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Appendix B

Application of the Method of
Discriminant Functions to
the Good- and Bad-Loan
Samples

ConsmeriNG the fundamental assumption of a dichotomous
classification of loans, the problem of analysis is to discover
differences between the good-loan and bad-loan distributions.
The factors analyzed in this report fall into two rough catego-
ries: the qualitative attributes like occupation and marital status,
and the quantitatively measurable variates like income and num-
ber of years at present address. Analysis of the qualitative at-
tributes may be made by comparing the proportion of good
loans in a given occupational group, for example, with the pro-
portion of bad loans. Analysis of the quantitatively measurable
factors can, of course, be carried out by the same process. The
proportion of good loans in any income class can be compared
with the proportion of bad loans; but one further step in the
analysis is generally desirable and possible. A difference be-
tween the income distributions of the good and bad loans usually
can be translated into a difference in mean or average income,
a difference in the standard deviation about the mean, a differ-
ence in skewness, a difference in kurtosis, etc.

In the non-technical sections of this report, the distributions
of all factors, quantitative and qualitative alike, are shown on
the same basis; in all cases the percentage of good and bad loans
in each of a small number of class intervals is determined; and
for the quantitative factors no attempt is made to measure mean

value, variance, skewness, kurtosis, etc. Nevertheless, a differ-
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126 RISK IN INSTALMENT FINANCING

ence in mean values is frequently obvious. For example, the
good-loan samples in Table 11 undoubtedly have a longer av-
erage tenure of employment than the bad-loan samples, al-
though the amount of the difference is not readily apparent.
Differences in other measures, such as variance or skewness or
kurtosis, are much more obscure; and the difficulty of analyzing
these differences is often great. On the whole, the analysis of
the quantitative factors thus far has consisted of a rough attempt
to determine differences between the means of the good and
bad loans.

The analysis in Chapter 3 consists of a set of individual treat-
ments of separate factors. The differences that were discovered
between the samples of good and bad loans related only to
separate factors—income distribution, occupational distribu-
tion, etc. This individualistic approach has its shortcomings,
however. A more satisfactory approach would be to consider
each of the samples as a single distribution in a number of
variates. Any difference between two distributions could be
used for the purpose of differentiation; for example, the correla-
tion coefficient between tenure of residence and tenure of occu-
pation might be one value for the good loans and another for
the bad. In practice, however, differences between means are
the most obvious and by far the easiest to handle, i.e., when
quantitatively measurable factors are concerned. For this pur-
pose the use of discriminant functions, described in Appendix
A, has two distinct advantages; it provides a means by which a
number of credit factors can be weighted and combined into
an index of credit risk; and it helps to indicate when individual
analyses may be specious because of correlation between factors.

The method of linear discriminant functions is the ideal
method of analysis when the two populations have multivari-
ate normal distributions with equal variances and covariances
but differing means. In the good- and bad-loan samples, where
the assumed conditions are not actually met, this method is no
longer ideal, but it may be a useful approximation.
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An experiment with discriminant functions was carried out
for the used-car sample. Four factors were singled out for an-
alysis: cash price, actual down payment in dollars, purchaser’s
monthly income, and length of contract. These factors were
chosen because they are fundamentals from which a number of
other factors can be derived. From the ratio of down payment
to price, the percent down payment is derived. The difference
between price and down payment is the unpaid balance, which
is usually a fair approximation to the amount of the note; the
ratio of the unpaid balance to contract length is an approxima-
tion of the amount of the monthly payment; and the ratio of
this last factor to income is an index of the burden of the debt
upon the borrower’s purchasing power. Instead of a separate
investigation of all these derivative factors, a single discriminant
function analysis of the four basic factors appears to be more
systematic and more expedient.

The four selected factors have already received separate analy-
sis. The distribution of cases was presented in Tables 4, 6, 7,
and 8. A summary of these analyses is presented in Table B-1,

TABLE B-1

MEeans AND StanNDARD Deviations oF NonN-Repos-
SESSED AND REepossessep Usep-CAr SAMPLE, BY PRICE,
Down PavMmenT, IncoME, AND MATURITY

Down

Price Payment Income Maturity

Mean (non-repossessions) $410 $166 $172 13} mos.
Mean (repossessions) $344 $119 $148 13% mos.

Difference $66 $47 $24 0 mos.
Standard deviation

(both samples) $195 $89 $93 3.4 mos.
Rati mean difference 34 53 2%

i0 ——————— . . .
standard deviation 00

Theoretical efficiency index® 13 21 10 0

» This index was not determined from the actual distribution of loans; it was
computed from the ratio of mean difference to standard deviations by means of
a table of the normal curve.
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which presents means and standard deviations instead of per-
centage distributions. These values have been determined from
the entire used-car sample of 484 non-repossessions and 485
repossessions of which 439 of the non-repossessions and 448 of
the repossessions reported full data on price, contract length,
down payment, and income.

This tabulation suggests that the first three variates are re-
lated to risk; that the order of importance is down payment,
price, income; and that the last variate, contract length, is not
related. As we have pointed out before, these conclusions may
be specious if the correlation between the variates is high; and
the correlation coeflicients in Table B-2 indicate considerable
correlation between some of the variates.

TABLE B-2

CoRRELATION COEFFICIENTS FOR SELECTED FACTORS

Factor Price Down Payment Income
Down payment .87
Income .33 .29
Length of contract .62 47 .05»

* Does not differ significantly from zero.

The discriminant function for these four factors was found
tobeZ = d — .174p + .124i — 6.45m, where d is the down pay-
ment in dollars, p is the price in dollars, i is the monthly income
in dollars, and m is the length of contract in months.

The effectiveness of the function Z can be measured by the
ratio of the difference between its two means (the mean for the
good sample and the mean for the bad sample) to its standard
deviation. The value of this ratio can be estimated without the
actual computation and tabulation of the value of Z for each
loan. The ratio is .63, which is an appreciable though not star-
tling increase over the value of .53 for down payment alone;
the corresponding efficiency indices computed from a table of
the normal curve are 25 and 21. This increase is not striking;
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if the factors had been independent, the ratio would have been
.68, and the efficiency index would have been 27.

On the basis of these data we can now show that the indi-
vidual analyses and their indications of the relative importance
of factors are sometimes misleading. In the individual analysis,
length of contract does not appear to be related to risk, for the
good- and bad-loan samples have the same mean value. In the
discriminant function Z, however, relation between contract
length and risk does appear. Owing to the correlation between
factors, the coefficient for length of contract is —6.45, which
indicates that risks tend to improve as length becomes shorter.
This inconsistency, as we have explained earlier, is attributable
to the fact that few of the lower-priced used cars are financed
on contracts of more than 12 months; for cars of the same price,
the short terms are distinctly superior.

In the individual analysis, a high price appears to indicate
good risk; but in the discriminant function, the price coefficient,
—.174, indicates exactly the opposite. This apparent incon-
sistency can be explained by the high correlation between price
and down payment. High price indicates good risk as long as
it is accompanied by a high down payment, which is usually
the case; but when down payments remain constant, the higher
prices indicate poorer risks.

Nevertheless, the coefficients of the various factors are not en-
tirely reliable as indices of the relative importance of the various
factors. If the function Z is transformed to express the measure-
ment of each variate in units of one standard deviation—a
process analogous to the computation of the Beta-coefficients
in multiple correlation—the transformed coefficients are some-
what more reliable, but they are not yet ideal. Transformed to
units of one standard deviation, the discriminant function found
above becomes Z' = d — .382p + .131i — .246m.

One possible way of measuring the relative importance of the
factors is to determine discriminant functions for a number of
combinations based on fewer than four factors. For combina-
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of the individual analyses except in regard to stability of resi-
dence; the negative weight given to stability of residence sug-
gests that risk increases as residence becomes more stable, which
is a direct contradiction of the individual analysis. This dis-
crepancy seems to be traceable, however, to a substantial sam-
pling error in the subsample.!

Values of Z were computed and tabulated for all loans in the
commercial bank sample; and with slight modifications, the
process was then extended to the industrial banking company
sample. The efficiency index based on combined factors was in
each case noticeably higher than that for any one of the indi-
vidual factors. Since these efficiency indices were obtained from
actual distributions and not from theoretical estimates, they are
particularly important. The assumptions underlying the classi-
cal discriminant function approach were sadly lacking, and the
function itself was determined from a relatively small subsample
of the total available cases. Despite these serious drawbacks, the
method produced concrete results.

SHORT-CUT METHODS FOR COMPUTATION,
ON THE ASSUMPTION OF INDEPENDENCE

Ordinarily the process of computing a discriminant function is
arduous; but when the factors in question are independent, the
process is simplified. If the distributions are normal or approxi-

! The following percentage distribution of loans in the subsample, with an cffi-
ciency index of 8.3, is distinctly at variance with the corresponding distribution
in the total sample, with an index of 13.8. The difference, which is not excessive
in a sample of this size, is large enough to affect the discriminant function con-
siderably.

10 years

0-2 vyears 2-6 years 6-10 years and over
Subsample
Good 29.8 34.0 7.9 28.3
Bad 32.6 36.9 10.5 20.0
Total sample
Good 28.0 34.8 10.1 27.1
Bad 40.4 36.2 7.2 16.2
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mately normal, a mere simplification of the standard procedure
is appropriate. The equations (see p. 111)

suli + s+ . . .= a;
Sioly + Spels -+ . . L= @
become
suli = &
Spols = s

in case of complete mutual independence. If a state approacb-
ing independence is suspected, the I’s can be computed di-
rectly from the mean differences and the variances; a'nd the
resulting function will probably be a good approximation. If,
however, the distributions depart markedly from normality, an
alternative procedure may be preferable. This second shortjc‘ut
method is based on the simple principle that the probability
of two or more events may be computed, in the case of inde-
pendence, merely by multiplying together the individual proba-
bilities of the occurrence of the events.

Suppose that as far as factor A is concerned, the good and
bad loans are distributed among p discrete classes. Let a’; rep-

resent the percentage of good loansin the A;class (i= 1. . .p);
4

a’i.
let a”; represent the percentage of bad loans; then s the

i

bad-loan relative. Similarly for factor B with q discrete classefs,
b’; and b”; represent the percentage of good and bad loans in

Footnotes for Table B-3 on page 130

o The er figure of each pair refers to the good-loan sample; the lower figure
rcrtgcgg E)p}t)}(;g bzgid-loan samp}ic. The correlation coefficients and standard devia-
tions can be appropriately averaged by pairs to obtain a pooled estimate of t}‘xe
supposedly equal value for both distributions. Since the numbers of cases in
each sample are virtually equal, an unweighted arithmetic average will suffice.
b Males given a value of 0, females of 1.

¢ Non-owners of real estate given a value of 0, owners of 1.

d Better than average given a value of 2, average of 1, worse than average of 0.
¢ Those with bank accounts given a value of 1, those without of 0.

f Those with life insurance given a value of 1, those without of 0.

& Does not differ significantly from 0. See also footnote 3, p. 135.
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b”, .
class B;, and TN—,J is the bad-loan relative. On the assumption of
independence, the expected percentages of loans belonging to

both class A; and class B; are a’;b’ sand a”;b”; with a bad-loan

/4 /4
relative of —~—-. i
NG The result can be generalized to any number

of factors.

a”ib”,-c”k .
a’ib',-c'k
as a sort of discriminant function; if it is greater than one, it
signifies a worse-than-average loan, and conversely. In actual
practice, modifications of this procedure will be found con-
venient. The logarithm of the reciprocal of the bad-loan rela-
tive, which equals

The generalized bad-loan relative —will serve

” 14 ”
a’, a”; a
log = + log =~ + —x L
g a’; g a log a’y ..

is probably the most fundamental. This function is positive for
better-than-average loans and negative for worse-than-average.

This short-cut method may be combined with the classical
method of discriminant functions. Suppose three variates a, b, ¢

are normally distributed and highly correlated. A discriminant
function

z = Lya+4 Lyb+ L.

would be determined. There would be two normal distribuy-
tions, one for the good loans and one for the bad. A trans-
formation? can be made so that these distributions take the form

. .
Probably the most convenient transformation is of the form

A S T T~
Aoy 2 ta _p_b'+b”
a 3 ,B="b 5

, etc.

Ty, -
where a’ is the a-mean of the good loans and a” is the a-mean of the bad loans
etc. The eﬁ.“ect Is to make the origin the midpoint between the means. An ,
transformation, however, that makes . Y

LA + LB’ + LG = 923‘
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1 _(z+Dz/2) 1 _(2=Dz/2)?
—==t dz, —=—=¢e¢ 2¢ dz
oV 2 " o,V 2
where Dz is the mean difference and 0 is the dividing line be-
tween better-than-average and worse-than-average cases. The

bad-loan relative for any particular case is the ratio of the two

204*

e 204% — ?—%

e =2 @ o2
_#t—2Dz+4Dz2/4

e 204

. . . . zDz . .
The natural logarithm of the reciprocal of this is it will be
positive for better-than-average and negative for worse-than-
average loans. If some additional factors D, E, . . . are not
correlated, the discriminant function for all factors will be

zDz d’; e;
7z?-{_logea—,,;—{—loge-e—,*;i-{—. ..

APPLICATION OF THE SECOND SHORT-CUT
METHOD TO COMMERCIAL BANK SAMPLE

The evidence obtained from the available samples indicates that
the factors under investigation are not entirely independent,
but the degree of interdependence is surprisingly small. In
Table B-3, which refers to the subsample of 191 good and 190
bad loans, the highest correlation coeflicient (.56) is between
occupation and sex in the good-loan sample, and the next high-
est (.30) is between stability of address and ownership of real
estate in the bad-loan sample. These particular coefficients are
more than large enough to be statistically significant, but most
of the others are not.* Even the significant coefficients, however,

and
L.A” 4+ LyB” + LC" = ~ %

will suffice.
3 On the assumption of true independence in the parent universe, the standard

error of the correlation coefficient is 11~§§ = 073 in a sample of 190 cases.

Since the 5 percent significance level is .143 (073 X 1.96, where 1.96 is the 5
percent value of t for the normal curve), all values of .14 or less for the coefficient
may be considered non-significant.
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are not sufficiently high to suggest a particularly close relation-
ship; hence a situation approximating independence may, per-
haps, be indicated. ’
Further evidence on independence is obtained from a series
of 21 2 x 2 breakdowns of the commercial bank loans, one
for each of the 2] possible pairs of the seven factors shov’vn in
T.al')le B-3. For each of these factors the entire sample may be
dlYldCd into two parts. In the case of some factors, like owner-
ship of bank account, only two classifications are possible; for
others like occupation, an arbitrary division js made so that’ the
better risks are included in one classification and all the rest in
another. For each pair of factors a two-way distribution may
then be arranged by distributing all loans among four classes
Table B-4, which presents these data, will require some explana-.
tion. The first column is 2 percentage distribution of hoth good

beneath this figure is a similar percent (1.52) for the bad loans
followed by the bad-loan relative (-37). The next group of three
figures (14.85; 6.99; .47) gives the percent of females not owning

loans (4.14 + 14.85 = 18.99) by the total proportion of all per-
sons ov.vning real estate (4.14 + 93.93 — 27.37). Below this top
figure is the expected proportion of females owning real estate
among the bad loans (1.21), followed by the expected bad-loan
relative (1.21 + 5.90 = -23). All these expected figures can be
calcu.lated easily from the summary totals at the end of Table B-4.

This table permits comparison of the actual proportion of
good or bad loans in any class with the proportion that would
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be expected in case of complete independence; it also permits
comparison of the actual bad-loan relative with the expected
bad-loan relative. This last comparison is important; for as long
as the actual and expected relatives are approximately equal,
the second short-cut method of computing the discriminant
function can be used with assurance.

In Table B-4 the expected and actual values of the bad-loan
relatives are surprisingly similar in most cases. The four most
noticeable exceptions are for females owning real estate, females
in the bad occupations, owners of real estate not owning life
insurance, and persons having both bank account and real
estate. Interestingly enough, the first three of these four cases
include only a small proportion of all borrowers.

Although the evidence indicates that complete independence
does not exist in the good- and bad-loan samples, we feel that
the use of the second short-cut method is amply warranted in
the case of the commercial bank sample. The standard dis-
criminant function approach, which accounts for correlations
between variates, is based on assumptions of normality that are
not supported by the available evidence. The second short-cut
method, which assumes independence but makes no assump-
tion of normality, may be quite as realistic as the standard
approach.

When the second short-cut method was tried for the com-
mercial bank sample, the two factors age and income were added
to the seven used in the previous experiment. The formula re-
sulting from the experiment appears on page 85; and the dis-
tribution of loans is shown in Table 18. To illustrate the com-
putation procedure, we shall show how some of the terms of
this formula were computed.

The bad-loan relative for persons having bank accounts is .5
(see summary of Table B-4); the reciprocal is 2.0; and the com-
mon logarithm of the reciprocal is .30. For persons not having
bank accounts, the relative is 1.4; the reciprocal, .715; the

logarithm, 1.85 or —.15. At this point two alternative proce-
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dures arc possible. One is to add .30 to the score of all cases
with bank account and to subtract .15 from those without; the
other is to add the difference, .45, to those having bank ac-
counts and to subtract nothing from the others. With the first
scheme, the point 0 is the dividing line between the better-than-
average and worse-than-average cases; with the second, the
point .15 is the dividing line. The second scheme, which may
be a little easier for computing actual scores, was used here.
The dividing line for the entire scoring system was 1.25, the
sum of .15 for bank account plus eight similar quantities for
the other factors.

A rough job of curve fitting was done in the case of stability
of residence. The bad-loan relative is 1.6 for the class of less
than one year; and it decreases more or less regularly to .6 for
the class of 10 years or over (Table 12). The common logarithm
or the reciprocals increase from —.20 to .22 so that the differ-
ence between the extremes is .42. For each year up to 10 at
present address the loan was rated one-tenth of .42 or .042.
Since the class of 10 years and over was not subdivided, we have
no evidence to show whether the bad-loan relatives continue to
fall as the length of residence increases above 10 years. For this
reason the total score was limited to .42 no matter how long
the tenure of residence. Some readers may take exception to
this conservative policy; they may feel that an additional score
of .042 should be added for each year over 10. While this point
of view may be justified, we merely suggest that such a policy
may give too high a rating to the young person of 25 who has
never been away from home.

APPENDIX C

Tests of Significance
and Sampling Errors



