduction and, specifically, footnote 1.

"1See Harsanyi (1953, 1955).



defines sacrifice by comparing allocations to a benchmark economy that is different than
the economy in question. This introduces a certain level of arbitrariness in the choice of
how to define the benchmark economy. For example, in tax applications this could be the
economy with frictions but without a government or it could be the frictionless economy. Our

approach avoids this difficult choice because it does not rely on such a benchmark economy.

4. AXIOMATIC APPROACH

In this section, we introduce an axiomatic approach to characterize the per unit contribution
of a good to a welfare function. Let m be the number of goods and let w = (w1, ..., wy,) € R
denote a bundle of these goods.!? Let F™ be the set of all functions F' : R — RU{—00, +-00}
which are continuously differentiable (cd) on R\ {0}.

Definition 3. Per unit Contribution Mechanism. A per unit contribution mecha-
nism for commodity 7, 1 < j < m, is a function éj (+,+) which associates with every integer
m > 1, and every (F,w), FF € F™, w € R\ {0} an element @ (F,w) € R.

The function 6’j (F,w) measures the per unit contribution of the 5 commodity to the
welfare function F' when the overall bundle of goods is w. Next, we present three axioms

that uniquely determine the per unit contribution of a good.

Axiom 1: Rescaling. Let F' € F™ and G € F™. Suppose that
F(z) = qG (r1x1, .., rmxm) + ¢

where ¢ # 0 and c are real numbers and r € R, . Then for every j, 1 < j < m and all
w € RY\ {0}
éj (F,w) = qrjé’j (G, w1, .., T W) -

This axiom requires that the per unit contribution is independent of the units of measure-
ment of the goods. Consider an economy where the only good is apples (m = 1), let = denote
apple allocations in kilograms and let F' (z) be the welfare function. Let G(x) represent the
same welfare as F' but with the argument x measured in grams. In this example r = 1000,
g=1,¢=0and F(z) = G(1000z). Then, C (F,w) is the per kilogram contribution of w
kilograms of apples to the welfare F' and C (G, 1000w) is the per gram contribution of 1000w
grams (=w kilograms) of apples to the welfare G. The axiom requires that the per kilogram
contribution of w kilograms is the same as 1000 times the per gram contribution of 1000w
grams of apples

C (F,w) = 1000C (G, 1000w)

We also allow for the rescaling of the units of utils (which measure the level of welfare).
If we change every original util into ¢ new utils, the contribution in terms of the new utils
should be ¢ times that of the original utils. For example, consider an economy in which the

value of a welfare function G is measured in dollars. Let F' represent the same welfare as

12This means the welfare function has m arguments. To relate to the notation of the previous section,
in the case of an individual welfare function, or in the case where the social welfare function depends only
on aggregate endowments, m = L. When the social welfare function depends on the whole distribution of

endowments, then m = LI.



G except that F' is measured in cents, namely F'(z) = 100G (x). In this case, the axiom
requires that @ (F,w) = 1006j (G,w) for 1 < j < m.

Axiom 2 (Separability). Let w € R\ {0} and let (Ar)ff:1 be a partition of {1,...,m}
with cardinality |A,| = m, and Z’:Zl m, =m. Let F € F™ and F" € F", 1 <r < k.
Suppose that for all z € R

F(z)=F'(2') + ..+ F* (wk>

where 2" denotes the projection of x on the coordinates of A”. Then for every 1 < r < k
and j € A".

C; (F,w) =C; (F",w")

This axiom refers to the special case where the set of goods can be separated into groups
that are independent from each other, in the sense that the effect of one group on the welfare
function is independent from the effect of other groups. In a typical economic optimization
problem, this happens when all utilities and constraints are separable with respect to different
groups of goods. For example, consider the individual welfare function in a multi-period
endowment economy with perishable goods, no trade and utility that is additively separable
across time. Then each period’s bundle of endowments adds to individual welfare (the sum
over time of period utilities) only through that period’s utility function. The axiom requires
that, in this case, the per unit contribution of a good in a given period to the individual’s

welfare equals the per unit contribution of that good to that period’s utility.

Let X C R™ be a compact set and let ||F||} represent the C' (X)-norm of F, defined by

m

Flt = F
1] max | (:v)IJer1

oF

aTsj (z)

Definition 4. Let F' € 7™ and w € R\ {0}. We say that @- (F,w) is continuous at
(F,w) if for every € > 0 there exists § > 0 and 1 > 0 such that for all w, w; < w; < w; + 7,
1<j<m,andfor all G € F™

IF = Gl () < 8 = |Cj (Fow) — Cj (G, )| < e
where X (w,n) is the box defined by X (w,n) = II"Y; [wj, w; + 7] 13,
Axiom 3: (Continuity). Cy (+,-) is continuous at (F,w) for all F' € F™ and w €
R {0}.

Theorem 1 asserts that there is a unique per unit contribution mechanism that satisfies

the above three axioms up to a scalar multiplication.

Theorem 1. A per unit contribution mechanism @ (+,-) satisfies Axioms 1-3 for 1 < j <

m iff there exists @ € Ry such that for allm >1,1<j <m, F € F™ and w € RT"\ {0}
~ OF

Cj (F,w) = D, (w) (3)

13Since some of the coordinates of w may be zero, we only consider the right neighbourhood of w.



The (positive) constant « is universal, namely, it is the same constant for all pairs (F, w).
If I : R — R is the identity function (I (z) = z) then o = C; (I, 1). By Theorem 1, C (F,w) =
aVF (w), where
C(F.w) = (Cr (F.w), ... C (Fw))

The theorem asserts that the per contribution of a good defined by (3) satisfies the three
axioms and vice versa, any contribution mechanism that satisfies the three axioms must be
given by (3). The proof of Theorem 1 is provided in Appendix A.

Even though the setup of the theorem makes no reference to markets, an interpretation
that we find useful in what follows is to think of the gradient VI (w) of the welfare function
as a vector of (shadow) prices.

Finally, we define the overall contribution of a bundle of goods as follows.

Definition 5. Contribution Mechanism. Define the set D as follows:
D = {(F,w',w) |F € F™ for some m, w € R7"\ {0}, 0 < v’ < w}

A contribution mechanism is a function C (-, -, -) which associates with every (F,w,w) €
D an element C (F,w',w) € R, where
m
C(Fuw', w) = Z w;;Cj (F,w) (4)
—~

J=17

Note that the contribution mechanism C (F,w’, w) represents the overall contribution of
the bundle w < w to any welfare function F' € 7™ when the initial bundle is w € R7"\ {0}.

5.  VALUE PRESERVING WEIGHTS FOR ARROW-DEBREU ECONOMIES
When the fundamental welfare theorems hold, the Negishi approach yields welfare weights
such that a Pareto optimal allocation chosen by maximizing a weighted sum of individual
welfare functions (utilities) coincides with the Walrasian allocation. We show in this section
that, in such environments, our approach also yields the Walrasian allocation. Thus, VP
weights coincide with Negishi weights and VP allocations coincide with Walrasian alloca-
tions in Arrow-Debreu complete market economies. We prove this result for economies with
homothetic technologies. The result can be extended to the general case of non-homothetic
technologies with a straightforward modification of the VP concept which we discuss at the

end of the section.

5.1. Competitive Equilibrium. Each firm j has a convex production set Z; C RE.
A production plan z/ belongs to the production set Z; iff f; (zj ) < 0, where f; (zj ) sum-
marizes the technological constraints. We assume that f; : RY — R is twice continuously
differentiable, f; (0) <0 and v/ f; (2) >> 0 for all j € J. Each firm j maximizes profits and
solves:
mzjxxpzj s.t. fj (zj) <0
2

where p € ]Ri is the vector of commodity prices. Since f; is continuous, f; (zj ) = 0 for any

maximizer z7.
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Each household is initially endowed with w’ € Ri units of the goods and 9; > 0 shares
of each firm j, with Zf:l ; =1 for all j € J. Each household’s utility is represented by
a twice continuously differentiable, strictly increasing and concave function wu; : RJLF — R.

Household i takes p, w’ as well as 93-, 2J for all j € J as given and solves:

J
max u; (:UZ) s.t. pat = puw' + Z Gé»pzj
T =
Assuming an interior solution, the first order conditions for ¢ = 1,..., I with respect to xf,

l=1,...L imply:
Ou; (z
8(i) = DIl (5)
Ty

where p; is the Lagrange multiplier on the individual budget constraint. Let E be the set of
all economies described above. For each e € E, we describe next the family of corresponding

social optimization problems.

5.2. Social Optimization Problem. The corresponding social optimization problem

with welfare weights A = ()\i)i[:l is given by:

I
F(w) = II%?ZX;)WW (z') s.t.
1=

I I J
Z = Z w' + Z 2
i=1 i=1 j=1
fi (zj) < Oforj=1,..,J
Denote the maximizing production plan by z) (w) = (2} (w), ..., z{ (w)) and the maximiz-
ing consumption allocation by z) (w) = (93%\ (), ...,k (w)).14 Assuming again an interior

solution, if n; denotes the Lagrange multiplier on the resource constraint for good I, it must

be that .
Qui (a5 (w)) _m 6)

5.3. Equivalence of VP and Negishi weights. Consider first constant returns to scale
technologies so that firms make zero profits. That is, assume that z € Z; implies gz € Z; for

all ¢ € Ry. Proposition 1 states the result for such homothetic technologies.

Proposition 1. Consider an economy e € F and suppose that technologies are homo-
thetic. Let AT = {)\ € Rﬂ 25:1 A = 1}. Then, A € Al is a value preserving weight iff it is
a Negishi weight for the initial endowments w = (w?, ..., w’) € R\ {0} of the economy.

The proof is provided in Appendix A. It is straightforward to extend this result to general

technologies by extending the definition of the initial endowments. To ensure the equivalence

of VP and Negishi weights even for environments where firms can have positive profits,

" Note that both the value Fy and the allocations Tx, zx are written as functions of the whole distribution
of endowments w in order to conform to the notation used in previous sections. Clearly, in this case, these

can be written as functions of the aggregate endowment only.
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one needs to include in the contribution of an individual not only their initial bundle of
commodities w® but also their ownership of firms. The way to do this is to consider the
equilibrium production plans of the firms (zj (w));.]:17 multiplied by the shares of individual
1 in each firm (eé)je ; as part of that individual’s initial endowments. To be precise, define

the modified initial endowment of individual ¢ as
y’EwH—ZH;zJ(w), iel
j=1

and let §' = (O, ., 0,9%,0, ..,0) € Rf. Then measure the contribution of ¢ to social wel-
fare F)\ (w) through these modified initial endowments §' so that this contribution is now

C (FA, i, w). The value preserving weights A = (A1, ..., A7) are now the solution to:

C(F)ngiaw) _ C(F)\agh7w)
C ()\Zu“xf\ (w)) C ()\huh, l‘é\b (w))

forall i,h € 1

With this modification, replacing @’ = (0, ..,0,w",0, ..,0) by 7' it is easy to verify that
Proposition 1 holds true and the VP weights coincide with the Negishi weights for production
technologies that are convex, even if the technologies are not homothetic.

Proposition 1 implies that, in a first best environment a planner allocating goods to
individuals by maximizing a weighted sum of utilities with VP (or Negishi) weights chooses
a Walrasian allocation, i.e. individuals obtain an allocation that they can achieve through
voluntary trade. One can compare such an allocation to another Pareto optimal allocation
that arises from equal weights (EW) and can be justified by appealing to a "behind the veil
of ignorance" argument. In the latter, the planner would equalize marginal utility of wealth
across consumers under standard assumptions (see Mas-Colell et al (1995)). Clearly, the two
methods are very different with regard to the desirability of redistribution and can lead to
very different allocations, as we will see in the next section.

Moving away from first best environments, it has been standard practice amongst macro-
economists to take the equal weights approach, partly because the Negishi approach is not
applicable. An important exception to this is Heathcote, Storesletten and Violante (2014)
who compute the Negishi weights for a first-best version of their model and apply the same
weights to their model which incorporates externalities, incomplete markets and distortionary
taxes.!® This would be equivalent to the VP approach if the value of a good in the economy
with frictions were the same as in the corresponding first best economy, i.e. equal to the
competitive price in the frictionless economy. The VP approach differs because it incorpo-
rates the value of each good in the actual (distorted) economy, where the value is measured
using the marginal increase in social welfare arising from an increase in the available good

in question.

6. ALTERNATIVE PRINCIPLES
In this paper, we use a specific principle, the value-preserving principle, to determine endoge-

nously the welfare weights for social optimization problems. Our approach is closely related

>Other exceptions include Benabou (2002), Weinzierl (2014), Saez and Stantcheva (2015) and Fleurbaey
and Maniquet (2014).
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to Mankiw’s (2010) "just deserts" theory, which calls for individuals receiving compensation
that is congruent with their contribution and for the contribution to be measured according
to marginal productivity theory. Mankiw (2010) argues that individuals would exercise the
right to leave society and live on their own if they felt their contributions were insufficiently
rewarded. This ensures that, under standard assumptions, allocations will be in the core
and, for sufficiently large economies, they will be sufficiently close to a Walrasian competi-
tive equilibrium, in which the factors of production are paid their marginal products'®. In
what follows, we take our contribution mechanism as given and discuss how it can be used
in the application of principles other than the VP principle. In particular, we look at two
popular alternatives to utilitarianism that have been discussed often in the literature, namely
the equal sacrifice principle and the Rawlsian principle.

Consider first the equal sacrifice principle. We have used it previously to determine social
welfare weights by defining the sacrifice as the difference in utility with respect to the no tax
allocation. To see how this principle could be used to determine social welfare weights using
something that is more consistent with our approach, we again assume that the starting
point from which the sacrifice is calculated is the first best (no tax) allocation.!” The equal
sacrifice condition can then be stated as follows:

C ()\Z"LL@', :1:3\) C ()\huh, :L‘})f)

) for all i,h e I 7
C WV aly) — C (W, aly A ENE (M)

where AV = ()\fv )7, ¢ are the Negishi weights corresponding to the first best allocation, which
we denote by zn € ]Ri[ ,and z) € Rf is the final bundle in the allocation with taxes for
a given a set of weights A = (\;),c;. Condition (7) states that the ratio of the private
value of the tax allocation relative to the private value of the first best allocation has to
equalize across agents under the equal sacrifice weights. Here, it is important to note that
this formulation uses our contribution mechanism to compute the private value to the agent
of different allocations and the resulting allocations are invariant under non-uniform affine
transformations of utilities. In contrast, this desirable property will not be satisfied if one
uses instead the ratio of weighted utility levels A\;u; in the tax and first best allocations to
compute the welfare weights, as is common in the literature.

Our contribution mechanism can also be used to determine social welfare weights that

would correspond to a Rawlsian principle. These weights would be determined by:
max miin {C (Nus,24) } (8)

where :L'@\ is the allocation with taxes for a given set of weights \ = ()‘i)ie ;and C ()\Z-ui, m&)
is the private value to the agent of this allocation. Essentially the Rawlsian weights would

maximize the private value to the individual with the lowest payoff. As with the previous

1Tn Section 1 of the computational appendix, we also provide a discussion of altenative contribution
mechanisms that have been used in the cost allocation literature and do not relate directly to marginal

product accounting.
"Note that, although common in the literature, this choice is arbitrary and is made for illustrative purposes.

One of the benefits of our VP principle relative to the equal sacrificie principle is that it naturally avoids

having to make this choice of a reference economy altogether.
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mechanism, the allocations resulting from this problem are invariant under non-uniform
affine transformations of utilities. However, if we use the weighted utility levels A\;u; instead
of the contribution to welfare C' ()\iui, xz)\) , this property will fail, since the allocations will

not be invariant under transformations that add different constants to different utilities.

7. APPLICATIONS TO OPTIMAL TAXATION
In this section, we discuss different examples in which the government chooses optimal taxes
to maximize a social welfare function based on individual utilities. Although the models are
stylized, they are rich enough to allow the analysis of optimal tax policy as an instrument
for revenue-raising, distributional concerns and potential insurance provision while under the
restrictions imposed by the loss of efficiency from distortionary taxation. First, characterize
the optimal VP lump sum taxes in a first best environment. Second, we discuss several
settings that depart from the first best. In the first set of examples, individuals differ in their
initial level of wealth and are potentially subject to idiosyncratic labor income shocks'®. In
the second set of examples, individuals potentially differ in their preferences, wealth and skill

endowments, none of which are tradable!?.

7.1. A Theoretical Result with Lump Sum Taxation. In this section, we consider
an Arrow Debreu economy with lump sum taxation. We let G € Ri be the total lump sum
revenue needed to be collected by the government. Let 7 € RX! denote a tax policy, where
7! is the lump sum tax (or transfer) of good [ for agent i. We first define the competitive
equilibrium given a feasible tax policy 7 € R such that Y icr T =aG.

Definition 3. Given G, a competitive equilibrium with respect to a lump sum tax policy
7 is a tuple (2, 2,7, p), where ¢ € R{;, FeREFeRE pe Rfﬁ, i €1, j € J such that:

J
Yol = Y w-G+) 7 9)
j=1

icl icl
fi(Z) < OforaljeJ (10)
Y =G (11)
i€l
27 maximizes pz’ over {2’|f; (27) <0},j€J (12)
7' maximizes u; (iL‘Z) over { z' e Ri pr' <p|w -7 + Z 9{? ,i1el (13)
Jj€J

We refer to p as a competitive price with respect to 7.
For the study of the optimal taxation problem, we consider all feasible lump sum tax poli-
cies and their corresponding competitive equilibria. Namely, the planner faces the following

set of constraints L (G) on allocations:

L (G) = {(z,2) |there exist T € R'" and pe RE st. (2,2,7,p) satisfies (9)-(13)}

'8 This environment have been used extensively in the macroeconomic literature following Bewley (1977,
1983) and Aiyagari (1994).
19This type of setting has been studied in the optimal taxation literature following Mirrless (1971).
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The social welfare function of the Ramsey taxation problem can then be defined as®’

Fy (w) = n%ixz Aiv; (7)) st (x,2) € L(G) (14)
el

A weight  is a VP weight with respect to F) (w) iff

where Z) is a maximizer of (14).
As in Proposition 1, we maintain the assumptions of smooth and concave utilities, smooth

and convex technologies as well as technologies that are homothetic.?!

Proposition 2. Let W —G >> 0 where W =}, w’. A lump sum tax policy 7 is a VP
tax and A € Al is the corresponding VP weight iff 7% = %ﬁ(l, where p is the competitive

price with respect to 7.

The proof of Proposition 2 appears in Appendix A. The proposition shows that VP taxes
require each agent’s overall tax liability to be proportional to that agent’s share of initial
wealth pw'. It is easy to verify that

pw’ D (wi - 7“) pat

bt plwh— ey gt

which means that the before-tax and after-tax distributions of wealth (and, hence, expendi-
ture) are the same. Hence, the VP government will not do any redistribution of income. In
the special case where the government does not need to raise revenue (pG = 0), p7* = 0 for
all i is a VP tax.?? In what follows, we apply pur methodology to examples that move away
from a first best environment?3.

7.2. Capital versus Labor Income Taxation. We consider an economy with two
periods t = 1, 2, a continuum of identical firms and three traded goods in each period: a
final (consumption) good, capital services and labor. In each period ¢, a representative firm
rents capital K; and labor N; at competitive prices R; and w; and uses them as inputs to

produce a consumption good Y; using a constant returns to scale technology
Vi = KINFY 1t =1,2 (15)

where 0 < 6 < 1.
The economy is populated by a continuum of households represented by the interval [0, 1].

Households are of two types which are indexed by i = 1,2. A proportion p; of households,

20This formulation is known as the primal approach to the Ramsey taxation problem, where the government
chooses allocations subject to implementability constraints.

2'We can dispense with homotheticity by modifying the initial bundle as is done right after Proposition 1.

22Note that the VP tax 7 is not uniquely determined in this case unless the tax is only on one good. Every
7 such that pr% = pr? for all i € I is a VP tax as well.

23In Section 2 of the computational appendix accompanying the paper, we provide a fully analytical example

of the model in the next section with lump sum taxation.
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with p; + p2 = 1, is initially endowed with k;; units of capital. This is the only source
of heterogeneity across the two types. Households are also endowed with Tj; = T' units of
time in each period which are allocated to labor, which is assumed to be inelastic?*. In each
period, households decide on the supply of labor n;; and capital services kj;+1 to that period’s
firm and on their demand for final goods. The final goods in period 1 can be consumed c¢;1
or transformed one-to-one to capital k;o for period two production. In period 2, the final
goods bought are consumed c;s.

For simplicity, we assume that the government only needs to raise revenue in the second

25 The government uses flat

period to finance an exogenously given level of spending Gb.
rate taxes 7 and 7, on capital and labor income respectively, implying that the government

budget constraint is given by Go = 7 Re K3 + TwoNo. Household i solves:

max U (¢i1,¢i2) s.t.
{ci1,ciz,ki1,mi1,ni}
ci1 +kia = Rikj +wing
Cio = Rzk‘ig (1 — Tk) —+ wano (1 — Tn) (16)

0 < np<Tyt=1,2andcy>0,t=1,2

Note that, in this example, labor taxes are not distortionary. Therefore, the efficient tax
scheme, in the sense of maximizing aggregate production Ys, is to tax only labor income.
However, the choice of welfare weights will determine societal preference for equality and
this can conflict with a pure efficiency objective. Let 7 = (74, 75,) and denote the vector
of endowments in the economy by w = (T11,Th2, To1, T2, k11, ko1). Given a set of welfare
weights A = {Ai},_; 5, with A; > 0 with >, p;A; = 1 and the CE allocations cj; (1, w), the

government solves:

2
Vi ('UJ) = IE%XZ AipiU (C;,‘kl (7—7 w) ) cf? (7—7 'U})) (17)
=1

st. Go = TLRoK9 + 17walNo

Let the consumption allocations that solve this problem be denoted by c¢;1, ¢;2. The VP
optimal taxes and social welfare weights are then determined by the optimality condition of
the government problem, the government budget constraint and the VP condition, which in

this example is given by:

OV (w) OV (w) OV (w) OV (w) OV (w) OV (w)
g+ T T+ Sy D _ Bhar 21 + T Tor + Ty T (18)
)‘1p1 [Ucucll + /6U012012} )‘2p2 [UC21021 + 5U622622]

In what follows, we compare the prescribed optimal tax schemes under VP and EW

weights. Our first result is stated below.

24We do not include the analysis of the endogenous labor supply case because it does not add new insights,
since the capital tax is still more distortionary than the labor tax. In the next section, we consider an example

with endogenous labor supply that also has ability and preference heterogeneity.
25The results in this section go through if we impose taxes in the two periods. The analysis of this case

can be provided by the authors upon request.
26Gince Gy is given, the government just needs to determine 75 and 7,, will be obtained as a residual.
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Proposition 3. If G, = 0, then the VP taxes are 7, = 0 and 7,, = 0.

Proposition 3, which is proven in Appendix A, asserts that zero taxes are VP in the
absence of government spending. To see why this is the case note that the VP condition in
(18) can be simplified to:

Ap1Uey, {len +wiTh + WTI2:| + @1 AapaUey, [R1k21 +wiTh1 + WTH} + Py

AprulUe, [le‘u +wiTo1 + me] Aop2Uecy, [le‘m + w1 To1 + %Tm}
(19)

where the term ®; represents the the indirect effect on social welfare of a change in the
agent’s endowments through their effect on the endogenous prices and tax revenues, and it

can be writen as:

pi [Rikin + wiTi]
Ri1Kq1 + w1 Ny

DPiRi1 pil; 7T] 51 7TjTj1 ijjQ 7TjTj2 (1 — Tn)
0—1)0 il — ——1Y; — K.
( ) [Kl ]Z u]l[[ Ky N1:| 1+[K2 No (1L—7) 2

b, = QO0Y, [9 (Tk — Tn) + Tn]

The left and right hand sides of (19) represent the social to private contribution (STP)
of type 1 and type 2 agents respectively. As we see, the social contribution of an individual
reflects the direct effect of a change in the endowments on social welfare, which happens to
be equal to their private contribution, plus the indirect effect captured by ®;. As shown in
the appendix, these price and tax effects are equal to zero if taxes are zero, implying that the
left and right hand side of the VP condition equalizes at zero taxes and these are therefore
VP. Intuitively, the model with no taxes is essentially an Arrow Debreu economy, and the
VP government can therefore achieve the no redistribution outcome as long as it does not
need to raise revenue to finance government spending.

With positive government spending, however, zero taxes are not a feasible solution to
the government problem and the tax and price effects captured by ®; are not equal to zero
any more. In particular, since the time endowments are the same across agents, we can see
from (20) that these effects are bigger for the agent that has a bigger share of the initial
capital stock. At the same time, the private contribution is also higher for this agent, and
it is therefore not clear how the VP government will redistribute income and how close the
taxes will be from the ones that do not redistribute income at all. Since the solution for this

case is not analytical, we compute it numerically. To do this, we assume a standard time

separable constant relative risk aversion utility function U (¢;1, ¢i0) =

risk aversion of ¢ = 2. For the other parameters, we set 8 = 0.9, § = 0.4, p;, = 0.5 and
Tyt = 1 for ¢ = 1,2. The initial capital is K; is normalized to one, and we assume that
type 1 agents own a fraction ¢(= L 1;11) while type 2 agents own a fraction 1 — ¢ initially.
The results for different levels of ¢ are displayed on the right panel of Figure 1 below. For
comparison, the left panel displays the results with Gy = 0.

Figure 1: Taxes with G2 = 0 (left) and G2 > 0 (right)
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Note that, when ¢ = 0.5 there is no heterogeneity. As ¢ is decreased towards zero, type 1
agents become progressively more wealth-poor relative to type 2 agents®”. In the two panels,
we also display the EW taxes and the taxes that would achieve no redistribution (NR), in
the sense that they equalize the ratio of the present value of tax liabilities to the ratio of the

present value of endowments:

1 1
7, (TkR2ki2 + Tpwania) 7 (TrRakas + Thwanas)

Riki +wini + oo "~ Rikor +wing + Ten22 (1)

As discussed earlier, when G2 = 0, VP taxes coincide with the no redistribution zero
taxes for all levels of inequality. Equal weights, on the other hand, prescribe increasing tax
rates on capital income and subsidy rates on labor income as wealth inequality increases.
While this scheme redistributes from the higher wealth types to the lower wealth types,
it does not achieve full redistribution due to the presence of distortionary capital income
taxes that are not type dependent, which implies that the government has to trade-off the
redistribution motive with efficiency considerations.

Consider now the case with G2 > 0 shown on the right panel of the figure. As discussed
earlier, the efficient way to raise revenue is to taxing labor income and not capital income,
which is exactly the optimal tax scheme when agents are identical (¢ = 0.5) and for small
levels of inequality, regardless of the government regime (EW or VP). As inequality increases,
however, the stronger the incentive of a utilitarian government to tax capital and lower taxes
on labor income, purely for redistribution purposes. In contrast, VP tax rates move towards
the ones that do not redistribute income (NR), with an increase in capital taxes and a
decrease in labor taxes, as inequality increases. Moreover, they are always higher for labor
income regardless of the level of inequality, even for the most extreme case in which one of

the households is initially endowed with the entire capital stock?®.

>"We only plot the figures for levels of inequality between 0 and 0.5, since the picture is symmetric for
inequality levels between 0.5 and 1.

28With taxes in the second period only, it is easy to show that the taxes that do not redistribute income are
constant across inequality levels and equal to each other. Moreover, if taxes are imposed in the two periods,
the NR taxes are also constant across inequality levels but they will be higher for labor. In either case, the

VP taxes still move towards their NR level as inequality increases.
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In sum, in this example, both the EW and VP governments have to tradeoff distributional
versus efficiency concerns. Whereas a government with EW tries to get as close as possible
to full redistribution as inequality increases, the VP government tries get as close as possible
to the no redistribution outcome, although it cannot achieve it fully due to the presence of
distortionary taxes. This opposite distributional concern leads to a tax reversal with respect
to the standard EW approach in this example, even for moderate levels of inequality. This
illustrates that it could potentially have very different implications regarding the level of
optimal income taxes.

Two additional remarks are worth noting. First, note that another motive for the use of
taxation can be provided by the lack of insurance markets in the presence of idiosyncratic
risk, since tax policy could play a role in providing such insurance. When we introduce
idiosyncratic risk in the second period as in Aiyagari (1994, 1995), however, the overall
predictions regarding taxes do not change. The reason is that, given the government’s
available instruments 7,, and 7, the way to provide insurance in this model is to shift the
burden of taxation to labor income (opposite to what redistribution would require), since
this reduces the risky part of income and increases the safe part. Given this, when markets
are incomplete, labor taxes are still higher than capital taxes with VP weights, while the
strong redistribution motive under EW dominates the insurance motive and still leads to
higher capital taxes when inequality increases in this case.?”

Second, whereas the government redistributes towards the wealthy for all levels of in-
equality in this particular example, this is not a general property of VP weights. As we
will see in the next section, this can be reversed if the model exhibits different types of

heterogeneity.

7.3. Skill and Preference Heterogeneity. In the previous section, we have assumed
that agents only differ in their initial wealth ex ante and potentially in their risky income
shocks ex-post. In this section, we consider a different set of examples in the spirit of the
Mirleess (1971) literature with other potential sources of heterogeneity.

The economy is still populated by two type of agents whose proportion is denoted by p;.
As before, we assume that 77 = To = T but agents potentially differ in their preferences for
leisure, their wealth k; and their ability or skills w;, which the government also takes into
account when calculating the social contribution of an agent. An individual’s labor income is
given by w;l;, where [; is labor or effort and an individual’s total income is equal to w;l; + k;.
The government tax policy consists of a tax rate 7 that is proportional to income and a lump
sum transfer R. Given the government’s policy (7, R), individuals choose consumption c¢;
and leisure T; — [; to maximize:

max U’ (¢;, T — 1;) s.t. (22)

ciyli

c = wili(l—T)—i-ki(l—T)—}—R

Denote the vector of endowments by w = (w1, ws, T1, T2, k1, k2) and denote the solution

29In the interest of space, we do not provide the results with incomplete markets here, but they can be

provided by the authors upon request and are included in Section 3 of the computational appendix.
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to this problem as a function of the government’s tax policy and the individual endowments
by ¢ and [}. Given a set of welfare weights A, the Ramsey planner chooses the pair (7, R)

to maximize:
Vi(w) = max» Ap; [U' (¢}, T —15)] (23)
G+ R < 7p1(wil]+ k1) + p2 (w2l + ko)]

where G is an exogenously given level of government spending and V), (w) is the social welfare
function. Denote the solution to this Ramsey problem for a given set of welfare weights by 7
and R and the corresponding allocations by ¢; and ;. The government policy (7, R) and the
social welfare weights are determined by the governmnet budget constraint, the first order

condition of the Ramsey problem and the VP condition, which in this model is given by

3VA(w)W1 + 6V/\(w)T+ 8V>\( )kl 8V)\(w)w2+ 8V/\(w)T+ 8V>\( )k:2

Ow1 Owa

Aip1 [Uker + U%_l (T — 11)] T um [U2cy + U%_l( - lz)]

(24)

As shown in the computational appendix, the VP condition above can be simplified to:

-7 |n+ BT+ p-7) |2+
N (25)
1[R+<5%+T)(1—7)} gz[R+([j—g+T)(1_T)}

where the two sides represent the STP contributions of each agent respectively. Moreover,

gi = /\igéi represents the marginal social welfare weight (MSWW) of agent ¢ defined in
Saez et al (2016), measuring the value that society puts on providing an additional dollar
of consumption to any given individual and €2 is the social marginal cost of government
revenues (or the multiplier of the government budget constraint in the Ramsey problem).
Finally,, the terms ®;, representing the indirect effects of a change on the endowments of

agent 7 on his social contribution through changes in tax policy, are given by?’:

‘I)i:<§fiwi+gR )ZAJPJ Ui~ (8; i+gi >Z)‘Jpj (wjlj + k;)
Several observations can be established using the VP condition when government spend-
ing is equal to zero, G = 0. First, an important difference with the example of the previous
section is that, even though the tax effects ®; are equal to zero if 7 = R = 0, this policy does
not guarantee the equalization of the social to private contributions across agents due to the
fact that the government takes into account ability when calculating the social contribution
of individuals?!. As stated in the following proposition, this implies that the VP government
will redistribute income even in the absence of government spending and distortions unless
households are sufficiently similar, in the sense that they have the same capital to ability

ratios and work the same amount of hours.

30Note that there are no endogenous prices in this example and therefore no price effects due to changes in
endowments.
31In constrast, and consistent with the example in the previous section, if the government did not take

into account ability when calculating the social contribution, then the STP would equalize across agents with

7 = R = 0 and there would not be any redistibution with VP weights in the absence of government spending.
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Proposition 3: Assume that G = 0 and that there exists a set of social welfare weights
A such that the solution to the Ramsey problem under those weights is 7 = R = 0. Then

this solution is value preserving (VP) iff:

k k
T+i+l1:T+F§+l2 or 1 _ Iy (26)
T+4 T+ %2 T+h T4k

w2

The proposition, which follows directly from the VP condition in (25) evaluated at 7 =
R = 0, illustrates when such a policy is VP. As reflected in (26), the STP contributions
depend positively on effort and ability and negatively on initial wealth (and the capital to
ability ratio). This has several important implications.

First, 7 = R = 0 is VP only if households have the same capital to ability ratios (and in
particular if they have the same capital and ability) and preferences are such that both agents
exert the same amount of effort (or if labor supply is inelastically supplied)3?. Intuitively, if
there is no heterogeneity or if heterogeneity can be eliminated through labor supply choices,
then the economy is de facto an Arrow Debreu setting in which the VP government can
achieve the no redistribution objective. Second, VP governments will redistribute income
across agents as long as there are differences in either the capital to ability ratios or in labor
supply. Interestingly, redistribution with a VP government could be positive or negative
depending on the type of initial heterogeneity and on the resulting labor supply behavior,
as we illustrate below.

First, consider an economy in which agents have the same capital to ability ratios but
preferences are such that one of the agents works more. In this case, the agent working
harder will have a higher STP contribution with no taxes or transfers, and we shold expect
redistribution from the VP government towards that agent in order to equalize the STP
contributions. In contrast, a utilitarian government will redistribute towards the agent with
the lowest income, even if he works less. We consider the fact that VP weights reward effort
a desirable property.

Second, assume that the level of initial wealth is the same, k1 = ko, but individuals of
type one have a higher ability, w; > ws so that 5—11 < 5—22 If labor supply increases in ability
so that [y > Iy (for example because the substitution effect dominates or because higher
skilled individuals have a lower disutility of labor), the STP contribution will be higher for
the high ability agent and we should expect the VP government to redistribute towards high
ability (rich) individuals. In contrast, in the more realistic case in which wy > wa, k1 > ko
and f}—ll > ‘%, reflecting the fact that inequality in initial wealth is bigger than inequality in
income, as in the US data. In this case, if preferences are such them households exert the
same level of effort, then the STP contribution will be higher for the low wealth agent and
we should expect the VP government to redistribute towards low wealth (poor) agents, also

consistent with the data.?3

32Note also that, in the absence of initial wealth, k1 = ko = 0, the proposition also implies that 7 = R =0

is VP as long as agents work the same number of hours, regardless of their level of ability.
33Even if the high wealth agent were to supply a higher effort, he would have to work more than propor-

tionally to the differences in capital to ability ratios to overturn this result.

21



In sum, VP weights tend to reward effort and they do not always redistribute towards the
wealth rich. Moreover, in constrast to EW, which typically redistribute towards the poor,
regardless of whether this is because of low wealth or low labor income, VP weights can do

different types of redistribution depending on the reason for why an agent is poor.

Positive Government Spending. With positive government spending, G > 0, 7 =
R = 0 is clearly not a solution to the government problem and less clear cut implications
can be established regarding the type of redistribution the VP government will do, but
we can still gain some intuition by comparing again the STP of the two agent types if no
redistribution is allowed, namely, if social preferences are such that the government wants to
set R = 0 so that 7 > 0 necessarily. As shown in the computational appendix, with R = 0,

the tax effects simplify to:

ki ol Olf ol}
Q=7 +— L LT Lk 27
i T[Z+wi+8wi+8T +8ki’] 27)
and the STP contribution of an agent can be writen as:
ks r ks olx olr olr
SPE _ Wi (1 7') Wi Wi T ki (28)

9i <% + T)

As reflected by the previous expression, the STP contribution of an individual consists
of two additive terms. The first term, which we denote endowment term, is the same term
that we have with no government spending and it reflects the direct effect of an individual’s
endowments to his social contribution. The second term, which we denote tax revenue term,
reflects the social contribution of agents through the indirect effect of their endowments on
tax revenues.

As before, the endowment term depends positively on effort and ability and negatively
on capital (and the capital to ability ratio). Whereas the tax revenue term also depends on
these two things, there are other factors that affect it: the elasticity of the labor supply with
respect to a change in the endowments and the MGWW g;. Agents with a higher elasticity
to a change in the endowments and a lower MGWW will contribute more from a tax revenue
perspective. Given these additional effects, the direction of redistribution is ambiguous, since
the endowment and tax revenue effects could go in opposite directions.

In what follows, we present an illustrative numerical example that is calibrated to match
the US differences in income and wealth inequality in which the endowment and tax revenue
effects do not go in the same direction. For comparison, we also compute the solution with a
utilitarian government. As stated above, we choose the ability and initial capital differences
of the two types to match the US before tax income Gini coefficient of 0.499 and the US
wealth Gini of 0.852 respectively. The individual utility function is assumed to be:

1-o
(T = 1) ]

1—0

U (Ci, lz) =

where T' = 1, p = 0.3 so that labor supply is around 1/3 and ¢ = 1. Moreover, G = 0.1,
which results in a government to income ratio of around 0.17 with VP weights. The numerical

results for this case are displayed in Table 2 below.
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Table 2: Allocations with G > 0, 0 = 1 and f)—ll > 5—22
()\1, )\2) (T, R) (gl, gg) (STPl, STPQ) AGw
R=0 (4.9,0.55) (0.13,0) (0.51,0.62) (1.31,1.37) 0%
VP  (4.80,0.57) (0.17,0.02) (0.51,0.66) (1.34,1.34) —4.2%
U (1.00,1.00) (0.56,0.12) (0.18,1.68) (4.4,0.98) —50%

The table displays the results for three cases. The first row corresponds to the case in
which we exogenously constrain R to be zero. The next two rows corresponds to the case
in which the government has VP and EW respectively. For each case, the table displays the
Ramsey government policy (7, R), the MGWW g; = \jul (not adjusted by the government
multiplier ), the STP contributions of the two agents and the decrease of the income Gini
in percentage terms, which is an indicator of the amount of redistribution the government
exerts.

First, the fact that taxes are distortionary prevents the government from equalizing the
MGWW, which are much lower for agent 1, who has both a higher ability and a higher
wealth. This tends to increase the tax revenue effect and thus his STP contribution. At the
same time, the capital to ability ratio is much higher for agent 1 (and he also works less),
and this tends to decrease the endowment effect and thus his STP. If we look at the results
with R = 0, we see that the tax endowment effect dominates the tax revenue effect, implying
that the STP contribution of the rich agent of type 1 is lower. The government with VP
weights will then equalize the STP contributions by redistributing away from him towards
the low ability, low wealth agent. As in the US data, we do observe redistribution towards
the poor but bigger welfare weights for the rich with a VP government, although the degree
of redistribution, as measured by the change in the Gini of income before and after taxes,
is considerably lower than in the data. Whereas the income Gini decreases by 23% in the
data, it decreases only by 4.2% in the model.

For comparison, the last two rows of the table reflect that a utilitarian planner will also
redistribute towards the low ability, low wealth agent, who is considerably poorer. However,
the reason is that a utilitarian government would like to eliminate inequality due to differences
in ability and wealth, whereas the VP government wants to equalize the social and private
contributions, which are not too far apart with R = 0. Hence the relatively modest amount
of redistribution with VP weights, compared to the much higher degree of redistribution
with EW. As reflected by the table, the utilitarian government redistributes way too much
income compared to the data, with a 50% decrease in the income Gini. Interestingly, this
seems to suggest a compromise between utilitarian and libertarian governments in the data,
as suggested by Weinzierl (2014). In what follows, we also compute the allocations with the
equal sacrifice principle that he proposes (ES), showing that the implications of both the ES

and the VP principles are indeed close.

Equal Sacrifice. As discussed earlier, an alternative principle to utilitarianism that has
been used in the literature is the principle of equal sacrifice (ES), which essentially equates
the "sacrifice" from paying taxes across agent types. In this section, we compare the ES

solution to the one obtained with VP weights. Following Weinzier]l (2014), we measure the
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sacrifice using utility levels and we assume that the reference point is the allocation with no
government policy or government spending 7 = R = G = 0. If we denote the allocations with

no goverment policy by {c,[;},_, ,. the equal sacrifice principle can be stated as follows>?:

u(c], T —=10)—u(cr, T —l) =u(c5,T —15) —u(ce, T — l2) (29)

This implies that public policy will be set up so as to equalize the utility loss across
agents. In order to calculate the weights supporting ES, we can then use condition (29)
instead of the VP condition.

The first thing we observe is that no government policy trivially satisfies condition (29)
when G = 0. Therefore, we assume that G > 0 in what follows and analyze under what
conditions a government policy imposing 7 € [0, 1] and R = 0 satisfies equation (29). To do
this, we use the non separable utility in (??) and resort to numerical simulations. Before
that, however, we can establish a couple of analytical results. First, if R = 0, [; = [ and the
optimal consumption is given by ¢; = (1 —7) (wil; + ki) = (1 —7) (wilf + ki) = (1 —7) c].
So, condition (29) simplifies to:

(wilf + k)P = (walf + ko))

which is not true in general. In fact, if o # 1, the individual sacrifice of an agent of a given
type is decreasing in w; for ¢ > 1 but increasing for ¢ < 1. Given this, we should expect
the government to choose R > 0 for ¢ > 1 and R < 0 for ¢ < 1. Table 3 below presents
the results for for ¢ = 1.5, 0 = 1 and ¢ = 0.5 and the same parameters as in the previous

example with VP weights.

Table 3: ES Allocations with G > 0 and U’% > 5—22

(A1, \2) (,R) (91,92) (STP,,STP,) AGy

VP (4.80,0.57)  (0.17,0.02)  (0.51,0.66)  (1.34,1.34) —4.2%

ES (6 =15) (6.95,0.33) (0.16,0.02) (0.64,0.81)  (1.33,1.35)  —3%
ES (0 =1.0) (6.08,0.43) (0.13,0.00) (0.58,0.71)  (1.31,1.37) 0%
ES (6 =05) (5.11,0.54) (0.11,-0.01) (0.51,0.60)  (1.29,1.40) 3%

The first row displays the results with VP welfare weights, which are the same for all levels
of o, whereas the last 3 rows display the results with ES welfare weights for the three different
levels of 0. Whereas both the VP and ES approaches are in the libertarian tradition and
have in common very moderate levels of redistribution, one important observation that we
have pointed out already before is that utility levels matter when they are used to compute
the sacrifice. Consistent with this, we do observe positive redistribution if if ¢ > 1 and
negative redistribution if o < 1. In contrast, a different version of equal sacrifice that uses
our contribution mechanism rather than utility levels to calculate the sacrifice, as discussed

in Section 6, would be inmune to this problem.

34The equal sacrifice principle can also be stated in terms of ratios rather than differences.
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8. CONCLUSION

This paper provides an axiomatic approach to determine the contribution of a bundle of
goods (the value of a bundle) to any welfare function, regardless of whether it is a social or
an individual welfare function. We then postulate a value preserving principle which consists
in equating across agents the ratio of the value of the initial bundle of goods to social welfare
to the value of the final bundle of goods to private welfare. This principle is used to choose
amongst different welfare weights or among different constrained efficient allocations. We
show that these weights, which we refer to as value preserving weights, can be thought of
as an extension of the classic Negishi weights to non Arrow-Debreu economies. In several
examples of optimal taxation, we point out the usefulness of our approach in disentangling
redistribution motives for taxation from other considerations, such as efficiency or insurance
and we illustrate different interesting implications that are in constrast to the ones that

would arise with a utilitarian government.

Our approach could be used in other interesting applications. The first is the study
of constrained efficient allocations under incomplete markets. Using an equal-weights ap-
proach, Davila, Hong, Krusell and Rios-Rull (2012) investigate the constrained efficient level
of aggregate capital under incomplete markets. In particular, they investigate whether the
equilibrium level of capital is too high or too low. For the most commonly used specification
of risk, they find that the competitive equilibrium level of aggregate capital is too low. The
extent to which this finding relies on the equal-weights assumption is not obvious. To put
it differently, it remains unclear whether the constrained efficient level of capital is higher
because this provides better insurance or more redistribution and the VP approach can shed
some light on this question. Another potential application is the endogenous determination
of the objective for the firm when markets are incomplete and shareholders disagree. In such
a setting, one could aggregate the preferences of shareholders by maximizing a weighted
average of their utilities, using value preserving weights that equate across shareholders the
ratio of the contribution of the initial investment to the firm value and the contribution of

the final allocation to private welfare. We leave these applications for further research.
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Appendix A: Proofs

Proof of Theorem 1.

It is straightforward to verify that the per unit contribution mechanism éj (F,w) =
ongFj (w) for 1 < j < m defined for every F' € F™ and w € R\ {0} satisfies the three
axioms. The proof of the other direction is less obvious. Suppose that @ (+,-)is a per unit
contribution mechanism that satisfies the three axioms.

We first prove the theorem for linear welfare functions of the form F' (z) = Z;n:l bjz;+c.
Namely, we have to show that C; (F,w) = abj, 1 < j <m for « = C(I,1), where I (z) =z
for all z € R. We first show that C (I,1) = C (I,a) for all @ € Ry . Let F(z) = I (az).
By the rescaling axiom for the units of the commodity, C (F,1) = aC (I,a). On the other
hand, F = al, hence C (F,1) = C (al,1) = aC (I,1) (by the rescaling axiom). These imply
C (I,a) = C(I,1). Next define F7 (zj) = bjzj+c. Then F =37, FJ (z;). By separability

and the rescaling of welfare units,
Cj (Fyw) = C (FI,w;) = C (bjI,w;) = b;C (I,w;)
Suppose first that w; > 0. Then
C; (F,w) = b;C (I,1) = bja.

Next suppose that w; = 0. By the continuity axiom, for € > 0 there exists n > 0 suffi-
ciently small s.t. |C (I,0) — C (I,n)| < e. But C (I,n) = C (I,1) = o. Hence |C (I,0) — a’ <
e. Since this is true for any ¢ > 0, C (1,0) = o and 6)‘ (F,w) = bja.

Next we prove the general case. Let F' € 7™ and w € R"\ {0}. Since F' is continuously
differentiable on R\ {0}

Fz)=vF(w)z+ F(w) —wv F(w)+o(w—x) (30)

Let € > 0. By the continuity axiom there exists n; > 0 and § > 0 s.t. for all G € F™
with [|F' = G|,y < 6

w,ny

~ ~

Cj(F,w)—Cj(G,w)| <e1<j<m

Let G (x) = VF (w)x + ¢, where ¢ = F (w) — wVF (w). For the above  there exists
My > 088 [0 (w—2)[|x () < O-
Let 77 = min (9, 7,). By (30) and by the definition of the C' norm

IE = Gllxwm < I1F = Cllxguy,) <0

w,m)

Therefore,

~ ~

Cj (F,w) - Cj (G,w) <e€ (31)

By axiom 1,

C; (G,w) = C; (VF (w) z, w)
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Since VF (w) x is linear

~ OF
Cj (G w) = (‘971’] (w) e
Substituting this into (31)
~ OF
Cj (F,w) — T%(w)a <€
Since the last inequality holds for all € > 0, we conclude that 6,» (F,w) = 3712 (w) a and

the proof of the theorem is complete.l

Proof of Proposition 1. We start by showing that if A is a Negishi weight then it is
value preserving. Let A € Al be a Negishi weight. Using (5), (6) and applying the envelope
theorem it is straightforward to show (see for example Mas-Colell et al (1995)) that

V) (w) = % = \;Vu; (xz)\ (w))

where K = Zle ui is a constant.>® Multiplying by z (w) we obtain

XiVu; (2 (w) - 2 (w) = V) (w) - 7 (w) = = - 7 (w)

Since the budget constraint in the competitive equilibrium problem must hold,

J
praj(w) = po|w+) 052 (w)
j=1

where the last equality follows from the fact that the f; are homogeneous of degree 1. We
have thus shown that
AiVu; (74 (w)) - 2 (w) = VF) (w) - w'

which by Theorem 1 implies
C (Nui, 7 (w)) = C (Fy, 0", w)

and the Negishi weight A is value preserving.
We now prove the other direction, namely, we show that if A is a VP weight then it is a
Negishi weight for the initial endowments w. Let A € Al be a value preserving weight and

let (z, z) be the corresponding VP allocations so that
V) (w) - w' = e\ v (TF) - 7 (32)

for some ¢ € Ry. Since (z, Z) is a Pareto optimal allocation, by the second welfare theorem

there exists some p € Ri such that for every i, ' maximizes u; (x’) over {xz|p < p- 351}

35Note that, in this case, the value F depends on the aggregate endowment W = (Wi, ..., W) = 25:1 w' e

OFy _ OFy _ OFy It .
oul = ow) = om, for all i, h € I and

R% ., only and not on the whole distribution w. The implication is that

OF F
OW1 ) oW,

the notation 7 F» (w) should be interpreted to mean (
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and 27 maximizes p - 27 over f; (z] ) = 0. Assuming an interior solution, there exists o > 0

such that for every ¢ €
ap =\ v u (7)) = vF) (w)
By (32) p-w'=cp-z', i€l Since p-2z/ =0and >, ;7" = Zlewi —i—ZjeJZj, we have
that ¢ = 1. Hence, for all ¢ € 1
p-z=p-w
and Z' maximizes u; (z’) over {ﬂ\ﬁ 2t <p- wi}, implying that X is a Negishi weight.ll
Proof of Proposition 2: Let Z; = {zj\fj (zj) < 0}, B(G) = {T = (Ti>l.€1 |7 € Ri, Y el Tt = G}

and w = (wl, . wI) € Rf. Let the set of feasible allocations with respect to W — G be

LG)=Q(z,2)| Y a'=W-G+> 2, £ () <0,5=1,...J

el JjeJ
and recall that the set of allocations implementable as a competitive equilibrium with lump

sum taxes is
L(G) = {(z,2) |there exist T € RE and p e Rf_ s.t. (Z,%,7,Dp) satisfies (9)-(13)}

For any A € Ay, let

~ . ~

F\ (w) =max Y \u; (2') s.t. (z,2) € L(G)

Lemma 6. (z,2) is a maximizer of Fy (w) iff it is a maximizer of Fy (w) and hence
Fy (w) = Fy (w).

Proof: Since L (G) C L(G) it follows that Fy (w) < Fj(w). To prove the converse
inequality, let (Z,Z) be a maximizer of F) (w). Since (%, %) is a Pareto optimal allocation
with respect to the initial resources ), ; w® — G, by the second welfare theorem, there exists
a supporting price p € Rﬁ s.t. for every i € I, &' maximizes u; (a:l) over {:cl € Rﬂﬁxi < ﬁji}
and for every j € J, z/ maximizes pz/ over 27 s.t. f; (zj ) < 0. Now let

F=w -2+ 007, icl
JjeJ

where 0; € ]Rfr are the initial shares of agent ¢ in firm j so that 21‘1:1 93- =1 for all j. Then,
by (9),

LD L WS B IR

il il icl icl jeJ
Also, since pz7 = 0 for all j € J by the homotheticity of technologies, we know p > jeJ 7 =0

and therefore

pri=p (wi _ jz)
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Hence, Z' maximizes u; (xz) over {xz S Ri lpx’ < p (wi - ?‘)} Thus, (z, z,7,p) satisfies
the five conditions (9)-(13) and (Z,%) € L (G). This implies that

Fy(w) =" Au; () < Fy (w)
i€l

Since Fy (w) > F) (w) also holds, we have that Fy (w) = Fy (w) and (z,2) is also a

maximizer of Fy (w).l

Suppose next that A is a VP weight. Then,

VR ()@t N v (T) T

= - foralli,h el 33
TP ) @ v un (7)) 2 (33

where (Zy,2)) is a maximizer of F) (w) over L (G). By Lemma 6, (Zy, %)) is a maximizer
of F) (w) and thus it is Pareto optimal with respect to >_;.; w’ — G. By the second welfare
theorem, there exists a supporting price p € Rﬁ s.t. (Z,z,p) is a competitive equilibrium
with transfers. Namely, 2/ = argmax pz’ over 2/ € Zj for all j € J and Z! = arg max u; (xl)

over {:L’l € R7|pzrt < ;35:\1} for all 7 € I. Hence, for some c,

p=\vu;(z") foralliel (34)

Following arguments similar to Proposition 1, prices equal the marginal value of the goods
(see once again Mas-Colell et al (1995))

oF .
5 ’Z\ (w) = cpy (35)
wy
By (33), (34) and (35),
/\/\i
o (36)
pw

where « is a constant (that does not depend on 7). By (36),
PY Fh=ap> w =apW
icl icl

Since Zieliﬁg\ = W—G+Zjej’27,

G
a=1- 57 (37)
By (36) and (37), A
i o~ i
L =pw' — pG= 38
Py =t = PG (38)
Since
Pzt = puw' — prt (39)
we have
. pw
= Gl
pT oW
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Proof of Proposition 3.

As shown in the computational Appendix, VP condition for the model with proportional

capital and labor taxes can be writen as:

AMUey ;1 [Rﬂfu +wi T + mﬂz} AUy p1 [le‘u + w1111 + El T ;’wz T12:| + @
AUy, D2 [lem +wiTo + ((:%Tm} AoUcy D2 [le‘m +wiTo1 + é :k3w2 T22] + &y

(40)

where ®; represent the price and tax effects of a change in the endowments of agent i, namely:

OR; o0R; 8R1
b, = —k; —1T; T; A c
(akil 1+ aTﬂ 1+ 5+ 8T¢2 12 Z jp] Jl
8w1 8w1 811)1
+ (akilkil + 3T¢1Ti1 + 9T Tio Z)‘]p] cj1M51
r a(l—’r")wz 8(1 T )wa 8(1 T wa
1-7F)R 1-7F)R 1-7F)R
+ kili( 8/@1) - +Ti1(8Tﬂ) - +Tz‘2<aTi2) - Z/\JPJ ¢j1142
- o 1 o 1 o 1 T
(I—Tk)Rz (I—Tk>R2 (1—7”“)R2
- kilTﬂ+ﬂlTﬂ+ﬂzTﬂ Z/\gpg cj1C52

As shown in the appenfix, the price and tax effects can be simplified to:

pi [Riki1 + w1 Ti]
Ri1 K1 4+ wi Ny

™ 1 TN
)\Uc J]_]J:|
W e [T

D,

QOY5 [0 (T) — Tn) + 7o

zl z

(0—1)9{ !

Y1+[
K

Assume that G5 = 0, in which case 7, = 7, = 0 is a feasible solution to the government
problem. We now show that ®; = 0 for ¢ = 1,2 at zero taxes. First, it is clear that the last
term of (?7), corresponding to the effects on social welfare of a change in the endowments
through changes in taxes, is equal to zero if 7, = 7, = 0. Second, since the allocation at zero
taxes are Pareto optimal, we have that M U,,, = A\2U,,; = g1 at the Negishi weights, which are
also the VP weights by Proposition 2. Consequently, the first term of (??), corresponding to

the effects on social welfare of a change in the endowents through a change in prices becomes:
ik 7k
—= Y; —= Ky =0

Ko
where the last equality follows directly from the definitions of Ky, Ko, N1 and Ns.

mikin
K

mili
Ny

Tinj1
Ny

T2
No

(9—1)9[

This
implies that ®; = 0 for ¢ = 1,2 at zero taxes. Third, if the price and tax effects are equal to

zero, the left and right hand side of the VP condition equalize and zero taxes are zero taxes
are therefore VP.H
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