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1. INTRODUCTION

Since the work of Solow (1957), it has been known that technological
change accounts for a significant portion of GNP growth in industrialized
economies. This technological change has been measured by either the estimated
time trend in regressions of aggregate output on inputs, or by indexes of total
factor productivity. Since under either method productivity is measured as a
residual, it incorporates all factors which influence GNP growth other than the
increase in measured inputs. Despite various refinements to the measurement
of total factor productivity, we still do not have a convincing explanation for
its source (see Jorgenson and Griliches, 1967; Solow, 1988).

Recent literature has suggested a potential source of productivity gains:
namely, the creation of new inputs under monopolistic competition. Ethier
(1982) has argued that the development of new intermediate inputs leads to
greater specialization in the use of resources, and higher productivity; see also
Markusen (1989). Subsequent authors, including Romer (1990) and Grossman and
Helpman (1991), have examined models where continuous growth is made
possible by the creation of new inputs. Romer (1987) has considered the form
of the aggregate production function in such an economy, and argues that the
contribution of capital to growth may significantly exceed its cost share in
output. His results have recently been reexamined by Benhabib and Jovanovic
(1991).

In this paper we shall examine how to account for growth when new
inputs are being created. In particular, we are interested in obtaining a
decomposition of growth into that due to a higher quantity of existing inputs,
and that due to a grearer range of inputs. In section 2, we show how this

decomposition can be obtained for a single firm, with a CES production



function.! In section 3 we generalize to the GNP function of an economy, and
again show how a decomposition of growth in GNP can be obtained. The
properties of the GNP function are characterized in detail.

In section 4 we present an example of a two-sector economy, where new
inputs are endogenously created each period, and a simple aggregate production
function exists. In section 5 we use this example to estimate real GNP as a
function of primary resources. We suppose that the productivity gains due to
new inputs are not explicitly measured, but picked up in the time trend of this
regression. We find that the time trend is significant, and that the estimated
coefficients of the production function are biased. This bias arises due to
correlation between the observed primary resources, and the unobserved but

endogenous productivity gains. Conclusions are given in section 6.

2, SINGLE FIRM
We shall initially consider a single, competitive firm with constant

returns to scale. We shall adopt a CES production function:

"M o 1/8
y = f(x,M) = Zaixi , 0<@<1, (1)
i=]

where xj is the quantity of input i=1,...,M, x = (x;....xM) denotes the vector of
inputs, and Yy is the output. The elasticity of substitution between the inputs
is given by ¢ = 1/(1-8). We shall denote the prices of the inputs as pj > 0, and

suppose that the quantities xij > 0 solve the cost-minimization problem:

1 The results in section 2 are also reported in Feenstra, Markusen and Zeile (1992), who
estimate: the impact of new inputs on productivity for a sample of Korean industries.



min M .
X >0 Y, pixi subject to y = f(x,M). (2)
i=1

In our first result, we let M0 < M, denote two ranges of inputs. We shall
suppose that the M,-dimensional vector x > O solves (2) for prices p > 0. We
are then interested in relating the outputs f(x,My) and f(x.,M,), as well as

relating their first derivatives:

] on

M, Mo
(a)  1(x.My) = 1(x,M)A1/® where X\ = Y pixi/ 2 pixi |- (3)
i=1 i=1

(b)  Af(x.My)7ax; = [81(x.Mg)7axiIn1-8/8 where 1 < i < M,.

The proofs of all Propositions are given in the Appendix. Part (a) shows
that the outputs obtained with the ranges of inputs Mg and M; are related by
the factor A1/8 > 1. This variable is endogenously determined by the cost-
minimizing input choices of the firm. It can be easily measured as the ratio of
expenditure on the full and restricted set of inputs at the common prices pj,
raised to the power (1/8). As e becomes smaller then X increases, indicating
that the new inputs which are not close substitutes for existing ones lead to a
larger increase in output. Part (b) shows that the derivatives of f(x,M;) exceed
those of f(x,Mg), by the factor A{1-8)/8 > 1. Thus, for given quantities of the
inputs, their marginal product will rise as the range of inputs increases.

To show how Proposition 1 can be used to obtain a decomposition of the

growth in output, suppose that the vector of inputs x¢t > 0 is cost-minimizing



when prices are py > 0 and the number of inputs is Mt, t = 0,1, with Mg < My.

Then the ratio of outputs {s:
f(X].M1)/f(Xo,Mg) = [f(X1,M1)/f(X1.Mg)][f(X1.Mg)/f(Xo.Mu)]
= W18 [1(xy. M)/ 1(xg.Mg)]

= A1/® Q(xg.pg.X1.p1:Mg). (4)

The first line of (4) is an identity and the second line is obtained from
Proposition 1(a), with \ defined as in (3) but with the prices and quantities
indexed by period 1.

To obtain the third line, we note that f(xy,Mg)/f(xq.Mg) is the ratio of
two CES functions with the same number of inputs, where the inputs x; and xg
are cost-minimizing for the prices p; and pg. respectively.2 Then we can use
the formula of Sato (1976) and Vartia (1976) to express f(xq,Mg)/f(xg,Mg) as an
exact quantity index, denoted by Q(xg.pg.X1.P1:Mg). As the notion suggests, this
quantity index can be computed with the available price and quantity data, and
does not depend on the unknown parameters a; in the production function (1).
Thus, we have obtained a decomposition of output growth into that due to
changes in the input quantities (as measured by the index Q), and that due to
changes in the range of inputs (as measured by the factor X).

An alternative decomposition can be obtained by using an implicit quantity
index. Let P(xy.p,.x,.pyiM,) = c(p,M)/c(py M) denote the Sato-Vartia price
index for the CES unit-cost function. This price index is computed by ignoring

the new inputs in the second period. Then define the implicit quantity index @

2 Note that the inputs xij for i = 1,...,Mp satisfy the cost minimization problem (2) for
prices pyj and the output §; = f(x;.Mp).



as 5(x°,p°,x1,p1) = (C,/7C,)/P(x,.p,.X,.p,:M,), where Ct denotes total costs in
period t = 0,1. This index is interpreted as the ratio of total costs in the two
periods, divided by the price index which ignores the new inputs. From Feenstra
(1991), the ratic of unit-costs can be measured by c(p, M,}/clp,M,) =

P(Xg.Pg:X,.P M)A "(1-8)/8, Then the ratio of outputs equals:

f(X1,M1)/f(Xg,Mg) = (C]/Cg)/[C(p1,M1)/C(pu,Mg)]
(4"
5(Xg.pg.X1.p1))\(1_e)/e )

where the first line is obtained since Ct equals c(pt.Mt}f(xt,Mt), and the second
line follows from our results above. This decompoéition of output growth is
preferred to (4), since the bias x(1-8)/8 s less than A1-8, for 0 < @ < 1. In
particular, since (1-8)/8 = 1/(c-1), as @ -+ 1 and the elasticity of substitution
is very large then the term A{1-8)/® will approach unity. Thus, the quantity
index Q(xg.pg.x1.p1) Will equal the ratio of outputs as the new inputs become
perfect substitutes for existing inputs.

Our results can be readily extended to the case where some inputs are
disappearing, while others are new. Results of this type for the CES unit-cost
function are presented in Feenstra (1991). Rather than discuss this extension

here, we turn next to the economy-wide GNP function.

3. GNP FUNCTION

We consider an economy where new intermediate inputs are used in the
production of final goods. We will show that GNP can be expressed as a
function of the primary inputs, and of the variables X\q,... AN defined as in (3)

for each of the final goods industries. Using this function, we will be able to



decompose the growth of GNP into that due to a greater quantity of primary
inputs, and that due to an expanded range of intermediate inputs.

To develop our notation, suppose there are L primary inputs denoted by &
(think of labor and land). Primary factors are used to produce intermediate
inputs, and these are combined with additional primary factors to produce the
final goods. Let there be N final goods indexed by j, each of which are produced
with M;j intermediate inputs indexed by i. The production function for each
final good is weakly separable between the intermediate and primary inputs, and

is given by,

yj = gjlfjlxj.M).vjl, j=1...N, (5)

where xj is the Mj-dimensional vector of intermediate inputs used in the final
goods industry j: fj is a CES function as in (1) with parameter 8j: and vj is the
L-dimensional vector of primary inputs. We assume that gj is increasing and
concave, and will sometimes specify that it is homogeneous of degree one.

We suppose that the intermediate inputs are customized to each final good
industry, so that the production function for the input i used in the final goods

industry j depends on both i and j:

xij = hijlvij), i=1....Mj, j=1....N, (8)

where vjj is the L-dimensional vector of primary inputs (excluding possible
fixed costs of product development). We also assume that hij is increasing and
concave, with hjj(0) = 0, and will sometimes specify that it is homogeneous of

degree one. Finally, the resource constraint for the economy is that,

N N _
Svie Y Svij=v, (1)



where Vv is the L-dimensional vector of primary resource devoted to goods
production. Note that (7) excludes resources which are devoted to the creation
of new inputs (i.e., to cover the fixed costs of product development).

Let the prices of final goods be denoted by gj, j=1....N. Then in a
perfectly competitive economy with fixed ranges of intermediate inputs Mj. GNP
would be obtained as the maximum of Zj qjyj subject to (5), (6) and (7). We
will instead consider a monopolistically competitive economy, where the range
of inputs Mj can change. In the next section we present a fully specified
example where M;j is endogenous. Here we shall simply treat Mj as a parameter,
but recognize that changes in it affect GNP.

We suppose that final goods are produced competitively, while the
intermediate inputs are produced under monopolistic competition, so that
marginal cost pricing is not used. Instead, we need to compute the derived
demand from the CES functions in (5) and (1), and the associated marginal
revenue: letting pij denote the price of the intermediate input i used in
industry j, the marginal revenue is given by 8jpij. Then each intermediate
goods producer will hire primary factors to the point where the marginal

revenue product equals the wage:
8pij(3hij/avij) = w. (8)

where w is the L-dimensional vector of wages for primary inputs.
To develop the GNP function for the economy, we first rewrite (5) using

our results from Proposition 1:

/8]
oz oa:fi(x: M )y, j=
4 = gi0gMi vl TN, (9)



where Mjo is an initial set of inputs available, and X\j is defined as in (3) but

with the subscript j added to denote the intermediates used by industry j:
M Mio
A o= zl,Pinij/ zpijxij . (3')
i=1 i=1

we shall be holding Ml'o constant, and allowing Xj to vary as a parameter,
depending on the range of new inputs available. We next define an artificial

vector of primary factor endowments as:

N N Mig
Ve Ev]' + 2 Evij (nj/ey) . (10)
j=1 =1 =

Notice that the final summation in (10) is over the restricted set of inputs
MJ'O' and that the primary inputs vjj are adjusted by the factor (Xj/ej). We

will not attempt to justify this artificial measurement of primary factors
until after we show how V can be used.
Let XA = (Xy...xN) denote the vector of parameters Xj for each final goods

industry. Then consider the following definition of the GNP function:

6(q.V.X\) = max %q]-gj subject to (6), (9) and (10), (11)
=1
where the choice variables in (11) are xij > 0 for i=1,...Mjg. vj = 0 and vijj > O.
We substitute (9) for yj in the objective function of (11), and let 5'1]- and the
vector w denote the Lagrange multipliers on the constraints (6) and (10),
respectively. Then the first-order conditions for an interior solution of (11)

are:



qj{3gj/3vj) = W, (12)
agi ATj(xj.Mjg) .
B 4t R ? AP (L IR PZ- TR
J{ar; a, |t T (13)
Ei,-(ani,-/avij) = wixj/ej). (14)

Condition (12) simply states that the marginal value product of primary
resources devoted to final good production equals the wage w. To interpret the
next two conditions, define pij = 5“-/)\,- as a transformation of the Lagrange

multiplier. Then using Proposition 1(b) we can rewrite (13) as:

This is the familiar condition that the marginal value product of intermediate
inputs used in the production of final goods equal their price pjj. Using the
same definition of pjj we can rewrite (14) as ejpj{dh;j/dvij) = w, which is
identical to (8). This condition states that the marginal revenue product of
primary factors used to produce intermediate inputs equals the wage, as
required under monopolistic competition.

summing up, we have shown that the first-order conditions for (11} can
be written as (8), (12), and (15), which are precisely the equilibrium
conditions of the economy with monopolistically competitive production of
intermediate inputs. We conclude that G(q,v,\)} will be the value of GNP in this
economy, depending on q, v, and X. Several properties of this GNP function are

summarized by:



Proposition 2.
(a) ©(q,V,\) is increasing and concave in V, with Gy = w.
(b)  6(q.V.\) is increasing and convex in q, with Gq = y.

(c¢) 6(q.7,\) is homogeneous of degree one in q, and homogeneous of degree one
in Vv if gj and hjj are homogeneous of degree one.
-1(1-95)

M
(d) 6G(q.V.)) is increasing in X, and Gaj 2 X TL ipijx” with equality
i
i=1

when hjj are homogeneous of degree one.

(e) sSuppose that hij(vij) = hj(vij) for all i and j, and that hj is
homogeneous of degree one. Then:

N N M
vV = ZVJ' + ZZVU/BJ'. (18)
j=1 j=1 =1
Parts (a), (b) and (c) show that the GNP function for the monopotistically
competitive economy satisfies the conventional properties which also hold in
the competitive case. To interpret (d), write this condition (as an equality) in

elasticity form as,

M.
(1-89)
ij()\j/G) = —e]_‘— Zpijxij/e-
i=1
Thus, the elasticity of GNP with respect to the range of intermediate X\j equals
the share of these intermediate inputs in total GNP, multiplied by (1-8j)/ej.

This latter term enters because the contribution of the new inputs to GNP will



depend on how closely they substitute for existing inputs: when 8j = 1 then
new inputs are perfect substitutes for existing ones in (1), and so their
presence has no impact on GNP, More generally, since (1-ej)/ej = 1/(cj-1), the
new inputs will have a larger impact when their elasticity of substitution

Gy > 1 with existing inputs is lower.

Under the conditions in (e).3 the artificial inputs v are measured in the
simpler form, which is interpreted as the total resources devoted to production
including the fixed costs of product development. To see this, note that (16) is
the same as v in (7) except that the resources vij are weighted by (1/8;). This
weighting reflects the resources used plus the profits earned in the production
of intermediates: letting cij denote the unit-costs of producing an intermediate
xij. the price is pij = cjj/8j and so profits are (pij-cij)xij = (1-8j)cijxij/ej. By
summing profits and total (variable) costs we then obtain CijXij/8j, so that the
resources used in the industry must be inflated by 1/8j to include these profits.
We interpret the profits earned per period as equalling the fixed costs of
product development, where the total fixed costs are amortized over time.
Indeed, it is common to impute the profits earned in an industry as some form
of capital when constructing measures of aggregate resources, so that we could
use existing measures of resource endowments for v.

In the next sections we develop a specific example of the GNP function.

3 The ftirst condition in (e) is somewhat unusual, since it states that all the
intermediate inputs xij used in the final goods industry j must be produced with the
same production function hj. This condition is more reasonable if we think of the
intermediates X{j as just different varieies of the same basic input i used in industry j,
where all varieties have the same production function. Inputs into this industry which
are quite different could be represented by another CES function entering into the final
good production gj in (S).



4. A SIMPLE DYNAMIC MONOPOLISTIC-COMPETITION MODEL

We now turn to the question of constructing an explicit dynamic model in
which new goods are created endogenously over time. Having constructed such a
model, we then simulate a dynamic economy. The model we develop has several
attractive features. First, the new goods are created by an endogenous,
optimizing process rather than introduced exogenously by some unspecified or ad
hoc process. Second, the model is a monopolistic-competition formulation that
is similar to our discussion above and ties in well with recent literature
(Romer, 1987, 1990; Grossman and Helpman, 1991; Markusen, 1981). Third, real
income increases are driven solely by the introduction of new goods and capital
accumulation, and there is no technical change in the usual sense, but a
traditional growth accounting procedure may generally identify it as such.

The economy consist of two final-goods sectors, with outputs y; and y,.
Roughly speaking, lower-case letters correspond to flow variables, while upper-
case letters correspond to stocks. Consumers maximize a standard time-

separable utility function. where p is the rate of time preference:

W = g: ( «pt) (g”glt“)n. n<l. (17)

t=0

Sector 2 is competitive, producing output (y,) with Labor (L), capital (K), and a

sector-specific factor (R, which could be land or natural resources):
= L8 k& gl-8-e

Yot 2t Mot Nt . O0<fec<t (18)

Sector 1 costlessly assembles intermediate inputs xi as in Ethier (1982):



Yy = inet . 0<e<1 . (19)

The number of intermediate inputs (M) and their output levels (xi) are
endogenous. The x; are produced with identical constant-returns, production

functions using capital and labor:

L F -7
%t = LixeKixe - (20)

In addition, to begin production of a new input, a once-and-for-all fixed input Fi
must be created. This fixed input corresponds to the notion of non-depreciating
knowledge capital that must be acquired before introducing a new good. Fj is a
constant, but substitution between capital and labor is allowed. We specify the
factor intensities of xjt and F{ as identical, so that factor intensity does not
vary with the scale of production, but that assumption is in no way important

to the results that follow:

Lo, 8,17

Fl-Lme. (21)
For simplicity, one unit of new capital (k) is produced from one unit of

labor: kt = Lkt. The endowments Lt and Rt may grow exogenously over time.

Adding up constraints for labor and capital are as follows:

M M

Lt = Lxt » Lrt » L2t » Lkts Lyt = Ylixt. Lrte >Lirt, (22a)
i=1 i1

M M
Kt = Kxt + Krt » K2t, Kxt = > Kixte  Krt = > Kift . (22b)
i1 i=1



The equation of motion for the capital stock uses a constant depreciation rate

(8):
Kt = (1-8)Kt-q + Kkt (23)

Let pit denote the price of xjt in terms of ypt, and c(wt.ry) denote the
unit-cost for xjt or Fi, where wt and ry are the rental prices of labor and
capital in terms of y,¢. We define, for v > t, real interest rates iyt such that
(1 + izt) is the intertemporal relative price of yp¢ in terms of Y, (izt = O for
z = t). Consumers maximize (17) subject to an intertemporal budget constraint
that requires that the present value at t = O of the income stream from factor
rents equal the present value of consumption expenditure on y;¢ and ys¢. There
{s thus an implicit asset market in which consumers can borrow or lend, and in
which entering firms can borrow to finance fixed costs. We can think of asset-
market clearing as determining the izt.

The symmetry of the xjt in (19) and (20) implies that any input that is
produced is produced in the same amount and sells for the same price. Hence
the i subscript will generally be dropped. A firm producing an input xt views
factor prices as parametric, and maximizes profits in terms of the competitive

good Y. A firm entering at time t maximizes the present value of profits:

T
max Tt = 2 [(]*izt)_1(Pz-C(W'c.r'c))x'c} - clwt,re)F.
z=1

The full solution to the model determines a price vector (pt.wt.rt.vt.izt)
for each t and T > t. Suppose that there are many xt producers, such that we
can assume a monopolistically competitive market structure. With demand for

an input given from the CES production function (19), the marginal revenue from



selling an intermediate input is ©pt. Then equilibrium in the monopolistically
competitive sector is given by marginal revenue equals marginal cost, and zero

profits due to free entry:
pt6 = clwt,rt), Tt = 0. (24)
Define the following aggregate factor supplies as in the previous section:
i = Lot + Lxt/e, £t = Kot + Kxt/®. (25)

Let Ui be defined as within-period utility, or real GNP. In the Appendix,
we show how the equilibrium conditions (24) determine the allocation of labor
and capital across sectors, and therefore the output of each good. Real GNP as

a function of the factor supplies in (25) can then be obtained as:

Proposition 3.

-

3 4
- ot 1-0(_ ~a)rasndzas .
Up =y = COYPRRRREMEL Dlap= 1 2 >l (28)
i=1 i=1
where C is a constant and:

a1 = o + (1-0B. a3 = o(1-7) + (1-c)E, a3 = (1-o)(1-B-E), a4 = x{1-8)/6. (27)

Equation (26) gives single-period real GNP, and several features are of
interest. First, there are constant returns to scale in the (correctly measured)
primary inputs, as we showed in the general case. Second, if we view Mt as the
proxy for accumulated knowledge capital (since Mt is linear in F), then there

are increasing returns to scale in all four inputs. Third, since «(1-6)/8



appears as the exponent of Mt in (26), the results are consistent with
Proposition 2(d), where Xt = Mt/Mg in our previous notation and « is the share

in GNP of sector 1 using the new intermediates inputs.

5. SIMULATICN AND ESTIMATION

We solved the two-sector dynamic monopolistic competition model of the
previous section numerically, and the output series generated was used as a data
set for estimation purposes. We report here a simulation run over twelve time
periods, and solved as a simultaneous general-equilibrium system using
Rutherford's (1989) non-linear complementarity software, MPS/GE.4# The model
solves for 73 activity levels, the prices of 97 commodities and factors,
consumer income, and the values of 16 auxilliary variables used to i{ncorporate
the scale economies: 187 non-linear inequalities in 187 unknowns. In the
simulation, new intermediate goods were introduced over the first nine time
periods, and new capital was produced over the first eleven time periods.5

Simulation results were then treated as a time series to estimate a GNP
function. Results are presented for seven log-linear regressions in Table 1.
The first regression is the true GNP function in (26), with coefficients

correctly given by (27) and summing to 1.1.

4 Rutherford's non-linear complementarity easily handles corrmer solutions in which some
activities are not active in some time periods. This is vital to the simulation of a
model like this with a finite time horizon. There exists a steady-state version of this
model in an infinite horizon case, but because there is no variation in the data in the
steady state, the regressions to follow cannot be estimated, The model quickly
converges to steady-state values, so adding additional time periods does not contribute
anything new, but does greatly increase the dimensionality.

5 The data used for Rt fluctuated slightly around a constant value, while L; grew at a
rate of 2.5% for most periods, but jumped by 25% in periods 8 and 9. Other parameters
used are listed in Table 1, With a discount factor of § = 0.25, each period can be
interpreted as several years.




17

The second regression uses the correctly-measured inputs, but omits the
product differentiation variable Mi. Here the contribution of Kt is
significantly overestimated, while Rt gets a large but statistically
insignificant coefficient. The coefficients on Lt and K¢ add up to almost
exactly one, indicating an estimation of roughly constant returns to scale to the
two statistically-significant inputs, and increasing returns to all three inputs.

The third and fourth regressions add time-trends to proxy technical
change. Regression 3 uses time t and so the estimated GNP function is of the
form U = er( ), while 4 uses &nt and so GNP is of the form U = t*( ). The
time trend in regression 3 is significant neither statistically nor in magnitude,
and increasing returns to the primary inputs are estimated.® Regression 4
estimates approximate constant returns to the primary inputs (Rt is again
insignificant), and a high secular “technical change” is identified. This fourth
regression thus suggests no scale economies but rather increasing, concave
secular technical change.

The fifth, sixth, and seventh regressions are counterparts to 2, 3, and 4
except that they mismeasure inputs by including in Lt and Kt factors used in the
fixed costs of acquiring knowledge capital (i.e., Kt is as given in (22b). while
Lt is as given in (22a) minus labor used in capital formation Lgt).” Thus S, 6,

and 7 ignore the whole concept of the creation of knowledge as an input, as

8 The insignificance of t is presumably due to the fact that, with the fixed time
horizon, the introduction of new products stops after the ninth time period, making the
apparent exogenous technical change process “concave.” Thus the convex function e>t is
not a good fit for the sample. Conversely, the technical change process t* is concave for
A < 1, and that is what is estimated in regressions 4 and 7.

7 We could also use definitions of [ and Ry as in (25) but without dividing by 8 (i.e.,
ignoring the distortion). But this would only affect the constant term of the
regressions in the present case because, with Cobb-Douglas preferences, the shares of
labor devoted to yp: and to x;; are constant, Thus, this alternative definition of [} and
Ky yields coefficients identical to those in regressions 1-4,
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well as ignoring the product-differentiation variable, Regressions 5 and &
estimate strong scale economies to the primary inputs; equation 6 shows a
weak and insignificant exponential time trend similar to regression 3. Output
is estimated to be homogeneous of degree (approximately) 1.3 in factor inputs.
Regression 7 estimates slightly decreasing returns to primary inputs
(homogeneity of degree 0.92), and a strong. concave time trend, giving
qualitatively similar results to regression 4.

The model was simulated using a variety of other parameter values, and
the results were qualitatively very similar. For example, we increased ¥ from
0.4 to 0.8, so that the production of xjt was labor intensive relative to yot.
As in the results of Table 1, we found that: (1) the estimated elasticity of
output with respect to capital was significantly higher than its true value
when the product differentiation variable was omitted, while the estimated
elasticity of labor was about equal to or lower than its true value: (2) this
result continued to hold when the exponential time trend was added, and that
estimated time trend was small and statistically insignificant; (3) the
‘concave” time trend variable, on the other hand, was significant and lowered
the estimated capital elasticity to nearly its true value and output share.

The results of Table 1 are interesting in light of the work of Romer
(1987) and Benhabib and Jovanovic (1991). These authors are partly interested
in the empirical puzzle that the estimated elasticity of aggregate output with
respect to capital exceeds the empirical share of capital in output. Romer
offers an externality argument while Benhabib and Jovanovic offer an exogenous
technical change argument. Our model is very similar to Romer's and does
indeed produce the empirical stylized fact. Using the “correct” inputs
(Ct. Kt Rt) the share of capital in GNP is 0.425, the same as the elasticity

estimated in regression 1. Misspecified regressions 2 and 3 in Table 1 produce
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4. 6(CK,RT)
5. G(L.K,R)
6. G(L.K,RT)
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an elasticity estimate for capital that greatly exceeds the share of capital.
Using the "incorrect” factor input measures in regressions 5, 6, and 7 the
actual share of capital in output varies slightly over the sample between 44%
and 41% of output. Thus in regressions S and 6, we also have the result that
the estimated capital elasticity significantly exceeds the share of capital in
output. Using the (concave) time trend t» as a proxy for exogenous technical
change lowers the capital elasticity in cases 4 and 7 to approximately capital's
share, suggestive of Benhabib and Jovanovic. In a sense our model makes quite a
similar point to their paper: aggregate scale economies and technical change
are hard to distinguish. We have shown that both can arise in the estimated

regressions from the endogenous creation of new intermediate inputs.

6. CONCLUSIONS

This paper is motivated both by the growth accounting literature, and by
the recent work in trade and growth theories using monopolistic competition
models. The latter suggests one of many possible contributions to the large
residuals or time trends found in the growth-accounting literature, namely, the
creation of new intermediate inputs over time. An increased "division of labor”
through new intermediates enhances productivity of the economy, but fixed
costs limit the number of new inputs developed at any point in time.

We derive and analyze a single-period GNP function for such an economy,
and show how we can separate the contributions of the quantity of primary
inputs production from the range of intermediates. We then construct and
analyze a dynamic monopolistic competition model in which new intermediates
are introduced endogenously. The model is simulated, and the time series

obtained are used in a number of regression equations, which attempt to account

for growth, The omission of the range of intermediates creates biased



estimates of the relative contribution of primary factors, and strong time
trends. These biases arise due to correlation between the observed primary

resources, and the unobserved but endogenous productivity gains due to new

inputs.
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APPENDIX

Proof of Proposition 1

Proof of (a):

Using (1), the first-order conditions for (2) are

My R (1-8)/8 8-t
pi - M Zaixi ax;" =0, (A1)
i=1

where g is a Lagrange multiptier. Multiply each equation of (A1) by Xi, sum

over the full and restricted sets of inputs, divide the resuiting equations and
raise to the power 1/6 to obtain:

My 1/8 My s 178

Epixi —I iEz_‘;aixi ] -

Mo z Mo . * M) * (A2)
;;pixi J 2.3 J

Proof of (b):

The marginal product of an xj given the full and restricted sets of inputs

are:
My (1-8)/8
3T(xq.M1)/9x = aix? aixis"
i=1
and, (A3)
Mo (1-8)/8
31(x1.,Mp)/dx; = Zaix? aixis"
i=1

Dividing these two equations and using (A2) gives us part (b).
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Proof of Proposition 2

Proof of (a), (b), {c):

At constant X\, (a) and (b) are just the standard envelope properties of
thevoptimized GNP function: since the factor inputs are optimal at the initial
X\, Gy and Gq are the partial derivatives of the optimized value (11). Concavity
in V and convexity in q are also conventional properties of the GNP function, for
fixed X, Part {c) is seen from the fact that (11) describes a constant-returns

economy, so long as gj and hij are homogeneous of degree one.

Proof of (d):
The envelope property applied to (11) implies that the vector of
derivatives Gy are the partial derivatives of the programming problem, where

X\j appears twice: in gj [equation (9)] and in the resource constraint (10).
Attaching the Lagrange multiplier w to the latter, G;\j is given by:

Hjo

L
1 (1-8j)/8j
.= — [q.(dg. . DD R aRRg lale I U I
ac;/axJ 5 [qj(ag)/afl)(af /5"””‘, Z:]wl i}_%v‘ll] (A4)

J

Mj

0

We have fj(xj-.Mjo) = _}%(afj/axij)xij since fj(Xj.Mjo) is homogeneous of degree
1=

one in xjj. Substituting this into the first term on the right of (A4) and using

(13):
M M
Jo Jo
99 oy a1-8/e) | & _
% 31 10X Mig) X = |§-:1 RN 121 Py - (A5)

where we have used the definition of pij = ;3'”/)\)-.
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Now turn to the final sum of terms in (A4). Consider the pricing rules (8) and

multiply both sides of the 2th element by vij4. Summing over 2:=1,..L and

i=1.....MjcJ we have:
Mj M
0 L dhii Ig
. . ALl B
GJ l_z,‘plj E] avl]l Vija = ZWL [ZVU[ (AB)
L
Since hij is concave in vij with h;jj(0) = O, then Z(Ghilavi“)vijp_ < hijlvij) = xij.
L=1

It follows from (A8) that:

Mig Mig
ZWQ zvljl] 2 8j 2 PijXij - (A7)

Substituting (A7) and (AS) into (A4) we obtain our result:

(1-0.) Mi (1-e1) M
_J_ hAR L4
ae/axj > 2 IRATERS 5 i PisXi - (A8)

by definition of Xj in (3°). When hij is homogeneous of degree one then (A7) and

(A8) hold as equalities.

Proof of (e):
hijlvij) = hj(vij) is a symmetry assumption that in turn implies Pij = P{.
and that the optimatl input vectors vij and vxj are proportional. Referring back

to (3'), we see that \j takes on the simple form:

M Mjo M Mfo
Aj o= ﬁxu/qu = N ivn‘ 7 0j| Zvij (A8)
=1 i=1

i=1 i=1
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where the second equality follows since vjj and Vkj are proportional and since

hj is homogeneous of degree one. Rearranging (A9):
Mjg M Mig M.
Ajhi| Xovij| = hj iVij . which implies Aj > vij = ivij . (A10)
i=1 i=1 i=1 i=1

where the latter implication follows again since vij and vkj are proportional
and hj is homogeneous of degree one. Then (16) follows by substituting (A10)

into definition (10).

Proof of' Proposition 3.

Let gt denote the price of y,t in terms of yst. The demand for x¢ is a
derived demand, with the input producers receiving the value of the marginal
product from their intermediate input., Multiplying {19) by qt and

differentiating with respect to a single input x, pt is then given by:
1-87. e-
Py = [qt”n ]"t g (A11)

Multiply both sides of the first equation in (24) by xt and using (A11), we

obtain c(wt.rt)xt/e = qtg:;e xf . Now sum over all the intermediate inputs and
use (19):
M 1-8 M 2]
_2; clwp.rdx /e = qyy, z; Xip = QYqt - (A12)
1= i=

Since (20) has constant returns to scale, the left-hand side of (A12) is the
total (variable) cost of producing all the inputs divided by e, and from (20) the

shares of labor and capital in xt are ¥ and (1-) respectively. Thus, we obtain:
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Wtlxt/8 = Fqtyrt. rtkxt/e = (1-%)qryst.

Using (18) for the shares of labor (B) and capital (e) in yp¢, and (17) for the

shares of good 1 (o) and good 2 (1-o) in within-period expenditure (qiyyt + Yat).

we then have:

wtlxt/8  Fqtyrt T and rtkxt/8 (1-%)ot (A13)
wilat Byt ~ B(1-o0) ' rekae  e(1-of) ©
Combining (A13) with the factor supplies defined in (25) we obtain:
(5l ~ Bl1-o) o
Lxt/® = B Bl ft. Lat= Bt s Bl1-0) Lt . (A14a)
(1-2) £(1-o0)
Kxt/8 = £t, Xat= T Bl - Kt . (A14b)

(1-%)oxt + £(1-ot)
Using these results in (18), yit can then be written as:

_T.e, 7'/ _ (1-e)/8 _ ¥ 1-%,,(1-8)/8 _ ,~¥ #1-%,,(1-8)/8
= [xt Mt] = (Myx, )My =LK My = ALY Et My

LT xt© xt

where A is a constant. Similarly, substituting (A14) into (18) we have:
. piBregl-f-t
ya2t = BLtfth .

where B is a constant. Then Proposition 3 follows directly.
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