NBER WORKING PAPER SERIES

WHAT DOES A GRADE MEAN?
INFORMATIVENESS AND STRATEGIC MANIPULATION OF GRADING SYSTEMS

Joshua S. Gans

®

Scott Duke Kominers

Working Paper 35183
http://www.nber.org/papers/w35183

NATIONAL BUREAU OF ECONOMIC RESEARCH
1050 Massachusetts Avenue
Cambridge, MA 02138
May 2026

This paper subsumes most of the results of an earlier version circulated under the title "Informative
Grading Requires Cross-Course Comparability.” We are grateful to Susan Athey, James Bland,
Ralph Boleslavsky, Jiafeng Chen, Jason Furman, Michael Herron, David Laibson, Paul Milgrom,
Jeff Miron, Colin Percival, Jesse Shapiro, Alex Tabarrok, and especially Yannai Gonczarowski,
Jack Hirsch, Daniel Kornbluth, and Shengwu Li (who, to our knowledge, originated the term
"eigengrade™) for helpful conversations. We also thank Refine.ink, ChatGPT 5.5, Claude Opus 4.7 ,
and Gemini 3 for research assistance. Responsibility for all errors remains our own. Kominers is
both a faculty member and an alum of Harvard University, whose policy conversation around
grade inflation in part inspired this work; and he has expressed views on this question within
Harvard based on the analysis found herein. The views expressed herein are those of the authors
and do not necessarily reflect the views of the National Bureau of Economic Research.

NBER working papers are circulated for discussion and comment purposes. They have not been
peer-reviewed or been subject to the review by the NBER Board of Directors that accompanies
official NBER publications.

© 2026 by Joshua S. Gans () Scott Duke Kominers. All rights reserved. Short sections of text,
not to exceed two paragraphs, may be quoted without explicit permission provided that full
credit, including © notice, is given to the source.



What Does A Grade Mean? Informativeness and Strategic Manipulation of Grading Systems
Joshua S. Gans (*) Scott Duke Kominers

NBER Working Paper No. 35183

May 2026

JEL No. D81, D82

ABSTRACT

When do university grades permit informative comparisons across courses, and how does transcript
adjustment affect student and instructor incentives? A raw grade mixes student performance with
course-specific conditions, so grade-only comparisons fail whenever course effects are large
enough to reverse ability rankings at grade cutoffs. We show that full transcripts can recover
comparable student signals through what we call eigengrades: course-adjusted reports that use
common or externally anchored grading standards and enrollment overlap to identify centered
student effects. In the scalar additive benchmark, row-mean, affinity-spectral, and graph-Laplacian
methods recover the same object. Eigengrades are, therefore, not a separate source of identification;
they are a representation of fixed-effect adjustment. The framework also clarifies limits: ordinary
letter grades with unanchored course-specific cutoffs do not separate course difficulty from
grading standards, and multidimensional transcripts identify a skill-match subspace rather than a
unique universal ranking unless the institution specifies a benchmark. Finally, exact difficulty
adjustment removes the direct report-mediated incentive to choose easier courses and eliminates a
competitive enrollment channel behind grade inflation, while leaving other strategic and
governance margins intact.

Joshua S. Gans

University of Toronto

Rotman School of Management
and NBER
joshua.gans@rotman.utoronto.ca

®

Scott Duke Kominers
Harvard University
Harvard Business School
kominers@fas.harvard.edu



1 Introduction

A university transcript is expected to summarize many heterogeneous classroom experiences
in a few symbols. A student may receive an “A” in an introductory course with many weak
classmates, a “B” in an advanced course taught by a strict instructor, and a “PASS” in a
seminar whose main output is a research paper. Employers and graduate schools, as well as
fellowship and award committees, nevertheless use these grading records to compare students.
The transcript is therefore asked to transform local classroom outcomes into a portable signal
of student quality.

This pressure is visible in policy debates over grade inflation. A natural administrative
response to grade inflation is to cap the fraction of high grades in each course. Such a cap
appears to solve the inflation problem by construction: if only a fixed share of students can
receive an A, then average grades cannot drift upward too far. But the cap also changes the
meaning of the grade: an A becomes a statement about position within a course-specific
cohort rather than a statement about an absolute performance level. If one course contains
unusually strong students and another contains weaker students—or one course is less difficult
than the other—then the same letter grade can have different meanings.

In this paper, we ask when grades can provide informative cross-course comparisons of
student performance. We argue that the central issue is not grade inflation alone; rather, it
is an identification problem. A raw grade is a one-dimensional report generated in a setting
with at least two relevant dimensions: a student component and a course component. A high
grade can reflect high ability, a favorable course environment, a lenient grading standard, or
some combination thereof. Unless the observer has additional information beyond just the
grade, these components are not separately identified.

We build the analysis in three steps. We first study the strongest possible interpretation
of raw grades. A universally calibrated grading rule uses the same performance thresholds in
every course. Ability sufficiency requires that whenever one student receives a higher grade
than another, the first student is at least as able as the second. We show that this pointwise
interpretation is equivalent to ruling out grade-boundary reversals: a lower-ability student in a
sufficiently favorable course must never cross above a higher-ability student in an unfavorable
course at any grade cutoff. In additive environments, the relevant primitive condition is
transparent. A reversal across a cutoff occurs exactly when the easy-hard course-effect
gap exceeds the ability gap and the cutoff lies between the two induced performance levels.
Thus the impossibility result is best read as a curriculum-span characterization: grade-only
comparability fails when course heterogeneity is large enough to swamp ability differences

at a grade boundary. Throughout the paper, we return to a five-student, eight-course



running example that makes these three steps explicit: first a grade-boundary reversal, then
transcript-level eigengrades, and finally the course-choice incentive effect.

This formulation clarifies what the negative result does and does not say. The result
is not that grades contain no information, nor is it that every observed curriculum must
contain a reversal. Rather, it says that a scalar report cannot uniformly identify a one-
dimensional student effect when performance also depends on a course effect. The same grade
boundary cuts through the ability—difficulty plane; moving along that boundary, student
ability substitutes against course difficulty. Once the realized curriculum contains enough
variation to cross the boundary in opposite directions, grade-only comparisons fail to be
informative about student ability.

We next ask what survives once the pointwise informativeness requirement is weakened.
If an outside observer sees only a grade and sets a wage or priority score equal to the
posterior mean of ability, a weaker requirement is that higher grades imply higher posterior
expected ability. This property can hold under exogenous course assignment and a monotone—
likelihood-ratio condition on the difficulty-marginalized performance density. The assumption
is meaningful: exogeneity fixes the mixture over courses, and MLRP makes higher performance
better news about ability. By contrast, when students sort into courses endogenously, the
mixture over course difficulty can depend on ability. We show that such selection can reverse
the posterior ordering.

The constructive part of the paper turns from single grades to full transcripts and
deliberately recasts the problem as a two-way fixed-effect measurement problem. Suppose

latent cardinal performance of student ¢ in course c is
Pi :ai_dc_l'gic;

where a; is a student effect and d,. is a course effect. In this additive benchmark, a student’s own
average grades cannot generally remove arbitrary course effects—but the full student-course
matrix can. With complete noiseless data, row means net of the grand mean recover centered
student effects. The same object can also be represented as a scaled leading eigenvector of
a centered student affinity matrix. With incomplete noiseless data, connected enrollment
overlap is necessary and sufficient for identification up to a common additive constant, and the
exact recovery operator is the pseudoinverse of the bipartite graph Laplacian. The spectral
language is therefore not a new source of identification beyond fixed-effect connectedness; it
is a representation and implementation layer that makes the transcript-adjustment target
explicit.

The additive benchmark is deliberately stylized. The parameter a; should be read as



the one-dimensional student component relevant to the maintained measurement model,
not as a complete description of a person. The parameter d. is likewise a composite course
intercept. It may capture intrinsic difficulty, grading standards, assessment design, instructor
strictness, or other additive course-level shifters. The model is useful because it isolates
the fixed-effect confounding problem cleanly. When the analyst has only ordinal grades or
noisy data, additional assumptions are required. We, therefore, state an ordered-response
identification theorem, an anchoring interpretation for ordinal transcripts, and a noisy-cardinal
precision bound rather than treating ordinary letter grades as if they were structural cardinal
observations.

The same logic extends to multidimensional student skills and course demands, but the
object recovered from transcripts changes. In a Multi-Dimensional Additive Interaction
(MDAI) model, performance has a scalar baseline component plus a low-rank match term
between student skill profiles and course skill demands. Double-centering removes the scalar
student and course baselines and leaves the interaction matrix. Spectral methods can then
recover the comparative-advantage subspace, but that subspace is not itself a universal
ranking of students. A scalar summary requires an explicit benchmark, such as expected
performance on a shared core curriculum.

Finally, we study strategic response. Students choose courses partly for their educational
value and partly for their transcript consequences. Meanwhile, instructors may choose grading
leniency partly to attract enrollment or avoid complaints. We define a transcript mechanism’s
strategic susceptibility as the spread across courses in expected market valuation, holding
latent student effects fixed and using a report-only market benchmark. Exact difficulty
adjustment makes the spread zero in the additive benchmark: once the public report is a
function of a; rather than of a; — d., there is no direct signaling return to taking an easier
course. For instructors, we connect this same exactness condition to a reduced-form demand
semi-elasticity by treating that parameter as the pass-through from course-level mean-grade
shifts into the market valuation in the student choice model. Under report-mediated demand,
exact adjustment makes that pass-through zero, eliminating the competitive enrollment
component of leniency while leaving direct preferences for high grades intact.

The policy implication is a two-signal architecture. For external reporting, the institution
should use course-context information and transcript overlap to construct an adjusted
comparison signal (or at least provide such information on the transcript, so that those reading
it can extract the signal). For internal governance, the institution should separately monitor
the raw input process: course means, dispersion, assessment design, and the preservation of
within-course variation. A distributional grade cap conflates these tasks—it may restrain

average grades, but it also makes grade thresholds cohort-dependent and can destroy precisely



the within-course information needed for the grading system to be informative.

The rest of the paper is organized as follows. Section 2 discusses related work. Section 3
introduces the environment. Section 4 proves the grade-only impossibility theorem. Section 5
studies weaker Bayesian informativeness. Section 6 develops transcript-level fixed-effect
identification and spectral implementations. Section 7 studies student course choice. Section 8
studies instructor leniency. Section 9 discusses grading architecture. Section 10 collects

limitations and extensions. Section 11 presents concluding remarks.

2 Related Work

The closest literature studies grade inflation, grading standards, and course choice. Sabot
and Wakeman-Linn (1991) show that grading standards can affect student course selection.
Bar et al. (2009) study the Cornell grade-information experiment. Hernandez-Julian and
Looney (2016) provide an empirical price-indexing decomposition of rising grades into student
characteristics, course choices, and residual inflation; their evidence that course choices
explain a substantial part of grade growth is a direct empirical counterpart to our separation
of student effects, course effects, and residual grade drift. Herron and Markovich (2017)
model student sorting between ability-concealing and ability-revealing departments and show
that high grades can reflect endogenous sorting rather than lower standards alone. Chan et al.
(2007) analyze grades, course evaluations, and academic choice, while Popov and Bernhardt
(2013) study university competition and grading standards. Boleslavsky and Cotton (2015)
study strategic grading as Bayesian persuasion with endogenous investment in education
quality, showing that less-informative grading can raise school investment and, in some cases,
evaluator welfare. Rojstaczer and Healy (2012) document the long-run rise of average grades,
and Johnson (2003) discusses the institutional consequences of grade inflation. In contrast to
this prior work, our analysis centers on an identification question: even without strategic
behavior, raw grades generally cannot separate student effects from course effects.

The paper is also related to information economics and signaling. In the classic setting
of Spence (1973), costly actions may signal type because costs differ by type. Here course
choice and instructor leniency are valuable in part because raw grades load on course-specific
conditions. The remedy is therefore not only to interpret actions as signals, but to change
the measurement system so that the course component is removed. The connection to
Blackwell comparisons is similar: a richer transcript can be more informative than a single
grade (Blackwell, 1953), but its value depends on how students and instructors respond to
the reporting rule; related incentive issues arise in manipulable-signal environments such as
Kominers ® Gans (2026).



A matching-market connection follows Ostrovsky and Schwarz (2010), who study schools
that choose transcript structures and may strategically compress information. We ask whether
the raw signal being disclosed already confounds ability with course difficulty, and whether
internal strategic behavior distorts that signal before the matching market observes it. Once
the fixed-effect confounding has been removed, a school may still choose how much information
to disclose.

Finally, the spectral grading rule constructions we present belong to a broader family of
ranking and comparison methods. PageRank, paired-comparison models, and rank centrality
all extract latent rankings from relational data (Page et al., 1999; Bradley and Terry, 1952;
Luce, 1959; Negahban et al., 2017). The common theme is that the pattern of comparisons
can contain information not present in any single observation. Our primitive data are
bipartite student—course outcomes, and the main task is to remove course fixed effects
while preserving student effects. This also links the paper to fixed-effect identification in
connected bipartite graphs, as in Abowd et al. (1999). The noisy and incomplete transcript
problem is also adjacent to matrix-completion and interactive-fixed-effects methods for panel
data; Athey et al. (2021), for example, use nuclear-norm regularization to impute missing
potential outcomes in causal panel settings and relate matrix completion to synthetic control,
unconfoundedness, and interactive fixed effects. Our graph-Laplacian and eigengrade results
are instead identification results for a student—course measurement problem, but the shared
statistical theme is that partially observed matrices can reveal latent row and column structure

once enough overlap is available.

3 Environment

There is a finite set of students S = {1,...,n} and a finite set of courses C' = {1,...,m}.
Student 7 has a one-dimensional latent student effect a; € R. Course ¢ has a one-dimensional
latent course effect d. € R. Higher a; improves performance; higher d. lowers performance.
We call a; ability and d. difficulty for brevity, but the constructive results concern the
composite course effect rather than a literal difficulty parameter. Table 1 collects the notation
used in the model setup, the running example, and the transcript-adjustment and incentive

sections that follow.



Table 1: Notation

Symbol Meaning

S, C Finite sets of students and courses.

n,m Number of students and courses.

1,7; ¢, k Student indices; course indices.

a; Scalar student effect, or baseline ability, for student 1.

a Average scalar student effect, n=!Y"; a;.

de Scalar course effect for course c; higher d. lowers performance and
is interpreted as greater difficulty or stricter course conditions.

7(a,d) Latent performance function, increasing in ability and decreasing in
difficulty.

P Latent cardinal performance of student ¢ in course c.

Eic Idiosyncratic performance shock.

Ric
i Vi; Qe, Ve

Uiy Ve Ua V
m;(c;R)
bi(c;R); QR)

Gc; R

Ordered set of grade labels.

Grading rule mapping latent performance into a grade label.
Common grade thresholds; ordered-response cutpoints in the ordinal
model.

Transcript mechanism; public information reported about student
under that mechanism.

Observer’s posterior assessment of student ¢’s ability under report
R.

Observed enrollment edge set in the student—course bipartite graph.
Signed incidence matrix, graph Laplacian BT B, and its Moore—
Penrose pseudoinverse.

Student and course centering matrices.

Scalar eigengrade target, a; — a.

Complete-data affinity-eigenvector score; graph-Laplacian adjusted
score.

Raw cardinal score in the running example.

Student-specific quantitative and verbal strengths; course-specific
quantitative and verbal demands in the running example.
Multidimensional student skill profile and course demand profile;
the corresponding factor matrices.

Expected market valuation for student ¢ after choosing course ¢
under mechanism R.

Course-choice bias and strategic susceptibility of transcript mecha-
nism K.

Mean raw grade in course c; report-mediated mean-grade demand
semi-elasticity.




3.1 Performance

A performance function maps ability and difficulty into a latent performance score.

Definition 3.1 (Performance function). A function 7 : R? — R is a performance function if

7(a,d) is strictly increasing in a and strictly decreasing in d.

Theorem 3.1 only encodes the basic comparative statics of course performance. Our
grade-only impossibility theorem (Theorem 4.5) requires that course conditions can matter

enough to offset ability differences.

Assumption 3.2 (Technology-level overlap). The performance technology satisfies technology-
level overlap if, for every pair of attainable performance levels py > py in the range of ,

there exist ability levels ag > a; and difficulties dg, d;, such that
m(ar,dr) > pr and  m(amg,dg) < pr.

Theorem 3.2 is a technology-level richness condition. It says that easy-course/hard-course
reversals are feasible in the underlying technology. It is stronger than what is needed for any
fixed realized curriculum or any fixed grading rule. The realized-curriculum condition that
matters for a particular transcript is the presence of a grade-boundary reversal, characterized
in Theorem 4.4 below. For example, the additive model 7(a, d) = a—d satisfies the technology-
level condition on any domain of difficulties wide enough to offset the relevant performance
gaps.

For constructive results, we specialize to an additive latent-performance benchmark.

Assumption 3.3 (Additive latent performance). When student ¢ takes course ¢, latent

cardinal performance is additive if
Pic = a; — dc + Eic, (1)

where E[e;.] = 0. Unless otherwise stated, the idiosyncratic shocks are independent across

student-course pairs and independent of (a;,d,).

Theorem 3.3 is restrictive, but it isolates the fixed-effect confounding problem sharply
because it is exactly the structure under which the course component enters as an additive
course intercept. Later sections discuss what changes when grades are ordinal, transcripts

are incomplete, or the latent student effect is multidimensional.



3.2 Grades and Transcript Mechanisms

A grading rule maps performance into a finite ordered set of grade labels G = {g; < -+ < gk }.
The most transparent class is that of threshold rules, which reflect canonical finite-valued

monotone grading maps.*

Definition 3.4 (Threshold grading rule). A grading rule g : R — G is a threshold grading

rule if there exist cutoffs
—o0=1tp <t < - <tlg_1 <tg =00

such that
9gp)=gx <= DE [th1,tk)

While we start by considering just reading rules, eventually we will look at more general
mechanisms based on transcripts, i.e., grade aggregation mechanisms that can use the full
matrix of student-course outcomes, course labels, enrollment overlap, and other institutional

information.

Definition 3.5 (Transcript mechanism). A transcript mechanism R maps transcript data
into public information. We write Y;* for the information about student i reported under R.

An outside observer forms aX(Y;®) = Ela; | Y%, R].

Raw grade reporting is a transcript mechanism, as is a grade-point average (GPA). So
are difficulty-adjusted scores, course-context reports, and the spectral transcript scores we

describe in the sequel.

3.3 Desiderata

We introduce two baseline objectives for a grading system.

Axiom 3.6 (Universal calibration). A grading system is universally calibrated if the same
grading rule applies in every course. Equivalently, there is a single function g such that the

grade in course ¢ is g(m(a;, d.)) for all ¢ and c.

Axiom 3.7 (Ability sufficiency). A grading system is ability-sufficient if, for all students i, j
and all courses ¢, k,
g(m(ai,dc)) > g(m(aj, di)) = a; > a;.

!Note that here we pick a specific choice of convention for the threshold boundaries, but the chosen
convention is immaterial for the results.



Universal calibration is the standard meaning of grade comparability: the same grade
label is intended to correspond to the same performance standard across courses. The axiom
is also what creates the identification problem. If the same performance threshold applies in
every course, then the ability required to reach that threshold varies with the course effect.

Ability sufficiency, meanwhile, is a strong pointwise interpretation requirement. It says
that a higher grade is weak evidence of higher ability no matter which courses generated the

two grades.

3.4 A Running Example

We will use the same illustrative example throughout the paper to make the analysis concrete.
There are five students and eight courses. Each student takes exactly four courses. The raw

cardinal score is reported on a grade-point scale and is generated by
Ric =25+ a; + q’LQC + vi‘/c - dc- (2)

The scalar a; is the general student effect that the main additive model tries to recover. The
variables ¢; and v; allow student ability to vary across course families, while ). and V, describe
the quantitative and verbal demands of each course. Thus, the example is intentionally a
little richer than the scalar additive benchmark: setting ¢; = v; = 0 gives the exact scalar
case, while the displayed version foreshadows the multidimensional extension in Section 6.
The common intercept 2.5 only puts scores on a familiar grade-point scale.

Letter grades are assigned using common institutional thresholds:
A: R >4, B:3< R, <4, C:2<R; <3, D:1<R;,.<2, F:R.<1;

these are common cutoffs, not course-specific curves. The point of the example is therefore
not that the grading rule is arbitrary, it is that even a common grading rule cannot by itself

make cross-course grades comparable once courses differ.
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Table 2: Student and course primitives in the running example

Course d. Q. V.
Film -0.70 0.40 0.20
Ava 1.10 0.30 0.10 o
Statistics 0.00 0.90 0.00
Ben 0.60 -0.25 0.50 .
Data Science 0.60 0.80 0.10
Cara 0.20 0.5 -0.20 ]
] Algorithms 0.20 0.10 0.80
Diego -0.40 -0.10 0.35 .
) Moral Philosophy 1.30 1.00 -0.10
Eli 2150 0.10 -0.10 ' :
History of Dinosaurs -1.10 0.00  0.90
Organic Chemistry 0.90 0.50 0.10
Table 3: Observed transcripts in the running example
Student Course 1 Course 2 Course 3 Course 4 Letter GPA
Ava Statistics 3.87 (B) Data Science 3.25 (B) Moral Philosophy 2.59 (C) Organic Chemistry 2.86 (C) 2.50
Ben Econ 101 4.70 (A) Film 3.80 (B) Algorithms 3.28 (B) History of Dinosaurs 4.65 (A) 3.50
Cara Film 3.58 (B) Statistics 3.20 (B) Data Science 2.52 (C) Organic Chemistry 2.06 (C) 2.50
Diego Econ 101 3.58 (B) Algorithms 2.17 (C) Moral Philosophy 0.66 (F) History of Dinosaurs 3.52 (B) 2.00
Eli Econ 101 2.12 (C) Film 1.72 (D) Algorithms 0.73 (F) History of Dinosaurs 2.01 (C) 1.25

The enrollment graph in Table 3 is connected. Cara links Film to Statistics and Data

Science; Diego links Econ 101 and Algorithms to Moral Philosophy; and the remaining courses

attach through shared students. This connectedness is what will later let the graph-Laplacian

adjustment propagate comparisons through the transcript network rather than requiring

every student to take every course.

4 The Grade-Only Impossibility

A single scalar grade cannot solve cross-course comparability on a rich curriculum. The

logic has two parts. A reversal that crosses a grade boundary violates ability sufficiency.

Technology-level overlap and non-triviality guarantee that such a reversal is feasible; the

boundary-overlap characterization identifies exactly when a realized curriculum contains one.

Axiom 4.1 (Non-triviality). A non-trivial grading rule separates at least two attainable

performance levels. That is, there exist py > pr in the range of 7 such that g(py) > g(pr).

Non-triviality rules out the degenerate rule that assigns everyone the same grade.

11



Definition 4.2 (Grade-separated reversal). Fix a universally calibrated grading rule g. A
realized curriculum contains a grade-separated reversal if there exist performance levels

pr > pr, with g(py) > g(pr), students iy, iy, and courses ¢y, ¢y, such that
aiH > aiL) W(aiLu dCL) Z PH, 7T(CLiH7 dCH) S PL.

Under a grade-separated reversal, the lower-ability student reaches the higher performance
region because the course is sufficiently favorable. The higher-ability student falls into the
lower performance region because the course is sufficiently unfavorable.

The next lemma states that once such a reversal occurs, the grade can no longer serve as

a reliable cross-course ranking of ability.

Lemma 4.3 (Grade-separated reversals violate ability sufficiency). Let g be a universally
calibrated threshold grading rule. If a realized curriculum contains a grade-separated reversal

under g, then ability sufficiency fails.

Proof. By monotonicity of the threshold rule,

g(ﬂ(aiu ch)) > g(pH) > g<pL) > g(ﬂ-(aiH7 dCH))'

The lower-ability student receives a strictly higher grade than the higher-ability student; this

contradicts Axiom 3.7. O

Theorem 4.3 isolates the basic obstruction to informative grading: once a lower-ability
student crosses above a higher-ability student at a grade boundary, grade-based comparison
fails. Our next proposition shows that this is not merely one way failure can occur. For
threshold grading rules, such boundary overlap is exactly the condition that breaks ability

sufficiency on a realized curriculum.

Proposition 4.4 (Boundary-overlap characterization). Fiz a realized curriculum and a
universally calibrated threshold rule g with finite cutoffs t1, ..., tx_1. Ability sufficiency holds

on that curriculum if and only if there is no tuple (ip,ig,cr,cy,r) such that
iy > G, and  w(a;,,d., ) >t > m(ai,, de, ).
In the additive case m(a,d) = a — d, such a boundary overlap across cutoff t, is equivalently

aiL_chZtr>aiH_d

CH >

12



or, in gap form,
dey — de, > Qi — a4, with . € (@i — dey, @iy — dey ]

Proof. 1f such a tuple exists, the lower-ability student 7, receives a grade weakly above the
grade interval beginning at t¢,, while the higher-ability student iy receives a grade strictly
below that interval. Hence, the lower-ability student receives a strictly higher grade, violating
ability sufficiency. Conversely, if ability sufficiency fails on the realized curriculum, then there

are students and courses with a; < a; but
9(m(as, de)) > g(m(a, di)).

For a threshold rule, some finite cutoff ¢, must separate the two latent performance values:
m(a;, d.) > t, > w(aj,dy).

Setting (ir,ig,cr,cy) = (i,7,¢, k) gives the displayed boundary overlap. The additive

equivalence follows by substituting 7(a, d) = a — d and rearranging. ]

Theorem 4.4 moves the discussion from intuition to a realized-curriculum test: ability
sufficiency fails exactly when a common grade cutoff is crossed in opposite directions by
student-course pairs with reversed ability ordering. The remaining question is whether such
an obstruction is a rare accident or a generic design problem. The theorem shows that, under
Theorem 3.2, any non-trivial universally calibrated threshold rule is vulnerable to precisely
this kind of failure.

Theorem 4.5 (Impossibility of grade-only comparability). Let g be a universally calibrated
non-trivial threshold grading rule, and suppose the performance technology satisfies The-
orem 3.2. Then there exist ability levels ag > ar and difficulties dy,d; that generate a
grade-separated reversal. Consequently, no universally calibrated non-trivial threshold rule
can guarantee ability-sufficient cross-course comparisons on every realized curriculum rich

enough to contain the reversal witness.

Proof. By Theorem 4.1, choose attainable performance levels py > p; such that g(py) >
g(pr). By Theorem 3.2, there exist ay > a;, and dg,dy, such that

n(ar,dr) >py and  7w(am,dy) <pr.

Any realized curriculum containing the corresponding students and courses contains a grade-

separated reversal. Theorem 4.3 then implies that ability sufficiency fails. O

13



Our theorem is a uniform design result. It does not say that every observed curriculum
contains a reversal; rather, it says that once the curriculum is rich enough to contain even
one boundary-crossing easy-course/hard-course reversal, a single universally calibrated scalar
grade cannot rule out cross-course misordering. The remedy must use more information than
the grade alone.

It is useful to see the force of the result in the additive special case. Suppose 7(a,d) = a—d
and there is a relevant cutoff £. A lower-ability student in the favorable course receives the
high grade when a;, — d;, > t, while a higher-ability student in the unfavorable course receives
the low grade when ay — dgy < t. Such a pair exists whenever the course-effect gap exceeds
the ability gap, dg — d;, > ag — ar. The impossibility is therefore not driven by an unusual
performance technology; it is driven by the interaction of course heterogeneity and coarse
grade thresholds.

Running example, first pass: a grade-boundary reversal. The observed transcript
in Table 3 contains the obstruction in Theorem 4.4. Ben has lower general ability than Ava,
aBen = 0.60 < 1.10 = aava, but Ben receives an A in Econ 101 while Ava receives a C in

Organic Chemistry:
RBen,Econ 101 = 4.70 > 4 and RAva,Organic =2.86 < 3.

Thus a lower-ability student in an easier course receives a strictly higher grade than a
higher-ability student in a harder course. The additive intuition is visible directly from the

primitives in Table 2: the course-difficulty gap between Organic Chemistry and Econ 101 is
dorganic — dBcon 101 = 0.90 — (—1.20) = 2.10,
which is much larger than the general-ability gap
AAva — OBen = 1.10 — 0.60 = 0.50.

The course gap easily swamps the ability gap, and Ben’s verbal match with Econ 101
strengthens the reversal further. The example also shows why equal grade labels are not
enough. Ava receives a C in Moral Philosophy, while Eli receives a C in Econ 101, even
though Ava’s general ability is 1.10 and Eli’s is —1.50. The same letter grade is therefore not
a portable comparison of student ability across courses.

The result also clarifies the informational cost of policies such as grade caps that try to

constrain the distribution of ex post grades. A cap can preserve within-course monotonicity—

14



for example, by assigning top grades to the top fraction of students in a class—but once
it binds, the effective performance threshold for a given grade becomes course- and cohort-
dependent. The policy therefore abandons universal calibration in the literal sense: there is
no longer a single fixed mapping from performance to grade labels across courses. At the
same time, the underlying ability—course confounding remains. In that sense, a cap may
restrain average grades while leaving the core measurement problem unresolved and, in some

cases, making the meaning of a grade label even less stable across contexts.

5 What Raw Grades Can Still Say

Our impossibility theorem concerns pointwise cross-course comparisons. A weaker Bayesian
interpretation can survive under stronger assumptions. This section separates two ideas:
grade-only comparability is impossible in general, but at the same time, raw grades need not
be statistically meaningless.

Let A and D denote random variables for ability and course difficulty, respectively.
Suppose D is independent of A and that the latent performance density marginalized over

course difficulty exists:

1010 = [ franl|a.d)dFofa)
Let the prior density of A be u, with finite first moment. For the grade interval
I = [th1, ),

define the conditional grade probability

q(a) =Pr(G =g |A=a)= [ f(p|a)dp.

Iy,

The key shape restriction is a monotone likelihood ratio in the difficulty-marginalized
performance density. We state it in a division-free form so that zero-density regions do not

create unnecessary regularity problems.

Assumption 5.1 (Marginalized MLRP). For any ay > a; and any performance levels p > ¢,

the marginalized densities satisfy the cross-product inequality

folan)f(alar) = f(plac)fq]an) (3)

for almost every (p, q).
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Theorem 5.1 is imposed on the marginalized density f(p | a), not derived automatically
from exogenous assignment. Exogeneity is needed so that the difficulty mixture is the same
across ability types. The monotone-likelihood-ratio property is an additional substantive
restriction. When the two densities are strictly positive on a common support, (3) is equivalent

to the usual statement that f(p | ag)/f(p | ar) is weakly increasing in p.

Lemma 5.2 (Threshold coarsening preserves ordered likelihood ratios). Under Theorem 5.1,

for any grades g > go and any abilities ay > ar,

aelam)qar) > quar)qe(an).

Equivalently, whenever the denominators are positive, the ratio qp(a)/qe(a) is weakly increasing

ma.

Proof. Write Ij, = [ty_1,1t) and Iy = [ty_1,t,) with k > £, so every point in [} weakly exceeds

every point in I,. For ay > ar,

aelam)a(ar) — aula)alan) = / / [ az)fla | az) — F(p | ar)f(q | am)] dqdp.

For every (p,q) € Iy x I;, we have p > ¢q. Theorem 5.1 therefore makes the integrand weakly
nonnegative almost everywhere, so the double integral is weakly nonnegative. The ratio
statement follows by dividing the displayed inequality by the positive product g,(am)ge(ar).

O

Theorem 5.2 identifies the key statistical step: thresholding latent performance into grades
preserves the relevant likelihood-ratio ordering. The next result uses that fact to show why

higher grades remain better news about ability under exogenous assignment.

Proposition 5.3 (Monotone posterior means under exogenous assignment). Suppose D
1s independent of A, the prior density i has finite first moment, Theorem 5.1 holds, and
each realized grade level has positive unconditional probability. Then the posterior mean

E[A | G = gi] is weakly increasing in the grade level gy.

Proof. Let
2~ [ apta) da,

so Zy > 0 by assumption and the posterior density of A given G = gy, is

a(@)ula)

px(a) = 7

16



Fix &k > ¢. Then

22 (BA| G =~ EA| G = g)) = [ [ (@~ Dasl@)aOta)n(s) dady
1

=35 //(a —b) [Qk(a)%(b) — qk(b)fu(a)]u(a)u(b) da db.

On the region {a > b}, Theorem 5.2 implies that

ar(a)qe(b) — qi(b)ge(a) > 0.

On the region {a < b}, the same inequality with (a, b) swapped implies gx(a)qe(b)—qr(b)ge(a) <
0, while a — b < 0. Hence, the product in the symmetrized expression is weakly nonnegative

everywhere. Therefore
E[A|G=gi] 2 E[A ]| G = g/ O

The practical implications of Theorem 5.3 are limited. Exogenous assignment fixes the
difficulty mixture across ability types. Once students choose courses strategically, the difficulty
mixture can depend on ability or preferences. Ambitious high-ability students may sort into
harder courses; transcript-maximizing students may sort into easier ones. Both empirical
decompositions of grade growth and formal sorting models emphasize this point: course-choice
responses can change measured average grades and can make raw grade distributions hard to
interpret independently of who selected into which courses (Hernandez-Julidn and Looney,
2016; Herron and Markovich, 2017). Either pattern can break the grade-ability ordering.
Monotone posterior means are, therefore, a benchmark property, not a design solution.

Endogenous course choice breaks the fixed-mixture logic in a particularly transparent way.
The next proposition gives a two-type example. It should be read as an existence result: it
shows what can go wrong once the distribution of course difficulty is selected as a function of
ability.

The logic of Theorem 5.3 is therefore conditional on a fixed assignment environment. Once
course choice is itself informative about student type, the observer is no longer comparing
grades generated from a common difficulty mixture. The next proposition shows that this is

not just a technical caveat: endogenous selection can overturn the Bayesian ordering entirely.

Proposition 5.4 (Selection can reverse Bayesian informativeness). Suppose Theorem 3.2
holds, and let g be a uniwversally calibrated non-trivial threshold grading rule. There exists a
two-type endogenous course-selection environment in which higher-ability students take harder

courses and a higher observed grade implies lower posterior expected ability.

Proof. By non-triviality, choose attainable performance levels py > pr with g(py) > g(pL)-
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By Theorem 3.2, there exist ay > ay, and dg, dy, such that

m(ar,dr) > pu, m(am,dy) < pr.

Because 7 is strictly increasing in ability and strictly decreasing in the course component,
these inequalities imply dy > dp; otherwise ag > ay, and dy < dj, would imply 7(ay,dy) >
m(ar,dr), contradicting py > pr.

Now construct an environment with A € {ar,ay}, each type occurring with probability
1/2. The lower type takes the lower course component dj, while the higher type takes the
higher course component dy. Thus, higher-ability students take harder courses. The lower
type’s grade is at least g(py ), while the higher type’s grade is at most g(pr). Hence, the lower
type receives a strictly higher grade. Conditional on the higher observed grade, posterior
expected ability is ay; conditional on the lower observed grade, it is ay. The grade ordering

is therefore reversed. O

The contrast between Theorem 5.3 and Theorem 5.4 identifies the role of selection. Under
exogenous assignment, the grade is a coarsened signal drawn from a fixed difficulty mixture.
Under endogenous assignment, the grade is also a signal of the course chosen. The observer
must either condition on course identity or use transcript-level structure to estimate course

effects.

6 'Transcript-Level Eigengrades and Fixed-Effect Ad-

justment

The prior section refined the basic obstruction to grade-based comparison: a single observed
grade mixes the student component with the course component, and so cannot support
universally valid inference about ability. Transcripts contain additional cross-student and
cross-course information through overlap in enrollments. We now show that, in the additive
benchmark, this relational information is enough to recover student and course effects.

The algebra in this section is intentionally close to standard two-way fixed-effect identifica-
tion. Connectedness of the student—course graph identifies additive student and course effects
up to a common shift; the graph-Laplacian pseudoinverse is the corresponding least-squares
recovery operator. The contribution here is to put that familiar object to work as a grading
mechanism: to state the transcript-adjustment estimand, to show how the complete-data
row-mean and affinity-eigenvector formulas represent the same target, to make the ordinal

and noisy-data requirements explicit, and to use exact recovery as the benchmark for the
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incentive analysis that follows.

Definition 6.1 (Scalar eigengrade). In the scalar additive benchmark P,. = a; — d., the

eigengrade of student 7 is the centered student effect

af =a; —a, o =a—al,.

Theorem 6.1 separates the object from the operator used to compute it. The object
of interest is the course-adjusted student component a*, not any single matrix formula.
The term eigengrade is appropriate because one exact construction writes a* as a scaled
leading eigenvector of a student—affinity matrix. But that eigenvector formula is only one
representation of the same estimand. In complete cardinal data, a* is row mean minus grand
mean; in incomplete cardinal data, the same vector is recovered from the student block of a
graph-Laplacian pseudoinverse solution. The ordinal and noisy-data subsections then explain
what extra measurement structure is needed to infer this same target when grades are not

exact cardinal performance observations.

6.1 Why Own-Transcript Averages Are Not Enough

A weighted average of a student’s own grades cannot remove arbitrary course fixed effects
unless it also removes all information. The missing information is cross-sectional. To see this,

we start with a linear score based only on student i’s own course outcomes:
m
c=1

Proposition 6.2 (No non-trivial own-transcript invariant score). In the noiseless additive
model P, = a; — d., suppose T; is given by (4). If T; is independent of the difficulty vector

d € R™ for every possible d, then w;. = 0 for every course c.

Proof. Under the noiseless additive model,

E = a, Z Wie — Z wicdc'
c=1 c=1
Independence from d for every d € R™ requires

Z Wiede, = 0 for every d € R™,
c=1
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which is possible only if w;. = 0 for all c. [

Theorem 6.2 explains why the adjustment problem cannot be solved student-by-student.
If a score is constructed only from a student’s own grades, then eliminating arbitrary course
effects forces the score to collapse to the trivial zero rule. The missing information is therefore
relational: to recover a student’s course-adjusted component, the mechanism must compare

outcomes across students and courses jointly.

6.2 Full-Matrix Requirements

Allow the institution to compute student i’s score from the full performance matrix:

n m

T,(P) =Y > LijcPie. (5)

j=1 c=1

Proposition 6.3 (Linear adjustment requirements). In the noiseless additive model
P=all —1,d",
the linear score (5) is invariant to arbitrary additive course shifts
P+ P—1,h"  forallheR™

iof and only of

Z Lij.=0 for every course c. (6)

Moreover, T;(P) = a; — a for every (a,d) if and only if (6) holds and

— 1

Z Lije=1{j =i} — — for every student j. (7)
n

c=1

Proof. For any P and h,
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this equals 0 for every h if and only if (6) holds. Under the additive model,

E(P) = Z CLJ' (Z Li,jc) - Z dc (Z Li,jc) .

The second term vanishes for every d exactly under (6). Conditional on that, recovering

a; — a for every a requires the coefficient on each a; to equal 1{j =i} —1/n, which is (7). O

In words, Theorem 6.3 says that a valid linear adjustment cannot be built by “correcting”
each student’s grades in isolation. The weights must pool information across students so
that each course’s common intercept cancels out, and the resulting combination must leave
exactly student i’s ability relative to the average student.

Theorem 6.3 moreover identifies the algebraic structure any exact linear adjustment must
satisfy. To remove course heterogeneity, the score must assign weights that sum to zero
within each course, so that pure course-level shifts cancel out. To recover student i’s latent
performance component, the remaining weights must then aggregate the student dimension
in exactly the pattern that produces a; — a.

The conditions we have derived describe the structure any exact linear adjustment must
satisfy, but they do not yet tell us when such an adjustment is available in closed form.
The next step is therefore to study benchmark data environments in which identification is

transparent, beginning with the complete noiseless matrix.

6.3 Complete Data

In complete noiseless data, row means net of the grand mean recover centered student effects,

and hence recover the scalar eigengrade vector a*.

Proposition 6.4 (Complete-data identification). Suppose P;. = a; — d,. is observed for every
student-course pair. Then the centered student effects a; —a and centered course effects d, —d
are identified from P.

Proof. The row mean is P, = a; — d, and the grand mean is P. = @ — d, so

The column mean is P, = a — d,, so
P.—P.=d,—d.
Thus, the centered course effects are identified as well. O
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Theorem 6.4 already gives the core identification result in the most direct possible way:
with complete cardinal data, centered row means recover the student object of interest.
The spectral construction that follows does not improve on that benchmark in terms of
identification; rather, it rewrites the same object in a form that extends more naturally to
relational and incomplete-data settings.

Spectral language represents the same scalar eigengrade in eigenvector form. Let
Lo
M,=1,—-1,1,
n
be the student-centering matrix, and define the student affinity matrix

A= M,PP"M,. (8)

Definition 6.5 (Scaled affinity score). Let A\;(A) be the largest eigenvalue of A. If A\;(A) = 0,
define a4 = 0. If A\;(A) > 0, let v;(A) be a corresponding unit eigenvector. When the

leading eigenspace is one-dimensional, orient v1(A) so that
v1(A)T M, P1,, > 0.

The scaled affinity score is

L L O
m
In applications in which the leading eigenspace is not one-dimensional, this formula selects
a leading spectral direction rather than a uniquely defined scalar score; the exact recovery
result below uses the rank-one case in which the direction is unique unless the target vector

1S zero.

Proposition 6.6 (Complete-data spectral recovery). Suppose P =al] —1,d". Then
A =m(Mya)(Mya)", &Y = Mpya=a—al,.

If M,a # 0, then additionally A\i(A) = m||M,a||* and the leading eigenspace is one-

dimensional.

Proof. Because M, 1, =0,
M,P = (M,a)1,

m*

Therefore
A = (M,P)(M,P)" =m(M,a)(M,a)".
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If M,a =0, then A =0, so Definition 6.5 sets &*¥ = 0 = M,a.
Now suppose M,a # 0. The matrix m(M,a)(M,a)" is rank one with unique nonzero
eigenvalue m||M,al|* and unit leading eigenvector (M,a)/||M,a| up to sign. The sign

convention in Definition 6.5 selects the positive orientation, because

M,a T
M,P1,, = M,al| > 0.
(nMnau) m[Mual

MalZ M,
aAsz/m“ al? - _Mna — Mya=a—al,. 0
m | M,all

Theorem 6.6 confirms that, in complete data, the eigengrade is not a new estimand created

Hence,

by spectral machinery; it is exactly the same centered student effect recovered by row means.
The reason to introduce the spectral representation is forward-looking. Once the matrix is no
longer complete, direct row averaging is no longer available in the same way, and the relevant

structure becomes the overlap graph generated by observed enrollments.

6.4 Incomplete Transcripts

The analysis in the prior section shows that it is possible to identify student effects when we
can compare the performance of all students in all courses. But in practice, student transcripts
are typically incomplete, in the sense that not all students take all courses. Thus, we have to
operationalize the spectral grading idea for the observed bipartite graph of student-course
pairs G = (S,C, E), where E C S x C'is the edge set of observed enrollments.?

Proposition 6.7 (Connected-graph identification). In the noiseless additive model with
observations on E, the vectors (ai,...,a,) and (dy,...,d,) are identified up to a common

additive constant if and only if G is connected.

Proof. Suppose two parameter vectors (a,d) and (o', d’) generate the same observed outcomes.

Then for every observed edge (i,c¢) € E,
a; —d. = a, —d,,

or equivalently,

/ /.
a; —a; =d. —d;

2This is conceptually related to matrix-completion methods for incomplete panel data, especially the
emphasis in Athey et al. (2021) on low-rank and interactive-fixed-effects structure under nontrivial missing-data
patterns. Our noiseless graph result is deliberately more primitive: it asks when the additive student—course
effects are identified at all, before adding regularization or distributional assumptions.

23



on a connected graph, this equality propagates along any alternating student-course path, so
all student and course differences must equal the same constant k. Thus a; = a; — & for all 4
and d, = d. — k for all ¢. If the graph is disconnected, one may apply different constants on
different connected components without changing any observed edge value, so identification

fails beyond componentwise shifts. m

Theorem 6.7 shows that overlap is enough precisely when it links the transcript network
into a single connected component. But identification alone is not yet a grading rule. To turn
connectedness into an explicit adjustment operator, we need a matrix object that encodes
those overlap comparisons and solves for the student and course effects simultaneously. The
natural object is the bipartite graph Laplacian.

Index edges arbitrarily and stack observed outcomes into p € RI”l. Let B € RIPIX(+m) he
the signed incidence matrix with one row per edge: the row for edge (i, ¢) has a 1 in student

column ¢, a —1 in course column n + ¢, and Os elsewhere. For z = (o, ) € R**™,
(Bl’)zc = ; — (SC.

Define the Laplacian
L=B'"B.

For any x = (o, 9), let a(z) =n~' > | a; denote the average of the student block, and

define the student-zero-sum—normalization operator
Ny(z) =z — a(z) (1,,1,,).

Subtracting the same constant from both blocks leaves all fitted edge differences unchanged

and sets the student block mean to zero.

Definition 6.8 (Graph-Laplacian—adjusted score). Suppose G is connected. Define
2L = [T BTp,
where LT is the Moore-Penrose pseudoinverse of L. Let
N, (zCL) = (&GngcL)'

The student block 4" is the graph-Laplacian—adjusted score.

Theorem 6.9 (Incomplete-graph graph-Laplacian recovery). Suppose p;. = a; — d.. for every
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observed edge and G is connected. Then

Proof. Let * = (a,d) € R"™™. Because p = Ba*,
2% = LYBTp = LT La*.

For any vector z = (o, d), z € ker(L) if and only if Bz = 0, which means «; = d,. on every
observed edge (i, c). Because the transcript graph is connected, these equalities propagate
along every alternating path, so ker(L) = span{(1,, 1,,)}. Therefore L*L is the orthogonal
projector onto ker(L)*, so

2 =2 — k(1,, 1)

for some scalar x. The student block of 2 is thus a — k1,. Applying N, subtracts the
average of that student block, namely a — x, from every component. Hence, the normalized
student block is

6%t = (a—k1,) — (a—K)l, =a—al,. O

Theorem 6.9 is the constructive counterpart to the earlier impossibility result. A single
grade cannot separate student and course components, but a connected transcript network
can. This means that Theorem 6.9 resolves the grade-only impossibility inside the additive
noiseless benchmark: once the transcript graph is connected, the institution can recover
centered student effects without requiring every student to take every course. What changes
under incomplete transcripts is not the estimand but the informational route by which it
is recovered: identification now propagates through paths in the overlap graph rather than
through direct comparison in a complete matrix. In the noiseless model, this entails no loss
in exact recovery, but in noisy data, sparse or weakly connected overlap can substantially
reduce precision, making estimation less stable and, in statistical terms, slower to concentrate

around the target.

Running example, second pass: eigengrades. Now compute the graph-Laplacian score
on the observed cardinal entries in Table 3. Stack one observation for each student-course

enrollment into the vector p, form the signed incidence matrix B, and solve

& =LTBp, L=DB'"B.

25



The student block of the normalized solution is the eigengrade vector &%". Because the
running example includes the small match terms ¢;Q. + v;V,, exact equality with a; is not
guaranteed; in the exact scalar version obtained by setting those terms to zero, Theorem 6.9
applies exactly. The point of the richer example is to show how the adjustment behaves when

the transcript contains both course difficulty and genuine subject-specific fit.

Table 4: Raw GPA, raw-score averages, and eigengrades in the running example

Student True a; Letter GPA Avg. raw score Eigengrade de

Ava 1.10 2.50 3.14 1.23
Ben 0.60 3.50 4.11 0.65
Cara 0.20 2.50 2.84 0.41
Diego -0.40 2.00 2.48 -0.47
Eli -1.50 1.25 1.65 -1.81

The raw GPA ranking has Ben above Ava and Cara, even though Ava has the highest

general ability. The eigengrade ranking is instead
Ava > Ben > Cara > Diego > Eli,

which matches the ranking of the scalar student effects in Table 2. In this small example, the
correlation with true a; is 0.812 for letter GPA, 0.837 for average raw score, and 0.996 for
the graph-Laplacian eigengrade. These numbers should not be over-interpreted as statistics
from a population; they are arithmetic for the toy transcript. But the arithmetic shows the
measurement logic: GPA rewards the courses in which the raw scores were produced, while
eigengrades use overlap to estimate and remove the course component.

The same calculation also recovers relative course effects. Because (2) contains the
common intercept 2.5, the course block of Z absorbs that intercept; the relative course-

difficulty estimate is therefore the centered course block, -
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Table 5: Estimated relative course difficulties in the running example

Course True d. Estimated centered difficulty
Econ 101 -1.20 -1.32
Film -0.70 -0.60
Statistics 0.00 -0.03
Data Science 0.60 0.62
Algorithms 0.20 0.09
Moral Philosophy 1.30 1.44
History of Dinosaurs -1.10 -1.25
Organic Chemistry 0.90 1.05

Negative estimates correspond to easier courses and positive estimates to harder courses.
The estimates track the intended ordering: Econ 101 and History of Dinosaurs are easy,
Moral Philosophy and Organic Chemistry are hard, and the other courses sit between them.
This is the “sausage” made visible: the transcript network supplies comparisons that are not
present in any single grade.

Taken together, the scalar eigengrade is the same object throughout the cardinal analysis:
in complete data, it is the vector of row means net of the grand mean; equivalently it is the

4F in incomplete connected data, it is the normalized student block

scaled affinity score &
&% of the Laplacian solution. The next subsection does not change the target of interest; it
changes the measurement assumptions under which that target can be inferred from observed

grades.

6.5 Ordinal Grades and Noisy Cardinal Data

Our exact results so far recover the eigengrade target from latent cardinal performance. But
real transcripts often report ordinal grades. We, therefore, need an explicit measurement

model.

Assumption 6.10 (Ordered-response measurement with known thresholds). On each ob-
served edge (i,c) € E, the reported grade G;. € {1,..., K}, with K > 2, satisfies

Gie=k = mi<a—d.+u.<rg,

where —oco =19 <71 < - < Tg_1 < Tg = 00. The finite cutpoints 7, ..., 7x_1 and the shock
distribution are known; the shocks u;. have strictly increasing cumulative distribution function

F, and the parameters (a, d) are fixed. No cross-edge independence restriction is needed for

27



identification from marginal grade laws; the likelihood expression below additionally assumes

conditional independence across observed edges.

Under Theorem 6.10, the edge-specific grade probabilities are
Pr(Gi. = k| a;,d.) = qp(a; — d.), qe(2) = F(1, — 2) — F(16-1 — 2).
Lemma 6.11 (Injective ordered-response grade law). Under Theorem 6.10, the map

Z— (Q1(Z)7 s 7qK(Z))
18 1njective.
Proof. Because K > 2, the first finite threshold 7 exists. Because 79 = —o0,
@1(z) = F(r — 2).

Since F' is strictly increasing and 7y is known and finite, ¢;(z) is strictly decreasing in z.
Therefore, equality of the entire grade-probability vector at two values z and 2z’ implies

¢1(z) = q1(#'), hence z = 2. O

Theorem 6.11 provides the missing bridge from ordinal grades back to the additive latent
index. It shows that the distribution of grades on a single observed edge pins down the
underlying scalar a; — d.. Once that edge-level index is identified, the ordinal problem
collapses to the same connected-graph fixed-effect problem as in Theorem 6.7: transcript
overlap can then propagate those pairwise differences into student and course effects, up to a

common additive normalization.

Theorem 6.12 (Ordinal identification on a connected transcript graph). Suppose the observed
transcript graph G is connected and grades satisfy Theorem 6.10. Then the joint distribution
of the grade vector {G. : (i,c) € E} identifies (a,d) up to a common additive constant.

Proof. Suppose two parameter vectors (a,d) and (a’,d’) induce the same joint distribution of
the observed grade vector. Then, in particular, they induce the same marginal distribution

on every observed edge (i,¢) € E. Hence
qe(a; — d.) = qp(a; — d.) for every k € {1,...,K}.

By Theorem 6.11,
a; —d.=a,—d.,  forevery (i,c) € E,

28



we then see from Theorem 6.7 that (a,d) and (a’,d’) differ only by a common additive

constant. O

Remark 6.13 (Identification versus finite-sample recovery). Theorem 6.12 is an identification-
in-distribution result. It states that the ordered-response model is injective in the underlying
parameters on a connected graph—it does not claim exact finite-sample recovery from one
noisy ordinal realization per edge. Estimation in practice requires a specified likelihood or
Bayesian procedure, and the quality of that estimation depends on the amount of data and
the overlap structure. The known-link and known-cutpoint assumptions are part of the
identification statement. If there is only one grade category, or if the link and cutpoints are

allowed to shift freely without a normalization, the injectivity argument fails.

Theorem 6.12 shows that ordinal reporting is not by itself fatal to transcript adjustment.
What matters is not cardinality per se, but whether the ordinal grading law places all courses
on a common latent scale. The next proposition identifies the failure mode when that common

scale is abandoned.

Proposition 6.14 (Course-specific cutpoints confound standards and course effects). Con-

sider an ordered-response model with course-specific cutpoints:

Gic =k — Tek—1 < A — dc + Uje < Te,ks

where —00 = T.p < Tep < - < Tex—1 < Te,x = 00 and the link distribution F' is known. If
the finite cutpoints 7.1, ..., T, k-1 are unrestricted by course, then the joint distribution of
ordinal grades cannot separately identify the course effect d. from the course-specific grading

standard. Specifically, for any vector h € R™, the transformed parameters
d,=d.+ he, Toxg =Tek —he (k=1,...,K—1)

produce exactly the same grade probabilities on every observed edge, with the same student-

effect vector a.

Proof. For any edge (i,c) and grade k, the probability of receiving a grade weakly below k is
PI'(GiC S k | a;, dC,Tc) = F(Tc,k — Q; + dc)
Under the transformed parameters,

=i+ d.= (Tor — he) — ai + (de + he) = Top — a; + de
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Thus, every cumulative grade probability, and therefore every grade probability, is unchanged.
More strongly, for any realization of the shock vector, the grade event associated with
each edge is the same under the original and transformed parameters; hence, every joint
grade-vector probability is unchanged under the maintained shock law. The transformation
preserves the ordering of the finite cutpoints because it shifts all cutpoints in course ¢ by the
same amount. Hence, ordinal transcript data alone identify only the composite course-specific

thresholds 7. + d., not d. and the grading standard separately. O

Theorem 6.14 is the formal reason the common-cutpoint or external-anchor assumption
matters. A model with freely shifting course-specific cutpoints may still support some
comparisons under additional restrictions, but it does not by itself deliver the scalar additive

decomposition used by the exact eigengrade results.

Anchoring and estimation. A practical ordinal implementation must supply the grading
law that Theorem 6.12 treats as known. With common cutpoints, known link F', and
conditionally independent edge shocks, the natural finite-sample estimator is the constrained

ordered-response likelihood

K
(,d) € argmax Y Y 1{Gie = k}og[F(r — (a; — d.)) — F(re1 — (a; — do))].
2:0i=0 (; ep k=1

The normalization fixes the common additive indeterminacy. In applications, the common
grading law can be anchored by standardized assessments, common rubrics, audit grading,
externally calibrated assignments, or historical bridge samples that put course grades on
a shared latent scale. Without such anchors, the exact-recovery claims should be read
as applying to latent cardinal performance or to externally calibrated ordinal reports. If
cutpoints are allowed to vary freely by course, Theorem 6.14 shows that course-specific
grading standards and course effects are no longer separately identified by transcript data
alone.

Noisy cardinal data admit an equally transparent precision calculation for recovery of the

same target.

Proposition 6.15 (Noisy-cardinal precision bound). Suppose the observed transcript graph

G s connected and the observed edge outcomes satisfy

p= Bx*+e¢, = (a,d),
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where Ele] = 0 and Cov(e) = 01 |p. Let
&t=LTBp
and write & = (&,9). Then
E[2] = LY La* = Byy(ry 2", Cov(z) = o*L".
If a = M, & is the zero-sum normalized student block, then
Ela@)=a—-al,
and

on+m—1

Ellad — (a —al,)||? < o?tr(L") < o> ————,
6 (a1, < o (L%) < o>

where Ao(L) > 0 is the second-smallest eigenvalue of L, equivalently the algebraic connectivity

of the connected transcript graph.
Proof. Because p = Bx* + ¢,
t=L*B'p=L"La*+ L"B'e.
Taking expectations yields
E[2] = LT La* = Pey(r)2 ™.
For the covariance,
Cov() = L™B" Cov(e)BLT = ¢’ L™ B"BL" = ¢*LTLL" = o*L".
Therefore
E||lz — E[2])|* = tr(Cov(2)) = o* tr(LT).

Let e = & — E[a]. Because G is connected, ker(L) = span{(1,, 1,,)}. Hence P, (yL2*
differs from x* by a common shift, so the student block of E[Z] equals a — k1,, for some scalar
k. Thus

Ela] = M,E[&] = M,,(a — k1,) =a—al,.

Moreover,
a—(a—aly,) = M,e,.
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Since M, is an orthogonal projection,

[Mneall* < lleal® < |12 — E[2]|”
Taking expectations gives

Ell@ — (a —al,)|]* < o*tr(L7).

If the eigenvalues of the connected-graph Laplacian are 0 = (L) < A\o(L) < -+ < \pym(L),

then the nonzero eigenvalues of L™ are their reciprocals, so

n+m

“ 1 n+m-—1
=2 5 S .

Theorem 6.15 formalizes a simple point: Connectivity is enough for exact identification in
the noiseless benchmark. In noisy data, however, the overlap structure matters quantitatively
through the spectrum of the graph Laplacian. Thin overlap or near-disconnected transcript
graphs can make estimation unstable even when identification technically holds. If the
graph is disconnected, then the covariance identity for & remains valid with the appropriate
pseudoinverse, but the expectation is only componentwise centered; applying a single global

student-centering operator need not recover a — al,.

6.6 Multi-Dimensional Abilities and Skill Matches

The preceding results complete the scalar additive measurement problem, showing exact
recovery in the noiseless benchmark, an ordinal identification analogue under a common
grading law, and a precision bound for noisy cardinal data. The next question is conceptual
rather than statistical: What changes if the student component itself is not one-dimensional,
so that transcripts reflect comparative advantage as well as a common baseline?

The additive model treats the student component as a scalar. That is the right benchmark
for studying the basic cross-course comparability problem, but it is not the only empirically
relevant structure. Students may have broad academic preparation as well as comparative
advantage across fields, and courses may differ not only in average difficulty but also in the
skills they reward.

A parsimonious extension is the Multi-Dimensional Additive Interaction (MDATI) model

Pic = ; — dc + uiTUc + Eics (9)
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where a; remains a scalar baseline student effect, d. remains a scalar baseline course effect,

u; € RE is student i’s comparative-advantage profile, and v, € R¥ is course ¢’s skill-demand
T

profile. The term u, v, is not a second scalar ability measure; it is a match term. A student
can perform especially well in one family of courses and less well in another without being
globally above or below another student.

The algebra for MDALI is closely related to the scalar case. Under the mean-zero normal-
izations ) . u; =0 and ) v. = 0, let U and V collect the student and course profiles. In

complete noiseless data,
1
M,PM,, =UV", My, =1, — —1,1";
m

thus, double-centering removes the additive baselines a; and d. and leaves the low-rank
interaction matrix. The student-side singular vectors of the residual matrix recover the latent
skill-match subspace. These are the natural multi-dimensional analogue of eigengrades, but
their interpretation is geometric rather than ordinal.

The main implication is that multidimensional transcript adjustment changes the object
being reported. In the scalar additive model, the institution can recover a; — a, a one-
dimensional comparison signal. In the MDAI model, transcript data identify a comparative-
advantage subspace. Turning that profile into a single number requires an explicit benchmark.

For example, given course weights w, > 0 with ) _w. = 1, one may define

si(w) = a; + Z Wl Ve, (10)
c=1

which is expected baseline-adjusted performance on the course bundle w. If w is concentrated
on a shared core curriculum, s;(w) is a meaningful core-performance score. A different
bundle would generally induce a different ordering, which is a feature of multidimensional
comparative advantage rather than a defect of the method.

The data requirements also become stronger. Connectivity of the enrollment graph is
enough to identify scalar additive effects in the noiseless benchmark; it is not enough to
identify a K-dimensional interaction structure. Each student must be observed in sufficiently
many informative courses, each course must enroll sufficiently diverse students, and the
overlap graph must span the relevant dimensions. Appendix A gives the formal MDAI
model, complete-data subspace recovery result, benchmark-score invariance result, and

incomplete-transcript rank and overlap conditions.
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7 Student Course Choice and Incentive Neutrality

We now ask whether transcript adjustment changes strategic course choice. In the benchmark
additive environment, the answer is yes in a precise sense: exact eigengrade-style adjustment
eliminates the direct labor-market return to choosing an easier course. Throughout this
section and the next, an “eigengrade-style” mechanism means a transcript mechanism that
uses enrollment overlap to recover the centered student effect, including the complete-data
affinity score and the connected-graph Laplacian score developed in Section 6. The common
feature is exact difficulty adjustment: the public report depends on the student effect, not on
the course effect through which the raw grade was generated.

The intuition is straightforward. Under raw GPA, replacing a harder course with an
easier one can raise the observed grade because performance contains the term —d.. Under
exact adjustment, that same course effect is netted out. A higher raw grade earned only
because the course is easier is offset by the estimated course effect, so the adjusted report
does not increase. Thus, eigengrades do not merely give the market a better ex post estimate;
in the benchmark, they remove the signaling gain from course-shopping itself. This is the
mechanism-level counterpart of empirical and theoretical work showing that students respond
to grading environments when choosing courses or departments (Sabot and Wakeman-Linn,
1991; Bar et al., 2009; Hernandez-Julian and Looney, 2016; Herron and Markovich, 2017).

A student values both pedagogical match and labor-market signaling. To isolate the direct
grade-arbitrage channel, this section uses a report-only market benchmark: the downstream
observer’s payoff-relevant comparison signal for student i is Y;® together with the rule R. If
course labels or full course portfolios are also disclosed and used by the market, they are
additional signals; they must either be included in Y;® and satisfy the exactness condition
below, or be assumed conditionally uninformative for the posterior object being valued. When
comparing courses, we hold fixed the latent student-effect vector a.

We represent the downstream labor-market benefits of a course in terms of a reduced-form
valuation statistic—for a transcript mechanism R, define the expected market valuation from

choosing course ¢ by
m;(c; R) = E[af (V) | a, i chooses ¢, R] . (11)

The object m;(c; R) is the expected labor-market value of choosing course ¢ under reporting
rule R, holding fixed the latent student-effect vector; it summarizes how the market is

expected to interpret the report consequences of that course choice.
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Define the course-choice bias
bi(c;R) =mi(;R) — a;
and the strategic susceptibility

Q(R) =sup <max{bi(c; R)} — min{b;(c; R)}) . (12)
ies \ ceC ceC

The bias term b;(c; R) measures the transcript advantage or disadvantage created by course
choice alone. It is the gap between the market’s expected assessment after taking course ¢
and the student’s true effect. The strategic susceptibility Q(R) is the spread of the market
valuation determined by course choice, that is, it measures the strength of the course-shopping
incentive built into the transcript system. The larger Q(R) is, the more a student’s expected
market evaluation can be improved or worsened purely by choosing one course rather than
another; Q(R) is 0 when the direct labor-market return to course shopping disappears.

The course choice below is a marginal enrollment decision, not a complete transcript-
generation model. A student is choosing one course slot against a background of required
courses, prior enrollments, or other institutional structure that creates the transcript graph.
Formally, one may start from a background edge set E° and let a feasible course-choice
profile add edges (i,¢;), yielding E(c) = E°U {(i,¢;) : i € S}. The exact-adjustment
conclusions below are conditioned on every feasible E(c) belonging to the transcript class
under consideration, for example, a connected graph. If each student instead chose exactly one
course and nothing else, the graph would generally fail this condition, and the graph-Laplacian
corollary would not apply.

Suppose student ¢ chooses among courses according to
Uie = Vie + ymi(¢; R) + Vi, (13)
where v;. is pedagogical value, v > 0, and the shocks v;. are iid Type-I extreme-value. Let

P*r(c) expic}

i i exp{vn}

denote the purely pedagogical benchmark.
Under (13), let

Pr(c; R) = Pr(U;. > Usufor all ¢ € O); (14)
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with iid Type-I extreme-value shocks, this probability takes the multinomial-logit form

exp{vic +ymi(c; R)}
S exp{vie + ymi(d;R)}

Pr(¢;R) = (15)
(2
For comparative statics, it is convenient to allow a sequence of reporting rules. A sequence

of transcript mechanisms is a family (R;):>1 such that each R; is a transcript mechanism in
the sense of Definition 3.5, with induced objects Y;**, a™*, m;(c; Ry), and Q(Ry).

Proposition 7.1 (Incentive neutrality). If Q(R) = 0, then Pr;(¢c; R) = Pr;(c) for every
student i and course c. More generally, if Q(R;) — 0 along a sequence of mechanisms, then

Pri(c; R¢) — Pri(c) for every i and c.

Proof. Write m;(c; R) = a; + bi(¢; R). In the logit formula generated by (13), the common
term exp{va;} cancels. If Q(R) = 0, then b;(c; R) is constant across courses for each i, so
that term also cancels and the remaining choice probabilities equal Pr}(c). The sequence

claim follows from continuity of the logit map as the spread in b;(c; R;) converges to zero. []

Theorem 7.1 is purely behavioral: if the reporting rule makes expected market value
independent of the chosen course, then course choice is governed by pedagogical value rather
than transcript arbitrage. The remaining question is whether eigengrades have this property.
The answer is yes under the exact-adjustment conditions established in Section 6 and under
the report-only market benchmark just stated.

To connect Theorem 7.1 to transcript adjustment, it is useful to define exactness directly.

Definition 7.2 (Exact difficulty adjustment). Fix a class T of feasible transcript environments
generated by the additive benchmark. A transcript mechanism R is an exact difficulty
adjustment on T if, for every transcript in 7 generated by parameters (a,d), the market-

facing report for student ¢ is a deterministic function of the student-effect vector alone:
Y* = y(a) for all 4.

In the zero-sum normalization used in Section 6, y;(a) = a; — a.

Exact difficulty adjustment means that, within the maintained transcript environment,
the market-facing report for each student depends only on the student-effect vector and not
on the course effects through which performance was measured. In that sense, the mechanism
strips out course difficulty exactly rather than only approximately. The definition applies
to the comparison report used in the report-only benchmark; separate disclosure of course

portfolios is a different information channel unless it is made part of Y;*.
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Proposition 7.3 (Exact adjustment eliminates direct benchmark course shopping). Under
the report-only market benchmark, suppose every feasible course-choice profile generates a

transcript in a class T on which R is an exact difficulty adjustment. Then Q(R) = 0.

Proof. Fix a student ¢ and a latent student-effect vector a. Under exact difficulty adjustment,
for every feasible course choice ¢, the reported object Y;® is the same deterministic function
y;(a) of the student-effect vector and does not depend on the realized course effect. Under
the report-only market benchmark, the observer’s valuation is computed from Y;® and R,
with no additional course-portfolio signal. Therefore aX(Y;®) is the same across all feasible c,

and so is its conditional expectation m;(c; R). Hence b;(c; R) is constant across courses for
every 4, which implies Q(R) = 0. O

Theorem 7.3 establishes the incentive logic at the level of an abstract mechanism class.
To connect that statement back to the measurement results, we now verify that the transcript
adjustments constructed in Section 6 are exact in precisely the sense required. The corollary

therefore translates the abstract neutrality claim into a concrete property of eigengrades.

Corollary 7.4 (Eigengrades eliminate direct benchmark course shopping). Suppose every
feasible course-choice profile generates either complete noiseless transcript data or a connected
incomplete noiseless transcript graph. Then each of the following mechanisms is an exact

difficulty adjustment on the corresponding feasible class:
1. centered row means in complete data,
2. the scaled affinity score of Definition 6.5 in complete data;
3. the graph-Laplacian adjusted score of Definition 6.8 on connected incomplete graphs.

Consequently, under the report-only market benchmark, each mechanism satisfies Q(R) = 0 on
its feasible class, and student course-choice probabilities coincide with the purely pedagogical

benchmark: Pr;(c; R) = Pr}(c) for every i and c.

Proof. Theorem 6.4 shows that centered row means equal a; — a in complete noiseless data.
Theorem 6.6 shows the same for the scaled affinity score. Theorem 6.9 shows the same for
the graph-Laplacian adjusted score on connected incomplete graphs. Thus, each mechanism

is exact on the stated class, and Theorem 7.3 applies. O

Theorem 7.4 shows a sense in which eigengrades eliminate the direct benchmark course-
shopping problem. If the market evaluates students using a report that has removed d.., then
a student cannot raise expected market valuation by choosing a lower-d,. course. The student

may still choose a course because it is more enjoyable, more useful, less time-consuming, or
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better matched to their skills, but the transcript-arbitrage motive generated by raw grades is

gone.

Running example, third pass: course-shopping incentives. The same transcript also
shows the incentive problem. Suppose Ava considers replacing Organic Chemistry with Econ
101 while holding the rest of her transcript fixed. Under raw grades, the swap is attractive:
Ava’s Organic Chemistry score is 2.86, a C, while her counterfactual Econ 101 score would
be 4.88, an A. Her letter GPA would rise from

(B+B+C+C)/4=250

to
(B+ B+ C+ A)/4=3.00.

That is a direct transcript reward for moving from a harder course to an easier one.

Table 6: Ava’s raw and difficulty-adjusted scores under a course swap

Course Difficulty d. Raw score R;. Letter grade R;.+ d.
Organic Chemistry 0.90 2.86 C 3.76
Econ 101 -1.20 4.88 A 3.68

The last column of Table 6 adds back the course difficulty. The large raw-grade gain
essentially disappears. In the exact scalar additive case without match terms, both entries in
the last column would equal 2.5 4 aa. = 3.60 exactly. In the displayed example, the small
remaining difference comes from real subject-specific fit, not from the fact that Econ 101 is
easier. Thus, the eigengrade-style report removes the direct signaling return to choosing the
easier raw-grade course, leaving only genuine pedagogical or match reasons to choose it.

The statement is deliberately a benchmark statement. It removes the direct signaling
return to easier courses. It does not say that course portfolios carry no information in richer
environments, nor that students have no comparative advantage across subjects. In the MDAI
environment, for example, a portfolio may reveal specialization or match, and a benchmark-
specific score may still reward courses that are informative for the chosen benchmark. Nor
does the result claim exact finite-sample neutrality when grades are ordinal, transcripts
are noisy, or adjustment is only approximate. In those cases, the relevant conclusion is
approximate: as the adjustment error shrinks, the direct course-shopping return shrinks with
it.
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8 Instructor Leniency and Competitive Grade Inflation

Students are not the only strategic actors in the university grading context. Instructors may
choose grading leniency, assessment difficulty, or curving policy. Here too the benchmark
answer is yes, but again in a specific sense: exact difficulty adjustment in the cardinal or
externally anchored additive benchmark eliminates the competitive enrollment component of
grade inflation. It does so because a unilateral course-level grade shift is treated as a course
effect rather than as evidence that the students in that course are better. The instructor can
no longer attract students by making raw grades more generous if the market-facing report
nets out that generosity.

This does not mean that eigengrades make grade inflation impossible in every sense.
Instructors may have direct preferences for giving high grades, may face pressure from
students or departments, or may compress within-course variation in ways that damage
measurement without simply raising the mean. Nor does our reduced-form instructor game
incorporate the investment-quality tradeoff emphasized by Boleslavsky and Cotton (2015),
in which strategic grading can reduce transcript informativeness while increasing incentives
to invest in education quality. Those are governance problems for the raw input process
and broader welfare questions. The point of the model below is narrower and sharper: once
difficulty adjustment is exact, the race to attract enrollment by being lenient loses its signaling
payoff.

We model this margin through course mean grades. Let G. € [G, G| denote the mean
raw grade in course c. The share equation below is a reduced-form representation of the
enrollment effect of course-level mean grades after the reporting rule is fixed. We interpret ngz
as the report-mediated semi-elasticity of enrollment demand generated by market valuation

of raw mean-grade shifts. Let

_ B exp{nrG.}

G R) = > ke exp{nrGr}’ 1o

where 1z > 0 is the reduced-form mean-grade demand semi-elasticity under mechanism R.
The link to the student-choice primitives is the pass-through from a course-level mean-
grade shift into the market valuation m;(c; R). Suppose, locally around a symmetric course
environment, that a shift in course ¢’s mean raw grade changes the market value of choosing
that course by
mi(c; R; Ge + h) — mi(e; R; G.) = prh + o(h),

while leaving the report-mediated value of other courses unchanged. Then the logit model

in (13) puts the local coefficient ypr on course ¢’s mean grade in the demand index. The
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softmax form (16) is the symmetric reduced form with

R = VPR- (17)

Thus n% is not an additional structural primitive when this mapping is imposed; it is the grade-
to-market-value pass-through from Section 7 multiplied by the signaling weight in student
utility. If enrollment also responds to workload, reputation, convenience, or other non-report
channels, those forces are outside nz and are not eliminated by transcript adjustment.

A transcript class must also be stable under the counterfactual course shifts being
considered. A class T is course-shift closed if, whenever an environment in 7 is generated by
(a,d) on a given enrollment graph, the environment generated on the same graph by (a,d — h)

also belongs to T for every course-shift vector A under consideration.

Definition 8.1 (Course-shift invariance). Fix a class 7 of transcript environments generated
by the additive benchmark. A transcript mechanism R is course-shift invariant on T if, for
every transcript in 7 generated by (a,d) and every course-shift vector h such that the shifted
environment generated by (a,d — h) is also in T, replacing (a,d) by (a,d — h) leaves every

student’s market-facing report unchanged.

Requiring course-shift invariance is stronger than assuming Q(R) = 0. The former
concerns unilateral course-level shifts in raw grades; the latter concerns course choice at a
fixed grade policy. In the reduced-form demand system (16), setting nr = 0 is a modeling
implication only when enrollment demand responds to raw mean-grade shifts through the
market-facing report and not through some separate preference for easy workloads, generous

grading, or course reputation.

Proposition 8.2 (Exact adjustment implies course-shift invariance). If T is course-shift
closed and R is an exact difficulty adjustment on T, then R is course-shift invariant on T .
If, in addition, enrollment demand in (16) responds to course mean grades only through the

market-facing report, then the reduced-form demand system satisfies ng = 0 on that class.

Proof. Take any transcript environment in 7 generated by (a,d) and any course-shift vector
h such that the shifted environment generated by (a,d — h) is also in 7. Under exact
difficulty adjustment, the market-facing report Y;® depends only on the ability vector a
and not on the course-effect vector d. Both the original and shifted environments have
the same a, so every Y;® is unchanged. This is exactly course-shift invariance. Under the
stated report-mediated demand interpretation of (16), a unilateral course-level grade shift

that leaves every market-facing report unchanged has no enrollment-demand effect through
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expected market valuation. The corresponding reduced-form grade semi-elasticity is therefore

Zero. O

Theorem 8.2 shows how the same exactness condition that eliminates student course-
shopping also disciplines instructor incentives: if eigengrade-style adjustment strips course
effects out of the market-facing report, then an instructor cannot raise demand by mechanically
shifting grades upward. This is the bridge to the next result, which embeds that invariance
in the instructor payoff function and studies the resulting comparative-statics of leniency.

Instructor ¢ has payoff

U(Gor G ) = aGl + Blog so(Gi R) — §<GC G2, (18)

where o > 0 is a direct benefit from higher grades, § > 0 is the value of enrollment share,

and ¢ > 0 is the marginal cost of departing from the professional norm Gj.

Proposition 8.3 (Instructor equilibrium). Fiz ng > 0. The game with payoffs (18) and

shares (16) has a unique Nash equilibrium, and it is symmetric. Let
Higa(z) = min{G, max{G, r}}.

The equilibrium mean grade is

~ -, a+PBnr(l—1/m)
If the interior solution lies in [G, G), the competitive enrollment component of grade inflation
18
Prr(l—1/m)
3
Proof. Define the potential
Y - I
°0) =3 (0 eI~ G Go| — o ( Yoo ).

Because

log s.(G;R) = nrG. — log (Z eWG") )
k=1

we have 0®/0G,. = 0U,./dG., for every c. Thus the game is an exact potential game. The
Hessian of @ is
V20 = —¢1,, — B (diag(s) — ss'),
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T is positive semidefinite, so V2® is negative

where s = (s1,...,Sy,). The matrix diag(s) — ss
definite because £ > 0. Hence ® is strictly concave and has a unique maximizer. Since each
player’s payoff is concave in that player’s own mean grade and the game is an exact potential
game, the Nash equilibria are exactly the coordinatewise maximizers of ® on the product
interval. Strict concavity makes that coordinatewise maximizer the unique global maximizer,
so the game has a unique Nash equilibrium.

By symmetry, the unique equilibrium is symmetric. At an interior symmetric profile,

s. = 1/m for every course and the first-order condition is

0=a+ b (1—i> —&(G. = Gy).
m

Solving gives

G — Got a—i—ﬁmg(l—l/m).

§
Projection onto [G, G] handles boundary cases and yields (19). O

Theorem 8.3 shows that equilibrium grading has two separable components: a direct
taste for higher grades, captured by «/¢, and a competitive enrollment term, captured by
fnr(1 —1/m)/€. The next corollary combines that decomposition with Theorem 8.2: under

exact eigengrade-style adjustment, the report-mediated demand term disappears because

nr = 0.

Corollary 8.4 (Eigengrades eliminate the competitive enrollment component). If the relevant
transcript class is course-shift closed, R is an exact difficulty adjustment on that class, and
enrollment demand is report-mediated as in Theorem 8.2, then nr = 0. The unique Nash

equilibrium in Theorem 8.3 therefore reduces to

~ ~ o

The competitive enrollment component of grade inflation vanishes.

Theorem 8.4 disentangles two motives for grading leniency. One is strategic: instructors
may inflate grades to attract students when easier grading improves the transcript signal
attached to their course. The other is direct: instructors or institutions may simply prefer
higher grades for independent reasons. In the model, that residual motive is summarized by
«. This distinction is useful when comparing our mechanism to strategic-grading models at

the school level: Boleslavsky and Cotton (2015) show that noisy grading may improve welfare
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by strengthening school investment incentives, whereas here, exact transcript adjustment
targets the competitive raw-grade race within a fixed measurement environment.

This is the sense in which eigengrades neutralize competitive grade inflation in the model.
Under raw transcripts, an instructor who raises mean grades makes the course more attractive
because students expect higher market valuations. Under exact eigengrades, the market-facing
report is invariant to a course-level shift, so the enrollment demand term no longer rewards
unilateral leniency. What remains is not the competitive externality but a residual preference
for high grades, plus any unmodeled attempts to degrade the measurement system itself.
Thus, eigengrades eliminate the grade-inflation race generated by raw-grade comparability,
but they do not remove the need to govern the raw grades from which the adjustment is

computed.

9 Governance and Policy Architecture

The formal results suggest that grading policy should separate measurement from governance.
The external measurement problem is to construct a comparison signal that adjusts for course
effects as far as the transcript structure and maintained model allow. The internal governance
problem is to preserve the quality of the raw inputs from which that comparison signal is
built.

The preceding two sections have a sharper implication than simply that eigengrades may
be useful. In the exact cardinal or externally anchored additive benchmark, eigengrade-style
adjustments eliminate two specific incentive distortions: direct course-shopping by students
under a report-only market benchmark and report-mediated competitive enrollment-driven
leniency by instructors. The reason is the same in both cases. A raw grade advantage created
by a favorable course environment is reclassified as a course effect rather than as student
ability. Adjustment, therefore, changes behavior because it changes what the transcript signal
rewards.

For external reporting, the institution can release an adjusted score, a course-effect
estimate, contextual transcript information, or a coarser category derived from an adjusted
signal. The exact format is a disclosure decision. The key measurement point is that course
identity and enrollment overlap should not be discarded. In the additive benchmark, these
objects are precisely what allow the observer to separate student and course effects.

For internal governance, the institution should monitor the raw grade process. Exact
adjustment removes the competitive demand for easy grades in the model, but it does not
remove direct instructor incentives to raise grades or compress distributions. A governance

system should therefore track course means, within-course dispersion, assessment design, and
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the stability of grading standards over time. Empirical price-indexing evidence that rising
grades reflect a mixture of student characteristics, course choices, and residual grade growth
reinforces this separation of measurement, composition, and governance (Herndndez-Julidan
and Looney, 2016). A Taylor-rule-style feedback on course mean grades is one natural first-
moment instrument (Taylor, 1993); such a rule targets average inflation without dictating the
entire within-course distribution. In this architecture, the Taylor rule is complementary to
eigengrades rather than a substitute for them: eigengrades neutralize the external signaling
reward from leniency, while the Taylor rule disciplines residual raw-grade drift (see our earlier
working paper version (Gans ® Kominers, 2026) for further discussion).

Note also that our proposed architecture differs sharply from a distributional grade cap.
When such a cap binds, the effective threshold for a given grade is no longer a common
institutional standard; it becomes endogenous to the course and the realized cohort. A cap
may therefore reduce mean grades while making grade labels less comparable across classes
and over time. It can also compress or destroy within-course variation, which is precisely the
variation transcript-based adjustment exploits. In the language of the model, a cap alters the
measurement system directly while addressing the incentive problem only indirectly. A grade
cap, thus, may improve a headline statistic such as the share of A grades, yet worsen the
institution’s ability to measure and compare student performance; the same is true of any
other form of forced curve.

Curricular design also matters. Theorem 6.7 gives breadth requirements and shared core
courses an informational interpretation: they create paths in the student—course graph. If the
course enrollment graph is disconnected, transcript data alone cannot identify relative course
effects across components; this yields the natural implication that grades cannot provide
informative comparisons of students in different divisions of a highly siloed academic program.
In noisy data, Theorem 6.15 strengthens the point by showing that not all connected graphs
are equally informative.

The policy conclusion is therefore disciplined rather than merely modest. Cross-course
comparability requires course-context information, and attempts to manage grade inflation
should preserve rather than destroy the variation needed for adjustment. Exact eigengrade-
style adjustments eliminate the direct benchmark course-shopping channel and the report-
mediated competitive grade-inflation channel by making the market-facing signal invariant to
course effects. Governance must then focus on the remaining margins: the quality, stability,
and dispersion of the raw grade inputs, and the possibility of residual noncompetitive pressure

for high grades.
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10 Scope and Limitations

Our analysis has several limitations.

One-dimensional baseline. The constructive results in the main additive benchmark rely
on a scalar student effect and a scalar course effect. The MDAI extension in Section 6.6
and Appendix A allows multidimensional skills and demands, but the conclusion changes:
the interaction component identifies a skill-match subspace rather than a canonical one-
dimensional ranking. A scalar report is therefore a benchmark choice, such as performance

on a shared core curriculum or on a specified bundle of courses.

Interpretation of the course effect. The additive course effect should not be read as pure
difficulty. In applications, it can absorb grading standards, instructor strictness, assessment
design, department norms, and other additive shifters. The theory, therefore, identifies a

composite course effect. Normative claims about “difficulty” require additional structure.

Ordinal grades. Letter grades are ordinal. The spectral exact-recovery results therefore
apply either to latent cardinal performance or to an ordered-response model with a specified
or externally anchored common link and cutpoints. Theorem 6.12 is an identification result
at the level of the joint grade distribution, not a claim that one noisy letter grade per edge is
enough for exact finite-sample recovery. Unknown course-specific thresholds require additional
anchors; if they are freely adjustable, the ordinal transcript alone identifies only composite

course-specific thresholds and cannot separate grading standards from course effects.

Overlap and missingness. Connectedness is necessary for exact identification in the
noiseless graph model, but it is not enough for precise estimation in noisy data. Theorem 6.15
shows that precision depends on the spectrum of the Laplacian. Sparse transcripts, low-degree
courses, and near-disconnected graphs can therefore make adjustment unstable. If missingness

depends on unobserved match shocks, further structure is needed.

Strategic portfolios. The course-choice neutrality result isolates the direct signaling return
to easier courses under a report-only market benchmark. In richer environments, employers
or graduate schools may also observe course portfolios and infer ambition, specialization, or
comparative advantage from them. Those informational channels can interact with transcript

adjustment and are not eliminated by exact adjustment of the scalar comparison report alone.
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Partial reforms. While the main text emphasizes exact adjustment, we must note that
partial adjustment has ambiguous incentive effects. Indeed, a partially adjusted signal
may become more trusted before it fully removes the gaming margin, so the remaining
arbitrage can become more valuable (see Kominers ® Gans (2026)). That is a caution about

implementation, not an argument against exact adjustment itself.

11 Conclusion

Cross-course comparability is a fundamental challenge in grading because the same grade label
is typically used to summarize performance generated in very different course environments.
A single raw grade cannot generally distinguish high ability in an unfavorable course from
lower ability in a favorable one. Thus, a grading policy focused only on grade levels or
frequencies misses the deeper issue.

Transcript structure offers a constructive response. In the additive benchmark, overlapping
course enrollments identify student and course effects. In complete data, centered row means
and a scaled affinity-eigenvector representation recover the same centered student effect.
On connected incomplete transcript graphs, the corresponding graph-Laplacian adjustment
recovers the same target. With ordinal grades, the same benchmark survives at the level of
the joint grade distribution under an explicit ordered-response model. With noisy data, the
reliability of adjustment depends on overlap strength, not merely on technical connectivity.
With multidimensional skill matches, the same transcript logic recovers a comparative-
advantage subspace, while any scalar ranking must be tied to an explicit benchmark.

Strategic behavior strengthens rather than weakens the case for exact adjustment, subject
to the maintained measurement and demand assumptions. Raw grades create a direct
signaling return to easy courses and a competitive enrollment return to lenient grading. FExact
difficulty adjustment removes the first channel under the report-only market benchmark and,
in the instructor game, removes the second competitive component when demand is mediated
by the market-facing report through the pass-through parameter in (17). In that precise
benchmark sense, eigengrades neutralize the direct course-shopping and competitive-inflation
channels rather than merely diagnosing them. They do not remove every grading incentive,
and they do not substitute for governance of raw inputs.

The appropriate reform is, therefore, not to try and control the grade distribution, but
rather to introduce a better measurement and inference architecture: use transcript overlap to
restore cross-course comparability, preserve informative within-course variation, and govern

the remaining margins on which grades can lose information.
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A Multi-Dimensional Abilities and Skill Matches

This appendix develops the Multi-Dimensional Additive Interaction (MDAI) extension dis-
cussed in Section 6.6. The purpose is to make precise what transcript data recover once student
performance has both a scalar baseline component and a multidimensional comparative-
advantage component. The main message is deliberately different from the scalar additive
model: the interaction term identifies a low-rank skill-match subspace, not a canonical

universal ranking of students.

A.1 Model and Normalizations

Fix an integer K > 1. Student i has a scalar baseline effect a; € R and a skill profile u; € R¥.
Course ¢ has a scalar baseline effect d, € R and a skill-demand profile v, € R¥. Latent
performance is

Py = a; — d. + u v + g, (20)

where Elg;.] = 0. Let U € R™¥ have rows u; and let V' € R™X have rows v). In the
noiseless case,
P'=al) —1,d" +UV". (21)

As in the scalar additive model, (a, d) are identified only up to a common additive constant:
replacing (a,d) by (a + k1,,d + k1,,) leaves every fitted difference a; — d. unchanged. For

the interaction term, impose the centering normalizations

zn:ui =0, i”: v. =0, (22)
i=1 c=1

or equivalently M,,U = U and M,,V =V, where

1 1
M,=1I1,--1,1),  M,=1,——1,1].
n m

These normalizations separate the interaction term from the additive row and column effects.
The factorization UV " has the usual change-of-basis indeterminacy. For any invertible
matrix R € GL(K,R),
(UR) (VR T =UVT.

Thus, the data can identify the interaction matrix and its row and column spaces, but not a
uniquely labeled coordinate system for skills without additional restrictions such as anchor

courses or externally specified skill labels.
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A.2 Complete-Data Subspace Recovery

Definition A.1 (Multi-dimensional eigengrades). Given a latent performance matrix P,

define its double-centered residual matrix
P = M, PM,,.

The multi-dimensional eigengrade (MDE) representation of dimension K is the matrix

U x € R™¥ whose columns are the top K left singular vectors of P,

Theorem A.2 (Complete-data MDAI subspace recovery). In the noiseless MDAI model
with complete data, suppose U and V' each have full column rank K. Then

P%* = M,P°M,, =UV",

so P has rank K and the columns of (7;( span col(U). Symmetrically, the top K right

singular vectors span col(V').

Proof. Using (21),
M, P°M,, = M, (al)M,, — M,(1,d")M,, + M,UV " M,,.

The first term is zero because 1] M,, = 07, and the second is zero because M,1, = 0. By
(22), M,,U = U and V' M,, = V', so the remaining term is UV ". If both U and V have full
column rank, then UV has rank K. Its left singular space is col(U) and its right singular

space is col(V). O

Theorem A.2 is the multidimensional analogue of the complete-data scalar eigengrade
result. The important difference is interpretive. In the scalar additive case, the student-side
object is the centered vector M,a, which directly orders students along the maintained
student-effect dimension. In the MDALI case, the student-side object is a K-dimensional
subspace. That subspace describes comparative advantage across course families; it does not
by itself say that one student is unconditionally better than another.

A tempting basis-free dominance relation would require student 4’s interaction performance

to exceed student j’s in every course:
uiTvc > u;-rvc for every course c.

Under the normalization ) v. = 0, however, this relation is degenerate. Summing the
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nonnegative differences across courses gives

Z(uZ — uj)TvC = (u; — uj)T Zvc =0,

C

so every inequality must hold with equality. If the course-demand vectors span R, this
further implies u; = w;. Hence, the MDAI interaction term does not provide a useful basis-free
dominance order. Meaningful scalar comparisons require an explicit benchmark, such as the

reference-bundle scores below.

A.3 Benchmark-Specific Scalar Scores

If an institution wants a one-dimensional summary in an MDAI environment, it must choose

the benchmark explicitly. Let w = (wy, ..., wy,) be course weights with w, > 0 and ) w. = 1.

Definition A.3 (Reference-bundle score). The reference-bundle score associated with w is
si(w) = a; + Z Wl Ve (23)
c=1

If w is supported on a shared core curriculum, we call s;(w) a core score.

The course-effect term d. does not appear in (23) because the score is intended to measure
expected student performance on the reference bundle net of common course difficulty. In

the noiseless model,

31'((*}) = Z wc(Pic + dc)

Proposition A.4 (Basis invariance of benchmark scores). For any w, the reference-bundle
score s;(w) is invariant to the change of basis (U, V)~ (UR,VR™") for any R € GL(K,R).
Once a and UV are identified up to the common additive normalization of a, rankings by

si(w) are therefore well defined for the chosen benchmark.
Proof. Let V'w =" _w.v.. Under the change of basis,
(UR)] (VR 'w=u RR'WV Tw=uVTw= chujvc.
c=1

Thus, the interaction component of s;(w) is basis-invariant. The remaining common shift

a — a + k1, adds the same constant s to every score, so it does not affect rankings. O
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The proposition is why shared core courses are especially useful in a multidimensional
environment. A core curriculum supplies a natural benchmark bundle w. The resulting scalar
score is not a universal ranking of all possible talents; it is expected performance on the

institution’s chosen reference bundle.

A.4 Incomplete Transcripts

With incomplete transcripts, recovering the MDALI interaction is a low-rank matrix-completion
problem after the additive main effects have been removed or jointly estimated, closely
paralleling the broader matrix-completion literature on recovering latent row—column structure
from partially observed panels (Athey et al., 2021). Let £ C S x C be the observed enrollment

edge set, and suppose, for this subsection, that the noiseless residuals
_ _ T
Tic—Pic_ai—i_dc—u@' Ve

are observed on F.

Proposition A.5 (Local degree and spanning requirement). Fix the course profiles (v.)cec-

If student v is observed in the course set C; and
rank{v, : c € C;} < K,

then u; is not uniquely determined by the observed residuals, absent additional restrictions
linking u; to other student profiles. In particular, |C;| < K implies non-uniqueness. Symmet-

rically, fixing the student profiles, if course c is observed for the student set S. and
rank{u; : i € S.} < K,

then v, 1s not uniquely determined, absent additional restrictions linking v. to other course

profiles.

Proof. 1f student ¢ is observed in the course set C;, the residual observations solve
U Ve = Tic (ce ).

Let V; be the matrix whose rows are the vectors 'UCT for ¢ € C;. The equations are V;u; = r;.
Because the true profile is feasible, the solution set is nonempty. If rank(V;) < K, the null

space of V; contains a nonzero vector z, so u; + z generates the same residuals on every
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observed course in C;. Thus u; is not uniquely determined. The course-side argument is

identical with students and courses interchanged. O]

Theorem A.2 gives the exact analogue of scalar eigengrade recovery in the multidimensional
setting, but it also shows why the interpretation must change. What is recovered on the
student side is now a subspace of interaction directions, not a single ordered latent trait.

In particular, the local degree-and-spanning requirement is not sufficient. The observed
courses must also span the relevant directions in a way that is globally compatible with a
single factorization. Nor is the proposition a claim that a degree of at least K is necessary
under every possible set of external restrictions or cross-row normalizations; it is the local
requirement for unrestricted profile recovery conditional on the opposite-side profiles. For
example, observing a student in K courses with linearly dependent demand vectors still

leaves some skill directions unidentified.

Theorem A.6 (Sequential sufficient condition). Suppose the noiseless residuals ri. = uZT Ve
are observed on E. Assume there are seed sets Sy € S and Cy C C with |Sy| = |Co| = K such
that every pair in So X Cy is observed and the corresponding residual submatriz has rank K.

Suppose further that the remaining vertices can be ordered so that each new student is
observed in at least K previously recovered courses whose v, vectors span RX | and each new
course is observed for at least K previously recovered students whose u; vectors span RE.
Then the interaction profiles (U, V') are uniquely determined up to a single global change of

basis.

Proof. The seed submatrix has rank K, so it admits a rank-K factorization with full-rank
student and course factors. Any two such factorizations differ by a single invertible change of
basis. This fixes a coordinate system up to that global transformation.

Proceed along the stated ordering. When a new student 7 is observed in previously
T

recovered courses whose profiles span R¥ | the equations u; v. = 7, uniquely determine u; in

the current coordinate system. When a new course c is observed for previously recovered
T

students whose profiles span R¥| the equations u; v. = 7, uniquely determine v.. Induction
recovers all profiles in the same coordinate system, leaving only the initial global change of

basis. O

Theorem A.6 makes explicit why simple connectedness is no longer enough. Scalar additive
effects can be chained through single overlap paths. A K-dimensional interaction requires

overlap that spans K directions.

51



A.5 Noisy Latent Scores under MCAR Missingness

The next result records the direct perturbation analogue of Theorem A.2. It is an oracle

latent-score statement, not a complete theory of sparse ordinal transcript estimation.

Theorem A.7 (MDE consistency under dense MCAR latent-score observation). Assume the
MDAI model (20). Let ;. ~ Bernoulli(p) be independent observation indicators, independent
of the shocks, with fixred p € (0,1]. Observe Y. = Q;.P,. and form the inverse-probability-
weighted matriz P with entries f’ic =Y,./p. Let

P = M, PM,,

and let I7K be its top K left singular vectors. Let S = UV and let Uy be any orthonormal
basis for col(U). Suppose ok (S) > 0 and that, for constants A, D, By < o0,

|ai| S A7 |dc| S D7 |u;‘rvc| S BO

for all i,c. Define
A —+ D + BO + o

(Vn++v/m).
p

If the shocks are independent mean-zero random variables with sub-Gaussian norm ||gc|y, < o,

An7m7p =

then there exist universal constants C, ¢ > 0 such that, with probability at least 1 —2 exp{—c(n+

m)},

- Anm
Hsin@(UK,UK)HOp < min{l, C’UK’(S;I)’} :

Consequently, along any sequence of problems with fized p and Ay ;mp/0k(S) — 0, the

recovered student interaction subspace is consistent in operator-norm sine distance.

Proof. Write
P'=al) —1,d" +UV',  My=A+ D+ B,.

Then |P2| < M, for every 4, c, and

Qic
p

Qic
p

P=P"+W Wi:(

Conditional on the fixed arrays (a,d, U, V'), the entries W;, are independent and mean zero.
The first term is bounded in absolute value by Mj/p, hence has sub-Gaussian norm at most a
universal constant times My /p. The second term has sub-Gaussian norm at most a universal

constant times o /p, because multiplication by the Bernoulli indicator and scaling by 1/p
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preserve sub-Gaussianity up to that factor. Therefore

M0+0'

[Wiell, < C

for a universal constant C}.

Double-centering yields
P = M, PM,, + M,WM,, =S + M, W M,,

where M, P°M,, = S by the proof of Theorem A.2. A standard rectangular matrix con-
centration bound for independent, centered, uniformly sub-Gaussian entries gives universal

constants Cy, ¢ > 0 such that, with probability at least 1 — 2exp{—c(n + m)},

M0+O'

”MnWMmHop S ||W||0p S CQ P

(\/ﬁ + \/ﬁ) = CQAn,m,p'

On this event, if CyA,, ., , < 0k (5)/2, Wedin’s singular-subspace perturbation bound for the
rank- K signal S gives

A
< 20, =P
2ok (S)

, ~ 2|| M, W M, ||

O(Uk, U < P

If instead CoA, ., > 0k (S5)/2, the trivial bound || sin @((A]K,UK)HOp < 1 is bounded by
CA,mp/ok(S) for a sufficiently large universal constant C'. Combining the two cases yields

the displayed minimum bound. O

The theorem deliberately assumes dense MCAR observation and latent cardinal scores.
Ordinal grades require an ordered-response first stage, and sparse or strategically selected
transcripts require additional graph-dependent and selection-model assumptions. Those
qualifications are not nuisances; they are the multidimensional version of the paper’s central
point that transcript information is valuable only when the observation structure contains

enough overlap to separate student effects, course effects, and match effects.
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