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Math Review 1:  Derivatives 
 
The derivative of a real scalar-valued function f evaluated at point x (written )(xf ′ , 

dxdf , or dxdy  when y is understood to represent possible values of the function) is 
defined as  
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assuming this limit exists.  If it does, the function is said to be differentiable at point x.  If 
the derivative exists for all x in [a, b], a < b, then the function is said to be differentiable 
on the set [a, b].  Note that differentiability implies continuity (but not vice-versa) and 
that the derivative, if it exists, is unique.  The derivative )(xf ′ is represented visually as 
the slope of the tangent line to the function f at point x.   
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Application of this definition can be shown to yield the following differentiation “rules”: 
 
1) Addition rule 
 

Let ).()()( xhxgxf +=  Then )()()( xhxgxf ′+′=′ . 
 
2) Scalar multiplication rule 
 

Let )()( xagxf = , where a is a scalar.  Then )()( xgaxf ′=′ . 
 
3) Product rule 
 

      Let ).()()( xhxgxf ⋅=   Then )()()()()( xhxgxhxgxf ′⋅+⋅′=′ . 
 
4) Quotient rule  
 

Let 0)(),()()( ≠= xhxhxgxf .  Then 
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(Exercise: derive the quotient rule directly from the product rule by substitution.) 

 
5) Power rule 
 

Let ( )nxgxf )()( = , n a scalar.   Then ( ) )()()( 1 xgxgnxf n ′⋅=′ − . 



6) Natural-logarithmic rule 
 

Let )(ln)( xgxf = , g(x) > 0.  Then )()()( xgxgxf ′=′  
 
 (Generalization to other logarithmic bases can achieved by noting that 

1,ln)(ln)(log ≠= bbxgxgb . Thus if 1),(log)( ≠= bxgxf b , then 
( )bxgxgxf ln)()()( ⋅′=′ . 

 
7) Exponential rule 
 

Let 0,)( )( >= aaxf xg  a scalar.  Then )()(ln)( xgaxgaxf ⋅′⋅=′ . 
 
(Note that this implies )()( xfxf ≡′ if a = e and xxg =)( .) 

  (Exercise:  derive the exponential rule from the natural-logarithmic rule.) 
 
8) Chain rule 
 

Let )).(()( xhgxf =   Then )()()( xhzgxf ′⋅′=′ , where )(xhz = . 
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Math Review 2: Integrals (Anti-Derivatives)  
 
Just as the natural log function can be thought of as the inverse of the exponential 
function, integration can be thought of as the inverse of the process of differentiation.  
Thus we can define the indefinite integral (anti-derivative) of a function f(x) as  
 

∫ += cxFdxxf )()( , where )()( xfxF =′ , 
 
assuming the derivative exists, and c is an arbitrary constant.  From the general properties 
of derivatives, one can infer two properties of indefinite integrals: 
 
Constant multiple rule 
 
 ∫ ∫= dxxfadxxaf )()( , where a is a real-valued constant.  
 
Example:  ∫∫ +== cedxedxe xxx 555  
 
Summation rule 
 
 [ ] xdxgdxxfdxxgxf∫ ∫ ∫+=+ )()()()(  
 
The definite integral of a function f(x) on the domain ),( bax∈ is defined as  
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assuming the derivative exists.  It turns out that the derivative always does exist, and thus 
the definite integral is well defined, if f is a continuous function.  In that case the definite 
integral can be written as  
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where the set of intervals 1
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iix  are chosen so as to exhaustively partition the domain 
[a,b], and ξi is arbitrarily chosen from within the respective intervals.  This expression, 
the so-called Riemann integral, confirms the intuition that integration is a sort of 
summation for continuously-valued variables.  More specifically, it’s the sum of 
vanishingly small strips of area underneath a curve over a given domain, so that the 
integral of a continuous function over that domain just equals the area between the 
function and the x-axis over that domain. 



     In addition to the properties mentioned above, the definite integral satisfies the 
following properties: 
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More specific rules for indefinite or definite integration can be generated by running 
certain differentiation rules “backwards.”  Thus, for example, 
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 ∫ ∫ ′−=′ dxxgxfxgxfdxxgxf )()()()()()(  (“Integration by parts”) 


