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Abstract

Entrepreneurs bear substantial risk, but empirical evidence shows no sign
of a positive premium. This paper develops a theory of endogenous en-
trepreneurial risk taking that explains why self-financed entrepreneurs may
find it optimal to invest into risky projects offering no risk premium. The
model has also a number of implications for firm dynamics supported by
empirical evidence, such as a positive correlation between survival, size, and
firm age.




1 Introduction

Entrepreneurs bear substantial risk. According to recent estimates?®, to com-
pensate for the extra risk entrepreneurial returns (return to private equity)
should exceed public equity by at least 10 percent. Yet the evidence shows
no signs of a positive premium.? A number of hypotheses have been offered
to explain why people become entrepreneurs, all of them based on the idea
that entrepreneurs have a different set of preferences (e.g. risk tolerance
or overoptimism.) This paper provides an alternative theory of endogenous
entrepreneurial risk-taking that does not rely on individual heterogeneity.

The key ingredients in our theory are borrowing constraints, the exis-
tence of an outside opportunity and endogenous risk choice. A self-financed
entrepreneur chooses every period how much to invest in a project, which
is chosen from a set of alternatives. All available projects offer the same
expected return but a different variance. After returns are realized, the en-
trepreneur decides whether to exit and take the outside opportunity (e.g.
become a worker) or to stay in business.

The possibility of exit creates a nonconcavity in the entrepreneurs’ con-
tinuation value: for values of wealth below a certain threshold, the outside
opportunity gives higher utility; for higher wealth levels, entrepreneurial ac-
tivity is preferred. Risky projects provide lotteries over future wealth that -
eliminate this nonconcavity and are particularly valuable to entrepreneurs
with wealth levels close to this threshold. As the level of wealth increases,
entrepreneurs invest in less risky projects.

It is the relatively poor entrepreneurs that decide to take more risk. At the
same time, due to self-financing, they invest less in their projects than richer
entrepreneurs. Correspondingly, the model implies that survival rates of the
business are positively correlated with business size. Moreover, if agents
enter entrepreneurship with relatively low wealth levels (as occurs in a case
with endogenous entry that we study), our model also implies that young
businesses exhibit lower survival rates. It also appears that, conditional on
survival, small (younger) firms grow faster than larger (older) ones. All these

1These calculations assume standard levels of risk aversion (CRRA=2). See Heaton
and Lucas (2001).

*Moskowitz and Vissing-Jorgensen (2002) estimate the return to entrepreneurial invest-
ment using data from SCF (Survey of Consumer Finances) and FFA/NIPA (the Flow of
Funds Accounts and National Income and Product Accounts) and report that the average
return to all private equity is similar to that of the public market equity index.




implications are supported by strong empirical evidence from the literature
on firm dynamics (see, e.g. Evans 1987, Dunne, Roberts and Samuelson 1989
and Davis and Haltiwanger 1992).

In order to stress the role of risk taking, our basic model allows en-
trepreneurs to choose completely safe projects with the same expected re-
turn. All exit in our model occurs precisely because low wealth entrepreneurs
purposively choose risk. If risky projects were not available, no exit would
occur.

Our basic model is highly stylized and this allows to make our points
clearly. Yet in order to asess the quantitative importance of risk taking, a
more realistic model is required. A first step in this direction is taken at the
end of the paper, where an entrepreneurial choice model is computed. Our
quantitative results show considerable amounts of excess risk-taking. One
way of measuring this risk is to consider the premium that would be required
to compensate for the excess level of riskiness chosen by entrepreneurs in
our model, if there were no outside opportunity. The range goes from zero
to 6.1%, where higher values correspond to low wealth entrepreneurs. The
average for all those choosing excessive risk is 2.8%. Though these numbers
may not explain the whole gap, they are definitely quite substantial.

As mentioned above, three features are key to our model: the existence
of an outside opportunity, financial constraints and the endogenous choice °
of risk. Many papers consider some of these features separately, but as far
as we know ours is the first that considers all of them together. Discrete
occupational choices appear in several papers, following Lucas (1978). Bor-
rowing constraints have been considered in several recent papers (Gomes
2001, Albuquerque and Hopenhayn 2002, Clementi and Hopenhayn 2002)
and is consistent with the empirical evidence presented in Evans and Jo-
vanovic (1989), Gertler and Gilchrist (1994) Fazzari, Hubbard and Petersen
(1988) and others. The use of lotteries to convexify discrete choice sets was
introduced in the macro literature by Rogerson (1988).

A number of papers address the question of which agents decide to be-
come entrepreneurs. All these models rely on some source of heterogeneity.
The classical work in this field is a general equilibrium model by Kihlstrom
and Laffont (1979), where it is assumed that agents differ in their degrees
of risk aversion. Obviously the least risk averse agents are selected into en-
trepreneurship, which is assumed to be a risky activity. In a recent paper,
Cressy (1999) points out that different degrees of risk aversion can be the
result of differences in wealth. In particular, if preferences exhibit decreasing
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absolute risk aversion (DARA), wealthier agents become entrepreneurs. The
same happens in the occupational choice model described in the paper, but
due to the presence of borrowing constraints.

A recent paper by Polkovnichenko (2003) points out the importance of
entrepreneurial human capital for understanding the private equity premium
puzzle. The author argues that human capital constitutes a substantial part
of total entrepreneurial wealth, which is not affected by business risk. That is
why entrepreneurs require relatively small premium, compared to the earlier
estimates (for example, Heaton and Lucas 2001), in order to be compensated
for the high volatility of their financial returns. Consistently with this study,
our theory also predicts that among entrepreneurs with the same financial
wealth those with better outside opportunities will take more risk. In contrast
to Plkovnichenko (2003), in our model risk taking arises endogenously - even
in the presence of totally safe entrepreneurial activity- which allows us to
derive some of the implications discussed above.

The empirical regularities on firm dynamics have been explained in mod-
els by Jovanovic (1982) and Hopenhayn (1992) and Ericson and Pakes (1995).
These models rely on exogenous shocks to firms’ productivities and selec-
tion. In Jovanovic the source is learning about (ex-ante) heterogeneity in
entrepreneurial skills. In Hopenhayn survival rates and the dynamics of re-

turns are determined by an exogenous stochastic process of firms’ productiv- -

ity shocks and the distribution of entrants. In Ericson and Pakes the shocks
affect the outcome of investments made by firms.

In contrast to the studies listed above, we do not assume any hetero-
geneity in risk aversion (as in Kihlstrom and Laffont), or in the returns to
entrepreneurial activity (as in Jovanovic). In our setup risk taking is a volun-
tary decision of agents and not an ex ante feature of the available technology
(as in Kihlstrom and Laffont, and Cressy). In contrast to Hopenhayn (1992),
we endogenize the stochastic process that drives firm dynamics.

The paper is organized as follows. Section 2 describes the basic model
of entrepreneurial risk choice. In this section the outside opportunity is
described by a function of wealth with some general properties. This section
gives the core results of the paper. Section 3 gives a detailed occupational
choice model that endogenizes the outside value function. There is entry
and exit from employment to entrepreneurship. We explore conditions under
which risk taking occurs in equilibrium and provide benchmark computations
to assess its value. Finally, Section 4 provides quantitative results for a more
realistic model with endogenous turnover.
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2 The Model

2.1 The Environment

The entrepreneur is an infinitely lived risk averse agent with time separable
utility u(c) and discount factor 4. Assume u(c) is concave, strictly increasing
and satisfies standard Inada conditions. The entrepreneur starts a period
with accumulated wealth w. At the beginning of each period he first decides
whether to continue in business or to quit and get an outside value R(w),
which is an increasing and concave function of his wealth. Entrepreneurs
are self-financed and while in business face the following set of investment
opportunities. _

There is a set of available projects with random return Ak, where k&
is the amount invested. Entrepreneurs must choose one of these projects
and the investment level k < w. All projects offer the same expected return
EA = A, but different levels of risk. We assume the expected return 4 > 1/4.
The distribution of a project’s rates of return is concentrated in two points,
z < y. (As shown later, this assumption is without loss of generality.) If
the low return z is realized with probability 1 — p, the average return is
A =(1-p)z + py, and the high return y may be expressed as

A—z
D

y=z+ > A (1)
Thus, we will identify every available project by the value of the lower return
z and the probability of the higher return p. Denote by Q3(A) the set of

available projects 3,
Q2(A) = {(z,p)lz € [0, A],p € [0,1]}-

If z = A or p = 1 the project is safe, delivering the return A for sure; for
all other values of £ and p the project is risky. The existence of riskless
projects that are not dominated in expected return is obviously an extreme
assumption. It is convenient for technical reasons and it helps to emphasize
the point that risk taking is not necessarily associated with higher returns.
Intuitively, risk taking in this set up occurs due to the presence of the
outside opportunity. If risky projects are not available, the value of an ac-
tive entrepreneur with current wealth w is defined by the standard dynamic

3Subindex 2 corresponds to the number of mass points of the payoffs’distribution
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problem*

Vi(w) = max{u(w — k) + BVi(AK)}. 2)

If R(w) and Vi(w) have at least one intersection, the value of the entrepreneur
with the option to quit is a non-concave function max{R(w), Vi(w)}. This
nonconcavity suggests that a lottery on wealth levels could be welfare im-
proving. As will be seen, in the absence of such lottery, an entrepreneur may
find it beneficial to invest in a risky project.

If risk taking is possible, an entrepreneur with current wealth w that
decides to stay in business, picks a project (z,p) € Q2(A) and the amount of
wealth k € [0, w)] invested into this project. Given that the entrepreneur has
no access to financing, consumption will equal w — k. By the beginning of the
following period the return of the project is realized, giving the entrepreneur
wealth yk in case of success or zk in case of failure. At this stage the
entrepreneur must decide again whether to continue in business or to quit
and take the outside value.

Letting V(w) denote the value for an entrepreneur with wealth w at the
begging of the period (exit stage), the value Vg (w) at the investment stage
is given by:

Vi(w) = max{u(w - k) + BlpV (k) + (1 )V (k)]

_ A-z (3)
s.t. y=x+ )
p

In turn, the agent’s initial value and exit decision are given by:
V(w) = max{Vg(w), R(w)}. (4)

We will call (3)-(4) the optimal risk choice problem (ORCP). Its solution
gives the entrepreneur’s exit decision, consumption path and project risk
choice. The latter is the main focus of our work. An entrepreneur who
chooses p < 1 invests into a risky project. The risk of business failure is
larger for smaller values of p. As we show below, risk taking decreases with
the level of wealth while total investment increases. Using the scale of the
project (i.e. total investment) as a measure of business size, the model implies
that smaller firms take more risk and face higher failure rates.

‘Note that the the return in (2) is unbounded (due to A3 > 1), so we must assume
that the agents’ utility function u(c) is such that the solution to (2) exists. This is true
for a general class of the utility functions, including CRRA.
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Figure 1: Timeline of entrepreneurial decision

2.2 The Solution

This section characterizes the solution to the entrepreneurial choice prob-
lem. We divide the problem in three steps, following backward the timeline
of entrepreneurial decision depicted in Figure 1: 1) project risk choice; 2)
consumption/investment decision and 3) exit decision. A sketch of the main
features of the solution is given here. More details and proofs are provided
in the appendix.

2.2.1 Project risk choice

Let & denote the total investment in the project. The expected payoff is then
Ak, independently of the level of risk chosen. Figure 2 illustrates this decision
problem. If the end-of-period wealth is below wg, the entrepreneur will quit
and take the outside option; if it is above he will stay in business. The
continuation value V' (Ak) is thus given by the envelope of the two concave®
functions, R(w) and Vg(w). As a consequence of the option to exit, this
value is not a concave function in end-of-period wealth.

The choice of project risk is used to randomize end-of-period wealth on
the two points w and @ depicted in Figure 2, giving an expected value that
corresponds to the concave envelope of the two value functions considered.®

3The outside value R (w) is concave by assumption. Lemma ?7 establishes the concavity
of VE (‘UJ) .

8The figure assumes that R (w) and Ve (w) have a unique intersection point. This ob-
viously depends on the properties of the outside value function. In section 3 we endogenize
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Figure 2: End-of-period expected value Vy(Ak) of entrepreneur

Let Viv(Ak) denote this function:

R(Ak) for Ak < w,
Vn(Ak) = ¢ R(w)+ (Ak—w)/(w-w) (V@) - R(w)) forw < Ak <1,
V(Ak) for Ak > .

As shown in the figure, depending on the level of investment k, we may
distinguish three cases: If Ak < w, it is optimal not to randomize and exit
in the following period. In case Ak > 1, it is also optimal to invest in the
safe project. Finally, if w < Ak < @, it is optimal to randomize between the
two endpoints.

More formally, this choice is implied by the first order conditions for the

the outside value in a model of entrepreneurial choice and show that the single crossing
property holds.




dynamic problem of the entrepreneur (3):

(z):  V'(yk) =V'(zk),

) vk = T TER, )

These two equations say that the possible project’s payoffs must coincide with
the tangent points w and w. Thus the optimal randomization is accomplished
by choosing the project with z = w/k, y =W/kandp = (Ak —w) /(W — w).
Note that the probability of the high payoff ("success”) increases linearly with
the scale of the project k.

2.2.2 Consumption/Investment choice

Letting w denote the wealth of the entrepreneur and since projects are self-
financed, the level of consumption ¢ = w — k. The consumption/investment
decision is the solution to the following problem:

Ve (w) = maxu (w — k) + BV (AK) - (6)

We proceed to characterize the consumption/savings decision. The first
order conditions for problem (6) are given by:

w(w — K) = BAV,(4K),

where
R (Ak) for Ak <w
Vi (Ak)=<¢ R (w)=Vi(w) forw < Ak <w
V' (Ak) for Ak > w.

The above first order conditions imply that consumption is constant at
a level ¢* given by u/(¢*) = BAR’ (w) when optimal investment Ak falls in
the risk taking region, w < Ak < . This corresponds to initial wealth levels
w such that wy < w < wy, where wp = w/A+ ¢* and wy = wW/A+c*. In
this region, investment k = w — ¢* increases linearly with the agent’s wealth
and the probability of a successful realization increases. Qutside this region,
there is no risk taking and consumption and investment increase with wealth.
Entrepreneurial project choice, as a function of his current wealth level, is
depicted in Figure 3.
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Figure 3: Project choice as a function of current wealth

The above conditions also imply that once the wealth of the entrepreneur
surpasses the threshold wy, it grows continuously, remaining above 1w forever
after. From that point on, there is no more risk taking. This is a special
feature of the model explained by the existence of riskless projects and the
absence of risk premia. In a more realistic setup, firms could recur in the set
wy, < w < wg after a series of bad shocks.

A sharper characterization of the value of the entrepreneur Vg(w) follows
from the above comments. This value coincides with the value of a risk-
free entrepreneur Vj(w) for w > wy; is linear in the intermediate range
wy, < w < wy; coincides with the value of the entrepreneur that invests into
a safe project and quits in the following period for w < wy, . Note that if
risky projects were not available, active entrepreneurs would face two options
- either to stay or exit- at the beginning of the following period. Risk taking
increases the entrepreneur’s utility by eliminating this nonconcavity in the
continuation value.




2.2.3 The optimal exit decision

"The entrepreneur exits when R (w) > Vg (w). A sufficient condition for this
region to be nonempty is that (1 — 8) R (0) > u (0) . This condition is satisfied
when the outside option includes some other source of income. When R (w)
crosses Vz (w) at a unique point wg, as in the example considered in section
3, this becomes the threshold for exit.

Suppose exit is given by a threshold policy with cutoff value wg. Three
situations may arise: (i) wg < wr; (i) wy < wg < wy and (i) wy < wg.
For the last case, risk-taking would not be observed since entrepreneurs would
exit once they are in the risk-taking region. In the other two cases risk-taking
is observed. In case (ii), the entrepreneur invests in a risky project, exits if
it fails and stays forever if it succeeds. There is an upper bound on the
probability of failure given by (1 — p (wg)) < 1. In contrast, in case (i) there
is no upper bound on project failure.”

2.2.4 Characterization of the solution

The following Proposition summarizes the results derived in this section.

PROPOSITION 1 Suppose the entrepreneur selects projects from the class '
(A) with expected return A > 1/8. Suppose the outside value of the en-
trepreneur R(w) is concave. If R(w) and Vg(w) have a unique intersection
point wg, then there exist wealth levels wy < wy such that:

(i) Entrepreneurs erit if w < wg and stay if w > wg,
(ii) Letting w, = max{wr,wg} and w* = max{wg, wg}:

(a) entrepreneurs invest in safe projects and stay in business forever
ifw > w*;

(b) invest in risky projects if w € (w.,w*) and stay in business the
following period with probability p(w) = (Ak(w) — w)/(W — w);

(¢c) invest in safe projects if w < w, and exit in the following period.

"The example given in section 3 suggests that while case (i) is atypical, the other two
cases may occur.
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(i) If an entrepreneur chooses a risky project (i.e. w € (w.,w*)), the prob-
ability of survival p(w) and the level of investment k(w) are increasing
in w, while consumption c(w) is constant.

The previous Proposition has some immediate implications for firm dy-
namics. In the following, we measure a firm’s size by the level of its invest-
ment k.

CORROLLARY 1 (i) Survival probability increases with firm size (ii) Con-
ditional on survival, smaller firms have higher growth rates.

The above results assume a single crossing of the functions R (w) and
Ve (w) . In case of multiple crossings, there will be more than one region of
risk-taking. Within each of these regions, total investment will increase and
the risk of failure decrease with wealth.

2.3 Extending the Class of Projects

In the above analysis we assume that the only projects available to en-
trepreneurs have returns concentrated in two points. In this section we show
that this restriction is without loss of generality.

Let Q(A) = {A|fdX = 1 and [zd\(z) = A}. This is the set of all
probability distributions of returns with mean A. Obviously, the class Q,(A)
considered earlier is a subset of 2(A). Thus, if we assume the entrepreneur
chooses a project from §2(A), all projects (z,p) € 22(A) are still available to
him. The following Proposition gives our main result in this section.

PROPOSITION 2 Suppose the outside value of the entrepreneur R(w)
satisfies the assumptions of Proposition 1 and the entrepreneur can choose
any project from Q(A), where BA > 1. Then the distribution of returns of the
project chosen is concentrated in two points, so the entrepreneurial decision
15 identical to the one described in Proposition 1.

The proof of Proposition 2 is very intuitive. The decision problem (3) of
the active entrepreneur is now given by:
Ve = max{u(w — k) + 3 / V(zk)dA(2)},
kX
(7)
s.t.: /d/\ =1and /zd,\(z) = A.
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Together with the exit decision (4) it forms a well defined dynamic program-
ming problem which has a unique solution.

If Ve(w) coincides with the value function (3) found in the previous sec-
tion, the value of the entrepreneur V(w) is a piecewise concave function over
the intervals (0, wg) and (wg, +00). For any given distribution of returns X,
Let z, and y, be the expected returns on the intervals (0, wg) and (wg, +00),
respectively. Let py = A (wg, +00), the probability of the upper set of re-
turns. Consider an alternative project that pays either z, (with probability
1—p,) and y, (with probability py). Given that the value function is concave
in the two regions considered, the expected return of this project is at least
as high as the original one.

3 An Example: Occupational Choice Model

In Section 2 no interpretation was provided for the outside value. In this
Section we endogenize R(w) in a simple occupational choice model, study
conditions under which risk taking will and will not occur, and provide some
simulation results.

3.1 The Setup

The decision problem of the entrepreneur is defined by (3) and (4) of the
previous section. An entrepreneur becomes a worker if he exits from business.
Workers receive wage ¢ > 0 every period and save in a risk free bond to
smooth consumption over time. The rate of return to the risk-free bond is
r. We assume that 1 + 7 < A. This assumption, combined with the self-
financing condition, implies that only relatively wealthy agents are willing to
operate their own businesses.

At the beginning of every period a worker gets randomly ”hit with an
idea” that allows him to become an entrepreneur. The probability of this
event is 0 < q < 1. If the worker chooses to become an entrepreneur he
receives no wage income. If the worker decides not to enter entrepreneurship,
his consumption rule is identical to that of a worker who was not faced with
this opportunity. Let R(w) denote the value of a worker conditional on not
becoming an entrepreneur in the current period. Thus prior to the realization
of the shock, the value to the worker R.(w) is given by

Re(w) = (1 — g)R(w) + gmax{VE(w), R(w)}. (8)
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This also defines the continuation value of the agent who is a worker in the
current period. In turn, the worker’s present period value R(w) is determined
by a choice of investment a in a risk-free bond:

R(w) = mf.x{u(w + ¢ —a)+ BR((1+r)a)}. (9)

The above two equations, together with (3) and (4) fully characterize the
decision problem of the agents in this discrete occupational choice model.

3.2 The Solution

The worker becomes an entrepreneur only if: (i) he gets an opportunity; and
(ii) his current wealth level is such that Ve(w) > R(w). Denote by wg the
lowest wealth level at which workers are willing to enter entrepreneurship,
Ve(wg) = R(wg). If wg is unique, it determines the entry threshold rule
for workers. Since there are no entry or exit costs, wg also defines the exit
threshold rule for entrepreneurs. In the general setup, the entrepreneurial
investment decision was described in Proposition 1, which requires concavity
of R(w) and single crossing of R(w) and Vg(w). Below we show that although
these properties do not necessarily hold, the results of Proposition 1 are still
valid. '

Lemma 1 (Characterization of R(w))

Let 1 4+1r < A, R(w) solves (3), (4), (8) and (9), and a(w) determines the
worker’s optimal rule of saving. Denote by ﬁ(w) the concave envelope of
R(w). Then

(1) if ¢ > 0 then R(w) is not concave;

(i) if R(w) is replaced by R(w) in (4), the behavior of entrepreneurs in-
vesting in projects with strictly positive probability of survival does not
change.

Nonconcavity of R(w) is driven by the presence of the kink in the worker’s
continuation value function that necessarily occurs in wg. Since within some
wealth range below wg the worker chooses an increasing in time wealth pro-
file, being attracted by the future entrepreneurial opportunity, the kink in wg
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is recursively reproduced onto the lower values of wealth 8. Therefore R(w)
is piecewisely concave to the left of wg. The main implication of Lemma 2
is that although the value of the worker R(w) is not concave, we may use
its concave envelope R(w) in order to describe the behavior of risk taking
entrepreneurs. . '

‘The following result states that R(w) and Vg(w) have single intersec-
tion and proves that this property is sufficient to claim the uniqueness of
entry/exit point.

Lemma 2 (Entry rule)

(i) There ezist a unique wg such that ﬁ(wE) = Ve(wg) and ﬁ(w) > Ve(w)
for w < wg,®

(ii) no entry is observed below wg;
(iii) wg = wg.

Figure 4 depicts the value functions previously defined. The intersec-
tion of R(w) and Vg(w) (solid thin lines) determines the entry wealth level
wg. For w > wg, Vg(w) > R(w), so every worker chooses entrepreneurship
whenever this option is available to him. Since this occurs with probabil- '
ity g, R.(w) is a linear combination of Vg(w) and R(w) for w > wyg. If
w < wg, the worker does not enter entrepreneurship, independently of the
realized opportunity, so R.(w) = R(w) in this region.'® Note that by (iii) of
Lemma 3 all entry occurs either within or to the right of the randomization
interval [wr,wg], so a risky project may be chosen only at the early stage of
business’ life.

Now we may use Lemmas 2 and 3 to characterize the behavior of the
agents’ in this occupational choice economy:

8If B(1+r) > 1 the worker’s wealth profile is increasing whenever R(w) > Vg(w), while
if 3(1 4+ r) < 1, then at the low wealth levels, where the entrepreneurial opportunity is
rather distant, the worker’s wealth may decrease over time. See proof of Lemma 2 in the
appendix for more detailed characterization of the worker’s value and policy functions.

°In the Appendix we show that if S(1 + r) = 1 single crossing of R(w) and Vg (w)
can be established. We also prove that in this partial case ﬁ(w) is linear within (0, wg),
suggesting that a risk taking entrepreneur ends up with zero wealth if the low return
realizes.

10For simplicity we depicted the worker's current and continuation values R(w) and
R (w) concave to the left of wg, although a number of kinks occurs in this region.
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Figure 4: Value functions’ allocation in the occupational choice model.

PROPOSITION 3 There erist 0 < w < wg and 0 < wy < W such that

(i) workers with wealth levels w > wg enter into entrepreneurship with
probability g;

(ii) entrepreneurs exit from business if w < wg and stay otherwise;

(iii) entrepreneurs with wealth levels wg < w < max{wg,wy} invest into
risky projects, survival rates p(w) of their businesses are bounded away
Jrom zero and increase with w, investment k(w) also increases, while
consumption c(w) stays constant;

(iv) entrepreneurs with wealth levels w > max{wg,wy} invest into fully
safe projects and stay in business forever; their investment k(w) and
consumption c(w) increase in w.

From Proposition 3 it follows that if an entrepreneur enters with wealth
levels w < wy, he invests in a risky project, obtaining either w or W at
the beginning of the following period, depending on the realization of the
project’s return. If the low return is realized, the entrepreneur exits in the
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next period with wealth w < wg, otherwise he invests into a fully safe project
from next period on. The probability p(w) of the high return determines the
survival probability of the establishment. Those entrepreneurs who enter
with higher levels of wealth choose higher p(w) and thus are more likely to
stay in business.

3.3 Risk Taking

Risk taking does not necessarily occur in this environment. In particular,
if the entry wealth level wg exceeds the upper bound of the randomization
region (wg), risky investments will never be chosen. In the environment
described above this happens if two conditions hold simultaneously: there
is no uncertainty about the moment of entry into entrepreneurship (¢ = 1)
and a worker chooses a nondecreasing wealth profile if no entrepreneurial
opportunity is present (G(1+7) > 1).

PROPOSITION 4 There exist 0 < § < 1 such that risk taking does not
occurif g > qand B(L+7r) > 1.

The result in the above Proposition as well as entrepreneurial decision to
invest into a risky project are driven by the agents’ desire to smooth con- -
sumption over time. It is important to understand first why it is consumption
smoothing that leads to risk taking. One of the stylized features predicted
by the occupational choice model is a drop in consumption at the moment
of entry into entrepreneurship that is stipulated by a sudden increase in the
optimal saving rate (since A > 1+ r)*. Graphically, the downward con-
sumption jump is represented by the discrete increase in the slope of the
value function at wg. The possibility of risk taking helps to mitigate this
drop in consumption. In particular, an entering entrepreneur who invests
in a risky project, consumes more than the safe investment policy would
suggest - actually, as much as the entrepreneur with wealth level wy does -
and invests the rest of his wealth in a risky project. In the following period,
independent of the project’s payoff, he raises consumption up to ¢ such that
w(¢) = R'(w) = Vi(w); only the future path of consumption will depend

11 This prediction is consistent with the observation from the data. A decrease in en-
trepreneurial consumption shortly after opening a business has been documented in a
number of studies. For example, Gentry and Hubbard (1998) report that entrepreneurs
save a larger fraction of their wealth than other people.
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on the realized return of the risky project. Finally, only entrepreneurs with
relatively low wealth levels use this consumption smoothing mechanism - be-
cause it is only for them that the outside opportunity provides the necessary
insurance in case of project failure.

Then why do entrepreneurs find risk taking beneficial only if the en-
trepreneurial opportunity arrives as a surprise or if, while being workers,
they would not have made much savings if they had not been attracted by
possible future entrepreneurial activity (as Proposition 4 says)? This hap-
pens because if there is no uncertainty about the moment of entry (¢ = 1),
the worker foresees his continuation value max{R(w), Vg(w)} perfectly and
thus adjusts his saving policy in a way that the downward jump in consump-
tion at the moment he enters entrepreneurship is small. Correspondingly, the
kink in the value function at the point of entry is so small that randomiza-
tion is not beneficial anymore. In contrast, in the presence of an uninsured
shock to entrepreneurial opportunities, the continuation value and optimal
savings policy prior to the shock realization change after the resolution of
this uncertainty. If the ex-post desired investment increases compared to its
ex-ante desired level, current consumption would obviously go down. In this
case entrepreneurs find risk taking beneficial.

On the other hand, even if entry into entrepreneurship is predetermined,
risk taking may still be optimal if the risk-free interest rate is small enough
(such that 8(1 +r) < 1). In this case workers would choose a decreasing
wealth profile if the entrepreneurial opportunity were not available. The
possibility to become an entrepreneur in the future induces poor workers to
make large savings in order to eventually reach wg. Obviously, this extensive
saving policy implies sacrificing current consumption. Correspondingly, the
worker’s consumption profile is U-shaped - it monotonically decreases while
the worker is saving for future entrepreneurship, and it starts increasing right
after entry. The possibility of risk taking allows the worker to enter earlier
into entrepreneurship and partly eliminate the fall in consumption.

To summarize, risk taking occurs only if there is uncertainty about future
entrepreneurial activity or if workers would choose a decreasing wealth profile
in the absence of entrepreneurial opportunity!2.

120ther types of uncertainty, not necessarily the one about the moment of entry,
may lead to risk taking. Later on we will also demonstrate that uncertainty about en-
trepreneurial expected returns (A) may also induce investing into a risky project.
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Figure 5: Optimal project choice, r = 0.03, ¢ = 1.

3.4 Numerical Example

The following numerical example illustrates how much risk taking is observed
in the stylized environment considered above. Together with the utility func-
tion u(-) and the time discount rate 8 there are four other parameters that
completely determine agents’ decisions: the risk-free interest rate r, workers’
wage ¢, expected entrepreneurial return A, and the probability of being able
to enter entrepreneurship ¢. '

In the previous section we established that risk taking may occur if (1 +
r) < 1l orif ¢ < 1. That is why we separate our example into two parts:
first, we choose the preferences, fix ¢ and A, set ¢ = 1 and alter the risk-
free interest rate r to illustrate how B(1 + r) affects the amount of risk
taking Second, we keep the interest rate fixed at a level where B(1+7) > 1
and analyze how much uncertainty about the moment of entry is needed to
induce risk taking. We use a CCRA utility function with relative risk aversion
coeficient ¢ = 2. The time preference 8 = 0.95 to allow for (1+r) < 1 when
the interest rate is close to the levels observed in the data. The expected
entrepreneurial return is equal to 10%, and the wage rate is fixed at ¢ =
0.27513,

Figure 3 illustrates the agents’ decisions for r = 0.03 (for which g(1+r) =
0.9785). The left and the central plots depict survival probabilities and return

13As we discuss later, the specified model is very stylized and cannot be calibrated.
Thus the wage rate is chosen arbitrary, while the entrepreneurial average return replicates
the average stock return. The extension of this stylized model, that has a potential of
matching the data, is developed and simulated in the following section.
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Table 1: Risk taking and required risk premia for the entrant,
varying (1 +r)

r 0.03 0.04 0.045 0.048 0.0495 0.05 0.055
P 0.23 0.27 0.30 0.51 0.63 0.94 1
RP 0.27 0.19 0.14 0.11 0.06 0.02 0

Bl+r) 0.9785 0.9880 0.9927 0.9956 0.9970 0.9975 1.002

conditional on survival as a function of business size. As it was summarized in
Corollary 1, larger establishments are more likely to survive, but experience
lower rates of returns. The poorest entrepreneur chooses a very risky project
- he exits from the business in the following period with probability 0.77. If he
succeeds, he obtains a return of 150% (instead of 10% with the safe project).
The variance of the returns of his project exceeds 40% (four times larger than
the expected return). Note that in this economy exit from entrepreneurship
occurs only due to the presence of risk taking: if the risky projects were not
available, entrepreneurs would continue operating their businesses forever
after entry.

The right graph of Figure 5 presents the amount of risk premia needed to
compensate for risk taking if the outside opportunity were not available. In
this example, the poorest entrepreneur would require a premium of 27% (i.e.,
the entrepreneurial rate of return would have to rise by nearly 4 times).14

Now consider the agent’s decisions as we change the risk-free interest rate
from 3% to 5.5%. In this range, 8(1 + ) changes from 0.9785 to 1.0022.15

MRisk premium is not necessarily a monotone function of business size because the
variance of entrepreneurial returns is not monotone - it is U-shaped with the minimum
when Ak = (w + W)/2. One could object that this implication of the model counters the
monotonic decrease in the variance of firms’ returns as a function of size that is found in
the data. However, it is likely that the majority of entry in our model (given that there is
some heterogeneity in entry wealth levels, for example due to ¢ < 1) occurs in the upper
right half of the randomization interval, where a negative relationship between business
size and variance returns is observed.

15For comparison, Aiyagari (1994) simulates the calibrated general equilibrium model of
precautionary savings in the presence of uninsured idiosyncratic risk (in which the interest
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Table 2: Risk taking and required risk premia
for the earliest entrant,

varying g
q 01 02 03 04 05
p 059 0.8 090 096 1
RP 0.075 0.04 0.03 0018 0
Av. time to wait 10 4.8 3 21 1.5

Table 1 reports how survival probabilities and the required risk premium of
the entering entrepreneur are affected by the change in 7. Consistently with
Proposition 4 and our previous remarks, the range of optimal risk taking
shrinks. Notably, if (1 + r) is very close to one (e.g., for r = 0.0495),
entrants still choose a project with quite low survival probability. But when
the interest rate is 5.5% (so 8(1 +r) > 1), all entrepreneurs choose the safe
project. _

Finally, consider the effect of changing ¢ for a fixed interest rate r =
1/6 —1=0.0526. As discussed above, lower values of ¢ should induce more
risk taking when the entrepreneurial opportunity arrives relatively early. In-
deed, Table 2 reports that the survival probability of the most early entrant
increases with ¢. Moreover, for values ¢ > 0.5 (where the average time for
entry is 1.5 periods after the worker’s wealth reaches wg) all entrepreneurs
choose the safe project .

How much of the private equity premium puzzle can our theory account
for? The model considered so far is too specialized to make a reasonable
quantitative statement. The major drawback is that all uncertainty is re-
solved after one period, so risk taking takes place only for early entrants
and successful entrepreneurs stay in business forever. The following section
corrects some of these gaps and provides a less stylized version of our occu-
pational choice model, to be taken as a first step in the direction of getting
more meaningful quantitative results.

rate is endogenous), and reports that G(1 +r) may vary from 0.9724 to 1.0012, dependent
on the properties of the income process.
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4 Aggregate risk taking and endogenous wealth
distribution |

In this section we reformulate the developed above model in such a way that
in the long run the wealth distribution in the economy is nondegenerate and
the agents are endogenously separated into three nonempty groups: work-
ers, safe entrepreneurs, and risky entrepreneurs. Our major goal here is to
evaluate quantitatively whether the mechanism of entrepreneurial risk tak-
ing studied in the previous sections can be important for understanding the
excess volatility of entrepreneurial returns found in the data.

4.1 Setup

We introduce two important changes into the environment described earlier.
First of all, we impose a lower bound on entrepreneurial risk (eliminating
the existence of a fully safe project) and introduce uncertainty in workers’
income. In an economy with incomplete markets, this uninsured risk implies
that even the most successful entrepreneurs may occasionally reenter into the
randomization region and with some probability exit from the business. At
the same time, it turns out that, in some cases, wage uncertainty is crucial to
generate a positive flow from workers to entrepreneurs. Second, we introduce
a bound on the scale of a business, which endogenously imposes an upper
bound on wealth distribution.

4.1.1 Entrepreneurs

As in the previous sections, an entrepreneur with current wealth w decides
how much & to invest into his business and what type of project (z,p) to op-
erate. Unlike Section 2 the expected return A is random and drawn from the
distribution g(A) after the investment decision is made.'® This feature intro-
duces uninsured entrepreneurial risk. After A is realized, the entrepreneur
chooses the project type (z,p) from a class with expected returns equal to
A If the entrepreneur chooses to take no risk, the project’s payoff is equal

€QObviously, the assumption about no history dependence in the project type is an
extreme one. We use it to save on computational time. In a calibrated model the random
process for A should be properly chosen.

17This timing of entrepreneurial decision is consistent with the project choice in Section
2: entrepreneurs may choose any project from a mean preserving spread of the least risky
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Figure 6: Timeline of entrepreneurial decision

to Af(k), where f(k) = k, k < k, and f(k) = k otherwise. This specifica-
tion of entrepreneurial technology introduces an extreme form of decreasing
returns to scale, while preserving the interpretation of A as the expected
project return, independent of project size.

Due to the presence of uninsured entrepreneurial risk, business owners
may also find optimal to invest an amount b of their wealth in a risk-free
bond in the beginning of the period, thereby leaving w — k — b for current
consumption. This implies that the end-of-period entrepreneurial wealth
consists of two components: the return to a risk-free bond (1 + )b and the
project’s payoff, which depends on the realization of A and the type of project
(x,p) chosen.

Figure 6 depicts the timeline of entrepreneurial decision in the case where
A takes two values, A, and A;. This specification is used in the numerical
example below.

Formally, the entrepreneurial decision problem is described by the fol-
lowing dynamic program. As in Section 2, let V' (w) denote the value of an
agent with wealth w at the beginning of the period. The project choice of
an entrepreneur with wealth w that saves b in a risk-free bond, invests k into

project which offers random return 4 drawn from the distribution g(A).
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his business and faces expected return A is given by
Ve(w,k,b, A) = max{u(w — k — b) + B[V (yf (k) + (L +r)b)+

(1-p)V(zf(k) + (1 +7)b]},

where py + (1 — p)z = A. Correspondingly, the value of an entrepreneur at
the stage of investment decision is given by

Ve(w) = rr,:al;x{/ Ve(w, k, b, A)g(A) dA}. (11)

(10)

The only difference between the decision problem (10)-(11) and the one de-
fined in Section 2 is the contingency of the project type (z, p) on the realized
value of expected returns A.1%

4.1.2 Workers

In the beginning of the period worker's wage ¢ realizes. It is drawn from
the distribution h(¢), i.i.d. across all workers. After that, dependent on the
total amount of current wealth w + ¢, every worker decides how much a to
invest in a risk-free bond, thereby determining his wealth (1 + 7)a in the
beginning of the following period. As in Section 3, every worker may become
an entrepreneur if he has entrepreneurial opportunity (which arrives with
probability g). That is why the value R.(w) of being a worker in the beginning
of the period, before uncertainty about possibility to enter entrepreneurship
realizes, is given by

Rw) = (1-9) [ R(w,2)h(9) do+qmax{Ve(w), [ Rtw,8)h(6)d0), (12)
where R(w, ¢) denotes the value of receiving wage ¢ while being a worker:
R(w, ¢) = max +{u(w+ ¢ —a) + BR((1 +r)a)}. (13)

Correspondingly, the value of an agent in the beginning of the period, before
the occupational choice is made is given by:

V(w) = max{Vi(u), / R(w, $)h() do}. (14)

18In Section 2 we did not restrict entrepreneurs from investing in a risk-free bond.
Instead, choosing b = 0 was their optimal policy due to the availability of a risk-free
entrepreneurial project.
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4.1.3 Endogenous distribution and turnover

Equations (10)-(14) fully characterize the behavior of agents in the economy
and determine how workers’ and entrepreneurs’ wealth evolves over time. In
turn, wealth policies, together with the properties of ¢ and A, determine the
endogenous wealth distribution in the economy and the aggregate turnover.
{1t would be nice to derive here sufficient conditions under which the station-
ary distribution exists and is unique. I'll think.}

The following Proposition demonstrates that wage uncertainty may be cru-
cial for obtaining positive inflow into entrepreneurship.

PROPOSITION 5 If (14 r) < 1, h(®) is concentrated in one point (no
wage uncertainty) and the project choice is interior (the condition w > 0 is
not binding) then no entry into entrepreneurship occurs in the long run.

The intuition behind the result formulated in Proposition 5 is closely related
to the consumption smoothing argument presented in the previous section.
If B(1 +7) < 1, in the absence of excess risk taking relatively poor workers
never enter entrepreneurship, because their wealth is far below the optimal
entry level, and consumption sacrifice needed to reach the entry point is too
large. Correspondingly, anyone who becomes poor enough stays a worker
forever (it is a kind of ”poverty trap” situation), with consumption path de- -
creasing monotonically over time. On contrary, richer workers decide to save
for future entrepreneurship at a cost of current consumption fall. As it was
mentioned above, this implies that workers’ consumption is not monotone
in wealth. The presence of risk taking opportunity allows agents to elim-
inate nonmonotoniciy in future consumption, and that is why risk taking
entrepreneurs choose such projects that in case of failure their wealth falls
into a "poverty trap” region and future consumption decreases with age.

In the presence of wage uncertainty saving policies are different for work-
ers with different wage realizations. While risk taking entrepreneurs try to
smooth future expected consumption path, it is quite likely that at the wealth
level, with which they exit from the business, workers with low wages decide
to dissave, but those with high realization of wage shock find it optimal to
accumulate wealth for potential reentry. That is why wage uncertainty turns
out to be a necessary condition for positive turnover if (1 +7r) < 1.
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Table 3: Parameters

RRA coefficient a 2
time preference rate Je] 0.95
risk-free interest rate T 0.03
expected wage E(¢) 0275
wage volatility std(¢) 0.225
expected returns E(4) 110
volatility of returns std(4) 0.10
arrival of entr. opportunity g 0.5
max. business size k 5

4.2 Numerical Example

In the simulation exercise below we choose the interest rate » = 0.03 and the
time preference rate 3 = 0.95 so that (1 +r) < 1. This condition would
be endogenously derived in calibrated general equilibrium model as an im-
plication of too large aggregate savings due to precautionary motive in the
presence of uninsured risk. Individual preferences, average wage level and
average entrepreneurial returns are the same as in the previous numerical
exercise. The volatility of wages and expected returns is chosen to gener-
ate reasonable flows between workers and entrepreneurs. Since wage and
entrepreneurial returns uncertainty are the only sources of turnover in our
model, the calibrated standard deviations are higher than in the data.!® Fi-
nally, ¢ and k are adjusted to obtain as realistic as possible the fraction of
entrepreneurs in the economy and the average firm age. Table 3 lists all the
parameters used in the simulation.

9Abowd and Card (1989) estimate, using PSID data, that the standard deviations
of percentage changes in real earnings are about 40%, Moskovitz and Vissing-Jorgensen
(2002) report that the volatility of entrepreneurial return is about 50%. In our simulation
these numbers are twice larger. It is quite possible that if the shocks were persistent,
less volatility would be required to generate the same turnover because entry/exit wealth
levels would also be sensitive to the current realization of shock. That is why we plan to
introduce persistency into our model as the next natural step of this research project.
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Table 4: Simulation results

Entr, fraction of population 0.10
fraction of entrepreneurs that take excessive risk 0.24
entry/exit rate, 0.08
std. dev. of returns, all entrepreneurs 0.12
std. dev. of returns, risky entrepreneurs 0.15
min observed survival probability 0.14
max required risk premium 6.1%
risk premium, all entrepreneurs 1.1%
risk premium, risky entrepreneurs 2.8%

We simulate 50,000 individuals. The results are presented in Table 4.
In the long run 10% of the population engage into entrepreneurial activity,
24% of them invest into risky projects. One third of risky entrepreneurs are
entrants (the entry/exit rate is equal to 8%) who take the most risk. Minimal
observed survival probability is equal to 0.14.

Due to excess risk taking the volatility of entrepreneurial returns increases

by 20%: while the standard deviation of A is equal to 0.10, the standard

deviation of observed returns measured across all entrepreneurs is 0.12. If
measured across risk takers only, the excess volatility equals 50%. The cor-
responding distributions of returns are plotted on the two lower graphs of
Figure 7.

If the outside opportunity were not available, risk taking entrepreneurs
would require a premium to compensate for the excess volatility of their
returns. The maximum risk premium required would be equal to 6.1%. This
means that in the absence of the outside opportunity the entrepreneur would
be willing to invest into the same risky project as he does in our simulation
only if the project were paying a return of at least 16% (compared to 10%
in our model). Obviously, entrepreneurs with different wealth levels would
choose different amount of risk and thus would have to be compensated with
different risk premia. Averaged across risk takers, the required risk premium
is equal to 2.8%, and across all entrepreneurs (of which 76% take no risk)
it is equal to 1.1%. Although these numbers are smaller than 10% obtained
by Heaton and Lucas (2001) in a portfolio choice model with homogenous
consumers, they are quite large compared to a 3% interest rate and a 10%
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5 Final Remarks

Entrepreneurship is risky, but there appears to be no premium to private eg-
uity. Any theory addressing this puzzle must rely, directly or indirectly, on a
positive -or at least neutral- attitude towards risk. Earlier papers in this area
assume directly that entrepreneurs have a lower degree of risk aversion. In
our paper, the indirect utility function of the entrepreneur has a nonconcave
region, where riskiness is desired. However, this nonconcavity is created by
the existence of an outside opportunity so it does not rely on assumptions
about preferences for risk.

As a theory of risk taking, our model has specific implications. The
combination of the outside option and financing constraints imply a desire
for risk at low wealth levels, close to the exit threshold. As a consequence,
risk taking decreases with the level of wealth, giving rise to the positive
correlation between size (measured by investment) and survival found in the
data. This is an implication of our theory that would be hard to derive just
from the heterogeneity of preferences. As an example, Cressy (2000) justifies
risk-taking by entrepreneurs assuming that higher wealth makes agents less
risk averse. A consequence of this assumption is that larger firms should
take more risk and thus exhibit more variable growth, which is counter to
the data.

Entrepreneurs in our model are self-financed. This is obviously an ex-
treme form of borrowing constraint. A recent paper by Clementi and Hopen-
hayn (2002), derive borrowing constraints as part of an optimal lending con-
tract in the presence of moral hazard. The nonconvexity due to an outside
(liquidation) option is also present in their model and there is a region where
randomization is optimal.

We have chosen to keep our model stylized in order to get sharper results.
As a downside, our model has some special unrealistic features. Most notably,
risk-taking occurs only once; if the outcome is favorable, the entrepreneur
takes no further risk and stays in business forever. These results follow from
the possibility of choosing projects with arbitrary risk levels (including a fully
safe one) and equal returns. Risk taking could last for more than one period
if the variance of returns was bounded above. On the other hand, a lower
bound on project risk or a return/risk trade-off, generates the possibility of
future exit by firms that are currently outside the randomization region, as
analyzed in Section 4.

Another shortcoming of our model is the absence of public firms. One
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way of introducing public equity in the model is by allowing firms to become
public as they mature. There are problems with this approach. Given the
assumptions of our technology (i.e. linearity of payoffs), a market for public
equity would provide a perfect substitute for entrepreneurship: one public
firm would suffice to take advantage of the superior technology. This can
obviously be fixed by assuming decreasing returns to capital, so that public
equity is in short supply. However, open participation in the stock market
would drive the returns to public equity down, giving rise to a private equity
premium. Thus our model does not provide a resolution to the private equity
premium puzzle, but it may contribute to narrow the gap by providing a new
explanation for why entrepreneurs are willing to take excessive risk.
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6 Appendix

Proof of Proposition 1:
We develop the proof recursively. Assume that the value function Vg(w)
in the right hand side of (4) is concave, has unique intersection with R(w),
and to the right of W coincides with the determined in (2) value function
Vi(w) (where w denotes the tangent point between Vg(w) and the common
tangent line drawn to Vp(w) and R(w)). To complete the proof we must
show that these assumptions imply that (i)-(iii) of the Propositions are sat-
isfied and that similar properties hold for the entrepreneurial value function
endogenously determined in (3).

If the entrepreneur chooses a risk-free project, his value function solves
the following dynamic problem:

Ve(w) = max[n}czlax{u(w — k1) + BR(Ak)}, nﬁx{u(w — k2) + BVE(Ak)}]

= max{Vi(w), Va(w)}-
(15)

Obviously, defined in this way Vr(w) is not concave, although each of the
two functions in the right hand side of (15) is concave. Denote by wy and
wy, the wealth levels at which Ak (wy) = W and Aky(wr) = w. Obviously, -
R(w) < Vg(w) implies that V(wr) < Vao(wg) and Vr(w) = Vi(w) for w > wy
by definition of Vr(w) and wy. By the first order conditions, V{(wz) =
ﬂAR’(Q) = ,BAVE’;(E) = W(wH), and thus u(wL—kz(wL)) = ’LL(’lUH—kl(’wH)).
Therefore,

Vi(we) = Va(wr) _ BVe(@) — BRw) _ , ,Ve(@) — Rw)
wy — WL ky(wg) — ko(wg) w-w
= BAVE(W) = BAR' (w) = V{(wr) = Vo (wr).

The above implies that the line drawn through (wr, Vi (wr)) and (wg, Va(wa))
is tangent to both Vi(w) and Vo(w). Consequently, Vi(wr) > Va(wy) and
Vi(wg) < Va(wg). Moreover, this common tangent line is unique because
if there exist another common tangent line with the correspondent tangent
points w’ and w” then, by uniqueness of intersection of Vg(w) and R(w),
AK (w) = w and Aky(w”) = W. The latter, by concavity of R(w) and
Ve(w), implies that w' = wy, and w” = wy.

If the entrepreneur decides to invest in a risky project, the first order
conditions (5) must satisfy with equality. Single crossing of Vg(w) and R(w)
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implies that zk = w and yk = w. Then from (1) it follows that the prob-
ability of the realization of high payoff p = (Ak — w)/(W — w) is an in-
creasing function of entrepreneurial wealth, i.e. (iii) of the Proposition is
proven. By the first order condition with respect to k, the value function
of the entrepreneur is linear if investment into a risky project is optimal:
Vi(w) = uv'(w—k) = BAVE(w). This implies that by choosing a risky project
the entrepreneur is able to eliminate a nonconcavity in Vz(w), and therefore
risky investments are made only if the current wealth of the entrepreneur
falls into (wy, wy). Note that since wy < W and SA > 1 entrepreneurs with
wealth level w > T invest in a risk free project and stay in business forever.
Moreover, the condition R(w) > Vg(w) is necessary for w to be a tangent
point with the common tangent line to R(w) and Vg(w), thus entrepreneurs
exit if w = w. This proves (ii) of the Proposition.

Now we verify that the assumptions made in the first paragraph hold.
Concavity of Vg(w) is established above. Next, Vg(w) = Vi(w) for w > w
since Vep(w) = Vr(w) = Vi(w) for w > wy and wyg < W. As to the unique-
ness of intersection of R(w) and Vg(w), additional assumptions on R(w) are
to be made. The necessary condition would be a single crossing property
for R(w) and V;(w) - quite a standard assumption. If the latter holds, the
multiple intersection of R(w) and Vg(w) could occur only if R(w) has more
than one intersection point with the function Vi (w). Since the shape of Vi (w) -
is determined by the shape of R(w), whether or not single crossing property
is satisfied for R(w) and Vg(w) depends on the properties of R(w), which
so far has not been endogenized. That is why (i) of the Proposition holds
only if exogenously chosen R(w) is such that R(w) and Vg(w) have unique
intersection. Q.E.D.

Proof of Lemma 1:

First, we make a number of assumptions about the properties of the en-
trepreneurial value function Vg(w): (Al) Ve(w) is concave; (A2) Ve(w) =
Vi(w) for w > W, where Vj(w) is defined in (2). In the proof of Lemma 3 we
show that these assumptions are indeed satisfied.

(i) Assume that R(w) is concave.
It is straightforward to verify that R(w) and Vg(w) have at least one
intersection point: (a) R(0) > u(¢)/(1 — B) > limy—, u(w)/(1 — B) =
Vg(0); (b) if R(w) > Vg(w) for all w > 0 then R.(w) = R(w) and,
consequently, R(w) = u(¢+ (1 - B)w)/(1 —B). Using assumption (A2)
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(if)-(iid)

it is easy to verify that for w > max{w, /(8 — 1/A)} the inequality
Ve(w) = Vi(w) > u(¢ + (1 — B)w)/(1 — 8) = R(w) holds, which leads
to the contradiction and implies that at least one intersection point of
R(w) and Vg(w) exists.

Then from concavity of both R(w) and Vg(w) it follows that the defined
in (8) value function R.(w) is not concave, which in turns implies that
the defined in (9) function R(w) is not concave either.

If the value function Vg(w) is known, the equations (8) and (9) define
a standard dynamic programming problem that has a unique solution.

To find this solution it is enough to construct the value functions R(w)
and R.(w) and verify that they satisfy (8) and (9).

It is straightforward to show that there exist wg such that R(wg) =
Ve(wg) and R(w) < Vg(w) for w > wg. This implies that R'(wg) <
Vi(wg), from which, by definition of R.(w) in (8), it follows that
R'(wg) < R.(wg). Using assumption (Al), the concavity of R(w)
and R.(w) over [wg,+0o0) is recursively established. Therefore, letting
a(w) denote the optimal saving policy associated with (9), we conclude
that (1 +7)a(wg) > wg. Thus there exist a wealth level wy < wg such

that (1 + r)a(w) = wg and (1 + r)a(w) > wg for w > wy (as depicted

on Figure 5).

Define a function Ry(w) that coincides with R(w) for w > wy, is con-
tinuously differentiable in wq, and is a straight line for w < wy. Since
R (wo) = limy—y,+ R.(w), there exist a common tangent line to Ry(w)
and R.(w) with the correspondent tangent points wo € (wp, wg) and
W, € (wg, +00), for which the following equalities hold:

Ry(wo) = R (Wo) = =, (16)
Define another function:
Ry(w) = max{u(w + ¢ — a1) + BRo((1 +r)ar)}. (17)

Obviously, Ri(wp) > Ro(wp) since the optimal in (9) saving level
ap(we) = wg/(1 + r) is available in (17). However, this consump-
tion/saving allocation is not optimal for (17) because the first or-
der condition holds with strict inequality: «'(wy + ¢ — ag{wp)) =
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B(1 + r)R.(wg) > B(1 + r)Ry(wg). Thus the optimal level of savings
a;(wo) must fall below wg. Consequently, Ry(wp) > Ro(wp).

Denote by wy the wealth level at which the payoff to the optimal sav-
ings associated with the problem (17) equals to wg, (1+7)a1(wp) = wg.
From (1 + r)a;(wo) < wg it follows that wj > wy. Saving level a (wyg)
is also feasible in the maximization problem (9), so Ri(w)) < Rs(wp),
where the strict inequality occurs because the first order and the en-
velope conditions to (9) are not satisfied. This implies that there exist
wy € (wo,wy) such that Ry (wi) = Ro(wy) and ay(wj) < wg/(1+71) <
ao(wa‘).

Let w; denote the wealth level at which optimal in (17) saving a;(w)
equals to wp/(1 + r). Since Rj(w,) > Rj(wp), there exist a com-
mon tangent line to R)(w) and R,(w) with the tangent points w; €
(w1,wy) and Wy € (w§, wg) correspondingly. If (¢;(wy),a1(w1)) and
(co(wr), ao(Wr)) stand for the correspondent consumption/saving allo-
cation, then ¢;(w;) = co(Wr) because the slopes in wy and Wy are equal,
and thus:

. _ Ro(@i)~Ru(w) _ Re((14)a0 (1))~ Ro((1-+r)a1 (1))
Ry(w) = Bi(wi) = =5, 0 = B4+ = et -

Now, using the first order conditions for (9) and (17) we conclude

that (1 + r)ag(wy) and (1 + r)ai(w,) solve (16), and consequently

(1+7)ag(wy) = wy and (1+7)ay(w1) = wo. This implies that if w < w,
then (147)a;(w) < wo, as well as if w > Wy then (1+71)ag(w) > wy. Fi-
nally, since R{(w:i) < Rgy(wo), the function max{R;(w), Ro(w), R(w)},
together with the common tangent lines (passing through w,, Wy, and
wp, W) forms a concave function over (wy, +00).

Determine a sequence of functions {R.(w),n > 1} in a recursive way:
Ro(w) = max{u(w + ¢ — an) + BB (L +7)an)},  (18)

and define
R(w) = max{Ro(w), Ra(w), ..., Ru(w), ...}. (19)

If R(w) has a unique intersection with Vg(w) at the point wg then,
obviously, R(w) solves (9) and (8), and the following properties hold:
(1) if w € (wi,y,w?) then (1 + 7)an(w) € (w),w;_,), i.e. (ii) of the
Lemma holds; (2) if w € (Wri1,wn) then (14 7)ans1(w) € (Wn, Wn-1),
i.e. (ili) of the Lemma holds.
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In Lemma 3 we show that R(w) (the concave envelope of R(w)) and
Ve(w) satisfy a single crossing property, although intersections of R(w)
and Vg(w) may potentially occur within the intervals (wn, @,). If this
happens, the shape of R(w) changes within (w,11, Wa+1), but the shape

of R(w) and the properties (1) and (2) remain unchanged.

(iv) The last statement of the Lemma is directly implied by the fact that
the concave envelope on max{R(w), Vg(w)} coincides with the concave
envelope on max{R(w), Vg(w)}. Q.E.D.

A Partial Case: 3(1+r)=1: In the case of 8(1+r) =1 all the pre-
vious results imply but more may be said about entry threshold rule and the
properties of risk taking. First of all, note that if entry into entrepreneurship
is not possible (¢ = 0), the worker’s wealth and consumption stay constant
over time. The presence of entrepreneurial opportunity in future stimulates
worker’s wealth profile to grow until it reaches the wealth level at which
opening business is efficient.

The allocation of the value functions associated with this partial case is
illustrated on Figure 4 (in the end of the paper). It is easy to verify (directly
follows from the proof of Lemma 2) that that ﬁc(w) is now linear in the -
interval (0, wg). Then, obviously, there exist no common tangent line to R(w)
and Ve(w), and thus risk taking entrepreneurs choose the corner solution
z = 0 and end up with wealth w = 0 if their businesses fail. Correspondingly,
the value function Vg(w) of the entrepreneur is linear to the left of wy.

Since Lemma 2 applies, ﬁ(w) and Vg(w) have single intersection. If risk
taking occurs (wy > wg) then at the intersection point Vj(wg) exceeds
R (wg) and, correspondingly, the linear part of Ve(w) is steeper than the
linear part of R(w). On the other hand, in the proof of Lemma 2 it is
shown that the worker with wealth wj (the closest to wg kink point) saves
more than wg/(1 + r) for the next period. Consequently, limy,—.z+ R(w) <
R (wg) < Vi(wg) = Vi(wp). Therefore, no intersection of Ve(w) and R(w)
may occur in the neighborhood of wf. Similarly, no intersection may occur
in the neighborhoods of the lower kink points. That is why, no entry into en-
trepreneurship occurs below wg, independently of the initial workers’ wealth
distribution.

Proof of Lemma 2:
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(i) We construct the proof by making the recursive argument: assum-
ing the Vi(w) is such that R(w) and Vg(w) have unique intersection
point we show that the similar property holds for the value of the en-
trepreneur Vp(w) endogenously defined in (3). At the same time, we
verify recursively that assumptions (Al) and (A2) hold.

Denote by wg the largest point at which R(wg) = Vg(wg) holds. Note
that R(w) < Vp(w) for w < wg. By construction of R(w) in the
proof of Lemma 2, R(wg) = ﬁ(wE). If wg is the unique intersection
of R(w) and Vg(w), then R(w) has the shape that was described in
details above. In particular, the property (iil) of Lemma 2 holds.

As in Propositionl, the possibility of risk taking allows entrepreneur to
eliminate all nonconcavities in his next period’s value. Thus, after the
decision about the riskiness of the project has been made, the expected
continuation value of the entrepreneur is given by the concave envelope
of max{R(w), Vg(w)}, which obviously coincides with the concave en-
velope of max{R(w), Ve(w)}. Thus Vg(w) is concave and assumption
(Al) holds. Applying similar reasoning as in the proof of Proposition
1 and using assumption (A2), we imply that the current value of the
entrepreneur is a concave envelope on max{V,(w), Vi(w)}, where

Va(w) = max{u(w — k) + BR(Ak,)}. (20)

Note that due to nonconcavity of R(w) there exist intervals of wealth
within which V,(w) is linear. If the value of the entrepreneur falls into
one of these intervals, he chooses to invest in a risky project in order to |
eliminate nonconcavity in R(w), but, independently of the realization |
of the project’s return, the entrepreneur quits in the following period.

Since ﬁ(w) and Vg(w) have unique intersection and both functions
are concave, there is only one randomization region of the next period
wealth, (w,w), in which the probability of business survival is positive
(w and @ are the tangent points of R(w) and Vg(w) with their common
tangent line).

Denote by wy and wy the wealth levels at which Ak,(wy) = w and
Ak (w) = wg, where k;(w) and k,(w) denote the optimal saving deci-
sions in the problems (2) and (20). Then the sequence of arguments
similar to the one we used in the proof of Proposition 1 implies that wr,
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(i)

and wy are the tangent points of Vs(w) and Vi(w) with their common
tangent line. Obviously, Ve(w) = Vi(w) for w > wy, so assumption
(A2) holds.

Let us evaluate V,(wr). Since Ak,(wr) = w, Vi(wr) = u(c,(we)) +
BR(w), and by the first order condition u’(c, (wL)) = ﬂAR’( w). By con-
struction of B(w), there exists w’ < w such that R( "} = R(w') and the
optimal savings of the worker at w' are such that (1+r) a(w') = w. Then
R(w') = u(cg(w')) + BR(w), and v'(cr(w’)) = B(1 + r)R'(w). Since
1+7r < A, u'(cp(w')) < v/(cs(wr)), and, consequently, cr(w’) > c,(wr).
Therefore, V,(wz) < R(w') < R(w). Note also that this property im-
plies that there exists a positive lower bound on the probability of
survival of the businesses with risky investment.

Since Vs(wy) < R(w) and Vg(w) is linear in the interval (wr,wg), the
multiple intersection of R(w) and the derived Vg(w) may occur only if
Vs(w) and ﬁ(w) have a multiple intersection as it is shown on Figure
6. (Remember that V;(0) = u(0) + SR(0) = u(0) + Bu(¢)/(1 — B) <
u(e)/(1— Q) = R(O).)AH this happens, there exist w, and w;, such that
Vi(w) = R'(wz) = (B(w2) — Vs(w1))/(wz — w1) and Vi(w;) < R(wy).

Since wy < wg, the continuation wealth of the entrepreneur with the

current wealth wj is equal to w] = Ak,(wy) < w. Letting w) de-
note the continuation wealth of the worker at w; and using (iii) of
Lemma 2, ,HAR’(wl) Vi(w) = R’(wg) = /(1 + T)R'(wz) Thus
R'(w}) < R'(w)), which by concavity of R(w) implies that R(w}) >
ﬁ(wg) Therefore, since agents’ consumption levels at w; and wy co-
incide, the inequality V,(w,) > ﬁ(wg) must hold, which contradicts to
the properties of w; and w,. Therefore, Vg(w) and R(w) have unique
intersection in wg.

The sketch of the proof of the second part is described in the paragraph
preceding Lemma 3. Q.E.D.

Proof of Proposition 4:

Ifgq=

1 then R.(w) = Vg(w) for w > wg and Vg(w) = Vj(w) for w > w. By

construction of R(w) in the proof of Lemma 2, the tangent point w falls into
the same concave part of R(w) where wg belongs. Denote by w’ the optimal

continuation wealth of the worker whose current wealth level is w. Since-
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R'(wg) > Vg(wg) and B(1 + 1) > 1, we conclude that w); > w' > @ > wg
(see Figure 7).

Let wy be the wealth level at which a risk-free entrepreneur invests k(wg) =
wg/A in the project. Then the first order conditions and the inequality
1+ r < A imply that the worker at wg consumes more than entrepreneur
at wo. Since the continuation value of both agents equals to Vg(w}), the
entrepreneur at wp is worse off than the worker at wg, R(wg) > Ve(wg).

Finally, since wy > w, the wealth level wy, at which a risk-free en-
trepreneur invests w/A, is smaller than wyp, implying that wy < wg. This
means that no entry occurs within the risk taking interval (wr, wg), and thus
no risky investment is made if ¢ = 1. By continuity, risk taking does not
occur if ¢ is large enough. Q.E.D.
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