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1 Introduction

Consider the following, simple, two-period problem for optimal Social Security benefit design:
A retired individual arrives in period 1 with sufficient initial wealth, which they can save.
The retiree may die before period 2 with probability p < 1, so cannot borrow. They have
no access to annuities, no preferences for bequests, and there is no interest rate or discount
factor. The government needs to decide its Social Security policy, in which it disburses S
dollars per retiree in period 1 (s;) and period 2 (s3), subject to the government budget
constraint that S = s; 4+ psy (as in a standard overlapping-generations setting) and the
behavioral response of the retiree to the government’s choice of annuity payment profile.
What is the optimal Social Security benefit structure?

The answer to the simple problem — as well as to the natural extension to any finite time
horizon — is that the optimal government social security policy is to defer the entire Social
Security benefit payment to the last period. Intuitively, the government wants to save as
much as possible on behalf of the individual, as it has access to a better savings technology:
it can transfer money between periods at a price of p < 1, whereas the individual — because
they have no access to annuity markets — can only do it at a price of 1.

With an infinite horizon and continuous time, the solution generalizes to an optimal
government Social Security benefit structure of a deferred annuity, in which the government
annuity pays out nothing early on and a constant rate after that. The optimal length of
the deferral period is increasing in initial wealth and in survival probability. If individuals
start with no initial wealth, then a constant annuity per period becomes optimal. Thus, the
optimal deferral length would vary across heterogeneous individuals.

Section 2 derives these results. In Section 3 we discuss some implications for Social
Security design, as well as the connection between our paper and a number of other highly
related papers. In particular, our result is not “new” in the sense that there are papers
which have our result as their (perhaps obvious) implication, but we had not seen it spelled

out this way before.

2 Theory

We consider a setting in which a representative retiree — with a standard per-period utility
from consumption u(c)! — reaches retirement age with accumulated personal savings (or

initial wealth) w, facing stochastic mortality. The government is endowed with the retirees’

1By “standard” we mean that we assume throughout that wu(c) is strictly increasing, strictly con-
cave, twice continuously differentiable, and that it satisfies the Inada conditions (lim._qu'(¢) = oo and
lim,—, o u'(c) = 0).



accumulated social security contributions S (per retiree). The government problem is to
choose its optimal Social Security payout schedule given its total budget of .S, taking into
account the retirees’ optimal consumption-saving decisions and their survival probabilities.

For simplicity, we assume that the individual cannot borrow against the future, does
not discount the future or receive an interest rate on savings, has no bequest motive, and
has no access to annuities. The no-borrowing constraint is standard, imposed to eliminate
the possibility that the individual may die in debt. The assumption of no discounting or
interest rate on savings is inconsequential, and merely done for simplicity. We likewise ignore
potential bequest motives to simplify the analysis and intuition.

The assumption that the individual has no access to annuities is more extreme than
needed; many frictions in private annuity markets would create the same qualitative re-
sult that there is scope for potentially welfare-improving government policy in providing an
annuity through Social Security. The existence of frictions in private annuity markets is
motivated by the so-called “annuity puzzle”: empirically, very few individuals voluntarily
purchase annuities, despite the well-known theoretical result that the optimal choice for a
retired individual facing an unknown date of death and actuarially fair annuity markets
is to fully annuitize their retirement wealth (Yaari 1965; Davidoff, Brown, and Diamond
2005). A variety of explanations have been proposed to explain this puzzle, including non-
actuarially fair pricing of annuities (Mitchell et al. 1999), bequest motives (Lockwood 2018),
late-life medical expenditure risk (Reichling and Smetters 2015), and various behavioral bi-
ases (Brown 2007). Rather than micro-found the lack of voluntary annuitization, we study
the optimal government policy under the assumption that individuals have no access to

private annuities.

2.1 Finite horizon

T = 2. The key insight is most easily illustrated using the two-period setting we alluded
to in the first paragraph of the Introduction. The individual retires at the beginning of
period 1 with financial wealth w. They live in period 1 for sure, and survive to period 2
with probability p, after which they die for sure. The government’s Social Security benefit
policy is defined by the amount it pays the retiree in period 1 (s1) and in period 2 (s2). The
government’s problem is to choose the payment profile (s, sy) that maximizes the retiree’s
expected utility, subject to the government’s budget constraint (s; + p - sy < S) and the
behavioral response of the retiree to the government’s choice of payment profile.

It is instructive to start with the first-best benchmark in which the government can fully

tax away the individual’s starting wealth w, and hence assign the individual’s per-period



consumption directly subject to their budget constraint, s; +p-sy, < w+.S. Equivalently, we
can derive the first best benchmark by assuming that the individual’s starting wealth is w—+.5
and that they have access to actuarially fair annuities in which they could transfer a dollar
in period 1 to 1/p dollars in period 2. In either scenario, the government (or the individual)
would optimally choose equal consumption across the two periods (c'® = c£'®) so that the
individual’s marginal utility of consumption is constant across periods (u'(cf'B) /u/(cEB) = 1).
This is simply the classic result that in the presence of actuarially fair insurance and the
absence of moral hazard, full insurance is optimal (Arrow 1963), and more specifically, full
annuitization is optimal (Yaari 1965).

If, however, the retiree retains w and has no ability to annuitize it, the first best outcome
of equal consumption across periods generally cannot be achieved. Rather, they choose
consumption in periods 1 and 2 to maximize expected utility subject to their no-borrowing

constraint and their lifetime budget constraint:

max [u(cy) + p - u(cr)] (1)
C1,C2
subject to
& S w + S1, (2)
and
cg Sw+ S+ Sy —cCr (3)

If the individual’s no-borrowing constraint (equation (2)) is not binding, they will optimally
choose to front-load their consumption toward period 1 (i.e. ¢ > ¢, such that u/(c})/u/(c}) =
p) because every unit of consumption in period 2 costs them a unit of consumption in period
1 (see the retiree’s budget constraint in equation (3)), but they only receive the period 2
consumption with some probability p < 1.2

The government therefore chooses the annuity benefits s; and s, to maximize the retiree’s
expected utility subject to the government budget constraint and the retiree’s optimal choices

of consumption (denoted ¢} and ¢3):

max [u(ct) + p - u(c3)] (4)

51,52
subject to
S1+p-sy < S, (5)

The government’s optimal policy is to defer more of the annuity payment to the second

2A non-binding no-borrowing constraint is what we were assuming in the opening paragraph when we
said (much less precisely) that the individual has “sufficient initial wealth.”
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period, until either the retiree’s consumption is equalized across periods or all of the govern-
ment’s payout is concentrated in the second period, whichever happens first. Specifically, for
w > S/p, the government’s optimal schedule is to defer the entire Social Security payment
to period 2, so that s; = 0 and sy = S/p; as a result, the retiree will choose ¢} > ¢}, with

the equality holding (and the first best outcome obtained) at w = S/p. For w < S/p, the

government’s optimal policy is 51 = Slfpw, which achieves the first best outcome of the retiree
equating their consumption across periods (¢; = ¢y = SIUFTZ)

Crucially, the government has a more efficient technology to transfer dollars across periods
than the retiree does, with any additional dollar in sy costing only p < 1 in s; (see the
government’s budget constraint in equation (5) compared to the retiree’s in equation (3)).
If the retiree were given the choice of whether and how much of S to annuitize at actuarially

fair rates, they would choose the same solution as the government.

T > 2. Consider now T" > 2 periods, with p; being the (strictly positive and strictly
decreasing in t) probability of surviving to period ¢t < T (and death is certain after period
T). The back-loaded nature of the two-period solution generalizes. However, with a large
enough horizon 7' (and fixed initial wealth w) the consumer’s no-borrowing constraint will
eventually be binding, so paying everything in the last period will generally not be optimal.
Instead, the optimal Social Security schedule is a deferred annuity, in which there are initially
no payments until the individual exhausts w, at which point there is a flat payout schedule
for the remainder of the periods; during this flat payout period the first-best consumption
path obtains.> The full characterization of this solution is in Appendix C. As T gets large,

the solution approaches the infinite horizon case, which we turn to next.

2.2 Infinite horizon

We now turn to our main deferred-annuity result, which is obtained in the context of an
infinite-horizon version of the problem. It will be tractable to do this in continuous time.?

Specifically, the individual now has to solve the following problem:

max /OOO pru(c)dt, (6)

{et}

3The discrete nature of the problem means that it is common (depending on the parameters) to have a
single “top up” period, just before the flat schedule begins, in which the optimal Social Security payment is
positive but lower than the flat per-period amount.

4As shown in Appendix C, the discrete-time version of this problem converges (as the time increment
between periods goes to zero) to the continuous-time result.

4



subject to the no-borrowing constraint

¢ ¢
/ crdr < w +/ s.dr Vit, (7)
0 0

where {s;} is the government’s social security payout schedule and p; is the probability of
survival to date ¢.° The government’s problem is then to choose the Social Security payout
schedule {s;} to maximize the retiree’s utility subject to the individual making optimal
consumption choices in response to the government’s choice and subject to the Social Security

schedule satisfying the government’s budget constraint:

/ ptStdt = S. (8)
0

As shown in the following theorem, the solution to the government’s problem is a de-
ferred annuity which pays nothing until some point, after which it pays a constant amount

thereafter:

Theorem 1. The optimal government transfer schedule takes the form of a deferred annuity:

0 t<t*

([ pdt)™ S >t (9)

St =

The formal proof is in Appendix A, but here we try to provide intuition for the key steps.
The first thing to note is that the objective function of the government and the individual are
the same, so we can rewrite the problem: instead of the government optimally choosing {s;}
subject to the individual making optimal consumption choice {¢;} (given the government’s
choice {s;}), we can solve the equivalent problem in which the government chooses both {s;}
(subject to its budget constraint) and {¢;} (where its choice of {¢;} is constrained by the
same no-borrowing as the retiree in equation (7).)

The second step of the proof is to note that it is suboptimal to have positive Social
Security payments (s; > 0) when the retiree’s assets are positive (w; > 0). This is because,
as in the two-period problem in Section 2.1, the government has a more efficient way to
transfer assets to the future than the retiree. Therefore, if the retiree were going to save at
time ¢t and the Social Security payment rate were positive, the government could increase
the retiree’s expected utility by slightly reducing the Social Security payment rate, so that
the government — rather than the retiree — is the one that does more of the savings. The

converse is also true: because of the Inada conditions on the retiree’s utility function, if the

5More specifically, we assume that py = 1, that p, is strictly decreasing in ¢, and that fooo pt < oo (which
implies that lim;_, o, p; = 0).
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retiree has no assets at time ¢, then any optimal solution must have a positive Social Security
payment rate to guarantee positive consumption rate.

This in turn implies that the optimal solution will have a two-phase structure. In the
first phase, saving rates are positive and Social Security payments are zero. In the second
phase Social Security payments are positive and the individual has no other assets and does
not save, so they consume their Social Security payments. We denote by ¢* the time at which
the first phase ends and the second begins.

Once the two-phase solution is established, we can solve it backwards, conditional on
t*. In the second phase, the government is effectively facing a standard consumption-saving
problem (on behalf of the individual) but has access to the equivalent of a frictionless annuity
market. The optimal solution is thus the first best, in which consumption is equalized across
periods. The government’s budget constraint (equation (8)) dictates the level of this constant
consumption path.

Prior to t*, the individual consumes out of their own wealth. Just like the finite-horizon
model presented in Section 2.1, this means that — absent access to private annuities — the
individual will front-load their consumption because of their positive mortality risk; as a
result, they will choose an optimal ¢; that is a declining function in ¢.

Finally, to determine the value of ¢* at the optimum, it is instructive to realize that ¢,
would optimally be continuous at ¢* (if it is not, one could “locally” smooth out consumption
around t* and increase utility). Then one can notice that in the second phase, the constant
rate of consumption (which is equal to the constant Social Security payout rate) is increasing
in t* (see equation (9)), while the consumption rate just before ¢* is decreasing in ¢* (as the
initial assets get spread over a longer phase-one period), so there is a unique value of t* at
which ¢; is continuous at t*.

Figure 1 illustrates the optimal solution, showing the qualitative nature of the optimal
consumption rate and optimal Social Security payments. The individual will optimally front-
load their consumption out of their initial wealth, and will gradually lower their consumption
rate until it runs out of their own wealth and hits the Social Security payment rate at t*,
at which point they are on a constant consumption rate and consume their Social Security

payment.

Comparative statics. In Appendix B we show that the optimal value of ¢* satisfies intu-
itive comparative statics properties. Specifically, we show that the optimal deferral period
t* is longer for richer individuals (higher w), individuals with higher survival rates, and
individuals with greater absolute risk aversion.

The key intuition behind these comparative statics is that — given the government’s
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budget constraint — a longer deferral period means a higher rate of consumption after t*.
Individuals with greater wealth can consume longer out of their own wealth, which allows the
government to delay their annuity payments longer and reduce the difference in consumption
rates between the two phases. Likewise, individuals with greater survival rates will choose a
less front-loaded consumption path prior to ¢*, making it more beneficial to extend the period
during which they consume out of their own wealth. Finally, more risk averse individuals have
stronger preference for reducing the difference in consumption rates across the two phases,
so delaying the start of Social Security payments allows for a higher level of consumption

after t*.

3 Discussion

One of the primary functions of Social Security programs is to ensure that retirees have
annuity income (Feldstein and Liebman 2002; Diamond 2004). This stems from the welfare-
enhancing role of annuities (Yaari 1965; Davidoff, Brown, and Diamond 2005), combined
with the extremely limited voluntary purchase of annuities; as noted, the limited voluntary
annuity market in turn may reflect some combination of market failures and/or optimization
frictions.

Given the potential rationale for publicly-mandated annuities, we explored the optimal
form of the publicly-mandated annuity stream. We conclude that it takes the form of a
deferred annuity, in which, after the individual is retired, the mandated annuity pays out
zero for some period, and a constant amount thereafter. The optimal deferral length is
increasing in the individual’s retirement wealth and decreasing in their remaining expected
lifetime.

In practice, of course, no country to our knowledge provides their Social Security benefit
in the form of a deferred annuity. If the individual has reached the minimum eligibility
age for Social Security, payments can typically start immediately upon retirement. This
presumably reflects the fact that the optimal deferral length can vary dramatically with the
individual’s wealth at retirement, and the (practical and political) difficulties of trying to
tailor the deferral period to the individual’s wealth.

There are, however, countries where retirees can take their pension as a deferred annuity;,
and choose the length of the deferral. Specifically, Chile has a mandatory national savings
programs for workers, which they can receive at retirement either as a phased withdrawal or
as an annuity. Retirees who choose an annuity have a choice over various annuity features,
including the length of any deferral (Illanes and Padi 2019). In our stylized framework, the

retiree, like the government, would choose a deferred annuity, with the length of the deferral
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increasing in their wealth and in their survival probability.

Turning from practical policy to academic research, Feldstein (1987) appears the most
closely related to our theoretical results. He considers the optimal age profile of retirement
benefits for rational consumers with positive wealth in the absence of annuity markets. While
the focus is different than ours,® the paper includes the result that in a two-period model
the annuity should pay out only in the second period.”

In addition, versions of our theoretical results can be found in results from various cali-
brated models. For example, Horneff, Maurer, and Mitchell (2023) analyze retirees’ optimal
choices for payouts from their defined contribution plans and find that choosing a deferred
annuity can be beneficial; Horneff, Maurer, and Mitchell (2025) simulate the expected utility
gains from defaulting some portion of retirees’ 401(k) balances into immediate or deferred
annuities, and find that the gain to a deferred annuity (relative to a non-deferred one) is
increasing in the individual’s socioeconomic status; Braun, Kopecky, and Koreshkova (2017)
simulate the welfare gains from means-tested social insurance programs and find that scaling
up the program would benefit both the rich and the poor; and Coile et al. (2002) consider
the decision of individuals to delay claiming their Social Security benefits and find via simu-
lation that the optimal length of the delay in claiming benefits is increasing in wealth. Our
theoretical note helps clarify and conceptualize the key economic intuition behind these and

related results.

8The paper is focused on the tradeoff between the gains from risk protection from backloading annuities
relative to the loss of the higher returns from private assets if the annuity is paid out sooner.

"Similarly, Bernheim (1987b) derives the consumer’s optimal consumption choices as a function of their
initial wealth and the annuity payment profile, while Bernheim (1987a) similarly solves for the individual’s
optimal wealth drawdown as a function of the annuity payment profile. Both highlight the distinction
between the individual’s and the planner’s effective discount factors.
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Figure 1: Illustration of Theorem 1

Consumption path (c)

Social Security payout (s)

£ Time (t)

Notes: The figure illustrates the optimal annuity payout rate and the associated optimal consumption
path in the infinite-horizon continuous-time setting.
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Appendix
A Proof of Theorem 1

We first introduce some additional notation used throughout the proof. We denote the
individual’s asset path by a; = w+ fot (sr — ¢, )dr, which reduces the no-borrowing constraint
to a; > 0 for all t. We use u(-) to denote the Lebesgue measure on the real line, and
P = ftoo p-dT to represent the integral of the survival probability path starting at ¢.

We begin with two lemmas that allow us to restrict our search to the space of deferred
annuities, and then show that there exists a unique optimal deferred annuity with the stated
properties.

Our first lemma establishes that there are two (almost everywhere) mutually exclusive
and exhaustive phases: one where the individual consumes from strictly positive savings,
and one where the government pays out a positive annuity.

Lemma 1. [t is without loss of optimality to focus on transfer schedules {s;} such that,
except on a set of measure zero, a; > 0 if and only if s, = 0.

Proof. Fix some {s;}. The “only if’ direction amounts to showing that if s, > 0 on a set
of positive measure, then the individual does not save almost everywhere along that set, i.e.
M ={t:s > 0,a; > 0} has measure zero. Suppose towards a contradiction that p(M) > 0.
We aim to construct a profitable deviation from {s;} that shows that this transfer schedule
cannot be optimal.

Note that if M has strictly positive measure, there are Values s, a, and a set M = {t:
s¢ > s,a; > a} such that M also has Strlctly positive measure. 8 By definition of the Lebesgue
measure, there exists at least one point £ € M and r > 0 such that u(B,(f) N M) > 0, where
B,(+) denotes the open ball of radius r. Note too that we can choose r sufficiently small so
that for all ¢ in B,(t),a; > a.”

Let A = (i—r,1) and B = [f,t+r). Note that it is without loss that both ANM and BNM
have strictly positive measure.'” Denote by pp(-) the measure [ _gp(s)du(s) induced by the
survival function p(-). Note that pp(BNM) < p(t ),u(BﬂM) and pp(ANM) > p(t) (AN M)

(BNM) ((ANNT)
up(BAM) ~ up(ANND)"

by strict decreasingness of p(-), so that -

8This follows because {s; > 0} = Useoofst > g} (where Q denotes the rationals), and the same
decomposition applies to the set {a; > 0}), so that countable subadditivity implies that the measure of at
least one of the sets in the union is strictly positive.

9To see this, note first that since s;, ¢; are measurable and locally integrable, the asset path a; is almost
everywhere differentiable by the fundamental theorem of calculus for Lebesgue integrals, and a fortiori
continuous, so it maps open sets to open sets. Therefore, the set {¢ : a; > 0} is open in the real line, so it
can be uniquely expressed as the countable union of disjoint open intervals. Since t € M, a(t) > a, so there
exists a sufficiently small open interval around this point satisfying the desired property.
p(MOB,(5) _ 4
N u(Br(1))
where B, (t t) is the closed ball of radius r around f. Lebesgue’s density theorem states that almost every
point in M is a density point, so that if M has strictly positive measure at least one such point exists, and
such a point must have an intersection of positive measure with both [t — r,t] and [¢,# + 7] for r sufficiently
u(MOB, (1))

u(Br(t))

intervals with the same endpoints are the identical, this delivers the desired statement.

12
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small, since otherwise would be bounded above by 1/2. Since the measures of closed and open



Now consider the following alternative paths of transfer and consumption (and therefore
assets):

e Fort <t—randt>t+r,as well as (AU B)\ M, leave consumption and transfers

unchanged.

e Over AN M, reduce the transfer from y to y — m and leave consumption un-
changed.

e Over BN M, change the transfer from y to y + m and change consumption from
ctoc+ —HP(Z;M) where § = 1 — ZE;Z%;Z}ZE?Q%;

If such a deviation is feasible, it strictly increases utility, since consumption is strictly higher
on a set of positive measure and unchanged elsewhere.!! We now show it is feasible:

e Government budget constraint: by construction, the augmented transfer schedule costs
the same discounted amount as the original one, so if the original path is feasible, so
is the augmented path.

e Transfer schedule non-negativity: the only potentially problematic region is over ANM,
where transfers are reduced. Since s(-) > s > 0in M, non-negativity can be maintained
by choosing € sufficiently small.

e Asset path non-negativity and consistency with consumption path:

For t < t — r, the asset and consumption paths are unchanged.

For t € B,(t), by choosing € sufficiently small, the no-borrowing constraint continues
to hold.'?

Lastly, at t = f + r the augmented asset paths a®9(-) and the original asset path a(-)
have the same value, so that it is feasible to keep the asset path unchanged thereafter.®

" w(BNM) w(ANM)
,U,p(Bﬂ]\j[) HP(AQM)
12In particular, letting ¢, be the original consumption path, the consumer’s no-borrowing constraint

(which corresponds to the asset path being nonnegative) is

t Y t
/ CT—I—M dTﬁU)-i—/ S
0 pp(BNM) 0

since, by feasibility of the original asset path, a; = w + fot [s; — c;]dT > a for all t € B,(t), this is equivalent

t
© e(/tll(TGAﬂM)I(TGBQM)(le)‘|dT><a
0 a

HThis follows since # € (0, 1), given tha

T

_el(TGAﬂM) el(r € BN M)
pp(ANDM) wp(B N M)

pp(ANM) pp(BN M)

the expression inside parentheses is a continuous function of ¢ by Lebesgue’s differentiation theorem, so it
obtains a maximum over the compact set [t — r, + ], implying that the inequality above can be made to
hold uniformly over B,.(f) by choosing e sufficiently small.

13This follows from noting that at £ 4+ r, we have

a®¥ = g: — e H(AQM) _IU“(BQM)(lig)
oo pp(AN M) pp(B N M)
13




The second part of the lemma states that if s; = 0 on a set of positive measure, then
a; > 0 almost everywhere along that set. Supposing towards a contradiction that a; = 0
on a subset of {t : s, = 0} that has positive measure, note that this implies the individual
consumes ¢; = 0 on a subset of positive measure. This contradicts the Inada condition: since
the consumer starts with positive assets, a reallocation of consumption from an earlier time
where ¢; > 0,a; > 0 would yield strictly higher utility. O]

Our first lemma showed that it is without loss of optimality to consider policies with
two distinct phases: positive savings and no government transfer, and positive government
transfers and no savings. Our second lemma shows that optimally, the switch between these
two phases occurs exactly once, starting with the positive savings region and ending with the
positive transfer regime, that the transfers fully exhaust the government’s budget constraint;
and that within the positive transfer phase, the transfer is constant.

Lemma 2. [t is without loss of optimality to consider deferred annuities {s;} of the form

{0 t<tr

S =

P7lS t>t*

Proof. Fix some {s;}. First, note that at the optimum, s; > 0 on a set of positive measure.
Otherwise, offering any government transfer stream with strictly positive resources weakly
loosens the budget constraint at some times ¢ and strictly loosens it at others, implying a
deviation towards a superior consumption path. The same logic rules out optimal transfer
schedules that do not exhaust the government budget constraint (i.e. those with fooo PeSy <
S).

Having established that s, > 0 on a set of positive measure, we claim that sup{t : s; >
0} = oo. Suppose towards a contradiction that t¥™* := sup{t : s; > 0} < oo. Note that
per Lemma 1, a; = 0 almost everywhere when s, > 0, so a(t*™**) — e = 0 for all sufficiently
small € > 0, so that at all times s > ¢*** the consumer is forced to consume nothing. The
Inada condition and the fact that under any government transfer a consumption path that
never hits zero is feasible implies that zero consumption on a set of positive measure is never
optimal. Therefore, if the set {t : s; > 0} has positive measure, it is almost everywhere an
interval of the form [a, c0).

To summarize, an optimal transfer schedule satisfies fooo p:se = S and pays out over some
interval [t*, c0) in which a; = 0 so that ¢; = s;. The last remaining claim is that it is without
loss of optimality to consider deferred annuities, i.e. constant positive payment streams. By
Jensen’s inequality with respect to the probability measure p,, = %, for any possibly

optimal transfer schedule, individuals” utility over this region satisfies

o o fioptstdt _
dt < - d ) =P PtS ,
Jo s ([Coar)u (§570) = reontes)

with strict inequality unless s; is constant over [t*,c0). The deferred annuity s, = I{t >

uw(ANM)pp(BNM)

so that setting 6 =1 — (BRI e (ANTT)

yields afp = a;s as desired.
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t*}P1S that pays out over [t*,00) delivers the utility on the RHS above and is feasible, so
it is optimal in the sense that other transfer schemes can do no better. ]

From Lemma 1 and Lemma 2, we now know that any optimal transfer schedule essentially
takes the form of a deferred annuity, and that the individual always has positive assets
before the deferred annuity begins and always has zero assets thereafter. The set of possibly
optimal transfer schedules are then the deferred annuities indexed by starting date t*, and to
find which is optimal we analyze the individual’s indirect utilities when they consume $(t*)
(the fixed annuity) over [t*, 00), and fully exhaust their budget constraint at time ¢* while
optimally smoothing consumption.

We can therefore write the indirect utility among all such transfer schedules as V(t*) =

U(t*) + W (t*), where
o
Ut*) = sup / pru(cy)dt
0

c(-)zo,fot* cidt=w

and W (t*) = P-u(P:'S). Proving that there exists a unique optimal transfer schedule then
reduces to showing that V(¢*) obtains a unique maximum on [0, 00). To do this, we show
that V'(t*) crosses zero exactly once and from above at some point t**, implying that V' (¢*)
obtains its unique global maximum at that point. We now differentiate V' (¢*).

Lemma 3. The derivative of the value function is
V(") = U'(t") + W(t") = pi[g(ce- (7)) — 9(5(t7))]

where ¢« (t*) denotes the period-t* consumption rate when the individual optimally smooths
up to period t* and exhausts their budget constraint at t*, g(x) := u(x) —xu'(x), and 3(t*) :=

P:'S.

Proof. We consider U’(t*) first. This is the derivative of indirect utility in the phase where
the consumer uses their own savings, so the consumer faces a standard consumption-savings
problem of the form
t*

max / pru(c)dt,

{at,et} Jo
subject to ag = w, dy = —c¢, and fot cdt = w. M

Because this is a standard consumption-savings problem, the solution exists, is unique,

and coincides with the maximum of the Lagrangian,'® which is given by

"
L= / [prul(cy) — Aie]dt + Aow,
0

where \; > 0 is the costate on the law of motion for assets. Differentiating the maximized
Lagrangian with respect to t* yields, via Leibniz’s rule, U'(t*) = ppu(cp (%)) — A=cyp= (1),

14The constraint a; > 0 always holds at the optimum since the individual never optimally consumes 0 by
the Inada condition.
15See for instance Theorems 7.8.1 and 7.9.1 in Léonard and Long (1992).
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where ¢+ (t*) denotes the period-t* consumption rate when the individual optimally smooths
up to period t* (and exhausts their budget constraint at ¢*).

To characterize \;, note that by Pontryagin’s Maximum Principle, the solution to this
consumption-savings problem is also characterized by the Hamiltonian, H = pu(c) — Ac.
Optimality with respect to the control variable ¢ then yields pu/(c) = A, while optimality
with respect to the state variable a yields A= 0. Therefore, at the optimum we have that
At = A is constant and p,u/(¢;) = A for all ¢, so that A\, = p,u/(¢;). Overall then, we have
U'() = pe [uler (#9)) — e (80 (e ()],

To differentiate the second term, W (t*), recall that P = [ pydt so that P'(t*) = —p,-.
Moreover, write 3(t*) = P 'S for the deferred annuity consistent with a start date of t* and
note that 3 (t*) = P.%pyS = Plpp3(t*). Therefore, W' (t*) = p[u/(3(t*))3(t*) — u(3(t"))].

Combining both terms of V'(t*) yields the desired result. O

Note that ¢'(z) = —zu”(x) > 0 by strict concavity, so that g(-) is strictly increasing.
Thus, the sign of the derivative depends only on the values of ¢, (t*) and 5(¢*). If ¢4 (%) >
5(t%), then V'(t*) > 05 if ¢ (t*) < 5(¢*), then V'(t*) < 0, with a critical point V'(t*) = 0
only if the two terms are the same.

The rest of the proof amounts to showing that there exists a unique ¢** such that the
implied optimal consumption there equals the payout from the deferred annuity consistent
with a start date of ¢t**, and consumption only crosses this annuity once, so that ¢t** is the
unique optimum:

Lemma 4. There is a unique time t** such that the implied optimal consumption at t** is
ces (8°) = 5(t*). After this time, ¢ (t**) < 3(t**), while before t** the inequality is reversed.

Proof. Note first that from the Hamiltonian of the consumer’s optimal savings problem,
pitd(¢y), is constant for all ¢ € [0,t*]. For a given level of terminal consumption ¢+, then,
there is a unique level of consumption c;(cp,t*) = (u/)7! (%%) consistent with the
individual’s optimization. Therefore, ¢;+(t*) is the unique level of terminal consumption so
that [5 ci(ci-(t*),t*)dt = w.'® Note that since u(-) is strictly concave and p; is strictly
decreasing, ¢;(ci,t*) > cs(cp, t*) whenever ¢ < s, and ¢;(¢4, t*) is increasing in ¢ for all ¢.
To show the existence of a unique t** satisfying the desired properties, we claim that

1. ast* — 0, &= (t*) > 5(t%),
2. as t* — oo, ¢ (t*) < S(tY),

3. §(t*) > 0 for all t*, and

16Quch a level of ¢4+ exists and is unique for any w > 0. To see this, note that by the Inada condition, as
cgr — 0, o (u/(i)%) — 0 pointwise and the induced consumptions paths are monotonically decreasing.
The dominated convergence theorem thus implies that as ¢ — 0, fot f 71(%)& — 0. Meanwhile,
as ¢ — 00, since ¢p(cpr) > ¢Vt < ¢, lime,. o0 fot* cdt > lime,. oo fg cp-dt = o0o. Since ci(cp,t*) is
continuous for any ¢+ > 0, fot ct(ep, t*)dt is continuous, so by the intermediate value theorem a ¢y~ exists
so that fot** c(epes, t*%)dt = w. Since ci(cpx, t*) is strictly increasing in its first argument, ¢+« is unique.
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4. L (t) < 0 for all ¢*.

To prove claim (1), ﬁrst note that as t* — 0, 3(t*) — Py'S < oo by assumption.
Meanwhile, since w = fo (e (89), t)dt < fo co(cp (%), t%)dt = t*colep (t*), ), we have
co(cp (), t*) — 00 as t* — 0. Since u/'(cg) = pyu’ (¢« (t*)) by the individual’s Euler equation,
this implies ¢« (t*) — oo.

Claim (2) follows because as t* — oo, 5(t*) — oo since [ pydt — 0 by the fact that
pr is integrable Meanwhile, since w = fot c(cp (), t*)dt > f(f e (t)dt = trep(t*) =
e (t°) < #, as t* — 00, ¢ (t*) — 0.

Claim (3) is immediate after recalling from the proof of Lemma 3 that &' (t*) = P p;3(t*) >
0.

Claim (4) follows from implicitly differentiating the identity fg : cr(ep (), t%)dt = w with
respect to t* using Leibniz’ rule and the chain rule to yield

. s 1 Oc(cn (1), 1) " 9cy(cp (t7), 1)
e () + cut )/O Tdt+/g Lt = 0.

Rearranging, we obtain
t* dcy(cpr
fo ct(Ctat* dt + Cp

T Dy (cpr (84),0%)
- fO : (gct* dt

() =

Since each ¢(-, -) is increasing in the first argument ¢;«, the denominator above is strictly
d Ot (cpx (t*),t*,t)

Beys > ( in the numerator. The numerator is strictly positive since

negative, an

e (1) > 0.
Altogether, claims (1) through (4) imply that there exists a unique t** such that ¢y« (t**) =

5(t*), that for t* < t™* we have ¢ (t*) > 5(t*) (so that V'(¢t*) > 0), and that for ¢ > **,

e (t*) < 3(t*) (so that V'(t*) < 0). O

This implies that t** is the unique local optimum and that neither the left endpoint
(t* = 0) nor the right endpoint (* — o) can be optimal, so that ¢t** is the unique global
optimum.

B Comparative statics

Theorem 2. The date at which the optimal Social Security payment schedule first pays out,
t*, s
1. Strictly increasing in initial wealth w.

2. Strictly increasing in survival probabilities. That s, consider two survival functions
{pe} and {q;}. If _% < —% for all t, then t* is strictly higher under {p;} than under

{a:}

3. Strictly increasing m absolute risk aversion. That s, consider two utility functions
u(c) and v(c). If —“ c) > —” (C for all ¢, then t* is strictly higher under u(-) than

under v(+).
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Proof. We prove each comparative static result in turn.

Comparative static in wealth. Per the proof of Theorem 1, for a given wealth level w,
t*(w) uniquely solves the equation ¢, (t*, w) = P2'S where ¢ (t*, w)'7 satisfies

/0 ci(ep (T, w), t) = w. (10)

If we can show that c(t*,w) is strictly increasing in w for fixed t*, this establishes the
comparative static result by the implicit function theorem, since ¢« (t*) is strictly decreasing
in t* and $(t*) is strictly increasing in t*.

Differentiating both sides of eq. (10) with respect to w yields

act* (t*vw) _ 1 >0
- t* 8615(8 *(t*7w)7t*)
Ow Jo Tt

since ¢;(¢+, t*) is increasing in its first argument c;.

Comparative static in survival probabilities. We undertake a similar strategy as for
the comparative static in w, showing that P.'S strictly increases in {p;} in the hazard rate
order while ¢ (t*, {p;}) strictly decreases.

Recall that the hazard rate of a random variable with continuous differentiable pdf f(x)
and CDF F(z) is given by h(x) = 5 S Ef()x), and that one random variable hazard rate dominates
(denoted by the order >},q) another with the same support if it has everywhere strictly lower
hazard rate.

Suppose we have stochastic survival processes {p;},{¢:} and that p; >4 ¢; that is,

—Z—i < —Z—i for all t.
Since hazard rate dominance implies first order stochastic dominance (see e.g., Section
1.B.2 in Shaked and Shanthikumar (1994)), we have ¢, < p; for all t. For any fixed ¢*, this
pointwise bound implies that [,2 p,dt > [ g dt. Therefore, 5(t*,q(-)) > 5(t*, p("))

To see that ¢ (t*, p(+)) > ¢+ (t*, q(+)), differentiate the individual’s Euler condition pyu(c;) =

A with respect to ¢ and use the law of motion for the costate A} = 0 to yield

;o PO ()
CP(') - "
pe (Cp(y)

and the analogous expression for c;, , where the subscripts denote the dependence of the
optimal consumption path on the survival path. .

These are two ordinary differential equations with the same terminal constraint, fot adt =
w. Note that, since ¢ must be decreasing for both survival paths (since p'(t) < 0,¢/(t) <0
and u”(c) < 0), the solution c,.) must intersect the solution c,.) at least once; otherwise, one
of the two consumption paths must lie strictly above the other, which contradicts that they

1"Note that, unlike the function c;(c},t*) introduced in the previous section, this is a function with ¢*
and wealth w as arguments, rather than ¢* and consumption.
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*

obey the same terminal constraint fot ) ¢; = w. Therefore there is at least one point t**, ¢
with ¢** < ¢* such that cp)(t) = c4(t). Since —’% > —1 (t for all ¢ (and thus t**) and
u”(c*) < 0, at such a point c;(,) < c;() It follows, since both consumptlon paths are strictly
decreasing, that ¢ 0) intersects ¢/ o) exactly once and from below, so that after this unique
intersection ¢,y > cq() for all ¢, and thus at ¢*. Therefore, c;- (t*,p(+)) > ¢ (t*, q(+)).

Comparative static in absolute risk aversion. The proof is identical to the compara-
tive static for p(-), except that now s(¢*) is unaffected. Supposing that — ,(( )) > — (z) Vo,
the fact that the solutions to the consumption paths under both utility functions must Cross

at least once at some ¢*, ™ with ¢** < ¢ implies that ¢, ,(t™) < ¢,(t™), so that there is

a unique intersection between the two consumption paths after which ¢,(t) lies everywhere
above ¢,(t), and therefore ¢ (t*, u(-)) < ¢p+t(t*,v(-)). This implies the result by the same
logic as the comparative statics with respect to survival probabilities. O

C Characterizing Solutions for Discrete-Time Settings

Setting and Main Result

Time is discrete and indexed by ¢t € T, where 7 may be finite or countably infinite. Our
assumptions on the utility function are identical to the continuous time case.

The (possibly infinite-dimensional) vector p = (p1 = 1, ps, ..., pj7|—1) collects the uncon-
ditional probabilities of being alive in period ¢t from the vantage point of period 1, or equiv-
alently, the measure of individuals who are alive in each period. Analogously to continuous
time, we impose that p, is strictly decreasing and strictly positive and that ), p < 00, as
would be the case, for instance, if there were a constant mortahty hazard rate in each period
(in which case p; forms a geometric sequence). We write P, = Zz i Di

We allow individuals to save each time period, but they cannot borrow. In keeping with
our vector notation, we denote the sequence of consumption choices by ¢ = (¢y, ¢o,...) and
similarly write u(c) for the sequence of induced flow utilities (u(c;),u(cs),...). For a given
annuity stream s, consumers therefore solve the consumption-savings problem

c’(s) € arg Max p- u(c), (11)

where the constraint set

t t
:{c:Zqu%—Zsi,cZzOVteT} (12)
=1 =1

captures the no-borrowing and non-negativity constraints at each date.

We write V(s) for the individuals’ indirect utility given annuity stream s, that is their
utility when optimally solving their consumption-savings problem given that annuity sched-
ule, p - u(c*(s)).

The government budget constraint is p - s < S and the non-negativity constraint on the
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annuity payments. Therefore, the government solves

87 = arg max V(s) (13)
where
S={s:p-s<S;s>0} (14)

Our analog of Theorem 1 in discrete time is the following:

Theorem 3. In the discrete-time version of our problem, an optimal government transfer
schedule exists, is generically unique, and takes the form of a (possibly deferred) annuity with
a possible one-period top up. That is, an optimal schedule takes the form

St:() t<t*
SS=<Ks =7 t=t"

St:E t >t

for some t* and T, where T < 'S and ppT + P15 = S. In all periods t > t*, the no-
borrowing constraint binds and the individual consumes s. In all periods t < t* — 1, the
no-borrowing constraint does not bind. The no-borrowing constraint binds in period t* — 1
only if T =35 = Px'S. Consumption in periods t* onward is constant.

Existence and Characterization of the Optimum

We characterize the solution by using the Karush-Kuhn-Tucker (KKT) conditions for both
individuals’ inner problem and the government’s outer problem.

Individual’s problem. For the inner problem, we note that the individual’s optimization
problem in eq. (11) has first-order conditions

pitd () = Y pe+ 7 =0,
s=t

for all ¢, where =, is the Lagrange multiplier on the non-negativity constraint for ¢, and py
is the Lagrange multiplier on the individuals’ no-borrowing constraint at time ¢ (see Table
A1 below).

The Inada condition immediately implies that «, = 0 for all ¢.!® Therefore, the above
can be written more succinctly as

pe'(cr) = Z,Us- (15)

In the infinite time horizon case (7 = {0, 1,2, ...}), the individual’s optimization problem

8Otherwise, if ¢ > 0, then ¢; = 0 by complementary slackness. Since u/(¢;) — 0o as ¢; — 0, this cannot
hold.
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additionally requires a transversality condition (TVC):
lim pyu’(ct)azyr =0
t—o0
where a; 1 = Yt 8 — Y.o_, ¢, +w is the individual’s savings going into period ¢ 4 1.1

Government’s problem. We next turn to the government’s optimality conditions. Note
first that the government’s problem in eq. (13) is well-defined, following our analysis in the
existence section. Note too that V'(s) is differentiable by the envelope theorem. As detailed
in Table A1, let n; > 0 be the Lagrange multiplier on the government’s nonnegative transfer
constraint s; > 0. The government’s first-order conditions are then

1%
— = Api +1; = 0. (16)

St

Next, note that by the envelope theorem applied to the individuals’ optimization problem,
we have
IV =
= s 17
P 2 T (17)

Combined optimality conditions. We combine equations (15), (16), and (17) to yield
a succinct characterization of all our optimality conditions:

th,(Ct) = Z Hs = APt — 1. (18)
s=t

Along with our constraints on the choice variables and Lagrange multipliers, which we
summarize in Table A1 below, the above equation fully characterizes the necessary conditions
for a maximum. In Table A1, we list the constraints and their associated multipliers.?’

Sufficient conditions for global optimum. We claim that the above conditions (the
FOCs and the conditions imposed by the constraints) are in fact sufficient for a global
maximum.?! Note that the government’s constraints are linear, and therefore convex, in

19Tn this problem, the TVC does not rule out any otherwise possibly optimal paths, since it will be implied
by the government’s FOCs. Nevertheless, it is necessary: if our proposed optimal path did not satisfy the
TVC, it could not be an optimum.

20Each constraint imposes three restrictions: primal feasibility (that the constraint holds at a conjectured
optimum), dual feasibility, that the Lagrange multiplier is nonnegative (since the shadow value of relaxing
a constraint must be weakly positive for a maximizing individual) , and complementary slackness, which
says that at least one of the primal and dual feasibility inequalities must bind: intuitively, if a constraint is
slack at the optimum, the shadow value of relaxing it is zero; conversely, if the shadow value of relaxing a
constraint is strictly positive, it must be that the constraint is binding at the optimum. Note that while we
include the nonnegative consumption constraints below for completeness, they trivially hold at the optimum
by the Inada condition, which we already embed in equation (18).

2l That is, we do not risk that the FOC picks out a minimum or a saddle point, or a local rather than
global maximum)
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Table Al: Summary of Constraints

Constraint Multiplier Primal Dual Complementary Slackness
Gov’t budget A p-s<S A>0 ANS—p-s>0)

Nonneg. Transfers (Vt) 7 s¢ >0, >0, sm =0

Nonneg. Consump. (Vt) -~ ¢ >0 %>0 ¢vn=0

No borrowing (Vt) i St (ei—s)<w >0 (w+ S (si— ¢i)) pe =0

s. They additionally satisfy a standard constraint qualification,?* ensuring that if V(s) is

concave, the necessary FOC are also sufficient for a global maximum (see Luenberger (1969),
ch. 8, Theorem 1). Intuitively, there is no state variable, so unlike in the individual’ inner
problem, we do not need a TVC.

It remains to show that V(s) is concave. Note that the individuals’ no-borrowing con-
straints are linear in s. Therefore, if ¢ = argmax V(s) and ¢’ = argmax V/(s’) , then Ac +
(1—X)c’ is feasible for As+(1—\)s" and yields weakly higher utility than AV (s)+(1—X\)V (s')
for all A € (0,1), by concavity of u.

Partial characterization of transfer and consumption streams. Having described
the sufficient conditions for a global optimum above, we now turn to refining the space
of solutions using these conditions. The following three lemmas partially characterize the
optimal transfer and consumption streams.

Lemma 5. The budget constraint binds and \ > 0.

Proof. 1f the budget constraint were slack, then A = 0, and equation (18) demands that
ptt(¢;) < 0 for all £. This is a contradiction because u/(c) > 0 for all ¢ by the Inada
condition. O

Lemma 6. If s; > 0, then s;4q > 0.

Proof. If s, > 0, 7y = 0 by complementary slackness. Therefore, equation (18) applied at
date ¢ implies Y oo, 1; = Aps. Since n4q > 0, applying equation (18) at date ¢ + 1 yields

D = Ap— e < Apuga
i=t+1

Since A > 0 and p; > psy1, this requires p; > 0. By complementary slackness, this implies
the no-borrowing constraint binds in period t. Therefore, the no-borrowing constraint in
period t + 1 is ¢;41 < sp41. Supposing towards a contradiction that s;,; = 0, this implies
¢;+1 = 0, which can never occur at an optimum by the Inada condition. O]

Lemma 7. At the optimal contract, for all dates t where sy > 0, ¢; is constant.

22In particular, in the infinite dimensional case, Slater’s condition holds: since > e PeM < oo for any
S > 0, for € sufficiently small and s = ¢ we have s-p < S and inf;c7s > 0, i.e., there is a feasible point
on the interior (in the [*° norm) of the constraint space. In the finite dimensional case, the constraints are
linear and finitely many so the constraint qualification holds trivially.
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Proof. Complementary slackness implies 1; = 0 for all such dates, so equation (18) reduces
to u'(¢;) = A. Since u' is injective, ¢; = € must be constant. O

Characterizing when the no-borrowing constraint binds. Note that Lemma 6 im-
plies that if there is ever a ¢ such that s; > 0, then at all © > ¢, s; > 0. Clearly there exists
some t such that s; > 0: otherwise the budget constraint could not hold. This being the
case, we now divide our analysis into two mutually exclusive and exhaustive sets of time
periods: Ty = {t: s, =0} and T, = {t : s, > 0}.

The following two lemmas characterize the periods in which the no-borrowing constraint
does and does not bind. We first show that the no-borrowing constraint is slack in all periods
of Ty except possibly the last:

Lemma 8. Let ti"* be the latest time period in Ty. The no-borrowing constraint does not
bind for all t <t

Proof. Suppose otherwise that for ¢t < t§**, the no-borrowing constraint at ¢ binds. Then
the no-borrowing constraint at time ¢ 4+ 1 is ¢;11 < sp41. Since s;11 = 0 for such a t by
the definition of Ty, this implies ¢;y; = 0, which never holds at the optimum by the Inada
condition. O

Lastly, we characterize the borrowing constraint in the tail:

Lemma 9. Consider the “tail” of dates Too = {t : sy > 0}. The individuals’ no-borrowing
constraint binds for every period in the tail.

Proof. Suppose towards a contradiction that for ¢ € T, the no-borrowing constraint does
not bind. Then p; = 0 by complementary slackness. By equation (18), this implies that
pe/(¢t) = pre1t(ce1) and therefore that ¢; > ¢,y by strict concavity of v and p; > pyig.
But since s; > 0 and s;41 > 0 (by the definition of T, ), we have ¢; = ¢;;1 = ¢ (as established
in Lemma 7), a contradiction. ]

We can combine our lemmas to arrive at a sharper characterization. By Lemma 9, since
for all dates in T, the budget constraint binds, we have ¢; = s; for all dates t > 0" :=
t0 + 1. And since by Lemma 7, ¢; is constant in the tail, so too is s; for all ¢ > ¢min,

Two types of optimal transfer schedules. The sole indeterminacy at this point is
whether or not the consumer’s no-borrowing constraint binds in period ¢i'**. There are
therefore two types of possibly optimal transfer schedules:

1. A “constant contract”: that is, the government pays out Pt;ilnS starting in period T,

The individual’s no-borrowing constraint is slack up to period ¢ = tmin — 1 after
which it binds.

2. A “top up” contract: the government pays out some quantity 7 in period t™" and ¢ in
periods 2" + 1 onward, where PwinT + Ppwin i€ = S. The individual’s no-borrowing
constraint is slack up to period t™" after which it binds. The individual’s savings going
into period ™™ are such that consumption in periods 2" and ™" + 1 are equated (as

ax

demanded by Lemma 7), that is, w — Zzl ci+T17="C
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We now show that for fixed primitives (u(-), {p:}, S, w), there is a unique date t* = ¢min
such that there is an optimal contract at the date. We first ask when there is an optimal
contract that is a constant contract. We then show that whenever there is not an optimal
contract that is a constant contract, there is an optimal contract that is a top-up.

Proposition 1. Let ¢¢C(t),i = 1,2,...|T| be the consumer’s optimal consumption stream
given a constant contract that starts paying out in period t. There exists an optimal constant
contract that begins paying out at time t < |T| iff

Pt (P1S) 2 pead' (e5(1) = pod (P1S), (19)
and there exists an optimal constant contract with first payout time t = |T| if and only if
() < P1S. (19')

Proof. Since the KKT conditions are necessary and sufficient for an optimum in our setting,
we characterize existence of a constant contract by asking when there exist values of the
Lagrange multipliers consistent with dual feasibility and complementary slackness when the
primal variables take the form of a constant contract that starts paying out at date t.

We first need optimality of the consumption stream across all dates where there is no
transfer. For all dates before ¢ — 1, the consumer’s budget constraint is slack, so that
fo = -+ = py_o = 0 by complementary slackness. This implies, via equation (18), that
pi(¢y) is constant over i = 1,... ¢t — 1.

Next we need optimality of the consumption stream across dates with a transfer. Since
n, = 0 for such dates, we have u'(c;) = A for i >t by eq. (18) again, so that A\ = u'(P,15).
Dual feasibility of the ;s (the multipliers on the no-borrowing constraints, which bind from
period t — 1 onward) requires that

7] 7]
pi=> ps— > e =pi'(c;) — i (P1S) 20, Vi>t—1.
s=1 s=1+1

Note that if ¢ = |7, then the second summation is trivially 0 so the condition reduces
to the vacuous p;u’(c7) > 0. Otherwise, consider ¢ < [T|. The condition above is unprob-
lematic for i > ¢t — 1, as ¢, = P;'S, so that we can always choose strictly positive i, since
pir1 < pe- The potentially problematic constraint is at ¢ — 1, where we need

pt—lul(ct—l) > ptu/(Pt_ls)'

This is the first restriction governing optimality of a constant contract. The second
restriction comes from the non-negativity constraint on 7, in the periods before the deferred
annuity starts. Dual feasibility and eq. (18) imply

ni =pi(A—u'(¢;)) >0, Vi<t

Concavity of the consumer’s problem and strict decreasingness of p;, implies that any optimal
consumption path is strictly decreasing, so the constraint is implied for all ¢ < ¢ if it holds
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at t — 1, at which point it demands u'(c;_;) < /(P 'S). Note this condition must hold even
at t = |T]. O

Now we characterize when there is a top-up contract that is optimal.

Proposition 2. If there is no optimal constant contract, i.e., equation (19) never holds
(and in the finite time horizon case (19)" never holds), then there exists a date t* such that
a unique top-up contract at date t* is optimal, i.e., there exists

ce (PSS, Py, S) (20)

such that for all i > t*,

PP (7 E) = C.

Proof. Recall a top-up contract entails a payment 7 in period ¢ and a constant annuity
stream ¢ in periods t + 1 onwards such that p,7 + P,y1¢ = S. Write 7(¢) for the unique
level of 7 consistent with a top up of ¢; note this function is strictly decreasing. If a top up
contract is optimal, then consumption must be the same in periods ¢ and ¢t + 1 by Lemma
7, and the budget constraint is slack in period t — 1, which requires that 7 < ¢. Note that
in principle, there are many possible top-up contracts that could be implemented at date
t, since the tail level of consumption is no longer pinned down solely by the government
budget constraint. We will show there is only one top up at date ¢, however, that is possibly
consistent with the KKT conditions (in particular, that delivers the same consumption in
periods t and period t + 1).

To characterize the bounds on ¢, note that when 7 = ¢, the top up reduces to a constant
contract that begins in period ¢, so this is equivalent to the condition ¢ > P;'S. Meanwhile,
nonnegativity of government transfers requires that 7 > 0, or equivalently that ¢ < PtjrllS ,
the annuity stream that a constant contract starting in period ¢t + 1 would deliver. We next
show that these conditions, along with the consumer being on their Euler path up to date t,
imply all remaining KKT conditions.

Optimality of the consumption stream across all dates where there is no transfer is the
same as for the constant contract, except that now the consumer’s budget constraint is still
slack in period ¢ — 1, so that we have py = --- = ;1 = 0 by complementary slackness, so
that p;u’(¢;) is constant over i =0, ..., t.

For optimality of the consumption stream across dates with a transfer, we have u/(c;) = A
as before, so that consumption must be constant for all such dates. Since the no-borrowing
constraint binds in all periods t onwards, this demands that ¢; = ¢ for all 7+ > t. We therefore
need that ¢”*"(t,¢) = ¢, where ¢;”” "?(t) is the consumption path of an optimizing consumer
given a top up contract that starts paying out 7(¢) in period ¢ and ¢ in period ¢ + 1. Dual
feasibility of the u;s for ¢ > t is implied by constant consumption in the tail, which holds
if ¢i?"(t,¢) = ¢. Dual feasibility of the 7;s now requires that in period ¢ — 1, we have
u'(c_y) < W/ (¢) < ¢_; > ¢ This is already implied, however, by ¢ = ¢/’ *P(t,¢) and
the fact that ¢;_1, ¢, are on the Euler path, so ¢, 1 < ¢ (since utility is strictly concave and
P < Pr-1.)

Proving the proposition now amounts to careful choice of ¢*.

Note first that in the infinite-horizon case, there must be a ¢ that is the earliest time
such that the right-side inequality in (19) holds: intuitively, eventually, by paying out later
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and later, the implied deferred annuity becomes so large that the consumer will optimally
consume all their wealth before it begins. To see this formally, note that this corresponds to
the inequality
(G (1) = P (P1S).
Pt
Since ZteTpt < oo and py, is strictly decreasing, lim;_,., p; = 0. We also know that z% <1

Meanwhile, since p; — 0, the Inada condition implies that o’ (P[lS) — 0. Note that
c“S(t) < w uniformly (in t) by the consumer’s no-borrowing constraint, so u/(c¢9(t)) >
u'(w) > 0 in the limit by the concavity of w.

Now, set t* = min{t, |T|} — 1 (noting that whenever |7 is infinite, ¢ is finite). Our first
claim is that

SOt +1) < P18 (21)

If |T|] < oo and t* = |T| — 1, this is immediate from negative equation (19). If t* = — 1,
then by the definition of , the right-side inequality in eq. (19) holds at t* + 1, so that the
only way a constant contract at date ¢* can fail to be optimal is if the left-side inequality
fails, which delivers precisely this condition.

Our second claim is that

pre1 (c£,(#)) < prt! (P'5) (22)

If t* =t — 1, this is immediate from the definition of £. If ¢* = | 7| — 1, this follows from the
fact that ¢ > |T| only if the right-side inequality of eq. (19) fails for all t € T

We can now prove our desired result.

Note that at the left endpoint ¢~ := P'S of the interval in equation (20), we have a
constant contract that first pays out in period t*. By eq. (22), the budget constraint at
period t* — 1 is optimally slack. Therefore, by the consumer’s date ¢t* — 1 Euler condition,

pee—1t (24 (t7)) = prt/ (O (1)) < petd' (PR'S),

which implies ¢£ (¢*) > L.
Meanwhile, consider the right endpoint ¢ := P.1,S of the interval in equation (20).
Then eq. (21) immediately implies

St +1) < el

Lastly, for ¢ in the region in between these two endpoints, we have that the budget
constraint optimally binds first in period t*, so that ¢} (¢) solves Y., ¢i(ci(@)) = w + 7(2).
The RHS above is strictly decreasing in ¢, while each ¢;() is strictly increasing in its argument
by the consumer’s Euler condition, so that ¢;(¢) is strictly decreasing by the implicit function
theorem.?® The intermediate value theorem and strict monotonicity thus imply a unique ¢
in the feasible interval such that

AP (1* T) = ¢,

23This argument ignores potential discontinuities of the optimal consumption at the boundary points ¢
and ¢ themselves. This is not an issue because the consumer’s optimization problem is differentiable in @
by the Envelope theorem, and therefore continuous.
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as desired. O

Therefore, there is always either a top up contract or a constant contract at some date
t* that satisfies all the necessary and sufficient conditions for an optimum.

Generic Uniqueness

Lastly, we prove generic uniqueness. We claim it suffices to show that for almost all budget
levels S, the Lagrange multiplier A associated with the government’s binding budget con-
straint can take only one value. Suppose this were true. Since at an optimum we have that
for all dates ¢ with s, > 0, v/(¢) = A, and «' is injective, this implies that almost everywhere,
there is a unique level of optimal “tail consumption” (consumption in periods where the
government pays out). Since every p, is strictly positive (and thus P, is strictly decreasing),
there clearly cannot be two constant contracts with the same level of tail consumption. Since
any top up starting at date ¢ has tail consumption in (P, 'S, Ptjrll ), and these intervals are
disjoint, there also cannot be two top-ups with the same tail consumption or a top up and
a constant contract with the same tail consumption.

We now prove that A is S-almost everywhere unique to complete the proof. Consider the

function

W(S) = max V(s)
where we use the notation S(S) = {s : p-s < S,s > 0} to stress the dependence of the
feasible set on the budget limit S.%*

We note first that W is concave; this follows immediately from Berge’s Theorem since
V (s) itself is concave and S(5) is convex in S.

We next establish that \*, the Lagrange multiplier at any optimizing allocation, is a
supergradient of W (S); that is, for all S > 0 and S’ > 0, W(S") — W(S) < \*(S" = 9).
Since a concave function is almost everywhere differentiable and a differentiable function
has derivative equal to its supergradient, this in turn establishes that \* is single-valued
S-almost everywhere.

To see that \* is a supergradient, note first that by the existence proof, an optimizing s*
exists for a given nonzero budget level S. Since any optimum of the government’s problem
is fully characterized by the KKT conditions, this implies that s* maximizes (among s > 0)

V(is)— A (p-s—09)

where \* is the Lagrange multiplier associated with s*. We therefore have, for any alternative
S?

V(s) = N(p-s=8) V(") = A(p-s" = 5)
for any s > 0, including any s such that p -s < S’ for another budget level S’ > 0.

24Note that we use a maximum in place of a supremum because we have already established the maximum
exists.

27



Note that by the reasoning above, the budget constraint binds at the optimum, so p -
s* — S = 0. Therefore, for any s such that p-s < .5’, we have

V(s) S V(s) + A(S' = 8) = W(S) + A\*(S' — 9)

Since this inequality is weak, it is preserved by taking the supremum over all s such that
p-s < 5, which yields exactly W (S’) on the LHS, so that

W(S') — W (S) < \(S' - S)

as desired.
This establishes that A\* is generically single valued.
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