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1 Introduction

The economics literature on early childhood development models parental investment as a process
in which parents lead and children follow. In the technology-of-skill-formation framework, the
child is a passive recipient: the parent chooses how much to invest, and the production function
maps those investments into developmental outcomes (see, e.g., Cunha and Heckman 2007; Al-
mond and Currie 2011; Cobb-Clark, Salamanca, and Zhu 2019). More recent models endow the
child with agency, but preserve the sequential structure: the parent’s decisions come first, and
the child follows with a response (Akabayashi 2006; Lizzeri and Siniscalchi 2008; Cosconati 2008;
Doepke and Zilibotti 2017; Seror 2022; Del Boca, Flinn, Verriest, and Wiswall 2026; Verriest 2024).
This paper reverses the timing within the interaction episode. The child signals first, by emitting
a vocalization, a gesture, a bid for joint attention, and the parent’s investment is a response to
that signal. The developmental return to the parent’s response is increasing in both the inten-
sity of the child’s cue and the degree to which the parent’s response is calibrated to that cue, a
prediction consistent with a large developmental literature establishing that it is the contingent,
cue-calibrated nature of parental responses, not the mere quantity of parental input, that drives
early development (Ainsworth, Blehar, Waters, and Wall 1978; Ainsworth 1985; Landry, Smith,
and Swank 2006).

Responsive parenting requires the parent to navigate two sequential barriers. The first is be-
lieving: the parent must hold accurate beliefs about the returns to responsive interaction (Cunha,
Elo, and Culhane 2013; Boneva and Rauh 2018; Attanasio, Cunha, and Jervis 2019). The second is
acting: even a parent who believes must allocate cognitive attention to reading child cues, which
is costly when bandwidth is constrained by poverty, stress, and competing demands (Shah, Mul-
lainathan, and Shafir 2012; Mani, Mullainathan, Shafir, and Zhao 2013). Low bandwidth makes
both barriers harder simultaneously: it raises the psychological cost of accurate beliefs, because
the parent knows she cannot fully deliver on them, and it degrades the quality of cue detection,
because attention is expensive. When both barriers are active, they interact to produce a self-
sealing trap. The distorted beliefs suppress responsive engagement, uniform responses generate
no calibrating evidence, and the distortion is confirmed.

We develop a two-stage model that formalizes both barriers. In Stage 1, the parent chooses a
working belief about the returns to responsive interaction, trading off the material value of accurate
beliefs against the psychological cost of holding beliefs she cannot act on (Bénabou and Tirole 2002;
Bénabou 2015; Hyland and Albarracin 2025). In Stage 2, taking the working belief as given, the
parent decides how attentively to monitor child cues, using the rational inattention framework of
Sims (2003) with Shannon mutual information costs. The model identifies four channels through
which interventions can escape the trap: the belief channel, which raises the accuracy cost of
downward distortion; the cue-detection expertise channel, which lowers the threshold belief required

for cue detection to activate; the bandwidth channel, which reduces the attention cost and the



psychological cost simultaneously; and the trap compression channel, which shrinks the set of prior
means for which the trap is structurally active.

The economics literature on parenting has extensively formalized the control dimension of
parental behavior, meaning the degree to which parents direct, monitor, encourage, incentivize,
and even discipline their children (Akabayashi 2006; Cosconati 2008; Doepke and Zilibotti 2017;
Lizzeri and Siniscalchi 2008; Del Boca, Flinn, Verriest, and Wiswall 2026; Verriest 2024). This
paper formalizes the responsiveness dimension, meaning the degree to which parents read and
respond to child-initiated communicative cues, which the developmental psychology literature
identifies as a consequential dimension for early development (Ainsworth, Blehar, Waters, and Wall
1978; Ainsworth 1985; Landry, Smith, and Swank 2006). The closest antecedents are Lizzeri and
Siniscalchi (2008), Seror (2022), and Cobb-Clark, Salamanca, and Zhu (2019). Lizzeri and Siniscalchi
(2008) model the parent as an environmental manipulator who shelters the child from the costs
of mistakes, trading off short-term protection against long-term learning. Seror (2022) models the
parent as a signal sender and reward provider who communicates the correct action and provides
affection when the child’s behavior is sufficiently close to the optimum. Cobb-Clark, Salamanca,
and Zhu (2019) model parenting style as a household production function with three inputs —
time, market goods, and attention — and show that socioeconomic disadvantage constrains the
attention-intensive component of parenting by taxing cognitive bandwidth. Heckman and Mosso
(2014) identify understanding the mechanisms behind parent-child interactions, and the channels
through which parenting influences child development, as crucial tasks for the next generation of
studies in human development. This paper formalizes the responsiveness dimension of parenting
as a cue-detection problem, identifies four channels through which interventions can improve
responsive engagement, and tests the model’s predictions in a randomized controlled trial.

Almond, Currie, and Duque (2018) identify the failure to distinguish parental preferences from
information constraints as a central gap in the literature on early childhood investment. A substan-
tial empirical literature has established that parental beliefs about the returns to early investment
are measurable (Cunha, Elo, and Culhane 2013; Boneva and Rauh 2018; Giannola 2023) and predict
parental investment decisions in unitary (Attanasio, Cunha, and Jervis 2019; List, Pernaudet, and
Suskind 2021; Conti, Giannola, and Toppeta 2022; Bhalotra, Delavande, Font-Gilabert, and Maselko
2025) or household models (Walker, Grosjean, Cristia, and Delavande 2024). An important open
question remains. Can interventions durably change beliefs? Some programs produce belief ef-
fects (Cunha, Gerdes, Hu, and Nihtianova 2024; Dupas, Falezan, Jayachandran, and Walsh 2025);
others produce behavioral change without belief change (Attanasio, Cunha, and Jervis 2019). The
literature lacks a theory of how beliefs are formed, why they predict investments, and why some
interventions change beliefs while others do not. This paper provides a theory and tests it: using
a randomized controlled trial, we show that an intervention that activates the belief channel, the
cue-detection expertise channel, and the trap compression channel moves parental beliefs by 87%

of a standard deviation and parental investments by 30% of a standard deviation.



Attanasio (2026) surveys a large literature on the economics of early childhood development.
This comprehensive survey discusses parent-directed programs designed to improve the early
childhood environment, including home visitation programs, group-based parenting interven-
tions, and psychosocial stimulation programs, such as Reach Up and Learn (Grantham-McGregor,
Powell, and Himes 1991; Gertler et al. 2014; Gertler et al. 2021; Attanasio et al. 2014) and the
Nurse-Family Partnership (Olds, Henderson, Tatelbaum, and Chamberlin 1986; Heckman, Hol-
land, Makino, Pinto, and Rosales-Rueda 2017). This literature documents substantial heterogeneity
in program effectiveness but, as Attanasio (2026) notes, lacks a framework that explains what works
for whom and why, one that offers a tighter link between parent-directed programs, theory, econo-
metric methods, and data. The model developed in this paper provides a step in that direction.
Any parent-directed program can be characterized by which of the four channels it activates — be-
lief, cue-detection expertise, bandwidth, or trap compression — and the model generates testable
predictions about what the program will and will not achieve before an RCT is run. This makes
the framework useful not only for researchers evaluating existing programs, but for policymakers
designing new ones.

We test the model in the language domain because it is currently the only domain in which avail-
able measurement technology distinguishes the cue-contingent component of parental investment
from its level at scale. Observational tools such as the Parenting Interactions with Children:
Checklist of Observations Linked to Outcomes (PICCOLO; Roggman et al. 2013) and survey-based
instruments such as the StimQ Toddler (Cates et al. 2023) capture the responsiveness dimension
across domains, but neither is objective nor scalable: PICCOLO requires trained observers and
a structured play session, and StimQ relies on caregiver self-report, making both impractical for
large-scale naturalistic measurement in school district settings. The LENA system’s Advanced
Data Extractor records conversational turns decomposed by initiator in the home, continuously,
without a research team present, separating child-initiated exchanges, which capture the behav-
ioral signature of a parent reading and responding to child cues, from adult-initiated speech, which
reflects level investment regardless of the child’s signal. The framework is general; the limitation is
the measurement technology, and the language domain is where that technology currently exists
at scale.

We test the model’s predictions using a randomized controlled trial of the LENA Start Program,
a ten-week group-based parenting intervention delivered by the Alief Independent School District
in Houston, Texas. The RCT is an experiment in which the model’s four testable implications are
put to the data. The program is well-suited to this purpose because it activates multiple channels

simultaneously: Education and Reporting operate through the belief channel; Coaching and Book

* Automatic detection of child-adult interaction is an active area of research, and more recently developed systems
such as Lavechin, Bousbib, Bredin, Dupoux, and Cristia (2020) arguably outperform the LENA system on key segmen-
tation tasks (see also Cristia, Bulgarelli, and Bergelson 2020). Our reliance on LENA is not incidental: the feedback
mechanism that is central to the intervention, in which parents receive personalized weekly reports on their child’s
language environment, depends on the fully automated recording, processing, and report generation pipeline that the
LENA system provides. No alternative system is currently deployed at this scale in school district settings.



Reading operate through the cue-detection expertise channel; and Feedback operates through
the trap compression channel.> The model predicts effects on parental beliefs and responsive
engagement concentrated in child-initiated conversational exchanges, and null effects on global
preferences and general self-efficacy. All four predictions are confirmed: treatment increases the
belief factor score by up to 87% of a standard deviation, conversational turns by about 30% of a
standard deviation, and produces no detectable effects on global preferences or self-efficacy.

The remainder of the paper is organized as follows. Section 2 develops the model. Section 3
solves it by backward induction and characterizes the self-sealing trap. Section 4 maps the LENA
Start Program onto the model’s channels and derives four testable implications. Section 5 describes
the experimental design, measurement strategy, and data. Section 6 reports the results. Section 7

discusses implications for the beliefs literature and the design of parent-directed programs.

2 Model

A parent invests in the development of a young child through responsive interaction. Respon-
sive parenting involves detecting and responding to child-initiated communicative cues, such as
vocalizations, gestures, and bids for attention, in ways that sustain the child’s engagement. The de-
velopmental value of such interactions depends on two quantities that are not directly observable
to the parent: the returns to responsive interaction, y, and the child’s cue rate, 6.

The parameter v € R measures the marginal developmental value of a unit of responsive
engagement. The child’s cue rate 6 € [0,1] is the probability that a given interaction opportunity
generates a detectable, response-worthy cue. The parent holds a reference model for y and rational
beliefs about 0, as described below.

The parent is endowed with bandwidth b > 0, which indexes the cognitive and attentional
capacity available for responsive engagement. Bandwidth constrains the parent’s decisions at
every stage: it raises the psychological cost of holding accurate beliefs in Stage 1, and it constrains
the intensity of cue detection and response in Stage 2. The parameter p > 0 captures cue-
detection expertise, that is, the quality of context-specific skill in reading and responding to
child communicative bids, which augments what the parent can accomplish under bandwidth

constraint. Higher p reduces the cognitive cost of cue detection for a given level of b.

Two barriers to responsive parenting. The central insight of the model is that responsive par-
enting requires the parent to successfully navigate two distinct and sequentially linked barriers,

each governed by a different psychological mechanism and each capable of independently block-

*Delivering personalized weekly feedback is feasible with the LENA system because recording, scoring, and report
generation are fully automated: the parent wears the device at home, uploads the recording, and receives a report
without a research team present. An observational instrument such as the PICCOLO could, in principle, capture the
responsiveness dimension, but the feedback cycle would require bringing the parent and child to the school district
each week, setting up a structured play session, scoring the interaction with a trained observer, and then generating and
sharing a report. Such a protocol is not feasible given the resources of a school district program.



ing responsive investment. The model has two stages, solved by backward induction, with each
barrier corresponding to one stage.

The first barrier is believing: the parent must be willing to hold accurate beliefs about y as her
operative working belief. A parentwhose prior (py,o, 0%,)0 ) indicates that responsive parenting has
high returns may nonetheless distort her working belief downward, because holding an accurate
belief about high v is psychologically painful when bandwidth is low and the shortfall between
aspiration and constrained capacity is large. Motivated reasoning, not ignorance, sustains the
distorted belief. The degree of distortion depends on the tightness of the prior: a parent with a
diffuse prior faces a low accuracy cost and has wide scope for motivated belief revision, while a
parent with a tight prior is more constrained. This is the mechanism governing Stage 1.

The second barrier is acting: even a parent who holds accurate prior beliefs about y may fail to
translate them into responsive engagement if her working belief falls below the threshold at which
reading child cues becomes worthwhile. Below this threshold, the parent responds uniformly
regardless of the child’s cues, generating no calibration evidence to sustain or reinforce accurate
beliefs. The trap is self-sealing. This is the mechanism governing Stage 2.

These two barriers interact. Low bandwidth simultaneously increases the psychological pain
of accurate beliefs and degrades the quality of engagement. The model identifies four channels
through which interventions can address the two barriers, each targeting a distinct element of the
model and each capable of moving the parent toward responsive engagement independently or in
combination. Understanding this structure is essential for designing interventions that work, and
for understanding why interventions that activate only one channel may fall short when the other

barriers remain intact.

2.1 Stage 1: Motivated Belief Distortion
2.1.1 Reference Prior

The parent holds a reference prior over the returns to responsive interaction y. We model this as

a Normal distribution,

¥~ N(ky,0, 03 0) (1)

where the choice of family is made for tractability and is without loss of generality for the qualitative
results.3 The prior mean p, o € R is the parent’s baseline belief about the returns to responsive in-
teraction, representing accumulated knowledge from upbringing, cultural norms, social networks,

and prior experience with child development.# The prior variance Gf, o > 0 captures baseline

3As we show in Section 2.1.3, the accuracy cost D, coincides with the Kullback-Leibler divergence between two
Normal distributions, which justifies the precision-scaled quadratic specification introduced below.

4The model takes the reference prior mean p, o as given and treats departures of the working belief, which we
introduce below, from 1, ¢ as belief distortion. This requires an implicit assumption: that ., o is the relevant benchmark
against which distortion is measured. Two interpretations are consistent with this assumption. Under the first, y varies
across families and ., accurately reflects the family-specific marginal productivity of responsive investment, so that
distortion is a departure from the true return for a given family. Under the second, (1, o may itself be a biased prior,



uncertainty about y: a large Gwz/’o reflects substantial uncertainty about whether and how much
responsive parenting matters, while a small (T%/) o reflects a tight prior. Both parameters vary across
parents, reflecting heterogeneity in prior exposure to information about child development.

This parametrization is empirically grounded. A first body of evidence establishes that parental
beliefs about the returns to investment are heterogeneous and consequential. Cunha, Elo, and
Culhane (2013) first documented systematic heterogeneity in maternal beliefs about both child
potential and the returns to parental investment. Attanasio, Cunha, and Jervis (2019) provide the
most direct evidence: using elicited subjective production functions from a randomized controlled
trial in Colombia, they show that mothers systematically underestimate the marginal produc-
tivity of their investments and that these beliefs predict actual investment decisions. A second
body of evidence establishes that this heterogeneity follows a clear socioeconomic gradient. List,
Pernaudet, and Suskind (2021) show that higher-SES parents are substantially more likely to be-
lieve that parental investments affect child development, with low-SES parents’ beliefs averaging
half a standard deviation below those of higher-SES parents. Boneva and Rauh (2018) show that
belief heterogeneity varies by household income and contributes to intergenerational earnings
persistence. Most directly relevant to our model, Bhalotra, Delavande, Font-Gilabert, and Maselko
(2025) show that the SES gap in parenting investment is driven by heterogeneity in beliefs about
developmental returns rather than by heterogeneity in preferences for child outcomes—precisely

the mechanism through which p, o generates investment differences in our framework.

2.1.2 Psychological Cost of Accurate Beliefs

The parent enters Stage 1 facing a decision that is absent from standard models: she must choose
the working belief {1, that will govern her behavior in Stage 2, knowing that accurate beliefs may
be psychologically costly to hold. We model this cost through a shortfall between what the parent
believes she could achieve and what her constraints allow her to deliver.

To define this shortfall, let V> (fi,,b, p) denote the Stage 2 continuation value, which integrates
over the child’s cue rate 0 through the information structure introduced in Section 2.2. Define
V5(fiy) as the value the parent would achieve if cognitive resources were free, that is, if the
attention cost were zero.> When the parent operates under a bandwidth constraint, V, falls short
of V3. A parent who believes responsive parenting matters but knows she cannot fully deliver it

confronts a painful discrepancy between aspiration and capacity. We define the psychological cost

for example, one that underestimates y due to limited exposure to information about child development. The model’s
predictions are identical under both interpretations, since what drives these predictions is the relationship between
Ky,0 and the threshold for the corner regime we derive below, not whether 1, o equals the true y. The paper uses the
language of accurate and distorted beliefs as shorthand for the relationship between prior and working beliefs without
taking a stand on whether (1, o itself is unbiased.

SUnder this benchmark, uncertainty about 6 can be resolved through the signal at zero cost. The benchmark is
endogenous, derived from the model’s primitives rather than imposed as an exogenous aspiration; its closed-form
expression is established in Section 3.1.1. Crucially, we show that V3 does not depend on b or p, since these parameters
enter only through the attention cost.



as a scaled version of this shortfall:

G(ﬁﬂ/)b) p) =y [Vik(':ly) - VZ(I:LV)b)p)] (2)

where 1 > 0 governs the intensity of the psychological response. As we establish in Section 3.2.1,
G is increasing in {i,: a parent with higher beliefs about the returns to responsive interaction
perceives a larger shortfall between what she aspires to achieve and what her constraints permit.
This is the motive for downward belief distortion, not a preference for false beliefs per se, but a
rational response to the aversiveness of accurate beliefs that cannot be acted upon.

Three bodies of evidence support this structure. First, a mature theoretical literature establishes
that agents trade off the hedonic benefits of distorted beliefs against the decision costs of inaccuracy
(Bénabou and Tirole 2002; Bénabou 2015; Brunnermeier and Parker 2005; K&szegi 2006). In these
models, belief distortion is not a cognitive failure but a rational response to the psychological costs
of accurate self-assessment.

Second, experimental evidence confirms that accurate beliefs are psychologically costly and
that individuals distort beliefs in response. Celik-Katreniak (2021) show that improving self-
assessment accuracy is associated with lower happiness even when it improves performance,
direct evidence for the psychological cost of accurate beliefs that our model formalizes as G.
Castagnetti and Schmacker (2022) show that belief distortion is specific to ego-relevant domains
and absent in control conditions, consistent with the model’s assumption that G operates through
domain-specific aspiration-capacity gaps rather than general confidence. Drobner and Goerg
(2024) show that individuals who receive poor feedback on an 1q test retroactively downplay the
importance of the test to protect their self-image, and update beliefs more optimistically than
Bayesian benchmarks when the task is framed as highly relevant to their self-worth. Thunstrém,
Nordstrom, Shogren, Ehmke, and Veld (2016) extend this to the limiting case: individuals choose
to remain ignorant of accurate self-threatening information even when acquiring it is costless,
consistent with a model in which accurate beliefs are avoided when acting on them is infeasible.

Third, evidence from aspiration research provides direct empirical grounding for the shortfall
structure captured by the G function we introduce below. Lim (2020) shows that chronic illness
widens the gap between current life evaluation and desired future outcomes, generating psycho-
logical distress that is increasing in the gap and more severe among low-income individuals. This
finding suggests a structure that maps directly onto G, which is increasing in the shortfall and
larger when bandwidth b is smaller. Hanell (2022) provides complementary evidence using data
from over 14,000 individuals across ten western European countries: when life outcomes fall short
of self-enhancement aspirations, specifically aspirations for success and wealth, the gap itself re-
duces life satisfaction above and beyond objective circumstances, consistent with a psychological
cost that is driven by the shortfall rather than by the level of deprivation alone. We now formalize

this structure.



2.1.3 Accuracy Cost of Belief Distortion

Departing from the reference prior is costly. The parent bears an accuracy cost that is increasing
in the distance between her working belief {1, and her reference prior mean . 5. We specify this

as a quadratic penalty scaled by prior precision:

_ Ay
- 2
ZG%O

(ﬁy - FLy,O)Z (3)

Dy(ﬁwm FW,O»O}Z/,())

where A, > 0 scales the overall cost. This specification coincides exactly with the Kullback-Leibler
divergence from the working belief to the reference prior under the Normal family assumed in
equation (1), so the precision-scaled quadratic is not an arbitrary choice but a direct consequence of
the distributional assumption.® The precision scaling 1/ crf,)o is the key feature of D,. A parent with
a tight prior faces a high cost of sustaining a distorted working belief and is therefore constrained
in how far she can shade {1, away from ., . A parent with a diffuse prior faces a low accuracy cost
and has wide scope for motivated belief revision. This is the channel through which heterogeneity
in prior information shapes the degree of belief distortion: parents who are better informed about
the returns to responsive interaction, those with smaller 0\2% o- distort less. This delivers a testable
prediction: information interventions that tighten parental priors should reduce the scope for

motivated reasoning, not merely shift its center.

2.1.4 Belief Distortion Problem

The parent chooses {1, to maximize an objective that trades off three forces: the continuation value
of Stage 2 engagement, the psychological cost of accurate beliefs, and the accuracy cost of departing

from the reference prior:

Ay
2
20%0

max  Va(fly,b,p) — (iy = Hy,0)% = Glfy, b, p) 4)
The structure of problem (20) reveals the central tension of Stage 1. Higher {1, raises V> by
inducing greater engagement in Stage 2, but also raises G by widening the perceived shortfall
between aspiration and capacity. The accuracy cost D, disciplines the downward adjustment: a
tight prior makes belief distortion expensive, while a diffuse prior leaves wide scope for motivated
revision. The optimal working belief {1}, and its comparative statics are characterized in Section 3.2,
where we show in particular that bandwidth-constrained parents distort more severely and that

the degree of distortion is decreasing in prior precision.

®Hyland and Albarracin (2025) develop a resource-rational framework in which agents weigh belief utility against
the KL-divergence cost of revising their prior, providing independent theoretical support for this specification.



2.2 Stage 2: Cue Detection and Responsive Investment

In Stage 2, the parent observes opportunities to interact with the child and decides how attentively
to monitor for response-worthy cues. The working belief {1, chosen in Stage 1 enters Stage 2 as
a parameter: the parent takes her operative belief about the returns to responsive interaction as

given and optimizes engagement intensity conditional on it.

2.2.1 Payoff Function

The primitive payoff given response intensity x > 0 and cue intensity 0 is:

u(x,0) = fi, 0 Inx — 2]76 (lnx—lan)2 (5)

The first term is the developmental return: the product of the believed return to responsiveness
(fvy), the cue intensity (0), and the log of response intensity (Inx). The inclusion of this term in
the payoff function is grounded in an extensive developmental literature establishing that it is the
contingent, cue-calibrated nature of parental responses to child-initiated bids, not the quantity
of investment alone, that drives early language and cognitive development. Romeo et al. (2018)
demonstrate that conversational turns predict activation in the left inferior frontal gyrus (Broca’s
area, a brain region critical for language processing) during story listening, independently of so-
cioeconomic status, 1Q, and total adult speech, and that a family-based intervention increasing
conversational turns produced structural brain changes in regions associated with language de-
velopment. Luchkina and Xu (2024) and McGillion et al. (2013) show that only utterances that are
both semantically appropriate and temporally contingent on infant vocalizations predict vocabu-
lary growth, while the total amount or simplicity of language input does not. Tamis-LeMonda,
Kuchirko, and Song (2014) explain the mechanism: temporal contiguity and contingency facilitate
word-to-referent mapping by demonstrating the communicative nature of language, not merely
exposing the child to more words. The payoff function (5) captures this directly. It is zero if the
child emits no cue (0 = 0), regardless of the parent’s response intensity, and it is maximized when
the parent’s response is calibrated to the child’s actual cue rate.

The distance function % (Inx —Inx®)? captures the cost of departing from the parent’s habitual
mode of engagement. This cost is distinct from the bandwidth cost we introduce below. The
distance function captures the cost of operating at a responsiveness level that differs from the
parent’s established behavioral default. Three complementary bodies of evidence motivate this
assumption.

First, parenting behavior is highly routinized, and departures from established routines are
costly. Wood, Tam, and Guerrero Witt (2005) show that changing circumstances disrupts learned
response patterns and shifts behavior toward intentional control, implying that operating outside
a habitual mode requires deliberate effort that is not required within it. Thomas, Poortinga, and

Sautkina (2016) provide direct evidence that habits weaken under sufficiently large contextual
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disruptions but reassert themselves as the new environment becomes stable, consistent with au-
tomatic processes taking over and reducing the influence of conscious intentions. This dynamic
supports modeling the habitual default as a strong attractor from which large departures are
disproportionately costly to sustain. Chetty and Szeidl (2016) formalize this as a consumption
commitments model in which adjustment costs generate smooth dynamics for small shocks but
qualitatively different responses for large ones. Their structure also motivates the convex penalty
in (Inx — InxR)2.

Second, responding more contingently than the habitual default requires overriding automatic
parenting responses, and this override is effortful independently of attention allocation. Zhang,
Gatzke-Kopp, Cole, and Ram (2022) conceptualize effective parenting in the context of challenging
child behavior as requiring the inhibition of prepotent reactions through higher-order executive
processes, allowing parents to balance the external demand of responding to the child with the in-
ternal demand of restoring their own physiological equilibrium, thus explicitly distinguishing this
self-regulatory demand from attentional constraints. Tate, Trofholz, Youngblood, Goldschmidt,
and Berge (2024) provide ecological momentary assessment evidence that resource depletion ear-
lier in the day predicts more coercive parenting practices at dinner, consistent with depleted
self-regulatory capacity pushing parents toward reactive defaults.” The cost is symmetric: just as

deviating below xR R

involves reverting to reactive defaults, deviating above x" involves sustaining
a level of contingent responsiveness that exceeds what is automatic, which is effortful in the same
way.

Third, departures from one’s own habitual engagement standard generate psychic costs through
self-evaluative comparison. Stone and Cooper (2001) show that dissonance arises when people
evaluate behavior against personal idiosyncratic standards represented in memory, explicitly dis-
tinguishing this self-anchored comparison from deviation from external norms. Oh, Lee, and Cho
(2023) provide direct evidence that larger discrepancies between actual and ideal self-concepts
generate greater shame, while actual/ought discrepancies generate greater guilt, consistent with
psychic costs that are increasing in the magnitude of deviation from internalized self-standards.
In parenting contexts specifically, Liss, Schiffrin, and Rizzo (2013) and Kenny and Robinson (2026)
show that maternal self-discrepancies predict guilt and shame, and Slobodin, Cohen, Arden, and
Katz (2020) shows that maternal guilt acts as a self-evaluative reaction associated with an increased
use of controlling parenting practices.

The three components are complementary: habit persistence makes the default easy to execute
and costly to depart from, self-regulation costs make overriding automatic responses effortful,
and psychic inconsistency costs generate negative affect when behavior departs from internalized

self-standards. Together they justify a departure cost that is smooth, symmetric, and convex in

"The ego depletion literature on which this argument draws has faced replication challenges (Hagger et al. 2016).
Our assumption rests on the weaker claim that overriding automatic responses requires effortful control, which is sup-
ported directly by parenting-specific evidence (Zhang, Gatzke-Kopp, Cole, and Ram 2022; Tate, Trofholz, Youngblood,
Goldschmidt, and Berge 2024; Geeraerts et al. 2021) independently of the broader ego depletion hypothesis.
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(Inx — InxR), with the log-quadratic form 2]—5(1nx —InxR)? adopted as a tractable representation
of these properties.

Parenting interventions can raise xX through two distinct mechanisms. The first is repertoire
building: programs that teach parents to integrate interaction activities into daily routines (narrating
during cooking, naming objects during shopping, dialogic reading at bedtime) expand the parent’s
default repertoire of engagement, raising her habitual baseline regardless of the child’s specific
cue (Grantham-McGregor, Powell, and Himes 1991). The second is target anchoring: programs that
set specific, quantitative goals for parental engagement (as it is done in the intervention we study
in this paper) anchor the parent’s reference level to a higher benchmark. Both mechanisms raise
xR, improving the parent’s default level of engagement regardless of whether the interaction is

calibrated to the child’s specific cue.

2.2.2 Cue Detection and Information Structure

The parent’s prior over 0 is:
0 ~ Beta(c, ), (6)

where « and B are determined by the rational posteriors 1 and o3 via the standard Beta-

distribution moment conditions:

o« 2 o
Mo = 5% %9 7 a+p2(atp+1)

In a given interaction episode of length n, the number of cues s the parent detects is distributed as:
s |8 ~ Binomial(n,0). (7)

Integrating over the Beta prior, the marginal distribution of s is Beta-Binomial. The episode length
n is the parent’s choice variable: it indexes the attentional investment devoted to monitoring for
cues, and therefore the precision with which the parent reads the child’s signal.

The outcome of the parent’s attention choice is a posterior belief about the child’s cue rate ©.
After observing s cues in an episode of length n, the parent updates her prior 6 ~ Beta(«, ) using
Bayes’ rule. Under the Beta-Binomial structure, the posterior distribution of 6 given s remains Beta

with updated parameters, and the posterior mean is:
S
E(0s) = wepe + (1 —we) (8)

It is this posterior mean that enters the parent’s optimal response in Stage 2, linking the attention
choice wg to the behavioral outcome x*(s).
The Beta distribution is the conjugate prior for the Binomial likelihood, so the parent’s posterior

after observing s cues in n opportunities remains Beta, with updated parameters that incorporate
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the new evidence. This conjugate structure delivers a simple relationship between the episode
length n and the posterior-to-prior variance ratio wg:

x+ 3

R ©)

More monitoring — alonger episode n —reduces wg, tightening the posterior around the observed
cue frequency. No monitoring —n = 0 — leaves wg = 1 and the posterior equal to the prior.

This conjugate structure is not only an assumption imposed for tractability, but it is also what
standard Bayesian updating delivers when the unknown parameter is a probability and the data
are counts. Equation (9) establishes a one-to-one, monotone decreasing relationship between the
episode length n and the posterior-to-prior variance ratio wg: every value of n > 0 maps to a
unique wg € (0, 1], and every wg € (0, 1] corresponds to a unique n > 0. The parent’s problem
can therefore be equivalently stated as a choice over wg rather than n, which is the formulation
adopted in Section 3. This reparameterization has two advantages: it directly connects the parent’s
attention choice to the precision of her posterior belief about 6, and it allows the cost function
Clwe) = —Inwg to be expressed in terms of the informativeness of the signal rather than the raw
episode length.

Finally, the Beta-Binomial structure treats the child’s cue rate 0 as an exogenous property of the
child, abstracting from models in which the child is a strategic agent who responds to parental
behavior (Seror 2022; Lizzeri and Siniscalchi 2008). For children about two years of age, which is
the population we study, this abstraction is a reasonable approximation: communicative bids at
this developmental stage are arguably driven by the child’s internal state and developmental level

rather than by strategic responses to parental engagement.

2.2.3 Attention Cost Function

The unit cost of information is:
Ko

b(1+p)

where ko > 0 is the base cost of cognitive processing, b > 0 is the parent’s bandwidth, and p > 0

k(b,p) = (10)

is the parent’s cue-detection expertise in the current context. Bandwidth b captures the parent’s
general cognitive resources available for parenting at any given moment. It is depleted by compet-
ing demands of economic survival, including financial stress, irregular work schedules, household
management, fatigue, and the cognitive load of navigating poverty. Shah, Mullainathan, and Shafir
(2012) document that scarcity taxes cognitive bandwidth, reducing performance across domains
that require deliberate attention. Mani, Mullainathan, Shafir, and Zhao (2013) provide experi-
mental evidence that financial concerns directly impair cognitive function, reducing performance
on fluid intelligence and impulse control tasks. In our model, low b means that every unit of

information the parent acquires about the child’s cue is expensive, not because the child’s signals
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are hard to read in an absolute sense, but because the parent’s cognitive resources are consumed
by other demands. A parent who is worried about rent, managing multiple children, and cooking
dinner simultaneously has little bandwidth left for reading a toddler’s subtle cues. Cheremukhin,
Popova, and Tutino (2011) document substantial heterogeneity in individual-level attention costs,
consistent with our model’s prediction that b varies across parents.

Cue-detection expertise p captures the parent’s capacity to notice, interpret, and respond to
child communicative bids, built through deliberate practice of serve-and-return interactions. A
parent with high p has developed perceptual sensitivity to her child’s signals: she notices when
the child shifts attention, waits for the child to initiate before responding, and recognizes when
one interaction ends and another begins. These skills reduce the effective attention cost because
cue detection has become partly automatic — the parent no longer needs to deploy deliberate
cognitive effort to read signals that once required sustained, bandwidth-consuming attention.
The Filming Interactions to Nurture Development (FIND) program provides a direct empirical
instantiation of p-raising: through video coaching, parents practice noticing and shifting attention
toward the child’s cue, waiting for the child’s serve before responding, and sustaining back-and-
forth exchanges (Fisher, Frenkel, Noll, Berry, and Yockelson 2016). By showing parents objective
video evidence of their own successful serve-and-return interactions, FIND builds automated cue-
detection patterns — the context-specific expertise that p captures — and is anticipated to increase
caregivers’ perceptual sensitivity to infant emotional cues.

The multiplicative structure b(1+ p) implies that bandwidth and cue-detection expertise jointly
determine the effective cognitive resources available for cue detection. The 1 + p specification
ensures that the cost is finite when p = 0 (no expertise): the parent can still read cues, just at the
full bandwidth cost ko/b. When p > 0, each unit of cue-detection expertise reduces the effective
cost proportionally. A parent with high p in a given context behaves as if she had more bandwidth,
not because the competing demands on her attention have diminished, but because cue detection

has been automated and no longer competes for the same cognitive resources.

2.2.4 Cost of Monitoring

Sustained attentive monitoring is costly. We parameterize the cost of choosing episode length n
in terms of the implied posterior precision. Let wg € (0, 1] denote the ratio of posterior to prior

variance of 0 after observing s cues in n opportunities. The cost of monitoring is:
Clwg) = —Inwg > 0. (11)

This log precision ratio cost is increasing in monitoring intensity (wg decreasing) and equals zero
when wg = 1, that is, when the parent exerts no monitoring effort and the posterior equals the
prior.

The cost function (11) is grounded in the rational inattention framework introduced by Sims

14



(2003), in which agents face Shannon mutual information costs when processing signals about the
state of the world. The log precision ratio cost C(wg) = —In wg is a direct implementation of this
framework: it is proportional to the mutual information I(6; s) = —% In wg > 0 between the child’s
cue rate 0 and the signal s, with C(wg) = 2I(0;s), scaled by the unit cost k(b,p). Caplin, Dean,
and Leahy (2022) provide axiomatic foundations showing that Shannon entropy is pinpointed
by two behavioral axioms (Locally Invariant Posteriors and Only Payoffs Matter) establishing the

theoretical uniqueness of this cost function among the class of posterior-separable costs.

2.2.5 Information Acquisition and Optimal Responsive Investment

The child emits a cue of intensity 6 € [0,1], which the parent does not observe directly. The parent
tirst chooses how much attention to allocate to reading the cue (the exposure n), then observes a
signal s, and then chooses how intensely to respond (x). The inner expectation E[- | s] integrates
over 0 given the signal s, and E; then integrates over signal realizations. The Stage 2 value function
therefore integrates over all realizations of 0 by construction, which is consistent with its role as a

continuation value in the Stage 1 problem of Section 2.1. The parent’s full problem is:

V2 (fiy,b,p) = max Eg [max IE[Q,YG Inx — 2]76 (lnx—lan)2 ’ S:|:| —«k(b,p)-C(n) (12)

x>0

=

subject to (6), (7), (10), and (11).

3 Solution

We solve the model by backward induction, beginning with Stage 2 (Section 3.1) and proceeding
to Stage 1 (Section 3.2). The backward induction solution reveals that low bandwidth simultane-
ously facilitates belief distortion and prevents cue detection. These two barriers interact through
recursive complementarity to produce a self-sealing trap, characterized in Section 3.3. The model
identifies four channels through which interventions can address the trap: the belief channel,
which raises the parent’s prior mean p, o above the critical prior mean fi, o; the bandwidth
channel, which raises cognitive bandwidth b, lowering both fi, o and the psychological cost of
accurate beliefs; the cue-detection expertise channel, which raises cue-detection expertise p, with
the same dual effect as the bandwidth channel; and the trap compression channel, which raises
the reference investment In xR, lowering fi, o without affecting the psychological cost function.

Each channel is targetable by a different type of intervention.
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3.1 Stage 2: Cue Detection and Responsive Investment

Define the attention cost threshold:

_ [k(bp) 2Ko
hy = \/ S0 \/5cgb(1+p) (3)

We begin with a lemma that characterizes the key statistical property of the Beta-Binomial signal

structure.

Lemma 1 (Variance of the Beta-Binomial posterior mean). Under the Beta-Binomial structure with
prior © ~ Beta(x, ) and s | © ~ Binomial(n, ), the variance of the posterior mean E(0 | s) over signal
realizations s is:
2 n 2
Vars[E(0 | s)] = 05 - ———— = 05(1 — we) (14)

where 0(23 = oB/l(oc+ B)2 (e + B + 1)] is the prior variance and wg = (oc+ B)/(a+ B + 1) € (0,1] is

the ratio of posterior to prior variance.
Proof. See Appendix A. O

Proposition 1 (Stage 2 optimal choices). Given working belief {i,, bandwidth b, and cue-detection

expertise p, the parent’s optimal monitoring precision and optimal response are:

(i) Optimal monitoring precision.

2k(b,p) .. . _
S22’ if iy >y
wp =4 MY % (15)
1, otherwise
(ii) Optimal response conditional on signal.
2k(b 2k(b .
In® + 5, | 2X02) <1 _ 2 >P§> ] s
Inx*(s) = Hy 9% Hy Qg / T (16)
Inx® + 81y po, otherwise

In the interior regime, the optimal response is a weighted average of a uniform response based on the prior
mean g and a signal-calibrated response based on the observed frequency s/, with the weight on the signal

increasing as Ly rises above fi,. In the corner regime, the parent responds uniformly regardless of the signal.

Proof. See Appendix A. O
The corner solution w§ = 1 — in which the parent acquires no information about child cues and
responds uniformly — is a natural prediction of the rational inattention framework. Mackowiak,

Matejka, and Wiederholt (2018) show that when the stakes associated with a particular dimension
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of the state are sufficiently low relative to the cost of processing, agents optimally choose zero
precision on that dimension, responding uniformly. Matéjka and McKay (2015) establish that with
Shannon costs and discrete actions, rationally inattentive agents may assign exactly zero attention
to some alternatives, producing behavior in which some states are effectively ignored. In our
model, the parent’s working belief ﬁ%“/ falling below a threshold, which we derive below, is the
condition under which the value of information about 6 falls below the processing cost k(b,p),

making the corner solution optimal.
Proposition 2 (Comparative statics of wg). In the interior regime ({1, > fiy):
(i) dw}/dfLy, < O, with the effect proportional to (15,3, so it is strongest at low beliefs.
(i) dwg/db < 0, with the effect strongest when bandwidth is most scarce.
(iii) dwgy/dp < O, with the effect strongest when cue-detection expertise is lowest.

Proof. See Appendix A. O

3.1.1 Indirect Utility

Substituting w§ from Proposition 1 into the Stage 2 objective, the parent’s indirect utility is:

5 1 2k(b, )
Ly po InxR + Eﬁ%, ué + E(éﬁ%cé —ZK(b,p)) + k(b,p) In KA(Z g), if f, >n,
( Oty 05
VZ(H‘Y)b)p) =
S
Ly po InxR + Eﬂf, w3, otherwise
(17)

The function V5 is C!, but not C? in {1, (see Proposition B1, Appendix B). The second derivative
jumps by 2603 at the threshold fi,, reflecting the discrete activation of the calibration channel as
beliefs cross the threshold. In the interior regime, believed returns are complementary to both
bandwidth and cue-detection expertise, see Proposition B2, Appendix B).

The unconstrained benchmark V3 ({1, ), promised in Section 2.1, is obtained by evaluating V, as

k(b,p) — 0:

o 5 5.
V3 (fiy) = fiy e Inx® + EH% wg + EH%/ o3 (18)

Note that V3 does not depend on b or p, consistent with the discussion in Section 2.1.

3.1.2 Discussion

The threshold fi, is the critical belief at which the parent transitions from not reading cues to
reading cues. Proposition B1 establishes that this transition is accompanied by a discrete jump in
the curvature of V, with respect to fLy. Below fi,, the curvature equals 5p3, reflecting only the

level channel: additional believed returns raise the intensity of response but not its sensitivity to
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child cues. Above fi,, the curvature jumps to é(ué + Gé (14 w3g)), reflecting both the level channel
and the calibration channel. Since wg € (0,1] in the interior, the calibration channel adds between
503 and 2503 to the curvature.

This curvature jump has a direct implication for Stage 1. The continuation value V, enters
the Stage 1 tradeoff between the accuracy cost and the psychological cost of the shortfall. Below
fiy, the material value of beliefs grows slowly, and the psychological motive to distort beliefs
downward may dominate. Above [i,, the material value grows more rapidly and the accuracy
motive strengthens. This creates a discontinuity in the incentive to distort: a parent just above the
threshold has more to lose from distorting downward than one just below, even though the two
are close in belief space.

Proposition B2 characterizes the joint productivity of the parameters that govern responsive par-
enting. Parts (i) and (ii) establish that believed returns are complementary to both bandwidth and
cue-detection expertise: a parent who believes responsiveness matters gains more from additional
expertise, and a parent with greater cue-detection expertise gains more from accurate beliefs. Part
(iii) identifies a regime dependence in the complementarity between bandwidth and cue-detection
expertise: the two are complements for constrained parents near the corner (wg > 1/e) and sub-
stitutes for well-resourced parents deep in the interior (wj < 1/e). For parents operating near
the corner, all inputs to responsive parenting are pairwise complements, implying that interven-
tions targeting such parents should treat their components as mutually reinforcing rather than
substitutable.

The threshold fi, clarifies a general principle for intervention design. A program that raises i,
alone increases the parent’s believed returns but leaves fi, unchanged; if the initial {1, is sufficiently
below fi,, the threshold is never crossed and cue detection is unaffected. Conversely, a program
that raises b or p alone lowers {i, but does not raise {i,. Either component, acting in isolation, may
therefore fail to move the parent across the threshold if the gap is too large. An intervention that
simultaneously raises {1, and lowers {i, addresses both barriers at once, and the complementarities

in Proposition B2 imply that such components are mutually reinforcing.
3.2 Stage 1: Motivated Belief Distortion

3.2.1 Psychological Cost Function

We begin by deriving the closed form of the psychological cost G introduced in Section 2.1.2.

Substituting the expressions for V5 and V, from equations (18) and (17) into G(fi,,b,p) =
ﬂ)[Vik(ﬁy) - VZ(ﬁ'yaba p)l:

5203
¥ k(b,p) (1 ting 5) C iy > iy
G(ﬁ’yyb) p) = ’ (19)
? 02 o3, otherwise

18



In the interior regime, G reflects the calibration loss from imperfect cue detection, scaled by 1. In
the corner regime, the parent forgoes the entire calibration gain %ﬁ% 03, 50 G is larger. Note that
in the corner regime G is independent of b and p, a property that will play a central role in the

characterization of distortion below.
Proposition 3 (Properties of G). The psychological cost function G(fi, b, p) has the following properties:
(i) Continuity and differentiability. G is continuous and differentiable at the threshold {i, = fi,.

(ii) Increasing in [L,. 0G/0fL, > 0 in both regimes: the parent can reduce the psychological cost by
distorting [v,, downward.

(iii) Decreasing inb and p. G is decreasing in bandwidth b and cue-detection expertise p in the interior
regime, through k(b,p) = ko/[b(1 + p)l. In the corner regime, G = %5&%, 0% is independent of b

and p.

(iv) Larger shortfall in the corner. At any given {1, < fi,, the parent forgoes the entire calibration gain

%ﬁ%, 0. The shortfall is continuous at {i, and both regimes agree at the threshold.

Proof. See Appendix A. O

Part (iii) captures the central mechanism of the model: lack of bandwidth makes knowledge painful.
A parent with low bandwidth faces a larger shortfall between what accurate beliefs demand and
what her constraints allow her to deliver, making the psychological cost of holding accurate beliefs
higher. The same prior u, o produces more distortion in a more constrained parent, not because

she is less rational, but because the cost of accurate beliefs is objectively higher for her.

3.2.2 Optimal Working Beliefs

The Stage 1 problem is:

A
max  Va(fly,b,p) — =—2—(fiy — iy,0)* — G(fiy,b,p) (20)

iy 203
The Stage 1 solution depends on the parent’s reference model (., o, 612,’0), which varies across
parents and reflects heterogeneity in prior exposure to information about child development. We

summarize the joint contribution of the reference model through the prior ratio:

o = 30 (21)
UY,O

which measures the prior mean per unit of prior variance. A higher ¢ reflects either a more

optimistic prior mean (i, o or a tighter prior Gi’o,

distortion in Stage 1, the first by raising the material return to holding high beliefs, the second by

both of which reduce the scope for downward

raising the cost of departing from the prior mean.
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To ensure the Stage 1 problem is well-posed, we impose the following assumption.

Assumption 1.

A
As = = = 8(ug+03) > (1+1)805 (22)
v,0

where { > 0 and & > 0. Equivalently, Ay/ci)o > 813 + (2 +P)o3).

Assumption 1 requires that the precision-weighted penalty cost A,/ Gwz/)o exceeds o times the
expected squared cue rate (13 + 03 plus the psychological response to cue rate uncertainty (1+1)03.
It serves two roles simultaneously. First, it implies A5 > 0, which is the second-order condition for
the interior regime: without it, the Stage 1 objective is convex in {1, and unbounded above. Second,
it implies the corner second-order condition holds automatically, since 6pé —Ay/ Gi’o — 11)60% <
—As — 1])60% < 0. The condition 012/)0 <A/ [S(ué + 2+ lb)aé)] reveals the fundamental role of
prior precision: a very diffuse prior violates Assumption 1, making the interior regime structurally

ill-posed regardless of other parameter values.

Proposition 4 (Optimal working belief). Under Assumption 1, let As = A,/ GWZ/,O — S(ué + O'é),
B=polnxR+Aydo, P=As+ (1+ 1]))60%, and define the critical prior mean:

%0
Ay

Wy .0 (b)p) =

[y (b,p) P — po InxK] (23)

The Stage 1 objective is strictly concave in {1, in both regimes and the unique optimal working belief is:

« B ) .
=5 o <y (24)
« B+ +/B2—8As(1+1V)k(b, . _
p-y = \/ ZAS‘S( 11)) ( p) lfP/y,O > Hy,0 (25)

The working belief (1}, is a continuous function of w o everywhere: both solutions deliver i, = fiy(b,p)
at Wy 0 = fy,0. The discriminant B? — 8A;s(1 + P)k(b,p) = 0 if and only if w0 > fLy,0, S0 the interior
solution is well-defined precisely when the parent is in the interior regime.

Proof. See Appendix A. O

Assumption 2.
‘Q)O‘é > ué (26)

Assumption 2 requires that the parent’s psychological sensitivity 1 to the aspiration-capacity
gap exceeds the squared signal-to-noise ratio u3 /o3 of the child’s cue process. Assumption 2 is
independent of Assumption 1: neither implies the other, and both may hold simultaneously or fail

simultaneously depending on parameter values.
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Assumption 3.
e In xR Ay

P Gwz/’oé(ll)cré —u3)

(27)

Assumption 3 ensures that the tension between the material gain from high beliefs and the
psychological cost of deviating from prior beliefs is genuine — neither force dominates for all

parents simultaneously.

Proposition 5 (Direction of distortion). Under Assumptions 1, 2, and 3, define the corner distortion
threshold:

3 o In xR
and the interior distortion threshold:
—po Inx® + /(1o InxR)2 + 8(1 + )K(b,p)5 (113 + 03)
~znt6rlor — (29)
Y 25(p3 + o3)

Under Assumptions 1, 2, and 3, the ordering i3 < fly,0 < pg’ftg”“r holds, and the direction of distortion
is characterized by four regions:

(i) Informational trap. If wy o < iY'67, the parent is in the corner regime with upward distortion:
1, = Wy 0. Despite distorting upward, the parent cannot escape the corner regime because her prior

mean is too pessimistic for even the maximum upward distortion to push [\, above fi,,.

(ii) Psychological trap. If iJ76" < Wwy,0 < fiy,o0, the parent is in the corner regime with downward
distortion: i, < py o. Motzvated reasoning keeps the parent in the corner regime: she could escape if
she held beliefs equal to her prior mean, but the psychological cost of accurate beliefs drives distortion

downward.

(iii) Interior regime, downward distortion. If fi, o < Wy 0 < ﬂg’,“ff{i"’, the parent is in the interior
regime with downward distortion: i, < [\, < Wy o. The parent reads child cues but holds working

beliefs below her prior mean.

(iv) Interior regime, upward distortion. If wy o > LG, the parent is in the interior regime
with upward distortion: (1, > Wy 0. The material gain from holding high beliefs dominates the

psychological cost, and the parent reads child cues while holding working beliefs above her prior mean.

In the corner regime, the direction and magnitude of distortion are independent of bandwidth b and cue-
detection expertise p. In the interior regime, ul”te”or is increasing in k(b,p): higher attention costs expand
the downward distortion region, while higher bandwidth or cue-detection expertise shift g’ff‘gw’ leftward,

expanding the upward distortion region.
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Proof. See Appendix A. O
Figure 1 illustrates the four regions of Proposition 5 by plotting the optimal working belief

(1}, against the prior mean py 0. The economic implications of this structure are developed in

Section 3.3.
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Figure 1: Belief Distortion Regions

3.3 Self-Sealing Trap

Propositions 4 and 5 identify two groups of parents. Parents with w, o > fi, 0 hold working
beliefs above [i, read child cues in Stage 2, and generate calibration evidence about the returns to
responsive engagement. Parents with p, o < [i, o hold working beliefs at or below fi,, respond
uniformly regardless of the child’s signal, and generate no calibration evidence. The critical prior
mean {i, o therefore partitions the population into those who engage responsively and those who
do not. We now show that the corner regime is not merely self-fulfilling but self-sealing, a stronger

and more consequential property.
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To understand why, we introduce the concept of recursive complementarity across the two

barriers.

Definition 1 (Recursive complementarity). The two barriers exhibit recursive complementarity if the
marginal return to addressing one barrier is increasing in the degree to which the other barrier has been
addressed. Formally, the cross-partials of the solution with respect to the policy levers governing each barrier
are positive: addressing believing makes acting more productive, and addressing acting makes believing

more productive.

The complementarities established in Proposition B2 are formal instances of this property: be-
lieved returns and bandwidth are complements 0%V, /0 fiy 0b > 0), and believed returns and
cue-detection expertise are complements (3%V, /9L, dp > 0). In the interior regime, the two barri-
ers reinforce each other positively: a parent who believes responsiveness matters gains more from
additional bandwidth and cue-detection expertise, and a parent with greater expertise and band-
width gains more from accurate beliefs. Recursive complementarity therefore sustains engagement
in the interior regime.

The same property operates in reverse in the corner regime. A self-fulfilling trap is one in which
the parent’s beliefs are consistent with the behavior they induce. She believes returns are low,
behaves as if they are, and the behavior generates outcomes consistent with low returns. The
trap characterized in Propositions 4 and 5 is self-sealing: the parent’s behavior not only generates
evidence consistent with her distorted beliefs, but actively eliminates the evidence that would
challenge them.

The distinction is important. In a merely self-fulfilling trap, the parent could in principle
escape by experimenting, for example by increasing engagement and observing whether outcomes
improve. The self-sealing property forecloses this. In the corner regime of Stage 2, the parent does
not vary her response with child cues, so there is no variation in responses to generate identifying
evidence about the returns to engagement. The parent cannot learn from experience because
her behavior produces no experiential variation from which to learn. When believing fails, the
working belief falls below [i, o and the parent is placed in the Stage 2 corner. When acting fails,
the parent responds uniformly, no calibration evidence is generated, and the experiential feedback
that would raise the penalty cost of distortion in Stage 1 is eliminated. Each failure reinforces the

other, and the system is stable at the corner.

3.4 Escaping the Trap

Propositions 5 and B3 identify the parameters that govern whether a parent is in the trap and how
far she is from escaping it. The trap is broken when {1}, crosses i, from below — either because
the working belief rises, or because the threshold falls, or both. The model identifies four distinct
channels through which this can occur, each targetable by a different type of intervention.

The belief channel raises 1, o, moving the parent’s prior mean toward and above the critical
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prior mean fi, o (Proposition B3(i)). Since fi, o is independent of w, o, this channel operates
entirely on the parent’s side — it shifts the parent toward the boundary rather than shifting the
boundary toward the parent. In the corner regime, a unit increase in w,, o raises the working belief
by (Ay/ O'WZ/,OJ/ P < 1 — less than one-for-one, because the accuracy cost disciplines but does not
eliminate distortion. This channel is most effective for Region 2 parents, whose prior mean is close
to fiy 0 and requires only a moderate shift to escape the psychological trap. For Region 1 parents,
the belief channel must raise o above both i7" and fiy,o (Proposition 5(i)—(ii)).

The bandwidth channel raises b, lowering [i, o at rate G%/)OPELY /(2bA,) and simultaneously
reducing k(b,p) (Proposition B3(ii)). The reduction in « has two effects: it lowers the cue detection
threshold [i,, making the interior regime more accessible, and it reduces the psychological cost
G(fiy, b, p) of holding accurate beliefs in the interior regime. Higher bandwidth therefore makes
responsive engagement less costly and accurate beliefs less painful simultaneously.

The cue-detection expertise channel raises p, lowering [i, o at rate Gf/)oplly /12(1 + p)Ay] and
simultaneously reducing k(b,p), with the same dual effect as the bandwidth channel (Proposi-
tion B3(iii)). The relative effectiveness of the bandwidth and cue-detection expertise channels is
(T + p)/b: bandwidth is relatively more effective when p is high and b is low, and cue-detection
expertise is relatively more effective when b is high and p is low. When the two channels are
equally effective, the optimal intervention targets whichever is less costly to activate.

The trap compression channel raises In x®, lowering fi, o at rate 0‘%/)0 He/Ay and simultaneously
raising the working belief of corner regime parents at rate /P (Proposition B3(iv)). Unlike the
bandwidth and cue-detection expertise channels, the trap compression channel does not operate
through «(b,p) and does not affect the psychological cost function G in either regime. It changes
which regime the parent occupies and raises her working belief without changing either the
psychological cost of accurate beliefs or her prior mean. This is the channel through which
improvements in the baseline environment — better materials, structured activities, enriched
physical surroundings — compress the trap and improve child outcomes without necessarily
shifting parental beliefs about the returns to responsive interaction.

These channels are neither mutually exclusive nor jointly necessary. Any single channel, if
sufficiently activated, can move the parent from the corner to the interior regime. Different
programs activate different channels at different intensities, and the model provides a unified
language for characterizing what each program is doing and under what conditions it is sufficient.
Once the parent enters the interior regime through any route, she begins reading child cues and

the child’s language environment improves.

4 Intervention

The LENA Start Program is a ten-week group-based parenting intervention designed to increase

the quantity and quality of parent-child conversational interactions in the first three years of life.
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The program operates through five components (Education, Coaching, Feedback, Book Reading,
and Reporting), each of which targets specific parameters in the model developed in Section 3. We
present a more detailed explanation of the intervention components in Appendix C.1. In addition,
a session-by-session description of the program is provided in Appendix C.2.

This section maps each component onto the model’s channels and derives testable implications

the model generates for the program’s effects.

4.1 The Five Components and Their Model Counterparts

Education. The Education component delivers scientific content about the returns to responsive
interaction through videos and a parent handbook (Appendix C.1). It operates through the belief
channel: by providing information about y passively and in a group setting, Education raises i, o,

2
collapses o,

0 and increases A, making downward distortion of {1, more costly.

Coaching. The Coaching component teaches parents to recognize and respond to child com-
municative bids and builds a repertoire of interaction activities integrated into daily routines
(Appendix C.1). It operates through two channels simultaneously. Through the cue-detection
expertise channel, Coaching raises p, reducing k(b,p), lowering fi, and fi, o, and reducing the

R

psychological cost G. Through the trap compression channel, it raises x" via repertoire build-

ing, shifting the optimal response upward in both regimes and compressing the trap region

( rpcorner -~ } X

Ky o yHy,0
Feedback. The Feedback component provides weekly personalized LENA reports reviewed with
a Family Liaison (Appendix C.4). It operates through the trap compression channel by anchoring
xR to quantitative targets for conversational turns, and through the cue-detection expertise channel

by building attentiveness to conversational behavior across recording sessions.

Book Reading. The Book Reading component provides age-appropriate books and teaches dia-
logic reading techniques (Appendix C.1). It operates through the cue-detection expertise channel
by giving parents a structured context in which to practice reading child communicative bids,

raising p in the reading context specifically and lowering fi, .

Reporting. The Reporting component administers a monthly Developmental Snapshot providing
the parent with her child’s language development percentile (Appendix C.1). It operates through
the belief channel by providing output-side evidence about the consequences of engagement —
a signal about y that is harder to rationalize away than general scientific content, shifting . o

upward.

Table 1 summarizes the mapping of each component onto the model’s parameters and channels.
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Table 1: LENA Start: Components, Parameters, and Channels

Component Stage Parameter moved Channel

Education 1 Hy0 T, 0% 04, As T, Dy T Belief

Coaching 1,2 o1, xR1, G, iy 4 fy,0d Cue-detection expertise, trap
compression

Feedback 1,2 o1, xR 1 Cue-detection expertise, trap
compression

Book Reading 2 o1 Cue-detection expertise

Reporting 1 Wy,o T Belief

Notes: This table maps the LENA Start program components to the structural parameters and theoretical
channels discussed in Section [X]. Upward arrows (1) indicate an increase in the parameter value; downward
arrows () indicate a decrease.

4.2 Testable Implications

The model generates four testable implications that distinguish it from alternative accounts of

parenting behavior and intervention effectiveness. Appendix C.5 provides the full derivations.

TI-1: Large effects on parental beliefs. LENA Start activates both the belief channel (Education
and Reporting raise |, o and collapse Giyo, increasing the accuracy cost of distortion) and the
cue-detection expertise channel (Coaching and Feedback raise p, reducing G and making accurate
beliefs less painful). A program that activates both channels simultaneously produces larger and
more persistent belief effects than one that activates only one. The model predicts large effects on

the belief factor score.

TI-2: Effects on responsive engagement. The intervention increases responsive engagement
through two margins: moving corner regime parents into the interior regime (via the belief and
cue-detection expertise channels), and raising engagement intensity for parents already in the
interior regime (since wg is decreasing in {1}). Both margins predict positive treatment effects on

conversational turns and child-initiated exchanges.

TI-3: Differential effects on behavioral versus material components of the home environment.
The model distinguishes two components of parental investment: the cue-contingent component
x, which varies with the child’s signal and reflects responsive engagement, and the reference
investment xR, which captures the parent’s default level of engagement regardless of the child’s
cue. LENA Start activates multiple channels simultaneously. Therefore, the model predicts
positive treatment effects on both the cue-contingent and level behavioral components of the home
environment.

A sharper prediction follows from what the program does not do: it provides no resources
for parents to purchase learning materials or toys. Subscales of a home environment measure
that reflect access to materials rather than parental behavior should therefore be unaffected. This

creates a within-instrument falsification test embedded inside the home environment measure
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itself. A program that operates only through the belief channel would raise only the cue-contingent
behavioral component; one that operates only through the trap compression channel would raise
only the level behavioral component; one that provides material resources would raise the materials
component. A multi-channel program with no material resource component predicts a specific

pattern: behavioral subscales respond, the materials subscale does not.

TI-4: Null effects on preferences and self-efficacy. The psychological cost G is belief-specific,
not a general preference parameter or global confidence measure. The intervention narrows the
aspiration-capacity gap through cue-detection expertise, not by changing what the parent values or
how confident she feels in general. The model therefore predicts null effects on global preferences

and general self-efficacy, distinguishing it from accounts based on motivation or confidence.

5 Experimental Design

5.1 Setting

The study was conducted in the Alief Independent School District (AISD), a large urban district in
Houston, Texas. Alief ISD serves a predominantly Hispanic population with substantial economic
disadvantage.®

Program delivery was carried out by AISD Family Liaisons. They are permanent staff members
assigned to each school who oversee activities with families and students. Systematic fidelity
documentation confirmed high adherence and competence levels across language groups and

cohorts, minimizing concerns about variability in program delivery (see Appendix C.6).

5.2 Randomization Protocol

Eligibility and recruitment. Families living in the Alief ISD catchment area were invited to
participate through postal mail advertising by the AISD Family and Community Engagement
department. Inclusion criteria required the primary family member (PFM) to be 18 years or older,
have a child between 16 and 32 months old, and speak either Spanish or English as their native
language. Interested families were screened for eligibility by AISD liaisons and then scheduled
for a consent visit with the Rice University research team, during which the LENA Start Program,

the program lottery, and the evaluation study were explained in detail.

Randomization. Participants were stratified by language group (English and Spanish) and co-
hort and randomly assigned approximately equally to treatment or control within each stratum.
Treatment group families participated in both the LENA Start Program and the evaluation study.
Control group families participated only in the evaluation study and received books to reduce

attrition.

8See Cunha, Hu, Salvati, Wolpin, and Zeng (2025) for an in-depth discussion about the families in the Alief ISD
catchment area.
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Sample. Participants were recruited and enrolled over three academic years, divided into six
distinct cohorts: Fall 2022, Spring 2023, Fall 2023, Spring 2024, Fall 2024, and Spring 2025. In total,
293 families were successfully enrolled — 139 English-speaking and 154 Spanish-speaking. Fig-
ure D1 illustrates the randomization process. Detailed enrollment counts across cohort-language
groups are presented in Table D1, and Table C4 summarizes session attendance and graduation

rates, averaging approximately 75% across all cohorts.

Compliance and attrition. Both treatment and control group participants completed a compre-
hensive baseline survey and submitted LENA recordings at two points: enrollment (baseline) and
approximately ten weeks later (endline). Across all cohorts, 203 participants provided valid 12-
hour recordings at both baseline and endline, forming the primary analytic sample for LENA-based

outcomes.

5.3 Measurement

Data collection was administered by the Rice University research team at baseline and endline. It
assessed outcomes corresponding to each of the model’s testable implications, as well as baseline
control variables characterizing the child and primary caregiver. Further details about variable

construction are provided in Appendix E.

TI-1: Stage 1 outcomes — beliefs and knowledge. Parental beliefs were measured as in (Cunha,
Gerdes, Hu, and Nihtianova 2024) and parental knowledge using the questionnaire developed by
Suskind et al. (2016). To account for potential measurement error, we followed Cunha, Elo, and
Culhane (2022) and conducted a factor analysis on the items in both questionnaires. The resulting
factor scores provide an error-adjusted measure of parental beliefs about the returns to responsive

interaction.

TI-2: Stage 2 outcomes — cue detection and responsive engagement. The LENA recording
system documented each child’s language environment over a typical day at baseline and endline
(Gilkerson and Richards 2020). Families received specialized clothing with a vest pocket to securely
hold the LENA Digital Language Processor, enabling automated capture of adult word counts,
child vocalizations, and conversational turns. Technical details of how conversational turns are
counted and how recording periods are selected are provided in Appendix E.?

The primary outcome measure, conversational turns, maps directly onto the Stage 2 engagement
precision wgy: more conversational turns reflect a lower w§ and more attentive monitoring of child
cues. The model predicts positive treatment effects on conversational turns through two margins:
parents in the corner regime moving into the interior regime and activating cue detection, and
parents already in the interior regime engaging more intensively as {1}, rises (TI-2).

We utilized the Advanced Data Extractor (ADEX) feature of the LENA system to decompose

9A few parents provided recordings for two days. For those parents, one recording was randomly selected for
analysis.
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conversational turns by initiator: Key Child, Adult Female, or Adult Male. ADEX groups time-
adjacent LENA segments into conversation blocks and identifies the initiator by scanning forward
from the block’s start time to the first qualifying live-speech segment. Each block is characterized
by its initiator, its duration, and the number of conversational turns it contains. Technical details
of the ADEX algorithm are provided in Appendix E.

This initiator decomposition is what allows ADEX to go beyond raw conversational turns as
a measure of responsive parenting. A raw turn count aggregates exchanges regardless of who
started them, conflating two behaviorally distinct phenomena: a parent who reads a child’s cue
and responds to it, and a parent who initiates an exchange unprompted. Child-initiated blocks are
the behavioral signature of a parent operating in the interior regime: they arise when the parent
is reading child cues and calibrating her response to them, generating Cov(x,0) > 0. Adult-
initiated blocks reflect level investment independent of the child’s signal. In the corner regime,

Cov(x,0) = 0, so child-initiated blocks are absent even if adult-initiated blocks are not.

TI-3: Behavioral versus material components of the home environment. The StimQ Toddler
questionnaire (Cates et al. 2023) assesses the cognitive home environment across four subscales,
each mapping onto a distinct element of the model. The StimQ provides an independent, survey-
based measure of parental responsivity that complements the LENA system: whereas LENA
captures the acoustic record of adult-child interaction, the StimQ captures the caregiver’s self-
reported engagement behaviors. The two instruments triangulate responsive parenting from
different angles and agreement between them strengthens the interpretation of treatment effects
on TI-2 and TI-3.

Parental Verbal Responsivity (PVR) maps onto the cue-contingent component of investment
x; Reading (READ) and Parental Involvement in Developmental Advance (PIDA) map onto the
reference investment xR through the level channel; and Availability of Learning Materials (ALM)
reflects the material component of the home environment. Since LENA Start provides no resources
for parents to purchase learning materials, ALM serves as a within-instrument placebo. The model
predicts positive treatment effects on PVR, READ, and PIDA, and a null effect on ALM. Full subscale

descriptions are provided in Appendix E.

TI-4: Placebo outcomes — global preferences, self-efficacy, and social support. The model
predicts null treatment effects on outcomes reflecting general preferences or psychological traits
rather than parenting-specific beliefs and constraints. Parental self-efficacy and social support are
measured using scales developed by the LENA Foundation (Cunha, Gerdes, Hu, and Nihtianova
2024). Global preferences — altruism, reciprocity, trust, and patience — are measured using the
validated instrument of Falk et al. (2018). Non-zero effects on these placebo outcomes would
be inconsistent with the model and would suggest alternative mechanisms based on confidence,
motivation, or social network effects. The placebo tests therefore provide a direct falsification

exercise for the model’s mechanism.
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5.4 Summary Statistics

Tables D2, D3, and D4 report summary statistics and balance tests organized by testable implication.
Table D2 covers demographic control variables and TI-1 belief outcomes. Table D3 covers TI-2
responsive engagement outcomes from LENA and ADEX. Table D4 covers TI-3 StimQ components
and TI-4 placebo outcomes.

Panel A of Table D2 confirms demographic balance between treatment and control groups across
all key covariates, validating the randomization. The sample is predominantly Hispanic (66—70%),
with approximately half of primary caregivers having attended college and more than 70% living
with a co-parent. Approximately 91% of primary family members are mothers. The mean child age
is approximately 23 months, with roughly equal gender distributions across groups. All p-values
in Panel A exceed o0.10. Panel B of Table D2 reports baseline balance on TI-1 outcomes (parental
knowledge, parental beliefs, and the belief factor score) with p-values of 0.139, 0.284, and 0.583
respectively, indicating no pre-existing differences in parental beliefs or knowledge.

Table D3 reports baseline balance on TI-2 outcomes for the 203 families with valid baseline
LENA recordings. Conversational turns, adult word counts, and all ADEX-decomposed measures
of child-initiated, female adult-initiated, and male adult-initiated conversation blocks are balanced
across treatment and control groups, with all p-values exceeding o.10.

Panel A of Table D4 reports balance on TI-3 StimQ outcomes for the full sample of 238 families.
All subscale scores (StimQ total, PVR, READ, PIDA, and ALM) are balanced across groups, with
p-values ranging from 0.301 to 0.862. Panel B reports balance on TI-4 placebo outcomes, with
sample sizes ranging from 177 to 238 depending on the outcome. Two variables approach but
do not reach conventional significance levels: Parenting Social Support (p = 0.066) and Trust
(p = 0.088). All other placebo outcomes are well-balanced. Neither variable survives a Bonferroni
correction for multiple testing across the eight placebo outcomes, which requires p < 0.0125 for
significance at the 10% level, and we return to both when discussing the TI-4 attrition robustness

results in Appendix G.

5.5 Empirical Model

To estimate the intent-to-treat (ITT) effects of the LENA Start Program, we employ regression
models specified as follows.

For analyses involving LENA recording outcomes:
! J

Vit =PBo+B1Zi+PB2Yio+XiB3+ ) BartRie+ ) TiBij+ e (30)
t=0 j=2
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For survey-based outcomes:

]
Yi1 =Bo+PB1Zi+ B2Yi0 + XiB3 + ZTjBi,j + €1 (31)
i—2

Here Y; 7 is the outcome at endline, Y; o the corresponding baseline measure, and Z; the binary
treatment indicator (Z; = 1 for treatment, Z; = 0 for control). Covariates X; encompass demo-
graphic characteristics of the child and primary caregiver, including language group, child gender
and age, caregiver education, race, co-parenting status, and marital status. Cohort indicators B ;
control for systematic variation across the six cohorts, with the first cohort as the baseline refer-
ence. For LENA outcomes, R; ; incorporates recording-specific controls including start times and
weekend recording indicators.

All dependent variables are standardized to mean zero and standard deviation one, facilitating
direct comparison across outcomes. The estimated coefficient 31 captures the standardized ITT
effect of treatment assignment. We report robust standard errors, standard errors clustered at the

cohort-language level, and randomization inference p-values (Young 2019).

6 Results

We report the intent-to-treat (ITT) effects of the LENA Start Program on five categories of outcomes,
each corresponding to a testable implication derived in Section 4.2. The results are organized to
mirror the model’s structure: we begin with the belief outcomes (TI-1), proceed to the engagement
outcomes including conversational turns and the ADEX decomposition (TI-2), document the dif-
ferential effects on behavioral versus material components of the home environment (TI-3), and
report the null effects on placebo outcomes (TI-4). The final subsection summarizes the sensitivity

and attrition analyses, as well as effect heterogeneity.

6.1 TI-1: Effects on Beliefs

Table 2 reports the ITT effects on parental knowledge and beliefs. Random assignment to treatment
increases parental knowledge by nearly 50% of a standard deviation (p < 0.01), parental beliefs by
69% of a standard deviation (p < 0.01), and the belief factor score by 86% of a standard deviation
(p < 0.01).

These results are consistent with TI-1. The model predicts belief effects for a program that acti-

2
v,07

cost of downward distortion) and the cue-detection expertise channel (Coaching and Feedback

vates both the belief channel (Education raising 1., o and collapsing 0% ,, increasing the accuracy

raising p and reducing G, making accurate beliefs less painful to hold).
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Table 2: Impact of the LENA Start Program on Parental Measures

(1) (2) (3)
Baseline +Child Full Controls

Parental Knowledge 0.486***  0.487*** 0.496™**

(0.095)  (0.097) (0.097)
[0.081] [0.082] [0.086]
{o.000} {o.000} {o.000}
Parental Beliefs 0.706***  0.696*** 0.694***
(0.118) (0.118) (0.118)
[0.131] [0.128] [0.126]
{o.000} {o.000} {o.000}
Belief Factor Score 0.833***  0.839*** 0.866***
(0.110) (0.113) (0.112)
[0.100] [0.103] [0.098]
{o.000} {o.000} {o.000}
Child Controls No Yes Yes
PFM Controls No No Yes
Notes: N = 238. Robust standard errors in (-), clustered standard errors

in [-], and Randomization Inference (RI) p-values in {-}. All models include
baseline outcome, cohort, and language group dummies. Child controls:
male, age. PFM controls: education, mother, co-parenting, ethnicity, and
marital status. * p<o.10, ** p<0.05, *** p<o0.01.

6.2 TI-2: Effects on Responsive Engagement
6.2.1 Conversational Turns

Table 3 reports the ITT effects on LENA recording outcomes. The preferred specification, which
controls for recording start time, weekend indicators, and demographics of the child and primary
family member, yields an ITT effect on conversational turns of 30% of a standard deviation (p <
0.01). The effectis robust across model specifications, ranging from nearly 30% to slightly above 32%
of a standard deviation. Adult word count is weakly significant at baseline but loses significance
with the addition of demographic controls, consistent with TI-2: the intervention raises the quality

of interaction, cue-contingent responses, rather than simply the quantity of adult speech.

6.2.2 ADEX Decomposition

Table 4 reports the ITT effects on conversational blocks decomposed by initiator using the ADEX
feature of the LENA system. Child-initiated conversational blocks increase by about 26% of a
standard deviation (p < 0.05), with associated conversational turns increasing by over 30% of a
standard deviation, block duration increasing by nearly 35%, and adult word count within child-
initiated blocks increasing by about 34% of a standard deviation. By contrast, blocks initiated by
adult males show no significant effects. This is expected: no fathers were enrolled in the program,
so adult male speech in the LENA recordings reflects household members who were not exposed

to the intervention. Blocks initiated by adult females show effects of comparable magnitude to
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Table 3: Impact of LENA Start Program on Adult Words and Conversational Turns

Adult Words Conversational Turns
(1) (2) (3) (1) (2) (3)
Treatment 0.214* 0.173 0.180 0.326%** 0.298*** 0.300%**
(0.120) (0.121) (0.123) (0.101) (0.095) (0.099)
[0.081] [0.090] [0.102] [0.061] [0.061] [0.068]
{0.091} {0.165} {o.157} {0.002} {0.003} {0.003}
Start Time / Weekend No Yes Yes No Yes Yes
Child Controls No Yes Yes No Yes Yes
PFM Controls No No Yes No No Yes

Notes: N = 203. Robust standard errors in (-), clustered standard errors in [-], and RI p-values in {-}. All specifications include
baseline dependent variables, language group, and cohort dummies. Child controls include gender and age. PEM controls include
education, mother dummy, co-parenting, ethnicity, and marital status. * p<o.10, ** p<o0.05, *** p<o0.01.

child-initiated blocks for turns, duration, and word count, consistent with the concentration of

treatment effects among the primary family members who participated in LENA Start.

Table 4: Impact of LENA Start Program on Conversation Block Metrics

(1) (2) (3)
Initiated by Child Initiated by Female Initiated by Male
Conv. Block Count 0.262** 0.105 0.160
(0.123) (0.121) (0.134)
[0.102] [0.114] [0.114]
{0.033} {0.398} {o.220}
Conv. Turn Count 0.308*** 0.267** 0.170
(0.107) (0.108) (0.129)
[0.065] [0.077] [0.112]
{0.007} {0.021} {o.175}
Block Duration 0.347*** 0.271** 0.135
(0.107) (0.120) (0.138)
[0.079] [0.097] [0.413]
{o.002} {0.030} {0.308}
Adult Word Count 0.339** 0.274** 0.048
(0.110) (0.126) (0.143)
[0.081] [0.099] [0.096]
{0.003} {0.035} {o.711})

Notes: Robust standard errors in (-), clustered standard errors in [-], and Randomization Inference (RI) p-
values in {-}. All specifications include controls for baseline dependent variables, cohort, language groups,
and demographic characteristics. * p<0.10, ** p<o0.05, *** p<0.01.

The ADEX decomposition provides a direct measure of the cue-contingent component of
parental investment introduced in Section 5. Child-initiated blocks are the behavioral signa-
ture of a parent operating in the interior regime: they arise when the parent is reading child cues
and calibrating her response to them, generating Cov(x,0) > 0. The concentration of treatment
effects in child-initiated blocks — rather than adult-initiated blocks — is therefore evidence that
the intervention shifted the nature of parental investment from uniform to responsive, not merely

its level. It also mitigates concerns about parental performance effects: if the observed gains in
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conversational turns were driven primarily by parents performing better on recording days, we
would expect adult-initiated blocks to show larger effects than child-initiated blocks. The data
show the opposite pattern.

6.3 TI-3: Effects on Behavioral vs. Material Components of Early Investments

Table 5 reports the ITT effects on the StimQ Toddler questionnaire, both overall and by subscale.
Treatment assignment increases total StimQ scores by 58.3% of a standard deviation (p < 0.01),
reflecting a broad improvement in the quality of the home language environment and parental
engagement. The results confirm TI-3. All three behavioral subscales show significant positive
effects: READ increases by 70.8% of a standard deviation (p < 0.01), PVR by 45.6% (p < 0.01),
and PIDA by 28.2% (p < 0.05). The materials subscale, ALM, is statistically indistinguishable from
zero (18.3%, p > 0.10), consistent with the null prediction for a subscale that reflects access to

purchased learning materials rather than parental behavior.

Table 5: Impact of LENA Start Program on the Home Environment (StimQ)

(1) (2) (3)
Baseline +Child Full Controls

StimQ Total Score  0.574***  0.568*** 0.583***

(0.091) (0.092) (0.093)
[0.089] [0.092] [0.090]
{o.000} {0.000} {o.000}
Reading (READ) 0.699***  0.693*** 0.708***
(0.099) (0.099) (0.100)
[0.120] [0.123] [0.122]
{o.000} {o0.000} {o0.000}
PIDA 0.250™  0.252** 0.282**
(0.105) (0.105) (0.104)
[0.109] [0.110] [0.102]
{o.014} {0.003} {0.007}
PVR 0.453"**  0.440™** 0.456%**
(0.103) (0.104) (0.105)
[0.092] [0.091] [0.089]
{o.000} {o0.000} {o0.000}
ALM 0.177 0.186 0.183
(0.109) (0.110) (0.111)
[0.106] [0.108] [0.104]
{o.100} {0.085} {o.102}
Child Controls No Yes Yes
PFM Controls No No Yes

Notes: N = 238. Robust standard errors in (), clustered standard errors
in [-], and Randomization Inference (RI) p-values in {-}. PIDA: Parental In-
volvement in Developmental Advance; PVR: Parental Verbal Responsivity;
ALM: Availability of Learning Materials. * p<o.10, ** p<0.05, *** p<o.01.
The ordering of effect sizes across the three behavioral subscales maps onto the model’s channel

structure. The READ effect is the largest, consistent with LENA Start dedicating an entire program
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component (Book Reading) to building shared reading routines, activating both the trap compres-
sion channel through repertoire building and the cue-detection expertise channel through dialogic
reading techniques. PVR, which captures contingent verbal engagement calibrated to the child’s
communicative bids, rises through the belief and cue-detection expertise channels simultaneously,
producing a larger effect than PIDA. PIDA, which captures intentional teaching activities such as
counting and naming colors, is activated primarily through the trap compression channel and
shows the smallest effect among the three behavioral subscales. The within-instrument contrast
between the three behavioral subscales and ALM constitutes a tight falsification test: it rules out
general program enthusiasm or social desirability as the driver of the behavioral effects, since those

mechanisms would have raised ALM alongside the other subscales.

6.4 TI-4: Null Effects on Placebo Outcomes

Table 6 reports the ITT effects on placebo outcomes across two categories: self-efficacy and social
support, and global preferences. The results are consistent with TI-4.

The contrast with the preceding results is sharp. The intervention produces large and precisely
estimated effects on the theoretically relevant outcomes: nearly 87% of a standard deviation on
parental beliefs (TI-1), 30% on conversational turns (TI-2), and 71%, 46%, and 28% on the three
behavioral StimQ subscales (TI-3). Against this backdrop, the placebo outcomes are uniformly
small and imprecise. Self-efficacy shows a borderline effect of 17.5% of a standard deviation
under robust standard errors (p < 0.10). Social support is indistinguishable from zero under all
specifications. Among global preferences, measured using validated instruments from Falk et al.
(2018), only negative reciprocity reaches conventional significance under clustered standard errors,
and even this result is fragile given the high rate of missing data for global preference questions.

This pattern is an important distinguishing feature of the model. The intervention is not a
general empowerment program: if it were, we would expect positive effects on self-efficacy and
global preferences of comparable magnitude to the belief and engagement effects. Instead, the
data show large effects precisely where the model predicts them (beliefs, responsive engagement,
and behavioral components of the home environment) and much smaller effects everywhere the
model predicts null. The model predicts that the intervention reduces the psychological cost G
of the specific shortfall between parenting aspiration and constrained capacity, without affecting
general utility function parameters. The data support the model’s mechanism over alternatives

based on confidence, motivation, or general empowerment.

6.5 Robustness and Heterogeneity

In this section, we briefly discuss the robustness of the main results along two dimensions: sensi-
tivity to recording duration and attrition. We also summarize our findings about treatment effect

heterogeneity.
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Table 6: Impact of LENA Start Program on Placebo Outcomes

(1) (2) (3)
Baseline +Child Full Controls
Parenting Efficacy = 0.180*  0.181* 0.175%*
(0.096)  (0.097) (0.096)
[0.083]  [0.084] [0.091]
{o.057}  {o.057} {0.065}
Parenting Support  0.160 0.169 0.168
(0.102)  (0.103) (0.101)
[0.095]  [0.096] [0.100]
{0.129} {o.115} {o.113}
Altruism 0.187 0.187 0.186
(0.121)  (0.121) (0.125)

[0.136] [0.132] [0.139]
{0.149} {o.151} {0.168}
Pos. Reciprocity 0.070 0.083 0.093

(0.131)  (0.129) (0.134)
[0.162]  [o0.156] [0.169]

{o577}  {o.508} {0.474}

Neg. Reciprocity -0.243%  -0.245% -0.276**
(0.125)  (0.125) (0.126)
[0.087]  [0.088] [0.084]
{o.050} {0.049} {0.036}

Trust 0.152 0.153 0.143
(0.115)  (0.116) (0.117)
[0.118]  [o.117] [0.116]
{0.191} {0.188} {0.227}

Patience 0.029 0.039 0.004
(0.129)  (0.130) (0.129)
[0.109]  [0.108] [0.125]
{0.830}  {o.770} {0.978}

Notes: Robust standard errors in (-), clustered standard errors in [-],
and Randomization Inference (RI) p-values in {-}. Sample size N ranges
from 177 to 238. Full controls include lagged dependent variables, co-
hort/language dummies, and demographic characteristics. * p<o.10, **
p<o.05, ** p<o.01.

Sensitivity to recording duration (Appendix F). The main results use the best 12-hour LENA
recording period. Appendix F replicates all analyses using the best 10-hour and 8-hour periods.
The conversational turns effect is robust across all durations. Adult word count loses significance
at shorter durations, consistent with its marginal significance in the main specification. The
concentration of effects in child-initiated ADEX blocks persists across all recording windows,
confirming that the shift from uniform to responsive parenting is not an artifact of the recording

duration chosen.

Attrition (Appendix G). Of the 293 enrolled families, 238 provided survey data at both baseline

and endline and 203 provided valid 12-hour recordings. For both survey attrition (p = 0.07) and
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recording attrition (p = 0.04), the control group shows higher attrition, with selective attrition
on observable characteristics concentrated in the control group on English language and baseline
StimQ score.

All significant treatment effects are robust to inverse probability weighting and attrition balanc-
ing. The belief factor score, parental knowledge, READ, PVR, and PIDA retain significance across
all five specifications including the Lee lower bound, providing the strongest available evidence
against an attrition-driven explanation of the main results. Parental beliefs retain significance
under IPW and balancing but have insignificant Lee lower bounds, consistent with the mechanical
consequence of trimming the treatment group under worst-case selection on unobservables. Con-
versational turns and the child-initiated ADEX outcomes are robust under IPW and balancing but
have insignificant Lee lower bounds, which is consistent with the pattern of attrition in the data:
recording attrition is higher in the control group, so the Lee bounds trim the treatment group. The
within-instrument falsification result for TI-3 becomes weakly significant under IPW and signifi-
cant at p < .05 under balancing, but this result is sensitive to the specification of the probit model
we use for IPW and balancing. The TI-4 placebo outcomes show no consistent significant effects
across corrections, with the isolated significant results for social support being weakly significant
across specifications. Negative reciprocity is consistently significant at p < 0.05, although the

severe missingness in the data (N = 177) makes interpretation uncertain.

Heterogeneity (Appendix H). We estimate Conditional Average Treatment Effects using Gener-
alized Random Forests (Athey, Tibshirani, and Wager 2019). Across all demographic subgroups
(including education, income, language, child age, baseline parental knowledge, baseline beliefs,
and baseline StimQ) confidence intervals overlap substantially, providing no evidence of hetero-
geneous treatment effects. Two explanations are consistent with this finding. First, the model
predicts that heterogeneity in treatment effects is driven by b and p, which may not vary signif-
icantly by observable demographic characteristics in our sample, given that Alief ISD serves an
economically disadvantaged population with possibly limited variation in bandwidth constraints
across families. Second, the sample size of 293 enrolled families may not provide sufficient sta-
tistical power to detect heterogeneous treatment effects even if they exist. We cannot distinguish

between these two explanations with the current data.

7 Discussion

What Do Belief Elicitation Instruments Measure? The belief elicitation procedure used in this
paper and in the broader literature asks parents hypothetical questions about the returns to re-
sponsive interaction. The model raises a subtle identification question: does this procedure elicit
the prior belief py o or the working belief i},? The two are distinct objects in the model. The
prior is the parent’s reference model before Stage 1 distortion, while the working belief is what

governs her behavior after motivated reasoning has operated. Because the elicitation question is

37



hypothetical and removed from the behavioral context that triggers motivated reasoning, it may
capture something closer to Ly o than to (1},. A related problem arises from social desirability bias:
Case 2 and Case 3 parents, whose working beliefs have been distorted downward by motivated
reasoning, may report something closer to their prior when surveyed because they might expect
it to be the socially desirable answer. Both forces imply that the survey measure systematically
overstates {1}, for downward distorted parents at baseline, attenuating the observed correlation
between reported beliefs and investments relative to the true relationship between working beliefs
and investments. If this conjecture is true, two implications follow. First, the treatment effect on
the belief factor score (87% of a standard deviation) is a lower bound on the intervention’s true
impact on (1},. Second, the correlational literature has underestimated the extent to which beliefs
matter for parental investment decisions.

A further layer of ambiguity concerns the reference prior itself. The discussion above treats 1, o
as the benchmark against which {1}, is evaluated. But the model takes 1, o as given without requir-
ing it to equal the true y. Two interpretations are possible. Under the first, y varies across families
and o accurately reflects the family-specific marginal productivity of responsive investment,
so some parents face genuinely lower returns to responsive engagement, for example because of
differences in child characteristics or in the complementarity between parental responsiveness and
other inputs. Under the second, ¢ is itself a biased prior, systematically underestimating vy
due to limited exposure to information about child development, cultural norms that discourage
verbal interaction with infants, or other forces that shape the reference model before motivated
reasoning operates. The two interpretations have different implications for the welfare analysis of
the intervention: under the first, raising (1, o corrects motivated reasoning about a true return that
was already known; under the second, it also corrects a prior bias that predates motivated reason-
ing. The model’s positive predictions about the self-sealing trap, the four escape channels, and the
testable implications are identical under both interpretations. But the welfare implications differ:
if u, o is already accurate, the intervention restores beliefs to their true level; if u, o is biased, the
intervention may raise beliefs above 1, o and closer to the true y, producing welfare gains that
exceed what the model attributes to the reduction in motivated reasoning alone. The elicitation
procedures used in this paper and in the broader literature measure something between ., o and
(1}, as argued above, and cannot separately identify whether ., o itself is biased. Disentangling
these two sources of belief error (prior bias and motivated distortion) remains an open question

for the belief elicitation literature.

Responsive and Non-Responsive Investment The model identifies a further source of down-
ward bias in the estimated belief-investment correlation that has not previously been recognized.
In the model, parental beliefs (1}, affect the calibrated component of investment (the part that varies
with the child’s cue in the interior regime, generating Cov(x, 6) > 0), but not the level component
xR, which is independent of beliefs in both the interior and corner regimes. The true relation-

ship between beliefs and investment is therefore concentrated in the responsive component. The
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empirical literature, however, measures total investment, as captured, for example, by the Home
Observation for the Measurement of the Environment (HOME; Caldwell and Bradley 1981), or
by the Family Care Indicators (FCI; Hamadani et al. 2010), which not only aggregates the respon-
sive and non-responsive components, but may have only a few items to measure the responsive
component. The non-responsive component is driven by habits, culture, and repertoire rather
than beliefs, and including it in the investment measure adds noise that is orthogonal to beliefs,
attenuating the estimated belief-investment correlation. This bias is distinct from and cumulative
with the social desirability bias documented in the preceding paragraph: one operates on the belief
side of the correlation, the other on the investment side, and both push the estimated relationship
below the true one. The LENA system’s Advanced Data Extractor provides a scalable naturalistic
measure of the responsive component. The concentration of treatment effects in child-initiated
blocks documented in Section 6 is therefore not only evidence that the intervention shifted the
nature of parental investment from uniform to responsive, it is also the most scalable available test

of the relationship between beliefs and the component of investment that beliefs actually govern.

8 Conclusion

This paper develops a model of parental investment in early childhood in which bandwidth-
constrained parents hold distorted beliefs about the returns to responsive interaction, and tests the
model’s predictions in a randomized controlled trial. The model identifies believing and acting as
two barriers to responsive parenting and shows that low bandwidth makes both barriers harder
simultaneously, producing a self-sealing trap in which distorted beliefs suppress engagement,
uniform responses generate no calibrating evidence, and the distortion is confirmed. The model
further identifies four channels through which interventions can escape the trap, provides a unified
language for characterizing what any parent-directed program is doing, and generates testable
predictions about what it will and will not achieve. All four predictions are confirmed in the data.

The self-sealing trap characterized in this paper is not specific to parenting. It arises whenever
three conditions hold simultaneously: the agent holds accurate beliefs about the returns to a costly
action, bandwidth constraints prevent her from fully acting on those beliefs, and uniform behavior
eliminates the experiential variation that would challenge the distortion. These conditions are
not unique to the parenting context. They arise naturally in any setting where accurate beliefs
are psychologically costly because the agent cannot deliver on them, and where the absence of
effortful engagement removes the feedback that would sustain accurate beliefs. The model there-
fore provides a general framework for understanding persistent underinvestment in high-return
activities among constrained agents. This phenomenon extends beyond parenting to any domain
in which agents must make decisions that require attention, such as health behaviors, human
capital investment, financial decision-making, and in which bandwidth constraints, whether from

poverty, stress, competing demands, or other sources, create a gap between what accurate beliefs
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demand and what the agent can deliver.

The four-channel taxonomy developed in this paper provides a design language for parent-
directed programs that is independent of the specific application. Any program can be character-
ized by which channels it activates and the model generates predictions about what the program
will and will not achieve before an RCT is run. For example, the LENA Start does not directly
address the competing cognitive demands, such as financial stress, irregular work schedules,
household management, and others, that deplete the parental bandwidth available for responsive
engagement. Interventions that combine direct bandwidth support with belief and cue-detection
expertise components would, under the model, produce larger and more persistent effects than
either program alone. This remains an open frontier for program design.

A secondary contribution of this paper is measurement. The developmental return to parental
investment in the model depends on the covariance between the parent’s response and the child’s
cue (Cov(x,0) > 0 in the interior regime), not on the level of adult speech alone. The LENA
system’s Advanced Data Extractor provides such measure in a scalable fashion: by decomposing
conversational turns by initiator, it separates child-initiated exchanges, which is the behavioral
signature of a parent reading and responding to child cues, from adult-initiated speech, which
reflects investment regardless of the child’s signal. The concentration of treatment effects in child-
initiated blocks documented in Section 6 is direct evidence that the intervention shifted the nature
of parental investment from uniform to responsive, not merely its level. Whether equivalent
scalable measurement infrastructure can be developed for other developmental domains where
responsive parenting also matters, remains an open question for the measurement literature.

The randomized controlled trial reported in this paper measures effects over a ten-week horizon.
Whether the belief and engagement effects documented here translate into durable developmental
gains for the children in the sample remains an open question. A follow-up study will assess
children’s language and cognitive development at kindergarten entry (about three years after
entering the LENA Start Program). The model generates a specific prediction for this follow-up:
children whose parents were in the treatment group should show larger developmental gains than
children whose parents were in the control group. Whether the data will support this prediction

is a question we leave to future work.
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