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This paper shows the derivation of the general form of the consumption and labor supply
functions used in MEG model. The determination of consumption may be varied by making
utility either afunction of consumption alone, or a function of consumption and leisure. If utility
ismodeled as a function of consumption only, then labor supply is modeled using an ad hoc
labor supply function. If leisureisincluded in the utility function then the labor supply and
consumption functions are derived jointly from the utility maximizing framework. This paper
also shows the differences in consumption, saving and labor supply responses between these two
approaches to modeling the labor supply decision. Finally, the parameter values used to calibrate
the MEG model and the fundamental equations of the model are presented so that the important

behavioral responses and other steady state properties of the model can be discussed in full.

The Consumption Function in MEG

The aggregate consumption function in the MEG Model, which is derived from the

consumer’ s utility maximization, is specificied in aform that is commonly found in the macro-

econometric time-series literature:



€ C.= bNW + bYA(l-m)+ b¥T + bYL(L-t)

t
where C, isreal consumptionin periodt, NW,_, isreal net worth at the end of the previous
period, YA, isred net asset income, M is the average tax rate on asset income, YT, is (non-
taxed) real transfer income, YL, isreal |abor income, and T, is the average tax rate on labor

income. The margina propensities to consume (MPCs) out of income and wealth are b, , b,,

b,,and b,."

Empirical research suggeststhat b, and b, are between 0.04 and 0.07, b, isaround

unity, and b, is between 0.5 and 0.7.> The values used to calibrate the MEG model are within
these ranges. While, often in the empirical literature the marginal propensities to consume out of
income and wealth are estimated as fixed parameters, in the MEG model the MPCs are not
constant but allowed to change as the parameters that determine the consumer’ s consumption
and labor supply change. Asshown in equations (A29), (A31), and(A35) in the appendix, these
MPCs depend on the real after-tax rate of return, the rate of time preference, the average and
marginal tax rates, both the inter and intra-temporal substitution elasticities, the intensity factors

in the utility function, the expected rate of growth in the consumer’s real wage, and the age, life

L A description of the lifetime utility function and lifetime budget constraint from which the consumption function is
derived isin the appendix.

2 See Ando, Albert, and Franco Modigliani, “The‘Life Cycle’ Hypothesis of Saving: Aggregate Implications and
Tests,” American Economic Review, vol. 53 (March 1963), pp. 55-84, and Brayton, Flint and Peter Tindey, eds. “A
Guideto the FRB/US: A Macroeconomic Model of the United States,” Finance and Economics Discussion Working
Paper42, Board of Governors of the Federal Reserve System, 1996.



expectancy, and retirement age of the representative consumer. Note that the exact form of the

MPCs varies depending on which version of the labor supply function is used in the model.

The personal saving rate can be derived from the consumption function and the
distribution of personal disposable income between labor income, asset income, and transfer
income. Asshown in equation (A47) in the appendix, the “long-run” saving rate is described by

the equation:
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where r, isthe pre-tax nominal interest rate, m isthe marginal tax rate on asset income, p, is
the inflation rate, and the termw (T )t isthe share of transfer income in disposable income. This

term can be written as:
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where a is capital’s share of nominal output, d isthe depreciation rate on capital, k, isthe

exogenous ratio of transfersto gross output, and g isthe steady state growth rate. Thus, the
“long-run” saving rate is afunction of the MPCs on wealth and income as well as real after-tax

rate of return and the share of transfer income in disposable income.



The Labor Supply Functionsin MEG

The MEG model provides a choice between two approaches to modeling labor supply.
The first approach determines labor supply using an equation of the labor force participation rate.
In this version, labor supply depends on the real wage, the average and marginal tax rates, and
exogenous parameters that determine the income elasticity of the labor force participation rate
with respect to the average after-tax real wage and the substitution elasticity of the labor force
participation rate with respect to the marginal after-tax real wage. The general form of the labor

force participation rate is given by:
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where W isthe real pre-tax wage received by households, ' isthe income elasticity of labor

force participation with respect to average after-tax income received by households, °isthe
substitution elasticity of the labor force participation rate with respect to the marginal after-tax

labor income received by households, T, is the average tax rate onincome, and t, isthe average

marginal tax rate on labor income. In this specification the effect of a change in average and
marginal tax rates on labor income will depend directly on the assumed values of the income and
substitution elasticities of labor force participation with respect to the after-tax wage rate. Labor
augmenting technological growth will affect the labor force participation rate if the income and
substitution elasticities are not equal. Thisimplies that unless the income and substitution

elasticities are equal the labor force participation rate would have a trend.



There have been many empirical analyses of the responses of |abor supply to changesin
after-tax wages.® Studies have found that there is a difference in responsiveness between men
and women, and between low-income workers and other workers. For this reason, the labor
force participation equation is calculated as the income-weighted average of the labor force

participation rate of four groups of taxpayers”:
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where n, isthe weighting parameter for group i and is calculated as wage income in group i

divided by the sum of wage incomein all the groups. The four groups are: (1) low-income
primary earners, (2) other primary earners, (3) low income secondary earners, and (4) other

secondary earners.” Given this specification, ' istheincome elasticity of labor force
participation for group i, ¢’is the substitution elasticity of the labor force participation rate for
group i, T isthe average tax rate on labor income for group i, and t ; isthe average marginal

tax rate on labor income for group i .

3 For arecent review of thisliterature, see Jane G. Gravelle, “Labor Supply Response and Dynamic Scoring,”
Congressional Research Service Memorandum, August 21, 2002. See also Frank S. Russell, “Labor Supply and
Taxes,” Congressiona Budget Office Memorandum, January, 1996.

* While the literature tends to focus on the difference in participation rates between men and women, two
observations have led us to change this distinction to differences between primary earners and secondary earners.
Thefirst isthat the primary “story” generally advanced to explain gender differences in participation focuses on the
primary v. secondary nature of the wages contributed to the households between thetwo groups. The second isthat
secular trends in study results seem to indicate men’ s labor force participation becoming slightly more elastic, and
women' s dightly less over aperiod that coincides with ageneral increasein women’ sroles as primary earners.

® The disaggregated |abor supply equations are assigned portions of the total |abor force based on their share of the
wages earned by the total labor force. This approach was chosen under the assumption that the groups’ share of
total wagesisaproxy for the groups’ contributionsto output. In addition, the total wages of each group, multiplied



The second approach uses the labor supply function that corresponds to the case in which
consumption and labor supply are jointly determined. In this specification, utility is afunction of

consumption and leisure, instead of consumption only. Labor supply, L. ., can bewritten in the

yi?

form
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where H isthe fixed endowment of hours to allocate between labor and leisure, E,, istime

devoted to nontaxed leisure, a. and a. areintensity parameters with respect to leisure and

consumption from a constant elasticity of scale utility function, C,, isthereal value of

consumption, W, , isthe pre-tax real wage, ands ,isthe intra-temporal elasticity of substitution.

In this specification, labor supply is constant in the steady state since pre-tax income does
not appear in the long run labor supply equation (A50) in the appendix. However, labor supply
does depend on average and marginal tax rates. Conceptually, an income elasticity for a change

in the average tax rate can be calculated as

(6)

by the average tax rate for that group, is the best measure of tax revenues generated by their participation. This
approach effectively assumes that the relative wage rate does not change between groups.



while a substitution elasticity for a change in the marginal tax rate can be calculated as

(7)

The latter computation allows the personal saving rate to depend on the marginal tax rate on

labor income. (Notethat theterm C,, in equation (5) depends on the marginal tax rate, t , .)

Labor supply isalso afunction of the real after-tax rate of return. Thisresult is problematic
since casual observation and empirical testing indicate that individuals do not adjust their work

hours very much, if at al, in response to a change in the rate of return.

Calibration of the MEG M odel

The MEG moddl is calibrated so that in theinitial period the steady state equilibrium
matches aggregate quarterly data on the U.S. economy. Consumption and saving are calcul ated
asif the age profile of the population is steady over time, and thus, the representative consumer
is always the same age but born in successive years. Assuming that some of the growth in the
real wage and real transfer income (g) is unrelated to the age of the consumer becauseiit is
macroeconomic in nature (i.e., economy-wide technical change or capital deepening) and that for
given tax rates and the rate of return, the MPCs are also fixed, it follows that in the steady state
all incomes, net worth, and consumption grow at the rate g while leisure (and labor supply) are

stationary.



The consumption function in equation (1) is calibrated to match consumption parameters
in the macroeconomic empirical literature. Following isasample calculation for a representative
consumer aged 45, with a life expectancy of 75, who retires at age 62. The nominal pre-tax rate
of return is .08, the tax rate on asset income is 0.25, and the inflation rate is 0.02. The rate of
time preference is 0.015, the inter-temporal substitution elasticity is 0.25, and the intra-temporal
substitution elasticity is 0.8. The distribution parameter for leisure (consumption) is 0.65 (0.35).
Thetax rate on labor is 0.25, and both the real wage and real transfers per capita are expected to
grow at a 2% annual rate. Under these assumptions, the calculated MPCs are .044 (net worth),
.044 (asset income), 1.08 (transfer income), and .69 (Iabor income). These are very similar to the

values currently used in the macro-econometric literature.

The Personal Saving Rate

In equation (2), the relevant definitions of income, consumption (as opposed to
consumer expenditures), and saving include durable goods as an investment yielding imputed
flows of income and consumption. Hence, personal saving (and the saving rate) should be
thought of not as the National Income and Product Account (NIPA) concept, but as the Flow-of-
Funds measure that has been adjusted to incorporate the proper treatment of consumers’ durable
goods. From 1952 though 1989, this measure of the saving rate averaged about 13.5 percent.
Since then it has fallen to around five percent, likely because of the increase in the ratio of
(equity) wealth to income, which, as recent months have demonstrated, might not be a steady-
state phenomeron. Over the entire period from 1952 to 2001, the average saving rate is about

12.25 percent. The steady-state saving rate used to calibrate MEG is considerably higher than



the current NIPA personal saving rate. For the parameters used in the earlier example, and using

the current estimated val ue of W(T)t =.12, the steady-state value of the personal saving rateis

12.5 percent, almost exactly the secular average.

The elasticity of the long-run saving rate with respect to changes in the after-tax rate of
return, i, =r, (1- m)- p,, measures the sensitivity of long run personal saving to changes in the
after-tax interest rate. For the representative consumer and the same parameter values used in
calculations above, a one percentage point increase in the real after-tax rate of return raises the
personal saving rate by 0.6 percentage points. (Thistrandatesto an elasticity of 0.29). The
inter-temporal substitution elasticity, s ,, isthe key parameter controlling thisresponse. Ass ;
rises, the response quickly escalates. For example, with s, =1 (which also required an increase

in the rate of time preference, r , to 0.033 to calibrate to reasonable values for the MPCs), the
personal saving rate increases by 6.1 percentage points in response to one percentage point
increase in the after-tax rate of return (or an elasticity of 1.9). Changesin the intra-temporal
substitution elasticity have very little impact on the responsiveness of the saving rate to changes

in the rate of return.

Labor Supply

In this specification of the labor supply, the income and substitution parameters assigned
for (1) low-income primary earners, (2) other primary earners, (3) low income secondary earners,
and (4) other secondary earners are asfollows: (1) -0.1and 0.2; for (2) -0.1 and 0.1; for (3) -0.3

and 0.6; and for (4) -0.2 and 0.8. This decomposition allows different types of tax proposals to



affect the total 1abor supply response in different ways, depending on whether they change
average and marginal rates by the same amount, and how they affect different groups of people.
According to our calculations based on income and wage data from the Joint Committee on
Taxation’sindividual tax model, the income-weighted average of the income parametersis-0.13;
the wage-weighted average of the substitution for parametersis 0.18. Note that these composite
parameters imply, on average, a net labor supply elasticity of .05 for atax change that affects
each of these groups equivalently. However, there are few tax changes - not even an across the

board rate cut - that affects each of these groups equivalently.

In the alternative specification, the labor supply elasticity is determined by structural
parameters such as the intratemporal elasticity of substitution, instead of being explicitly defined
asin the reduced-form labor supply equation. In this case, the labor supply elasticity measures
the percentage change in labor supply in response to a change in the after-tax wage. Note
however, that this only an approximation of the labor supply elasticity, since the wage rate and

labor supply are determined endogenously in the model.

If leisure isincluded in the utility function, then labor supply depends upon the real after
tax rate of return. For example, given the initial calibration described above, a one percent
increase in the rate of return raises labor supply by approximately 0.01 percent. Thisresponse
derives from the fact that the higher rate of return raises the saving rate (i.e., lowersthe

consumption rate), which, through equation (A6), impliesless leisure (i.e., more labor.)
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For the parameters used above, decreasing the marginal tax rate on labor and asset
income by one percent increases labor supply by approximately 0.32 percent. Thisimpliesa
substitution elasticity of about -0.30. Thisis determined primarily by the intra-temporal
substitution elasticity. If intratemporal elasticity of substitution equals zero, s , =0, then the
substitution elasticity of labor supply is approximately -0.01 (since the rate of return affects the
individuals labor supply.) If intratemporal elasticity of substitution equalsone, s, =1, the
substitution elasticity is approximately 0.4. For the parameters used above, decreasing the
average tax rate on labor and asset income by one percent reduces labor supply by approximately
0.31 percent. The effects of ageneral reduction in the marginal and average tax rates by one

percent increases labor supply by approximately 0.01 percent.
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Technical Appendix
Lifetime Utility Function

For a consumer born in year y, of age a, with alife expectancy of L, and who retires at

age R, the consumer’ s lifetime utility is:

(s1-1/s,
s, 4 U

s,-1 % (1+r)

(A1) SLU, =

where U, isthe utility function, r isthe consumer’s pure readl rate of time preference, and s ,

isthe intertemporal elasticity of substitution . Within a given year, the utility function is

separable in consumption and leisure (or home production):
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where C,, isthereal value of consumption, E . istime devoted to non-taxed leisure valued at

the pre-tax real wage, W, ,,a. and a areintensity parameters, and s , isthe intratemporal

a’

elasticity of substitution between consumption and leisure.
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The treatment here assumes that increases in labor productivity render the consumer’s
time more efficient whether that time is applied to labor or to leisure. Consequently, while taxes
can alter the terms of substitution between labor and leisure, productivity gains do not. This
assumption renders it possible to derive a steady state with a stationary alocation of aggregate

hours between work and leisure for a given age-distribution of the population.

Lifetime Budget Constraint

It is assumed that the consumer is born and dies with no wealth, so that the present
discounted value of nominal lifetime consumption just exhausts the present discounted values of
nominal lifetime after-tax labor income and nominal transfer income. The consumer has a fixed
endowment of hours, H , to allocate between labor and leisure in each year until retirement. H
is devoted entirely to leisure during retirement. Finally, it is assumed that the consumer receives
astream of transfer income that lasts the remainder of the consumer’slife. The lifetime budget

constraint can be written as:

éLP c 1+r,(1- m) :éR gH-E,,) W, - TLS,.| 1+1,(1- m)

a=0 y+a y’a6(1+ry+s(1' rqﬁs)) a=0 aUé (1+ ry+s(1- n'!,+s))
(A3)
+é|: YT$,. _ 1+ ry(l' mY)

13



whereP,,. isthe price of consumption in year y+a, r

y+a

isthe nominal pre-tax rate of return,

y+a
m,,, isthe (marginal equals average) tax rate on asset income, W$, , isthe consumer’s nomina

pre-tax wagerate, YT$, , isthe consumer’s nominal transfer income, and TL$, , isnominal taxes

collected on labor income. TL$, , isafunction of nominal labor income:

(A4) TL$y,a = C;y+a[(H - Ey,a)w,a] :

Note that macroeconomic variables and tax policy that are not specific to the consumer

(Pyia Mysa sM.a Gy .,) depend only on time, which isindexed by the consumer’s year of birth.

The consumer’ s wage rate, transfer income, consumpti on and leisure depend both on time and
the consumer’s age. (For future reference, we adopt the notation that when the mnemonic for a
dollar-denominated variable has a $ as a suffix, it isanomina magnitude; otherwiseitisreal.

For example, YT, , isthe consumer’sreal transfer income.)

First-Order Conditions

The consumer maximizes lifetime utility (A1) subject to the lifetime budget constraint (A3). The

first-order conditions (FOCs) of the constrained maximization are:
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where | isalagrange multiplierandt ,, = G'y+a isthe marginal tax rate on labor income.

These FOCs can be manipulated in a variety of ways that prove useful in deriving the

consumption function.
Intra-temporal Relationship Between Consumption and Leisure

The intra-temporal relationship between leisure and consumption is derived by taking the
ratio of the first-order conditions. Re-arranging terms and defining the pre-tax real wage as

W. :% leads to:

y,a
y+a

aa 0 , \"S 2
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Note that if, for a particular consumer born in year y, consumption and the after-tax real wage
change proportionately as the consumer’s age, a, rises, then that consumer’ s allocation of hours
between leisure and labor is stationary throughout life. As shown below, stationary labor supply

for an individual consumer is aspecia case that is unlikely to obtain. Over time, however, if
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productivity raises the real wage and consumption proportionately for consumers of any age,
then leisure taken by a consumer at any ageis stationary. Then, for a given age distribution of
the population, aggregate leisure and labor are stationary. As shown below, this condition is

satisfied under the assumptions adopted here.

Optimal Time Path of Consumption

To derive the optimal time path of consumption, first substitute the intra-temporal

relationship (A6) between consumption and leisure into the first-order condition (A5) for C, ,:

é b ¢ Us_z_l:[sl(szl)
e, 1s S2-1)/s, S2 A 0 “S2 ,32 ! S0 -Ys2
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Taking the ratio of consumption in two adjacent years gives.

16



, For
(#9)
g e

P
where the inflation rateis defined by 1+p ., =—~* and
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Expression (A9) implies that, given the lifetime budget constraint, consumption could
rise or fall with the consumer's age. Note, however, that for a given marginal tax rate on labor

income, F, , / F, .1 =1. Hence, (A9) can be approximated by:

(ALD) Cya»S1(1yia (L Mua) P a1 )

where Cy,a isthe growth rate of consumption. From (A11), it followsthat if the rea after-tax

rate of return exceeds the rate of pure time preference, consumption tends to rise as the consumer
ages as long as there is some inter-temporal substitution. For typical values of these parameters,

consumption rises as the consumer ages.
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Optimal Time Path for Leisure

To derive the optimal time path of leisure, form the growth of (A6) and then substitutein

the optimal time path for consumption (A9):

£ _ S (1 m)ieF,, O N, 0611, 0
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Again noting that, for unchanged taxes, F, , isconstant leadsto:
(A13) Ey,a »Sl(ry+a (1_ rr]/+a)_p y+a ~ r )_ Wy,a'

Equation (A13) reveals that leisure (Iabor) could either rise (fall) or fall (rise) with the

consumer’sage. Thisistruefor arange of reasonable parameters.

Manipulation of the Lifetime Budget Constraint

Assuming the consumer’s current ageisj, 0< j <R< L, thelifetime budget constraint

can be re-organized as:
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Consider first term on the right-hand side of (A15). The term inside the summation isthe
accumulation of the consumer’ s financial net worth through the end of year j-1. Hence, the

lifetime budget constraint can be re-written as:

5 5 c 1+r,,, (1- ”]m‘) = NVV$y,,-.1(1+ ry+j(1- myﬂ.))
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Substitute into (A17) the definitions of the inflation rate, the pre-tax real wage, real incomes, and

real net worth. Also, note that real disposable asset income can be defined as

- m. Jva, . =Nw arr - m,) 2 here M, isth al tax rat
-m, YA = y,j_lg Tep 1léw ere M, ; isthe average personal tax rate on
y+]

real personal asset income. Then:
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Future values of the pre-tax rate of return, the inflation rate, and tax rates are determined using

myopic expectations which implies:

(A19) ry+a = ry+j ’py+a = py+i ’nlﬁa = mﬁi ! mﬁa = mm' L y+a =t y+j ’t_y+a :t_y+j a= J

Substitute (A19) into (A18) and, for expositional simplicity, set y+ j = t:
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The interpretation of (A20) is straightforward: for a consumer of age| at timet, the present
discounted value of real consumption over hisor her remaining lifetime equals real financial net
worth plus real after-tax asset income plus the present discounted value of remaining real after-

tax labor and transfer income.

In asimpler analysis without leisure in the utility function, the consumption function
would be derived next by substituti ng the optimal time path of consumption into the left hand
side of (A20), assuming leisure (and hence labor supply) is fixed so that labor income grows at
the same rate as the real wage, and then solving for current consumption in terms of net worth,
current incomes, and expected growth in transfers and the real wage. Here, however, a
complicating factor is that future values of labor income depend on future values of leisure,
which in turn depend on future values of the real wage. In order to eliminate these dependencies
from the ultimate form of the consumption function, some further manipulations of the lifetime
budget constraint are required. To begin, collect on to the left hand side all the termsin

consumption and leisure:
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Substituting (A6) into the left hand side of (A21) and collecting termsin C, ,
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Making use of the assumption that expectations of taxes are myopic, and restating (A22) in terms
of the current levels of consumption, the pre-tax real wage, real transfer income, and the

respective factors for cumulative future growth:
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e 3ac yja_ gcyjﬂe1+r 1- m)g vi-1 Ayl( ”?)
(A23)
=YT,a a tH@E-)wW,a == u
yja: gYTyJ ﬂel+r (1 ”])0 ' yja:j EWY’J £1+ I (1- m)ﬂ

It is assumed that the consumer expects the real wage to grow at an average rate of gw over the

remainder of hisor her life working life. This growth can result either from macroeconomic
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factors, like technical advance or economy wide capital deepening, or from age-dependent
factors specific to the individual, like experience or investment in human capital. It need not
equal the real growth rate of aggregate productivity. Assuming that transfer income is expected

to grow at the rate gyt over the remainder of the consumer’s life implies:

é . a. -5, u, & 0e 1+p U _ _
AL+ ZE(1-t 1- £,)¢C,. <8 b = NW;, + YA, (1-
gl+ac( t) ( t)H y,Jgj Cyjagl-'-rt(l_ m)H bia T ij( m)
(A24)
| « 6 1+p, U § w6 14p, U
=YT, a[1+ot] ' e——t—g +H@A-6)W, 3 [1+ ] e
y,Jaa:j[ gyt] S+ rt(l- m)H ( t) wgj [ ] 1+ rt(l- m)H

Each term on the right hand side of (A24) is either exogenous to the maximization problem, or is

predetermined by the consumer’ s previous saving decisions.

Deriving the Consumption Function

Now the consumption function can be derived by substituting the optimal time path for

consumption into (A24) and the solving the resulting expression for current consumption. First,

substitute (A9) into (A24)
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é 1+rt (1' ”?)
gl+r) (1+p,)

s
u
a
u

i é &'é 1+p ﬁﬁ
(A25) NW,, , + YA, (1- m)+YTy,ja5:lj (L+g) Jmﬂ

5 ~i© 1+p u
+(1-t,)YL 1- I & LS.
(Lt A (- 0 ey

S-S,

6F iitss

A_ya .,

= u
@Fyvj 0

Under myopic expectations of taxes, t , =t ;fora> j. It then followsimmediately from (A9)

that fora>j, F, ,/F, ., =1. Next define the consumption discount factor, d, , as

\S1

c

€ 1+p, UE1+r(1-m)
al+r (1- m)ga1+r)(2+p,)

(A26) d =

oOC

Note that the discount factor depends only on the real after-tax interest rate, the inflation rate,

and the rate of time preference. The summation of d, over the consumer’sremaining lifetimeis:

(A27) adr’ ==——t—=q(dL),,.

The summation of the discount factor depends on the age of the consumer, but not the year in

which the consumer was born. Next define the wage discount factor as:
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(1+p,)(1+gw)

(A28) q = T (L m)

and the summation of g, over the consumer’s remaining working career as.
a-j — 1- qtR -
(A29) a a; e - G(a,R), -

Finally, define the transfer income discount factor as:

_ (1+p,)(1+oyt)
1+ rt(l' m)

(A30) 9,

and the summation of g, over the consumer remaining lifetime as:

A3L #1218 o gg L)
(A31) aa_.]gt BT g.L),-

Substituting (A27), (A29), and (A31) into (A25) and re-arranging terms yields:

e 1 O & 1 O
C,, +tEW,;(1-T)) =¢————+NW; , + c———+YA (1- M
2| Y yJ( ) éG g 6 éG(d, )t’j z '% ( m)
(A32)
aEG(g,L)t 0 a5(q, R)
eSan, i H(L-6) W,
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0
Subtracting é G(d L)t’] 2B, W, ]( - t‘t) from both sides of (A32) and collecting terms yields:
i@

& G(q,R) ;6 @ 1 0 e 1 6 )
Gt BB D), T e, 5 fean, 5
(A33)
a&G(g,L), . 6 aG(q, L),
J + idH-E)W. (1 €
éG(d L5 " éG(d L)UB( i) W, (- €)

Note that (H - E, is current pre-tax real labor income, YL, ;. Substituting (A6) into the

Y.

left hand side of (A33) and collect termsin C, ;:

i & G(q,R) O e 0
Cule 250 ) 1 ) oy Y ~Fe e
i ac G L)t’”-ab G(d.L),, 5
(A34)
+% 1 %( ) YT.+88:;(q’R)t'j9(1- t_)YL
(o0, 0 e e
Finally, define h, =1+2E(1-t )'52(1-t‘)ai- cla.R), 2. collect terms, and then solve for the
U ag ! t é Gld,L),; &

current value of consumption:
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s 2] o]
é _NVVYJ 1t ééi“w (1- m)
htJ tj 17/ ht,j G(d’L)t,j ]
(A35)

;t - L) o éht ’ (1 T)YL-

Thisisthe desired form of the consumption function with the MPCs defined as:

b, = 19 b, = o
éhu &d.L), 5 éht, G(d 0.5
b, = 0 ® Ga.R), ©
éhtj Gd,Lm;’ éhtj qd.L), 5

The MPCs depend on the real after-tax rate of return, the rate of time preference, the average and
marginal tax rates, both the inter and intra-temporal substitution elasticities, the intensity factors
in the utility function, the expected rate of growth in the consumer’s real wage, the age of the
consumer, life expectancy, and retirement age. If leisureis not included in the utility function,

ag =0and h; =1; otherwise the form of the consumption function is not effected.

Personal Disposable Income

To consider income and substitution effects for the personal saving rate and for labor supply we

need to model the distribution of personal disposable income between labor income, asset

28



income, and transfer income. This requires bringing a production function into the analysis and
specifying how government sets transfer payments. Using a Cobb-Douglas production function

with labor-augmenting technical change under a neutral corporate income tax, gross output is:
a t l-a
(A36) Q = AK} ((1+a)'L,)

where A isascalar, a is“capital’s share’” of nomina output (assuming factor markets are
competitive) and g is the rate of technical advance. If the relative price of consumption goodsis

1, then real disposable labor incomeis:

(A30 -6V, =(1-1)(1-a)Q.

Real disposable asset incomeis:

(A39) (1- m)YA =(1- M)(aQ- dK,)=(1- M) (5 - p)K, = (1 M)aQ gr—tie
el pt+dﬂ

where d isthe fixed depreciation rate on capital. Assume government sets transfers as an

exogenous share, Kk, of gross output. Then real personal disposable income can be written as:

(A39) YPD, = g(l' a)(l' t_t) ta (l' m)&’%g@ .
e I - pt+d u
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The share of transfersin disposable incomeis:

(Ad0) w(T), = “
- - . m)—t—rt
(1-2)(1- )+ - m) B
and the share of labor income in disposable incomeis:
(Ad1) w(L), = (1-2)@-r) — .
(1-a)(1- ;) +a (1- m)m%

Deriving the Personal Saving Rate

Re-writing (36) with the MPCs redefined condenses the exposition to:

(A42) C,, =b,NW, ,+b,YA (1- m)+byT, +byYL (1-t;).

yi-1

Real personal disposable incomeis:

(A43) YPD, ;= YA, (1- m) +YT +YL, (1- t‘t) :

Note that this definition treats undistributed corporate profits as part of personal income. Real

personal savingis:
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(A44) S, =YPD,;- Gy,

The short-run saving rate is calculated using the recently observed value of real financial net
worth. Notethat YA, (1- m)=NW, . (r,(l- m)- p, ). Then (A43) through (A44) can be

combined to yield:

| C.. GNW, .0, \
Vi =\(Psy[; =1 oY gYPSJ “:8p, +(b, - b,)(r.(1- m)- p.)g
yi

vi vi @

(A45)
-b, - w(T), (bs- b,).

This short-run saving rate is afunction of all the underlying parameters as well as the ratio of
wealth to income. A long-run saving rate can be derived by observing that real net worth at the
end of the previous year is the accumulation of past rea saving. If al variables, including

saving, grow at the steady-state rate g, then:

(A46) s 188 0%
YPDyJ 9 YPDy,J' 5 9

Substituting (A46) into (A45) and solving for s, ;:

_ gg]" b, - W(T)t(b3- b4)EI
(A47) 37 g+, +(b,- b,) (i (1- m)-p,)’
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Deriving the Labor Supply Function

From (A6), current labor supply for a consumer of agej is:

(A48) L, =H-E,=H- ?‘_"@ul (]

Yl 4]
Substituting into this the expression for the long run saving rate leads to, after some

manipulation:

%10

YPD,, 6
(A49) L, =H-E, =H- A
gac LYI YJ

o w9 (1-6)(1-t)
01 5) gyt (001

Utilizing the definition of |abor’ s share of disposable income, (A49) can be solved for labor

supply as:

H

1+gac Eg [1-6]f2-t]™ |

(A50) L, =

yi
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