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ABSTRACT

As the U.S. population ages, the growing retiree-worker ratio increases the burden of public
retirement systems. Is it efficient to maintain a defined benefit social security system? Should
PAYGO benefits be reduced and private retirement savings be encouraged? The paper examines
these questions in a neoclassical growth model with overlapping generations and demographic
uncertainty. In case of shocks to the birth rate, I find that a defined-benefits social security system
is more efficient ex-ante than a defined-contribution or privatized system. This is because small
cohorts generally enjoy favorable wage and interest rate movements. They are in the labor force
when the capital-labor ratio is high and they earn capital income when the capital-labor ratio is low.
A defined benefit system helps to offset the effect of these factor price movements by imposing
higher taxes on small cohorts. Neither defined-benefits nor its main alternative are fully efficient,
however, because they all fail to adjust current retiree benefits in response to anticipated future
demographic changes. In case of changes in life-expectancy, the efficient policy response depends
on the predictability of deaths at the individual level and on the availability of annuities. Reduced
benefits can be efficient if annuities markets are missing and the mortality change is such that

accidental bequests decline, but not otherwise.
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1. Introduction

All over the world, declining population growh rates and rising life
expectancy are creating problens for public retirenent systens. Wth a
constant population structure, a pay-as-you-go (PAYGD social security
system could operate at constant tax and replacenent rates. But when the
ratio of retirees to workers rises, either tax rates nmust be raised or the
repl acenent rate nust be reduced. These denographic changes are the driving
force for the current social security reform debate.

This paper considers the design of social security from an ex ante
perspective. Once a denographic shock is realized, a debate on how to
adj ust taxes and benefits is necessarily a distributional debate. A lighter
burden on one generation inplies a heavier burden on other generations.
From an ex ante perspective, in contrast, denpgraphics is a stochastic
process and the design questions are about risk sharing. Different
realizations of birth rates and survival rates have an inpact on the
financial status of governnent prograns and, nore broadly, on the set of
feasible allocations of national resources. Policy questions are then
questions of efficiency rather than redistribution: How can the financial
risks ~created by denpbgraphic uncertainty be shared by different
generations? Wiat are the risk-sharing inplications of alternative policy
rul es? Moreover, we can evaluate specific policy actions (“reforns”) taken
in response to denographic changes in ternms of whether or not they
represent efficient responses to the underlying shocks.

| exam ne denographi c changes in a Dianond (1965) style neocl assical
growmh nodel wth overlapping generations, building on Bohn (1998a).
CGovernnent policy is potentially welfare inproving because future

generations are naturally excluded from financial narkets. They cannot



insure themsel ves against macroecononic or denographic risks.l In this
setting, | characterize the general properties of alternative social
security systens, with a focus on four specific alternatives: A PAYGO
social security systens with defined benefits (DB), a PAYGD system with
defined contributions (DO, a private/privatized system and a
“conditional ly prefunded” system

The two PAYGQO systens are rel evant because existing social security
systens in many devel oped countries are pure PAYGO systens, including the
U S until 1983. If the worker-retiree ratio is constant, DB and DC are
observationally equivalent. But when the retiree-worker ratio rises, the
key issue for PAY®O social security is if taxes are held constant and
benefits are reduced or if benefits are held constant and taxes are
i ncreased. This choice is at the heart of the current U S. policy debate.

The analysis of a privatized system is notivated by the current
di scussi on about systens in which individuals fund their own retirenment, at
least in part. A fully privatized system represents this policy option in
pure form 2

Finally, the “conditionally prefunded” social security system is
intended to capture key features of the post-1983 U S. system The U S.
social security debate is heavily influenced by the Social Security
Admi nistration’s 75-year extrapolations of current policy. Wenever the 75-
year forecast shows a significant revenue gap, public pressure seens to

arise to reform the system3 I|f one takes this |inkage seriously and

1 10 si nplify, | abstract fromprivate risk sharing and from R cardi an bequests.

2 some of the privatization literature distingui shes between private savings w t hout
governnment intervention and “privatized” social security, nmeaning a funded systemthat is
mandat ory and gover nment - regul at ed. For theintergenerational i ssues in this paper, this
distinction is irrelevant.

3 For exanpl e, the 1983 ref ormwas supposed to cover thethen-existingrevenue gapthrough
tax increases that would accunulate a trust fund sufficient to carry social security
t hrough the years of baby boomretirenent. Mich of the current debate is al so about
cl osing the projected fundi ng gap.



assunes that projected funding gaps systematically trigger tax and benefit
changes, one obtains a well-defined pattern of intergenerational transfers,
nanely a system in which trust funds are accunulated or drawn down in
response to denographi c shocks. For the stylized representation of such a
system | assune that net benefits are fixed one generational period in
advance, at a |level that depends negatively on anticipated changes in the
retiree-worker ratio.4

The paper derives four main sets of results, nanely about the
implications of variable birth rates, about variations in |ongevity, about
the different positive effects of alternative policies, and about their
ef ficiency properties.

First, nenbers of a snmall cohort generally benefit from being in a
smal | cohort even if the government operates a DB social security system
This finding deserves enphasis because the mmin concern in the current
ref orm debat e has been about the plight of the baby bust generation, about
the fact that DB inposes relative high taxes on snall cohorts that support
preceding larger cohorts. Large cohorts are, however, worse off than snal
ones if there is no DB social security: Their high | abor supply drives down
the wage rate when the cohort is young. Their desire to save reduces the
return on capital as they age. Conversely, snall cohorts enjoy favorable
factor price novenents. They are better off than large cohorts even with a
DB social security system unless taxes are so high that the fiscal burden

dom nates the factor price effects.

4 There is an apparent consensus that benefit changes ought to be phased in slowy and
that the benefits of current retirees are untouchabl e. The ref ormdebate i s about varyi ng
FUTURE benefit | evel sinresponse to antici pated denographi c pressures, not about novi ng
to a true PAYGO DC system with variable benefits to current retirees. MHale (1999)
suggests that social security reforns in other countries followa sinmlar pattern.



In the nodel, the nagnitude of the factor price effects relative to
the fiscal burden depends on the elasticity of factor substitution and on
the level of social security taxes. Wth Cobb-Douglas technology (as
benchnmark), the factor price effects donminate if the ratio of tax rate (q)
to one minus the tax rate, o/ (1-q), is below the capital share in output.
For the U.S., this condition is satisfied by a wide nargin, suggesting that
the factor price effects of birth rate changes should dom nate the fisca
effects. The current debate about social security reform in contrast,
focuses on fiscal pressures and virtually ignores factor price effects.?

One nay wonder, of course, to what extent the results from the two-
peri od nodel are enpirically realistic. The enpirical evidence is
unfortunately very limted, largely because it takes decades of data to
obtain a single generation-length observation. Enpirical evidence in
related areas--cross country growh and studies of relative wages--
suggests, however, that denpgraphic changes have wage effects broadly
consistent with the OG nodel (see Section 6).

The second set of results is about unexpected changes in ol d-age
nortality. The inplications for the allocation of risk depend significantly
on the individual predictability of death, on the availability of fair
annuities, and on who mght receive any accidental bequests. Under a
variety of assunptions, lower old-age nortality increases the need for
retirement consunption. The efficient response to a longer retirenent

period is then to increase social security benefits. This argunent applies,

S The Social Securi ty Administration’s long run projections of the social security
system s financial status are, for exanple, based on extrapol ating historical trends.
Nei t her the | i nkage bet ween cohort size and factor prices nor the insurance role of DB
soci al security are newideas. Easterlin (1987) provides nuch broader argunents about the
advantages of being in a snall cohort. Smith (1982) provides a numerical exanple
illustrating the insurance rol e of DB social security. The point hereis that the factor
price effects are large relative to the fiscal effects under enpirically plausible
assunptions and therefore inportant for social security reform



if deaths are individually foreseeable or if savings are annuitized, so
that accidental bequests are snmall, or iif accidental bequests are
distributed within a cohort. Reduced benefits might be efficient, however,
if lower old-age nortality reduces the accidental bequests received by
wor kers. ©

Third, a conparison of alternative policies shows that a fully
privatized system has essentially the same risk-sharing properties as a
defined-contribution PAYGD system This is because neither a DC PAYGD nor a
privatized system i npose higher taxes on the young when the worker retiree-
worker ratio rises, whereas a DB system does. For risk-sharing purposes, a
partially-privatized system (say, conbining a smaller DC plan wth
i ndi vidual accounts) is therefore equivalent to a nixture of a DB and DC
system A conditionally-funded DB system mnics a partially-privatized
system with regard to anticipated denographi c changes, but it behaves |ike
a pure DB system when unexpected changes occur.

Fourth, none of the above systens is fully efficient. Efficient
policy responses (if any) should take place as soon as a denopgraphic shock
is reveal ed. Moreover, efficiency requires that all risks are shared by all
generations, naking no exception for current retirees. This requirenent is
violated by DB and DC systens because both fail to vary current retiree
benefits in anticipation of future changes in the retiree-wrker ratio,
e.g., when the current birthrate changes. | have argued el sewhere (Bohn
1998b) that the political viability of social security requires at |east a

one- peri od-ahead commtnent to retiree benefits (see also MHale 1999).

6 1n the current reform debate, increased longevity is often citedtojustify anincreased
“nornmal " retirement age, i.e., reduced benefits for a givenretirenent age. Sone proposal s
even call for an indexing of the retirenent age to |ife-expectancy. The efficiency
consi derations of this paper provide support for such proposals only if the accidental
bequest channel is empirically inportant. This is an open questi on.



This may explain why the political debate takes for granted that current
retirees are exenpt fromreforns. From a risk-sharing perspective, such an
exenption is nonetheless a glaring inefficiency.

Though this paper focuses on denographic risks, | should briefly
comrent on other sources of uncertainty, notably on productivity risk and
stock narket risk.’ Productivity shocks are arguably the nost inportant
source of long-run uncertainty about wages and capital income (Bohn 1998c).
In an OG setting, ©productivity risk 1is not necessarily allocated
efficiently across cohorts. Policy tools such as governnent debt and socia
security inplicitly shift risk across cohorts (Bohn 1998a). Socia
security, especially a wage-indexed system has an inportant role in this
context, because it provides a neans of intergenerational redistribution
that is nore “neutral” with regard to risk-shifting than governnent debt.

Stock market risk has recently received considerable attention in the
soci al security literature. Here one should distinguish work on
“privatized” retirenent (investnent options in “individual accounts”) from
work on intergenerational risk sharing through the social security trust
fund. Individual accounts are essentially irrelevant from a generational
perspective because the returns accrue to the contributors (Bohn 1997).
Trust fund investnments, on the other hand, re-allocate risk across
generations, because future tax payers are the residual claimants in any DB
system Bohn (1997, 1988c), Smetters (1997, 1999), Shiller (1998), and Abe
(1998, 1999) discuss sone of the positive and normative inplications of
alternative trust fund investnents. This paper abstracts from nost

financial market issues to focus on denographics. But | include a sinple

7" There is also a huge literature on how soci al security hel ps to share individual -1evel
ri sks such as disability, nortality, and cross-sectional i ncone uncertainty (see, e.g.,
Storesletten et al. 1998). Such risks may well be responsible for the existence and
popul arity of social security, but they are beyond the scope of this paper.



productivity shock to denonstrate that shocks to the |abor force have very
different welfare inplications than productivity shocks even though both
have the sane inpact on effective capital-labor ratio. The productivity
shock also illustrates how easily other shocks could be added.

The paper is organized as follows. Section 2 describes the nodel.
Section 3 examines the risk sharing inplications of alternative social
security policies. Section 4 studies the inplications of missing annuities
mar ket s and of accidental bequests. Section 5 derives necessary conditions
for efficient risk sharing and their inplications for social security
policy. Section 6 comments on extensions of the nobdel and on enpirical

i ssues. Section 7 concl udes.

2. A Model with Stochastic Population Growth
This section exanmines risk sharing in a nodified Dianond (1965)-style OG
nodel with stochastic population growmh and stochastic total factor

productivity.

2. 1. Popul ation Dynanics and Preferences

In the Dianond nodel, generation t enters as working-age adults in period t
and retires in period t+1. For nodeling denobgraphic uncertainty, it is
i mportant, however, that individuals are born long before they enter the
| abor force. In terns of generational tinme units, society has about one
peri od advance notice about changes in the retiree-worker ratio. Hence, |
wi |l assune that generationt is born in period t-1, works in period t, and
retires in period t+1. At time t, N& is the nunber of generation t+1
children, NW the nunmber of generation t workers, and NR the number of

generation t-1 retirees.



To limt the scope of the paper, | assunme throughout that
childbearing is exogenous. Each of the NW workers of generation t has by
children, so that NG = NYsb;. To nmke the future workforce somewhat
unpredi ctable, | assume that only a fraction mt+1 of children survives into

adul t hood. 8 Then the growth rate of the workforce, NWii/NY = my+oNG/ NY =

mt+1bt = 1+nW4q, is partially predictable, but not perfectly. The
variables my (survival rate) and by (birth rate) are assumed i.i.d.
Throughout, individuals in a cohort are identical, individual survival

probabilities equal the aggregate survival rate, and all variables are
treated as continuous, including bt.

Parents care about their children's consunption when the children
live in their household. Their preferences do not include an altruistic
bequest notive, however. This assunption is inportant because fiscal policy
would be irrelevant if all generations were |inked through Ricardian
bequests. Since Altonji et al. (1996) find that private intergenerational
risk sharing is highly inperfect enpirically, it is a reasonable assunption
in this context. Bequests nay nonethel ess occur “accidentally” if nortality
is stochastic and annuity nmarkets are inperfect, as | will explain bel ow.

Parents make deci sions about their own consunption c¥ and about their
childrens’ consunption cO (per child). Throughout, | assume honothetic
(CRRA) preferences to obtain balanced growth. Let

ule = R W) 10+ bporg(by) () 1-h]
be the parent’'s period-t utility, where h>0 is the inverse elasticity of
intertenporal substitution. The per-child weight rg(bt) may depend on the

nunber of children: it seens reasonable to assume that O<rg(bt)£rW and that

8 Otherw se, I\W+1:l\pt woul d be known at time t. One may also interpret mgt+1 as
reflecting uncertainty about inmmgration. But since imigrati onwoul draisesubtlewelfare
questions (how to include immgrants in the welfare function), | wll not address
immgration explicitly and interpret all uncertainty about NW,; as survival uncertainty.



bixg(bt) is non-decreasing in the nunber of children. For any |evel of
househol d consunption cl; = cW + byx0, the parent’s optimality condition
byxWcW)-N = rg(bt)%c%)-h then inplies that ul{ can be witten as an
indirect utility over household consumption, uli(cl) = rq(bt)xcl)i-h/(1-h),
where ri(bt) = rf 1+btxro(bt)/ bt/ rW1/h1h depends on the nunmber of children
Under the assunptions above, the elasticity of the weight r{ with respect to
the birth rate, gr = fr1/fbt-(b¢/rq1), is in the interval O£g,£Eh.

Overall, children matter for the analysis for two reasons. Their
birth provides advance notice about the size of future adult cohorts, and
they affect their parents spendi ng needs. Thus, the nodel accounts not only
for old-age dependency but also for variations in youth-dependency.
O herwi se, the nodel with children works just like Dianond s two-period OG
nodel

Now consider retirenment. As old-age survival inproves, nore workers
survive into the retirenent period and those who survive live longer. For
social security, these changes matter only through their conbined inpact on
the ratio of retirees to workers.® For individual behavior, however, an
anticipated longer |life span may have different inplications than a reduced
probability of a sudden death. For a known |ife span, retiree consunption
needs are presunably proportional to the length of the retirenent period.
Retiree consunption needs will also increase if the rate of unanticipated
deaths declines in a setting with fair annuities. This 1is because
i ndividuals wi thout bequest notive wll place all their assets into

annuities. The return on fair annuities is inversely related to the average

9 The two changes may have different effects if the social security replacenment rate
varies with age or if one accounts for Medicare. Inthe U S., social securityis fixedin
real terns at retirenment, so that the replacenent rate tends to fall with age, but the
val ue of Medicare is rising with age. In the nodel, the replacenent rate is assuned
constant within each generational period.



survival rate. Hence, a rising survival rate will require nore retirenent
savings to support a given consunption level, as in the case of a |onger
life span. |f annuities are unavail able, however, or too expensive to be
commonly wused, a rising survival rate increases the probability that
retirees can enjoy their savings. It mainly reduces accidental bequests and
does not increase retirees resource requirenents. These different cases
have different policy inmplications and therefore deserve to be nopdeled
careful ly.

To capture a variable life-expectancy in the OG setting, | nopdel the
retirement period as a fractional period. At the start of period t, a
fraction 1-npt of all generation t-1 workers dies. The remainder, nmpg,
learns that they wll live for a period of length f¢{1(0,1]. Both the

survival probability and the conditional length of |ife have predictable

and unantici pated conponents: npi=mp® _pmmpY; and fi=f& _1¥Y, where mpY; and

fU are i.i.d. shocks revealed at the start of period t, while m®.1 and
f€.1 are i.i.d. shocks revealed in period t-1.10 The product mp® .1%¥€_.1 may
be interpreted as the Ilife-expectancy at retirenent. Conditional on

survival, the period-t utility of the old is assumed proportional to the
length of life, u?+1 = fyx{c%4+1) -/ (1-h). 11
Finally, generation t's overall preferences conbine the utility over

wor ki ng age consunption uli(cl{) and retirenent consunption u?;+1(c? +1),

10 For si mplicity, | treat fy and nmpt as | evel -stationary even t hough t echni cal progress
i n medi cal technol ogy suggest an upward drift. Drift terns woul d require an anal ysis of
“unbal anced” growth paths. This could be done (see Bohn 1998b for a deternministic
anal ysis), but it would be cunbersonme and not provide new insi ghts about risk-sharing.
Aut ocorrel ati on coul d al so be accommopdat ed, but it would not affect the main results and
is therefore omtted.

11 e may interpret u? as an indirect utility obtained bymaxin zi ng (‘ét [c(s)]l'h/(l-h)

ds over a conti nuous consunption streamc(s), subject to a resource constraint limting

(\6t c(s)ds. Inplicitly, this abstracts fromw thin-period interest and di scounting.

10



(1) W o= 1o x[ule(cl) + 1area 22 xu2aa(c?ien) ]

= 5ot ra(b) Al TN+ rpf apd pra(cZian) 1N]
where the random variables 11t and Iot+1 are 0-1 indicators for individual
survival into adulthood and retirenment, and ro captures tine preference. In
expectation, E[11t] = E[mt] = m and E[fi+1d2t41] = f&»p® are equal to
t he respective aggregate val ues.

Overall, the popul ation dynam cs are such that the future | abor force
and the future worker-retiree ratio are quite predictable one period ahead,
but not perfectly. This limted predictability is inmportant for nodeling
social security because it motivates why policy refornms are debated with

sonme | ead tine before denmographi c changes actually take place.

2.2. The Macroeconom ¢ Setting
The macroecononmic setting is intentionally kept sinple to focus on the
denogr aphi cs. Each working-age person inelasticly supplies one unit of
| abor. Qutput is produced with capital K; and |abor NW,
(2) Yo = K@ AONY) 1-3,
where a is the capital share and A is the -econony’'s total factor
productivity. Productivity follows a stochastic trend A = (1l+at)#-1 With
i.i.d. growmth rate a;. Capital depreciates at the rate d, inmplying a
nati onal resource constraint
(3) Yo + (1-d) %K = LN + cZpof pompg AW + Kear
Sone extensions are exam ned in Section 6.12

The wage rate w = (1-a) A4 Ki/ (A>NY)]2 and the return on capital RK
= af K/ (AANY)]2 1 + (1-d) both depend on the capital-labor ratio. Since K;

is known in period t-1, it is convenient to define the state variable k{.1 =

12 Bohn (1998a) has shown how this setting can be generalized, e.g., toinclude avariable
| abor supply, tenporary productivity, CES-technol ogy, and gover nment spendi ng, but such
complicating features woul d be distracting here.

11



Ki/ (Ar-1NW_1) that scales the capital stock by |agged productivity and the
| agged | abor force. Wages and interest rates then depend on ki.q1, on current
productivity grow h, and on the current workforce grow h.

To nodel policy, | abstract from all governnent activity but social
security. 13 The government collects payroll taxes on wages w at a rate g
fromall workers and pays benefits to retirees at a replacenent rate by. The

cost of social security is the product of the nunber of surviving retirees,

NR=mptNW_1, their length of life fy, and the level of benefit bixw. The
systenmis revenues are g A\Y. For given replacenent rate b, the PAYGO

budget constraint therefore inplies a payroll tax rate of

NY_ 4 f ¢t
4 = xf X—- = X————,
(4) G = b xTemecgn™ = b g

The ratio (fixmpt)/(bi-19mt) can be interpreted as the “average” retiree-
wor ker ratio (after snoothing over fi).

Interesting special cases of the PAYGD system are the defined-benefit
(DB) system with b=b* and the defined-contribution (DC) system with q=q"
and by=(1+nW)/ (f¢¥mpt)>g". Since individuals are not |iquidity-constrained,
gover nnent - mandat ed savi ngs (sonetines called “privatized” or “individual
accounts” systens) would sinply reduce private savings (Bohn 1997). A
privatized social security system is therefore equivalent to g'=0. In a
m xed system consisting of individual accounts plus a PAYGO conponent, one
should interpret g and by as the taxes and benefits of the PAYGO conponent.

A system wth governnent-run trust funds is sonewhat nor e
conplicated, if the system prom ses benefits that do not depend on the
performance of the trust fund (as in the U S.). Generational accounting

inplies that each cohort’s net benefits are equal to the systenis PAYGO

13 This approach i s nonethel ess quite general because government transfers natter only
through different cohorts’ generational accounts. Hence, social security can be
interpreted broadly as a stand-in for other intergenerational transfers.

12



conponent, i.e., to the statutory benefits nmnus the proceeds from the
trust fund built up by the sane cohort’s payroll taxes (see Bohn 1997). In
the U S., the buildup of the current trust fund started in 1983 in response
to a funding gap in the Social Security Adnministration’s long run
proj ections. Projected funding gaps are simlarly influencing the current
debate. Such gaps arise fromtwo principal sources, rising life-expectancy
and reduced birth rates. Hence, one may interpret the current U S, system

as a defined-benefits system that accurmulates trust funds in response to

either a rise in |life-expectancy, m®X€, and/or a fall in the birth rate
bt. Since a trust fund buildup is equivalent to a reduction in net
benefits, such a “conditionally prefunded” system can represented
parsi noniously by a benefit function by = b(m&,f&,6 b)) wth b/ Impe<0,
b/ qf <0, and Tb/ Tb>0.

McHal e’ s (1999) analysis of recent pension reforns around the world
suggests that a variable benefit function of this type is empirically
realistic for other countries, too. In the countries studied by MHale,
reforns were generally triggered by anticipated funding gaps. Benefits to
current retirees remmined virtually unchanged, but benefits to future
generations were reduced. This inplies a benefit function with the sane
features as in the conditionally prefunded system

More generally, a variety of social security systenms with and wi thout
prefunding can be reinterpreted as PAYGO systens with an appropriately
state-contingent benefit function. Hence, | wll use the PAYGD notation

t hr oughout the paper.

13



2.3. Individual Behavi or

I ndividuals maximze their expected utility (1) subject to their budget
constraints. The nmain conplications are potential inperfections in the
mar ket for private annuities.

When working, individuals earn an after-tax wage income wX1l-q) and

possi bly receive accidental bequests QL (defined below). Denoting savings
by st, the first period budget equation is
(5) clt = w1l-q) + Q4 - st.
If fair annuities exist, they offer a return RKt4+1/mpt+1, Which is above the
return on non-annuitized savings. 14 Hence, all savings should be annuitized.
Enpirically, private annuities are so costly, however, that the bulk of
private savings is not annuitized (Congressional Budget O fice 1998).

To gauge the significance of this apparent market inperfection, first
consider the case with fair annuities. |If all assets are annuitized,
surviving retirees will spend their private resources RKi41/npi+1>st at the
rate 1/fy4+1, and there are no bequests. Retirenment consunption (including
recei pts fromsocial security) is then

(6a) c? R

+1 = xsy + +1
t+l mpt +1 t +1 t bt +1

and savings are determned by the individual optimality condition

(7a) ri(b) o) M = roB[f i o4l Et[nmwm)-h]

= rE [ Rép+(cr+1) M.
Note that nortality cancels out in (7a). Also, all individual and policy
constraints depend on the length of life and on the survival rate only

through their product fixp;. Hence, wunder the assunption of perfect

14 e may either assune that individual annuity payoffs are indexed to the ex-post
survival rate my4; or, if annuity contracts prom se a payoff Rkt +1/ m® linked to the
expected survival rate, one nay note that annuity firnms are owned, |ike all other firns,
by the old, so that the annuity firns’ aggregate profit Rkt +1- nthI*t +1/ m& accrues to the
old. In either case, the old bear the risk of unexpected nortality changes.

14



annuities, survival uncertainty npt can be subsuned into fi{ and does not
have to exam ned separately.

In contrast, if annuities do not exist, those who die at the start of
their retirement period nust |eave accidental bequests. On aggregate,
bequests of
(8) Ré st 1-mpr+1) - NW = Qs NWag + Qran N4
accrue either to workers (the next generation, Ql+1) or to other retirees
(the same generation, @ +1).

The surviving retirees will spend their private resources RKiipst at
the rate 1/fy4+1. Including bequests and social security, retirenent

consunption is

Ret +1 Fr+1
6b c? = xSt +
( ) t+l ft+1 t ft+1

+ b W +1.

Savings are determined by the first order condition

RS
(7b) ra(b) (o) N = B el B LA C %) N

= MmO [ R (¢ +1) "N
Savi ngs deci sions now involve the probability of survival, m®, and they
are distorted because individuals do not value bequests. Mor eover,
acci dental bequests affect the distribution of resources across cohorts to

the extent that they go to the young (if QY%>0).1%
Despite this nultitude of effects, annuities turn out to be
relatively  uninportant except for st udyi ng ti me-varying surviva
probabilities per se (see Section 4). Intuitively, savings distortions

(mp®€<1) affect the level of economic activity but they Ileave the

propagation of other shocks and their inpact on the different cohorts

1511 all bequests go to the old, missing annuities have only an incentive effect but no
redistributional effect, because (6b) would then inply that the retirenent income

Rt +1 5 Gr+1  Rra
st + =

t
ft+1 ft+41  mpr+1Xd¥t+1
is the same as with annuities

Xst
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| argely unchanged. And bequests (>0) give the young sonme exposure to
shocks affecting capital income, but the inpact is proportional to the size
of such bequests relative to wage i ncone, which is likely snall.

Because of these conplications and the fact that annuitized survival
risk is economically equivalent to length-of-life risk, | wll abstract
from ol d-age survival risk for nuch of the analysis and instead focus on
length-of-life uncertainty (setting mt°mp®°1). Since shocks to survival
uncertainty with fair annuities can be subsumed into fy, the f¢-shocks in
this analysis can be interpreted as reflecting both shocks to the Iength of
life and “diversifiable” (through annuitization) survival uncertainty. Wen
| explicitly add survival wuncertainty later (Section 4), it wll be
sufficient to nodel the case w thout annuities, because annuitized survival
uncertainty is already covered under fy.

Wth either assunption about annuities, the basic dynanics are
simlar to the Dianond (1965) nodel. Each period, the young divide their
wage i ncone (and bequests, if any) between consunption and savings. Savings
deternmine the next period' s capital stock, Ki+1 = NWsst, which deternines
the wage rate for the next young generation. Since | am not interested in
i ssues of dynamic inefficiency, | assune that rom®/rq(bt) is low enough
(for all mp®, bt) that the econony is dynanmically efficient.

Wth all the shocks and flexibly parametrized preferences, the nodel
does not generally have a closed form solution. As in Bohn (1998a), |
therefore follow the RBC and finance literature and examnmine |og-linearized
solutions--analytically derived ones, however, not nunerically sinmulated
ones. To ensure balanced growh, | assume a stationary policy rule for the
repl acenent rate b;. Wthout governnment, the nodel would have a WMarkov

structure with ki.1 and the shocks Z = {bt, bi.q, m, Y%, €, f&_1, ml;,
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mp€, m .1, at} as state variables. Adding nore state variables would be
uninteresting. | assunme therefore that the policy rule is a function of at
nost these variables, so that the nmodel wth governnent has the same
structure. 16

G ven the Markov structure, the |og-deviation of any variable (y)
fromthe perfect foresight path is an approximately linear function of the
| og-devi ations of the state variables. Unless otherwi se noted, let synbols
wi thout tine subscript refer to steady states and hats (") denote | og-
devi ations. 17 The log-linearized |aw of motions for any variable y can be

witten asl8

N N ° N
(9) Yt = Pyk *kKt-1 + a Pyz *Zt.
zl Z

where py; denotes the coefficient for state variable z. The py; coefficients
can be interpreted as elasticities of y with respect to z.

The main variables of interest are the consunption of workers and
retirees and the level of capital investnent. Since the young divide their
| abor income between consunption and savings, cli and ki depend on all
shocks affecting the wage rate, on the incentives to save (RKi4+1), and on
the payroll tax. The consunption of the old depends on all shocks affecting
capital income and social security benefits; see (6a,b). The resulting
elasticity coefficients for various specifications of the nodel are Ilisted

in several tables that will be discussed in the follow ng sections.

16 W t hout governnent, one could treat nW and f, as state variables instead of their
conmponents. The conponents will have different effects, however, if policytreats expected
and unexpected changes differently, e.g., inthe conditionally prefunded system Hence, |

treat the conponents of n§ and f{ as distinct state variabl es throughout.
N
17 For exanpl e, clt = In(clt)-ln(cl). When growth rates are involved, the “1+" is

N
suppressed for notational convenience, as in nY=ln(1+n¥)-1n(1+n%.
18 an intercept term could be added to reflect average “displacenents” from the
determ nistic paths caused, e.g., by risk aversion and precauti onary savi ngs; see Bohn
(1998a). But since the focus here is on fluctuations and not | evel variables, intercept
terms are onitted.
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To illustrate the practical inplications of the nodel, | wll also
provide the elasticity coefficients inplied by a sinple nunerical exanple.
For the exanple, assune a capital share of a=1/3, full depreciation (d=1),
payroll taxes of ¢=0.15, zero population growmh (n=0), a steady state
productivity growmh factor of 1+a=1.35 (1% annual growth for a 30-year
generational period), and an elasticity of substitution of 1/h=1/3. The
effective retirenent period--length tinmes probability--is [|»p=1/2 (where
| =1/2 and nmp=1, except in Sec. 4) and the tine preference ro is set such

that in steady state workers save 25% of their disposable incone.19

3. The Risk-Sharing Properties of Alternative Systems

This section exanines the positive effects of denographic shocks on the
fortunes of different cohorts. The nmmin sources of denographic uncertainty
are shocks to the workforce and shocks to the nunber of retirees. For this
section, | abstract from shocks that would trigger accidental bequests
(setting nmpi°mp®°1) and assune that all variations in old-age nortality are

ei ther changes in the known length of life or annuitized.

3.1. Defined Benefits

To start, consider an econonmy with constant social security benefits (DB)
It will provide a benchmark for studying variable benefits below Table 1
sunmmari zes the log-linearized equilibriumresponses of workers and retirees

to various shocks.

19 The exanpl e is notivated by the calibrated OG nodel in Bohn (1998c); see there for a
di scussion of calibration issues. The assumed full depreciation is a convenient

sinmplification, but it inplies a caveat: Setting d=1 reduces the autocorrelation of
capital (pgxx) and therefore understates the propagati on of shocks. This is acceptabl ehere,
because t he anal ysis focuses on the i npact effects. Setting d=1 al so reduce the | evel of

R, which | offset by raising r, enough that the savings rate roughly matches theenpirical
investnent share in GP. This is why | calibrate savings and not the time preference.
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First, consider an unanticipated shock to the nunber of workers
(r/l\’Y:/r}h; Panel A). A large nunber of workers has a clear positive effect on
the old (pc2n1>0) because the reduced capital-1abor ratio increases the old
generation’'s capital incone. The inmpact on the young is in principle
anbi guous. Wth a defined-benefit system nenbers of a l|large cohort pays
| ess social security taxes (). But a large workforce also reduces the wage
rate, as captured by negative a-ternms. The negative effects dom nate
whenever a > ¢/(1-q). For plausible capital shares (0.3-0.4), this
inequality holds wunless the tax rate is well over 20% |If a>g/(1l-q),
wor kers’ incone, consunption, and savings decline in response to a positive

shock to the workforce, whereas retiree consunption rises. This is also

true in the numerical exanple: a=1/3 > ¢/(1-g) = 0.176, pcint = -0.131 and
Pkni = -0.235 are negative, and pcong = 0.436 is positive.

The main conclusion, to be reexamined below, is that for plausible

paraneters, large cohorts tend to be denpbgraphically disadvantaged.

Conversely, being in a small cohort is beneficial. Even though snall
cohorts face relatively high taxes under a defined-benefit system they
al so enjoy high wages and hi gh returns on savings.

Second, consider shocks to the current birth rate by (Table 1, Panel
B). If one ignores children’s expenses (setting g,=0 for this argunent),
shocks to the birth rate are |ike shocks to the |abor force that becomne
known one period in advance. Wth defined benefits, such shocks have no
impact on the old (pc2p=0). News about next period' s l|abor force are
rel evant for the young, however, because they expect to be alive when the
shock actually hits the retiree-worker ratio. Looking forward, they know
that changes in bty have the same inpact in period t+1 as the m+1-shocks

di scussed above: A high birth rate by has a positive effect on retired
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generation t workers. But provided a>¢/(1-qg), it has a negative effect on
generation-(t+1) workers.

The response of period-t workers is nobst likely an increase in
current consunption and a reduction in savings. Specifically, Table 1 shows
that the elasticities pcip and pkp depend on the interaction of three
effects. First, expected retirenent incone rises because a high future
wor kf orce reduces next period s capital-labor ratio and raises the return
on current savings. This incone effect is captured by the positive gconw
termin peip and pkp. Second, the increased return triggers a substitution
effect in the opposite direction (the -pr/h term. Finally, expenses for
children increases the consunption needs of working-age famlies (the gy
term with gr>0). Unless the elasticity of intertenporal substitution is
high enough to offset both other effects, the net effects are higher
consunption (pc1p>0) and | ower investnent (pkp<0). In the numerical exanple,
these signs apply even for gr=0: pcip = 0.08 and pkp=-0.24. 20

Overall, a change in the birth rate triggers changes in consunption
and capital investment before it actually affects the |abor supply. The
i mpact over tinme is traced out in Figures 1-2. For the figures, | consider
a one-tinme 20% reduction in the birth rate by applied to the elasticities
of the nunerical exanple.?l In period t, retirees (generation t-1) are

unaffected. Wirkers (generation t) realize that the next working-age cohort

20 Recal | that gr1[0,h]. For the upper bound g-=h=3, one obtains pcip = 0.455 and py,=-

1.365. Unless otherwise noted, | will use gr=0 for the exanpl e nunbers, for sinplicity and
to avoid exaggerating the birth rate effects.

21 The 20%i s sonewhat | ess than both the projected increase inthe retiree-worker ratio
from 1990 to 2020 (the baby boomretirement) and the decline in the ratio of the age 0-29
popul ation to the age 30-59 popul ati on between 1960 to 1990 (t he baby bust). The exanpl e

is indicative of the shape of the i npul se-response functions in general, provided a>qg/(1-
g) and gconwtor/ h>prk/ h. One exception: For |arge g, the sign of é\2t+1 and the rel ative

N,
magni t ude of clt and c/\2t+1 coul d be reversed, nanely if reduced expenses for children
dom nate the baby booners’ behavior; but this seens unrealistic.
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will be small, which will reduce the return on savings. Assuming the
negative incone effect dom nates the substitution effect, generation t wll
reduce their consunmption cl;i and raise savings ki. In period t+1, the |ower
return reduces generation t’'s consunption despite the increased savings
(see Fig.1). Generation (t+1)'s consunption rises, in contrast, because of
hi gher wages. \Wages are higher because of the |ow |abor supply and because
of the higher capital stock (see Fig.2). The increased wage outweighs the
increase in tax rates. Since the capital stock rises, subsequent
generations are better off, too.

Note that the increased period-t savings nerely nmagnify the change in
period-(t+1) wages. A reduction in by would neke the baby bust generation
better off even if the preceding generation did not save nore (say, if 1/h
were large enough that pkp=0). Increased savings further inmprove the
consunption opportunities of the baby bust generation and their successors,
but this savings response is not crucial.?2

In terms of the current policy debate, the analysis here suggests we
are perhaps too worried about the baby bust generation and its ability to
pay defined benefits to the baby booners. Instead, the baby bust generation
can look forward to a substantial growh in wages, whereas the baby boom
generation nmay suffer because the small succeeding cohort reduces the
return on capital

The OG nodel produces strikingly different results than one would
obtain in a partial equilibriumanalysis (say, a trend extrapolation of the
type used by the Social Security Administration). This is due to the

endogenous factor prices. If one took wages and interest rates as given, a

22 por proof, recall the analysis of myt-shocks, where anticipationeffects didnot arise.
This point is worth noting because the prediction of higher savings is specific to the OG
approach. |f one assumed Ri cardi an bequests instead, a fertility decline would likely
trigger a slight decline in savings; see Qutler et al. (1990).
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smal | workforce would |eave retirees unaffected, it would nake workers
wor se of f because of higher taxes, and since workers would save less, it
woul d make future generations worse off. If one accounts for factor price
effects, however, the partial equilibriumresults are reversed. The i npact
of factor price novenents doninate the fiscal inpact of |abor force
changes.

The latter finding relies, of course, on the general equilibrium
properties of this particular two-period OG nodel. Per haps  nost
significantly, the factor price effects would be snaller if the elasticity
of factor substitution were higher, e.g., with CES-technology. This and
other robustness issues are examned in Section 6.23

Third, returning to Table 1 (Panel C), consider a shock to the nunber
of retirees, ?t:{hp A large nunber of retirees directly reduces retiree
consunption because the old have to spread their capital incone over a
| onger period (or in case of annuitized savings, over nore people). Capita
i nvestmrent and worker consunption are also reduced to the extent that an
increased retiree-worker ratio triggers higher payroll taxes. Thus,
defined-benefits social security helps to share the risk of shocks to the
Il ength of |ife across cohorts.

Fourth, consider a current shock to f&, the expected length of life
(“Il'ife expectancy”) in period t+1l. Table 1, Panel D shows that current
i fe-expectancy has an inpact on the young, who will experience a |onger

life, but no inpact on the old (pc2e=0, as in the case by shocks). Looking

forward, a lagged length-of-life shock matters through its inmpact on the

actual nunber of retirees (fi+1), |ike the unexpected shock fYi41. The young
23 7o avoi d cl utter, | proceed with the basic nmodel and defer all extensions and enpiri cal
i ssues.
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have an incentive to increase their savings and to reduce their current
consunption (pkfe>0, Pcife<0).24 This risk is not shared with the ol d.

Finally, consider the capital and productivity coefficients in Table
1, Panel E. Not surprisingly, a high capital-labor ratio raises capital and
| abor incones, hence consunption and savings. This nakes ki autocorrel ated
and propagates shocks. Productivity shocks have a negative inpact on
consunption and capital when scaled by productivity (cl/A, c2/A, and ki)
because a rise in A raises output less than one-for-one. In level terns,
however, a positive shocks to a; raises consunption (cli, c?) and the per-
capita savings ki*:.

Since a shock to productivity affects the capital-labor ratio like an
unexpect ed shock to the workforce, one nmay wonder to what extent the my and
a; shocks have similar effects. If social security is small (g»0), positive
shocks to at and my will indeed increase retiree consunption by the sane
amount (1+pc2a=pcaont for g=0). They have very different effects on current
wor kers, however, since an increase in A raises the wage while a rise in
NY reduces the wage rate. For g>0, a; and myt shocks also have different
effects on retirees because they have different distributional effects

t hrough social security.

3.2. Variable Benefits

The analysis so far has shown that nost shocks affect different generations
differently or even in opposite directions. This suggests some scope for
i mproved risk sharing. The section exam nes how the allocation of risk is

nodi fied by policies with variable social security benefits.

24 The overal | effects of increased |ife- expectancy over time could be traced out as in
Table 2, but the results would just confirmthe i ncrease i n savings and the reduction in
per-capi ta consunpti on.
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Alternative policies are defined by their elasticity coefficients ppg,

i.e., by how the replacenent rate b responds to different shocks. Table 2
shows how the equilibrium dynam cs of consunption and capital investnent
are affected in general by alternative ppz-values. To help interpret the
general results, Table 3 displays the elasticity coefficients correspondi ng
to the four min policy alternatives--the DB, DC  privatized, and
condi tional Iy prefunded social security systems--in the nunerical exanple.?2°

In general, the elasticity formulas in Table 2 include the sane
el ements as the corresponding fornulas in Table 1, but there are additional
terns that capture the effects of a changing replacement rate. The policy
coefficients are generally weighted by the size of governnent transfers
relative to the cohort’s income, which is gcop for retirees and -/ (1-q) for
wor kers. For workers, the inpact is then divided between consunption and
savings in proportions Dg: Dg.

Any policy that reduces prospective benefits when the birth rate

declines and/or the |Ilife-expectancy rises is characterized by policy

coefficients ppp1>0 and/or ppie1<0. A pure defined-contributions system
woul d have ppni=pp1=1 and ppiy=ppfe1=-1l. Since U S. retirees have generally
been protected agai nst unexpected shocks, the U S. system seens to maintain
defined benefits with respect to unexpected changes (ppfu=pPpbni=0), but

all ows benefits to change after a phase-in, suggesting ppp1*0 and ppfer1tO.

The tax increases and the trust fund buil dup since 1983 suggests that the

US. system is somewhere between a DC and a DB system with respect to

antici pated changes, i.e., 0<pppi<l and O0>ppfer>-1. These stylized facts are

captured by the conditionally prefunded system (“Prefunded” in Table 3).

25 The nuneri cal exanpl e is broadly indicative of howthe elasticities conpare in general.
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For the nunerical illustration of this system | assume ppp1=0.5 and ppfer=-
0. 5.

In case of shocks to the workforce, Table 3 (Panel A) shows that
defined contributions and privatized systens nagnify the negative exposure
of workers to such shocks as conpared to the DB case. They also magnify the
positive exposure of retirees. Table 2 (Panel A) shows that this is true in
general , whenever ppn1>0 and ppp1>0. In addition, ppp1>0 increases workers
i nstant aneous negative response to birth rate shocks (pkp<O rises in
absolute value; see Table 2, Panel B). By making the capital-labor ratio
nore volatile, ppp1>0 also exposes future generations to nore risk. These
observations reinforce the insights from Table 1: Large cohorts are already
denogr aphi cally disadvantaged at fixed benefits (DB). Hence, a policy of
giving them reduced benefits in order to stabilize tax rates s
count er producti ve. 26

In case of shocks to the current length of life, a system of defined

contributions |eaves the old nore exposed and allocates less risk to the

young than a DB system In Table 2 (Panel C), if ppfe1<O and/or ppiy<0, then
Pcifus Pcifel. Pkfu, and pkier are all lower in absolute value, whereas pcofy
and pcofer are increased. Wth a DC system length-of-life risk falls
entirely on the old. The policy coefficient ppier also influences how
peri od-t voters response to news about changes in the future length of life
(f€-shocks; see Table 2, Panel D). If workers anticipate reduced future
benefits, they save nore (ppfe1<O raises pkie) and consune |ess (ppfer<O
reduces pcife) -

Table 2 provides several additional insights. First, the governnent

can influence the propagation of shocks through the capital-labor ratio

26 Thi s verdi ct may rai se questions about the welfare criterion. This will be addressed
bel ow.
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(pkk) by making benefits a function of ki.q1 (setting ppkt0O; see Panel E).

Second, the governnment can influence the incidence of productivity shocks

by varying ppa. Third, note that for ppp=ppfe=0, only the workers bear the

risk of “bad” news about birth rates and |ife-expectancy (see Panels B and

D). By setting ppp PpfetO the governnment could spread such risks over young
and old. This is not done under any of the policies discussed above.
Overall, Table 3 provides a conparison of the main policy
alternatives. Under DC and private savings systens, all length-of-life risk
is carried by the old and none by the young. The DB and prefunded systens
shift sonme of these risks to the young. Under DC and private savings
systens, birth rate uncertainty and other shocks to the workforce have a
positive inmpact on the old but a negative inpact on the vyoung. This
negative conovenent of worker and retiree consunption is reduced by the DB

and prefunded systens, but provided o/ (1-qg)<a, it is not elinmnnated.

4. M ssing Annuities and Accidental Bequest

This section exam nes the ranifications of mssing annuities and accidental
bequests. Wthout annuities, sone shocks to old-age survival lead to
acci dental bequests (mp-shocks). In addition, the existence of accidental
bequests affects the propagati on of the shocks exani ned previously.

The macroecononic dynamics of the log-linearized nopdel without
annuities are summarized in Table 4. Recall that in the basic nodel, f-
shocks reduced retiree consunption while affecting worker consunption only
through a change in taxes. In contrast, if savings are not annuitized,
f ewer unexpected deaths (higher mpY or mp®.1) have a direct negative effect
on the young because of reduced bequests, while the old are affected only
t hrough changes in benefits (see Panel A). If benefits are held constant,

the consunption of the young is further reduced because of higher taxes.
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Table 4, Panel A, also provides nunerical values for the linmting
case of g»0 and a DB social security system For g»0 and DB, survival
shocks affect the worker exactly like a length of live shock (see Table 1,
Panel C). The key difference is that retirees are unaffected. Hence, for
dealing with mp-type shocks, a novenent towards defined contributions or
privatization | ooks nuch nore promising than for f-type shocks.

Table 4, Panel B, illustrates how an increase in the expected future
probability of survival (nmp®) increases workers’' incentives to save. Panels
C- G show how accidental bequests nodify the other policy coefficients as

conpared to Table 2. The nodifications are proportional the ratio of

accidental bequests to bequests plus wage incone (q). If this ratio is
small, as one might expect in practice, the previous results renmain
virtually wunchanged. For this reason, no new illustrative values are
provi ded.

5. Efficient Risk Sharing

If there is scope for risk-sharing, what exactly should be done? This
section derives a sinple efficiency benchmark and explores its policy
inmplications. In general, the set of efficient (ex-ante Pareto-optinal)

al | ocations can be obtained by maxim zing a wel fare function

¥
(10) W= E{ti';lth-l*\lt-lth}

with wel fare wei ghts W;_1>0, subject to the feasibility constraints (1)-(4)

and given Kg. 27 The efficiency conditions are

27 The definition of efficiency is non-trivial because one might instead consider a
wel fare function with state-contingent weights. In a nodel without chil dhood peri od, Pel ed
(1982) has shown that the market all ocati on wi thout government is Pareto-efficient if one
interprets generation-t individuals born in different states of nature as different
i ndi vi dual s and applies state-contingent weights. Wth a chil dhood period, the market
allocation is inefficient even with state-conti ngent wei ghts. Moreover, Pel ed’ sdefinition
is too weak here, because it would rationalize any shift of risk fromcurrent to unborn
generations as efficient (under sone state-conti ngent wel fare wei ghts) and t her ef or e make
the policy anal ysis vacuous. Readers who obj ect on phil osophi cal grounds to the notion of
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dE
(11) LN = W o pmf
_ dUi-1
LNy = Wt-ZNt-Z*nlt-l’mthE,
and Lt = Et[Le+1R 4],

where Lt is the shadow val ue of the resource constraint (4). Equivalently,

(12a) ricly) M = B[ Raarax c?4n) TN,
Wt-2
12b ri(be) cl)-h = =<4 xroc?)-h
(12b) 1(b) (o) = (=2 xroxc?y)
define the efficient |inkages of consunption over tinme and across

generations. Note that equation (12a) is identical to the individual
optinmality condition (7a) for generation t's savings with annuities. The
fundamentally new equation is (12b). It links period-t worker and retiree
consunption and it depends only on population growh and on the welfare
wei ght s.

For risk sharing issues, it is again useful to distinguish the
econony’'s perfect foresight path (obtained by setting all shocks to zero)
from the stochastic fluctuation around this path. For the | og-deviations
fromthe perfect foresight path, equation (12b) inplies
(13) ¢l = c2 + go/hoby.

This is a strong restriction on the co-novenents of worker and retiree

consunption: In any efficient allocation, both generations consunption mnust

respond in equal proportions to ALL unexpected disturbances, except to the

extent that parents’ consunption needs vary with the nunber of children
(bt).
The key underlying assunption is CRRA utility, which assigns an equal

relative risk aversion to both generations. For utility functions with age-

unborn individuals nay instead interpret the state-independent wei ghts as an assunption of
“distributional neutrality,” meaningthat we are |ooking for allocations in which the
government does not arbitrarily val ue i ndividual s bornin one state of nature nore highly
than individual s with equal consunption born in another state
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dependent risk aversion, Bohn (1998a) has shown that nacroeconom c risks
woul d be shared in inverse proportion to the relative risk aversions. The
same would be true  here, but age- dependent ri sk-aversion would
unnecessarily conplicate the analysis. Age-dependent risk aversion would
not, in any case, overturn the basic point that all risks should be shared
across generations.

In addition to sharing risks between |iving generations, governnent
policy has the ability to re-allocate risks between current and future
generation by inposing history-dependent policies. This is generally
necessary to obtain a first-best allocation and it typically involves
maki ng policies a function of the capital-labor ratio ki.1 (see Bohn 1998a).
For the analysis here, making b a function of ki{.1 would be a distraction
Instead, | focus on the necessary efficiency condition (13) when conparing
alternative social security systens. Its key inplication for the elasticity

coefficients is that for all shocks, the consunption coefficients for

workers and retirees should be equal. The only exception are the bg-

coefficients to the extent that expenses for children matter.

Applied to the different denographic shocks, the optimality condition
(13) yields a set of optimal policy coefficients p“p; that are displayed in
Tabl e 5.

For shocks to the actual workforce (myg, bt-1), the optiml policy
coefficients p'pyg and p'pp1 are clearly negative for reasonable a and q
values. This is true not only for a>qg/(1-q), but even for higher q values,
provi ded
(14) a + (geonwtDeaPR) /D¢ > o/ (1-0).

Since the bracketed term is positive, this strengthens the previous

observation that large cohorts are worse off than small cohorts even with
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PAYGO DB. Intuitively, the bracketed term captures the inpact of interest
rate novenents that favor snall cohorts. In the nunerical exanple
P 'bri=P bb1=-1.5 are far below zero. Applied to the current baby boon bust
situation, this inplies that benefits should be increased as the baby boom
cohort retires. This is contrary to nobst proposals in the current policy
debat e.

The optimal response to a current birth rate shock (bt) is sonewhat
nore conplicated. In the fornula for p'pp in Table 5, if geonw PR/ h>0, the
positive inconme effect of higher future returns on capital exceeds the
substitution effect and tends to increase worker consunption. Efficiency
would call for this “windfall” to be shared with the old through higher

benefits. On the other hand, if ppp1=p pp1<O takes its optinmal negative

val ue, worker incone is reduced, which would call for a benefit reduction.
The gr termreflects the cost of children. If workers have higher expenses
for nmore children, a reduction in social security benefits would be
efficient. The sum of these effects has an anbi guous sign

In the numerical exanple, p*pp=0.212 is positive if ppp1=0 (e.g., with
DB), p'pp=0.441 is even higher if ppp=1 (e.g., with DO, but p*pp=-0.131
takes a negative value if ppp1=p pp1=-1.5 is set optimally. Intuitively, the
| agged policy response pppp Mmatters because workers’ period-t decisions
depend on how they expect to be treated by the governnment as retirees. If a
rise in the birth rate signals no change in future benefits (with DB) or
i ncreased retirenment benefits (with DC), workers expect to be very well off
as retirees and increase their current consunption. The optinality
condition (13) inplies that the good fortune should be shared with current
retirees. A reduced birth rate--the current U S. scenario--wuld then cal

for an i mediate benefit cut. If future benefits are set optinmally, on the
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other hand, a rise in the birth rate signals a benefit cut, and workers
wi || reduce their consunption. Then the optinmal current policy response has

the reverse sign.

In any case, efficiency calls for current retirees to share the
i npact of birth rate shocks. And unl ess the baby booners are confident that

future policy-nakers will follow the advice of this paper (that p*“ppi<0)

rather than the thrust of the current social security debate (noving
towards ppp1>0), they are well advised to reduce current consunption and to
save nore.

Next, consider Ilength-of-life shocks w thout inpact on accidental
bequests (fY, f€_.1). Recall that in a DB system both generations’
consunmption falls in response to an increase in the length of life. The
optimal policy response therefore depends on the relative inpact. For
reasonably small q values, the old are nore affected than the young (recall

Table 1, Panel C). Then the benefits to the old should be increased in

. . * * .
response to longer life expectancy, i.e., P pfu=P fe10. In the nunerical
exanpl e, p pbfu=p fe1=1.647 is indeed far above zero.

Wthout annuities, the results are different. Wth defined benefits,

only the young would bear the cost of survival shocks (mpY, m®.71). A

benefit reduction, p pnpu=p npe1<0, is therefore efficient. Provided mp and q
are small enough that gcop > q-mp/(1-np)/(1-q9), the optimal policy is in
the range -1 < ppnpu=P 'npe1l < O, so that efficiency calls at npst for a
partial novement to DC. In the nunmerical exanple, one finds p pneu=p npe1=-
0. 389.

Overall, if one asks the broad question of how social security should
respond to lower nortality per se, the right answer is that it depends on

the type of shock. If the type is unknown, the large positive p”-
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coefficient for f-shocks in the nunerical exanple as conpared to the snall
negative coefficient for np-shocks suggests that there is no strong case
for a benefit reduction.

Finally, for shocks to current |ife-expectancy (f€ and mp®), recall
that both shocks reduce the consunption of the young wthout directly

affecting the old (See Table 1, Panel D, Table 4, Panel B). Hence, the

optinmal policy response is to reduce the benefits to the old, p“pfe<O and

P brpe<0. 28 Intuitively, increased |ife-expectancy requires resources in the

future, so that the young need to save nore. For the old to share the
burden, current social security benefits should be reduced inmrediately.
This conclusion applies regardless of the state of annuity markets.

In the current reform debate, many proposals call for a reduction in
benefits as nortality declines, e.g., by increasing the retirenent age. The
anal ysis here suggests that the efficiency of such benefit cuts depends

importantly on their tinming. Cuts are efficient if they are inposed quickly

(at time t, p'pfe<0), but not if they are inposed so late that they fall on
the | onger-lived cohort itself (at time t+1, p'pfer>0). None of the systens
di scussed in the current reform debate is efficient in this sense, nor is
the current policy debate noving in the direction of cutting benefits to

current retirees.

6. Extensions and Enpirical |ssues
The magnitude of factor price novenents in response to denographic shocks

was a key issue in the analysis above. Is the nodel consistent with the

28 |n the nunerical exanpl e, one finds p*bfe:-0.76 if ppfe1=0 and p*bfe=-l.l4 i f
pbfe1=p*bfe1:1.647. Wt hout annuities, p*bn2e='0~057 if ppnpe1=0 and p*bn2e='0-146 if

pbngelzp*bngelz-O.SSQ. The ppfe1 and pprpe1 coefficients matter because workers take the

expected future policy response to any shock to |ife-expectancy i nto account when they
deci de about their consunption (as explained in the case of b; shocks).
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enpirical evidence? Are there natural extensions of the nobdel that would
yield different results? To address these concerns, this section comments

on the enpirical evidence and on sone extensions of the nodel.

6.1. Enpirical Evidence
The nost direct way to settle questions about the factor price effects of
denogr aphi ¢ change would be to refer to enpirical evidence, if convincing
evi dence were available. This is not the case, however. The nmain problemis
that for generational issues, a single observation takes 20-30 years of
data. In ternms of generational time units, we have only 2-3 observations
for the U S. econony with social security, perhaps 4-5 for countries |ike
Germany. Even the idea of retirenment--that it is nornmal for non-disabled
adults to stop working just because of their age--is fairly novel. Hence
there are no tine series data of sufficient length and stationarity
(without serious structural breaks) to allow credible statistical
i nf erences. 29

There is, however, sone indirect evidence about the inpact of
denogr aphi ¢ changes on wages. First, there is a large literature on cross-
country growth that suggests a negative correlation between population
growmh (or fertility) and per-capita incone (notably Mankiw et al, 1992;
see also Cutler et al. 1990). Assum ng near-constant |abor shares (Cobb-
Dougl as production), this suggest a negative correlation between popul ation
growt h and wages. 30

Second, there is a labor econonmics literature exam ning |inkages

bet ween denographics and relative wages (e.g., Wlch, 1979; Berger, 1985

29 pot er ba (1998) nakes simlar argunents.

30 There i s sone debat e about the strength of this relation; see Barro and Sala-i-Martin
(1995) and Tenpl e (1998). Whil e cross-sectional evidenceis attractive to circunmvent the
lack of nulti-generation tinme series, it also raises new concerns about causality and
control variables. Hence, the evidence should be interpreted cautiously.
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Easterlin, 1987; Murphy and Welch, 1992; Macunovich, 1998).31 Easterlin and
Macunovi ch focus al nost exclusively on denographics and argue that the
effects are large. Welch (1979) and Berger (1985) find significant negative
effects of cohort size on cohort wages, though they disagree about the
persi stence over a worker’'s career. Mrphy and Wl ch (1992) argue that
denographic variables are only a minor determnant of relative wages, but
even they find non-trivial cohort effects.

To be conservative, | wll focus on Wlch (1979) and Mirphy-Welch
(1992). Welch's (1979) elasticity estinmates for the “persistent” inpact of
cohort-size (narrowy defined as a 5-year age wi ndow) on annual wage incone
are around -0.20, with sone variation across education categories. WMirphy
and Welch's sinmulations (1992, p.324) inply that a 20% increase in the
nunber of young workers reduces their wages by 6-15% suggesting an
elasticity of relative wages in the range -0.30 to -0.75.

For conparison, the OG nodel assumes an elasticity of wages wth
respect to the aggregate workforce of -a or about -0.33, a value well
within the range of elasticities above. Mreover, if capital-owners have
sone ability to substitute |abor across narrowy defined age cohorts, the
elasticity of wages with respect to the aggregate workforce should be at
| east as high as the relative-supply elasticities. Thus, the assunptions of
the OG nodel are not inconsistent with the | abor economi cs evidence.

Finally, | should conment on the relation between denographics and
the return on capital. The recent review by Poterba (1998) finds little
evi dence of a systematic relation. Poterba suggests that this nmay be due to
the snall nunber of generational degrees of freedom Theoreti cal

consi derati ons suggest an additional rationalization: If old capital is a

31 This literature shoul d al so be i nterpreted cautiously. Despite the richness of panel
data, the data provide aggregate information about only 1-2 generations.
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large share of the total return (if (1-d)/R¢ is near one), then the
elasticity of RC with respect to the capital-labor ratio is snall and may
be difficult to detect enpirically.32 Thus, the inability to find an
enpirical link between denpgraphics and stock returns is not inconsistent

with the nodel.

6. 2. CES-Production
From a theoretical perspective, the magnitude of factor price novenents
depends inportantly on the elasticity of factor substitution. By assum ng
Cobb- Dougl as technology, the analysis above inplicitly assunes a unit
elasticity. An elasticity of factor substitution above 1.0 wll inply
smal | er factor price changes than w th Cobb-Dougl as, and hence, a different
all ocation of risk. To examine the inportance of this issue, this section
repl aces Cobb- Dougl as by CES producti on.

For this section only, |let output be produced with a CES-technol ogy,
Yi = [aj &Y (D) +(1-a;)(ANY)V(1-1)]1-], where j is the elasticity of
substitution between capital and |abor, and O<aj<l. Cobb-Dougl as technol ogy
is covered as the linmting case j®1. Leaving all other assunptions
unchanged (and setting mp=1 for sinplicity), the econony is still a Mrkov
process with unchanged state variables, but wth nodified dynanics.

Table 6 summari zes the consunption and investnent dynamcs with CES-
production. The key difference to Table 2 is that the elasticities of the
wage and the return on capital with respect to novenents in the capital-

| abor ratio are scaled down by a factor j.33 In the young generation’s

32 For annual data, Bohn (1998c) suggest (1-d)/Rk » 85%so that pg»0.10. (I nthe nunerical
exanmple, the role of dwas ignored for sinplicity.) The sane argunent suggests that the
transmi ssion of denographics to the stock market may occur in part through variationsin
the value of old capital (say, if 1-dis stochastic), and not only through t he production
function. This is an open question left for future research.

33 A variable factor share al so conplicates the cal culation of the ol d generation’s incone
and it alters the propagation of shocks.
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response to birth rate shocks, a is replaced by a/j, and in prk, (1-a)/]j
replaces (1-a), where a is nowthe steady state capital share.

The inpact of birth rate and other workforce shocks on the fortunes

of differently-sized cohorts now depends on the relation between a/j to
o/ (1-9). Gven a defined-benefit social security system unexpected shocks
to the labor force are beneficial to a snall cohort if and only if
(15) alj > d(1-9.
For elasticity values j<l1, this inequality is satisfied even nore clearly
than for Cobb-Douglas. To overturn (15), one would have to argue that the
capital -labor elasticity is far above one. In the nunerical exanple wth
0=15% and a=1/3, one would need an elasticity above 1.88. The enpirica
production literature suggests, however, that the elasticity is probably
bel ow rather than above one (e.g., Lucas 1969). Hence, it is difficult to
question (15) on the basis of production theory.

Qutside the nodel, one might think of international capital and | abor
novenents as factors that could weaken the Ilink between US. factor
supplies and factor prices. |If one interprets 1/j nore broadly as
paranetrizing the magnitude of factor price novenents in response to
denogr aphi ¢ change, increased openness night be interpreted as an increased
j-value. Feldstein and Horioka (1980) have docunmented, however, that
i nternational savi ngs-i nvest nent I i nkages have historically been
uni nportant, justifying a closed econony analysis. 34

Thus, concerns that the Cobb-Douglas assunption m ght over-enphasize

factor price novenents are probably unwarranted. Based on production

34 Al so, openness would presunmably matter nost if denographic change abroad were
orthogonal to the U S. But nmany other countries are undergoing a simlar denographic
transition as the U S
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function estimates, Cobb-Douglas mght even understate the factor price

novenents, which would give small cohorts an even better starting position

6.3. Elastic Labor Supply

El astic | abor supply is another consideration that could change the inpact
of denographics. The nost serious concern is that if small cohorts supplied
nore | abor, birth rate changes woul d have a reduced inpact on the capital-
| abor ratio and on factor prices.

A conplete nodel with endogenous |abor supply would conplicate the
anal ysis too nmuch to fit into this already |ong paper. Sone results can be
obtained quite easily, however. Assune DB social security and Cobb-Dougl as
technol ogy. Then at any level of per-capita labor supply, a large cohort
will face a lower after-tax wage than a snaller cohort if and only if the
inequality a>g/(1-q) is satisfied. Thus, large cohorts face a relatively
reduced opportunity set. This shows that |abor supply considerations cannot
overturn the basic qualitative finding that large cohorts are
denogr aphi cal |y di sadvantaged for a>g/ (1-q).

Quantitatively, the inplications of a variable |abor supply depend on
a tradeoff between incone and substitution effects. The negative incone
effect of a low wage may induce a large cohort to work nore, while the
negative substitution effect would encourage taking leisure. |If the
substitution effect is weak, a variable l|abor supply nmight even magnify

novenents in the effective capital -labor ratio.

6. 4. Time-Aggregation

Factor price changes and cohort welfare nmay also be affected by tinme-
aggregation. If one used a nore elaborate nodel of the life-cycle wth
mul ti pl e working-age periods, large and small cohorts might overlap in the

| abor force, leading to reduced fluctuations in the labor force and in the
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retiree-worker ratio. In addition, “mddle-aged” workers night supply both
capital and |abor, which would reduce the welfare-inpact of factor price
changes. 35 Are such extensions likely to overturn the results obtained here?

A nore disaggregate approach would «clearly vyield different
quantitative inplications, but it is doubtful that these nodifications wll
overturn any inportant results. To see why, first consider |abor supply.
Suppose one started out with, say, cohorts defined by the year of birth.
Then the significance of being in a small or large birth cohort depends on
the persistence of birth rate shocks and on the substitutability of wages
across birth cohorts. If workers of different age are close substitutes,
wage novenents are snall unless the aggregate |labor force varies
significantly. And if shocks are tenporary, they would have little inpact
on the | abor force. The baby boonf bust phenonenon suggest, however, that
denogr aphic shocks have enough persistence to matter at generationa
frequenci es. And the labor literature (see above) suggests that
substitution across cohorts is not perfect.

To sidestep any controversy about relative wage effects, assune for
the sake of argument that all workers are perfect substitutes.36 If small
and | arge cohorts overlap in the Iabor force, it is true that the nagnitude
of wage fluctuations would be less than in a crude nodel that abstracts
from such overlap. However, the sane overlap would also reduce the
fluctuations in the PAYGO tax rate, and by the same percentage. Provided
a>g/ (1-qg), changes in the workforce still affect wages nore than taxes.
Thus, an overlap of large and snmall cohorts in the workforce is unlikely to

affect the relative inportance of fiscal versus factor price effects.

35| would like to thank Kevin Mur phy, the di scussant, for raisingthisissue. Kevin al so
raised the issue of retirees receiving |abor incone, but | doubt that this is
quantitatively as significant.

36 q herwi se, even changes in narrowy defined cohorts woul d have factor price effects.

38



Second, consider the issue of mniddle-aged workers receiving both
capital and Il abor incone. This issue is not about the size of factor price
changes but about their welfare inpact. Menbers of a large cohort are |ess
worse of f than in the basic nodel, if they receive sone of the high capital
i ncones generated by their own |large cohort size. Note, however, that
denographically driven changes in the return to capital were only one of
several “transm ssion nechanisns” in the analysis above. Snaller cohorts
woul d be better off than large ones even if the return on capital were held
constant. To neke |large cohorts better off, the denographic effects trough
the return to capital would have to outweigh the effects through the after-
tax wage. Enpirically, nost of the gross return on aggregate capital on an
annual basis is due to the value of old capital (see above). The “within-a-
generation” elasticity of RK with respect to the capital-labor ratio is
therefore likely snmall. 1In addition, households tend to accumulate
financial assets fairly late in their careers (Poterba 1998). Hence, the
recei pt of capital inconme by worker households is unlikely to overturn the

results fromthe basic OG nodel

7. Conclusions

The paper exam nes denobgraphic uncertainty in a neoclassical growth node
wi th overl apping generations. | conpare the allocation of risk inplied by
alternative social security policies to the ex-ante efficient allocation.
The policy answers depend significantly on how strongly factor prices
respond to denographic change. For plausible tax rates and elasticities of
factor substitution, small cohorts are actually better off than |large
cohorts even in a defined benefits social security system This is because

smal | cohorts enjoy favorable wage and interest rate novenents. Benefit
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cuts and/or pre-funding in response to an unexpected decline in the birth
rate woul d be inefficient.

The efficient responses to <changes in |ife-expectancy depend
significantly on the type of change. If individuals know that the will I|ive
longer or if fair annuities are available to diversify the risk of
unexpected deaths, a longer |ife-expectancy should trigger an increase in
retirement benefits to those who live longer, but a benefit reduction to
the previous cohort. Reduced benefits to those who expect to live |onger
are efficient only if increased old-age survival leads to reduced
acci dental bequests to the next generation

Overall, the efficiency analysis yields policy conclusions that
differ significantly from the proposals in the current reform debate.
Notably, the efficient response to a baby boom is to increase the
retirenment benefits of the baby booners, even at the cost of tax increases
to the baby bust generation; and the efficient response to news about
increased future |life-expectancy is to cut benefits to current retirees.

Wth regard to birth rate shocks, | obtain conclusions that differ
from the conventional w sdom because ny analysis includes endogenous
factor price novenents. Factor price effect are largely ignored in the
current policy debate. The Social Security Admnistration, for exanple,
makes long run projections of future wages and interest rates by
extrapol ating past trends. The analysis of this paper suggests that the
om ssi on of endogenous factor price novenents is seriously msleading under

enpirically realistic paranetric assunptions.
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Tabl e 1: Macroeconom ¢ Dynam cs with Defined-Benefits

| mpact on El asticity Coefficients Numeri cal
(Synbol s defined bel ow) Exampl e

Panel A. Shocks to the current workforce, myt and bi-g:

Retirees: Pc2ni = Pc2bl = 9c2nw > O 0. 436
Wor ker s: Peim = Pclbl = —Dy{a—ﬁ] -0.131
is negative, provided a > 1iq
| nvest nent : Pkni = Pkb1 = - Dict a—ﬁ] <0 -0.235
Panel B. Shocks to the current birthrate, bt:
Retirees: Pc2p = O 0
Wor ker's: Pcib = (1-DeXcl/ A) 7 y1) X geanw PRI h+gr/ h) 0. 080
| nvest ment : Pkb = - DkX{ ¢/ A/ yf geonw PRe/ h+gr/ h] -0. 240

Panel C. Shocks to the current length of life, fY and f®&._q:

Retirees: Pc2fu = Pc2fel = -gc2f < O -0.769
Pcifu = Pcifel = -Dc¢X <0

Wor ker s: 1-q -0. 147
I nvest ment : Pkfu = Pkfel = _Dkxl_% <0 -0. 265
Panel D. Shocks to life expectancy (future length of life), f&:
Retirees: Pc2fe = 0 0
Wor kers: peife = - (1-Dex ¢l A)/yl) xgeor<0 -0.288
| nvest ment : Pkfe = Di{cl/ A)/ybgeor >0 0. 865
Panel E. Changes in |agged capital and productivity, ki.1 and a;:
Retirees: Pc2k = -Pc2a = dc2k >0 0. 333
Wor ker s: Pcik = -Pcla = Dgxa >0 0.278

| nvest ment : Pkk = -Pka = Dka >0 0. 500



Notes to Table 1:

1. The inpact on retirees, on workers, and on investnent refers to the
i mpact of the shock(s) nanmed in the panel header on the variables
(cf/ At, (cé\/A)t, and Qt. Since these variables are scaled by the
productivity trend A, the coefficients for productivity shocks a; are
negative. The inpact of productivity shocks on consunption and investnent
| evel s, 1+pg25>0, 1+pc15>0, and 1l+pkg>0, are nonethel ess positive.

2. The last colum refers to the elasticity values in the nunerical exanple

described in the text.
3. Variables without time subscripts refer to the steady state. The synbols

not already defined in the text are as foll ows:

x dXk/ an
(c?2/ A) St/ (1+nW

1(0,1), share of old capital in retiree incomne.

gc2k = (1-d")»=a+d" 1(0,1), inpact of a higher capital-labor ratio on the old.

geonw = 1 - geok - (1-dY) Aaiﬁi-l??’:l) = (d=d )af;;(?_? ;a;( 1-9) 1(0,1),

i npact of a

hi gher current |abor force on the old.

* 1-a
ge2f = 1 - (1-d)

S+op{ 1- a) 1 (0,1), impact (absolute value) of a longer life

span on the old.
pre = (1-d/R)x1-a) 1(0,1), inpact (absolute value) of a higher capital-
| abor ratio on the return to capital.

yl = WAX1-q), income of the young scal ed by productivity.
[ 9c2k PR/ D]

Dc = >0, narginal effect on consunption
¢ (YA IyY geaktprd h+geapPok] + K/ yl

when the incone of the young rises.
Dk = L >0, marginal effect on capital

(cY A 1y geok+prid h+gcapppk] + k/yl

i nvest nrent when the incone of the young rises.



Table 2: Dynamics with variable Social Security Benefits

| mpact on El asticity Coefficients

Panel A. Shocks to the current workforce, nmt and by.q:

Retirees: Pc2nt = dc2nw + 9c2bPbnts Pc2bl = dc2nw + 9c2bPbbl
Vor kers: Pcint =- DA a'ﬁ] - Dex q>pme, Pcibl = - DX a'ﬁ] - Dex q>pbb1

I nvest ment : Pkmi = - Dict a-ﬁ] - Dkﬁmbnﬂ, Pkb1 = - Dict a-ﬁ] - Dkﬁ Pbb1

Panel B. Shocks to the current birthrate, bt:

Retirees: Pc2b = Yc2bPhbb

Wr ker s: Pcib = (1-DeX{cl/ A)/yY) f geonw (1- &/ R) X 1-a) / h+g/ h]
- Dex l oPon + (1-Dexcl/ A)/y3) >geon Dby

| nvest nent : Pkb = - DX ¢l A) 1 yIf goonw (1- o RK) X 1-a) / h+g;/ h]

. Dkﬁ Pob - DX ¢/ A) 1 yIxgeop’Pbb1

Panel C. Shocks to the current length of life, fY and f&._q:

Retirees: Pc2fu = -9c2f + 9c2b’Pbf us Pc2fel = -dc2f + Yc2bPbbl

Vor kers: Pcifu = 'Dcxl_q = Dex” q’pbfu, Pcifel = 'Dcxl_q = Dex q>pbfe1
: = Dexd . pexd = P L pud

I nvest nent : Pkf u Dk q D q Ppf us Pkf el D q Dk q Pbf el

Panel D. Shocks to current life-expectancy, f&:

Retirees: Pc2fe = Jc2bPbfe
Vi ker s: petre = -(1-DeX ¢l A)/y) X gear- geawPorer) - Dexly Pofe
| nvest nent : Pkfe = Di{cl/ A) 7y geor- gcobPbrer) - Dkﬁ Pbf e

Panel E. Changes in |agged capital and productivity, ki.1 and a:

Retirees: Pc2k = dc2k t Jdc2bPbk, Pc2a = -Oc2k * dc2bPba
Vor keI’SZ pClk = Dc>a - Dcxljf?;pbkv pCla = Dc>a - DC 1- q>pba
| nvest ment : Pkk = Dyxxa - Dkxil_q bk, Pka = -Dka - Dk%q Pba

Notes: The notation is as in Table 1. In addition, define

1-a

gez = (1-d") g PLTRS >0,



Table 3: Alternative Policies in the Numerical Exanple
Panel A Shocks to the workforce, nmyt and by-q:
Al ternative Systens: DB DC Privatized Prefunded Pr ef unded
Shock to: mi or by, mi or by, mi or by, Mt bt.1
Pol i cy coefficient 0 1.0 N A 0 0.5
| npact on Retirees 0. 436 0. 667 0. 667 0. 436 0. 551
(=DC Case) (=DB Case) (i n between)
| npact on Workers -0.131 -0.278 -0.278 -0.131 -0. 204
(=DC Case) (=DB Case) (i n between)
I npact on | nvestnment -0. 235 - 0. 500 - 0. 500 -0. 235 - 0. 368
Panel B. Shocks to the length of life, fY and f&_q:
Al ternative Systens: DB DC Privatized Prefunded Pr ef unded
Shock to: fu or f8_, fY or f&_, fY or & 4 f U f& .1
Pol i cy coefficient 0 -1.0 N A 0 -0.5
| mpact on Retirees -0.769 -1.0 -1.0 -0.769 - 0. 885
(=DC Case) (=DB Case) (i n between)
| npact on Workers - 0. 147 0.0 0.0 - 0. 147 -0.074
(=DC Case) (=DB Case) (i n between)
I npact on | nvest nment - 0. 265 0.0 0.0 - 0. 265 -0. 111
Notes: The notation is as in Tables 1-2.
For DB, DC and privatized social security, m; & bi.q and fY% & f€._q,

respectively, have the same effects.

In the conditionally prefunded system policy coefficients are generally in

the range ppp1l (0, +1) and ppferl (-1,0). For

+0.5 and -0.5, respectively.

the nuneri cal

exanpl e,

| use



Tabl e 4: Macroeconom ¢ Dynami cs without Annuities Markets

| mpact on El asticity Coefficients Numeri cal

Exampl e

Panel A. Shocks to retiree survival without annuities, nto; and nfo;.1:

Retirees: Pc2nu = 9c2bPbnus Pc2nfel = 9c2b’Pbnpel 0
where geop = (1- d*)'\ai/qr/mn.p(- 1_1?;) >0
Vor ker s. Potnu = - Dot (1- 6) A L+pbned) +0- - gl % 0. 147
Poinge1 = - Dol (1-6) X 1+Pbreen) +0- 1 gl % o
| nvest nent : Pkngu = - Dict (1-@) X 1+Pbngu) +9: 1[TEWQ) 1-q -0. 265
Pirper = - Dot (1-6) X 1+pbnge) +0- 1 1) % 0

Panel B. Shocks to future retiree survival without annuities, nfo:

Retirees: Pc2nge = Ydc2bPbnee 0

Wor ker s: Peinge = - (1-DeX ¢/ A)/yl) {1/ h- gcop: Ponped) -0.125
- D¢ ﬁ Pbnee

I nvest ment : Pknge = Dk- (c¥/ A) 7y 1/ h-gcab: Phreel) 0.375
- D'k ﬁ- Pbree

Panel C. Shocks to the current workforce, my and by.q: "

Retirees: Pconmt = 9c2nw t+ 9c2bPbnl:  Pc2bl = Gc2nw + 9c2bPbbl
* -(1-a

where geonw = (1-d) - (1-a - (FE LD 0

Vr ker s: Pciml = -Dc>{(1-q)>a+q-ka-(1-q)ﬁ] - Dc*ﬁmbm

Pcibl = - DX (1-q) a+q- pre- ( 1- q)ﬁ] - Dc*ﬁmbbl

I nvest ment : Pkmi = - D (1-0)a+q- pre- (1- q)ﬁ] - Dk*xl_i% Pori

Pkb1 = - D (1- Q)>a+Q-ka-(1-Q)T%] - Dk*xl_%q Pbb1



Table 4 (continued):

Panel D. Shocks to the current length of life, fY% and f&_q:"

Retirees: Pc2fu = -Oc2f *+ Uc2bPbfus  Pc2fel = -9c2f *+ 9c2b’Pbbl
. - (1-
where geof = 1-(1-d) - o mp- (1-2) >0

a+g/ mp- (1-a)
Wor kers: Pcifu = 'D*c'ﬁ' (Pbfutl), Pcifel = 'D*C‘Tf%' (Ppfe1tl)
| nvest nent : Pkfu = -D*k-ﬁ- (Pbfu+l), Pkfel = -D*k-ﬁ- (Pbfe1+1)

Panel E. Shocks to the current birthrate, bt:”

Retirees : Pc2b = 9c2b*Pbb
Wor ker s: pcib = (1-DeX e A) 1y f geonw PR h+9r/ h+gc2pPbbal - De” X q>pbb
| nvest ment : Pkb = - DX ¢l A/ y1q gconw PR/ h+gr/ h+gcoppopll - D*k% ¢ Pbb

Panel F. Shocks to the future length of life, f&:"

Retirees: Pc2fe = Yc2b’Pbfe
Wor ker s: Pcife = -(1-DcX cl/ A)/yl)’(QCZf'QCZb' Pofel) - Dc*xl_ q’pbfe
I nvest nent : Pkfe = Di- (¢ A)/yXgcor-geob- Pofed) - D*k-ﬁ- Pbf e

Panel G Changes in |lagged capital and productivity, k¢.-1 and at: "

Retirees Pc2k = 9c2k + 9c2b’Pbks Pc2a = -9c2k *+ 9c2bPba
De: [ (1-a)a+q- prd - Dc” > ! pok

Wor ker s: Pcik

Pc2a = - Dc- [(1-0)>a+d- pRral - Dc*ﬁ’pba
| nvest ment : Pkk = Dk [(1-0)>+q- pra] - Dk*xl_%q’pbk
Pka = - Dk- [ (1-q) >a+q- prd - Dk*xl_%qmba

Not es:

1. The notation is as in Tables 1-2, except for the foll owi ng synbol s:
q = QY (w(1-qg)+Ql) = share of bequests in worker’'s incone;

Dc*=DcX 1-q), Dyx"=DyX 1-q).

*

As in Table 2, but with nodified coefficients if gt0 or nptO.



Table 5: Optimal Policy Responses to Demographic Shocks

Policy response to changes in the current workforce:

ge2nwtDeodPre + D'cfa- o/ (1-q)]
gc2ptD ¢/ (1-0)

* * _
P b = P bbl = -

Policy response to changes in the current birthrate:

(cllA))AQcZnV\rka/h+902b’pbbl_ A(cl/A)A gr/h
yl "yl geoptD e/ (1-0)

*h =(1-D -
Prop =(1-De de2b+D o8/ (1- )

Policy response to changes in the current length of l|ife:

Dby = propey = J62 D0 (1-0)
” ® 7 geaptD o/ (1-0)

Policy response to changes in current retiree survival wthout annuities:

Dcfl-g+g-np/ (1-mp) ]9/ (1-Q)
Oc2b+D ¢/ (1-0)

* _*
P breu = P bnkel = -

Policy response to changes in the future length of life:

cl/ A Jc2f - 9c2b’Pbf el
1) X

* _ (
= -(1-Dex <
Profe = - (1-De ge2b+D o8/ (1- )

Policy response to changes in future retiree survival w thout annuities:

y 1/ h- gcopPbrrel
chb+D*c>q/ (1-9

* C]'/A
P bnke = '(1'Dc"( yl ))

Note: The notation is as in Tables 1-2 and 4. The stars (*) denote

efficient val ues.



Tabl e 6: Macroeconom c¢c Dynam cs with CES-Production

| mpact on El asticity Coefficients

Panel A. Shocks to the current workforce, nmt and by.q:

Retirees: Pc2nl = 9c2nw * J9c2bPbni: Pc2bl = Jc2nw *+ 9c2b’Pbbl
Wor kers: Pcint = 'Dc>{jg - ﬁ] - Dc"l_?a’pbrm

Pcib1l = 'Dc>{j§' ﬁ] - Dcxl_f%fpbbl
I nvest nent : Pknml = -Dk>{jg - 1—%] 'Dkxl_% Pbm

Pkb1 = -D|<>{J-g - ﬁ] -Dkﬁ Pbb1

Panel B. Changes in |agged capital and productivity, ki.1 and a:

Retirees: Pc2k = 9c2k + 9e2bPbks Pc2a = -0c2k * Yc2b’Pba

Wor ker s: Pcik = Dealj - Dcxl—%@bk, Pcia = -Dc@/j - DeX q Pba

I nvest ment : pkk = Dyoal]j —Dkxl_iq bk, Pka = -Dkalj - Dkx—(Ll_q Pba
Not es:

1. The notation is as in Tables 1-2, except for the foll owi ng synbol s:
_ aj X k/an)!
aj X k/an)l + 1-a;j

« _ bXw A) "
b= ez (1)

= average capital share

= share of old inconme that is wage-i ndexed

gezk = (1-d)fa+(1-a-b)(j-1)/j] + d
geznw = (1-d){ L-a - (La-b)Ai-1/f - TL75)
Pre = (1-d/ R 1-a)/]

2. For the inpact of shocks not |listed here, the fornmulas in Table 2 apply

with the nodified synbols defined here.



Figure 1: Consumption Responses to a Birth Rate Shock
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Notes: The bars show the percentage deviations of consunption from the
steady state in response to a one-tinme, 20% reduction in the birth rate in
period t, applied to the paraneter values of the nunerical exanple wth
defined benefits social security system

The responses are collected by generation, not by period. The responses
under generation i=t+2 refer, e.g., to the changes in cli;» (generation t+2

when young) and c? 43 (generation t+2 when ol d).



Figure 2:
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Response of the Capital-Labor Ratio to a Birth Rate Shock
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Not es: The bars show the percentage deviations of the capital labor ratio

ki fromits steady state in response to a one-tinme, 20% reduction in the

birth rate at in period t, applied to the paraneter values of the nunerical

exanpl e with defined benefits social security system



