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4 Lqwurgxfwlrq

Jlyhq wkdw frqvxphuv gr qrw uhsodfh gxudeohv hyhu| gd|/ lw kdv ehfrph frp0

prq wr dvvxph wkdw sxufkdvhv ri gxudeohv duh vxemhfw wr �{hg frvwv ri dgmxvw0

phqw1 Dprqj wkh �{hg frvwv prvw riwhq flwhg duh �ohprqv frvwv1�4 Wkhvh

frvwv dulvh ehfdxvh dgyhuvh vhohfwlrq lq wkh vhfrqgdu| pdunhw uhgxfhv wkh

sulfh ri d gxudeoh/ dqg wkhuhe| glvfrxudjhv wudgh +Dnhuori ^4<:3`,1 Wkh vl}h

ri wklv frvw ghshqgv rq wkh glvwulexwlrq ri txdolw| lq wkh vhfrqgdu| pdunhw/

dqg wklv glvwulexwlrq ghshqgv rq wkh vdohv ghflvlrqv ri frqvxphuv1 Lq vslwh ri

wkh reylrxv hqgrjhqhlw| ri vxfk frvwv/ prghov ri gxudeohv w|slfdoo| dvvxph

wkdw wkh �{hg frvwv ri dgmxvwphqw duh h{rjhqrxv1
Wkh prgho wkdw zh suhvhqw lv vwdqgdug h{fhsw wkdw wkh dgmxvwphqw frvw

dulvhv hqgrjhqrxvo| iurp dgyhuvh vhohfwlrq lq wkh vhfrqgdu| pdunhw1 Lq wkh

prgho/ frqvxphuv krog fduv ri ydulrxv txdolwlhv1 Rqo| wkh rzqhu ri d fdu
nqrzv lwv wuxh txdolw|1 Wkhuh lv dovr d sdudphwhu wkdw fkdudfwhul}hv wkh
txdolw| ri wkh pdwfk ehwzhhq wkh fdu dqg lwv rzqhu1 D jrrg pdwfk lv pruh
ghvludeoh wkdq d srru pdwfk1 Frqvxphuv pd| vhoo fduv hlwkhu ehfdxvh wkh
txdolw| lv orz ru ehfdxvh wkh fdu lv qrw d jrrg pdwfk iru wkhlu fxuuhqw qhhgv1

Ehfdxvh wkh txdolw| ri fduv rq wkh vhfrqgdu| pdunhw whqgv wr eh ehorz wkdw
ri xvhg fduv/ kroghuv ri uhodwlyho| jrrg xvhg fduv idfh d frvw wr vhoolqj wkhlu
fdu dqg sxufkdvlqj d qhz rqh1 Wklv lv wkh rqo| dgmxvwphqw frvw lq wkh prgho1
Wkh uhodwlyh sursruwlrqv ri frqvxphuv vhoolqj rq wkh edvlv ri txdolw| dqg �w
zloo lq xhqfh wkh vl}h ri wklv frvw1 Wkh juhdwhu wkh txdqwlw| ri kljk txdolw|
fduv rq wkh vhfrqgdu| pdunhw/ wkh orzhu wkh dgmxvwphqw frvw1

Wkh rswlpdo dgmxvwphqw srolf| lv d vwdwh0frqwlqjhqw r7 srolf|1 Frqwlq0
jhqw rq wkh djh dqg wkh txdolw| ri wkh fdu/ frqvxphuv frqwlqxh wr krog wkh
fdu li wkh pdwfk sdudphwhu olhv zlwklq vrph udqjh derxw wkh rswlpxp1 Wkh
olplwv ri wklv udqjh ri lqdfwlrq/ wkh frqvxphuv r7 edqgv/ whqg wr eh zlghu/

wkh kljkhu wkh txdolw| ri wkh dxwr1 Wklv uh hfwv wkh dgyhuvh vhohfwlrq lq wkh

pdunhw1

Lq vhfwlrq 5/ zh vwxg| wkh lqwhudfwlrq ehwzhhq dgyhuvh vhohfwlrq dqg dg0
mxvwphqw lq d prgho lq zklfk fduv odvw iru rqo| wzr shulrgv1 Wklv vhwwlqj

looxvwudwhv wkh vwudwhjlf frpsohphqwdulw| ehwzhhq lqglylgxdo dgmxvwphqw gh0
flvlrqv1 Li vrph djhqwv vhoo wkhlu fduv lq rughu wr lpsuryh wkhlu pdwfk/ wkhq

wkh txdolw| ri fduv lq wkh vhfrqgdu| pdunhw lpsuryhv/ wkh dgmxvwphqw frvwv

4Vhh/ iru h{dpsoh/ Edu0Lodq dqg Eolqghu ^4<<5`/ Fdedoohur ^4<<7`/ Hehuo| ^4<<7`1 Deho
hw do1 ^4<<9` xvh ohprqv h�hfwv wr prwlydwh lqyhvwphqw lqhuwld1
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idoo/ dqg wkh lqfhqwlyh wr dgmxvw lv wkhuhe| lqfuhdvhg1 Wklv ihhgedfn ehwzhhq

wkh vdohv ghflvlrqv dqg wkh dgmxvwphqw frvw ohdgv wr wkh srvvlelolw| ri pxowlsoh

htxloleuld1 Lq vrph htxloleuld wkh r7 edqgv duh zlgh/ dgmxvwphqw e| rzqhuv

ri kljk txdolw| fduv lv uduh/ dqg wkh ohprqv sureohp lv vhyhuh1 Lq rwkhuv wkh

r7 edqgv duh qduurz/ doo w|shv ri djhqw dgmxvw/ dqg wkh ohprqv sureohp lv

plog1

Rxu �uvw frpsdudwlyh vwdwlf uhvxow frqfhuqv wkh h�hfw ri dq lqfuhdvh lq wkh

yduldqfh ri wkh vkrfn wr wkh pdwfk sdudphwhu1 Lq r7 prghov zlwk h{rjhqrxv

�{hg frvwv/ vxfk dq lqfuhdvh zrxog ohdg djhqwv wr zlghq wkhlu edqgv dqg wr

dgmxvw pruh riwhq1 Lq h�hfw/ wkh| glylgh wkh frvw ri wkh lqfuhdvhg yduldqfh
ehwzhhq odujhu ghyldwlrqv iurp wkh rswlpdo vwdwh dqg pruh iuhtxhqw sd|phqw
ri wkh dgmxvwphqw frvw1 Lq rxu prgho/ krzhyhu/ wkhuh lv dq dgglwlrqdo h�hfw1
Pruh iuhtxhqw dgmxvwphqw phdqv pruh djhqwv duh vhoolqj wkhlu fduv1 Wklv
lpsolhv wkdw wkh dyhudjh txdolw| lq wkh vhfrqgdu| pdunhw lpsuryhv dqg wkh

dgmxvwphqw frvw idoov1 Khqfh wkh edqgv pd| qduurz lqvwhdg1
Lq Vhfwlrq 6/ zh h{whqg wkh olih ri fduv/ zklfk lqwurgxfhv dgglwlrqdo g|0

qdplf hohphqwv1 Rxu irfxv lv rq wkh hyroxwlrq ri wkh r7 wuljjhuv dv fduv djh1
Zh �qg wkdw wkh edqgv whqg wr qduurz zlwk djh/ vr wkdw dgyhuvh vhohfwlrq
lv lqlwldoo| vhyhuh/ exw ohvvrqv zlwk wlph1 Wklv h�hfw dulvhv iurp wzr glvwlqfw

vrxufhv1 Iluvw/ li wkh vkrfnv wr wkh pdwfk sdudphwhu dffxpxodwh ryhu wlph/
wkhq wkh plvpdwfk ehwzhhq dq rzqhu dqg dq dxwr lv juhdwhu wkh orqjhu wkh
fdu lv khog1 Wklv phdqv wkdw wkhuh lv juhdwhu uhdvrq wr vhoo d jrrg rog fdu
wkdq d jrrg qhz fdu/ vr wkdw wkh glvwulexwlrq ri txdolw| lq wkh vhfrqgdu|
pdunhw whqgv wr lpsuryh zlwk djh1 Dv wkh glvwulexwlrq ri txdolw| lpsuryhv/

wkh dgmxvwphqw frvwv idoo/ dqg wkh r7 edqgv qduurz1
Wkh vhfrqg uhdvrq wkdw wkh edqgv pd| qduurz zlwk djh lv wkdw/ li wudglqj

klvwru| lv revhuydeoh/ kroglqj d fdu pd| vhuyh dv d vljqdo wkdw wkh fdu lv kljk
txdolw|1 Vlqfh djhqwv zlwk jrrg fduv idfh kljkhu dgmxvwphqw frvwv dqg kdyh

zlghu r7 edqgv/ fduv wkdw uhpdlq xqvrog duh pruh olnho| wr eh ri kljk txdolw|/

zkhuhdv fduv wkdw duh vrog hduo| duh pruh olnho| wr eh ohprqv1
Lq erwk fdvhv/ wkh survshfw wkdw wkh pdunhw pd| lpsuryh zlwk wlph fuhdwhv

d ixuwkhu lqfhqwlyh wr zdlw dqg vhoo dw d odwhu gdwh1 Djhqwv nqrz wkdw dv
txdolw| lq wkh vhfrqgdu| pdunhw lpsuryhv/ vr zloo wkh sulfh wkdw wkh| fdq

uhfhlyh iru wkhlu fdu1 Wklv h�hfw dovr zlghqv wkh edqgv iru qhzhu fduv1
Wrjhwkhu wkhvh h�hfwv fdq h{sodlq zk| wkh ohprqv sureohp lv pruh vhyhuh

iru qhz fduv1 Qhz fduv orvh dv pxfk dv 53 shufhqw ri wkhlu ydoxh dv vrrq dv
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wkh| duh gulyhq r� wkh orw15 Wkhuh lv xqghuvwdqgdeo| frqvlghudeoh uhoxfwdqfh

wr vhoo d qhz fdu1 Ihz shrsoh dsshdu wr kdyh vlplodu wurxeoh vhoolqj irxu ru

�yh |hdu rog fduv1

5 Uhodwhg Olwhudwxuh

Dv wkh lqwurgxfwlrq pdgh fohdu rxu sdshu uhodwhv wr wzr olwhudwxuhv= r7 dg0

mxvwphqw dqg dgyhuvh vhohfwlrq1 Lw lv vrphzkdw vxusulvlqj wkdw wkhvh olwhu0

dwxuhv kdyh qrw ehhq eurxjkw wrjhwkhu hduolhu/ vlqfh hdfk lq lwv rzq zd|

dwwhpswv wr h{sodlq lqhuwld1
Lq wkh dgyhuvh vhohfwlrq olwhudwxuh/ wkh prvw forvho| uhodwhg sdshu lv wkdw

ri Khqgho dqg Ol}}hul ^4<<<`1 Wkh| frqvwuxfw d g|qdplf prgho zlwk dgyhuvh

vhohfwlrq lq wkh xvhg fdu pdunhw16 Wkh| prwlydwh wudgh e| dvvxplqj wkdw
djhqwv gl�hu lq wkhlu wdvwh iru txdolw|1 Wkh| �qg wkdw vrph djhqwv uhiudlq iurp
vhoolqj kljk txdolw| xvhg fduv gxh wr wkh frvw lpsrvhg e| dgyhuvh vhohfwlrq
lq wkh vhfrqgdu| pdunhw1 Wkh| dovr ghprqvwudwh wkh srvvlelolw| ri pxowlsoh
htxloleuld1 Wkh pdlq gl�huhqfh ehwzhhq rxu dssurdfk dqg wkhluv lv wkdw

zh prwlydwh wudgh e| phdqv ri d pdwfk sdudphwhu wkdw hyroyhv ryhu wlph1
Wkhlu wdvwh iru txdolw| lv dq lqglylgxdo �{hg h�hfw1 Wkh| fdqqrw wdon derxw
dgmxvwphqw wuljjhuv dqg wdujhwv1

Wkh vhfrqg olwhudwxuh lv wkh olwhudwxuh rq r7 dgmxvwphqw1 Wkh r7 prgho
zdv ghyhorshg e| Duurz/ Kduulv/ dqg Pduvfkdn ^4<84` lq wkh frqwh{w ri lqyhq0

wrulhv dqg h{whqghg wr wkh frqvxpswlrq ri d gxudeoh jrrg e| Jurvvpdq dqg
Odurtxh ^4<<4`1 Wkhuh lv e| qrz d odujh olwhudwxuh rq gxudeoh dgmxvwphqw17

Prvw ri wkhvh prghov gr qrw frqwdlq dq| htxloleulxp lqwhudfwlrqv1
Sdshuv wkdw gr doorz iru htxloleulxp lqwhudfwlrqv irfxv rq wkh ghwhuplqd0

wlrq ri wkh sulfh ri wkh frpprglw|/ qrw wkh dgmxvwphqw frvw1 Dprqj wkhvh

sdshuv/ Vwro|dury ^4<<<` lv wkh prvw forvho| uhodwhg wr rxu zrun18 Kh frqvlg0
huv dq hqylurqphqw lq zklfk fduv ghsuhfldwh ryhu wlph dqg wudgh lv prwlydwhg

e| khwhurjhqhlw| lq wkh wdvwh iru txdolw|1 Kh vkrzv zklfk txdolwlhv duh sur0
gxfhg qhz/ zklfk duh wudghg rq vhfrqgdu| pdunhwv/ dqg vroyhv iru wkh sulfhv

5Vwljolw} ^4<<:/ s1 766`1
6Eorxlq ^4<<;` frqvwuxfwv d prgho dorqj vlplodu olqhv1
7Vhh/ iru h{dpsoh/ Ehuwrod dqg Fdehoohur ^4<<3`/ Edu0Lodq dqg Eolqghu ^4<<5`/ Fdehoohur

^4<<6`/ Hehuo| ^4<<7`/ Fduuroo dqg Gxqq ^4<<:`/ Dggd dqg Frrshu ^4<<<`/ Fdsolq dqg Ohdk|
^4<<<`/ Ohdk| dqg ]hlud ^4<<<`

8Fdsolq dqg Ohdk| ^4<<<` dqg Ohdk| dqg ]hlud ^4<<<` dovr hqgrjhql}h sulfhv lq dq vV

prgho1
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wkdw fohdu vhfrqgdu| pdunhwv1 Kh grhv qrw/ krzhyhu/ lqfrusrudwh dgyhuvh

vhohfwlrq1 Wkh frvwv ri dgmxvwphqw lq klv prgho duh h{rjhqrxv1

Hlvihogw ^4<<<` frqvwuxfwv d prgho ri dq htxlw| pdunhw zklfk kdv dvshfwv

ri erwk r7 ehkdylru dqg dgyhuvh vhohfwlrq1 Djhqwv lvvxh htxlw| iru rqh ri

wzr uhdvrqv= wkh djhqw nqrzv wkdw wkh surmhfw lv edg ru wkh djhqw qhhgv

wkh prqh|1 Khu prgho h{klelwv d �qdqfldo dffhohudwru1 Kljkhu djjuhjdwh

surgxfwlylw| fdxvhv djhqwv wr lqfuhdvh wkh vl}h ri wkhlu lqyhvwphqwv zklfk kdv

wkh h�hfw ri lqfuhdvlqj wkh yduldqfh ri wkhlu lqfrph1 Dv wklv yduldqfh lqfuhdvhv

pruh djhqwv vhoo fodlpv wr kljk txdolw| surmhfwv/ zklfk uhgxfhv wkh dgyhuvh

vhohfwlrq sureohp dqg lpsuryhv wkh h!flhqf| ri wkh htxlw| pdunhw1 Wkh
ixqgdphqwdo surshuwlhv ri wklv phfkdqlvp duh yhu| vlplodu wr wkh phfkdqlvp
dw zrun lq rxu vwdwlf prgho ri Vhfwlrq 61 Hlvihogw/ krzhyhu/ grhv qrw frqvlghu
pxowl0shulrg surmhfwv dqg vr fdqqrw dqdo|}h krz wkh wkuhvkrog iru lvvxlqj
htxlw| hyroyhv ryhu wlph1

6 Wkh Prgho

Wlph lv glvfuhwh dqg lqgh{hg e| | 5 ifc �c � � �j1 Wkhuh lv d frqwlqxxp ri

lq�qlwho| olyhg frqvxphuv lqgh{hg e| � 5 dfc �o/ hdfk ri zkrp lqhodvwlfdoo|
ghpdqgv d vlqjoh dxwrpreloh1 Frqvxphuv fduh erwk derxw wkh txdolw| ri
wkh fdu wkdw wkh| rzq dqg krz zhoo lw phhwv wkhlu qhhgv1 Fduv frph lq wzr
w|shv= jrrg fduv dqg edg fduv1 Frqvxphuv ghulyh juhdwhu xwlolw| iurp jrrg
fduv1 Qhhgv duh uh hfwhg e| d pdwfk sdudphwhu/ 5�|/ zklfk vxppdul}hv doo
rwkhu prwlydwlrqv iru wudgh ehvlgh fdu txdolw|/ lqfoxglqj/ dprqj rwkhu wklqjv/

wdvwhv/ lqfrph/ dqg ghprjudsklfv1 Hdfk shulrg | hdfk djhqw � uhfhlyhv xwlolw|=

L�| ' %�| � 5
2

�| � )�|�

Khuh % lv d udqgrp yduldeoh wdnlqj wkh ydoxh 4 li wkh txdolw| ri wkh fdu lv

jrrg dqg � 5 Efc �� li wkh txdolw| lv edg/ dqg )�| uhsuhvhqwv qhw vshqglqj rq
fduv1 Frqvxphuv glvfrxqw ixwxuh sd|r�v e| q1

Fduv odvw iru wzr shulrgv1 Diwhu wzr shulrgv wkh| ghsuhfldwh frpsohwho|

dqg wkh rzqhu pxvw sxufkdvh dqrwkhu1 Rzqhuv ri rqh |hdu rog fduv pd| dovr

sxufkdvh dqrwkhu fdu/ exw wr gr vr wkh| pxvw vhoo wkh fdu wkdw wkh| srvvhvv1
Lq dq| shulrg wkhuh duh wzr pdunhwv lq rshudwlrq= d pdunhw iru qhz fduv dqg

d pdunhw iru rqh |hdu rog fduv +xvhg fduv,1
Qhz fduv duh vxssolhg e| ghdohuv1 Zh gr qrw prgho wkh ghdohuv* sureohp

lq ghwdlo1 Wkh rqo| surshuwlhv wkdw zh qhhg duh wkh sulfh ri d qhz fdu dqg wkh
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suredelolw| wkdw d qhz fdu lv jrrg txdolw|19 Ohw Rf ghqrwh wkh h{rjhqrxv sulfh

ri d qhz fdu/ dqg ohw Z 5 Efc �� ghqrwh wkh h{rjhqrxv suredelolw| wkdw d qhz

fdu lv jrrg txdolw|1 Lw zloo dovr eh xvhixo wr ohw ^f ' Z n E�� Z�� ghqrwh wkh

h{shfwhg txdolw| ri d qhz fdu1 Wr hqvxuh wkdw frqvxphuv zloolqjo| sxufkdvh

qhz dxwrv/ zh dvvxph wkdw E� n q�^f : Rf1

Zh dvvxph wkdw wkh txdolw| ri dq| sduwlfxodu fdu/ zkhwkhu qhz ru xvhg/ lv

wkh sulydwh lqirupdwlrq ri wkh rzqhu1 Wklv jlyhv ulvh wr wkh dgyhuvh vhohfwlrq

sureohp wkdw pdnhv dgmxvwphqw lq wklv prgho lqwhuhvwlqj1

Zkhq d frqvxphu sxufkdvhv d fdu wkh| fkrrvh rqh wkdw lv d jrrg pdwfk1

Wkxv d qhz ru xvhg fdu sxufkdvhg lq shulrg | zloo kdyh d pdwfk sdudphwhu
5�| ' f1 Wkh pdwfk hyroyhv ryhu wlph/ vr wkdw li d frqvxphu erxjkw d qhz
fdu lq shulrg | � �/ wkh pdwfk sdudphwhu 5�| lv d udqgrp yduldeoh/ zkrvh
glvwulexwlrq lv ghvfulehg e| d glvwulexwlrq ixqfwlrq 8 rq -1 Zh zloo pdnh
dvvxpswlrqv rq 8 dv qhfhvvdu| lq rughu wr hqvxuh xqltxhqhvv/ frqwlqxlw| ru

gl�huhqwldelolw| ri d vroxwlrq1 Dw wklv srlqw zh rqo| dvvxph wkdw wkh 5�| duh
lqghshqghqw dfurvv wlph dqg dfurvv djhqwv dqg wkdw

U 5

35 _8 	 � iru doo 5 : f1
Wklv odvw dvvxpswlrq hqvxuhv wkdw vrph djhqwv uhfhlyh vkrfnv wr wkhlu pdwfk
wkdw duh vr edg wkdw wkh| dgmxvw xqghu dq| flufxpvwdqfhv1

Wkh dvvxpswlrq wkdw
U 5

35 _8 	 � iru doo 5 : f jxdudqwhhv wkdw wkhuh lv

dozd|v d srvlwlyh vxsso| ri xvhg fduv rq wkh vhfrqgdu| pdunhw1 Lw grhv qrw/
krzhyhu/ hqvxuh wkdw wkhuh lv srvlwlyh ghpdqg1 Li wkh sulfh ri qhz fduv lv orz
hqrxjk djhqwv pd| suhihu wr vfuds wkhlu xvhg fduv dqg wkhq sxufkdvh qhz
rqhv1 Zh ehjlq zlwk wkh fdvh lq zklfk Rf lv kljk hqrxjk +Rf � E����EqnZ�

wxuqv rxw wr eh vx!flhqw, wkdw wkhuh h{lvwv dq dfwlyh vhfrqgdu| pdunhw iru

xvhg fduv1 Zh frqvlghu dq htxloleulxp zlwk vfudsslqj ehorz1
Lq shulrg }hur/ rqh kdoi ri wkh frqvxphuv ehjlq zlwk rqh |hdu rog fduv1

Wkh uhvw ehjlq zlwkrxw fduv1 Wkh wlplqj ri pryhv lq hdfk shulrg lv dv iroorzv1

Dw wkh ehjlqqlqj ri shulrg | kroghuv ri rqh |hdu rog fduv revhuyh wkh pdwfk
sdudphwhu 5�|1 Qh{w wkh pdunhwv iru qhz dqg xvhg fduv rshq vlpxowdqhrxvo|1

Diwhu wudgh lv frpsohwhg/ frqvxphuv revhuyh wkh txdolw| ri wkh fdu wkdw wkh|
rzq +li wkh| gr qrw douhdg| nqrz lw, dqg uhdol}h xwlolw| L�|1

Kroghuv ri rqh |hdu rog fduv fkrrvh zkhwkhu wr vhoo wkhlu xvhg fduv/ zkloh

sxufkdvhuv ri fduv ghflgh ehwzhhq qhz dqg xvhg fduv1 Zh orrn iru d vwdwlrqdu|
v|pphwulf Qdvk htxloleulxp dv d vroxwlrq wr rxu prgho1

9Jlyhq wkh lqhodvwlf ghpdqg iru dxwrv/ wkh sulfh ri qhz fduv zloo eh ghwhuplqhg
lq htxloleulxp e| wkh pdujlqdo frvw ri surgxfwlrq +dvvxplqj wkdw wkh ghdohuv ehkdyh
frpshwlwlyho|,1

8



614 Vroxwlrq

Vlqfh doo frqvxphuv sxufkdvlqj fduv duh dolnh/ li wkhuh lv dq dfwlyh vhfrqgdu|

pdunhw iru xvhg fduv/ frqvxphuv zkr duh pdnlqj dgmxvwphqwv pxvw eh lqgli0

ihuhqw lq htxloleulxp ehwzhhq sxufkdvlqj d qhz fdu dqg d xvhg fdu1 Zh xvh

wklv idfw wr vroyh iru wkh rswlpdo dgmxvwphqw vwudwhjlhv1 Zh vroyh wkh prgho

uhfxuvlyho|1 Iluvw/ zh vroyh iru wkh rswlpdo dgmxvwphqw srolf| ri wkh kroghu

ri d rqh |hdu rog fdu1 Wklv ghwhuplqhv wkh dyhudjh txdolw| ri fduv lq wkh xvhg

fdu pdunhw1 Zh wkhq vroyh iru wkh sulfh ri xvhg fduv1

Ohw T�E%c 5� ghqrwh wkh ydoxh ri dq rswlpdo srolf| iru dq djhqw zkr hqwhuv

wkh shulrg kroglqj d rqh |hdu rog fdu ri txdolw| % dqg d pdwfk 51 Wkh
djhqw ghflghv zkhwkhu wr nhhs wkh fdu ru wr sxufkdvh dqrwkhu fdu1 Vlqfh lq
htxloleulxp wkh djhqw lv lqgl�huhqw ehwzhhq sxufkdvlqj d qhz fdu dqg xvhg
fdu/ zh pd| dvvxph iru wkh sxusrvh ri ghwhuplqlqj wkh rswlpdo srolf| wkdw

wkh djhqw ghflghv wr sxufkdvh dqrwkhu rqh |hdu rog fdu1 Wkh ydoxh ixqfwlrq
ehfrphv=

T�E%c 5� ' 4@ i%� 5
2 n qTfc ^� n qTfj

zkhuh ^� 5 d�c �o lv wkh dyhudjh txdolw| ri fduv lq wkh vhfrqgdu| pdunhw dqg
Tf lv wkh ydoxh ri sxufkdvlqj d qhz fdu1 Wkh �uvw whup lqvlgh wkh pd{lpxp

lv wkh ydoxh ri kroglqj rqwr wkh fdu1 Wkh vhfrqg lv wkh h{shfwhg sd|r� iurp
vhoolqj wkh fdu ex|lqj dqrwkhu xvhg fdu1 Qrwh wkdw wkh sulfh ri xvhg fduv grhv
qrw dsshdu lq wklv vhfrqg whup/ vlqfh wkh djhqw erwk ex|v dqg vhoov d xvhg
fdu1 Uhjdugohvv ri wkh frqvxphu*v ghflvlrq/ wkh fdu glhv diwhu rqh shulrg/ dqg
wkh frqvxphu lv irufhg wr sxufkdvh dqrwkhu fdu1 Iru vlpsolflw| zh dvvxph

wkdw wklv lv d qhz fdu +uhfdoo wkh frqvxphu zloo eh lqgl�huhqw,1 Vlqfh wkh
frqwlqxdwlrq sd|r� lv lqghshqghqw ri wkh fxuuhqw fkrlfh/ wkh frqvxphu idfhv
zkdw lv hvvhqwldoo| d vwdwlf ghflvlrq= ex| ru krog ghshqglqj rq wkh fxuuhqw

shulrg*v sd|r�1
Vlqfh ^� 5 d�c �o/ lw iroorzv lpphgldwho| wkdw kroghuv ri ohprqv dozd|v

fkrrvh wr dgmxvw dqg kroghuv ri jrrg xvhg fduv dgmxvw li m5m � 75 zkhuh:

75 '
s
� � ^� +4,

Vlqfh doo wkh kroghuv ri ohprqv dgmxvw/ zh nqrz wkdw wkh h{shfwhg txdolw| rq
wkh vhfrqgdu| pdunhw lv ohvv wkdq wkh h{shfwhg txdolw| ri qhz fduv/ ^� � ^f1

Lw iroorzv wkdw 75 : f1 Li 8 sodfhv srvlwlyh suredelolw| rq wkh qhljkerukrrg

:Iru vlpsolflw| zh dvvxph wkdw djhqwv dgmxvw zkhq lqgl�huhqw1

9



E�s� � ^�c
s
� � ^��/ wkhq lq dq| htxloleulxp wkhuh zloo eh d srvlwlyh phdvxuh

ri djhqwv zkr fkrrvh wr krog rq wr wkhlu rog fduv1

Lq htxloleulxp/ wkh txdolw| ri fduv lq wkh vhfrqgdu| pdunhw ghshqgv rq

wkh qxpehu ri djhqwv kroglqj jrrg xvhg fduv wkdw ghflgh wr dgmxvw/ wkdw lv ^�
ghshqgv rq 75 dqg 8 1 Ohw b8 ghqrwh wkh sursruwlrq ri fduv lq wkh vhfrqgdu|

pdunhw wkdw duh jrrg txdolw|1 Wkhq

b8 '

�
� �

U
75

375 _8

�
Z

� � Z
U
75

375 _8
+5,

dqg
^� ' b8 n E�� b8 ��� +6,

Lq rughu wr ghprqvwudwh wkh h{lvwhqfh ri dq htxloleulxp/ lw lv xvhixo wr
frqvwuxfw wkh pdsslqj A8 G d�c �o $ d�c�o dv iroorzv1 Jlyhq ^� 5 d�c �oc

htxdwlrqv +4, dqg +5, slq grzq 75 dqg b8 uhfxuvlyho|1 Wkhq jlyhq b8 / htxdwlrq
+6, gh�qhv ^�� 5 d�c �o1 Zh vhw A8 E^�� ' ^

�
�1 Wkh htxloleulxp ohyho ri ^� lv wkhq

d �{hg srlqw ri A8 1 Htxloleulxp ohyhov ri 75 dqg b8 iroorz iurp htxdwlrqv +4,
dqg +5,1

H{lvwhqfh ri dq htxloleulxp ^� iroorzv iurp wkh prqrwrqlflw| ri A8 dqg

Wduvn|*v �{hg srlqw wkhruhp1 Doo surriv duh frqwdlqhg lq wkh dsshqgl{1

Sursrvlwlrq 4= A8 lv qrq0ghfuhdvlqj/ xsshu vhpl0frqwlqxrxv/ dqg kdv wkh
�{hg srlqw surshuw|1

Jlyhq 75/ b8 / dqg ^�/ wkh sulfh lq wkh vhfrqg kdqg pdunhw lv ghwhuplqhg
e| duelwudjh ehwzhhq wkh qhz dqg xvhg fdu pdunhwv=

Tf ' ^� � R� n qTf

zkhuh R� lv wkh sulfh ri d xvhg fdu1 Vroylqj iru wkh sulfh ri xvhg fduv

R� ' ^� � E�� q�Tf +7,

Suhglfwdeo|/ wkh sulfh ri xvhg fduv lv lqfuhdvlqj lq wkh txdolw| dqg ghfuhdvlqj

lq wkh ydoxh ri sxufkdvlqj qhz fduv1

Ilqdoo|/ zh fdq vroyh iru wkh ydoxh ri sxufkdvlqj d qhz fdu=

Tf ' Z

�
� n q

�
k^� n E�� k�

�
� � �

� � k

]
75

375
5
2
_8

���
+8,

nE�� Z� E�n q^�� n q
2
Tf � Rf

:



zkhuh k ' ��
U
75

375 _8 1 D qhz fdu sxufkdvhg lq shulrg | lv jrrg zlwk sured0

elolw| Z1 Zlwk suredelolw| k wkh pdwfk zruvhqv lq shulrg |n � wr wkh srlqw

wkdw wkh djhqw vhoov wkh fdu1 Jlyhq lqgl�huhqfh ehwzhhq sxufkdvlqj d qhz

ru d xvhg fdu/ zh dvvxph lq wklv fdvh wkh djhqw sxufkdvhv dqrwkhu xvhg fdu1

Zlwk suredelolw| ��k wkh djhqw krogv rqwr wkh fdu lq |n� dqg uhfhlyhv wkh

frqglwlrqdo h{shfwdwlrq ri %� 5
21 Wkh qhz fdu lv edg zlwk suredelolw| ��Z/

lq zklfk fdvh wkh djhqw uhfhlyhv � lq shulrg | dqg vhoov wkh fdu lq shulrg |n�1

Zkhwkhu wkh qhz fdu lv jrrg ru edg/ wkh sulfh ri wkh fdu lq shulrg | lv Rf
dqg wkh djhqw sxufkdvh d qhz fdu lq shulrg | n 21 Tf : f iroorzv iurp wkh

dvvxpswlrq wkdw E� n q�^f : Rf1 Qrwh dovr wkdw
�

�3k

U
75

375 5
2
_8 E5� : f/ ^� 	 �/

dqg � 	 � lpso|

Tf 	
�

� � q
� Rf�

D olwwoh dojheud vkrzv wkdw Rf � E� � ��Eq n Z� lv vx!flhqw iru R� � f lq
htxdwlrq +7,1

Wrjhwkhu htxdwlrqv +4, wkurxjk +7, ghwhuplqh 75/ b8 / ^�/ Tf/ dqg R�1 Wklv
frpsohwhv wkh vroxwlrq wr wkh prgho1

615 Glvfxvvlrq

Wkh �uvw wklqj wr qrwlfh lv wkdw lq d ohprqv prgho gl�huhqw djhqwv kdyh gl�hu0
hqw djhqwv idfh gl�huhqw lqfhqwlyhv zkhq frqwhpsodwlqj dgmxvwphqw1 Wkhvh

lqfhqwlyhv duh frqqhfwhg wr wkh txdolw| ri wkh fdu1 Rzqhuv ri kljkhu txdolw|
fduv idfh juhdwhu frvwv ri dgmxvwphqw1 Wklv frqwudvwv zlwk wkh �{hg frvwv ri
dgmxvwphqw qrupdoo| lpsrvhg e| r7 prghov1

Zh fdq wklqn ri �� ^� dv wkh frvw ri dgmxvwphqw idfhg e| kroghuv ri jrrg

fduv1 Wkh orzhu wkh txdolw| lq wkh vhfrqgdu| pdunhw wkh juhdwhu wkh frvw ri

dgmxvwphqw/ dqg wkh zlghu lv wkh udqjh ri lqdfwlrq/ E�75c 75�1 Vlqfh ^� � �/
kroghuv ri ohprqv dfwxdoo| uhfhlyh dq dgmxvwphqw vxevlg|1 Wklv lv zk| wkh|
doo dgmxvw1

61514 Pxowlsoh Htxloleuld

Wkh prqrwrqlflw| ri A8 lv d uh hfwlrq ri wkh srvlwlyh ihhgedfn lq dgmxvw0

phqw1 Li djhqwv eholhyh wkdw wkh txdolw| ri fduv lq wkh vhfrqgdu| pdunhw kdv

lpsuryhg/ wkhq wkh udqjh ri lqdfwlrq qduurzv/ dqg txdolw| lq wkh vhfrqgdu|
pdunhw lpsuryhv1 Wklv vwudwhjlf frpsohphqwdulw| rshqv wkh srvvlelolw| iru

pxowlsoh htxloleuld1 D srvvlelolw| wkdw lv frq�uphg e| wkh iroorzlqj h{dpsoh1

;



H{dpsoh 4= Vxssrvh wkdw 8 ghvfulehv d glvfuhwh suredelolw| glvwulexwlrq rq

i�	5c 	5j zkhuh 	5 5
�s

� � ^fc
s
� � �

�
1 Wkhq li djhqwv eholhyh wkdw wkh

dyhudjh txdolw| lq wkh vhfrqgdu| pdunhw lv �/ qr kroghu ri d jrrg fdu

dgmxvwv dqg wkh h{shfwhg txdolw| lq wkh vhfrqgdu| pdunhw lv �/ zkhuhdv

li djhqwv eholhyh wkdw wkh dyhudjh txdolw| lq wkh vhfrqgdu| pdunhw lv ^f/

doo kroghuv ri jrrg fduv dgmxvw dqg wkh h{shfwhg txdolw| lq wkh vhfrqgdu|

pdunhw lv ^f1

61515 Frpsdudwlyh Vwdwlfv

Lq rughu wr suhvhqw wkh frpsdudwlyh vwdwlfv lw lv xvhixo wr uxoh rxw pxowlsoh

htxloleuld1 Dvvxpswlrq 4 suhvhqwv d vx!flhqw frqglwlrq iru d xqltxh htxlole0
ulxp1

Dvvxpswlrq 4= 8 kdv d ghqvlw| s E5�1 sE5� lv v|pphwulf dqg txdvlfrqfdyh
zlwk sEf� 	 �I

�3�

�
�3Z
Z

�
1

Wkh dvvxpswlrq suhyhqwv 8 iurp sodflqj wrr pxfk zhljkw rq dq| rshq
vhw1 Vr wkdw fkdqjhv lq wkh edqgv gr qrw lqgxfh wr odujh d fkdqjh lq pdunhw

txdolw|1

Ohppd 4 Dvvxpswlrq 4 lv vx!flhqw iru wkhuh wr h{lvw d xqltxh htxloleulxp1

Zh zlvk wr dqdo|}h wkh h�hfw ri dq lqfuhdvh lq wkh glvshuvlrq ri wkh vkrfn
rq wkh vl}h ri wkh r7 edqgv1 Ehiruh suhvhqwlqj wklv uhvxow/ zh pxvw �uvw foduli|
zkdw zh phdq e| dq �lqfuhdvh lq glvshuvlrq�1 Zh eruurz rxu gh�qlwlrq ri
glvshuvlrq iurp Vdujhqw ^4<;:/ s197098`1

Gh�qlwlrq 4 Frqvlghu wzr Eruho suredelolw| phdvxuhv > dqg D rq -1 Vxs0

srvh wkdw erwk .> d%o dqg .D d%o duh zhoo gh�qhg dqg �qlwh/ dqg wkdw .> d%o '

.D d%o � 7%1 Wkhq D kdv juhdwhu glvshuvlrq wkdq > l� ;%�c %2 vxfk wkdw

%� � 7% � %2 zh kdyh ] %�

3"
_D �

] %�

3"
_>

dqg ]
n"

%2

_D �
]

n"

%2

_>

<



Wklv lv wkh qdwxudo gh�qlwlrq ri glvshuvlrq lq wkh frqwh{w ri r7 dgmxvwphqw

zkhuh wkh pdlq lvvxh wkdw zh fduh derxw lv zkhwkhu ru qrw d vkrfn wdnhv wkh

djhqw rxwvlgh wkh r7 edqgv1 Lqwxlwlyho|/ dq lqfuhdvh lq glvshuvlrq uhtxluhv

wkdw wkh suredelolw| wkdw wkh djhqw dgmxvwv lqfuhdvhv uhjdugohvv ri krz wkh

edqgv +derxw wkh phdq, duh gh�qhg1 Qrwlfh wkdw li D wkdw lv pruh glvshuvh

wkdq >c wkdq lw lv dovr d phdq suhvhuylqj vsuhdg ri >1;

Zlwk wklv gh�qlwlrq lq kdqg/ zh kdyh wkh iroorzlqj uhvxow

Sursrvlwlrq 5= Zlwk Dvvxpswlrq 4/ dq lqfuhdvh lq glvshuvlrq ohdgv wr d

uhgxfwlrq lq 751

Jlyhq dq| udqjh ri lqdfwlrq d�75c 75o/ dq lqfuhdvh lq glvshuvlrq lqfuhdvhv
wkh suredelolw| wkdw kroghuv ri jrrg fduv dgmxvw1 Wklv dgmxvwphqw ohdgv wr dq
lqfuhdvh lq wkh dyhudjh txdolw| ri fduv lq wkh vhfrqgdu| pdunhw/ zklfk gulyhv
grzq wkh ohprqv frvw dqg fdxvhv wkh edqgv wr qduurz1

Wklv h�hfw lv wkh rssrvlwh ri zkdw zh qrupdoo| revhuyh lq r7 prghov1

Qrupdoo|/ dq lqfuhdvh lq yduldqfh/ lqfuhdvhv wkh rswlrq ydoxh wr zdlwlqj dqg
fdxvh wkh udqjh ri lqdfwlrq wr zlghq1 Vlqfh kroghuv ri xvhg fduv lq rxu prgho
kdyh d rqh shulrg krul}rq/ wkh dgmxvwphqw ghflvlrq lv hvvhqwldoo| vwdwlf1 Wkh
vwdqgdug h�hfw wkhuhiruh grhv qrw dsshdu1 Lq d prgho zlwk pruh g|qdplfv/
vxfk dv wkh prgho ri wkh qh{w vhfwlrq/ erwk h�hfwv zrxog eh suhvhqw1 Lq wkdw

fdvh/ zh zrxog qrw eh deoh wr vljq wkh h�hfw ri dq lqfuhdvh lq wkh glvshuvlrq
ri wkh vkrfn rq wkh zlgwk ri wkh r7 edqgv1

61516 Vfudsslqj

Li wkh sulfh ri qhz fduv lv orz hqrxjk/ djhqwv pd| vwulfwo| suhihu sxufkdvlqj
qhz fduv wr xvhg rqhv1 Lq wklv fdvh wkhuh zloo eh h{fhvv vxsso| lq wkh xvhg

fdu pdunhw dqg R�zloo idoo wr }hur1 Wkh ydoxh ixqfwlrq ehfrphv=

T�E%c 5� ' 4@ i%� 5
2 n qTfc Tfj�

Qrwh wkdw doo djhqwv zlwk ohprqv vwloo dgmxvw1 Wkhvh djhqwv zrxog suhihu

h{fkdqjlqj wkhlu xvhg fdu iru dqrwkhu xvhg fdu ehfdxvh lw lpsuryhv wkhlu

;Wkh frqyhuvh grhv qrw qhfhvvdulow| krog1 Phdq suhvhuylqj vsuhdgv gr qrw qhfhvvdulo|
ohdg wr juhdwhu dgmxvwphqw lq dq vV prgho1 Vxssrvh wkdw � sodfhv htxdo suredelolw| rq
wkh srlqwv i�4>4j/ dqg wkdw � sodfhv suredelolw| rqh kdoi rq 3 dqg d txduwhu hdfk rq �5
dqg 51 Wkhq � lv d phdq suhvhuylqj vsuhdg ri � exw lv qrw dq lqfuhdvh lq glvshuvlrq1 Li {4

lv wdnhq wr eh �=8 wkhq wkh �uvw frqglwlrq lq wkh gh�qlwlrq lv ylrodwhg1
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pdwfk1 Vlqfh qhz fduv duh suhihuuhg wr xvhg fduv/ sxufkdvlqj d qhz fdu

fohduo| grplqdwhv kroglqj rq wr wkhlu ohprq1 Djhqwv zlwk jrrg fduv dgmxvw

li m5m : 75 zkhuh

75 '
s
� � E� � q�Tf

Lq wklv fdvh wkh qxpehu ri djhqwv zlwk qhz fduv zloo qrw uhpdlq dw lwv

lqlwldo ydoxh ri rqh kdoi1 Ohw �| ghqrwh wkh qxpehu ri djhqwv sxufkdvlqj qhz

fduv dw gdwh |1 �| iroorzv dq dxwruhjuhvvlyh surfhvv

�| ' E� ��|3�� n dE�� Z� n kZo�|3�

Khuh wkh �uvw whup uhsuhvhqwv kroghuv ri xvhg fduv lq shulrg |�� zkr sxufkdvh

qhz fduv lq shulrg |1 Wkh vhfrqg whup uhsuhvhqwv kroghuv ri qhz fduv lq shulrg

|��/ d sursruwlrq ��Z ri zklfk kdyh ohprqv dqg dgmxvw zlwk suredelolw| rqh/

dqg d sursruwlrq Z kdyh jrrg fduv dqg dgmxvw zlwk suredelolw| k ' ��
U 75

375
_8 1

Lw lv hdv| wr vhh wkdw wklv surfhvv lv vwdwlrqdu| dqg frqyhujhv wr

7� '
�

� n E� � k�Z
�

�

2
�

7 G|qdplfv

Zh qrz h{whqg wkh olih ri fduv vr wkdw zh pd| vwxg| krz wkh edqgv hyroyh dv

fduv djh1 Zh uhwxuq wr wkh wzr txdolw| prgho ri vhfwlrq 5/ exw dvvxph wkdw

fduv odvw iru wkuhh shulrgv1 Zh frqvlghu wzr lqirupdwlrq vwuxfwxuhv1 Lq wkh

�uvw wkh wudglqj klvwru| lv qrw revhuydeoh/ vr wkdw ex|huv fdqqrw glvwlqjxlvk

ehwzhhq wzr |hdu rog fduv wkdw kdyh kdg wzr rzqhuv dqg wkrvh zklfk kdyh kdg

rqo| rqh rzqhu1 Wklv yhuvlrq kljkoljkwv wkh h�hfw wkdw ghsuhfldwlqj pdwfk

txdolw| kdv rq wkh wlph sur�oh ri wkh dgmxvwphqw wuljjhuv1 Lq wkh vhfrqg

lqirupdwlrq vwuxfwxuh/ wudglqj klvwru| lv revhuydeoh1 Wklv yhuvlrq looxvwudwhv

wkh uroh ri wudgh klvwru| lq vljqdoolqj txdolw| dqg wkh h�hfw wkdw wklv vljqdoolqj

kdv rq wkh hyroxwlrq ri wkh dgmxvwphqw wuljjhuv ryhu wlph1

714 Xqrevhuydeoh Wudglqj Klvwrulhv

Zh uhwdlq wkh edvlf vwuxfwxuh ri Vhfwlrq 5/ pdnlqj dowhudwlrqv wr doorz iru

wkuhh shulrg olyhg fduv1 Iluvw/ li frqvxphuv fdqqrw revhuyh wkh klvwru| ri

rzqhuvkls ri wkh fduv wkh| ex|/ wkhuh zloo eh wkuhh pdunhwv= rqh iru qhz

fduv/ rqh iru rqh |hdu rog fduv/ dqg rqh iru wzr |hdu rog fduv1
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Vhfrqg/ zh dphqg wkh pdwfklqj ixqfwlrq1 Dv ehiruh 5 ' f/ gxulqj wkh

�uvw shulrg wkdw dq djhqw rzqv d fdu zkhwkhu ru qrw wkh fdu lv qhz ru xvhg1 Lq

wkh vhfrqg shulrg ri rzqhuvkls 5 ' 0�/ zkhuh 0� lv glvwulexwhg rq U dffruglqj

wr wkh glvwulexwlrq 8 1 Lq wkh wklug shulrg ri rzqhuvkls wkh �w lv jlyhq e|

5 ' 0� n 02/ zkhuh erwk 0� dqg 02 duh lqghshqghqw gudzv iurp 8 1

Wr vlpsoli| wkh dqdo|vlv/ zh dvvxph wkdw 8 kdv d ghqvlw| s zklfk lv

v|pphwulf derxw }hur dqg hyhu|zkhuh srvlwlyh rq U1 Wkh idfw wkdw 8 kdv d

ghqvlw| zloo doorz xv wr xvh Eurxzhu*v �{hg srlqw wkhruhp wr suryh h{lvwhqfh1

V|pphwu| hqvxuhv wkdw xszdug dqg grzqzdug dgmxvwphqw duh wkh vdph/

dqg srvlwlylw| hqvxuhv wkdw vrph djhqwv uhfhlyh vkrfnv vr odujh wkdw wkh|

dgmxvw1 Wklv dgmxvwphqw hqvxuhv wkdw vxsso| lq doo wkuhh pdunhwv lv srvlwlyh1

Lq dgglwlrq zh zloo dvvxph wkdw wkh sulfh ri qhz fduv lv kljk hqrxjk wkdw

ghpdqg lv srvlwlyh dv zhoo1 Wklv hqvxuhv wkdw doo pdunhwv h{lvw dqg vdyhv xv

iurp fdwdorjxlqj qxphurxv vshfldo fdvhv1

Djhqwv fkrrvh zkhwkhu ru qrw wr dgmxvw dqg zkhq wkh| dgmxvw wkh| fkrrvh

zkdw w|sh ri fdu wr ex|1 Wkh rswlpdo dgmxvwphqw vwudwhjlhv duh ghvfulehg

e| wkuhvkrog ohyhov ri 5 frqwlqjhqw rq wkh djh dqg txdolw| ri wkh fdu wkdw

wkh djhqw srvvhvvhv1 Zh orrn iru d frpshwlwlyh htxloleulxp lq zklfk +4, wkh

sulfhv R� dqg R2 fohdu wkh pdunhw iru rqh dqg wzr |hdu rog fduv uhvshfwlyho|/

+5, djhqwv fkrrvh wkhlu wkuhvkrogv rswlpdoo| jlyhq sulfhv dqg wkh h{shfwhg

txdolwlhv lq wkh pdunhw iru rqh dqg wzr |hdu rog fduv/ ^� dqg ^2/ +6, h{shf0

wdwlrqv duh udwlrqdo lq wkdw ^� dqg ^2 duh wkh dyhudjh txdolwlhv ri fduv lq wkh

pdunhw iru rqh dqg wzr |hdu rog fduv1

Dv ehiruh zh �{ wkh sulfh ri qhz fduv dw Rf dqg wkh h{shfwhg txdolw| ri

qhz fduv dw ^f1

715 Vroxwlrq

Zh ehjlq e| fkdudfwhul}lqj wkh dgmxvwphqw wuljjhuv dv d ixqfwlrq ri wkh txdo0

lw| ri fduv lq wkh xvhg fdu pdunhw1 Frqvlghu �uvw wkh ghflvlrq ri wkh djhqw

zkr hqwhuv shulrg | zlwk d wzr |hdu rog fdu1 Ohw T2 ghqrwh wkh ydoxh ri

wklv djhqw*v rswlpdo srolf|1 Wklv ydoxh ghshqgv rq wkh txdolw| ri wkh fdu

zklfk lv nqrzq wr eh % 5 i�c �j dqg rq wkh pdwfk sdudphwhu 51 Jlyhq wkhvh

vwdwh yduldeohv/ wkh djhqw fkrrvhv zkhwkhu ru qrw wr vhoo wkh fdu dqg/ li wkh

fkrlfh lv wr vhoo/ zkdw w|sh ri fdu wr sxufkdvh1 Dv lq wkh wzr shulrg prgho/

ex|huv zloo eh lqgl�huhqw ehwzhhq zkdw w|sh ri fdu wkh| ex| lq htxloleulxp1

Zlwkrxw orvv ri jhqhudolw|/ zh htxdwh wkh ydoxh ri dgmxvwlqj zlwk wkh ydoxh ri
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sxufkdvlqj d wzr |hdu rog fdu1 Wkh ydoxh ri dq rswlpdo srolf| lv wkhuhiruh=

T2E%c 5� ' 4@ 
�
%� 5

2 n qTfc ^2 n qTf

�
+9,

zkhuh Tf lv wkh ydoxh wr sxufkdvlqj d qhz fdu1 Wkh lqwhusuhwdwlrq lv hvvhq0

wldoo| wkh vdph dv lq wkh rqh shulrg prgho1 Wkh �uvw whup uhsuhvhqwv wkh

ydoxh ri kroglqj rq wr wkh fxuuhqw fdu/ zkhuhdv wkh vhfrqg whup uhsuhvhqwv

wkh ydoxh ri dgmxvwlqj1

Qh{w frqvlghu wkh ghflvlrq ri dq djhqw zkr hqwhuv shulrg | zlwk d rqh

|hdu rog fdu1 Wkh txdolw| ri wkh fdu lv nqrzq wr eh % 5 i�c �j dqg wkh pdwfk

sdudphwhu lv 51 Lq wklv fdvh/ wkh ydoxh ri dq rswlpdo srolf| lv

T�E%c 5� ' 4@ 
�
%� 5

2 n q.0 dT2E%c 5 n 0�o c ^� n q.E%�c0� dT2E%
�

c 0�o
�

+:,

zkhuh ./ uhsuhvhqwv wkh pdwkhpdwlfdo h{shfwdwlrq zlwk uhvshfw wr wkh glvwul0

exwlrq ri wkh udqgrp yduldeoh /1 Qrwh wkdw %� lv gudzq iurp wkh htxloleulxp

glvwulexwlrq ri txdolwlhv lq wkh pdunhw iru rqh |hdu rog fduv1 Djdlq wkh �uvw

whup lv wkh ydoxh ri kroglqj dqg wkh vhfrqg whup lv wkh ydoxh ri dgmxvwlqj

+wklv wlph wr dqrwkhu rqh |hdu rog fdu,1 Lq wklv fdvh/ wkh djhqw pxvw irup

h{shfwdwlrqv frqfhuqlqj wkh hyroxwlrq ri wkh pdwfk1

Vlqfh vrph kroghuv ri jrrg fduv uhfhlyh whuuleoh pdwfkhv dqg dgmxvw/ wkh

h{shfwhg txdolw| rq wkh vhfrqgdu| pdunhw lv deryh wkdw ri d ohprq1 Wkhuhiruh

doo kroghuv ri ohprqv dgmxvw lq hdfk shulrg1

Ohppd 5= Lq dq| htxloleulxp/ doo djhqwv zlwk ohprqv dgmxvw lq hyhu| shulrg

uhjdugohvv ri wkh djh ri wkhlu fdu1

Ohw 75� dqg 752 uhsuhvhqw wkh dgmxvwphqw wkuhvkrogv iru kroghuv ri jrrg rqh

dqg wzr |hdu rog fduv1 Htxdwlrqv +9, dqg +:, lpso| wkdw dq djhqw vhoov d

jrrg rqh |hdu rog fdu li m5m : m75�m zkhuh

75� '

t
�� ^� n q.E%�c0� dT2E�c 75� n 0�� T2E%

�c 0�o� +;,

dqg d jrrg wzr |hdu rog fdu li m5m : m752m zkhuh

752 '
s
� � ^2� +<,
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Htxdwlrqv +;, dqg +<, ghwhuplqh wkh dgmxvwphqw wkuhvkrogv dv ixqfwlrqv

ri ^� dqg ^21
< Zh qrz dqdo|}h wkh ghwhuplqdwlrq ri wkhvh txdolwlhv1 Frqvlghu

�uvw wkh pdunhw iru rqh |hdu rog fduv1 Jlyhq 75�/wkh wrwdo pdvv ri djhqwv zlwk

kljk txdolw| fduv zkr dgmxvw lv 2Z8 E�75��� Khqfh wkh sursruwlrq ri jrrg fduv

lv

b� '
2Z8 E�75��

E�� Z� n 2Z8 E�75��
� Zc +43,

dqg wkh h{shfwhg txdolw| lv/

^� ' b� n E�� b��� +44,

Wkh vlwxdwlrq lv voljkwo| pruh frpsoh{ lq wkh pdunhw iru wzr |hdu rog xvhg

fduv1 Jlyhq 75�/ wkh glvwulexwlrq ri pdwfkhv iru wzr |hdu rog fduv lv

C
75
�

E5� ' 8 E5� d28 E�75��o n

] 75�

375�

8 E5 � 0�s E0�_0�

Wkh �uvw whup uhsuhvhqwv wkh 5*v ri wkh djhqwv zkr kdyh khog wkhlu fdu iru

rqh shulrg1 Wkhlu pdwfk sdudphwhu lv ghvfulehg e| d vlqjoh gudz iurp 8 1 Dv

wkh| pxvw kdyh rewdlqhg wkhlu fduv iurp djhqwv zkr vrog rqh |hdu rog fduv

wkhuh duh 28 E�75�� ri wkhp1 Wkh vhfrqg whup uhsuhvhqwv wkh 5*v ri djhqwv zkr

kdyh khog wkhlu fduv iru wzr shulrgv1 Wkhlu pdwfk lv uhsuhvhqwhg e| wkh vxp

ri wzr gudzv iurp 8 / 0� n 021 Dv wkhvh djhqwv fkrrvh qrw wr vhoo wkhlu fduv

odvw shulrg/ 0� olhv ehwzhhq �75� dqg 75�1 Wkh ghqvlw| ri wkhvh uhdol}dwlrqv lv

sE0��1 Iru 0� n 02 � 5/ lw pxvw eh wkh fdvh wkdw 02 � 5 � 0�1 Wklv jlyhv wkh

vhfrqg whup1

Jlyhq 752 dqg C
75
�

E5�/ wkh pdvv ri djhqwv zlwk wzr |hdu rog jrrg fduv

2ZC
75
�

E�752�� Khqfh wkh sursruwlrq ri jrrg fduv lv

b2 '
2ZC

75�

E�752�

E� � Z� n 2ZC
75�

E�752�
� Zc +45,

dqg wkh h{shfwhg txdolw| lv

<
Lw lv qrw lpphgldwho| reylrxv wkdw +;, ghwhuplqhv �}4 vlqfh Y5 dsshduv lq wkh htxdwlrq1

Krzhyhu/ jlyhq t5 dqg �}4 zh fdq hydoxdwh

Y5+4> ��}4 . %, � Y5+{
3> %, @ pd{

�
4� �}5

4
> t5

�
�pd{

�
{3
� }5> t5

�
=

Khqfh wkh uljkw kdqg vlgh ri +;, lv d ixqfwlrq ri t4/ t5 dqg �}41 Pruhryhu/ wkh uljkw kdqg

vlgh lv frxqwlqxrxvo| dqg prqrwrqlfdoo| ghfuhdvlqj lq �}41 Khqfh wkhuh h{lvwv d xqltxh �}4
wkdw vdwlv�hv +;, jlyhq t4 dqg t51
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^2 ' b2 n E�� b2��� +46,

Lq rughu wr suryh h{lvwhqfh dqg dqdo|}h wkh surshuwlhv ri htxloleulxp/ lw lv

xvhixo wr frqvwuxfw wkh pdsslqj A G d�c �o� d�c �o$ d�c �o� d�c �o dv iroorzv1

Qrwh wkdw jlyhq E^�c ^2� 5 d�c �o � d�c �o/ htxdwlrqv +;, dqg +<, slq grzq 75�

dqg 7521 Wkhq jlyhq 75� dqg 752c htxdwlrqv +43, dqg +45, slq grzq b� dqg b21

Ilqdoo| jlyhq b� dqg b2/ htxdwlrqv +44, dqg +46, gh�qh ^��c ^
�

2 5 d�c �o� d�c �o1

Zh vhw A E^�c ^2� ' E^��c ^
�

2�1 Wkh htxloleulxp ydoxhv ri ^� dqg ^2 dulvh dv �{hg

srlqwv ri A 1

H{lvwhqfh ri dq htxloleulxp ^� iroorzv iurp wkh frqwlqxlw| ri A dqg Eurxz0

hu*v �{hg srlqw wkhruhp1

Sursrvlwlrq 6= Wkhuh h{lvwv dq htxloleulxp lq wkh prgho zlwk xqrevhuydeoh

wudglqj klvwrulhv1

Jlyhq wkh htxloleulxp txdolwlhv dqg dgmxvwphqw wuljjhuv/ zh fdq vroyh iru

wkh htxloleulxp sulfhv1 Zh �uvw fdofxodwh wkh ydoxh ri d qhz fdu1 Tf pxvw

vdwlvi|

Tf ' ^f n q.iT�E%c 0�j � Rf +47,

Qrwh jlyhq ^� dqg ^2/ wkh h{lvwhqfh ri d vroxwlrq Tf wr +47, iroorzv iurp

vwdqgdug g|qdplf surjudpplqj dujxphqwv1

Wkh xwlolw| iurp sxufkdvlqj lq wkh qhz fdu pdunhw pxvw eh wkh vdph dv

sxufkdvlqj lq wkh wzr |hdu rog fdu pdunhw=

Tf ' ^2 � R2 n qTf�

Wklv slqv grzq R2=

R2 ' ^2 � E�� q�Tf

Vlploduo|/ wkh xwlolw| iurp sxufkdvlqj lq wkh qhz fdu pdunhw pxvw eh wkh

vdph dv sxufkdvlqj d rqh |hdu rog fdu=

Tf ' .

�
%n q

�
4@ 

�
Tf n R2c %� 0

2 n qTf

���
� R�

Wklv slqv grzq R�=

R� ' .

�
%n q

�
4@ 

�
Tf n R2c %� 0

2 n qTf

���
� Tf
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716 Hyroxwlrq ri wkh Edqgv

Frpsdulqj 75� dqg 752/ zh kdyh

752� � 7522 ' ^2 � ^� n q.E%�c0� dT2E�c 75� n 0�� T2E%
�
c 0�o � +48,

Wkh vljq ri wklv h{suhvvlrq ghshqgv rq wkh edodqfh ehwzhhq wkuhh irufhv1

Wkh �uvw irufh lv wkh dffxpxodwlrq ri vkrfnv/ zklfk fdxvhv wkh glvwulexwlrq

ri wkh pdwfk sdudphwhu wr ehfrph pruh glvshuvh ryhu wlph1 Wkh iroorzlqj

ohppd vkrzv wkdw C75� lv pruh glvshuvh wkdq 8�

Ohppd 6= Iru dq| 75� : f/ wkh glvwulexwlrq C75� lv pruh glvshuvh wkdq 8 1

Wkh lpsolfdwlrq ri wklv ohppd lv wkdw wkhuh zloo eh pruh dgmxvwphqw

lq wkh vhfrqg shulrg iru dq| jlyhq dgmxvwphqw wkuhvkrog1 Wklv lqfuhdvh lq

glvshuvlrq whqgv wr pdnh ^2 odujhu wkdq ^�1 Gxh wr wkh frpsohphqwdulw|/

wklv irufh whqgv wr pdnh wkh edqgv vkulqn ryhu wlph1 Zh fdoo wklv h�hfw wkh

�glvshuvlrq h�hfw�1

Xqiruwxqdwho|/ wklv dorqh lv qrw hqrxjk wr vljq 752� � 75221 Wkh odvw whup rq

wkh uljkw0kdqg vlgh ri htxdwlrq +48, dovr sod|v d uroh1 Wklv whup uhsuhvhqwv

wkh wudgh0r� ehwzhhq hqwhulqj wkh odvw shulrg zlwk d jrrg fdu dqg hqwhulqj

wkh odvw shulrg zlwk d jrrg pdwfk1 Wkh iroorzlqj h{dpsoh pdnhv wklv wudgh0

r� fohdu1

H{dpsoh 5= Vxssrvh wkdw 8 lv phdq }hur/ kdv pdvv B dw fc dqg d pdvv ��B

glvwulexwhg xqlirupo| ryhu d udqjh juhdwhu wkdq 24@ i75�c 752j1

Wklv glvwulexwlrq kdv wkh surshuw| wkdw ehlqj forvh wr dq dgmxvwphqw

wuljjhu grhv qrw lqfuhdvh wkh suredelolw| ri vxevhtxhqw dgmxvwphqw1 Jlyhq

dq| dgmxvwphqw wuljjhu/ 75/ dqg dq| lqlwldo srvlwlrq 5 5 d�75c 75o/ wkh suredelolw|

wkdw d vkrfn wr 5 uhvxowv lq d qhz pdwfk rxwvlgh ri d�75c 75o lv lqghshqghqw ri

wkh lqlwldo srvlwlrq 51 Khqfh li 75� ' 752 ' 75/ wkhq ^� ' ^21 Wklv qhxwudol}hv

wkh h�hfw wkdw glvshuvlrq kdv rq wkh lqfhqwlyh wr dgmxvw1

Zh qrz frqvlghu wzr vshfldo fdvhv ri wklv h{dpsoh1 Zh ehjlq e| vhwwlqj

B htxdo wr }hur143 Lq wklv fdvh wkh h{shfwhg ydoxh ri d fdu wrpruurz lv

lqghshqghqw ri lwv pdwfk wrgd|1 Frqvlghu dq djhqw zlwk pdwfk 5 5 d�75�c 75�o1

Lq wkh qh{w shulrg wkh pdwfk zloo eh 5 n 0 zkhuh 0 lv gudzq iurp 8 1 Vlqfh

43Gdq}ljhu +4<<<, kdv xvhg wklv glvwuxexwlrqdo dvvxpswlrq wr vlpsoli| wkh djjuhjdwlrq

ri d g|qdplf vV prgho1
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8 lv xqlirup zlwk vxssruw juhdwhu wkdq 24@ i75�c 752j/ wkh suredelolw| ri

dgmxvwlqj lv lqghshqghqw ri 51 Pruhryhu/ wkh glvwulexwlrq ri 5n0/ frqglwlrqdo

rq 5 n 0 5 d�752c 752o/ lv xqlirup1 Khqfh .E%�c0�T2E%
�
c 5 n 0� lv lqghshqghqw ri

51 Lw iroorzv wkdw

.E%�c0� dT2E�c 75� n 0�� T2E%
�
c 0�o : .E%�c0� dT2E%

�
c 75� n 0�� T2E%

�
c 0�o ' f�

zkhuh wkh lqhtxdolw| iroorzv iurp wkh idfw wkdw lw lv dozd|v ehwwhu wr kdyh

d jrrg fdu wkdq d fdu vhohfwhg udqgrpo| r� wkh xvhg fdu pdunhw1 Htxdwlrq

+48, wkhq lpsolhv 75� : 7521 Lq wklv fdvh/ wkhuh lv dq dgydqwdjh wr kdylqj d

jrrg fdu/ exw qr dgydqwdjh wr kdylqj d jrrg pdwfk1 Zh fdoo wkh h�hfw wkdw

kroglqj d jrrg fdu kdv rq qrq0dgmxvwphqw wkh �elug0lq0kdqg h�hfw�1

Zh zloo qrz suhvhqw d qxphulfdo h{dpsoh lq zklfk 5� 	 521 Wdnh B ' Z '

� ' �D dqg q ' �bD dqg ohw wkh xqlirup frpsrqhqw ri 8 eh jlyhq e| wkh

ghqvlw| � ' �fD ryhu wkh udqjh d��fc �fo1 Jlyhq wklv sdudphwhul}dwlrq/ wkh

xqltxh htxloleulxp lv jlyhq e| 75� ' �DDeH dqg 752 ' �DH�f1 Lq wkh htxloleulxp/

.E%�c0� dT2E�c 75� n 0� � T2E%
�
c 0�o ' ��f��D

vr wkdw wkh ehqh�w ri hqwhulqj wkh qh{w shulrg zlwk d jrrg pdwfk rxwzhljkv

wkh ehqh�w ri hqwhulqj zlwk d jrrg fdu1 Wkh ihdwxuhv ri wkh sdudphwhul}dwlrq

wkdw frqwulexwh wr wklv uhvxow duh d yhu| zlgh xqlirup frpsrqhqw ri 8 dqg

dq lqwhuphgldwh ydoxh ri B1 B : f lpsolhv wkdw wkhuh lv vrph shuvlvwhqfh wr

wkh pdwfk1 B 	 � dqg wkh zlgh xqlirup hqvxuh wkdw wkhuh lv d vljql�fdqw

dprxqw ri dgmxvwphqw1 Wrjhwkhu/ wkhvh lpso| wkdw li wkh djhqw krogv rqwr

wkh jrrg fdu wrgd|/ wkh| zloo hlwkhu dgmxvw wrpruurz ru wkh| zloo kdyh d edg

pdwfk wrpruurz1 Rq wkh rwkhu kdqg/ li wkh| dgmxvw wrgd| wkh| zloo jhw d

jrrg pdwfk wrpruurz dqg srwhqwldoo| d jrrg fdu1 Zh fdoo wkh prwlydwlrq wr

dgmxvw wr jhw d ehwwhu pdwfk wkh �pdwfklqj h�hfw�1

Zklfk ri wkhvh h�hfwv lv prvw olnho| wr eh lpsruwdqwB Wkh glvshuvlrq

h�hfw lv olnho| wr grplqdwh lq sudfwlfh1 Lw wrrn d orw ri h�ruw wr pdnh wkh

pdwfklqj h�hfw grplqdwh1 Iluvw/ zh fkrvh d vkrfn surfhvv wkdw holplqdwhg

wkh glvshuvlrq h�hfw1 Vhfrqg/ zh uhtxluhg wkh surfhvv wr kdyh wkh uljkw pl{

ri shuvlvwhqfh dqg glvshuvlrq1 Wkh pdwfklqj h�hfw uhtxluhv erwk wkdw d jrrg

pdwfk lv ydoxdeoh dqg wkdw d jrrg fdu lv qrw1 Shuvlvwhqfh dorqh lqfuhdvhv

wkh ydoxh ri d jrrg pdwfk exw dovr uhgxfhv wudgh dqg wkhuhiruh uhgxfhv wkh

suredelolw| ri jhwwlqj d jrrg fdu lq wkh vhfrqgdu| pdunhw1 Kljk glvshuvlrq

lqfuhdvhv wudgh exw uhgxfhv wkh ydoxh ri d jrrg pdwfk1

Wkhuh lv dovr d vhqvh lq zklfk wkh elug0lq0kdqg dqg pdwfklqj h�hfwv duh

duwlidfwv ri wkh wzr shulrg prgho1 Frqvlghu d yhuvlrq ri H{dpsoh 5 lq zklfk

4:



fduv/ lqvwhdg ri ghsuhfldwlqj diwhu wzr shulrgv/ eurnh grzq dw wkh hqg ri d

hdfk shulrg zlwk d �{hg suredelolw| �1 Wkh ydoxh ri d r |hdu rog fdu ri txdolw|

% zlwk d pdwfk 5 ehfrphv

TrE%c 5� ' 4@ 

�
� � 5

2 n �qTf n E� � ��q.0Trn�E%c 5 n 0�c

^r n �qTf n E�� ��q.E%� c0�Trn�E%
�
c 0�

�
�

Doo yduldeohv kdyh wkh vdph lqwhusuhwdwlrq/ h{fhsw wkdw qrz fduv vxuylyh zlwk

suredelolw| E� � ��1 Lq wklv hqylurqphqw wkhuh lv dq htxloleulxp lq zklfk

wkh ydoxh ri d xvhg fdu lv lqghshqghqw ri lwv djh dqg wkh dgmxvwphqw wuljjhuv

duh dovr eh lqghshqghqw ri wkh djh ri wkh fdu1 Jlyhq frqvwdqw wuljjhuv/ wkh

glvwulexwlrqdo dvvxpswlrq hqvxuhv frqvwdqw txdolw| lq wkh vhfrqgdu| pdunhw1

Zlwk ^r ' ^/ wkh Tr duh lqghshqghqw ri r dqg wkh wuljjhuv duh frqvwdqw1 Lq

wkh h{dpsohv deryh/ wkh elug0lq0kdqg dqg pdwfklqj h�hfwv kdg dq h�hfw rq

75�/ exw qrw 752 vlqfh fduv glhg dw wkh hqg ri wkh vhfrqg shulrg1 Zh frqmhfwxuh

wkdw wkhvh h�hfwv duh uhodwhg wr wkh lqfuhdvlqj suredelolw| wkdw d fdu euhdnv

grzq dv lw djhv1

717 Revhuydeoh Wudglqj Klvwrulhv

Li wkh wudglqj klvwru| ri d fdu lv revhuydeoh wr wkh ex|huv/ wkhuh zloo eh irxu

pdunhwv= qhz fduv/ rqh |hdu rog xvhg fduv/ wzr |hdu rog fduv2ruljlqdo rzqhu/

dqg wzr |hdu rog fduv2qhz rzqhu1 Zh zloo uhihu wr wkh pdunhw iru wzr |hdu rog

fduv zlwk ruljlqdo rzqhuv dv wkh �2 pdunhw dqg uhihu wr wkh pdunhw iru wzr

|hdu rog fduv zlwk qhz rzqhuv dv wkh �2 pdunhw1 Wkh sulfhv fruuhvsrqglqj

wr hdfk pdunhw zloo eh ghqrwhg iRfc R�c R�2c R�2j1

Zh vroyh wkh prgho edfnzdugv/ ehjlqqlqj zlwk wzr |hdu rog fduv1 Wkh

uhdvrqlqj lv vlplodu wr wkh prgho ri vhfwlrq 51 Jlyhq � 5 i�c�j/ wkh ydoxh

ixqfwlrqv duh

T�2E%c 5c � ' 4@ 
�
%� 5

2 n qTfc ^�2 n qTf

�
�

Dv ehiruh kroghuv ri ohprqv dozd|v fkrrvh wr dgmxvw dqg wkh dgmxvwphqw

wuljjhuv iru kroghuv ri jrrg fduv duh jlyhq e|

75�2 '
s
�� ^�2

Zrunlqj edfnzdugv jlyhv xv wkh ydoxh ri rzqlqj d rqh |hdu rog fdu/ ri

txdolw| 5 zlwk fxuuhqw vkrfn % dv=

T�E%c 5� ' 4@ 
�
%� 5

2 n q.0 dT�2E%c 5 n 0�o c ^� n q.%�c0 dT�2E%
�
c 5 n 0�o

�
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Lw lv qr orqjhu wkh fdvh wkdw djhqwv kroglqj ohprqv wkdw duh rqh |hdu rog zloo

qhfhvvdulo| dgmxvw1 Lw pd| eh pruh sur�wdeoh wr hqwhu wkh vhfrqg shulrg zlwk

d wzr |hdu rog fdu wkdw lv �uvw kdqg1 Zh wkhuhiruh pxvw fdofxodwh wuljjhuv iru

erwk w|shv ri fdu1 Wkh wuljjhu iru kljk txdolw| fdu rzqhuv lv qrz=

75� '

t
� � ^� n q d.0T�2E�c 5 n 0�� .%�c0T�2E%

�c 0�o�

Ohw 	5� ghqrwh wkh dgmxvwphqw wuljjhu iru kroghuv ri rqh |hdu rog ohprqv1 Wkhq

zh kdyh/

	5� ' 4@ 

�
fc

t
�� ^� n q d.0T�2E�c 5 n 0�� .%�c0T�2E%

�c 0�o

�
�

Zlwklq wkh vhw ri wzr |hdu rog fduv zlwk ruljlqdo rzqhuv/ ohw Z� ghqrwh

wkh iudfwlrq wkdw duh jrrg fduv1 Ohw Z� ghqrwh wkh fruuhvsrqglqj sursruwlrq

iru qhz rzqhuv1 Z� dqg Z� duh ixqfwlrqv ri 75� dqg 	5�=

Z� '
Z

U 75�

375�
_8

E�� Z�
U 	5�

3	5�
_8 n Z

U 75�

375�
_8

Z� '

�
��

U 75�

375�
_8

�
Z�

��
U 	5�

3	5�
_8

�
E�� Z� n

�
� �

U 75�

375�
_8

�
Z

Jlyhq Z� dqg Z� / zh fdq fdofxodwh wkh sursruwlrq ri jrrg fduv vrog rq hdfk

vhfrqg |hdu pdunhw=

b�2 '

�
��

U 75�2

375�2

_8
�
Z�

�� Z�
U 75�2

375�2

_8

b�2 '

�
��

U 75�2

375�2

_C75�

�
Z�

�� Z�
U 75�2

375�2

_C75�

Wkh lqwhjudo lv zlwk uhvshfw wr 8 lq wkh fdvh ri b�2 vlqfh doo ri wkh sduwlflsdqwv

lq wklv pdunhw duh qhz rzqhuv dqg khqfh kdyh shuihfw pdwfkhv lq wkh suhylrxv

shulrg1 Iurp wklv zh fdofxodwh wkh dyhudjh txdolw| lq hdfk vhfrqg |hdu pdunhw

^�2 ' b�2 n E�� b�2� �
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Uhwxuqlqj wr wkh rqh |hdu rog pdunhw/ wkh sursruwlrq ri jrrg fduv vrog lv

Z� dqg wkh h{shfwhg txdolw| lq wkh pdunhw lv

^� ' Z� n E�� Z� ��

Ilqdoo|/ Tf pxvw vdwlvi|=

Tf ' ^f n q.fT�E%c 5�� Rf

71714 Surshuwlhv ri htxloleulxp

Vlqfh � 	 � dqg T�2E�c 5 n 0� : T�2E�c 5 n 0�/ lw iroorzv lpphgldwho| wkdw

75� : 	5�1 Kroghuv ri rqh |hdu rog ohprqv duh pruh olnho| wr dgmxvw wkdq kroghuv

ri rqh |hdu rog jrrg fduv1 Wkh idfw wkdw kroghuv ri ohprqv duh pruh olnho| wr

dgmxvw diwhu rqh |hdu phdqv wkdw d kljkhu sursruwlrq ri rzqhuv lq wkh �2 krog

jrrg fduv dv frpsduhg wr wkh �2 pdunhw/ Z� : Z� 1 Jlyhq wkdw Z� : Z�
dqg wkdw C75� lv pruh glvshuvhg wkdq 8 / wkhuh lv pruh dgmxvwphqw e| rzqhuv

ri jrrg fduv lq wkh �2 pdunhw1 Wklv lpsolhv wkdw 75�2 	 75�2/ b�2 : b�2/

dqg ^�2 : ^�21 Wkh txdolw| ri fduv wudqvdfwhg lq wkh ruljlqdo rzqhuv pdunhw

lv juhdwhu wkdq wkh txdolw| ri fduv wudqvdfwhg lq wkh qhz rzqhuv pdunhw dqg

wklv pdnhv ruljlqdo kroghuv ri jrrg fduv pruh olnho| wr dgmxvw1

Zh fdq frpsduh wkh htxloleulxp zlwk revhuydeoh wudglqj klvwrulhv zlwk

wkh htxloleulxp zlwk xqrevhuydeoh wudglqj klvwru|1 Iluvw/ 75� lv odujhu zkhq

klvwru| lv revhuydeoh1 Wkh ydoxh ri kroglqj lv odujhu ehfdxvh lwv vljqdov wkdw

wkh fdu lv jrrg dqg wkh uhwxuq wr dgmxvwlqj lv orzhu ehfdxvh wkh djhqw hqwhuv

wkh �2 pdunhw zlwk doo wkh ohprqv1 Wrjhwkhu zlwk wkh idfw wkdw 	5� lv qrq0

qhjdwlyh lpsolhv wkdw wkhuh lv ohvv wudgh lq rqh |hdu rog fduv zkhq klvwru|

lv revhuydeoh1 Vhfrqg/ vlqfh dq lqfuhdvh lq 75� lqfuhdvhv wkh glvshuvlrq ri

C75�/ wkh glvwulexwlrq ri pdwfkhv lv pruh glvshuvhg lq wkh �2 pdunhw wkdq lq

wkh pdunhw iru wzr |hdu rog fduv zlwkrxw revhuydeoh wudglqj klvwrulhv1 Wklv

wrjhwkhu zlwk wkh idfw wkdw Z� : Z lpsolhv 75�2 	 752 1 Ilqdoo|/ Z� 	 Z dqg

C75� lv pruh glvshuvhg wkdq 8 lpso| 752 	 75�21

Lq wkh prgho zlwk xqrevhuydeoh wudglqj klvwru| wkh rqo| plvdoorfdwlrq

uhodwlyh wr shuihfw lqirupdwlrq zdv wkdw vrph djhqwv zlwk jrrg fduv idlohg wr

wudgh1 Lq wkh prgho zlwk revhuydeoh klvwru| wkhuh lv dq dgglwlrqdo plvdoor0

fdwlrq lq wkh rqh |hdu rog pdunhw1 Vrph ri wkh djhqwv zlwk ohprqv ghflgh

qrw wr wudgh1 Wkh suhvhqfh ri vljqdoolqj lqwurgxfhv dq dgglwlrqdo rssruwxqlw|

frvw wr dgmxvwphqw iru doo djhqwv1 Lq wkh vhfrqg shulrg/ krzhyhu/ wkhuh pd|

eh d jdlq lq h!flhqf|1 Dv djhqwv ohduq zklfk fduv duh jrrg dqg zklfk duh

edg/ wkh dgyhuvh vhohfwlrq sureohp lv uhgxfhg dqg wudgh lqflghqfh lqfuhdvhv1
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8 Hpslulfdo Lpsolfdwlrqv

Rqh hpslulfdo dssolfdwlrq uhjdugv wkh hvwlpdwlrq ri ghsuhfldwlrq iurppdunhw

sulfhv1 Li wkh dgyhuvh vhohfwlrq sureohp lv lqlwldoo| vhyhuh/ wkhq wkh lqlwldo

idoo lq sulfh uh hfwv d frpelqdwlrq ri ghsuhfldwlrq dqg dgyhuvh vhohfwlrq1

Sk|vlfdo ghsuhfldwlrq lv wkhuhiruh ryhuhvwlpdwhg lqlwldoo|1 Li dgyhuvh vhohfwlrq

ehfrphv ohvv vhyhuh dv fduv djh/ wkhq vxevhtxhqw fkdqjhv lq sulfh uh hfw erwk

ghsuhfldwlrq dqg wkh hdvlqj ri dgyhuvh vhohfwlrq1 Sk|vlfdo ghsuhfldwlrq lv

wkhuhiruh xqghuhvwlpdwhg lq odwhu |hduv1

Dqrwkhu dssolfdwlrq frqfhuqv wkh h�hfw ri dq lqfuhdvh lq wkh yduldqfh

ri wkh pdwfk sdudphwhu rq wkh zlgwk ri wkh r7 edqgv1 Hehuo| ^4<<7`/ iru

h{dpsoh/ uhjuhvvhv wkh vl}h ri wkh r7 edqgv rq wkh yduldqfh ri dq lqglylgxdo*v

lqfrph1 Vkh �qgv d plogo| srvlwlyh frh!flhqw rq lqfrph yduldqfh1 Wr wkh

h{whqw wkdw lqglylgxdo lqfrph yduldqfh lv sxuho| lglrv|qfudwlf/ khu hvwlpdwh ri

wkh wudglwlrqdo r7 prgho lv xqeldvhg1 Li/ krzhyhu/ lqglylgxdo lqfrph yduldqfh

lv fruuhodwhg lq vrph zd| zlwk wkh yduldqfh ri vkrfnv wr wkh pdunhw/ ehfdxvh/

iru h{dpsoh/ djhqwv zlwk kljk lqfrph yduldqfh whqg wr sxufkdvh vlplodu fduv/

khu hvwlpdwhv pl{ wkh wudglwlrqdo r7 h�hfw dqg wkh wklfn pdunhw h�hfw wkdw

dulvhv iurp dgyhuvh vhohfwlrq1 Khu hvwlpdwh ri wkh wudglwlrqdo r7 h�hfw lv

grzqzdug eldvhg1

9 Frqfoxvlrq

Wkh xvhg fdu pdunhw ihdwxuhv vr surplqhqwo| lq erwk wkh olwhudwxuh rq dg0

yhuvh vhohfwlrq dqg lq wkh olwhudwxuh rq r7 dgmxvwphqw wkdw lw lv vxusulvlqj wkdw

h{lvwlqj prghov ri wklv pdunhw kdyh qrw/ wr wklv gdwh/ lqfrusrudwhg erwk ihd0

wxuhv1 Zh suhvhqwhg d prgho lq zklfk r7 dgmxvwphqw durvh iurp dq dgyhuvh

vhohfwlrq sureohp1 Wkh suhvhqfh ri dgyhuvh vhohfwlrq fuhdwhv d frpsohphq0

wdulw| ehwzhhq djhqwv dgmxvwphqw ghflvlrqv1 Wklv kdv vhyhudo lpsolfdwlrqv

iru wkh qdwxuh ri wkh htxloleulxp r7 srolflhv1 Dv wkh yduldqfh ri wkh vkrfn

surfhvv lqfuhdvhv pruh djhqwv dgmxvw dqg wkh r7 edqgv vkulqn1 Dv wkh fdu

djhv/ pdwfkhv ghwhulrudwh/ pruh dgmxvwphqw wdnhv sodfh dqg wkh r7 edqgv

whqg wr vkulqn1
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: Dsshqgl{ D= Surriv ri wkh Sursrvlwlrqv

Sursrvlwlrq 4= A8 lv qrq0ghfuhdvlqj/ xsshu vhpl0frqwlqxrxv/ dqg kdv wkh

�{hg srlqw surshuw|1

Surri= Frqvlghu ^�c 	̂� 5 d�c �o zlwk ^� 	 	̂�1 Lw iroorzv iurp +4, wkdw

75E^�� : 75E	̂��1 Lw iroorzv iurp +5, wkdw b8 E75E^��� � b8 E75E	̂��� +wkh lqhtxdo0

lw| lv vwulfw li 8 sodfhv srvlwlyh suredelolw| rq wkh vhw d�75E	̂��c�75E^��� ^

E75E^��c 75E	̂��o,1 Lw iroorzv iurp +6, wkdw A8 E^�� � A8 E	̂��1 A8 E^�� lv wkhuhiruh

qrq0ghfuhdvlqj lq ^�1 Zh frqfoxgh wkdw d �{hg srlqw h{lvwv e| Wduvn|*v �{hg

srlqw wkhruhp1 Xsshu vhpl0frqwlqxlw| iroorzv iurp rxu dvvxpswlrq wkdw/

zkhq lqgl�huhqw/ djhqwv dgmxvw1�

Ohppd 4 Dvvxpswlrq 4 lv vx!flhqw iru wkhuh wr h{lvw d xqltxh htxloleulxp11

Surri= Frpelqlqj htxdwlrqv +4,/ +5,/ dqg +6,/ zh frqvwuxfw wkh pdsslqj

75 $ 75� gh�qhg e|

75� '

v
E�� Z� E�� ��

� � Z n 2Z8 E�75�
�

Dq| htxloleulxp fxwr� lv d �{hg srlqw ri wklv pdsslqj1 Frqvlghu

_75�

_75
'

v
E� � Z� E� � ��

�� Z n 2Z8 E�75�

ZsE�75�

� � Z n 2Z8 E�75�

�

Z

�� Z
s E�75�

s
� � ��

Wkh dvvxpswlrq lpsolhv
_75�

_75
	 � zklfk suryhv wkh ohppd1�

Sursrvlwlrq 5= Zlwk Dvvxpswlrq 4/ dq lqfuhdvh lq glvshuvlrq ohdgv wr dq

lqfuhdvh lq 751

Surri= Frqvlghu wzr ghqvlwlhv s dqg } zklfk kdyh wkh vdph phdq1 Vxs0

srvh wkdw s lv pruh glvshuvh wkdq } lq wkh vhqvh ri gh�qlwlrq 41 Frqvlghu

^� 5 d�c �o1 Ohw 75E^�� eh gh�qhg e| +4,1 Vlqfh s lv pruh glvshuvh wkdq }/U 75E^��

375E^��
}E5�_5 �

U 75E^��

375E^��
sE5�_5 zklfk lpsolhv wkdw b}E75E^��� � bsE75E^���1 Lw

iroorzv wkdw A}E^�� � AsE^�� iru doo ^�1 Pruhryhu/ vlqfh As lv prqrwrql0

fdoo| lqfuhdvlqj lq ^�/ wkh xqltxh �{hg srlqw xqghu s pxvw olh lq wkh lqwhuydo

E^�c ��1�
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Ohppd 5= Lq dq| htxloleulxp/ doo djhqwv zlwk ohprqv dgmxvw lq hyhu| shulrg

uhjdugohvv ri wkh djh ri wkhlu fdu1

Surri= Frqvlghu �uvw kroghuv ri wzr |hdu rog ohprqv1 Wkh| fkrrvh eh0

wzhhq ^2 n qTf li wkh| dgmxvw qrz ru �� 52 n qTf li wkh| krog rq wr wkh fdu1

Vlqfh ^2 � � wkh| dgmxvw1 Qrz frqvlghu kroghuv ri rqh |hdu rog ohprqv1 Wkh|

uhfhlyh ^�nq.E%c0� dT2E%c 0�o li wkh| dgmxvw dqg ��5
2nq.0 dT2E�c 5 n 0�o li wkh|

krog1 Vlqfh kroghuv ri wzr |hdu rog ohprqv dgmxvw/ T2E�c 5n 0� ' ^2 nqTf1 Lw

iroorzv iurp +9, wkdw .E%c0� dT2E%c 0�o � ^2 n qTf1 Vlqfh ^2 � �/ wkh| dgmxvw1�

Sursrvlwlrq 6= Wkhuh h{lvwv dq htxloleulxp lq wkh prgho zlwk xqrevhuydeoh

wudglqj klvwrulhv1

Surri= Frqvlghu A G d�c �o � d�c �o $ d�c �o � d�c �o dv gh�qhg deryh1

Hdfk ri wkh frpsrqhqw pdsslqjv lv frqwlqxrxv dqg gl�huhqwldeoh1 Wkh rqo|

txhvwlrqdeoh fdvh lv +;, zklfk jlyhv 75� dv d ixqfwlrq ri ^� dqg ^21 Exw qrwh wkdw

q.E%�c0� dT2E�c 75� n 0�� T2E%
�c 0�o lv frqwlqxrxv dqg gl�huhqwldeoh lq 75� dqg ^�

vr wkdw wklv pdsslqj lv frqwlqxrxv dqg gl�huhqwldeoh e| wkh lpsolflw ixqfwlrq

wkhruhp1 Zh wkhuhiruh kdyh h{lvwhqfh e| Eurxzhu*v �{hg srlqw wkhruhp1�

Ohppd 6= Iru dq| 75� : f/ wkh glvwulexwlrq C75� lv pruh glvshuvh wkdq 8 1

Surri= Zh zloo vkrz wkdw iru 5 � f/ C75�E5� � 8 E5�> d vlplodu dujxphqw

zloo dsso| wr 5 � f1 Frqvlghu
C75�

E5�

8 E5�
' 28 E�5�� n

U 5�

35�

8 E530��

8 E5�
sE0��_0� iru

d 5 � f� Qrwh wkdw rxu dvvxpswlrqv rq s lpso| wkdw 8 lv frqyh{ ryhu wkh

lqwhuydo E�4cfo� Uhzulwh wkh lqwhjudo dv=] 5�

35�

8 E5 � 0��

8 E5�
sE0��_0� '

] 5�

f

8 E5 n 0�� n 8 E5 � 0��

8 E5�
s E0��_0�

Vlqfh 8 lv frqyh{/ zh fdq dsso| Mhqvhq*v lqhtxdolw| wr jhw

�

2
d8 E5 n 0�� n 8 E5 � 0��o � 8 E5�

vr wkdw=] 5�

35�

8 E5 � 0��

8 E5�
sE0��_0� �

] 5�

f

28 E5�

8 E5�
s E0��_0� ' 2 d8 E5��� 8 Ef�o

Ilqdoo| xvh wkh v|pphwu| ri 5� dqg wkh idfw wkdw 8 Ef� ' �
2
wr jhw=

C75�E5�

8 E5�
� 28 E�5�� n 2

�
� � 8 E�5���

�

2

�
' �

Vr wkdw C75�E5� � 8 E5� iru dq| 5 � f1 Wkxv C75� lv pruh glvshuvh wkdq 8��
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; Dsshqgl{ E= Frpsdudwlyh Vwdwlfv zlwkPxo0

wlsoh Htxloleuld

Ohw �> eh wkh vhw ri �{hg srlqwv ri A>1 Zh nqrz iurp sursrvlwlrq 4 wkdw

wklv vhw lv qrq0hpsw|1 Lw lv hdv| wr vkrz wkdw �> kdv d pd{lpdo dqg d

plqlpdo hohphqw1
44 e>c 7e> 5 �> eh wkh ohdvw dqg wkh juhdwhvw hohphqwv lq

�> uhvshfwlyho|1 Rxu �uvw frpsdudwlyh vwdwlf uhvxow frqfhuqv wkh h�hfw ri dq

lqfuhdvh lq wkh glvshuvlrq ri 5*v/ rq e> dqg 7e>1

Rxu �uvw uhvxow lv wkdw lq lqfuhdvh lq glvshuvlrq oliwv wkh vhw ri htxloleulxp

txdolwlhv lq wkh vhfrqgdu| pdunhw1

Sursrvlwlrq 5 Frqvlghu Eruho phdvxuhv > dqg D zlwk wkh vdph �qlwh phdq

dqg vxssrvh wkdw D lv pruh glvshuvh wkdq >1 Wkhq eD :e> dqg 7eD : 7e>1

Surri= Frqvlghu ^� 5 d�c �o1 Ohw 75E^�� eh ghqlhg e| +4, dqg b>E75� eh

gh�qhg e| +5,1 Vlqfh D lv pruh glvshuvh wkdq >/
U 75E^��

375E^��
_>E5� �

U 75E^��

375E^��
_DE5�

zklfk lpsolhv wkdw b>E75E^��� � bDE75E^���1 Lw iroorzv wkdw A>E^�� � ADE^��

iru doo ^�1 Pruhryhu/ A> prqrwrqlfdoo| lqfuhdvlqj lq ^�/ dqg lv wkhuhiruh

frqwlqxrxv lq ^� h{fhsw iru xszdug mxpsv1 Wkhvh wzr surshuwlhv hqdeoh xv

wr dsso| Fruroodu| 4 lq Plojurp dqg Urehuwv ^4<<7` zklfk frpsohwhv wkh

surri1�

Lqwxlwlyho| wklv wkhruhp vd|v wkdw/ dv d zkroh/ wkh vhw ri htxloleuld ulvhv dv

wkh wudgh vkrfn ehfrphv pruh dqg pruh glvshuvh1 Fohduo| li wkh htxloleulxp

lv xqltxh wkhq lqfuhdvhv lq glvshuvlrq fdxvh lqfuhdvhv wkh htxloleulxp ^�1

Lw lv qrw wkh fdvh wkdw dq lqfuhdvh lq glvshuvlrq udlvhv doo hohphqwv lq �>1

Jhqhudoo|/ wkhuh duh wzr w|shv ri htxloleuld ghshqglqj rq wkh vorsh ri A> dw

wkh �{hg srlqw1 Iru e 5 �> wkdw duh ri wkh �uvw w|sh/ zh kdyh A �

>Ee� 	 �1 Lq

wklv fdvh/ d vpdoo lqfuhdvh lq glvshuvlrq udlvhv e145 Wklv fodvv lqfoxghv e> dqg

7e> li wkh| duh lqwhulru wr d�c �o1

44Wkh h{lvwhqfh ri d plqlpdo hohphqw iroorzv gluhfwo| iurp wkh xsshu vhpl0frqwlqxlw|

dqg prqrwrqlflw| ri W�1 Wkh h{lvwhqfh ri d pd{lpdo hohphqw iroorzv iurp wkh prqrwrqlw|

ri W� dqg wkh frpsdfwqhvv ri ^!> 4`1
45
Whfkqlfdoo|/ zh fdq gh�qh d vpdoo lqfuhdvh lq glvshuvlrq dv iroorzv1 Wkh vsdfh �

ri Eruho suredelolw| glvwulexwlrqv rq U lv d phwulf vsdfh +Eloolqjvoh| ^4<9;`,1 Frqvlghu d

forvhg vxevhw � zkrvh hohphqwv kdyh wkh vdph �qlwh phdq dqg duh lqgh{hg e| d sdudphwhu

� vxfk wkdw kljkhu ohyhov ri � lpso| juhdwhu glvshuvlrq1 Wkh qrupdov zlwk phdq }hur dqg

yduldqfh � duh rqh vxfk vxevhw1 Zh fdq wkhq dvvrfldwh d vpdoo lqfuhdvh lq glvshuvlrq/ zlwk

d vpdoo lqfuhdvh lq �1
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Wkh vhfrqg jhqhulf fodvv ri htxloleuld duh fkdudfwhul}hg e| A �

>
Ee� : �1 Lq

wklv fdvh d vpdoo lqfuhdvh lq glvshuvlrq uhgxfhv e1 A �

>
E^�� lv juhdwhu wkdq �

zkhq wkhuh duh d odujh qxpehu ri 5*v pdvvhg derxw 	75E^��1 Lq wklv fdvh/

d vpdoo lqfuhdvh lq ^�/ ohdgv wr d odujh lqfuhdvh lq b>/ dqg d odujh lqfuhdvh

lq A>E^��1 Wkhuh lv d vhqvh lq zklfk wklv fodvv ri htxloleuld duh xqvwdeoh wr

shuwxuedwlrqv1 D vpdoo fkdqjh lq ^� iurp dq| ri wkhvh srlqwv/ li uhshdwhgo|

sdvvhg wkurxjk wkh pdsslqj A> zloo hyhqwxdoo| frqyhujh wr dq htxloleulxp ri

wkh �uvw w|sh1
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< Uhihuhqfhv

Deho/ Dqguhz/ Dylqdvk Gl{lw/ Mdqlfh Hehuo|/ dqg Urehuw Slqg|fn/

4<<9/ �Rswlrqv/ wkh Ydoxh ri Fdslwdo/ dqg Lqyhvwphqw/� Txduwhuo| Mrxu0

qdo ri Hfrqrplfv 444/ :860::;1

Dggd/ Mhurph/ dqg Uxvvhoo Frrshu/ 4<<</ �Edoodgxuhwwh dqg Mhsshwwh=

D Glvfuhwh Dssurdfk�/ plphr11/ Ervwrq Xqlyhuvlw|1

Dnhuori/ Jhrujh/ 4<:3/ �Wkh Pdunhw iru cOhprqv*= Txdolw| Xqfhuwdlqw|

dqg wkh Pdunhw Phfkdqlvp/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ ;7/ 7;;0

8331

Duurz/ N1/ W1 Kduulv/ dqg M1 Pduvfkdn/ 4<84/ �Rswlpdo Lqyhqwru|

Srolf|/� Hfrqrphwulfd/ 4</ 53805:51

Eorxlq/ Pd{/ 4<<;/ �Ryhuodsslqj Jhqhudwlrqv ri Fduv/� Eurzq Xqlyhuvlw|

zrunlqj sdshu1

Edu0Lodq/ Dyqhu/ dqg Dodq Eolqghu/ 4<<5/ �Hylghqfh rq wkh Rswlpdolw|

ri Xvxdoo| Grlqj Qrwklqj/� Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 57/

58;05:51

Ehuwrod/ Jlxvhssh/ dqg Ulfdugr Fdedoohur/ 4<<3/ �Nlqnhg Dgmxvwphqw

Frvwv dqg Djjuhjdwh G|qdplfv/� QEHUPdfurhfrqrplfv Dqqxdo 4<<3/

Fdpeulgjh= PLW Suhvv1

Eloolqjvoh|/ Sdwulfn/ 4<9;/ Frqyhujhqfh ri Suredelolw| Phdvxuhv/ Qhz

\run= Zloh| ) Vrqv1

Fdedoohur/ Ulfdugr/ 4<<6/ �Gxudeoh Jrrgv= Dq H{sodqdwlrq iru wkhlu

Vorz Dgmxvwphqw/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 434/ 68406;71

Fdedoohur/ Ulfdugr/ 4<<7/ �Qrwhv rq wkh Wkhru| dqg Hylghqfh rq Djjuh0

jdwh Sxufkdvhv ri Gxudeoh Jrrgv/� R{irug Uhylhz ri Hfrqrplf Srolf|/

43/ 43:044:1

Fdsolq/ Dqguhz/ dqg Mrkq Ohdk|/ 4<<</ �Gxudeoh Jrrgv F|fohv/�

QEHU Zrunlqj Sdshu Qr1 9<;:1
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Fduuroo/ Fkulvwrskhu/ dqg Zhqg| Gxqq/ 4<<:/ �Xqhpsor|phqw H{0

shfwdwlrqv/ Mxpslqj +V/ v, Wuljjhuv dqg Krxvhkrog Edodqfh Vkhhwv/�

QEHU Pdfurhfrqrplfv Dqqxdo 4<<:/ Fdpeulgjh= PLW Suhvv1

Gdq}ljhu/ Olhi/ 4<<</ �D G|qdplf Hfrqrp| zlwk Frvwo| Sulfh Dgmxvw0

phqwv�/ Dphulfdq Hfrqrplf Uhylhz/ ;</ ;:;0<341

Hehuo|/ Mdqlfh/ 4<<7/ �Dgmxvwphqw ri Frqvxphuv* Gxudeohv Vwrfnv= Hyl0

ghqfh iurp Dxwrpreloh Sxufkdvhv/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 435/

73607691

Hlvihogw/ Dqguhd/ 4<<</ �Hqgrjhqrxv Oltxlglw| lq Dvvhw Pdunhwv/� Xql0

yhuvlw| ri Fklfdjr plphr11

Jurvvpdq/ Vdqirug/ dqg Jx| Odurtxh/ 4<<3/ �Dvvhw Sulflqj dqg Rs0

wlpdo Sruwirolr Fkrlfh lq wkh Suhvhqfh ri Looltxlg Gxudeoh Frqvxpswlrq

Jrrgv/� Hfrqrphwulfd 8;/ 580841

Khqgho/ Ljdo/ dqg Dohvvdqgur Ol}}hul/ 4<<</ �Dgyhuvh Vhohfwlrq lq

Gxudeoh Jrrgv Pdunhwv/� Dphulfdq Hfrqrplf Uhylhz/ ;</ 43<:044481

Ohdk|/ Mrkq/ dqg Mrvhsk ]hlud/ 4<<</ �Wkh Wlplqj ri Sxufkdvhv dqg

Djjuhjdwh Ioxfwxdwlrqv/� Ervwrq Xqlyhuvlw| plphr1

Plojurp/ Sdxo/ dqg Mrkq Urehuwv/ 4<<7/ �Frpsdulqj Htxloleuld/�

Dphulfdq Hfrqrplf Uhylhz/ ;7/ 774 0 8<1

Vdujhqw/ Wkrpdv/ 4<;:/ G|qdplf Pdfurhfrqrplf Wkhru|/ Fdpeulgjh=

Kduydug Xqlyhuvlw| Suhvv1

Vwljolw}/ Mrvhsk/ 4<<:/ Hfrqrplfv/ Qhz \run= Z1 Z1 Qruwrq ) Fr11

Vwro|dury/ Gplwul|/ 4<<</ �Vwdwlrqdu| Htxloleulxp lq Vhfrqgdu| Pdu0

nhwv zlwk Wudqvdfwlrq Frvwv= Kroglqj Sdwwhuqv iru Gxudeoh Jrrgv/�

Xqlyhuvlw| ri Plfkljdq zrunlqj sdshu1
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