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Abstract

Many important economic decisions depend not only on acquiring information, but on de-
termining which questions are worth asking before committing to an action. Individuals and
organizations must organize inquiry: they select questions, interpret answers, and update be-
liefs in ways that determine whether decisive distinctions are identified or missed. Despite its
importance, the organization of inquiry is largely absent from formal economic analysis.

This paper studies decision-making under diagnostic uncertainty, in which agents must learn
not only about payoff-relevant states, but about which questions are informative. We develop a
model in which agents choose questions sequentially prior to commitment, while facing uncer-
tainty over a latent diagnostic structure that governs how questions generate answers. Before
each inquiry step, agents may incur cognitive cost to refine beliefs about this diagnostic struc-
ture. The resulting problem is a finite-horizon dynamic program over inquiry, in which costly
attention is allocated to belief transformations over diagnostic structure rather than directly to
payoff-relevant states.

Two canonical diagnostic geometries isolate distinct planning margins. In one, value depends
on locating a decisive question; in the other, on maintaining a correct sequence of questions.
Both environments admit closed-form solutions and yield a common representation in which
optimal inquiry increases the probability of success relative to uninformed search.

The framework identifies a distinct margin of economic behavior—planning under diagnostic
uncertainty—that becomes increasingly important in environments where answers are abundant

but the organization of inquiry remains scarce.

1 Introduction

Many economic decisions require not only acquiring information, but determining how to generate
information that is relevant for action. Before committing to a choice, individuals and organizations

must decide where to look, which sources to engage, and how to interpret what they find. The
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discussions and comments.



central difficulty is often not only uncertainty about the world, but uncertainty about how to
approach that uncertainty in a disciplined way.

A simple example illustrates the point. An individual considering a transition into data science
may gather extensive information about salaries, locations, programming languages, and training
opportunities. Yet this accumulation of answers may still fail to resolve the decision. What matters
is not only how much information is obtained, but whether inquiry succeeds in identifying the
constraint that determines what is feasible. The problem is therefore not only to learn about the
world, but to determine how to learn what matters about the world.

This type of problem is common, but it sits awkwardly within standard economic frameworks.
Search models, bandit models, and rational inattention models provide powerful accounts of learning
under uncertainty, but they typically operate within a known informational structure (Mortensen
and Pissarides| 1994} |Gittins, [1979; Berry and Fristedt] 1985} |Sims, 2003} Matéjka and McKay,
2015; (Caplin and Dean, 2015; Caplin et al [2022)). Agents may choose how intensively to search,
which experiment to sample, or how much attention to allocate, yet the mapping from actions to
information is already specified. The problem is therefore to learn within a given informational
environment, not to determine how that environment should be interrogated in the first place. This
paper focuses on that earlier margin.

The paper also builds on a broader line of work that treats cognitive processes—such as belief
formation, attention allocation, and the generation of mistakes—as measurable economic objects,
and that emphasizes the design of data and environments capable of making such processes observ-
able (Caplin, [2025alb, [2023). Within that perspective, the organization of inquiry is not merely an
informal prelude to decision-making. It is itself an economically consequential process that can, in
principle, be modeled and measured.

The present paper studies decision-making under diagnostic uncertainty, in which agents are
uncertain not only about payoff-relevant states, but about how inquiry reveals those states. The
central object is a latent diagnostic structure governing how acts of inquiry generate informative
signals. Agents must therefore learn at two levels: about the world, and about the informational
structure through which the world can be learned. The distinction from existing models is not that
signals are rigid rather than flexible. It is that the informational structure itself is not taken as
known.

We develop a model in which agents sequentially select inquiries prior to commitment while
facing uncertainty over this latent diagnostic structure. At each stage, agents may incur cognitive
cost to refine beliefs about how inquiry is likely to be informative, and then choose how to proceed.
The resulting problem is a finite-horizon dynamic program over inquiry, in which attention is
allocated to belief transformations over diagnostic structure rather than directly to payoff-relevant
states.

To isolate the implications of diagnostic uncertainty, the paper analyzes two canonical diagnostic
geometries. In the first, value depends on locating a decisive inquiry that resolves uncertainty. In

the second, value depends on maintaining a correct sequence of inquiry, where early missteps reduce



the value of later investigation. Both environments admit closed-form solutions and yield a common
representation in which optimal inquiry increases the probability of success relative to uninformed
search.

The framework also provides a basis for measurement. Because inquiry is represented as a
sequence of observable actions, it becomes possible to record how individuals generate information
prior to decision, rather than inferring that process only from beliefs or realized outcomes. This
creates a link between formal models of information acquisition and empirical data on inquiry
behavior.

Recent technological developments make this margin increasingly important. Artificial intel-
ligence systems can generate candidate answers to a wide range of questions at very low cost
(OpenAl, 2023)). As the cost of answers declines, the constraint on decision-making shifts toward
the organization of inquiry. The ability to identify informative questions and sequence them ef-
fectively becomes more valuable, and differences in planning discipline may have larger economic
consequences. At the same time, interactions with Al systems produce observable traces of inquiry,
creating new opportunities to measure how individuals organize investigation in practice (Noy and
Zhang, [2023; [Brynjolfsson et al., [2023]).

The remainder of the paper develops these ideas formally. Section |2] introduces the inquiry
environment and defines questions, diagnostic structures, and belief dynamics. Section [3|introduces
costly diagnostic refinement. Section [ embeds these objects in a dynamic program describing
sequential inquiry before commitment. Section [0 analyzes two canonical diagnostic geometries.
Section [7] discusses measurement using inquiry traces. Section [§] examines implications for AlI-

mediated decision environments. Section |9 situates the framework within related literatures.

Contribution. This paper introduces a model of information acquisition under diagnostic uncer-
tainty, in which agents are uncertain not only about payoff-relevant states but about how inquiry
generates informative signals. In contrast to standard models that operate within a known infor-
mational structure, the framework allows for uncertainty over the diagnostic structure itself and
models how agents allocate costly attention to refining it. The result is a tractable dynamic model
of inquiry with closed-form solutions in canonical environments. The framework also provides a
basis for measurement by representing inquiry as a sequence of observable actions, allowing the

preparation of decisions to be studied directly.

2 The Architecture of Inquiry

Organizing inquiry. Many consequential decisions require information gathering before com-
mitment. Classical models of information acquisition typically assume that the informational prop-
erties of available signals are known. Agents may choose which signals to observe, but they do not
need to determine how those signals should be interpreted.

In many environments, however, the problem begins one step earlier. Decision makers face



uncertainty not only about the state of the world but also about which questions are informative
and how answers should be interpreted. Some inquiries reveal decisive distinctions; others produce

information that is descriptive but irrelevant to the choice at hand.

An environment exhibits diagnostic uncertainty when the informational value of available

questions is itself uncertain. The agent is uncertain not only about the payoff-relevant state,

but also about which inquiries are informative and how their answers should be interpreted.

When diagnostic uncertainty is present, planning becomes the problem of organizing inquiry.
Before acting, the agent must decide which questions to ask, how to interpret the answers they
generate, and how to sequence inquiry prior to commitment.

The framework developed here has three layers. First, the inquiry environment specifies actions,
payoff states, questions, answers, and diagnostic structures. Second, the agent may engage in costly
diagnostic reasoning about which questions are likely to be informative. Third, inquiry unfolds

sequentially in a dynamic program prior to commitment.

Primitives of the environment. The environment consists of

e a finite set of actions ),

a payoff state 6 € ©,

a finite set of admissible questions Q,

answer sets {A,}qe0,

diagnostic structures D € D, and

a finite inquiry horizon T'.

The agent holds beliefs over the joint state (6, D) and may pose questions sequentially before
committing to an action.
The variable 6 determines payoffs, while D governs how questions generate answers. The pair (6, D)

therefore summarizes both what is true and how inquiry reveals it.



The model restricts learning to a finite set of admissible questions. A question is an act
of inquiry that jointly specifies both the distinction being investigated and the source from
which an answer is obtained. Consulting one advisor rather than another, querying one
dataset rather than another, or posing the same prompt to different language models may
correspond to different questions.

This restriction is a modeling device. It does not require that decision makers explicitly
enumerate questions, only that their learning process can be represented as selecting among

a set of available inquiry acts, whether consciously or implicitly.

2.1 Conceptual Primitives of Inquiry

Three objects organize the model: questions, answers, and diagnostic structures.

The central modeling step is to treat questions as primitive acts of inquiry. Rather than choosing
abstract signals, the agent selects from a set of available inquiry acts that differ in what they
investigate and how answers are generated. This representation captures the fact that learning is

constrained not only by what is unknown, but also by which forms of inquiry are available.

Definition 1 (Question). A question is an admissible act of inquiry
geQ

that specifies how a distinction is investigated and from which source an answer is obtained, gen-
erating a realized answer

ac Ay

Formally, questions are characterized by answer-generating distributions
P(a|6,D,q).
Definition 2 (Answer). An answer is the realized outcome
a€ A,

generated when question ¢ is posed. Answers provide information about both the payoff state 6

and the diagnostic structure D.

This interpretation is important because inquiry may take many forms, including internal re-
flection, consultation with advisors, or interaction with data and computational systems. Such
processes may be conscious or subconscious. The model abstracts from these implementation de-

tails and treats questions as the primitive units through which inquiry proceeds.



Definition 3 (Diagnostic Structure). A diagnostic structure D € D specifies how answers generated

by questions relate to the payoff state. For each question ¢ € Q, it determines the distribution
P(a|0,D,q), a€ A,

Different diagnostic structures correspond to different models of how answers should be interpreted.

Definition 4 (Diagnostic Uncertainty). An environment exhibits diagnostic uncertainty when the

agent faces uncertainty over diagnostic structures
DeD

that govern how answers generated by questions relate to the payoff-relevant state.

2.2 Actions and Commitment

The agent ultimately commits to an action

yey,

where ) is a finite set of feasible actions.

Payoffs depend on an unknown payoff state

feco

through an expected utility function

U:Yx0 =R

Utility is realized only upon commitment to an action. Inquiry itself generates no intrinsic
payoff. The planning problem is therefore static in consequences but dynamic in the evolution of

beliefs prior to commitment.

2.3 Questions as Informational Experiments

Before committing to an action, the agent may acquire information through inquiry. In information-
theoretic terms, each question corresponds to an informational experiment whose outcomes are
answers. When the diagnostic structure is known, asking question g induces a well-defined statistical

experiment mapping payoff states to distributions over answers.

Definition 5 (Diagnostic Experiment). Fix a diagnostic structure D. Each question ¢ € Q induces
a statistical experiment
I7:0 = A(Ay), 0~ P(-]16,D,q).



We refer to Hé) as the diagnostic experiment associated with question ¢ under diagnostic structure
D.

Conditional on D, each question therefore corresponds to a well-defined Blackwell experiment.
Under diagnostic uncertainty, however, a question does not correspond to a single experiment,
but to a mapping whose informational content depends on D. Hence it represents a lottery over
experiments indexed by D.

Diagnostic structures may also differ in the range of possible answers generated by the same
question. Formally, the support of P(a | 8,D,q) may depend on D, so that distinct diagnostic

structures may generate different answer sets for the same inquiry act.

Underlying environment

(6, D)

Chosen questionw \(Dia’gnostic experiment
« | P(al6,D,q)

[ Answer realized }
a

!/

{ Updated belief }
w

Figure 1: Diagnostic structure determines how inquiry generates information. A chosen question ¢
interacts with the latent environment (6, D) to produce an answer a. Different diagnostic structures
D correspond to different informational experiments, so the same question may produce different
answer distributions.

2.4 Beliefs and Bayesian Updating
The full state of the environment is

(0,D) € © xD.

The agent begins inquiry with a prior belief



o € A(O© x D).

After asking question ¢ and observing answer a, beliefs update according to Bayes’ rule.
Bayesian update operator. For prior belief 4, question ¢, and answer a, define

B(%q’a) € A(@ X D)

u(0,D)P(a|0,D,q)
24,50, D)P(a|0,D,q)

Answers therefore provide information about both the payoff state 6 and the diagnostic structure
D.

B(mq,a)(e’ D) =

2.5 Subjective Representations

The framework is entirely subjective in the tradition of [Savage (1954). The sets of admissible
questions Q, answer sets A,, and diagnostic structures D represent the agent’s perceived space of
inquiry possibilities and interpretive models.

Different agents may entertain different questions, consider different possible answers, or posit

different diagnostic structures governing how answers should be interpreted.

2.6 Inquiry Horizon

Inquiry unfolds over a finite horizon of T' periods. In each period the agent may pose a question
and observe the resulting answer. Only after the inquiry phase concludes does the agent commit
to an action. The horizon T captures limited time, attention, and cognitive resources available
for inquiry. We focus on environments in which the number of admissible questions exceeds the
available inquiry horizon, so that the agent cannot exhaust all possible inquiries and must select

which questions to ask.

From inquiry to diagnostic planning. The primitives introduced above separate two elements
of information acquisition. Questions determine the acts of inquiry available to the agent, while
diagnostic structures determine how the answers generated by those questions should be interpreted.

When the diagnostic structure is known, each question corresponds to a well-defined experiment.
When it is uncertain, the agent must reason about which questions are likely to be informative. The
next section introduces a formal representation of that reasoning. Diagnostic refinement captures
costly cognition directed not toward the payoff state itself, but toward the structure that governs

which inquiries are worth pursuing.



3 Diagnostic Planning

The preceding section defined the inquiry environment. Agents face an uncertain payoff state, may
ask questions before committing to an action, and receive answers whose informational content
depends on an uncertain diagnostic structure.

Those primitives describe how inquiry generates information. They do not yet describe how the
agent decides which questions are worth asking. That is the task of the present section.

When the diagnostic value of available questions is uncertain, decision-making requires reasoning
about the informational structure of inquiry itself. Agents must evaluate which distinctions are
likely to be useful, which inquiries are likely to be decisive, and how answers may redirect subsequent

investigation.

3.1 Relation to Existing Models

Many classical models of information acquisition assume that the informational structure itself is
known.

Search models draw observations from known distributions. Bandit models treat each arm as a
known experiment. Standard rational-inattention models allow agents to design signals about the
state of the world but assume that the mapping from states to signals is known.

In all of these frameworks, the object of learning is the payoff state.

In contrast, the present framework allows the informational value of questions themselves to
be uncertain. Agents must therefore allocate attention not only to learning about the state of the
world but also to learning how inquiry reveals that state.

In this sense, Question-Driven Learning introduces a higher-order problem: the object of at-
tention is not only the state of the world, but the informational structure governing how questions

generate answers.

Classical information models Question-Driven Learning

Signal or experiment structure known Diagnostic structure uncertain

Learn about payoff state 6 Learn which questions reveal 6

Costs apply to acquisition or processing Costs apply to diagnostic refinement
Experiments are given Experiments must be identified

Question choice is downstream Question choice is itself the central object

Table 1: Shift in the object of attention.

Classical models attach informational or cognitive cost to learning about payoff-relevant

states. The present framework instead attaches cost to learning about diagnostic structure:

determining which questions are informative and how inquiry should be organized.




The key modeling move is therefore to shift the domain of costly cognition from payoff states
to diagnostic structure. Rather than allocating effort to learning what is true, the agent allocates

effort to determining which inquiries are worth pursuing.

3.2 Two Forms of Learning

Two distinct forms of learning arise in the environment.

Learning about the payoff state. When a question is asked and an answer is observed, beliefs
about the payoff-relevant state 6 update according to Bayes’ rule. This is the familiar form of

information acquisition studied in search models, bandits, and rational-inattention environments.

Learning about diagnostic structure. Before selecting the next question, the agent may at-
tempt to refine beliefs about which questions are likely to be informative. This corresponds to
learning about the diagnostic structure D governing how questions generate answers.

The distinctive feature of the present framework is that these two forms of learning are separated.
Updating after observing answers is treated as routine. The key scarce margin concerns costly

refinement of beliefs about diagnostic structure.
3.3 Diagnostic Refinement
Let

(D) =3 (8, D)
%

denote the marginal belief over diagnostic structures.

Before selecting the next question, the agent may refine beliefs about D. We represent this
refinement as choosing a Bayes-plausible distribution over posterior beliefs about diagnostic struc-
ture,

I'y € B(w),

where

B(v) = {r € A(A(D)): ) T(0)i = 1/} .
Drawing 0y ~ I'; produces the refined belief
Y0, D) = (0 | D)in(D).

Refinement alters beliefs about which questions are informative without changing beliefs about

payoff states conditional on diagnostic structure.

10



3.4 Cost of Diagnostic Refinement

Refining beliefs about diagnostic structure requires cognitive effort. We represent this effort by a
cost functional
C(Vta Ft) Z 07

where the feasible refinement I'y € B(1;) depends on the current belief, a dependence we suppress
in the notation.

This cost functional is defined for all belief states. In particular, for any belief v that may arise
during inquiry, the agent may select a Bayes-plausible refinement, and the associated cognitive cost
is defined on this entire domain.

The degenerate refinement that leaves beliefs unchanged incurs no cost:
C(v,I'y,) =0.

Costs therefore apply to transformations of beliefs in the diagnostic-belief domain rather than

to learning about payoff states.

3.5 Diagnostic Refinement and Rational Inattention

Diagnostic refinement can be interpreted as a rational-inattention problem over diagnostic struc-
tures. The agent allocates attention across competing hypotheses about which questions are infor-
mative.

When refinement costs are low, agents can tailor their beliefs about diagnostic structure closely
to the informational features of the environment. When refinement costs are high, beliefs remain

coarse and question choice becomes less responsive to the true diagnostic structure.

3.6 Planning as Anticipatory Reasoning

In many real decision problems, individuals attempt to anticipate how inquiry may unfold before
selecting the next question.

An entrepreneur deciding whether to launch a product may consider how different advisors are
likely to respond and how those responses would shape the next step of investigation. Managers
evaluating a strategic investment may anticipate how further analysis or consultation would alter
their understanding of the problem. Users interacting with artificial intelligence systems often
experiment with alternative prompts in order to determine which ones produce informative answers.

In each of these settings, planning involves reasoning about which questions are worth asking.

3.7 Planning Skill

Planning skill arises from the efficient allocation of diagnostic attention. Agents with low refinement
costs can focus attention on distinctions that matter for selecting the next question. Agents with

higher refinement costs rely on coarser beliefs about diagnostic structure.

11



e Shallow refinement: failure to recognize which questions are likely to be informative.

e Mis-sequencing: pursuit of diagnostically weak questions while more informative sources

are overlooked.

e Wasted anticipation: cognitive effort is spent on contingencies that do not affect the next

inquiry step.

e Premature stopping: inquiry is abandoned before useful sources of information are identi-
fied.

e Diffuse exploration: attention is spread across too many sources rather than concentrated

on the most informative ones.

Two agents facing the same environment and sharing the same prior may therefore pursue very
different inquiry sequences depending on how effectively they refine beliefs about which questions

are informative.

3.8 From Diagnostic Planning to Sequential Inquiry

The preceding discussion isolates the central elements of diagnostic planning. Agents face uncer-
tainty about both the payoff state and the diagnostic structure governing how questions generate
answers. After observing an answer, beliefs about the payoff state update in the usual Bayesian
manner. Before selecting the next question, however, agents may also refine beliefs about diagnostic
structure by allocating cognitive effort to evaluating which questions are informative.

At each stage, the agent therefore faces two linked choices: how much effort to devote to refining
beliefs about diagnostic structure, and which question to ask next. The value of asking a particular
question depends not only on the information it may reveal about the payoff state, but also on the
possibility that its answer may reshape the structure of subsequent inquiry.

The next section formalizes this sequential planning problem as a dynamic program. Because
the value of a question depends on both the payoff state and the diagnostic structure, it will also be
convenient to represent inquiry policies as specifying, for each possible pair (6, D), how questions

are selected. This representation will be introduced in the next section.

4 Dynamic Structure of Inquiry

The preceding sections introduced the primitives of the inquiry environment and the diagnostic
refinement operator. We now embed these objects in a finite-horizon dynamic program describing
how inquiry unfolds before commitment. The dynamic program formalizes a simple idea: before
each inquiry step, the agent may devote cognitive effort to clarifying which questions are worth

asking, then select a question, observe an answer, and continue or stop.

12



4.1 Timing and State

There is a finite inquiry horizon of T4 1 questioning opportunities. Time is indexed by the number

of inquiry opportunities remaining,

te{0,1,...,T}.

Here t = 0 denotes the final inquiry period: the agent may still refine diagnostic beliefs and ask
one final question before committing to an action.

At the beginning of period ¢ the agent holds a belief

ut € A(© x D),

which summarizes all information generated by past inquiry.
Let

Vt(D) = Z:U’t(evD)? Nte(e) = Z:U't(evD)
D

0
denote the marginal beliefs over diagnostic structures and payoff-relevant states, respectively. The

agent also faces a set of admissible questions

Q; C Q.

Within each period, it is useful to distinguish three belief objects. The belief p; is the inherited
prior entering period t. Diagnostic refinement then produces an intermediate belief ~;, which
governs question choice within the period. After a question is asked and an answer is observed,
Bayesian updating produces the posterior belief ;1 carried into the next period. Thus the within-
period belief transition is

e — Yt — Mi—1.

It is important to distinguish the current question choice from the full future inquiry plan. In
period ¢, conditional on continuation, the agent directly chooses only the next question to be asked.
Future question choices are not fixed in advance, but are determined recursively after later answers

generate new posterior beliefs.

4.2 Final Inquiry Period

The dynamic program is most clearly understood by starting with the final period ¢t = 0.

In this period the agent may still refine diagnostic beliefs and ask one final question.
Diagnostic refinement. The agent chooses a refinement
I'y € B(Vo).

13



A draw

])0"\‘].—‘0

produces the refined belief

Y0(0, D) = po(6 | D)io(D).

Question choice and answer generation. Conditional on g, the agent selects a question

QGQQ.

At this stage of the analysis, question choice is represented directly as the selection of a single

admissible question. An answer

ac Ay

is then realized according to
a~P(-10,D,q).
Posterior beliefs are obtained using the Bayesian update operator
’LLil = B(Voz%a)'

Terminal commitment. After observing the final answer the agent commits to an action

yey.

The terminal payoff is therefore

where 1© denotes the marginal belief over payoff states.

For notational convenience define

V—1(M7 Q) = V(M)

4.3 General Inquiry Periods

Consider now a period ¢t > 1. The agent begins with prior belief ;; and marginal diagnostic belief

Vt.

14



Diagnostic refinement. The agent selects a refinement

I'; € B(Vt),

and a draw

produces the refined belief
7(0, D) = (0 | D)in(D).
Question choice. Conditional on 7, the agent chooses a question

q€ Q.

In this posterior-based formulation, the choice object is the next admissible question itself; later
sections introduce an equivalent state-dependent stochastic choice representation that is more con-

venient for establishing existence of an optimal strategy.
Answer generation and belief updating. An answer

ac Ay

is realized according to

aNP(‘07D7Q)

Posterior beliefs are obtained through the update operator

Hi—1 = B('ﬁ,q,d)‘

The posterior belief becomes the prior entering the next inquiry period.

4.4 Continuation Value

For refined belief 74 and question ¢ € Q, define

Wt—1(7t> q, Qt) = Z P(a|7t7 Q)‘/t—l(B(’yt,q,a)v Qt \ {q})u
a€Ay

where
P(ah/tvq) = Z’yt(eaD)P(aw’Daq)
0,D

15



Thus Wi_1(v,q, Q¢) is the value of choosing question q next, given refined belief 4, when all

later inquiry choices will themselves be made optimally through the continuation value V;_;.

4.5 Bellman Recursion

At the beginning of period ¢ the agent may either commit immediately or continue inquiry.

Immediate commitment yields value

V() = masc > p? (0)U (y,0)-
0

Continuation yields

Je(pe, Q) = sup [_C(Vtart) + Ep,~r, (max Wiz1 (s ¢, Qt))] .
T eB(v) 4€Q;

The value function therefore satisfies

Vi, Qp) = max {V (ue), Jope, Q) } -

This posterior-based recursion will later be recast in a form that represents question-selection

behavior as a state-dependent stochastic choice rule over the underlying pair (6, D).

4.6 Within-Period Architecture for ¢t > 1

For periods ¢ > 1, the evolution of beliefs within a period follows the sequence

Ht — V¢ — He—1.

Because answers depend on the underlying pair (6, D), any reduced-form description of ques-
tion choice must ultimately specify how the distribution of questions varies across possible (0, D)

realizations.

4.7 Existence and representation

For analytical convenience, we re-express the posterior-based dynamic program using a state-
dependent stochastic choice (SDSC) representation. This is an equivalent formulation of the same
inquiry problem in which the choice of the next question is represented as a state-contingent rule
over (0, D).

The SDSC representation is introduced to express the cost of diagnostic refinement in a tractable
way. Rather than working directly with belief-based controls, it records how optimal question
choice varies across the underlying state. The construction follows the logic of the static rational-
inattention representation of Matéjka and McKay| (2015]), but is adapted here to a dynamic envi-

ronment with endogenous information acquisition.

16



Prior belief
Mt (03 D)

{Diagnostic reﬁnement}
Iy

Refined belief
Yt (07 -D)

{ Choose question }
q

{ Answer realized }
a

Posterior belief
Ht—1

Figure 2: Within-period inquiry dynamics for ¢t > 1.

Because the model is Bayesian, past inquiry matters only through the current belief. Accord-
ingly, the SDSC formulation is indexed by the current belief state u; € A(© x D) and the current
feasible question set Q; C Q.

As noted above, the value of a question depends on the underlying pair (6, D). Any reduced-
form description of question choice must therefore specify, for each possible (6, D), how questions
are selected. For each (¢, Q;), define the SDSC domain

R(Q)= [] A@).

(6,D)e©xD
An SDSC rule is an element p; € R(Q;), that is, a collection of conditional choice probabilities
pe =1{pt(q ] 0,D)}9,0)coxD-

For each possible realization of the underlying state (0, D), the rule p.(- | 8, D) specifies a probability
distribution over admissible questions.

This representation should be interpreted as a reduced-form description of behavior rather than

17



a literal conditioning on observed states. The agent does not observe (0, D) directly. Instead, the
SDSC rule summarizes how question choice varies with the underlying state, as induced by the

agent’s beliefs and decision problem.

Induced cost on the SDSC domain. In the posterior formulation, the cost of diagnostic
refinement is

C(l/t, Ft),

where vy is the diagnostic marginal of p; and I'y € B(1;) is a Bayes-plausible refinement. Because
beliefs evolve endogenously, the Bellman recursion implicitly applies this same cost technology at
every belief state.

In the SDSC formulation, this dependence must be made explicit. The cost of implementing a
given SDSC rule depends on the current belief, because the set of feasible refinements is determined
by vs.

Fix (ut, Q¢) and define

w(D) = m(6,D).

0
Let I' € B(14) be a feasible refinement, and let

v~T
denote the realized posterior diagnostic belief. This induces the refined joint belief

7(0, D) = (0 | D)o (D).

In the posterior formulation, question choice is determined after diagnostic refinement, as a

function of the refined belief . A choice rule maps refined beliefs into distributions over questions:

a(-|7) € A(Q)-

That is, once a particular refined belief v is realized, the agent selects a question according to
the distribution «(- | 7). The randomness in question choice therefore arises from two sources:
the stochastic refinement of beliefs and the (possibly stochastic) choice rule conditional on those
beliefs.

Given (T', @), the induced joint distribution over latent states and question choices is

P(q,0,D) = a(q|7)T(2)v(6, D),

v

where v(0, D) = p (6 | D)p(D). This expression aggregates over all possible refined beliefs ©
that may be generated by the refinement I'. For each realization U, the refinement induces a

corresponding belief 7, which determines question choice through «, and assigns probability (6, D)
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to each underlying state. The resulting distribution describes how often each question is asked at

each underlying state once refinement and choice are combined.

Definition 6 (Consistency with a refinement). An SDSC rule p; is consistent with a refinement
I' € B(v,) if there exists a choice rule « such that, for all (f, D) and ¢,

pi(q|6,D) p(6,D) = alq | 7)T(#) (6, D),

where v(0, D) = (6 | D)o (D).

Consistency requires that the SDSC rule p; can be generated by some underlying process in which
beliefs are first refined according to I', and questions are then chosen according to a. In this sense,
pt is a reduced-form description of behavior that can be implemented by a refinement-and-choice
pair (T', «). The induced SDSC cost at (u, Q) is defined by

C (pe; pue, Qi) = inf {C(14,T) : py is consistent with T'} .
Assumption 1 (Regularity of the induced SDSC cost). For every (u, Qt), the induced SDSC cost
C (5 e, Qr) : R(Q1) = Ry

is finite, the infimum in its definition is attained, and C*° is continuous with respect to the standard

Euclidean metric on R(Qy), viewed as a product of simplices over (0, D).

A sufficient condition is that the primitive refinement cost C(v,I") be posterior separable, with
a continuous and convex aggregator over posterior beliefs (Caplin et al., [2022). This class of
costs, developed includes standard information-theoretic specifications such as Shannon entropy
and ensures that the induced SDSC cost is well behaved.

Law of motion of beliefs. Given (u, Q¢) and an SDSC rule py, the joint distribution over latent

states, questions, and answers is
Pt(eaDv%a) = Mt(Q,D)Pt(q | G,D)P(CL | eaqu)'

This law coincides with the distribution induced by optimal posterior-based choice once the SDSC
rule is consistent with some refinement. It induces a distribution over next-period beliefs as follows.

For each realized pair (¢, a), define the posterior

-1 = By q.0)-
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The probability of observing (g, a) under p; is

Py(q,a) = > (0, D) pi(q | 0, D) P(a|0,D,q).
0,D

Thus an SDSC rule determines a well-defined stochastic law of motion for beliefs through the
sequence
(Q,D) - q = a4 = 1.

Dynamic program. Define the value of immediate commitment
V() = maxd i’ (0) Uy, 0)-
0

For t > 0, the SDSC continuation value is

JS ) = _OS ; )
2 (s Q1) pténa}ét){ (pe; 11, Q)

+ 3> Pla. @) VE (Buga) 0\ {q})}.
qeQt acAy

The value function satisfies

V;fs(ut, Q) = max {V(Nt)» Jts(ﬂt, Qt)} ‘
Induced transition law. For each state (u:, Q;) and SDSC rule p; € R(Q,), let

At(’ | Ht, Qt,ﬂt)

denote the induced distribution over triples (g, a, ut—1) generated by any refinement-choice pair
(T, ) that is consistent with p; at (us, Q). By Definition [6] the induced joint law of (6, D, gq) is
pinned down by p; and u, while the next-period belief u;_1 is obtained from the posterior update
associated with the underlying refinement. In the equivalence result below, the value of the SDSC

problem is shown not to depend on which consistent pair is selected.

Theorem 1 (Existence and equivalence). Suppose that ©, D, Q, and each answer set A, are finite,
and that Assumption[1] holds.
Then for every horizon t € {—1,0,1,...,T} and every admissible state (pu, Qy):

1. The SDSC Bellman problem admits an optimal SDSC rule. In particular, there exists p; €
R(Q:) attaining
Jf (/’Lta Qt)
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2. The posterior/refinement and SDSC representations are equivalent:
Ji(pe, Qi) = J; (e, ), Vi(ut, Qr) = Vi (e, Q1)
3. Consequently, an optimal policy exists for the posterior Bellman problem
Vi(pae, Qi) = max {V (), Ji(pae, Q1) } -
Proof. See Appendix O

4.8 Joint Refinement Extension

For expositional clarity, refinement in the baseline model operates only on the diagnostic marginal

v¢. One could instead allow refinement over the full joint belief

e € A(O x D),

with costs defined over Bayes-consistent distributions on this larger space.
Under analogous regularity conditions, the Bellman recursion and the one-step refinement result
continue to hold. Restricting refinement to the diagnostic marginal therefore sharpens interpreta-

tion without limiting the generality of the framework.

Listening as the dual margin. The present formulation focuses on the organization of ques-
tions. An equivalent extension would allow costly refinement over the interpretation of answers.
In that formulation the agent allocates attention not to selecting which question to ask next, but
to determining which distinctions within a realized answer are diagnostically relevant. Planning
would then involve the joint organization of questioning and listening.

This dual perspective highlights a broader point. Inquiry skill therefore has two complementary
components: the ability to generate decisive questions and the ability to extract decisive distinctions

from the answers they produce.

5 Diagnosticity in Lived Inquiry

The model developed above describes environments in which the diagnostic value of questions is

uncertain. The following cases illustrate how this structure arises in practical decision problems.
In each case an answer plays two roles: it updates beliefs about the payoff-relevant state and

simultaneously informs beliefs about the diagnostic value of available questions. Planning therefore

consists in sequencing inquiry under uncertainty about both outcomes and sources of information.
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5.1 Case I: Pure State Uncertainty — Career Offer Evaluation

An individual receives an initial job offer. The offer reveals a salary and role description, but long-
term fit and growth prospects remain uncertain. The individual must decide whether to accept
immediately, negotiate, or seek additional offers.

Suppose the informational properties of available inquiries are well understood. A follow-up
conversation with the manager reveals promotion structure. A conversation with current employees
reveals work culture. A background check of the firm’s financials reveals stability. The diagnostic
value of each inquiry is known: each has predictable implications for long-run satisfaction and
earnings.

The individual asks one question and receives an answer. That answer shifts beliefs about long-
term fit and therefore changes which remaining inquiry is most valuable. Ordering matters because
posterior beliefs about the payoff-relevant state alter the expected contribution of each subsequent

question.

Formal mapping. Here, |D| = 1. The experiment mapping II; is known ex ante. The payoff-
relevant state 6 encodes long-run job quality. Each inquiry updates u(#). Planning corresponds to

classical experiment selection over atomic questions. Sequencing is driven by belief over 6 alone.

5.2 Case II: Pure Diagnostic Uncertainty — Choosing an Advisor

An entrepreneur is deciding whether to launch a new product. Several advisors are available, each
offering strategic guidance. The entrepreneur is unsure which advisor’s advice is reliable in this
context.

The entrepreneur consults Advisor A and receives an ambiguous recommendation. The content
shifts beliefs slightly about demand, but more importantly, it raises doubt about Advisor A’s
diagnostic value. Is this advice grounded in relevant expertise, or is it generic and uninformative?

The next step is not merely to ask a different question about demand. It is to decide whether to
continue consulting Advisor A, switch to Advisor B, commission independent research, or redesign
the investigative approach entirely. Answers reorganize beliefs about which source of inquiry is

trustworthy.

Formal mapping. Here, 6 represents market demand and is low-dimensional. The primary
uncertainty concerns D, which indexes the diagnostic value of available questions (or advisors).
Each answer updates the joint belief ;(6, D), with particular effect on beliefs about D. Sequencing

concerns evaluation of the experiment mapping {HqD }qeo rather than refinement of 6 alone.

5.3 Case III: Hybrid Planning — Choosing Among Human and AI Sources

A firm is evaluating whether to pivot its product strategy. Management consults three sources:

e An experienced industry advisor.
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e An internal data analysis team.

e Two different large language models with distinct training characteristics.

Initial responses differ. The industry advisor provides high-level strategic concerns. The internal
team produces quantitative projections with significant caveats. One language model generates
optimistic scenarios; another produces more conservative assessments.

Each response shifts beliefs about the underlying payoff-relevant state 6 (true profitability under
alternative strategies). At the same time, discrepancies across sources raise uncertainty about
diagnostic structure. Is the advisor overconfident? Is the internal data incomplete? Does one
model systematically overstate upside? Should one source be weighted more heavily or excluded
entirely?

Subsequent inquiry is shaped not only by revised beliefs about profitability, but by revised

beliefs about which source of learning is diagnostically reliable.

Formal mapping. Here, admissible questions ¢ € Q include consulting each advisor, querying
each model, or analyzing each dataset. The payoff-relevant state § concerns true strategic prof-
itability. The diagnostic regime D governs how each source maps states into answers. Each answer
updates the joint belief (6, D). Sequencing reflects re-ranking of questions as beliefs about both

profitability and source reliability evolve.

5.4 Common Structure

Across these environments, answers play a dual role. They update beliefs about the payoff-relevant

state 6 and simultaneously inform beliefs about the diagnostic value of available questions.
Planning therefore involves learning not only about the state of the world but also about which

sources of inquiry are reliable. This dual learning problem is precisely the structure captured by

the dynamic model developed above.

5.5 Search and Learning Models as Degenerate Cases

The structure above strictly contains many familiar models of search and learning prior to com-
mitment.

When the experiment mapping is known (|D| = 1), planning reduces to classical sequential
experimentation. In multi-armed bandits, each question corresponds to an arm with a known
sampling technology. In canonical job search, each observed offer answers a question drawn from
a known distribution, and optimal stopping summarizes sequencing. In elimination-by-aspects and
characteristics-based search, each attribute test is a question whose diagnostic properties are fixed.

In all such models, alternatives are uncertain but their meaning is known. The informational
structure within which learning occurs is fixed ex ante.

Question-Driven Learning relaxes precisely this restriction. When the diagnostic value of ques-

tions is itself uncertain, planning must account not only for state uncertainty but for the possibility
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that certain lines of inquiry reveal little. In that environment, question order becomes a distinct
economic margin.
Standard search and experimentation models therefore arise as special cases of a richer archi-

tecture in which diagnostic structure is known.

5.6 Why Planning Is Difficult

When diagnostic structure is uncertain, the informational value of a question cannot be evaluated
solely from its immediate effect on beliefs about 6. The agent must reason about which questions
are likely to be informative.

In the advisor example, the entrepreneur must assess whether further consultation will clarify
the reliability of the advisor. In the CV example, the candidate must decide whether refining a
prompt will produce meaningful improvement. In the hybrid case, management must judge which
analytical sources deserve attention.

Planning skill therefore lies in how effectively agents refine their beliefs about the diagnostic

value of available questions before selecting the next inquiry step.

Why diagnostic learning is cognitively costly. When the experiment mapping is known, the
agent can evaluate a candidate question using its immediate expected informational effect on beliefs
about . When diagnostic structure is uncertain, this shortcut breaks. To decide what to ask next,
the agent must assess how different answers would shift beliefs about the reliability of competing
sources and thereby reorganize which questions are worth asking. This requires reasoning beyond
the immediate posterior over € and is naturally modeled as costly refinement of beliefs about D.
We model this anticipatory diagnostic reasoning—not routine Bayesian updating—as the scarce
cognitive input in planning.

The general model permits arbitrary diagnostic structures.

The environments described above illustrate the central challenge of diagnostic planning: de-

termining which questions are informative when the diagnostic structure itself is uncertain.

From lived inquiry to economic geometry. The examples above illustrate a common planning
difficulty. Decision makers must determine which questions are likely to generate useful information
when the diagnostic structure of inquiry is uncertain.

The general model allows arbitrary diagnostic mappings
D {11} eo.

In such environments inquiry can take many forms.

To clarify the economic forces governing optimal planning, the next section studies two simplified
environments that isolate distinct planning margins.

The first geometry captures environments in which the key difficulty is identifying which ques-

tion is decisive. The second captures environments in which value arises from maintaining the
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correct sequence of inquiry.
These geometries abstract from the richness of the lived environments above, but they isolate

the economic mechanisms that determine how diagnostic refinement affects optimal question choice.

6 Two Canonical Diagnostic Geometries

The dynamic model developed in the previous section allows the agent to refine beliefs about
diagnostic structure before selecting a question. That formulation is intentionally general: the
answer to a question may reshape the continuation problem in many different ways, and therefore
different environments can generate very different patterns of inquiry.

To make the economic logic transparent, this section studies two canonical diagnostic geome-
tries. In both cases the agent allocates attention to increase the probability that the next question
successfully advances the diagnostic process. Preferences, timing, and the information technol-
ogy are held fixed across environments. What differs across environments is how failure affects
continuation value and therefore how inquiry should be organized.

Information acquisition follows the Shannon (mutual-information) specification. In the present

framework, refinement operates on the diagnostic marginal belief

w(D) =" m(6,D).
0

Let I'; € B(v;) denote a Bayes-plausible distribution over posterior diagnostic beliefs 2y € A(D).

Refining 1, into I'; incurs cost

kI(Ty; 1) = KEp,~r, [Z 2(D) Iog(igg;)] ‘

DeD

The summation runs over diagnostic structures D € D. Thus the Shannon cost equals the ex-
pected Kullback—Leibler divergence between the refined diagnostic belief 7, and the prior diagnostic
belief 14. In this formulation, belief refinement operates on the diagnostic marginal belief rather

than the full joint belief over payoff and diagnostic states[]

6.1 Economic environment and timing

The questions in the model matter only because they help the agent make a payoff-relevant decision.
To make this explicit, suppose the agent ultimately faces a binary choice problem.

There are two equally likely payoff-relevant states,

w e {UJO,Wl}, PI’((,L)O) = Pr(wl) = %

"More generally, refinement could be defined over the full joint belief pu; € A(© x D), yielding the standard
Shannon cost Ej~r [EQ,D (0, D) log(fi(0, D)/uu(6, D))]. Restricting refinement to the diagnostic marginal simplifies
the interpretation without affecting the structure of the model.
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The agent must eventually choose an action

a € {ag,a1},

where action a; is correct in state w;. Utility is normalized so that a correct choice yields payoff 1

and an incorrect choice yields payoff 0:

u(a,w) = 1{a matches w}.

The agent does not observe the state directly. Instead the agent has access to a collection
of questions whose answers help organize the diagnostic process. Asking a question does not
necessarily reveal the state itself. Rather, the answer may indicate which line of inquiry is productive
or which candidate question should be asked next. The economic value of inquiry therefore lies in
improving the probability that the eventual action matches the true state.

Periods are indexed by the number of remaining opportunities to refine beliefs and ask a ques-
tion. If T periods remain, the agent has T 4 1 opportunities to learn and choose a question,

indexed

T,7T-1,...,0.

Period 0 is the final learning stage before the last question is chosen.

At the beginning of period s the agent holds a belief over the currently relevant diagnostic
structure. The agent may then choose an information structure—that is, a Bayes-consistent exper-
iment over posterior beliefs—and pay the associated Shannon information cost. After observing the
posterior belief the agent selects a question. The answer determines whether the prize is obtained
immediately or whether the diagnostic process continues into the next period.

Learning is therefore available before action in every period, including the final one. What
differs across diagnostic environments is how the answer to a question reshapes the continuation
problem.

In the identification geometry, exactly one question resolves the payoff-relevant uncertainty.
Asking the correct question immediately reveals the information needed for the final decision.
Asking an incorrect question eliminates one candidate and the agent continues searching among
the remaining possibilities.

In the sequential-discipline geometry, value arises from maintaining a correct sequence of ques-
tions. There exists a unique effective path of inquiry. Asking the correct next question preserves
this path and allows the diagnostic process to continue, while asking any other question breaks the
path and eliminates all future value.

These two environments differ only in how failure propagates: in the identification geometry,
failure eliminates one candidate but preserves future value; in the sequential geometry, failure
eliminates all future value.

The analysis in each geometry proceeds in the same way. We first describe the economic envi-
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ronment and write the Bellman equation for the full inquiry problem allowing arbitrary refinement
over diagnostic structure. We then introduce a restricted static problem in which the agent chooses
directly the probability that the next question succeeds. This restricted problem admits a closed-
form solution. The appendix then verifies that the candidate value function generated by the

restricted problem satisfies the Bellman equation for the corresponding diagnostic geometry.

6.2 Identification Geometry

We begin with the identification geometry, in which inquiry proceeds by locating a single decisive
question.

In the general model the state entering period s is a joint belief
s € A(© x D),

with induced diagnostic marginal

vs(D) = Zus(& D).
0

Let ns := |Qs| denote the number of feasible questions at stage s.
The relevant feature of the diagnostic state is the identity of the currently decisive question.

Formally, for each diagnostic state D and current feasible question set Qy, let
ds(D) € Qs

denote the unique decisive question at stage s.

If the agent asks ds(D), the information needed for the final decision is obtained and the prize is
realized. If the agent asks any other question, the answer is a failure signal: the chosen question is
eliminated from consideration, and the diagnostic problem continues with the remaining candidates.

Thus the economic logic of the identification geometry is one of gradual elimination. Failure is
informative but not fatal: it reduces the set of candidate questions while preserving the possibility
of future success.

The full joint belief 15 induces a marginal belief over which question is decisive. For each ¢ € Qg,
define

vi(q) =) us(0,D)1{ds(D) = q}.
0,D

This induced marginal summarizes the aspect of diagnostic uncertainty that matters for inquiry in
the identification geometry.
At the beginning of period s, the agent may refine beliefs over the identity of the decisive

question by choosing a Bayes-consistent experiment

FS eB(”ﬁ)a
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which yields a refined diagnostic belief

g ~ L.

Conditional on 7y, the agent chooses a question
q € Qs.

If ¢ = ds(D), which occurs with probability 7s(q), the prize is obtained immediately. If ¢ # ds(D),
which occurs with probability 1 —s(q), the question fails, is eliminated, and the problem continues

with feasible set

Qs \ {q}-

Conditional on failure of ¢, the posterior belief over the remaining decisive questions is the

renormalized belief

) = e e (o

Under Shannon information costs, the specialized Bellman equation for the identification ge-

ometry is therefore

Vi) = s |ontCird) + Baer, (max () + (L= 2@V 050 0\ (ab)} )|
r.eB(vl) 9€Qs

This is the Bellman equation for the identification geometry.

The analysis below focuses on the canonical symmetric benchmark in which all currently feasible
questions are ex ante equiprobable under the induced diagnostic marginal. In that environment,
and under the optimal refinement characterized in the appendix, the unrestricted Bellman problem
collapses to a one-dimensional choice over the probability that the next question is decisive. This

is the restricted sequence problem analyzed next.

6.2.1 Identification Geometry: A Restricted Sequence Problem

The next step is to represent this environment by a reduced problem in which the agent chooses
directly the probability that the next question succeeds. We now introduce a restricted optimization
problem that will serve as a tractable representation of the identification environment. This is a
simple model in which the agent chooses directly the probability that the next question is decisive
at each stage of the diagnostic process. The resulting problem is a classical finite-dimensional
optimization problem whose solution can be characterized explicitly. We will show that the value
function generated by this restricted problem also satisfies the Bellman equation of the full inquiry
model.

Consider a diagnostic process with T4+ 1 questioning opportunities. At stage s the agent chooses

a conditional success probability
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. 1
Ps € 4771 ’
N
where ng denotes the number of feasible candidate questions at that stage. The lower bound reflects
the probability of success under uninformed search among the ng candidate questions, while the
upper bound corresponds to perfectly identifying the decisive question.
The sequence

(P1,PT-15---,P0)

therefore summarizes a complete candidate strategy for the diagnostic process.

Success probability. In the identification geometry, the prize is obtained as soon as the decisive

question ¢* is asked. Hence the probability that the diagnostic process ultimately succeeds is

T
Pr(prize) = 1 — [ (1 — ps).
s=0
Define
T
Qg = H (1 _pr)7
r=s+1

the probability that stage s is reached—that is, the probability that all later attempts have failed.

Information costs. If conditional success probability ps is implemented at a stage with ng fea-

sible candidate questions, the associated Shannon information cost is

Cu(p) = [peloglnap) + (1 = poytog "= )]

Because stage s is reached only with probability as, the expected information cost incurred at

that stage is

ascs (ﬁs)

The expected total information cost of the sequence is therefore

The restricted optimization problem. The agent therefore chooses the sequence of conditional

success probabilities to solve
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T T
max $1—J[(1=5s) = Culps) ¢ -
(Pr---»Po) =0 —o

This optimization problem determines the optimal organization of inquiry when the agent can

directly control the probability that the next question is decisive at each stage. In the next sub-

section we solve this problem explicitly.

6.2.2 Identification Geometry: Closed-Form Solution

We now solve the restricted sequence problem introduced above.

Recall that the agent chooses the entire sequence of conditional success probabilities

(P1,PT-15---,P0)

to maximize the objective defined in the previous subsection. This is a finite-dimensional opti-
mization problem. The choice variables are the conditional success probabilities at each stage, and
the objective combines the probability of eventually asking the decisive question with the expected
Shannon information costs incurred along the way.

To compute the solution it is convenient to exploit the dependent structure of the objective
function. In particular, the contribution of stage s depends on the probability that all later stages
have failed. This allows the problem to be decomposed stage by stage and solved by backward
induction.

Importantly, this recursion is simply a computational device for solving the restricted sequence
optimization problem. The dynamic appearance arises only from the multiplicative structure of
failure probabilities in the objective.

Let (A]s denote the value of the restricted sequence problem when s questioning opportunities
remain. Since no further success is possible after the last opportunity has passed, the terminal
condition is

U_1=0.

At a stage with s periods remaining, the agent chooses the conditional success probability
p € [1/ng,1]. If the next question is decisive, the prize is obtained immediately and the payoff is
1. If the question fails, the diagnostic process continues to the next stage with value Us_l. The

stage-s problem is therefore

- B - ns(1—p)
Us = i {p+(1 P)Ue-1 = 5 |plog(nap) + (1 pﬂog( ng—1 )]}

The objective is strictly concave in p, so the optimum is unique. Differentiating with respect to p

yields the first-order condition
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N =1
1-— Usfl = K]Og(zj(ln_p)> .

Solving for the optimal conditional success probability gives
. 1 el/m

Ps = = = = .
1+ (ng—1)e =-Us-1)/e  el/k 4 (ng —1)eUs-1/%

Substituting ps back into the objective yields the recursion

= (el/“ + (ng — 1)eﬁsl/“>

Us = klog
N

This recursion can be solved explicitly. Define

Us = eﬁﬁ/“.
Then
1/k _
U, = e’ + (ns 1)Us_17 U =1
N
Writing

the recursion solves to

U, = el/r — (el/"‘ — 1)BS.
Hence the value of the restricted sequence problem is
S

U, = ﬁlog<el/” — (61/"C — 1) H nrn_ 1) .

r=0

In particular, with 7'+ 1 questioning opportunities, the value of the restricted sequence problem

is

T
UT:/@log<el/’i— (el/”“—l) Hnr_1> :

n
r=0 T

This explicit expression is the value generated by the restricted sequence problem and will serve

as the candidate value function in the verification theorem below.
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6.2.3 Why the identification geometry remains tractable

The identification geometry is genuinely sequential. At each stage, the agent chooses a question,
and the process stops as soon as the decisive question is found. What makes the restricted sequence
problem tractable is the way Shannon information costs interact with this stopping structure.

If the question asked at stage s is decisive, the prize is obtained immediately. If it fails, the
process continues to stage s — 1 with one fewer candidate question. Thus the probability of contin-
uation multiplies not only future payoffs, but also all future optimized information costs. This is
what allows the restricted problem to retain a recursive form.

In particular, the stage-s value can be written as

-~ ns(l—p

G = max o (1= )T ptognp) + (1= pytog( U= [},
pE[l/ns,1] Ng — 1

The factor (1 — p) is the probability that the decisive question has not yet been found. Because

this same factor multiplies the entire continuation value (75_1, the optimized future payoff and future

Shannon costs enter recursively as a single object. This recursive structure is what ultimately yields

the closed-form solution

T
ﬁT:/ﬁlog<el/’i— (el/”“—l) Hnr_1> :

n
r=0 T

Appendix [I] provides the short inductive calculation establishing this expression.

6.2.4 Verification theorem

The restricted sequence problem solved above yields the explicit value function

T
~ ny — 1
Ur = rlog| e/® — (e'/* -1 d :
(et
We now verify that the candidate value function generated by the restricted sequence problem
satisfies the Bellman equation of the full dynamic inquiry problem in the canonical symmetric

environment.

Theorem 2 (Verification for the identification geometry). Consider the canonical symmetric iden-
tification geometry in which, at each stage s, the induced diagnostic belief over the feasible questions
Qs is uniform.

Let ﬁs denote the candidate value function generated by the restricted sequence problem. Then,
for every stage s, the function (75 satisfies the unrestricted Bellman recursion for the identification
geometry:

‘/:91(17517 QS) = [7&

Moreover, at each stage the supremum in the unrestricted Bellman problem is attained by the
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symmetric one-spike posterior family that implements the restricted success probability choice.
Hence the restricted sequence problem delivers the value of the full dynamic inquiry problem in

the canonical symmetric identification environment.

The proof is given in Appendix It verifies directly that the candidate value function ﬁT is

preserved by the Bellman operator.

6.3 Sequential-Discipline Geometry

We now consider the second canonical diagnostic environment. In this setting value arises from
maintaining a correct sequence of questions rather than from locating a single decisive one.

In the general model the state entering period s is again a joint belief
s € A(O© x D),

with induced diagnostic marginal

vs(D) = Zﬂswa D).
0

Recall ng := |Q;| denotes the number of feasible questions at stage s.

In the sequential geometry, the relevant feature of the diagnostic state is the identity of the
unique question that preserves the effective path at the current stage. For each diagnostic state D
and feasible question set Qg, let

cs(D) € Qs

denote the correct next question on the path.

If the agent asks c¢s(D), the path is preserved and inquiry continues to stage s — 1. If the agent
asks any other question, the path is broken and all continuation value is lost.

The full joint belief pus therefore induces a marginal belief over which question is currently

correct. For each ¢ € Qy, define
vi(q) =) us(6, D)1{cs(D) = g}
6,D

This induced marginal summarizes the aspect of diagnostic uncertainty that matters for inquiry
in the sequential geometry.
At the beginning of period s, the agent may refine beliefs over the identity of the correct next

question by choosing a Bayes-consistent experiment
I, € B(v?),
which yields a refined diagnostic belief

g~ Ts.
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Conditional on 75, the agent chooses a question
q € Qs.

If ¢ = ¢5(D), which occurs with probability 75(q), the path is preserved and the problem continues.
If ¢ # ¢s(D), which occurs with probability 1 — 75(q), the path is broken and continuation value
falls to zero.

Let

Ss(Vs,q)

denote the induced next-stage diagnostic belief conditional on successfully choosing question g¢.
Under Shannon information costs, the specialized Bellman equation for the sequential geometry is

therefore

VI = s[RI+ Eaer, (i {7400 V(8,000 @) } )]
L.eB(vs) 9€Q:

This is the unrestricted Bellman problem for the sequential geometry.

The analysis below focuses on the canonical symmetric benchmark in which all currently feasible
questions are ex ante equiprobable and, conditional on choosing the correct question, the next-
stage problem again takes the same symmetric form. In that environment, and under the optimal
refinement characterized in the appendix, the unrestricted Bellman problem collapses to a one-
dimensional choice over the probability that the next question preserves the path. This is the

restricted sequence problem analyzed next.

6.3.1 Sequential Geometry: A Restricted Sequence Problem

We now represent this environment by a reduced problem in which the agent chooses directly the
probability that the next question preserves the diagnostic path. We again introduce a restricted
optimization problem that will serve as a tractable representation of the sequential-discipline envi-
ronment.

As in the identification geometry, this problem is not obtained by rewriting the Bellman equa-
tion. Instead, it is a simplified formulation in which the agent chooses directly the probability that
the next question preserves the effective path at each stage of the diagnostic process.

There is, however, an additional subtlety in the sequential environment. In the dynamic inquiry
model the agent does not directly observe whether the effective path has already been broken. The
agent continues to ask questions and receive answers, and the failure of the correct diagnostic
trajectory is not directly identifiable from the signals themselves.

In the restricted sequence problem, by contrast, the process stops immediately once the path
is broken. That is, if the agent chooses an incorrect question at any stage, the diagnostic process

terminates and no further value can be obtained. At first sight this appears to impose a stronger
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structure than the dynamic model.

The surprising result established below is that this restricted problem nonetheless generates the
same value as the full dynamic inquiry problem. In equilibrium the optimal information policy
behaves as if the agent immediately recognized that the path had been broken, because once
success becomes impossible the marginal value of further diagnostic attention collapses to zero.

Consider a diagnostic process with 7'+ 1 questioning opportunities. At stage s the agent chooses
a conditional success probability

b e [1, 1} ,
g
where n, denotes the number of feasible questions at that stage. The lower bound corresponds
to uninformed choice among the ns candidate questions, while the upper bound corresponds to
perfectly identifying the correct next question on the effective path.

The sequence

A~

(ﬁT7ﬁT—17 CIEaE JPO)

therefore summarizes a complete candidate strategy for the sequential diagnostic process.

Success probability. In the sequential geometry the prize is obtained only if the correct question

is asked at every stage of the path. Hence the probability of ultimately obtaining the prize is

T
Pr(prize) = Hﬁs.
s=0
Define
T
Qg = 137“7
r=s+1

the probability that stage s is reached, that is, the probability that all later questions on the path

have been answered correctly.

Information costs. If conditional success probability ps is implemented at a stage with ng fea-

sible candidate questions, the associated Shannon information cost is

o) = |patog(np) + (1 o) log (=0 )]

Because stage s is reached only with probability ag, the expected information cost incurred at

that stage is

@sCs (ﬁs)
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The expected total information cost of the sequence is therefore

The restricted optimization problem. The agent therefore chooses the sequence of conditional

success probabilities to solve

T T

max Hﬁs - Zascs(ﬁs) .
(Br.bo) | 15 =

This optimization problem determines the optimal organization of inquiry when the agent di-

rectly controls the probability that each stage preserves the effective diagnostic path. In the next

subsection we solve this problem explicitly.

6.3.2 Sequential Geometry: Closed-Form Solution

We now solve the restricted sequence problem introduced above.
As in the identification geometry, the agent chooses the entire sequence of conditional success

probabilities

A~

(pT,PT-15---,P0)

to maximize the objective defined in the previous subsection. This is a finite-dimensional optimiza-
tion problem. The choice variables are the conditional probabilities of preserving the effective path
at each stage, and the objective combines the probability of remaining on the path all the way to
the prize with the expected Shannon information costs incurred along the way.

To compute the solution it is convenient to exploit the dependent structure of the objective
function. In the sequential geometry, the contribution of stage s matters only if all later stages
have remained on the effective path. This allows the problem to be decomposed stage by stage and
solved by backward induction.

As before, this recursion is a computational device for solving the restricted sequence optimiza-
tion problem in closed form. The dynamic appearance arises only from the multiplicative structure
of path survival in the objective.

Let (73 denote the value of the restricted sequence problem when s questioning opportunities
remain. In the sequential geometry, if the effective path is preserved through all remaining stages,

the prize is obtained. Thus the terminal condition is

~

U_,=1.

At a stage with s periods remaining, the agent chooses the conditional success probability
p € [1/ng, 1]. If the correct next question is asked, the effective path is preserved and the process

continues to the next stage with value [73_1. If the question is incorrect, the path is broken and
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continuation value falls to zero.

The stage-s problem is therefore

U, = max | {p Usr — K [plog(nsp) +(1-p) 1og<”5(1_p)>] } .

pE(l/ng,1 ng — 1

The objective is strictly concave in p, so the optimum is unique. Differentiating with respect to

p yields the first-order condition
N -1
Us—1 = klog <p(ns )> .
L—p

Solving for the optimal conditional success probability gives

1 eﬁ&‘*l/“

Ps

= 1 + (ns _ 1)6—[73_1/K, o eﬁs—l/,‘{ +ns . 1

Substituting ps back into the objective yields the recursion

N ﬁs_l/n -1
Us:;-clog<e + e )

Ns

This recursion can be solved explicitly. Define

Us = eﬁs/".
Then
U, = Us—l""ns_l’ U 4 :el/n'
LB
Writing

S
Ns = H Ny,
r=0
the recursion solves to
el/n —1
N,

Hence the value of the restricted sequence problem is

-~ el/r —1
Uszﬁlog 1+57 .
( Hr:()n?"

In particular, with 7'+ 1 questioning opportunities, the value of the restricted sequence problem

Us=1+

is
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~ el/n —1
UT:l{lOg<1+l—[T .

r=0"Tr
Thus the restricted sequence problem admits a full closed-form solution. This explicit expression

will serve as the candidate value function in the verification theorem below.

6.3.3 Verification theorem

The restricted sequence problem solved above yields the explicit value function

~ /s _1q
I1

r=0"Tr

We now verify that the candidate value function generated by the restricted sequence problem
satisfies the Bellman equation of the full dynamic inquiry problem in the canonical symmetric

environment.

Theorem 3 (Verification for the sequential geometry). Consider the canonical symmetric sequen-
tial geometry in which, at each stage s, the induced diagnostic belief over the feasible questions Qg
1s uniform and, conditional on success, the continuation problem at stage s—1 again takes the same
symmetric form.

Let (/J\'S denote the candidate value function generated by the restricted sequence problem. Then,
for every stage s, the function (75 satisfies the unrestricted Bellman recursion for the sequential
geometry:

VEwe, Q) = U..

Moreover, at each stage the supremum in the unrestricted Bellman problem is attained by the
symmetric one-spike posterior family that implements the restricted success probability choice.
Hence the restricted sequence problem delivers the value of the full dynamic inquiry problem in

the canonical symmetric sequential environment.

6.4 A Common Value Representation

The explicit solutions reveal that, despite their different structures, both geometries admit a com-
mon value representation. The two canonical geometries differ sharply in their diagnostic structure,
but the explicit solutions derived above reveal a common underlying form. In both cases, the value
of the restricted sequence problem can be written as a transformation of the probability of success
under uninformed search.

Let 71'9« denote the probability of ultimate success when, at each stage, the agent chooses uni-
formly among the feasible candidate questions. Then the value generated by optimal inquiry in

both geometries is
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Ur = ﬁlog(l + (el/r — 1)%%) .

The two geometries differ only in the expression for w%.
In the sequential-discipline geometry, success requires remaining on the effective path at every
stage. Under uninformed search, the probability of choosing the correct question at stage r is 1/n,,

so the baseline success probability is

1
-
Hr:O oy

In the identification geometry, success requires locating the decisive question before the ques-

" =

tioning opportunities are exhausted. Under uninformed search, the probability of failing at stage r

is (n, — 1)/n,, so the baseline success probability is

T

n, —1
W%Zl—H Tn .
r=0 T

Substituting these expressions into the common formula reproduces the closed-form solutions
derived above. Thus the geometry of diagnosis enters only through the baseline probability of
success under uninformed inquiry, while the Shannon parameter x governs how strongly optimal
attention transforms that baseline into value.

This representation separates two distinct ingredients of inquiry performance. The first is the
diagnostic geometry, which determines how difficult the environment is absent directed inquiry.
The second is the cost of attention, summarized by x, which determines how effectively the agent

can improve upon that baseline.

Relation to the binary Shannon rational-inattention problem. The representation
Ur = nlog(l + (eM/r — 1)7r%>

is closely related to the value formula that arises in the binary Shannon rational-inattention problem
studied by Matejka and McKay| (2015)). Consider a binary state

s €{0,1}, Pr(s=1)=m,

with payoffs u(1) = 1 and u(0) = 0. Suppose the decision maker chooses an information structure
at Shannon cost xI(s; X). When the optimal solution is interior, the Matéjka—McKay first-order
conditions imply a logit state-dependent stochastic choice rule. This restriction matters: in the
standard binary rational-inattention problem with asymmetric priors, the optimal policy may lie at
a corner with zero attention, in which case the Matéjka-McKay interior characterization does not
apply and the value formula above does not obtain. Appendix[E]gives a simple posterior calculation

for the symmetric binary Shannon problem that makes the appearance of the log—sum—exp operator
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especially transparent.

Substituting this rule into the value function yields the well-known log—sum—exp representation

V() = klog Z meet(S)/m = filog((l —m) + Wel/”) = /{log(l + (eMr — 1)77) .
s€{0,1}

Evaluating this expression at m = 7r£} reproduces the value formula derived above.

The similarity between the two expressions is mathematically exact, but the underlying eco-
nomic problems are different. In the generic binary rational-inattention choice problem with asym-
metric priors, the optimal policy may place zero attention on the state, so that the interior Matéjka—
McKay characterization does not apply. In the present inquiry problem, by contrast, the environ-
ment reduces to a binary margin of success—whether inquiry succeeds in locating the decisive
question—and the Shannon information cost operates on the refinement of diagnostic beliefs that
guide question choice.

The resulting value representation therefore uses the same Shannon log—sum—exp operator that
characterizes the interior Matéjka—McKay solution, even though the operator arises here from the
dynamic organization of inquiry rather than from a static attention-allocation problem. The near
coincidence of the formulas is therefore informative: it reflects the fact that organizing inquiry
under diagnostic uncertainty transforms the probability of success through the same exponential
aggregation that appears in Shannon rational-inattention models.

The common value representation also suggests a broader structural interpretation. In the envi-
ronments studied here, inquiry affects payoffs only through a single terminal decision: the value of
search is entirely determined by whether the decisive question is identified before the questioning
opportunities are exhausted. When attention costs take the Shannon form, the resulting value
expression reduces to the familiar log—sum—exp operator applied to the distribution of terminal
outcomes under uninformed inquiry. This observation raises the possibility that similar represen-
tations may arise more generally in dynamic search environments where all economic consequences
are realized at a single terminal decision. The present analysis does not establish such a result
formally, but the coincidence suggests that the Shannon transform may provide a useful organizing

device for a broader class of inquiry problems.

The Shannon transform. The common representation suggests a convenient way to summarize

the value of optimal inquiry. Define the mapping

Sk(x) = nlog(l + (el/F — 1):(}) , x € [0,1].

We refer to Si(-) as the Shannon transform. In both canonical diagnostic geometries the value
of optimal inquiry is obtained by applying this transform to the baseline probability of success

under uninformed search:
Ur = S,.g(ﬂ(%).
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The Shannon Transform of Optimal Inquiry
Let 77% denote the probability of success under uninformed inquiry. Under Shannon information

costs with parameter x, optimal inquiry value satisfies

Ur = Su(n2), Sk(z) = Klog<1 + (el/x — 1):0) :
Equivalently,

eUr/e =14 (e/® — 1)md.

Thus optimal attention closes the gap between uninformed and fully informed value linearly on

the exponential scale.

Figure 3| illustrates the Shannon transform for different information-cost parameters.

Reading the figure. Figure|3|illustrates the common value representation. The horizontal axis
shows the baseline probability of success under uninformed inquiry z = W%, while the vertical axis

shows the value generated by optimal attention,

V(z)= nlog(l + (/" — 1)$> .

The dashed 45-degree line corresponds to uninformed search, while the curves above it show
how optimal attention improves upon that baseline. Smaller values of x correspond to cheaper

information acquisition and therefore to more effective inquiry

6.5 Implications and Possible Extensions

The common value representation highlights the economic role of the information-cost parameter
k. This parameter governs the marginal cost of concentrating probability on the most promising
diagnostic hypothesis. Smaller values of k correspond to cheaper information acquisition and
therefore to more precise organization of inquiry.

The optimal success probabilities derived above make this role transparent. In both diagnostic

geometries the conditional probability that the next question succeeds takes the form

1
14 (n— 1)/

*

p

where A denotes the value difference between success and failure at that stage. When x is small,
attention is cheap and the agent concentrates probability strongly on the most promising question.
When & is large, attention is costly and the agent’s choice approaches uninformed selection among

the candidate questions.
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Figure 3: The Shannon transform S, (x) maps baseline success probability into the value generated
by optimal inquiry. The value function

V(z) = ﬁlog<1 + (eMr — 1)3:)

maps the probability of success under uninformed inquiry x = 77% into the value generated by
optimal attention. Smaller values of k correspond to cheaper information acquisition and therefore
produce steeper improvements over the uninformed benchmark.

The representation also suggests that the structure uncovered here may extend beyond the two

canonical geometries studied in this section. In both cases the value function takes the form

Ur = mlog(l + (eVr — 1)7r%> ,

where W% denotes the probability of success under uninformed inquiry. This raises the possibility
that similar representations may arise in a broader class of diagnostic environments, particularly
in two-state exchangeable structures in which success probabilities factor multiplicatively across
stages.

Finally, although the model has been presented in terms of the organization of questions, the
same logic admits an equivalent interpretation in terms of the organization of listening. In that
interpretation, the agent receives a stream of answers or signals and allocates attention to inter-
preting them correctly. The Shannon information cost then captures the difficulty of concentrating
attention on the most relevant interpretation of the incoming signal.

Seen from this perspective, the model describes a more general problem of organizing inquiry
and interpretation when information processing is costly. The next section turns to settings in

which this process becomes observable, allowing the structure of inquiry to be measured directly.
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7 Measuring Diagnostic Planning

7.1 The Historical Invisibility of Planning

Planning has always been central to economic decision-making. Workers anticipate changes in
their industries, firms search for profitable strategies, and researchers attempt to identify decisive
experiments. In each of these environments, outcomes depend heavily on how the decision-maker
structures the inquiry that precedes action.

Yet historically the process of planning has been remarkably difficult to observe. Economists
typically see the outcomes of decisions rather than the reasoning that produced them. We observe
which career a worker ultimately chooses, which strategy a firm adopts, or which hypothesis a
researcher tests, but the sequence of questions and answers through which those decisions were
prepared is rarely visible.

This invisibility had important consequences for economic analysis. When a critical compo-
nent of behavior cannot be observed directly, it becomes difficult to study systematically. As
a result, economists have tended to focus on aspects of decision-making that are easier to mea-
sure—education, experience, task performance, and observable outcomes—while planning itself

remained conceptually central but empirically inaccessible.

7.2 [Earlier Attempts to Observe Reasoning

Researchers in psychology and decision science recognized this limitation long ago and attempted
to study reasoning processes directly. The best-known approach was protocol analysis, developed
most prominently by Ericsson and Simon! (1980, 1993)), in which participants were asked to “think
aloud” while solving problems so that researchers could record the sequence of thoughts occurring
during the decision process.

Protocol analysis produced valuable insights. It revealed how individuals search for solutions,
interpret evidence, and revise their beliefs, and it helped establish that reasoning often proceeds
through sequences of hypotheses, tests, and revisions rather than through simple optimization.

However, protocol analysis faced important limitations. Participants knew they were being
observed and were asked to verbalize their reasoning explicitly. The tasks were simplified versions
of real-world problems, and the stakes were typically low. As a result, the reasoning processes
observed in these experiments were informative but necessarily artificial.

More fundamentally, protocol analysis could not disentangle differences in priors from differences
in reasoning. If two individuals asked different questions, it was unclear whether this reflected
different beliefs about the state of the world or different organization of inquiry. Planning therefore

remained difficult to measure in environments where decisions actually mattered.
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7.3 Observed Inquiry Records

While protocol analysis attempted to observe reasoning in laboratory settings, recent technological
developments make it possible to observe inquiry directly in actual decision environments. Inter-
active artificial intelligence systems change this measurement constraint in a specific way: inquiry
becomes explicit, sequential, and preserved.

When individuals interact with Al systems while exploring decisions, the sequence of questions
and answers that precedes a decision is recorded. Each prompt generates a response, and each
response may lead to new questions, revisions, or shifts in direction. These records capture the
structure of inquiry in a way that was previously impossible.

Several features make these data particularly valuable. They arise in actual decision contexts
rather than artificial laboratory tasks, they are inherently sequential—each question appearing in
the context created by previous answers—and they are incentivized, since users ask questions in
pursuit of real objectives such as employment, strategy, or clarification of uncertainty. Taken to-
gether, these characteristics create an unprecedented opportunity to observe planning as it actually

unfolds.

From model objects to observable data. The model developed above describes planning as
a sequential process of inquiry. At each stage the decision-maker selects a question ¢, receives an
answer a;, and updates beliefs before selecting the next question. Formally, inquiry is a stochastic

process over sequences

(C.I17 al)v (q27 (12), ey (QT7 CLT).

Historically these sequences were rarely observable. Decisions were recorded, but the inquiries
that preceded them were not. Interactive Al systems change this constraint by preserving the se-
quence of prompts and responses through which decisions are explored. We refer to these sequences

as tnquiry paths.

Inquiry Path

An inquiry path is the sequential record of inquiry produced during decision exploration:

P = {(a1,a1), (g2, 02), - - -, (ar, ar)}-

Each element records a question posed by the agent and the answer generated by the environ-
ment. Inquiry paths preserve the observable structure of inquiry: the ordering of questions, the

branching of investigation, and the point at which inquiry converges or stops.

Inquiry paths reveal ordering, branching, and the points at which investigation stabilizes or
terminates. What they do not directly reveal are the internal beliefs or refinement processes that
generated them. Interpreting these records therefore requires a model that links observable question

sequences to latent diagnostic beliefs and refinement decisions. Without such a model, they are
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descriptive; with such a model, they become observable realizations of structured inquiry.i

7.4 From Records to Measurement

Observed inquiry records capture behavior, but they do not by themselves measure planning skill.
Their interpretation requires a theory of how inquiry should be organized.

The framework developed in this paper provides such a structure. In the model, planning
corresponds to the sequencing of questions when the diagnostic value of those questions is uncertain.
The agent chooses questions according to a stochastic rule that depends on beliefs about diagnostic

structure, and answers update those beliefs through Bayesian updating. An inquiry path

P ={(q1,a1),...,(qr,ar)}

can therefore be interpreted as a realized path of the dynamic inquiry process.
Natural data provide rich observational variation but embed uncontrolled heterogeneity in diag-

nostic structure and priors. The model therefore suggests a complementary experimental approach.

7.5 Observed Data and Structured Experiments

The framework developed in this paper provides a structure for interpreting observed inquiry
records. In the model, planning corresponds to the sequencing of questions when the diagnos-
tic value of those questions is uncertain.

In structured environments the diagnostic regime D can be drawn from a known distribution
and the experiment menu {Hg) } explicitly defined. Participants ask questions from a finite set Q
and receive answers generated by the underlying diagnostic structure.

In these environments the sequence of questions chosen by the participant directly determines
expected success. Failure to identify decisive distinctions lowers expected payoff, while excessive
exploration of irrelevant branches consumes the finite inquiry budget. Refinement intensity becomes

a structural parameter that can be estimated from observed inquiry paths.

7.6 Structured Life-Event Tasks

Laboratory precision alone does not capture the stakes of real planning environments.

Many consequential life events already possess the structure required by the model.

Consider the construction of a CV for a specific job. The participant begins with a large
informational base: prior roles, projects, credentials, and experience. A job description implicitly
defines the diagnostic regime. Some distinctions are decisive while others are irrelevant.

Interacting with an Al system, the participant must decide which distinctions to foreground,
which uncertainties to clarify, and when further inquiry is unnecessary.

Two participants facing the same task may organize inquiry very differently. Some quickly iden-
tify decisive distinctions. Others explore descriptive features of the environment without isolating

the structural constraint that determines success.
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These differences correspond precisely to the planning capabilities described in the model.

7.7 Co-Evolution of Model and Measurement

Historically the absence of durable inquiry records constrained the study of planning. Planning
before commitment was conceptually central but empirically inaccessible.

Interactive Al systems remove that constraint. Inquiry becomes explicit, sequential, and pre-
served.

Measurement and modeling therefore co-evolve. The formal architecture developed in this paper
provides the structure through which preserved inquiry paths can be interpreted. Conversely, the
existence of such records makes it possible to measure planning behavior directly. Planning under
diagnostic uncertainty thus becomes a measurable object of economic analysis.

The emergence of durable inquiry records is closely tied to the spread of interactive artificial in-
telligence systems. The next section examines how these systems reshape the economic environment

in which planning occurs.

8 Planning in the Age of Artificial Intelligence

Up to this point the analysis has been deliberately technology-neutral. The model describes how
agents organize inquiry when the diagnostic value of questions is uncertain. Artificial intelligence
alters the economic environment precisely along this margin.

Modern Al systems can generate candidate answers to a wide range of questions almost in-
stantly. Information that once required substantial search or consultation can now be produced
within seconds. As a result, the central constraint in decision-making shifts from acquiring answers
to organizing inquiry. The bottleneck moves from information acquisition to the sequencing of
questions.

Artificial intelligence therefore places the organization of inquiry at the center of economic

decision-making.

Planning Complementarity Conjecture.

Artificial intelligence dramatically reduces the cost of generating answers to questions. As
answer generation becomes inexpensive, the binding constraint in decision-making shifts from
information acquisition to the organization of inquiry.

Planning Complementarity Conjecture: reductions in the cost of producing answers increase
the economic return to planning skill, defined as the ability to generate decisive questions and
organize sequences of inquiry that isolate the relevant distinctions in a decision problem.
Under this conjecture, advances in artificial intelligence do not eliminate the role of human
judgment. Instead they raise the payoff to disciplined inquiry by making differences in how

individuals organize questions more consequential for outcomes.
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8.1 Revisiting the Inquiry Problem

Consider again a worker exploring whether a transition into data science is feasible. Using an
artificial intelligence system, the worker can generate answers to many descriptive questions almost

instantly:

e What jobs exist in data science?
e What salaries do these roles offer?
e Which cities have the largest job markets?

e What programming languages are commonly required?

Each answer provides useful descriptive information, yet the investigation may expand indefi-
nitely without resolving the central decision. A different sequence of questions produces a different

structure of inquiry:

e What determines whether someone can enter the field?
e Is a specific credential required?
e Given my background, how difficult would it be to obtain it?

e What is the fastest credible way to do so?

In this sequence the investigation converges rapidly on the decisive constraint. In the language
of the model, the two sequences correspond to different diagnostic strategies: the first explores
descriptive dimensions of the environment, while the second isolates the decisive diagnostic distinc-
tion. Artificial intelligence does not remove the need for planning; it makes the consequences of

how inquiry is organized more visible.

8.2 Planning Skill

When answers become abundant, differences in planning skill become more visible. In the model,

planning skill manifests through several capabilities in organizing inquiry.

1. Question generation. Individuals differ in the questions they are able to formulate. Some
planners quickly generate questions that expose decisive distinctions, while others explore

descriptive features of the environment without identifying the structural pivot of the problem.

2. Answer interpretation. Answers must be interpreted in ways that redirect investigation.
Extracting the relevant implication from a response often requires judgment about how the

information reshapes the decision problem.

3. Anticipation of inquiry paths. Skilled planners anticipate which future questions are

likely to be informative and direct inquiry toward those distinctions.

Artificial intelligence does not eliminate these differences. It exposes and amplifies them.
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8.3 Complementarity and Substitution

The interaction between artificial intelligence and planning skill depends fundamentally on the
diagnostic structure of the environment. In relatively simple environments, a small number of well-
chosen questions can resolve most of the relevant uncertainty. When answers to those questions can
be generated quickly and reliably, artificial intelligence has the potential to substitute for routine
forms of reasoning. The bottleneck is limited, and reducing the cost of answers directly improves
performance.

The situation changes in diagnostically complex environments. In such settings, questions do not
operate independently: early answers reshape the space of possibilities and alter which subsequent
questions are informative. Inquiry becomes path-dependent, and the value of any given question
depends on the sequence in which it is asked. Under these conditions, the ability to identify decisive
distinctions and to organize sequences of questions becomes central to performance.

Artificial intelligence therefore changes not only the level of productivity, but the relative im-
portance of different cognitive skills. When answers are abundant, differences in how individuals
structure inquiry become more consequential. Individuals with similar access to technology may
nevertheless achieve very different outcomes, depending on their planning discipline and their ability
to allocate attention to the most informative lines of inquiry.

The framework developed in this paper provides a way to analyze this interaction formally.
Differences in planning discipline correspond to differences in the question sets agents consider, the
beliefs they hold about the diagnostic value of those questions, and the cognitive resources they
allocate to evaluating and selecting among them. Artificial intelligence amplifies the returns to

these choices by reducing the cost of obtaining answers once a question has been posed.

8.4 Relation to Task-Based Frameworks

The dominant empirical framework for analyzing technological change in labor markets focuses on
tasks. In this approach, production is decomposed into activities, and technological progress is
studied in terms of how it substitutes for or complements the execution of those activities (Autor
et al, |2003; |/Acemoglu and Autor, 2011; |Acemoglu and Restrepol, [2020). This perspective has been
highly successful in organizing evidence on automation and labor demand.

The framework developed here highlights a different margin of adjustment. Rather than focusing
on the execution of tasks, it emphasizes how agents organize inquiry before committing to action.
From this perspective, the central object is not the task itself, but the process through which the
agent determines what to do.

Artificial intelligence systems make this distinction particularly salient. These systems do not
simply automate tasks; they generate answers to questions. As the cost of obtaining answers falls,
the productivity of decision-making increasingly depends on how effectively agents structure their
inquiry. The key constraint shifts from execution to diagnosis.

Planning under diagnostic uncertainty therefore operates at a different level of analysis than

the task-based framework. The two perspectives are complementary. Task-based models describe
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how activities are performed, while the framework developed here describes how those activities

are selected and organized in the first place.

8.5 Measurement and Development

Historically, the organization of inquiry has been extremely difficult to observe. Economists typ-
ically see the outcomes of decisions rather than the process through which those decisions were
prepared. As a result, planning has remained conceptually central but empirically elusive.

Artificial intelligence systems fundamentally change this constraint. Interaction logs preserve
the sequence of questions through which decisions are explored, providing a direct record of how
individuals structure inquiry under uncertainty. What was previously hidden becomes observable:
the questions that are asked, the order in which they are posed, and the responses that guide
subsequent investigation.

When the diagnostic structure of an environment can be specified in advance, these inquiry
sequences can be evaluated objectively. Questions differ in their informational value, and some
identify decisive distinctions while others pursue irrelevant lines of inquiry. Participants who focus
on high-value distinctions increase the probability of reaching the correct decision, while those who
do not reduce it. Performance can therefore be assessed not only from final outcomes, but from
the structure of the inquiry that produced them.

The same environments that permit objective assessment also create opportunities for deliberate
practice. Exercises built around hidden constraints, source reliability, or convergence decisions allow
individuals to develop the ability to identify decisive distinctions and to organize inquiry efficiently.
Because artificial intelligence systems both generate answers and record interaction histories, they
provide a natural platform for constructing and scaling such environments.

Planning capital therefore becomes not only measurable, but teachable. The organization of
inquiry can be observed, evaluated, and systematically improved in ways that were previously

infeasible.

From observable inquiry to economic analysis When inquiry leaves a durable record, the
organization of investigation becomes observable rather than inferred. Differences in how agents
generate questions, interpret answers, and sequence inquiry can therefore be studied directly, rather
than reconstructed indirectly from outcomes.

The framework developed in this paper provides a structure for interpreting these observations.
It identifies the economic object underlying inquiry traces as planning under diagnostic uncertainty,
and provides a language for linking observed question sequences to underlying beliefs, constraints,
and strategies.

These developments suggest a shift in what can be measured in economic analysis. The or-
ganization of inquiry need no longer be treated as an unobserved residual. Instead, it can be
incorporated directly as a measurable component of behavior, opening the door to new forms of

theoretical modeling, empirical analysis, and policy design.
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9 Intellectual Foundations and Related Traditions

The framework developed in this paper extends the Cognitive Economics research program, which
studies how cognitive processes shape economic behavior and therefore require explicit modeling and
measurement. Within this perspective, attention allocation, belief formation, and the generation
of mistakes are treated as economically consequential objects rather than residuals. A central
methodological implication of this approach is data engineering: the design of environments and
data structures that render cognitive processes observable in economically meaningful settings
(Caplin, [2025b, 2023}, 2025a)).

From this perspective, the absence of a formal model of inquiry is not incidental. In standard
economic data, we observe outcomes—choices, earnings, employment transitions—but we do not
observe the process through which decision-makers generate the information that leads to those
outcomes. The sequence of questions that are asked, the sources that are consulted, and the way
attention is allocated across them are typically unobserved. As a result, planning remains implicit:
models assume that relevant information is available, but do not describe how it is produced. The
present paper contributes to this agenda by introducing a formal model in which sequential question
choice under diagnostic uncertainty is itself a constrained economic decision, and by providing a

structure that links this object to observable inquiry behavior.

9.1 Inquiry and the Selection of Relevant Distinctions

In many decision problems, the central difficulty lies not only in how agents respond to information,
but in determining which information is relevant in the first place. Decision-makers must decide
which distinctions to investigate, which sources to consult, and how to allocate attention across
them. These choices shape what is learned before any final action is taken.

This aspect of decision-making is often implicit in economic models. Agents are assumed to
face a set of alternatives and an informational environment that is already structured in a way
that makes evaluation possible. The problem is then to choose optimally given that structure. In
practice, however, the structure of the problem is not fully determined in advance. It is shaped by
the process through which information is generated and interpreted.

Herbert Simon was distinctive in emphasizing this layer. In his work on problem solving and
bounded rationality (Simon, (1955, 1996; Newell and Simon, 1972), decision-making is not only
a matter of choosing among alternatives, but of identifying which distinctions matter and how
complex environments are decomposed into manageable components. This perspective highlights
that the effectiveness of decision-making depends on how attention is directed and how inquiry is
organized.

At the same time, this literature remains largely descriptive. It identifies the importance of
structuring problems and directing inquiry, but does not provide a formal account of how agents
determine which distinctions are informative or how they allocate resources to learning about them

under constraints.
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The present paper takes a step in this direction. It treats the selection of informative distinctions
as an economic decision problem in its own right. Agents face uncertainty not only about payoff-
relevant states, but about how inquiry reveals those states, and must allocate attention to refining
beliefs about which questions are informative. This provides a formal framework in which the

organization of inquiry can be analyzed and, in principle, measured.

9.2 Information acquisition under payoff-state uncertainty

FEconomic theory provides several rigorous frameworks for analyzing learning before commitment.
Search models study how agents sample from known distributions and decide when to stop searching
(Mortensen and Pissarides| 1994 Rogerson et al., 2005). Bandit models analyze exploration across a
set of known experiments, balancing the value of information against immediate rewards (Gittins,
1979; Berry and Fristedt) 1985). Rational inattention models characterize how agents allocate
limited information-processing capacity across signals about payoff-relevant states (Sims| [2003;
Matéjka and McKay, [2015; Caplin and Deanl, 2015; (Caplin et al., 2022; Woodford, 2014).

These frameworks differ in their primitives and in the margins along which optimization occurs,
but they share a common structural feature: uncertainty is located at the level of payoff-relevant
states. The informational environment—how signals are generated from those states—is specified
ex ante. Agents may choose how intensively to search, which experiment to sample, or how much
attention to allocate, but the mapping from states to signals, or from actions to observations, is
taken as known. Learning therefore concerns the payoff-relevant state, not the structure through
which information about that state is produced.

This feature has been central to the tractability and success of these models, but it also limits
their scope. When the informational structure is given, the problem of determining which inquiries
are informative does not arise. The present paper shifts the location of uncertainty from the payoff-
relevant state to the diagnostic structure itself. Agents are uncertain not only about ¢, but about
how inquiry reveals #, and may allocate costly attention to refining beliefs about which questions
are informative. The resulting problem is therefore not simply one of learning about the state,
but of learning how information about the state is generated. This shift introduces a higher-order

learning problem over the structure of information itself.

9.3 Planning heterogeneity, decision skill, and measurement

A large empirical literature documents heterogeneity in cognitive and non-cognitive skills, includ-
ing decision-making ability, foresight, and planning behavior. Early work emphasized the role of
planning in financial behavior, showing that individuals differ systematically in their propensity
to plan and that these differences are associated with economically meaningful outcomes (Ameriks
et al., 2003). More recent work has expanded the scope of measurement to include broader decision-
making skills and their relationship to income and life outcomes (Caplin et al., [2023), as well as the
role of cognitive and non-cognitive abilities in shaping labor market performance (Heckman et al.,
2006; Deming}, 2022).
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At the same time, research in psychology has studied planning ability directly, often using
structured tasks that require sequential reasoning and foresight (Ericsson and Simonl |1980). These
studies demonstrate substantial variation in the ability to organize multi-step reasoning and adapt
strategies over time. Related work emphasizes the forward-looking structure of planning, including
the formation of intentions under anticipated contingencies (Ajzen, 1991) and the use of implemen-
tation intentions to link specific situations to actions (Gollwitzer}, 1999). Together, these approaches
highlight that planning involves not only reasoning about outcomes, but structuring responses to
future states of the world. However, such measures are typically derived from laboratory environ-
ments or stylized tasks, and are only indirectly connected to economically consequential decisions.
This perspective aligns with the view taken here, in which planning concerns how agents organize
responses to uncertain and evolving informational environments.

A common feature of both literatures is that planning is either measured in reduced form or
inferred from outcomes. The underlying process by which agents structure inquiry is rarely observed
directly or modeled explicitly. The framework developed in this paper provides a bridge between
these approaches by introducing a formal model of sequential question choice under diagnostic
uncertainty and by linking it to observable inquiry traces. This makes it possible to study planning

as a structured economic object rather than as a residual category or latent trait.

9.4 Artificial intelligence and the observability of inquiry

Recent advances in artificial intelligence have fundamentally altered the environment in which in-
quiry takes place. Large language models and related systems can generate candidate answers to
a wide range of questions at very low cost (OpenAl, 2023). Empirical evidence suggests that such
systems can substantially increase productivity in a variety of tasks (Noy and Zhang, 2023; Bryn-
jolfsson et al., [2025). Much of the existing economic analysis has focused on how these technologies
affect the execution of tasks and the allocation of labor across activities.

The framework developed here highlights a different margin. As the cost of generating answers
declines, the constraint on decision-making shifts toward the organization of inquiry. When answers
are abundant, the key question becomes which questions to ask and in what order. Differences in the
ability to structure inquiry may therefore play an increasingly important role in shaping economic
outcomes, even when access to technology is similar.

A second implication concerns measurement. Interactions with Al systems naturally generate
sequential records of inquiry, including the questions asked, the answers received, and the points
at which inquiry stops. These traces provide a new form of data on the structure of reasoning
in economically relevant settings. The model developed in this paper interprets such traces as
realizations of a dynamic inquiry process under diagnostic uncertainty, thereby linking advances in
Al to the empirical study of planning behavior.

Taken together, these developments underscore the importance of modeling inquiry itself as
an economic object. The present framework identifies planning under diagnostic uncertainty as a

distinct margin of behavior that becomes both more consequential and more observable in environ-
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ments where answers are inexpensive but attention and structure remain scarce.

10 Conclusion

Economic decisions are rarely made in a single step. They are preceded by inquiry. Workers
exploring career transitions, firms evaluating strategies, and researchers designing empirical tests
all engage in sequential investigation before committing to action. In each case, the quality of
the final decision depends not only on the information available but on how the inquiry preceding
action is organized.

Historically this margin remained largely invisible. Economists observed the outcomes of deci-
sions rather than the reasoning that produced them, and the sequence of questions through which
decisions were prepared rarely left a durable trace. Planning was therefore conceptually central but
empirically inaccessible.

Artificial intelligence changes this constraint. When answers become inexpensive to generate,
the scarce input in decision-making shifts from acquiring information to organizing inquiry. At the
same time, inquiry leaves a record: the sequence of questions and answers through which decisions
are explored becomes observable.

The framework developed in this paper formalizes this margin. Planning under diagnostic
uncertainty becomes a defined economic object rather than an informal intuition. Once observable,
it can also be measured and developed. The organization of inquiry thus becomes a measurable
and economically consequential component of decision-making in environments where answers are

abundant but understanding remains scarce.
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A Structure of Appendix

This appendix contains two types of results. The first set of sections provides verification proofs for
the main theorems. The remaining sections provide auxiliary calculations that clarify the closed-

form solutions and their connection to Shannon rational-inattention models.

B Proof of Theorem (1

We prove existence and equivalence by backward induction on the horizon.

B.1 Preliminaries

Fix a period ¢ and an admissible state (u, Q;). Because O, D, and Q; are finite, the SDSC domain

R(Q)= [I A

(0,D)e©xD

is a nonempty compact subset of a finite-dimensional Euclidean space.
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The immediate-commitment value
V() = mas i (0)U (y,0)
0

is finite for every py, since ) and © are finite and utility is bounded.
Let

v(D) =Y (0, D)
0

denote the marginal belief over diagnostic structures.
In the posterior formulation, continuation from (u¢, Q;) is governed by refinements I' € B(v)

together with choice rules a(- | v) defined on refined beliefs
+(0,D) = pu(6| D)p(D),  #~T.

In the SDSC formulation, continuation is governed by rules p; € R(Q;) together with the
induced cost
C%(pe; e, Qi) = inf {C(1,T) : py is consistent with T'} .

By Assumption [} for every (us, Q;) this cost is finite, the infimum is attained, and C*%(-; uut, Qy)

is continuous on R(Q;).

B.2 Step 1: Existence for the SDSC problem

We first prove existence of an optimal SDSC rule at every state.

For ¢t = —1, there is no continuation problem and

V2 (p, Q) = V(n),

so existence is immediate.
Now fix ¢ > 0 and suppose inductively that V;%, (i, Q) is finite for every admissible (1, Q).
Consider the SDSC continuation problem at (g, Q¢):

Jts(ﬂu Q1) = max —CS(Pt§Mt, Q) + Z Z Pi(q,a) V{il(B(m,q,a), 2\ {a}) ¢

R
PtER(Q1) 1€, acA,

where the induced joint distribution over questions and answers is

Pi(g,a) = 1u(0,D) pi(q | 0,D) Pla | 6,D,q).
0,D

Because ©, D, and Q; are finite, the map
pr = Pi(g,a)
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is continuous for each (g, a), and hence the objective function is continuous in p;. By Assumption
C3(pg; pie, Qp) is continuous. Therefore the entire objective is continuous on the compact set R(Qy).

By the Weierstrass theorem, a maximizer
p; € R(Qt)
exists. It follows that J;(u¢, Q;) is well defined and finite, and hence so is
Vi (e, Q1) = max {V (), J (1, Qo) } -

This proves part (1) of the theorem.

B.3 Step 2: One-step equivalence of continuation values
We now show that, at any given state (u¢, Q), the posterior/refinement and SDSC continuation

problems have the same value.

Posterior formulation. The continuation value is

Ji(pe, Q) = sup | —C(v,T) + Epor (r]re%xzP(a!%Q)‘/}_1(B(7,q,a),Qt\{q}) ;
t

reB(ve) .

where v(0, D) = (0 | D)o(D) and

P(a|~,q) =Y _ (0, D)P(a]|6,D,q).
0,D
SDSC formulation. The continuation value is

Jts(lu’ta Qt) = max CS ptvl‘bt’ Qt Z Z IEDt Q7 ‘/t 1 ,u,t,q,a)7 Q \ {Q})

R
PtER(Q1) 1€, acA,

B.3.1 Posterior value is no greater than SDSC value

Fix any feasible (I', ) in the posterior problem and let p; be the induced SDSC rule.
Then (T', @) and p; generate the same joint law over (0, D, ¢, a) and hence the same distribution

over next-period beliefs. Therefore

Eypr Z a(q | '7) Z P(a | ’77(]) Vtil(B(v,q,a% Q \ {Q})

qeQs a€Aq
= Z Z Pt(Qv a) ‘/;S—I(B(ut,q,a)v Qt \ {q})
qeQt acAy

o7



Since p; is consistent with T',
C%(pe; e, Qi) < C(1y, T).
Using the inductive hypothesis Vﬁ 1 = Vi—1, it follows that

Ji(pe, Qi) < I (e, Qo).

B.3.2 SDSC value is no greater than posterior value

Fix any p; € R(Q;). By Assumption [} there exists (I'*, a*) consistent with p; such that
C%(pe; e, Q1) = C(1, T).

Again, (I'*, a*) and p; generate the same joint law over (0, D, ¢, a) and hence

SN Pug.a) ViE (Bl g, QMal) = Eore | Y (@ 17) D Pla|7,9) Viet(Biy g0, Q¢ \ {a})

qEQ: aGAq qEQt aGAq

Thus p; attains a value feasible in the posterior problem, implying

T (e, Q1) < T, Q).

Combining both inequalities yields
Jt(:u‘ta Qt) = JtS(Mt, Qt)

B.4 Step 3: Equality of value functions
Since J; = J; and both value functions are defined by the same maximum with V (u), it follows
that
Vi(pe, Qr) = Vi (1, Q1)
B.5 Conclusion

By backward induction, for every horizon t and every admissible state (u¢, Q;), the SDSC and
posterior formulations admit optimal policies and yield identical value functions. This proves
Theorem [1I

C Verification for Identification and Sequential Geometries

This appendix verifies that the explicit value functions derived from the restricted sequence prob-

lems satisfy the Bellman equations for the two diagnostic geometries. In both cases the proof
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proceeds by induction on the horizon and uses the one-period Shannon formula for the correspond-

ing reduced choice problem.

C.1 Identification geometry

This appendix proves the verification result for the identification geometry in the canonical sym-
metric environment.
Let Qy denote the feasible question set at stage s, and let Jg := |Q;|. In the canonical symmetric

environment, the induced diagnostic belief over the decisive question is uniform:
q € Qs.

Let VI (v, Q,) denote the value of the unrestricted Bellman problem, and let U I(Js) denote the

candidate value generated by the restricted sequence problem.

Theorem [2| (Verification for the identification geometry). Consider the canonical sym-
metric identification geometry in which, at each stage s, the induced diagnostic belief over the
currently feasible questions Qg is uniform.

Let ﬁT denote the value generated by the restricted sequence problem, and let VTI (V:Ip, or)
denote the value of the unrestricted Bellman problem for the identification geometry.

Then the restricted value coincides with the unrestricted value in the canonical symmetric

environment:

ng(ﬁqlv, QT) = ﬁT.

Equivalently, the symmetric one-spike posterior family that implements the restricted sequence

problem attains the supremum in the unrestricted Bellman problem.

Proof. The proof proceeds by backward induction on the number of remaining inquiry opportuni-

ties.

Step 1: Final period. When s = 0, the agent has one final opportunity to refine beliefs and

ask a question. Since no continuation remains after failure, the unrestricted Bellman problem is

Vl(#l, Qo) = sup [—HI(F(); 7)) 4 Epgory <max ﬁo(q))} .
ToeB(@}) 7€Q0

This is a one-period Shannon rational-inattention problem with Jy ex ante symmetric actions.

By the Matéjka—McKay characterization, the unrestricted optimum is implemented by a symmetric

one-spike posterior family and yields

e/ Jy—1
VJ(ﬂé,Qo>=fslog<JO0 .

99



Equivalently, the optimal probability that the final question is decisive is

el/n
el/n—i-J()—l.

This is exactly the terminal value generated by the restricted sequence problem, so

A~

bo =

Vi (i1, Qo) = UL (o).

Step 2: Inductive hypothesis. Fix s > 1, and assume that at stage s — 1 the unrestricted

Bellman problem coincides with the candidate restricted value:
‘/:91—1(175—17 stl) - US]_l(Jsfl»

Step 3: Candidate posterior family. Consider the symmetric one-spike posterior family in-
dexed by a scalar success probability p € [1/Js,1]. For each ¢ € Qg, define the posterior %P
by
v(q) =p, V()= %, q #q.
. —

Let these posteriors occur with equal ex ante probability 1/Js. This family is Bayes-plausible
under the uniform prior 7!,

If the agent chooses the posterior-maximizing question ¢ and that question fails, then the

renormalized posterior over the remaining questions is uniform:

(277) () = 5= ¢ € Q:\{q}.

Hence failure returns the problem to the canonical symmetric environment one stage earlier.

Step 4: Guess and verify. Under the candidate posterior family, choosing the posterior-

maximizing question yields current payoff

p+(L=p)UL(Js = 1)
The Shannon information cost of implementing the one-spike family is
Js(1—p
K [P log(Jsp) + (1 —p) 10%(}_3)] .

Therefore the value generated by the candidate family is

U Js(1—
p+(1—-pUL (Js=1) =& [plog(JSp) + (1 —-p) IOg<J(—1p)>] _
We now verify that this candidate solves the unrestricted problem. Given the inductive hypoth-

esis, the continuation value after failure is the same for every non-decisive question. Accordingly,
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the current stage presents a Shannon choice problem with Js ex ante symmetric actions, one of
which yields payoff
1

and the remaining J; — 1 of which yield the common payoff
UL, (Js—1).

By the Matéjka—McKay characterization, the unrestricted optimum of this one-period Shannon
problem is implemented by the symmetric one-spike posterior family described above. Hence the

unrestricted Bellman problem collapses to the one-dimensional optimization

7 Js(1 —
Vi (75, Qs) = peﬁ/&?ﬁﬂ {p +(1=p)U (Js—1) =& [plog(Jsp) +(1—p) log<H>] } )

But this is exactly the restricted sequence problem.

Step 5: Preservation of functional form. The first-order condition is

LU (- 1) = lg(p(f_‘p”) ,

with solution

e1//-@

/s 4 (Js — 1)elinaUs=D/x’

A~

Substituting back yields the recursion for US[ (Js) obtained in the restricted sequence problem.
Hence
Vi@l Q) =Ul(Jy).

S

This completes the induction. ]

C.2 Sequential geometry

This appendix proves the verification result for the sequential geometry in the canonical symmetric
environment.
Let Q; denote the feasible question set at stage s, and let Jg := |Q;|. In the canonical symmetric

environment, the induced diagnostic belief over the correct next question is uniform:
q € Qs.

Let V5 (v, Q) denote the value of the unrestricted Bellman problem, and let US(.J,) denote the

candidate value generated by the restricted sequence problem.
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Theorem (3| (Verification for the sequential geometry). Consider the canonical symmetric
sequential geometry in which, at each stage s, the induced diagnostic belief over the currently
feasible questions Q; is uniform, and conditional on success the continuation problem at stage s —1
again takes the same symmetric form.

Let I?T denote the value generated by the restricted sequence problem, and let Vj? (V*Tg, Qr)
denote the value of the unrestricted Bellman problem for the sequential geometry.

Then the restricted value coincides with the unrestricted value in the canonical symmetric

environment:

VE(02, Or) = Ur.

Equivalently, the symmetric one-spike posterior family that implements the restricted sequence

problem attains the supremum in the unrestricted Bellman problem.

Proof. The proof proceeds by backward induction on the number of remaining inquiry opportuni-

ties.

Step 1: Final period. When s = 0, the agent has one final opportunity to refine beliefs and ask
the correct question. If the correct question is chosen, the prize is obtained; if not, value is zero.

Hence

Vos(ﬂg, Qp) = sup [—ld(f‘o; ﬂ@g) + Epy~r, <max ﬁo(q)>] )
ToeB(7) 7€Q0

This is again a one-period Shannon rational-inattention problem with Jy ex ante symmetric
actions. By the Matéjka—McKay characterization, the unrestricted optimum is implemented by a

symmetric one-spike posterior family and yields

Vet gy —1
Vi (75 Qo) =ﬁlog<e,]00>‘

Equivalently, the optimal probability that the final question is correct is

el/r

- el/f + Jog—1

A~

Po

This is exactly the terminal value generated by the restricted sequence problem, so
Vo' (75, Qo) = Ug (Jo)-

Step 2: Inductive hypothesis. Fix s > 1, and assume that at stage s — 1 the unrestricted

Bellman problem coincides with the candidate restricted value:

‘/:95;1(775—17 Qs—l) - Ug—l(b’s—l)-
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Step 3: Candidate posterior family. Consider the symmetric one-spike posterior family in-
dexed by a scalar success probability p € [1/J,,1]. For each ¢ € Qj, define the posterior v %P
by

. N L—p
v =p, )= 5— dFa
S

Let these posteriors occur with equal ex ante probability 1/Js. This family is Bayes-plausible
under the uniform prior ﬂf .

In the canonical sequential geometry, if the posterior-maximizing question ¢ is chosen and
succeeds, the next-stage problem again takes the canonical symmetric form. Hence success leads

to continuation value

~

Uf—l(Jsfl)'

Step 4: Guess and verify. Under the candidate posterior family, choosing the posterior-

maximizing question yields current payoff

pUZ | (Js—1).

The Shannon information cost of implementing the one-spike family is

K [p log(Jsp) + (1 —p) log(']f](:_lmﬂ :

Therefore the value generated by the candidate family is

~

pUS (Jr) — [p log(Jsp) + (1 —p) log<w)] :

We now verify that this candidate solves the unrestricted problem. Given the inductive hypoth-
esis, the continuation payoff after success is the same for every currently correct question, while
choosing any incorrect question yields zero. Accordingly, the current stage presents a Shannon

choice problem with Js ex ante symmetric actions, one of which yields payoff

~

Uf—l(‘]s—l)v

and the remaining J; — 1 of which yield payoff

By the Matéjka—McKay characterization, the unrestricted optimum of this one-period Shannon
problem is implemented by the symmetric one-spike posterior family described above. Hence the

unrestricted Bellman problem collapses to the one-dimensional optimization

~

) Js(l _p)
S-S _ S - - 7 -1
V2 (02, Q) = nax {pUS_l(Jsl) r |plog(Jsp) + (1 —p) 10g< Js—1 )]}
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But this is exactly the restricted sequence problem.

Step 5: Preservation of functional form. The first-order condition is

~ Js—1
U8 (o) = mog(p(lp)) ,

with solution

U1 ()

A~

Ds =

@ﬁf_l(Js—l)/H + T — 1'

Substituting back yields the recursion for ﬁss (Js) obtained in the restricted sequence problem.

Hence
V2, Qs) = US(Jy).

This completes the induction. O

D Closed-form calculation for the identification geometry

Lemma 1 (Closed-form solution for the identification geometry). Consider the restricted sequence
problem with stages t =0,1,...,T, where ny > 2 denotes the number of feasible questions at stage
t, and t = 0 is the final stage. Let

A=ellr,

Then the value function satisfies the recursion

~ A -1 ﬁt—l/ﬂ
Ut:/@log< + (s Je ), t>1,
nt
with base case A )
(70 = mlog<+ o~ ) ,
1o

and admits the closed-form expression

t
~ s— 1
Ut_mlog<A—(A—1)Hnn )

s=0

Proof. For t =0, we have

. A -1 -1
U0:n10g<+go) :mlog<A—(A—1)n0n >
0 0

so the formula holds.
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Now suppose the expression holds for ¢t — 1, so that

t—1
Ui = a—(A-D]]
s=0

ng — 1

Ur

Substituting into the recursion gives

A+ (ng—1) [A—(A_l)l—[t—l o

~ s=0 ng
U; = klog -
t
Expanding the numerator,
S o S
A+ (g —DA—= (= D(A-D]] Sn =mA— (- DA-D]] Sn
s=0 s s=0 s
Dividing by n; yields
t—1 t
ng — 1 ng — 1 ng — 1
A-(A-1 =A-(A-1 .
( L Sl;[o - ( )81;[0 s

Hence

t
ﬁt = IilOg(A (A*].)H nsn_ 1) y

s=0

which completes the induction.

E A Posterior Calculation for the Binary Shannon Problem

The following calculation clarifies the appearance of the Shannon log—sum—exp operator in the main
text. In the symmetric binary case, the posterior representation of the Shannon problem makes

the cancellation between expected utility and optimized information cost particularly transparent.

Setup. Let the payoff-relevant state be
s€{0,1},

with prior belief
_ (11
p=1(33)
There are two actions, A and B. Action A is correct in state 1, and action B is correct in state

0, so payoffs are
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u(A,1)=1, u(B,0)=1, u(A,0) =0, wu(B,1)=0.

The decision maker chooses an information structure at Shannon cost xI(s;z) and then selects

the action that maximizes expected utility given the posterior belief.

Posterior representation. With a binary state and two actions, any symmetric information

structure (such as the optimal structure) can be represented by two posterior beliefs

A=, 1-79), AP=0-v1),

corresponding to signals recommending actions A and B respectively.

Bayes plausibility requires the prior to equal the average posterior:

1 1
§7A T 573 = (2:2)-

Thus the two posteriors occur with equal probability.

Expected utility. After observing v, the agent chooses action A, which is correct with proba-
bility v. After observing 77, the agent chooses action B, which is also correct with probability 7.

Hence expected utility is
EU =+.

Shannon information cost. Mutual information can be written as prior entropy minus expected

posterior entropy:

I(s;2) = H(p) — E[H(y)].

Since the prior is (1/2,1/2),

H(pn) = log2.

Both posteriors have the same entropy

H(y) = —vlogy — (1 — v)log(1 — ),

SO

I(s;z) =log2+ ~vylog~y+ (1 —v)log(l — ).

The Shannon information cost is therefore
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kI = klog2 + kylogy + k(1 — ) log(1 — 7).

Optimal posterior. Under Shannon costs the interior optimal posterior takes the form

el/n
v= 1+el/l€'
Let
Z=1+¢ls,
Then
B el/n ) B 1
Y= 7 Y= A
Hence

1
logy = — —log Z, log(l —~) = —log Z.
K

Substituting into the entropy expression gives

vlogy + (1 —v)log(l —7) = % —log Z.

Thus

I:log2—|—l—logZ,
K

and multiplying by x yields
kI =klog2+~v— klog Z.
Optimized value. Subtracting the information cost from expected utility gives

EU -kl =~ — (klog2+~y—klogZ) = klog Z — rklog2.

1 1/k
V= /ﬁ;log<+2€> .

This is the symmetric (7 = %) case of the Shannon log—sum—exp expression

Since Z =1 + el/*,

Vir) = mlog((l —m) + Trel/“) .

The calculation illustrates how the posterior formulation produces the familiar log—sum—exp
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operator once expected utility and the optimized Shannon information cost are combined. In the
main text, the same operator appears because the dynamic inquiry problem reduces to a binary
success margin—whether the decisive question is located— and Shannon refinement transforms the

baseline probability of success through this operator.

Remark. The same calculation extends to arbitrary priors g = (w,1 — 7). In that case the

Shannon identity yields

Vir) = mlog((l —7)+ Wel/”) ,

so the symmetric calculation above corresponds to the special case 7 = % The symmetric case is

presented because it makes the posterior geometry particularly transparent.
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