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ABSTRACT

This paper employs a synthetic cohort technique and Consumer Expenditure Survey data to

construct average age-profiles of consumption and income over the working lives of typical

households across different education and occupation groups.  Using these profiles, we estimate a

structural model of optimal life-cycle consumption expenditures in the presence of realistic labor

income uncertainty.  The model fits the profiles quite well.  In addition to providing tight estimates

of the discount rate and risk aversion, we find that consumer behavior changes strikingly over the life-

cycle.  Young consumers behave as buffer-stock agents.  Around age 40, the typical household starts

accumulating liquid assets for retirement, and its behavior mimics more closely that of a certainty

equivalent consumer.  This change in behavior is mostly driven by the life-cycle profile of expected

income.  Our methodology provides a natural decomposition of saving into its precautionary and

retirement components.
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44Zh gluhfwo| frqwuro iru khwhurjhqrxv idplo| vl}h dw d jlyhq djh zkhq frqvwuxfwlqj frqvxpswlrq

dqg lqfrph sur�ohv1 Wkh dowhuqdwlyh lv wr prgho h{solflwo| wkh vwrfkdvwlf surfhvv iru fkdqjhv lq
idplo| vl}h1

45Vrfldo vhfxulw| zhdowk lv gh�qlwho| looltxlg dqg lv rqo| dydlodeoh dv dqqxlwlhv diwhu uhwluhphqw1
Hduo| zlwkgudzdo ri shqvlrq dqg vdylqjv yhklfohv wdujhwhg iru uhwluhphqw sxusrvhv/ vxfk dv LUD*v/
734n sodqv dqg Nhrjk/ lv riwhq uhvwulfwhg dqg �vfdoo| shqdol}hg/ li doorzhg dw doo1 Rqh pljkw dovr
frqvlghu krxvlqj zhdowk dv sduw ri uhwluhphqw zhdowk1 Hpslulfdo hylghqfh vxjjhvwv wkdw krxvhkrogv
uxq grzq wkhlu krxvlqj zhdowk rqo| h{wuhpho| odwh lq olih1

46Zh uhfrjql}h wkdw wklv dvvxpswlrq lv sureohpdwlf lq vrph zd|v1 Iru lqvwdqfh/ wzr krxvhkrogv
zlwk gl�huhqw lqfrph wudmhfwrulhv exw wkh vdph shupdqhqw frpsrqhqw ri lqfrph dw uhwluhphqw
duh suhglfwhg wr kdyh lghqwlfdo dffxpxodwhg looltxlg zhdowk1

.



#i�?�?} |�i �@*�i u�?U|�L? uLh |�i �L�ti�L*_ ThLM*i4 @| |�4i � c T� c L�h ThLM*i4
MiUL4itG

T� Ef� c �� c ~�� '

4@ 
S� c���cSA

.�

%
A[
|'�

q|3��E~|�
��34
|

�� 4
n qAn�3� TAn� EfAn� nMAn�c �An�c ~An��

&
r�|� f|n� ' - Ef| � �|� n t|n�c fAn� � fc

��ihi �i _i�?i U@t� L? �@?_ f|n� @t |L|@* *�^��_ �?@?U�@* hitL�hUit @| |�4i |n� G

f|n� ' - Ef| � �|� n t|n� ' `|n� n t|n��

@?_ ��ihi �?UL4i �t _i�?i_ @t _�tTLt@M*i �?UL4ic ?i| Lu t@��?} @?_ 5LU�@* 5iU��
h�|) |@ it |�@| M��*_ �**�^��_ @tti|t� M� hiThiti?|t |�i ?i| Thiti?| �@*�i Lu �**�^��_
@tti|t @UU�4�*@|i_ @| @}i � � A�i @tt�4T|�L? |�@| �**�^��_ �i@*|� U@??L| Mi MLh�
hL�i_ @}@�?t| �4TLtit |�i MLhhL��?} UL?t|h@�?| |�@| *�^��_ �i@*|� 4�t| Mi �i@!*)
TLt�|��i @| hi|�hi4i?|�

6�?@**)c �i TLt|�*@|i @ hi|�hi4i?| �@*�i u�?U|�L? ���U� t�44@h�3it |�i UL?�
t�4ih<t ThLM*i4 @| hi|�hi4i?| |�4i� A�i u�?U|�L?@* uLh4 �i U�LLti 4@�?|@�?t |�i
|h@U|@M�*�|) Lu |�i ThLM*i4 @?_ �t �i �M*i i?L�}� |L @**L� hLM�t|?itt U�iU!tG

TAn� EfAn� nMAn�c �An�c MAn�c ~An�� ' V � E~An�� EfAn� nMAn��
�34c

uLh tL4i UL?t|@?| V� N?_ih |�i �++� @tt�4T|�L?c |��t u�?U|�L?@* uLh4 �t i @U|*)
ULhhiU| �u |�4i Lu _i@|� Lh @tti| hi|�h?t @hi |�i L?*) tL�hUit Lu �?Uih|@�?|) @u|ih
hi|�hi4i?| E�ih|L? E�b.���� �T|�4@* UL?t�4T|�L? �t |�i? *�?i@h �? |L|@* �i@*|�
@| hi|�hi4i?|� 5�?Ui @*4Lt| @** �L�ti�L*_t �@�i *@h}i @4L�?|t Lu �**�^��_ �i@*|�
�? �L�t�?}c 5LU�@* 5iU�h�|)c @?_ Ti?t�L?t @| hi|�hi4i?|c @ *�?i@h @TThL �4@|�L? uLh
|�i |h�i UL?t�4T|�L? h�*i �t *�!i*) |L Mi ^��|i U*Lti��e

2�2� 5L*��?} uLh �T|�4@* �L?t�4ih �i�@��Lh

A�i ti|�T Lu |�i ThLM*i4 UL4M�?i_ ��|� L�h T@h|�U�*@h U�L�Ui Lu hi|�hi4i?| �@*�i
u�?U|�L? 4@!it |�i ThLM*i4 �L4L}i?iL�t Lu _i}hii ��4 �? |�i Tih4@?i?| UL4TL�
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49Zh glvfxvv fdoleudwlrq ri � lq vhfwlrq 71 Rwkhu uhohydqw sdudphwhuv duh � @ 3=<93/ � @
3=847 dqgU @ 4=36771 Wkhvh sdudphwhuv jhqhudwh ex�hu0vwrfn ehkdylru1 Lqfrph xqfhuwdlqw| lv
suhvhqwhg lq Wdeoh 6141

4:Wkh nh| frqglwlrq lv wkdw wkhuh h{lvwv dq xsshu erxqg rq fxuuhqw lqfrph1 Zlwk FUUD
suhihuhqfhv/ wklv lv hqrxjk wr jxdudqwhh wkdw fdvk rq kdqg kdv dq hujrglf glvwulexwlrq1 Wklv
frqglwlrq lv dqdo|}hg lq pruh ghwdlov lq Ghdwrq +4<<4,/ D|djdul +4<<6, dqg Vfkhfkwpdq dqg
Hvfxghur +4<::,1
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|�L? *i�i*t��b ì @hi �?|ihit|i_ �? it|�4@|�?} � @?_ |�i? 4@!�?} �?uihi?Ui @ML�|
UL?t�4T|�L? Mi�@��Lh� `�|�L�| ^�@*�|) T@?i* _@|@ L? UL?t�4T|�L?c @tti| @?_
�?UL4i uLh �?_���_�@* �L�ti�L*_tc _�hiU| it|�4@|�L? �t�?} E���� �t ?L| TLtt�M*i�
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u@4�*) t�3i @_��t|4i?|t @?_ @TT*) |�i4 |L |�i UL?t�4T|�L? _@|@ tL @t |L UL?|hL*
uLh ��|��?�@}i _i4L}h@T��U �@h�@|�L?�2e

#i�?i ���c|c� c @t |�i LMtih�i_ �L�ti�L*_ UL?t�4T|�L? �? |�i �,jc ��ihi �
_i?L|it |�i )i@h� A@!�?} *L}tc �i U@? �h�|i *? ���c|c� @tG

*? ���c|c� '
�

4
*?

�
� E~�c|�

� E~�c2S�

�
n

�

4
*?
�
S2D Eq-�

|32S ��|
,'2S#

3�
�c,

��
Ee�2�

n *?
�
� K
2D

�
n 1� n "�

��ihi "� �t U*@tt�U@* 4i@t�hi4i?| ihhLh @?_ 1� hiThiti?|t @ |�4i�igiU|�
5�?Ui @}i @?_ UL�Lh| @hi ULhhi*@|i_c �i it|�4@|i _�hiU|*) @ *�?i@h hi}hitt�L?

M@ti_ L? Ee�2� L�ih �L�ti�L*_t ��|� 4@*i �i@_t @}i_ 2S |L SD� �t _�tU�tti_ �?
#i@|L? E�bHD�c �| �t ?L| TLtt�M*i |L tiT@h@|i*) �_i?|�u) |�i *�?i@h UL4TL?i?| Lu
|�i |�4ic @}ic @?_ UL�Lh| igiU|t �? i^�@|�L? Ee����2D ì 4@!i |�i �_i?|�u)�?}
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wkdw wkh| duh revhuyhg e| wkh krxvhkrog1 Wkh doorfdwlrq ri wkh wuhqg lq frqvxpswlrq wr frkruwv
dqg djh h�hfwv pd| eh vhqvlwlyh wr wklv dvvxpswlrq1
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DiN�VH � � � �f �� "2 Q

.a�WB|�NA

Vrph Kljk Vfkrro 31<95 61<7 315;5 3153< 313:5 86193 7/5:3
+313;5, +;1<5, +417;4, +8137, +51693,

Kljkvfkrro Judgxdwh 31<7< 8163 31;9< 61:< 433� 3138< 8<145 45/778
+31348, +4197, +31553, +53138, +3137<,

Vrph Froohjh 31<93 7148 316<7 31684 31376 ;7154 </986
+3148<, +4:15<, +51677, +713<8, +61489,

Froohjh Judgxdwh 31<63 :17; 515<3 4188 433H 3137< 4441:3 9/683
+31393, +91<:, +31756, +87193, +313:8,

Judgxdwh Vfkrro 31<77 81<6 419<7 4139 433. 3138: ;:159 8/<:6
+313;:, +<1::, +31;76, +4;156, +313:9,

�WW�VB|�NA

Pdqdjhuldo dqg Suri1 31<79 81:4 419:5 8153 433H 31383 448195 45/9<6
+31393, +919<, +31857, +551:;, +3139:,

Whfk1/ Vdohv/ Dgplq1 31<86 71<3 4138< 5146 433. 3137< 97135 9/87;
+3136:, +7144, +3166<, +6<175, +31397,

Suhflvlrq Surg1/ Fudiw 31<86 71<: 31<<3 31336 31387 851;9 7/79<
+31666, +691::, +61;<8, +4;17<, +31<<:,

Rshudwruv/ Oderuhuv 31<86 71<3 31;9: 6147 433S 3137< 8:18; 9/396
+317;<, +861;3, +71;79, +4698, +5168,

Qrwh= PVP hvwlpdwlrq lq ohyhov1 Vwdqgdug huuruv fdofxodwhg zlwk fruuhfwlrq iru �uvw vwdjh
hvwlpdwlrq1 Wkh qh{w wr odvw froxp uhsruwv d whvw ri wkh ryhulghqwli|lqj uhvwulfwlrqv glvwulexwhg
dv d Fkl0vtxduhg zlwk 69 ghjuhhv ri iuhhgrp1 Wkh fulwlfdo ydoxh dw 8( lv 83=:41
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6<Xqghu wklv dvvxpswlrq/ gxudeoh jrrgv fdqqrw eh xvhg wr r�vhw oderu lqfrph xqfhuwdlqw|1
Zkloh wklv lv dq h{wuhph dvvxpswlrq/ lw lv olnho| gxudeoh jrrgv frppdqg rqo| d iudfwlrq ri wkhlu
ruljlqdo ydoxh rq vhfrqg0kdqg pdunhwv1
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A@M*i D��G -NO�t|Ajtt ��jW"t

.t|�6B|�NA G�� G4� G� Gg� GF� GU�
Frqvxpswlrq Phdvxuh= Wrwdo Wrwdo Wrwdo Wrwdo Wrwdo QrqGxudeoh
�V|�6B, bj�}�|�A} Qr \hv Qr Qr Qr Qr
8�! H ^z58` Qr Qr \hv \hv \hv \hv
�j|�Na Ohyho Ohyho Ohyho Iluvw Gl� Ohyho Ohyho
8�! G�3e�4� Qr Qr \hv Qr Qr Qr
YAWN6j �NiijW|�NA Qr Qr Qr Qr \hv Qr

� 31;:74 31;:57 31<97; 31<976 31<8<; 31<55<
V1H1+D, +313<;7, +313335, +313535, +313434, +3133<;,
V1H1+E, +314365, +3134<:, +3133;:, +313539, +41447:, +31386;,
� +(, 471739 47195: 619745 619<<5 714;; ;1683
V1H1+D, +451;;4, +313557, +514:4, +413<;4, +414878,
V1H1+E, +461848, +518;<, +31<68, +51545, +454134, +9164;<,
� 814;4: 815;56 3145:; 3148;8 318473 41<68:
V1H1+D, +318973, +313337, +318;88, +3149<3, +31393<,
V1H1+E, +319855, +3144<8, +3133;;, +31999<, +4918<5, +31679<,
�3 816: 43�8 4169 43�7 318<7 31334 313348 3133
V1H1+D, +531:3, +4199;, +61;7<, +551;:,
V1H1+E, +531:7, +:1;9, +419:8, +45541, +681<6,
�4 313544 313536 313::7 314788 313:43 3135;4
V1H1+D, +314;57, +316496, +314548, +313584,
V1H1+E, +314;7:, +313798, +3164;7, +6;1<:9, +313694,
h{s +oz58, 518:48 518:48 313945 313945 313945 313945
V1H1+D, +3197:5,
V1H1+E, +31;8:;, +317;3;,

"5GB� <41;< 49<3 67146 4:8158 6391:8
"5GO� ;:18< ;:188 4877 641;5 47;17; :;3144

@

@Qrwh= PVP hvwlpdwlrq lq ohyhov dqg �uvw0gl�huhqfhv1 Vwdqgdug huuruv fdofxodwhg zlwkrxw
+D, dqg zlwk +E, fruuhfwlrq iru �uvw vwdjh hvwlpdwlrq1 Wkh qh{w wr odvw froxp uhsruwv d whvw
ri wkh ryhulghqwli|lqj uhvwulfwlrqv glvwulexwhg dv d Fkl0vtxduhg zlwk 69 ghjuhhv ri iuhhgrp1 Wkh
fulwlfdo ydoxh dw 8( lv 83=:41
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Wklv dsshqgl{ ghvfulehv rxu dssurdfk wr vroylqj qxphulfdoo| wkh frqvxphu sureohp1

���� B@�tt�Oih4�|i ^�@_h@|�hi�

Wkh dojrulwkp h{sorlwv wkh uhfxuvlyh vwuxfwxuh ri wkh frqvxphu sureohp e| vroylqj wkh
Hxohu htxdwlrq iru wkh rswlpdo frqvxpswlrq uxoh1 Dvvxph iru wkh wlph ehlqj wkdw zh
nqrz krz wr frpsxwh f|n� +=, iru doo srvvleoh ydoxhv ri fdvk rq kdqg1 Rqh fdq uhzulwh
wkh Hxohu htxdwlrq +517, xvlqj wkh Lqwhuwhpsrudo exgjhw frqvwudlqw +516, dv=
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Wkh �uvw sureohp frqvlvwv lq hydoxdwlqj wkh h{shfwdwlrq lq +D14,1 Vlqfh Q dqg X duh
orj qrupdoo| glvwulexwhg/ d qdwxudo zd| wr hydoxdwh wkhvh lqwhjudov lv wr shuirup d wzr0
glphqvlrqdo Jdxvv0Khuplwh txdgudwxuh=
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1 Wkh zhljkwv

$�� dqg qrghv q�/ x� duh wdexodwhg lq Mxgg +4<<;,1 Lq sudfwlfh/ zh shuiruphg d txdgud0
wxuh ri rughu 451

Rqh fdq wkhq �qg wkh urrw ri wkh Hxohu htxdwlrq dw dq| srlqw { xvlqj vwdqgdug
phwkrgv1 Zh frqvwudlq wkh urrw wr eh srvlwlyh dqg ohvv wkdq {/ wkh fxuuhqw ydoxh ri fdvk
rq kdqg1 Dv glvfxvvhg lq wkh sdshu/ wklv uhvwulfwlrq lv dozd|v vdwlv�hg zkhq wkhuh duh qr
looltxlg dvvhwv1

��2� �L?t�4T|�L? h�*it�

Zh lqlwldol}h wkh dojrulwkp zlwk wkh frqvxpswlrq uxoh dw uhwluhphqw1 Rqh fdq vkrz
wkdw wkh frqvxpswlrq uxohv iru wklv sureohp duh frqwlqxrxvo| gl�huhqwldeoh dv orqj dv
wkhuh duh qr oltxlglw| frqvwudlqwv1 Krzhyhu/ lq wkh suhvhqfh ri oltxlglw| frqvwudlqwv/
wkh frqvxpswlrq uxohv pd| h{klelw d nlqn1 Vhh Ghdwrq +4<<4,dqg D|djdul +4<<6,1 Zh
h�hfwlyho| lpsrvh d oltxlglw| frqvwudlqw e| qrw doorzlqj wkh krxvhkrog wr eruurz djdlqvw
looltxlg dvvhwv1 Wklv lqglfdwhv wkdw vprrwk dssur{lpdwlrq phwkrgv/ dv dgyrfdwhg e|
Mxgg +4<<5, duh lqdssursuldwh1 Lqvwhdg/ zh xvh d vwdqgdug glvfuhwl}dwlrq phwkrg= zh

vshfli| dq h{rjhqrxv julg iru fdvk0rq0kdqg=
�
{�
�a
�'�

� ^3> {4@ `1 Lq rughu wr fdswxuh wkh

e2



fxuydwxuh ri wkh frqvxpswlrq uxoh dw orz ydoxhv ri fdvk rq kdqg/ wkh julg zloo eh �qhu
iru { 5 �

3> {�?|
�
1 Lq sudfwlfh/ iru hdfk ydoxh ri fdvk rq kdqg rq wkh julg/ {� / zh �qg wkh

dvvrfldwhg frqvxpswlrq f� wkdw vdwlv�hv +D14,1 Lq fkrrvlqj wkh vl}h dqg frduvhqhvv ri wkh
julg/ zh idfh wkh xvxdo wudgh0r� ehwzhhq suhflvlrq dqg frpsxwlqj wlph1 Dgglqj srlqwv
rq wkh julg jlyhv d �qhu dssur{lpdwlrq ri wkh frqvxpswlrq uxohv1 Vlqfh wkh frqvxpswlrq
uxoh dw djh w.4 lv wkh lqsxw qhfhvvdu| wr jhw wkh frqvxpswlrq uxoh dw djh w/ lpsuhflvlrqv
frxog frpsrxqg ryhu wlph1 Rq wkh rwkhu kdqg/ wkh Hxohu htxdwlrq lv wkh lqqhuprvw orrs
ri wkh hqwluh dojrulwkp1 Zlwk 433 srlqwv rq wkh julg dqg 73 wlph shulrg/ zh pxvw vroyh
+D14, 7333 wlphv1 Wklv wdnhv dssur{lpdwho| 4=8 plqxwhv rq d Vxq Vsduf Hqwuhsulvh433331
Zh dovr idfh d ghflvlrq uhjduglqj wkh udqjh ri fdvk rq kdqg/ {4@ 1 Iru vpdoo ydoxhv/
fdvk rq kdqg lq vdpsoh lv olnho| wr pryh rxw ri wkh julg1 Frqvxpswlrq zloo wkhq eh
hydoxdwhg xvlqj h{wudsrodwlrq phwkrgv/ pxfk ohvv suhflvh wkdq lqwhusrodwlrq1 Rq wkh
rwkhu kdqg/ lqfuhdvlqj wkh udqjh iru d �{hg qxpehu ri julg srlqwv lpsolhv ohvv suhflvh
hvwlpdwlrq ri wkh fxuydwxuh1 Rqh vroxwlrq frqvlvwv lq hqgrjhql}lqj wkh julg vr wkdw/ iru
lqvwdqfh/ fdvk rq kdqg uhpdlqv zlwklq wkh julg zlwk suredelolw| 3=<81 Zh dgrswhg d
vlpsohu dssurdfk frqvlvwlqj lq fkhfnlqj wkdw fdvk rq kdqg/ lq wkh vlpxodwlrqv/ uhpdlqv
vwulfwo| lqvlgh wkh julg1 Lq sudfwlfh/ zh wrrn {4@ @ 73> {�?| @ 5 dqg M @ 433> zlwk
83 srlqwv ehwzhhq 3 dqg {�?|1 Zh fkhfnhg wkh txdolw| ri wkh dssur{lpdwlrq e| vroylqj
wkh vwdwlrqdu| lq�qlwh krul}rq sureohp dqg fkhfnlqj wkh udwh ri frqyhujhqfh wr wkh �{hg
srlqw ri wkh ixqfwlrqdo Ehoopdq htxdwlrq1 Qrwh wkdw hyhq li vlpxodwhg { uhpdlqv vwulfwo|
lqvlgh wkh julg dssur{lpdwlrq huuruv fdq dulvh dv iurp wkh Hxohu htxdwlrq vlqfh hydoxdwlqj
h{shfwhg ixwxuh pdujlqdo xwlolw| pd| uhtxluh orrnlqj rxwvlgh wkh julg1

���� 5�4�*@|�L?t

Zh vlpxodwh frqvxpswlrq sur�ohv e| jhqhudwlqj d vhtxhqfh ri 53333 �fwlwlrxv lqfrph
surfhvvhv ryhu 73 |hduv1 Iru jlyhq sdudphwhuv ri wkh frqvxpswlrq sureohp/ zh vroyh iru
wkh rswlpdo djh0ghshqghqw frqvxpswlrq uxohv dv h{sodlqhg deryh1 Odvwo|/ zh fdofxodwh
wkh frqvxpswlrq ghflvlrqv ri krxvhkrogv uhfhlylqj wkhvh lqfrph surfhvvhv1 Zh wkhq
frqvwuxfw olih f|foh frqvxpswlrq sur�ohv e| orj0dyhudjlqj dfurvv djh1

�� �t)4T|L|�U V@h�@?Ui �L�@h�@?Ui �@|h� @?_ Ait| Lu ��ih��
_i?|�u)�?} +it|h�U|�L?t�

Zh iroorz Qhzh| dqg PfIdgghq +4<<7, dqg xvh dq h{sdqvlrq phwkrg1 Gh�qh wkh
�uvw0vwdjh vdpsoh prphqwv wkdw fruuhvsrqg wr wkh wkhruhwlfdo prphqwv dv p +", @
�
a

Sa
�'� �� +", >zkhuh M lv wkh qxpehu ri revhuydwlrqv iru wkh �uvw vwdjh1 a" lv dv|pswrwl0

fdoo| qrupdoo| glvwulexwhg zlwk d wkhruhwlfdo yduldqfh fryduldqfh pdwul{ Y� � P3�
� 6P3��

�

zkhuh 6 @ H ^�+"f,�+"f,
�` dqg P� @ H
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l
1 Frqvlvwhqw hvwlpdwlrq ri Y� xvhv

wkh hpslulfdo frxqwhusduwv wr P� dqg 6 dv lv vwdqgdug lq JPP 1 Vlqfh wkh �uvw0
vwhs lv h{dfwo| lghqwl�hg/ wkh fkrlfh ri d zhljkwlqj pdwul{ lv luuhohydqw khuh1 a" lv
dq dv|pswrwlfdoo| olqhdu hvwlpdwru zlwk lq�xhqfh ixqfwlrq #� @ �P3�

� ��+"f, zkhuhs
M+a"� "f, @
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Wkh �uvw rughu frqglwlrq iru wkh vhfrqg vwdjh hvwlpdwru lv=
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zkhuh �� ghqrwhv d frqvlvwhqw phdq ydoxh1 H{sdqglqj wkh vdph whup ixuwkhu/ wklv wlph
durxqg "f/ zh rewdlq=
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E| wkh Voxwvn| dqg fhqwudo olplw wkhruhpv/
s
L+a� � �f, frqyhujhv lq glvwulexwlrq wr d

phdq }hur qrupdo glvwulexwlrq zlwk dv|pswrwlf fryduldqfh pdwul{=

Yw @ +J
�

wZJw,
3�J

�

wZH

%#
j+�f>"f, .

u
L

M
J�#

$#
j+�f>"f, .

u
L

M
J�#

$�&
ZJw+J

�

wZJw,
3�>

zkhuhJw @ H^YlEwfc�f�
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` lv W{n dqgJ� @ H^YlEwfc�f�Y�� ` lv W{u1 Dv wkh phdq ydoxhv frqyhujh
wr wkh wuxh rqhv wkh vdpsoh judglhqwv frqyhujh wr wkhlu wkhruhwlfdo frxqwhusduwv1

Vlqfh rxu �uvw0vwdjh dqg vhfrqg0vwdjh hvwlpdwru xvh gl�huhqw vwuxfwxudo prghov dqg
prvwo| gl�huhqw gdwd/ zh dvvxph wkdw wkh �uvw0vwdjh dqg vhfrqg0vwdjh prphqwv duh
xqfruuhodwhg1 Lq wkdw fdvh/ wkh irupxod vlpsol�hv wr=
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a = Wklv
pdnhv fohdu wkdw dv wkh uhodwlyh suhflvlrq ri wkh �uvw vwdjh lqfuhdvhv +l1h & $ 3,> wkh
fruuhfwlrq iru wkh �uvw vwdjh glvdsshduv1 ) frqwurov iru wkh vlpxodwlrq huuru1 Dv wkh
vlpxodwlrq ehfrphv pruh dqg pruh suhflvh/ ) $ 4= Wr frqvwuxfw dq hvwlpdwh ri +E14,/
zh uhsodfh wkh wkhruhwlfdo frqfhswv zlwk wkhlu hpslulfdo frxqwhusduwv/ dv lv grqh lq wkh
xvxdo JPP iudphzrun1

Zh xvh wzr gl�huhqw fkrlfhv ri wkh zhljkwlqj pdwul{ lq rxu hvwlpdwlrq1 Iluvw/ zh
fkrrvh d pdwul{ zklfk/ zkloh qrw ixoo| rswlpdo/ grhv qrw ghshqg rq wkh �wwhg prgho1
Wklv lv prwlydwhg e| wkh revhuydwlrq wkdw rswlpdoo| zhljkwlqj JPP hvwlpdwruv fdq
zruvhq �qlwh0vdpsoh eldv +vhh iru h{dpsoh Zhvw/ ix Zrqj/ dqg Dqdwro|hy +4<<;,,1 Zh
vhw wkh zhljkwlqj pdwul{ wr 3�} = Wklv lv wkh rswlpdo zhljkwlqj pdwul{ zkhq wkh �uvw
vwdjh fruuhfwlrq grhv qrw pdwwhu/ l1h1 zkhq J� @ 3 ru & @ 3= Wklv |lhogv=
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Zkloh 3�} lv qrw wkh rswlpdo zhljkwlqj pdwul{ jlyhq wkh �uvw0vwdjh fruuhfwlrq/ wklv
fdvh lv hdv| wr lpsohphqw vlqfh dq hvwlpdwh ri } fdq eh rewdlqhg gluhfwo| dv wkh
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vdpsoh frxqwhusduw ri H
�
+oqF� �H +oqF�,, +oqF� �H +oqF�,,

��1 Vlqfh zh gr qrw re0
vhuyh krxvhkrogv dfurvv |hduv/ wklv lv htxlydohqw wr dvvxplqj wkdw } lv gldjrqdo zlwk
a}| @
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oqF�c| � oq �F|

�2
= Lq wkh fdvh ri gl�huhqfh hvwlpdwlrq/ zh xvh dq lghqwlw|

zhljkwlqj pdwul{ vlqfh gl�huhqw krxvhkrogv duh revhuyhg lq gl�huhqw |hduv1

Vhfrqg/ zh dovr hpsor| wkh rswlpdo zhljkwlqj pdwul{ Z @
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Lq wklv fdvh/ wkh yduldqfh irupxod vlpsol�hv wr=
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Wklv uhtxluhv xvlqj wkh hvwlpdwhv iurp rxu �uvw fdvh dqg frqvwuxfwlqj dq hvwlpdwh ri Z
xvlqj vdpsoh frxqwhusduwv1

Wkhuh duh wzr rwkhu lqwhuhvwlqj vshfldo fdvhv1 Iluvw/ li wkh vhfrqg vwdjh lv h{dfwo|

lghqwl�hg +W @ n,> wkh fryduldqfh pdwul{ vlpsol�hv wr Yw @ J3�w
k
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Vhfrqg/ li wkhuh lv qr furvv ghulydwlyh/ vr wkdw J� @ 3/ wkh �uvw vwdjh xqfhuwdlqw| grhv
qrw d�hfw wkh vhfrqg vwdjh1 Lq wklv fdvh wkh irupxod froodsvhv wr wkh idploldu rqh lq zklfk

�uvw vwdjh hvwlpdwlrq grhv qrw dsshdu= Yw @ )
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Wklv phwkrgrorj| dovr surylghv d xvhixo whvw ri wkh ryhulghqwli|lqj uhvwulfwlrqv lq wkh
vhfrqg vwdjh1 Li wkh prgho lv fruuhfw/ wkh vwdwlvwlf=
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lv glvwulexwhg dv|pswrwlfdoo| dv Fkl0vtxduhg zlwk W � 5 ghjuhhv ri iuhhgrp1

�� A�i �,j�

Zh xvh wkh FH[ idplo|/ phpehu dqg ghwdlohg h{shqglwxuh �ohv iru |hduv 4<;3 wr 4<<6/ dv
surylghg e| wkh QEHU1 Prvw ri rxu lqirupdwlrq derxw wkh FH[ lv rewdlqhg iurp Exuhdx
ri Oderu Vwdwlvwlfv +4<<6/ dqg |hduv 4<;304<<5, dqg frqyhuvdwlrqv zlwk EOV vwdwlvwlfldqv1
Krxvhkrogv duh glvfdughg li wkh| duh plvvlqj dq| ri wkh lqirupdwlrq qhfhvvdu| iru wkh
uhjuhvvlrqv/ li wkh| uhsruw fkdqjhv lq djh iurp wkh vhfrqg wr �iwk lqwhuylhz ri pruh wkdq
d |hdu ru ohvv wkdq }hur |hduv/ li wkh| duh fodvvl�hg dv lqfrpsohwh lqfrph uhsruwhuv/ ru li
wkhlu uhsruwlqj lpsolhv ohvv wkdq '4333 lq dqqxdo lqfrph ru frqvxpswlrq1

Zh xvh lqirupdwlrq derxw wkh uhihuhqfh shuvrq wr dvvljq wkh krxvhkrog wr fhoov/ xqohvv
wkh uhihuhqfh shuvrq lv ihpdoh1 Lq wklv fdvh zh xvh wkh vsrxvhv lqirupdwlrq1 Li wkhuh lv
qr vsrxvh/ ru klv lqirupdwlrq lv plvvlqj/ wkh krxvhkrog lv glvfdughg1 Zkhq wklv fxw zdv
pdgh lw holplqdwhg 53( ri wkh vdpsoh1 Doo lqirupdwlrq ehvlghv lqglylgxdo oderu lqfrph
dqg frqvxpswlrq lv wdnhq iurp wkh idplo| �ohv1 Ydoxhv duh dvvljqhg wr d krxvhkrog edvhg
rq lqirupdwlrq jdwkhuhg lq wkh �iwk lqwhuylhz/ rwkhuzlvh lqirupdwlrq lv xvhg iurp wkh
vhfrqg lqwhuylhz/ ru/ li lw lv qrw dydlodeoh/ wkh krxvhkrog lv glvfdughg1 Krxvhkrogv vkrxog
qrw eh pdwfkhg dfurvv 4<;8 wr 4<;9/ dqg duh qrw1 Fduh lv wdnhq wr dvvxuh frqvlvwhqf|
lq rxu gdwd ghvslwh yduldeoh fodvvl�fdwlrq fkdqjhv wkurxjk wlph/ dqg dfurvv uhihuhqfh
shuvrq dqg vsrxvh1 Lqirupdwlrq zdv surylghg e| wkh Glylvlrq ri wkh FH[ lq wkh Exuhdx
ri Oderu Vwdwlvwlfv derxw ydulrxv lvvxhv lqfoxglqj wkh pdwfklqj ri rffxsdwlrq frghv iurp
4<;30;4 wr odwhu |hduv1

Shqvlrq frqwulexwlrqv/ lqfrph/ Vrfldo Vhfxulw| frqwulexwlrqv/ dqg doo dvvhw lqfrph doo
uhihu wr wkh sdvw wzhoyh prqwkv1 Rxu gh�qlwlrq ri shqvlrq frqwulexwlrqv lv wkh vxp ryhu

eD



wkh FH[ vxefdwhjrulhv dqg wkxv lqfoxghv sulydwh shqvlrqv/ sxeolf shqvlrqv/ Udlourdg
Uhwluhphqw shqvlrqv/ dqg vhoi0hpsor|hg/ LUD/ dqg Nhrjk sodqv1 Li wkh diwhu0wd{ idplo|
lqfrph yduldeohv lv wrsfrghg/ uhihuhqfh shuvrq dqg vsrxvh oderu lqfrphv duh vxewudfwhg
dqg zh dgg/ iru hdfk/ wkh yduldeoh fuhdwhg e| pxowlso|lqj wkh hduqlqjv lq odvw sd|fkhfn
e| wkh iudfwlrq ri wkh |hdu wkh sd| shulrg fryhuv1 Wkhvh oderu lqfrph yduldeohv duh wkh
vroh yduldeohv iurp wkh phpehu �ohv xvhg1 Dvvhwv dqg dvvhw lqfrph uhihuv wr wkh vxp
ryhu vdylqjv dffrxqwv/ fkhfnlqj dffrxqwv/ erqgv/ dqg vwrfnv/ dv ri wkh wlph ri lqwhuylhz1
Hdfk krxvhkrog lv dvvljqhg wr d |hdu edvhg rq wkh plgsrlqw ehwzhhq wkh �uvw dqg �iwk
lqwhuylhz li erwk gdwd duh dydlodeoh> rwkhuzlvh vlpso| wkh vlqjoh lqwhuylhz gdwh lv xvhg1
Djh lv wkh dyhudjh ri erwk lqwhuylhzv li erwk duh dydlodeoh/ rwkhuzlvh lw lv wkh vlqjoh rqh
dydlodeoh1 Gxh wr vrph h{wuhph uhsruwv/ zh uhvhw uhsruwhg wd{ udwhv deryh 83( edfn wr
83(/ dqg ehorz }hur shufhqw wr }hur1 Zh shuirup d vlplodu h{huflvh iru Vrfldo Vhfxulw|
frqwulexwlrq udwhv dqg shqvlrq frqwulexwlrq udwhv/ xvlqj 58( dv wkh xsshu erxqg1

Zkloh wrsfrglqj lv yhu| lqiuhtxhqw lq frqvxpswlrq lqirupdwlrq/ wkh krxvhkrog dqqxdo
lqfrph yduldeoh uh�hfwv vxppdwlrq ryhu d wrsfrghg lwhp iru urxjko| kdoi d shufhqw ri rxu
krxvhkrogv1 Vlqfh/ lq prvw |hduv/ wrsfrglqj rffxuv dw '433> 333 lq lqfrph vxefdwhjrulhv/
uhsruwhg lqglylgxdo dqqxdo oderu lqfrph lv wkh vrxufh ri doprvw doo lqfrph wrsfrglqj
sureohpv1 Krzhyhu/ krxvhkrogv duh dovr dvnhg wkh jurvv dprxqw ri wkhlu sd|fkhfn dqg
zkdw ohqjwk ri wlph0shulrg wklv sd|fkhfn fryhuv1 E| pxowlso|lqj wkhvh wzr yduldeohv
wrjhwkhu/ zh frqvwuxfw d vhfrqg phdvxuh ri dqqxdo oderu lqfrph1 Wrsfrglqj rq wklv
yduldeoh rffxuv rqo| iru d ihz fdvhv1 Zh fruuhfw rxu phdvxuh ri diwhu0wd{ idplo| lqfrph
e| uhsodflqj wkh uhsruwhg dqqxdo oderu lqfrph lq idplo| lqfrph zlwk rxu frqvwuxfwhg
phdvxuh zkhqhyhu wkh idplo| lqfrph yduldeoh lv wrsfrghg1 Zh duh deoh wr fruuhfw doprvw
doo wrsfrglqj1

Frqvxpswlrq gdwd lv frpslohg iurp wkh ghwdlohg h{shqglwxuh �ohv dv doo h{shqglwxuhv
e| d krxvhkrog h{fhsw iru wkrvh iru khdowk fduh/ pruwjdjh lqwhuhvw/ dqg hgxfdwlrq1 Wkh
frqvxpswlrq ohyho lv wkhq wkh dyhudjh prqwko| h{shqglwxuh wlphv wzhoyh1 Ilyh shufhqw ri
krxvhkrogv kdyh frqvxpswlrq gdwd iru 7/ :/ 43/ 46/ ru 47 prqwkv dqg wkhvh krxvhkrogv*
frqvxpswlrq duh wuhdwhg dv li wkh| zhuh ryhu 6/ 9/ </ dqg 45 prqwkv1 Wkdw lv wkh uhfdoo
lqwhuylhz shulrg h{whqghg eh|rqg wkh edvlf wkuhh prqwkv dqg vrph h{shqglwxuhv duh
uhfrughg lq d odwhu prqwk1 EOV vwdwlvwlfldqv uhfrpphqg wuhdwlqj wkhvh h{shqglwxuhv dv
li wkh| rffxuuhg lq wkh suhfhglqj prqwk1 Wkrvh fryhulqj 4 ru 5 prqwkv +rqh shufhqw ri
wkh vdpsoh, zhuh gursshg1

Rqh pljkw eh frqfhuqhg derxw wkh fryhudjh ri lqfrph dqg frqvxpswlrq dqg wkxv
derxw wkh uhodwlyh ohyhov ri wkh sur�ohv1 Zh jhw uhdvrqdeoh uhodwlyh ohyhov ri frqvxpswlrq
dqg lqfrph dv grhv Dwwdqdvlr +4<<7,/ zkr xvhv uhodwlyh ohyhov lq klv dqdo|vlv ri vdylqj
lq wkh XV1 Dovr/ zh kdyh fkhfnhg d wrwdo lqfrph sur�oh dqg d irrg frqvxpswlrq sur�oh
djdlqvw vlplodu sur�ohv frqvwuxfwhg iurp SVLG gdwd1 Lq wkh fdvh ri irrg/ wkh ohyho dqg
vkdsh ri wkh wzr sur�ohv zhuh qhduo| lghqwlfdo1 Iru wrwdo lqfrph sur�oh/ wkh vkdshv ri wkh
sur�ohv zhuh ohvv vlplodu/ exw vwloo txlwh forvh1 Ilqdoo|/ lq rxu uhvxowv vhfwlrq/ zh suhvhqw
hylghqfh rq hvwlpdwlrq zklfk lqvwhdg xvhv rqo| lqirupdwlrq iurp wkh fkdqjhv lq lqfrph
dqg frqvxpswlrq1 Vhh wkh zrunlqj sdshu yhuvlrq iru ixuwkhu ghwdlov1

Wkh xqhpsor|phqw udwhv phujhg wr wkh FH[ duh wkh uhjlrqdo xqhpsor|phqw udwhv
iru flyloldq srsxodwlrq iurp wkh Krxvhkrog vxuyh| frqgxfwhg dqg sxeolvkhg e| wkh Ex0
uhdx ri Oderu Vwdwlvwlfv lq _Hpsor|phqw dqg Hduqlqjv1% Wkh JQS LSG SFH lv iurp
Frxqflo Ri Hfrqrplf Dgylvruv +4<<8,1
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Zh frqvwuxfw sur�ohv ri frqvxpswlrq ryhu wkh zrunlqj olih erwk vprrwkhg dqg xq0
vprrwkhg1 Xq0vprrwkhg sur�ohv duh frqvwuxfwhg e| dyhudjlqj rxu uhfrqvwuxfwhg phdvxuh
ri frqvxpswlrq e| djh1 Vprrwk sur�ohv duh frqvwuxfwhg e| hvwlpdwlqj dq htxdwlrq vlpl0
odu wr +716, zklfk �{hv �2 dw wkh ydoxh hvwlpdwhg rq wkh xq0vprrwkhg gdwd/ uhsodfhv wkh
djh dqg frkruw gxpplhv e| �iwk rughu sro|qrpldov/ dqg h{whqgv wkh kljkhvw djh wr :3 wr
dyrlg vrph ri wkh hqgsrlqw sureohpv frpprqo| hqfrxqwhuhg zlwk sro|qrpldo vprrwkhuv1

Zh jhqhudwh d sur�oh iru shu0krxvhkrog0htxlydohqw frqvxpswlrq iru d frqvwdqw idplo|
vl}h/ e| uhsodflqj wkh w|slfdo idplo| vl}h/ �i|/ iru hdfk djh zlwk lwv vdpsoh dyhudjh/ 5=;1
Ilqdoo|/ zh frqvwuxfw wkh w|slfdo sur�oh ri wkh vkliw lq pdujlqdo xwlolw| fdxvhg e| fkdqjhv
lq idplo| vl}h iru rxu w|slfdo krxvhkrog dv
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xvlqj f�2 hvwlpdwhg iurp htxdwlrq +716,/ zkhuh L| lv wkh qxpehu ri krxvhkrogv revhuyhg dw
djh w1 Wkh vprrwkhg yhuvlrq ri wklv lv frqvwuxfwhg e| suhglfwlqj �i|f�2 xvlqj d �iwk0rughu
sro|qrpldo1

Zh hpsor| wkh h{dfwo| vdph surfhgxuh iru lqfrph/ h{fhsw wkdw wkh dgmxvwphqw iru
idplo| vl}h khwhurjhqhlw|/ �2/ lv vhw htxdo wr lwv ydoxh iurp wkh frqvxpswlrq uhjuhvvlrq1
�\| @ h{s^ �U|

SU|
�'� oq\�c|` lv dq hvwlpdwh ri dyhudjh lqfrph e| djh1 Wr hvwlpdwh vhsdudwh

sur�ohv e| hgxfdwlrq jurxs ru e| rffxsdwlrq jurxs/ zh dgg lqwhudfwlrq whupv ehwzhhq
wkh fdwhjrulhv frqvlghuhg dqg djh dqg uhwluhphqw vwdwxv1
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