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1 Introduction

Let forecast bias be the sample average of a series of forecast errors. We study the forecast bias that results
when a stationary series is forecast by a misspecified overdifferenced model. The models that we consider
are misspecified because they rule out the unit moving average root that results from differencing a
stationary series. We document a surprising result: these models tend to have lower forecast bias than do
models for the level of the series. Lower bias for the misspecified overdifferenced model holds even if the

model for the levels is correctly specified.

Previous literature has evaluated the use of overdifferenced models for forecasting when forecast accuracy is
measured not by bias but by the average value of squared forecast errors. Research such as Smith and
Yadav (1994), Stock (1996), and Sanchez and Pena (2001) finds that overdifferencing can lower mean
squared forecast errors when the series being forecast is very persistent. The intuition is that a misspecified
model can perform well if the misspecification (in this case, imposing a unit root) almost nails a
hard-to-estimate parameter (in these papers, a fractional integration parameter or an autoregressive root
that is almost but not quite one). That is not the intuition for our result, which applies even for series that
are not very persistent. Separately, Hendry (2006) proposed overdifferencing to improve forecasts of series
subject to parameter shifts. This is again not our environment, which we assume to be stable and

stationary.

While bias is typically subsidiary to other forecast evaluation criteria such as mean squared prediction
errorEI it is regularly used to assess the quality of forecasts. It is featured prominently in analyses of survey
forecasts (e.g., Croushore (2010)), Congressional Budget Office forecasts (e.g., Farmer, Nakamura, and
Steinsson (2024)), and International Monetary Fund Forecasts (e.g., Timmermann (2007), Beaudry and
Willems (2022)). It also appears in some comparisons of forecasts of econometric models. A recent example
is Bennett and Owyang (2022). However, while we show that forecasts from misspecified overdifferenced
models have low bias, our simulations and empirical work also show that these forecasts have high root
mean squared prediction errors and high mean absolute prediction errors when the series being forecast is
not very persistent. Hence we are not advocating for or against use of misspecified overdifferenced models
to forecast stationary series. Rather, our intent is to document how these models affect bias so that
researchers and forecasters who use bias can better understand its behavior. In our own research (Lunsford
and West, 2024), we were initially puzzled by finding that modeling low-persistence series with a driftless

random walk resulted in forecasts with low bias. The present paper is our effort to understand those results.

IPetropoulos et al. (2022, p759) provide a list of point forecast evaluation criteria that includes mean squared prediction
error and several other criteria based on absolute forecast errors.



A simple example will illustrate why our result holds. Suppose that one is making one-step-ahead forecasts
for a stationary univariate time series x;. The data run up to t = P + 1. One predicts first x5, then x3, ...
and finally zpy; — P predictions in all. For a driftless random walk model, the prediction of x5 is x1, the
prediction of z3 is xg, ..., the prediction of xp;1 is zp. The time series of forecast errors is thus x5 — 1,
3 — T, ..., Lp+1 — p. The average value of the forecast error (i.e., bias)ﬂ is

(xa —x1) + (x5 — 22) + ... + (xp41 — zP)

b=
P

_ Tpy1 — X1
7}3 .

Let “var” denote “variance” and “cov”’ denote “covariance.” Clearly

Eb = 0, var(b) = 2var(z;) — 2cov(zs, Tiqp) <

P2 ¢ = 4var(zy).

c
P2’
That is, bias b has expectation zero, and variance that is O(1/P?) .

In Section 2, we generalize this theoretical result to: allow a forecast horizon h > 1, to consider asymptotics
both with h fixed (as was implicit in the above analysis) and with h growing with P at a suitable rate, and
to allow forecasts from a stationary and invertible ARMA model in the first difference of x;. The result
just given continues to hold, subject to a qualification spelled out below when h grows with P. Our theory
is corroborated by simulation results reported in Section 3 and empirical results reported in Section 4. In
these two sections, the series are deliberately chosen to not be very persistent, to make for a clear contrast
to existing results noted above. Section 5 concludes. The appendix has proofs. An online appendix has
some data details and simulation and empirical results omitted from the paper to save space. Throughout,
when we refer to an overdifferenced model, it is understood to be a model that imposes a zero mean on

Ax; and is misspecified in the sense that it does not allow a unit moving average root.

2 Theoretical results

We are interested in forecasting either the average or the point in time value of a scalar stationary time

and the point in time

series x; over the next h periods, with the average forecast being wt“””ff‘“””"

forecast being x¢y,. We focus on forecasting the average, giving below a concise summary of parallel

2Here and throughout, we use bias to refer to a sample average.



results for point in time forecasts. The period t + h forecast error is

Ti41 + Tep2 + oo + Tegn
h

— period t forecast of (Q%Jrl + xt+2h+ o Teih ). (1)

Let us make the innocuous assumption that x; is observed in period t, i.e., that the period t forecast of x;

is just xy. Then it follows that the forecast error can be written

hAzi1 + (h — 1)A$t+2 + i+ Azpyp
h

A - 1A et A
— period t forecast of (h et (b= 1) th_Q to xHh). (2)

We assume that a forecast from an invertible ARMA model for Ax; is used for the period t forecast.

Specifically, the forecast satisfies
period ¢ forecast of Az = ;Ax + Y j11AT1 + Y j42Ax—2 + ... + Y4102, (3)
with the v;;’s satisfying

there is a ¢ > 0 and 0 < p < 1 such that for all i > 1, |9, ;| < cp’ for all j < i. (4)

Equations — are consistent with use of an ARMA model in Ax; that assumes that Az; has mean zero
with ARMA parameters that satisfy the usual stationarity and invertibility conditions. The invertibility
condition implies misspecification: p < 1 rules out a unit moving average root. Because z; is stationary
(per our assumptions below), a correctly specified process for Az; will have a unit moving average rootE|
In other words, the model — is not just an overdifferenced version of an invertible ARMA model for

the level of z;.

The random walk model used in the previous section fits into with v;; = 0 for all 7,5. The v;;’s will be
nonzero for all j if one uses an ARMA model for Az; with a moving average component. For a final
example, suppose forecasts are made assuming the AR(1) model Az; = pAx;_1+ unforecastable
disturbance, with |¢| < 1. (Since Ax, is overdifferenced, it is wrong to assume that the “unforecastable
disturbance” really is unforecastable as shown in footnote 3.) Then in we have ¢; ; = o’

Vi1 =Vj 42 = ... =jsyj—1 = 0; ¢ =1 and p = |p|. In practice, ¢ would presumably be an estimate of

cov(Axy, Axy_q) /var(Azy).

3For example, let z; be generated by x; = pxt—1 + ut with |¢| < 1 and u; being white noise. Then, differencing yields
Azxi = pAxi—1 + Aug, which has the moving average component Auy = uy — ug—1 with a unit root.



The investigator uses the formula to compute the period ¢ forecast in . Bias is

b Zf;l[hAmt+1+(h—1)Ah.’L't+2+...+AfI:t+h o period t fOreCaSt Of (hAmt+1+(h_1)Ahmt+2+---+Amt+h )] (5)

Our theoretical result assumes:

x¢ is covariance stationary, (6)

and one of the following three conditions , or @:

S Jeov(an, @)| < (7)
3=0
for some d, 0 < d < 0.5, and some ¢ > 0, |cov(xs, 7;—;)| < ¢j?*~* for all j > 0, (8)

h is fixed as P — oo. (9)

In @), absolute summability of x;’s autocovariances is weaker than (though consistent with) x; following
an ARMA process. Long memory is allowed in , with d the order of fractional integration (Brockwell
and Davis (1993, p520)). Under (9), we do not require any condition on the autocovariances of z; (other

than that implied by stationarity). We further discuss our assumptions below.
Our basic theoretical result is:
Theorem 2.1 Define b as in . Assume , , and @ Then Eb =0 and:

(a)Under , var(b) = O(h/P?).

(b)Under (8), var(b) = O(h'*+2¢/P?).

(c)Under (9)), var(b) = O(1/P?) .

The proof is in the Appendix. Before discussing the theorem, we present the parallel result for point in

time forecasts. As above, assume that the that the period ¢ forecast of x; is x;. Then the point in time

forecast error is

Xy, — period t forecast of xyyp = (10)

A1+ oo + Axpyp—1 + Azyyp, — period t forecast of (Axpyy + ... + Axyppn—1 + Azyp).



Let bp denote point in time bias:

B Zil Aziy1 + Axgio + ... + Axyyp, — period ¢ forecast of (Azpyy + ... + Axgrp_1 + Axyyp)
= 5 .

bp (11)

Theorem 2.2. The statements in Theorem 2.1 continue to hold when bias b is replaced by point in time

bias bp.
Comments on Theorems 2.1 and 2.2:

1. Parts (a) and (b) of Theorem 2.1 allow the horizon h to grow with the sample size P, as in Richardson
and Stock (1989) or Miiller and Watson (2016). Consistency (b = 0) follows if var(b) — 0 as P — oo. To
yield var(b) — 0, part (b) requires a slower rate of growth of h than does part (a). Because d > 0, the
process has long memory, and ’s summability condition does not hold. (Note that if x; is fractionally

integrated with d < 0, (7)) holds (Brockwell and Davis (1993,p 520)) and part (a) of the theorem applies.)

2. Suppose that h = cP for some ¢ > 0, as in Miiller and Watson (2016). Then h/P? = ¢/P and thus in
Theorem 2.1(a), var(b) = O(1/P), as is the case for the variance of bias from a conventional stationary
model. According to this metric, then, bias from the overdifferenced model is no less variable than is bias
from a stationary model applied to the level of z;. However, if h/P is small, one can still expect less bias
from the forecast from the overdifferenced model. Indeed, our simulations and empirical work indicate that
a random walk forecast tends to have lower bias than stationary processes even when h/P is as large as
0.6, although, consistent with our theory, the advantages of a forecast from an overdifferenced model
diminish when h/P is large. Under Theorem 2.1(b), var(b) = O(1/P*~24) (because

h = cP = h1*2d/p? = (1+2d/p1=2d) This implies var(h) — 0 more slowly than O(1/P).

3. We have been assuming a model in first differences. One may wonder about the properties of a forecast
based on a model in higher-order integer differences. Let us consider forecasts from the (misspecified) I(2)
model A2z, = u,;” iid. Then when h is fixed, as in (2.7), we again obtain var(b) = O(1/P?). On the other
hand, for forecasts from this I(2) model, if h grows with P, var(b) does not go to zero rapidly, and in fact

diverges under when h = cP as in our previous point. This suggests that superior performance will

require relatively small values of h/P. Hence our focus on a first difference model.

4. Consistent with the empirical studies cited in the introduction, Theorems (2.1) and (2.2) are about the

unconditional mean and variance of bias. Alternatively, researchers may be interested in evaluating



forecasts conditional on information through some period of time ¢, such as in Clark and McCracken (2013,

Sec 4) or Giacomini and White (2006). We leave this as a topic for future research.

5. Our simulations and empirical work will use univariate forecasting models. We note, however, that
variance of bias will, in general, be O(1/P) when forecasting from a multivariate stationary model that is
not overdifferenced (West (1996))ﬂ Hence our theory implies that forecasts from univariate overdifferenced

model will tend to have lower bias than will forecasts from a multivariate model.

6. One can ask, which ARMA process for Ax; yields the smallest var(b)? The answer depends on the
particulars of the z; process. In most of the simulations and empirical work reported here, we simply use a
driftless random walk, because it is a commonly used benchmark model.ﬂ We have also used a zero mean
overdifferenced AR(1) model in place of the random walk, with simulation results reported in our online
Appendix and empirical results reported below. We henceforth use bW to refer to b as defined in

when, consistent with a random walk model, the “period t forecast” referenced in is set to zero.

3 Simulation results

To study small sample properties of b we use two sets of simulations. The first set of simulations uses
an AR(2) data generating process (DGP) with a sample size of T+ 1 = 160, and we report a comparison of
random walk and AR(2) forecasts. The second set considers the effect of increasing the sample size to see
bEW)

whether Theorem 2.1 is useful in characterizing how var( grows as the sample size grows. It uses both

an AR(2) and a stationary fractionally integrated DGP.

We begin with the first set of simulations. In addition to the AR(2) simulations reported here, we have
completed simulations replacing the AR(2) process with an iid process and with a stationary fractionally
integrated I(d) process. The simulation results with the iid and I(d) processes are similar to those for the

AR(2) process. We report the iid and I(d) simulation results in our online appendix to save space.

In our AR(2) DGP, 2y = 0.5x1—1 — 0.1z1_2 + us, with u; ~ iid N(0,1). The first-order autocorrelation of x;
is about 0.45, which is representative of the first-order autocorrelations of the data studied in the next

section. The modulus of both autoregressive roots is about 0.32. Here and in the empirical work in the

4 West (1996) assumes a certain long run variance is positive definite, an assumption that rules out overdifferencing.
5For example, Faust and Wright (2013) use a random walk as a forecasting model for inflation, which is a variable we forecast
below. Petropoulos et al. (2022) recommend benchmarking any new forecasting model against a random walk.



next section, we focus on series that are not very persistent because we take it as well-known that

overdifferencing can improve forecasts of highly persistent series (see references in the introduction).

We structure the simulations to parallel the quarterly empirical results in the next section, and the two
sections together supply complementary details on our setup. The total sample size is T+ 1 = 160 (40
years of quarterly data). In each simulation sample, we draw initial values from the unconditional
distribution of z, i.e., from a bivariate N (0, V) distribution in which the diagonals of V are the variance of

x; and the off-diagonals are the first-order autocovariance of x;.

We use a sample size of R = 48 to compute the initial forecasts. That leaves 112 = 160 — 48 observations
for forecasting and for extending the sample used to make forecasts. We compute forecasts for the average
value of z over horizons h = 1, 4, 8, 12, 20, and 40. For a given forecast horizon, there are

P =112 — (h — 1) forecasts available for computing the bias. The end dates of the samples used to
construct forecasts are 7 = R, ..., T + 1 — h. The forecasts use both recursive and rolling estimation

samples. (See West (2006), for example, for definitions and illustrations of these two schemes.)

In a sample that ends at date 7, the forecast from the driftless random walk model is =, for both the
recursive and rolling samples, and for all horizons. For the AR(2) model, ordinary least squares is used to
estimate parameters using {z1,...,x,} (recursive sample) or {z,;_g41,...,2,} (rolling sample). The
estimated parameters are then used to compute forecasts using the chain rule of forecasting. We also

report results from the infeasible AR(2) forecast that relies on population parameters.

We run 1000 simulations. In each simulation, we generate a sample of size 1200 and use the first 160
observations. (The remaining observations will be used for the second set of simulations below.) In each
sample, we compute forecast bias, root mean squared prediction error (RMSPE) and mean absolute
prediction error (MAPE) for both models. We then compute (1) the absolute value of relative forecast
biases b5/ b;‘R|, where the subscript j denotes simulation j; (2) relative RMSPEs,
RMSPEJI-%W/RMSPE?R; and (3) relative MAPEs, MAPE]RW/MAPEj‘R. We report the median across
our 1000 simulations of relative bias, RMSPE and MAPE, as well as the percentage of simulations in which
each ratio is less than 1. To keep the presentation smooth, we will generally omit “absolute value” when we
reference relative bias: “smaller bias” should be understood to mean “smaller bias in absolute value,” for

example.

We note that our paper makes no new predictions about relative RMSPEs or MAPEs. We report these to

reassure the reader that our setup delivers the expected result that in a stationary environment, the



RMSPE and MAPE of a forecast from a well specified stationary model is less than that of a random walk

forecast [f]

Table 3.1 summarizes results. Each column reports results for a given horizon. For convenience, lines (5)

and (6) give the number of predictions P and the ratio h/P.

Lines (2a)-(2c) support our central theoretical prediction. The random walk model delivered smaller bias
in 60 percent to 92 percent of the 1000 samples, with the percentage tending to be higher for shorter
horizons. Relatively good performance for shorter horizons is consistent with one interpretation of our
asymptotic results (see the comments under Theorem 2.2). Note that smaller bias results even when the
random walk forecast is compared to the infeasible forecast that relies on population parameters (line
(2¢)). The value of 0.2 for h=1, population (line (2¢)), for example, means that in 500 of our 1000

simulation samples, bW was at most two-tenths of AR(2) bias.

Lines (3a)-(3c) and (4a)-(4c) present results for relative RMSPE and MAPE. Since the DGP’s
autoregressive roots are comfortably below one, we expect the AR(2) model to have lower RMSPE and
MAPE. And that is indeed the case. With one exception, the “0%” figures in the table are exact, with
exactly 0 of the 1000 samples underlying each “0%” producing an RMSPE or MAPE lower for the random
walk than for the AR(2) modelﬂ

We now turn to our second set of simulations. Our goal here is to consider behavior of var(b#"V) as P
increases. Theorem 2.1 states that suitably normalized var(b®") is O(1), with the normalization factor
depending on whether one assumes h stays fixed as P grows and whether or not the DGP is fractionally
integrated. Simulation evidence that we consider congruent with the O(1) characterization are results in

bEW) seems roughly bounded as P increases. Of course “roughly bounded”

which suitably normalized var(
is not precisely defined, and it is always possible that simulations with still larger values of P than we use

would deliver contrary evidence. So our evidence is only suggestive.

Panel A in Table 3.2 reports results for our AR(2) DGP, while panel B reports results when the DGP is the
fractionally integrated process (1 — L)%z; = u; with d=0.31 and u; ~iid N(0,1). The value of d was chosen
because it implies a first order autocorrelation coefficient of 0.45, which, as noted above, is representative of

the data we analyze in the next section.

6 As shown in the simulations of Stock (1996) and the theory of Sanchez and Pefia (2001), if the DGP is a stationary model
with a near unit autoregressive root, the random walk model can have lower RMSPE than an estimated stationary model.
"The exception: for h=1, recursive, in 1 of the 1000 simulation samples, MAPEEW /MAPEAR was below 1.



We use 1000 simulations and generate 1200 observations per simulation to study four different sample sizes:
T+1 = 160, 400, 800 and 1200. With 48 observations again used to form estimates for the first prediction,
the implied number of predictions for h=1 is given in column (1) of both panels in Table 3.2. Our other
horizons are h = 4, 8, 12 and a sample-size dependent horizon h = 0.2P. We compute forecasts for the
average value of z for each of these horizons. The number of predictions for these horizons shrink as h

increases according to the logic illustrated in line (5) of Table 3.1.

As a preliminary, row (2) in each panel presents the value of normalized var(b*"V') for P=112. (We discuss

the normalization factor below). The values increase as the horizon increases.

Our interest is not in the numerical value as the horizon increases, but the pattern as P increases for given
h. Theorem 2.1(c) states that if h is fixed as P — oo, then var(b#"') x P? is bounded. Our intuition was
that fixing h at a value of 12 or less while P increases from around 100 to over 1000 is congruent with such
asymptotics. The results for h = 1, 4, 8 and 12 (columns (2)-(5) in both panels) confirm this intuition for
the AR(2) and fractionally integrated DGPs. Rows (3)-(5) of each panel express var(b®") x P? relative to
the value in row (2). The ratios seem roughly bounded as P grows. We interpret that as consistent with

our asymptotic theory.

Next, turn to columns (6) and (7), in which h grows with P according to h=0.2P. In both panels, column
(6) has the unsurprising result that the fixed h asymptotics do not lead to roughly bounded values of
normalized var(b®). Column (7) in each panel presents var(b®"') normalized according to our theory so
that normalized var(b®™) is O(1). (The normalization factors, which are different for the two DGPs, are
given in headers to column (7), and follow from remark 2 following Theorem 2.2 above.) Rows (3)-(5) in
HRW)

each panel indicate that as P grows, it does indeed seem that normalized var( is roughly bounded for

both the AR(2) and fractionally integrated DGPs.

Our online Appendix reports an extensive additional set of simulations. We repeated the simulations
underlying Table 3.1 when the stationary DGP and forecasting model were iid, when they were I(d) with
d=0.45, and when the AR(2) DGP had GARCH disturbances. We also repeated all of our simulations
(Table 3.1, Table 3.2, iid DGP, and I(d) DGP) when the overdifferenced model was a zero mean AR(1) in

differences. These simulations delivered strongly congruent results. See the online Appendix for details.

We conclude that the simulations are consistent with the theory proposed in the previous section.



4 Empirical results

This section presents results from pseudo-out-of-sample forecasting. We focus on bias in predicting h
period ahead averages (the exclusive focus of the previous section’s simulations), with a single concise table
giving results for bias in point in time predictions. We first compare the bias of a driftless random walk
and either an AR(2) process or an AR process with lag length chosen by BIC, when predicting an h period
ahead average (as in Theorem 2.1). We report results for AR(2) here, with the very similar results for
BIC-chosen lag length reported in our online appendix. We next present results when a zero mean AR(1)
in first differences replaces the random walk. Our final comparison is again random walk versus AR(2) in

levels, but now in prediction of the h period ahead point in time observation (as in Theorem 2.2).

To obtain a wide range of data, we relied on groups 1-10 in the quarterly data collection described in
McCracken and Ng (2021) to choose 10 series. The series are listed in Table 4.1, along with some summary
statistics. We generally use McCracken and Ng’s recommendations on how to induce stationarity, for
example treating the change but not the level of the unemployment rate as stationary. One exception is
that we use CPI inflation following our earlier working paper (Lunsford and West, 2023) instead of the first
difference of inflation as in McCracken and Ng (2021). See the online appendix for more details on the
data. While there is always some uncertainty about how to induce stationarity, for simplicity of exposition
we take the stationarity transformation as given and use “overdifferenced” to refer to a model applied to
the difference of the series (for example, applied to the difference of the change in the unemployment rate,
i.e., to the second difference of the unemployment rate). The series encompass a range of persistence; we
did, however, limit ourselves to series whose estimated first order autocorrelation coefficient was far enough
from 1 that supportive results for our overdifferenced models would not plausibly be attributed to

overdifferencing removing a near-unit root (see the discussion in the introduction.)

The horizons are h=1, 4, 8, 12, 20, and 40 quarters. Our baseline sample runs 1984:1-2023:4, with data
prior to 1996 used only for estimates of the parameters of the AR or overdifferenced AR models. The base
for the first prediction thus is 1995:4. The realization for the last prediction was 112 quarters later in
2023:4. For h=4, for example, the first value predicted was the average value over the four quarters
1996:1-1996:4; the second value predicted the average value for the four quarters 1996:2-1997:1, and so on,
ending with a final prediction for the average over the four quarters 2023:1-2023:4. This allowed 109 h=4
quarter ahead predictions in all. More generally, for each horizon h the number of predictions P satisfies
P =112 — (h — 1). The various values of h, P and the implied values of h/P are given in lines (5) and (6)
of Table 3.1.
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An alternative sample used no data past 2019:4, to make sure that the steep fall and rapid recovery of the
COVID recession was not skewing results. When we stop the comparison in 2019:4 instead of 2023:4, P

falls by 16 for each horizon.

In estimation of the AR(2) model, we used both rolling and recursive sampling schemes as we moved the
estimation end point forward. We checked for stationarity of the estimates for each endpoint and when the

estimates were explosive we substituted a forecast of a driftless random walk.

Table 4.2 gives detailed results for GDP growth, with our online appendix presenting such details for the
other nine variables. Panel A gives results when the sample ends in 2023:4, panel B when the sample ends
in 2019:4. Line 2 gives the bias in the random walk forecast (b%#"), over the various horizons. The
magnitude of the values might be gauged by a comparison to the mean value of GDP growth, which (Table
4.1, row (1), column (2)) is 1.8 percent. In both panels of Table 4.2, and for all horizons but h=40, the

bRW

absolute value of is a small fraction—1/9 or less—of the mean of 1.8 percent. In our experience in

forecasting, that is a good result.

Rows (3a) and (3b) are the test of whether our paper’s theoretical results are reflected in the data. In these
rows, a value less than 1 means that bias was smaller in absolute value in the random walk forecast. Upon
examining the 24 values in these two rows, we see that 21, or 88 percent, of the figures are below IEI The
superior performance of the random walk model is not because it is better according to a mean squared or
mean absolute error criterion. Of the 24 ratios of RMSPEs in rows (4a) and (4b), only 1, or 4 percent, is

less than lﬂ none of the 24 ratios of MAPEs in rows (5a) and (5b) are less than 1.

Table 4.3 presents summary results for all ten variables. Columns (3)-(8) present forecasting results, with
columns (3) and (4) the ones that are central to our paper. In columns (3)-(8), medians and percentages
are computed across 24 comparisons. The 24 comparisons are those for 6 horizons x 2 sampling schemes
(rolling and recursive) x 2 sample endpoints (2023:4 and 2019:4). For example, the “88%” in row (1),
column (4) of Table 4.3 reflects the fact that b%" was lower than b4 in 21 of 24, or 88 percent, of the

entries in rows (3a) and (3b) of Table 4.2.

Column (2) in Table 4.3 indicates that the (absolute) value of bias generally was very small-by a factor of

20 or more-than the mean given in Table 4.1. Columns (3) and (4) present our central results, on the ratio

8Qutliers, such as the value of 6.9 for h=4, last forecast 2023:4 for the recursive scheme are not a result of a large value for
bW but because of an unusually small value for b4%. For that entry, [b%" | = 0.0049 and |b4%| = 0.0007. In light of the values
of |bRW/bAR| for h=4 for the sample that ends in 2019:4, and for the rolling scheme for both samples, the extremely small
value of [b4%| = 0.0007 in the denominator seems likely a fluke.

9The value for h=1 in row (4a) is 0.996, rounded up to 1.0 in the table.
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bRW bAR

of random walk to AR bias. For nine of the ten series, was usually smaller than , and typically by
a substantial magnitude: in column (3), the median value (across 24 comparisons per series) of [bftW /bAF|
was 0.5 or less for these nine series. Labor productivity growth is the one exception: the median ratio was
greater than 1, and that ratio was less than one in just slightly under half of the 24 comparisons (line (9),
columns (3) and (4)). Our online appendix documents that the magnitude of || for labor productivity
growth is similar to |6%"W| for the other nine series. However, |b4f| for labor productivity happens to be

exceptionally small for some horizons.

We see in columns (5)-(8) that by a mean squared or mean absolute error criterion, the random walk model

fares quite poorly compared to the AR model, for all ten data series.

Rows (11) to (13) in Table 4.3 give some statistics aggregated over all ten series. Columns (4) and (3) in
row (11) state that in 82 percent of the 240 comparisons (240 = 24 comparisons per seriesx 10 series),

bW was smaller than b4F, with the median value of [b%" /bAF| being 0.3. Rows (12) and (13) give the
comparable values when looking at the 160 comparisons for h < 12 or the 80 comparisons for h > 12.
These indicate a modest tendency for the benefits of the random walk model to decline with horizon. This

is consistent with asymptotics in which A increases along with P (see the discussion in Section 2).

Table 4.4 repeats the analysis in Table 4.3 when the random walk forecast is replaced by a forecast from a

zero mean AR(1). Let x4 be one of our series. We used OLS estimates of the model

Az; = pAxy_q+disturbance to forecast m”ﬁz”?”'”‘*”'

The benefits of using an overdifferenced model are slightly less for the differenced AR model than for the
random walk, but are qualitatively unchanged. For example, overall, the percentage of forecasts in which
the overdifferenced model yielded bias that was smaller in absolute value fell from 82 percent to 79 percent

(row (11), column (4)).

Finally, Table 4.5 repeats the analysis in Table 4.3 when, as in Theorem 2.2, the object being forecast is

Tep1featotTein We see in columns (3) and (4) that, compared to

the level x4 rather than the average
the forecasts of the average in Table 4.3, the median bias ratio was a little higher, but the percentage of
forecast with a bias ratio less than 1 was also a little higher. As in previous tables, the differenced model

almost always produced a higher mean squared or mean absolute prediction error (columns (6) and (8)).

10To avoid confusion: since x¢ is one of our series, it may already be a difference of underlying source data. For our
unemployment data, for example, Az is the second difference of unemployment, since we differenced the raw unemployment
series to induce stationarity.
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In sum, the empirical results are strongly supportive of our theoretical and simulation results. In
forecasting a stationary process, bias will generally be more concentrated around 0 for a forecast from a

random walk or another overdifferenced model than from a stationary model.

5 Conclusion

Using asymptotic theory, simulations, and empirical estimates, we have shown that if the data are
stationary, a misspecified overdifferenced model will tend to have forecast bias more concentrated around
zero than will a stationary model. This applies even for the infeasible forecast that relies on population
parameters from the stationary process that generated the data. Our empirical work indicates that a
substantial reduction in bias can occur in practice; for some aggregate US data, bias from a random walk

forecast was generally one-tenth to one-half of that of a plausibly specified stationary model.
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7 Appendix

In this Appendix, we prove Theorem 2.1. The proof of Theorem 2.2 is analogous. Throughout, ¢ or ¢ with

a subscript is a generic constant that varies from statement to statement. Let
v = cov(Ty, T4 ;)

and define

g = hpr 4+ (h = Do i1 + oo+ Vnprn—1- (12)

Note that |agp| < cohptfor a constant ¢, that does not depend on P:

loen| < hlY1e| + (B — D)o 1] + oo+ [Yn a1 (13)

<cepllh+(h—1)p+...+p"
<cpth(l+p+..p" Y

< cohpt,ca =¢/(1—p).

We turn now to the proof. From , we have

period t forecast of [hAzs11 + (h — 1)Azyo + ... + Axpyp] = a1pAxy + aopAxy 1 + ... + aypAzy. (14)

Using in , we have

b= (Pih) X {[hAIL’Q + (h — 1)AIL’3 —+ ...+ A$h+1] — [OélhAilfl} (15)

+[hA1‘3 + (h — 1)Ax4 + ...+ Axh+2] — [thAl‘g + OéQhAsUl]
—‘r[hA{L‘4 + (h - 1)Ax5 + ...+ Athrg] - [OzlhACE;g + aopAxo + aghAxﬂ
+...

+[hAl‘p+1 +(h-1)Azp+ ...+ A:I;P+h:| — [alhAl‘p + aopArp_1+ ...+ ozphA;vl]}.

In 7 sum the terms multiplied by & (yielding A(xpy1 — 21)), sum the terms multiplied by h — 1, ..., sum
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the terms multiplied by a7, ..., sum the terms multiplied by ap. We get

b= (Pih) X { [h(prrl — .’tl) + (h - 1)(.’Ep+2 - fEQ) —+ ...+ (.’Ep+h — xh)] (16)
— loaan(zp — xo) + a2n(xp_1 — o) + ... + app(x1 — 20)] }
= (ﬁ) X (Al — Ay — By +B2),

A = hxpi1 + (h — 1)£Cp+2 + ...+ Zpyn,
As = hxy + (h— Do + ... + xp,
B, = aprp + agprp_1 + ... + appy,

By = (alh + aop + ...+ —|—Ozph)x0.

We prove, in order, part (c), part (a), and, last, part (b) of Theorem 2.1. Proof of part (c) of Theorem

(2.1): For h fixed, it suffices to show that the variance of each of the four terms is O(1). Under stationarity,
this is immediate for A; and As. For By and Bs: From , By =0(1) is also immediate. For B;: We

have var (By)= Y3 5 asnaunys—y- Also, |aun|< cp' = 330 5 asnann < 2¢%/[(1— p?)(1 — p)]

= ¢y = var(B1) < ea70-

Proof of part (a) of Theorem (2.1): It suffices to show that the variance of each of Ay, Ay, By and By is

O(h3). Since |ay|< cohpt, var(Bs) = O(h?). We will write out the arguments for A; and B;. The

argument for A, is similar.

We have

var(Ay) = [h* + (h— 1)* + ... + 1]y (17)
+2lh(h—1)+ (h—1)(h—2) + ... + 2m
+2[h(h —2) + (h —1)(h —3) + ... + 3|72
+ o 2k

<2n*+ (h =1 + ..+ Ulhol + byl + el + - + s ]
<20) bR+ (h=1)% + .+ 1]
=0
= 0(h%),
because 7% ;] is finite and h* + (h — 1) + ... + 1=0(h?).
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And var(B;) = O(h?), as follows. For ¢, defined in , we have

var(B1) = yo(afy + a3y + .apy)
+ 271 (a1paon + qaposn + ... + ap_1 paph)
+ ...+ 2yp_1(a1papn)
<o(cah)*(0® + p* + - + p*")
+ 2|7l (cah)?(0® + p° + o + 0277

+ oo+ 2|ypo1|(cah)?p T

2 3 P+1
p p p
< 299(cah)?
> ’YO(C )[1_p2+1_p2+ +1_p2)
2 2 2
< ehyom —2wcar®
T=A(1=p)

Proof of part (b) of Theorem 2.1: Under , the logic above continues to yield var(B;) = O(h?) and

var(By) = O(h?). For Ay, note first that under ,

h

h2d
’YO—’_ZJ 1|71|<70+CZ? 11]2d 1 /]2d ld]_CTd O(h2).
0

Using this result and the third from last line in ,

var(A;) < 2[h% + (h — 1)* + ... + 1][y0] + Z;L;llh,]” — O(h3+24).

Thus (g7 )%var(A;) = O(h'™2?/P?).and part (b) of Theorem 2.1 follows.
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8 Tables



Table 3.1

Simulation results on bias, RMSPE and MAPE: random walk relative to AR(2) forecasts

(D 2 3) 4) Q) (6)
(1) h=1 h=4 h=8 h=12 h=20 h=40
med %<1 med %<l med %<l med %<l med %<l med %<l
(2) ‘bRW/ bAR‘

(2a)  Rolling 03 84% 0380% 04 77% 05 74% 05 2% 0.7 67%
(2b)  Recursive 0.1 92% 0290% 0287% 03 85% 03 82% 0.5 72%
(2c)  Population 02 91% 02 88% 0287% 03 83% 04 75% 0.7 60%
(3) RMSPE®” / RMSPE®

(3a)  Rolling .1 0% 1.5 0% 20 0% 23 0% 2.8 0% 3.5 0%
(3b)  Recursive 1.2 0% 1.6 0% 20 0% 24 0% 29 0% 4.0 0%
(3¢c)  Population 1.2 0% 1.6 0% 21 0% 26 0% 33 0% 49 0%
(4) MAPE®” / MAPE“R

(4a)  Rolling 1.1 0% 1.5 0% 20 0% 22 0% 27 0% 33 0%
(4b)  Recursive 1.2 0% 16 0% 20 0% 24 0% 29 0% 3.8 0%
(4c)  Population 1.2 0% 1.6 0% 21 0% 25 0% 32 0% 4.6 0%
5)P 112 109 105 101 93 73
(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55
Notes:

1. 1000 simulation samples of size T+1=160 were generated from a stationary AR(2) model. The DGP was: x; =
0.5x1.1-0.1x.0+uy, 1, ~1id N(0,1). Predictions were made from a driftless random walk model (superscript RW)
and an AR(2) model (superscript AR). In lines labeled “rolling” and “recursive,” AR(2) predictions were made
using least squares estimates; in lines labeled “population,” population parameters were used.

2. For horizons 4 given in row (1), the number of predictions P in a given sample is given in row (5). In a given
sample, P predictions (row (5)) were used to compute bias b (row (2)), root mean squared prediction error
(RMSPE, row (3)) and mean absolute prediction error (MAPE, row (4)). Here and throughout, bias is the sample
average of the difference between realization and prediction, RMSPE is the square root of the average of squared
forecast errors and MAPE is the average of the absolute value of forecast error.

3. In rows (2)-(4), the “med” column reports the median value, across the 1000 samples, of the indicated statistic.
For all three ratios (bias, RMSPE, MAPE), a value less than one indicates that the random walk model usually
produced a lower value than did the AR(2) model. The “%<1" column reports the percentage of the 1000 samples
in which the ratio was less than 1.

4. See text for additional details.



Table 3.2

Simulation results on normalized var(b*"), various P

A.AR(2) DGP

(1 (2) 3) 4) (5) (6) (7)

P for

h=1 var(b®"yxpP? var(b®"yxp
(D h=1 h=4 h=8 h=12 h=0.2P h=0.2P
2)112 3 8 15 23 35 0.37
(3)352 1.01 1.00 1.08 1.01 3.17 1.01
(4)752 1.10 0.97 1.05 1.07 7.19 1.08
(5)1152 1.04 1.05 1.04 1.01 10.75 1.05

B. I(d) DGP

(1) (2) 3) “4) (5) (6) (7)

P for

h=1 var(b"")x P? var(p")x {129
€)) h=1 h=4 h=8 h=12 h=0.2P h=0.2P
2)112 3 9 21 35 67 0.04
(3)352 0.91 1.03 1.06 1.08 6.27 0.99
(4)752 1.02 1.09 1.13 1.15 20.33 0.94
(5) 1152 0.9 1.17 1.14 1.13 39.61 0.92
Notes:

1. The simulation results are based on 1000 samples of size 7+1=1200. In panel A, the DGP was the stationary
AR(2) model described in notes to Table 3.1. In panel B, the DGP was the I(d) model (1-L)%x~=u;, d=0.31, u, ~ iid
N(0,1). As in Table 3.1, 4 is the horizon and P the number of predictions. The #=0.2P values for sample sizes
T+1=160, 400, 800, and 1200 are ~=19, 59, 126, and 193 with corresponding values of P=94, 294, 627, and 960.
See notes to Table 3.1.

2. var(b®") is the variance of random walk bias across 1000 simulation samples. Row (2) in each panel gives the
normalized value of var(h®") when P=112, with the normalization factor being either P?, P or P as given in
the headers in the table. In rows (3)-(5) of each panel, columns (2)-(7) express normalized var(b*") relative to the
value in row (2).

3. Our asymptotic theory concludes that if / is held fixed as P—oo, var(b"")xP? = O(1). If h=cP, var(b"")xP =
O(1) for the DGP in panel A, var(b®")xP1) = O(1) for the DGP in panel B.



Table 4.1

Data summary

(1) @) (3) (4)
standard first order
mean deviation autocorrelation
(1) Per capita GDP growth 1.8 2.3 0.4
(2) CPI inflation 2.6 1.9 0.3
(3) Growth in household assets 6.1 6.2 0.2
(4) Growth in housing starts -0.6 27.6 0.2
(5) Change in interest rate on 10 year treasuries -0.1 0.4 0.3
(6) Inventory growth 2.6 34 0.6
(7) Industrial production growth 1.9 4.8 0.7
(8) Growth in M3 5.5 2.8 0.6
(9) Labor productivity growth 2.0 2.5 0.1
(10) Change in unemployment rate 0.0 0.3 0.7

Notes

1. Data are quarterly. The statistics in columns (2)-(4) were computed from a sample running 1984:1-2019:4.



Table 4.2

Bias, RMSPE and MAPE: random walk relative to AR, per capita GDP growth
Forecasts of / period ahead averages

A: Last forecast 2023:4 B: Last forecast 2019:4
(D) h=1 h=4 h=8 h=12 h=20 h=40 h=1 h=4 h=8 h=12 h=20 h=40
2) b 00 00 -0.1 00 -02 -03 00 00 00 -0.1 -02 -04
(3) ‘bRW/ bAR‘
(3a) Rolling 0.0 00 04 00 1.1 0.6 0.1 00 20 05 06 05
(3b) Recursive 0.0 6.8 0.7 00 04 04 0.0 00 0.2 02 04 05
(4) RMSPE®” / RMSPE“*
(4a) Rolling 1.0 13 20 25 20 2.5 1.2 14 1.6 1.7 2.1 25
(4b) Recursive 1.1 1.8 25 31 24 2.7 1.2 15 1.7 1.9 24 27
(5)MAPE®” / MAPE"R
(5a2) Rolling 1.1 1.5 1.8 20 19 2.0 1.3 14 1.5 1.6 21 20
(5b) Recursive 1.2 1.7 2.1 24 25 24 1.3 1.5 1.7 1.9 25 2.1
Notes:

1. b is bias in predictions of the average value of GDP growth over the horizons indicated in row 1, from a
model that assumes that GDP growth follows a driftless random walk. All forecasting exercises are pseudo-out-of-
sample.

2. For a given horizon 4, the first forecast is for average GDP growth from 1996:1 through the next 4-1 quarters.
In panel A, the last forecasted observation is for average GDP growth over / quarters ending in 2023:4; the
number of forecasts and forecast errors P is 112-(4-1) (see line (5) in Table 3.1). In panel B, the date of the first
forecast is the same but the ending quarter is 2019:4; P is smaller by 16, for each horizon.

3. b** is bias in forecasts computed from a series of estimates of an AR(2) model. In the regression relying on the
first sample used to estimate the AR model, the left-hand-side variable spans the 48 quarters from 1984:1 to
1995:4. For h=1, the left-hand-side in the last estimation sample in panel A runs from 2011:4 to 2023:3 (rolling)
or 1984:1 to 2023:3 (recursive); the dates in panel B are 2007:4-2019:3 and 1984:1-2019:3. End dates for #>1 are
shifted back to accommodate the longer horizon (e.g., for #=4, the final recursive sample in panel A runs 1984:1-
2022:4).

4. Rows (3a) and (3b) give the absolute value of the ratio of the bias from the random walk forecast to the bias
from the AR forecast. Rows (4a) and (4b) give the ratio of root mean squared prediction errors (RMSPEs). Rows
(5a) and (5b) give the ratio of mean absolute prediction errors (MAPEs). For all three ratios (bias, RMSPE,
MAPE), a value less than one indicates that the random walk model produced a lower value than did the AR(2)
model.



Table 4.3

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

(D 2 3 @ ) () M ©®

median bias ratio RMSPE ratio MAPE ratio
1b*] median %<1 median %<1 median %<1

(1) Per capita GDP growth 0.1 0.4 88% 20 4% 1.9 0%
(2) CPI inflation 0.1 0.1 92% 1.9 0% 1.6 0%
(3) Growth in HH assets 0.1 0.3 88% 1.9 0% 2.0 0%
(4) Growth in housing starts 0.3 0.3 83% 1.8 0% 1.7 0%
(5) Change in 10Y rate 0.0 0.2 100% 34 0% 34 0%
(6) Inventory growth 0.1 0.2 83% 14 0% 14 0%
(7) IP growth 0.2 0.5 79% 1.3 8% 1.5 8%
(8) Growth in M3 0.0 0.2  96% 1.7 4% 1.6 4%
(9) Labor prod growth 0.1 1.7 42% 22 0% 1.9 0%
(10) Chg in unemployment rate 0.0 0.1 71% 1.2 17% 1.2 17%
(11) All 10 series, all horizons 0.0 0.3 82% 1.8 3% 1.7 3%
(12) A1l 10 series, A<12 0.0 02 86% 1.5 5% 1.5 4%
(13) A1l 10 series, A>12 0.2 04 75% 24 0% 2.1 0%

Notes:
1. For per capita GDP growth (row 1), columns (2)-(8) are computed from the values in Table 4.2, as follows:

a. In column (2), “median |p*"]” is median absolute value bias for the random walk model, computed from the
absolute values of the 12 entries in row (2) of Table 4.2.

b. Column (3) presents the median value of the absolute value of the ratio of the bias of random walk model to
the bias of the AR model (median of [p*"/b*X|), computed from the 24 values of rows (3a) and (3b) of Table
4.2.

c. Column (4) presents the percentage of forecast comparisons in which bias for the random walk model is less
than that for the AR(2) model in absolute value, again computed from the 24 values in rows (3a) and (3b) of
Table 4.2.

d. Columns (5) and (6) are comparable values for ratio of root mean squared prediction error RMSPE®" /
RMSPE*® | while columns (7) and (8) are comparable values for ratio of mean absolute prediction error
MAPE®" / MAPE*X. These are computed from the 24 values in rows (4a) and (4b), or rows (5a) and (5b), in
Table 4.2.

2. The values in rows (2)-(10) are computed analogously to those for GDP growth. For series other than GDP
growth, the online appendix gives the underlying values comparable to those in Table 4.2.

3. For all three ratios (bias, RMSPE, MAPE), a value less than one indicates that the random walk model
produced a lower value than did the AR(2) model.



Table 4.4

Bias, RMSPE and MAPE: differenced AR relative to AR
Forecasts of / period ahead averages

(D 2 3 @ ) () M ©®

median bias ratio RMSPE ratio MAPE ratio
|pPAR, median %<1 median %<1 median %<1

(1) Per capita GDP growth 0.1 0.1 92% 1.6 0% 1.4 0%
(2) CPI inflation 0.2 0.5 75% 1.7 0% 1.7 0%
(3) Growth in HH assets 0.1 0.3 92% 1.6 0% 1.6 0%
(4) Growth in housing starts 0.2 0.2 88% 1.5 0% 14 0%
(5) Change in 10Y rate 0.0 0.2 100% 30 0% 3.0 0%
(6) Inventory growth 0.1 0.3 88% 14 0% 14 0%
(7) IP growth 0.3 0.6 67% 1.3 0% 1.6 0%
(8) Growth in M3 0.0 0.1 88% 1.7 0% 1.6 0%
(9) Labor prod growth 0.1 2.1 38% 1.7 0% 1.4 0%
(10) Chg in unemployment rate 0.0 0.7 63% 1.2 8% 1.3 4%
(11) All 10 series, all horizons 0.0 0.3  79% 1.6 1% 1.5 0%
(12) A1l 10 series, A<12 0.1 03 81% 14 1% 1.3 1%
(13) A1l 10 series, A>12 0.2 04 75% 2.1 0% 1.9 0%

Notes:

1. This table differs from the previous table in that random walk forecasts were replaced by forecasts from least
squares estimates of the model Ax~=pAx..;+disturbance. Here, x; is one of the variables listed in column (1). In
column (2), b”** is bias from that model, where “DAR” stands for “differenced AR.” The numerators of the
RMSPE and MAPE ratios also come from the differenced AR model.

2. For all three ratios (bias, RMSPE, MAPE), a value less than one indicates that the differenced AR(1) model
produced a lower value than did the AR(2) model.

3. See notes to Table 4.3.



Table 4.5

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of point in time observations 4 periods ahead

(M 2 3 @ () () M ©®

median bias ratio RMSPE ratio MAPE ratio
bR median %<1 median %<1 median %<1

(1) Per capita GDP growth 0.1 0.2 88% 1.3 0% 1.3 0%
(2) CPI inflation 0.1 04 92% 14 4% 1.4 0%
(3) Growth in HH assets 0.2 0.3 83% 1.3 0% 1.4 0%
(4) Growth in housing starts 0.5 04 83% 1.3 0% 1.4 0%
(5) Change in 10Y rate 0.0 0.3 96% 1.4 0% 1.3 0%
(6) Inventory growth 0.1 0.3 88% 1.3 0% 1.4 0%
(7) IP growth 0.5 0.6 83% 1.2 8% 1.4 8%
(8) Growth in M3 0.1 0.2 96% 1.3 4% 1.3 4%
(9) Labor prod growth 0.2 1.3 42% 1.3 0% 1.4 0%
(10) Chg in unemployment rate 0.0 0.2 79% 1.1 17% 1.2 8%
(11) All 10 series, all horizons 0.0 04 83% 1.3 3% 1.4 2%
(12) All 10 series, h<12 0.0 02 86% 1.3 5% 14 3%
(13) All 10 series, #>12 0.3 0.5 78% 1.3 0% 14 0%

Notes:

1. This table differs from Table 4.3 in that the object forecasted is the point in time realization 4 periods ahead
rather than the average value over the next 4 periods. In column (2), b" is the bias that results when a random
walk model is used to make that forecast.

2. For all three ratios (bias, RMSPE, MAPE), a value less than one indicates that the random walk model
produced a lower value than did the AR(2) model.

3. See notes to Table 4.3.
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This online appendix presents data details and simulation and empirical results omitted from the
paper to save space.

1. Data:

a.

FRED mnemonics for our data series:

(1) Per capita GDP growth A939RX0Q048SBEA
(2) CPI inflation CPIAUCSL

(3) Growth in household assets TABSHNO

(4) Growth in housing starts HOUST

(5) Change in interest rate on 10 year treasuries GS10

(6) Inventory growth INVCQRMTSPL

(7) Industrial production growth INDPRO

(8) Growth in M3 MABMM301USM189S
(9) Labor productivity growth OPHPBS

(10) Change in unemployment rate UNRATE

Series that are available monthly on FRED were averaged to produce our quarterly series.

The initial version of this paper used four of these 10 series: per capita GDP growth, CPI
inflation, labor productivity growth, and M3 growth. As stated in the text, when we expanded to
10 series, the additional six were chosen from six different groups in McCracken and Ng

(202 1-henceforth MN), with us generally following MN. “Generally” because, for continuity,
we continued to use the four initial series, which implied the following slight departures from
MN: (a)per capita real GDP growth instead of real GDP growth as our series from MN’s group 1;
(b)stationarity induced in log CPI with first rather than second differences (MN’s group 6);

(c)growth in nominal M3 rather than growth in real M2 (MN’s group 9).

Al



2. Tables A3.1a and A3.1b present simulation results analogous to those presented in Table 3.1, but with

a different DGP and a different stationary forecasting model.

a. Table A3.1a: the DGP is x, = u, ~ iid N(0,1); the stationary model for comparison with the
random walk model is iid possibly around a nonzero mean. That is, the stationary forecast is
x,.,=x for all h, where x is the sample mean from the relevant rolling or recursive sample. The
population forecast is x,,,=0 for all 4.

b. Table 3.2B and Table A3.1b: the DGP is (l—L)dxt =u, ~1id N(0,1), with 4=0.31.

i.  As in Chung and Baillie (1993), data in a given simulation sample were drawn from an
N(0,V) DGP where V is the variance-covariance matrix of a (1200x1) vector of x’s. For
example, the diagonals of V" were set to the variance of x, (i.e., to F(l—Zd)/Fz(l—d), where I is
the gamma function and, again, d=0.31). Off-diagonals were set in accordance with the
autocovariances of x,. See Brockwell and Davis (1993, p 522) for formulas. All 1200
observations were used in Table 3.2B and the first 160 were used in Table A3.1b.

ii. The technique of Geweke and Porter-Hudak (1983) was used to estimate d, setting the
estimate to -0.49 or 0.49 if the estimate fell outside the interval (-0.49,0.49). Forecasts were
made using the autoregressive representation of x,. The autoregression was truncated at lag
48 (rolling samples) or at the first observation in the sample (recursive samples). As in our
AR(2) forecasts, h-period-ahead-forecasts were made using the chain rule of forecasting.

For example, for rolling samples, forecasts were based on the AR(48)
XX = 01X =X+ 9rX0X) F e F (X457 ).
Here x is the sample mean, (2)1=3, g?)2=73(21—1)/2!, .. and d is the estimate of d. Population
forecasts were made from this AR representation using population values, i.e., setting d=0.31
and x=0 (=population mean of x).
3. Tables A3.1(c)-A3.1(e) are analogous to Tables 3.1, 3.1(a) and 3.1(b), except that the RW model is
replaced by an overdifferenced AR(1) model.
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4. Table A3.1(f) is analogous to Table 3.1, except that the disturbance to the AR(2) follows a GARCH
process: u, = a,v,, v~iid N(0,1), 07 = w+ao,_+pu;, with ©=0.25, 0=0.25 and $=0.50.

5. Table A3.2 is analogous to Table 3.2, except that the RW model is replaced by an overdifferenced
AR(1) model.

6. Tables A4.2-(2) through A4.2-(10) present results analogous to those presented for GDP growth in
Table 4.2, for series numbered (2)-(10) in Table 4.1.

7. Table A4.3-BIC presents results analogous to Table 4.3, except that lag length was chosen by BIC

with a maximum lag length of 4. (Table 4.3 relied on an AR(2) model for its results.)

Additional references:
Chung, Ching-fan and Richard T. Baillie, 1993, “Small Sample Bias in Conditional Sum-of-Squares
Estimators of Fractionally Integrated ARMA Models,” Empirical Economics 18, 791-806.

https://doi.org/10.1007/BF01205422

Geweke, John and Susan Porter-Hudak, 1983, “The Estimation and Application of Long Memory Time

Series Models,” Journal of Time Series Analysis 4(4), 221-238. https://doi.org/10.1111/7.1467-

9892.1983.tb00371.x
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Table A3.1a

Simulation results on bias, RMSPE and MAPE, random walk relative to iid forecasts, iid DGP

(1) 2) 3) 4) (5) (6)

(1) h=1 h=4 h=38 h=12 h=20 h=40

med %<1 med %<l med %<1 med %<1 med %<1 med %<l
(2a)  Rolling 03 8% 03 81% 04 77% 0.4 76% 0.5 74% 0.7 67%
(2b)  Recursive 0.1 91% 02 90% 02 87% 0.3 87% 0.3 81% 0.6 71%
(2c)  Population 0.1 92% 0288% 02 8% 038% 0477% 0.7 61%
(3) RMSPE?” ) RMSPE"™
(3a)  Rolling 14 0% 22 0% 28 0% 33 0% 41 0% 53 0%
(3b)  Recursive 14 0% 22 0% 29 0% 35 0% 43 0% 59 0%
(3c)  Population 14 0% 22 0% 3.0 0% 3.6 0% 47 0% 7.2 0%
(4) MAPE®” ) MAPE™
(4a) Rolling 14 0% 22 0% 28 0% 33 0% 40 0% 50 0%
(4b)  Recursive 14 0% 22 0% 29 0% 34 0% 42 0% 56 0%
(4c)  Population 14 0% 22 0% 30 0% 3.6 0% 46 0% 67 0%
(5)P 112 109 105 101 93 73
(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55

Notes: See notes to Table 3.1. This differs from Table 3.1 in that the DGP and stationary forecasting model are
iid rather than AR(2).
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Table A3.1b
Simulation results on bias, RMSPE and MAPE, random walk relative to I(d) forecasts, I(d) DGP

(1) (2) 3) 4) (5) (6)
(1) h=1 h=4 h=8 h=12 h=20 h=40
med %<1 med %<l med %<l med %<l med %<l med %<l

@) (" 1 ")

(2a)  Rolling 0.2 90% 03 86% 0.4 82% 0.4 8% 0.5 79% 0.7 72%
(2b)  Recursive 0.1 93% 02 90% 02 88% 0.3 8% 0.4 83% 0.6 72%
(2c)  Population 0.1 91% 02 8% 02 85% 0.3 83% 04 79% 0.6 67%
(3) RMSPE?” ) RMSPE"

(3a)  Rolling 12 4% 14 0% 17 0% 18 0% 20 0% 23 0%
(3b)  Recursive 12 5% 15 0% 17 0% 18 0% 2.0 0% 24 0%
(3c)  Population 12 0% 15 0% 18 0% 19 0% 22 0% 2.7 0%
(4) MAPE®” ) MAPE™®

(4a) Rolling 12 3% 14 0% 16 0% 18 0% 20 0% 22 0%
(4b)  Recursive 12 4% 15 0% 17 0% 18 0% 2.0 0% 23 0%
(4c)  Population 12 0% 15 0% 18 0% 19 0% 2.1 0% 2.6 0%
(5)P 112 109 105 101 93 73
(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55

Notes: See notes to Table 3.1. This differs from Table 3.1 in that the DGP and stationary forecasting model are
1(d) rather than AR(2).
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Table A3.1c
Simulation results on bias, RMSPE and MAPE, overdifferenced AR(1) relative to AR(2) forecasts, , AR(2) DGP

(1) () 3) 4) (5) (6)
(1) h=1 h=4 h=8 h=12 h=20 h=40
med %<1 med %<l med %<l med %<l med %<l med %<l

(2a)  Rolling 03 8% 03 80% 04 76% 0.5 74% 0.5 72% 0.7 67%
(2b)  Recursive 02 90% 02 90% 02 87% 03 8% 0.3 82% 0.5 72%
(2c)  Population 02 90% 02 88% 03 8% 03 8% 04 75% 0.7 60%
(3) RMSPEP® / RMSPE*R

(3a)  Rolling 1.1 0% 15 0% 19 0% 2.1 0% 2.6 0% 3.3 0%
(3b)  Recursive 1.1 0% 15 0% 19 0% 22 0% 2.7 0% 3.7 0%
(3c)  Population 12 0% 16 0% 20 0% 24 0% 3.1 0% 45 0%
(4) MAPEPR ) MAPEAR

(4a) Rolling 1.1 1% 15 0% 18 0% 2.1 0% 25 0% 3.1 0%
(4b)  Recursive 1.1 0% 15 0% 19 0% 22 0% 27 0% 3.5 0%
(4c)  Population 12 0% 16 0% 20 0% 24 0% 29 0% 43 0%
(5)P 112 109 105 101 93 73
(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55

Notes: See notes to Table 3.1. This differs from Table 3.1 in that the overdifferenced model is an AR(1) rather
than a random walk.
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Table A3.1d

Simulation results on bias, RMSPE and MAPE, overdifferenced AR(1) relative to iid forecasts, iid DGP

(1) () 3) 4) (%) (6)
(1) h=1 h=4 h=8 h=12 h=20 h=40
med %<1 med %<l med %<l med %<l med %<l med %<l

(2a)  Rolling 03 84% 04 80% 0.4 78% 0.4 76% 0.5 73% 0.7 67%
(2b)  Recursive 0.1 91% 0.2 90% 0.2 87% 03 86% 03 81% 0.6 72%
(2c)  Population 0.1 90% 0.2 88% 0.2 86% 0.3 83% 0.4 76% 0.7 60%
(3) RMSPEP® ) RMSPE™
(3a)  Rolling 12 0% 1.7 0% 22 0% 2.6 0% 3.1 0% 4.0 0%
(3b)  Recursive 12 0% 1.7 0% 23 0% 2.7 0% 33 0% 4.4 0%
C opulation . 0 . () . () . () . () . ()
3 Populati 12 0% 1.8 0% 23 0% 28 0% 3.6 0% 54 0%
(4) MAPEPR s MAPE™
(4a) Rolling 12 0% 1.7 0% 22 0% 25 0% 3.0 0% 3.8 0%
(4b)  Recursive 12 0% 1.7 0% 22 0% 2.6 0% 3.1 0% 42 0%
(4c)  Population 12 0% 1.8 0% 23 0% 2.8 0% 3.5 0% 5.1 0%
(5)P 112 109 105 101 93 73
(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55

Notes: See notes to Table 3.1. This differs from Table 3.1 in that the overdifferenced model is an AR(1) rather
than a random walk, and the DGP and stationary forecasting model are iid.
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Table A3.1e
Simulation results on bias, RMSPE and MAPE, overdifferenced AR(1) relative to 1(d) forecasts, I(d) DGP

(1) (2) 3) 4) (5) (6)
(1) h=1 h=4 h=8 h=12 h=20 h=40
med %<1 med %<1l med %<l med %<l med %<l med %<l

(2a)  Rolling 0.2 89% 03 85% 04 8% 04 82% 0.5 79% 0.7 72%
(2b)  Recursive 0.1 93% 02 89% 03 87% 03 86% 04 82% 0.6 73%
(2c)  Population 0.2 88% 02 87% 03 84% 03 82% 04 78% 0.7 67%
(3) RMSPEP® ) RMSPE/@

(3a)  Rolling 1.1 19% 13 1% 14 0% 16 0% 1.7 0% 2.0 0%
(3b)  Recursive 1.1 15% 13 1% 15 0% 16 0% 1.8 0% 2.1 0%
(3c)  Population 1.1 0% 14 0% 1.5 0% 1.7 0% 19 0% 24 1%

(4) MAPEPR ) MAPE'@

(4a) Rolling 1.1 18% 13 0% 14 0% 15 0% 1.7 0% 19 1%
(4b)  Recursive 1.1 15% 13 2% 15 0% 16 0% 1.7 0% 20 1%
(4c)  Population 1.1 0% 14 0% 15 0% 1.7 0% 19 1% 22 2%
6P 112 109 105 101 93 73

(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55

Notes: See notes to Table 3.1. This differs from Table 3.1 in that the overdifferenced model is an AR(1) rather
than a random walk, and the DGP and stationary forecasting model are 1(d).
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Table A3.1f

Simulation results on bias, RMSPE and MAPE, random walk relative to AR(2) forecasts, GARCH DGP

(1) () 3) 4) (%) (6)
(1) h=1 h=4 h=8 h=12 h=20 h=40
AR med %<1 med %<l med %<l med %<l med %<l med %<l
@ B/ bR

(2a)  Rolling 03 8% 03 81% 0.4 78% 0.4 75% 0.6 71% 0.7 64%
(2b)  Recursive 0.2 90% 0.2 89% 0.2 86% 0.3 83% 0.4 80% 0.6 70%
(2c)  Population 02 91% 0.2 89% 0.2 84% 03 82% 0.4 75% 0.7 63%
(3) RMSPE®” ) RMSPE“®

(3a)  Rolling 1.1 0% 1.6 0% 2.0 0% 23 0% 2.8 0% 3.5 0%
(3b)  Recursive 12 0% 1.6 0% 2.1 0% 24 0% 3.0 0% 4.0 0%
(3c)  Population 12 0% 1.7 0% 22 0% 2.6 0% 3.4 0% 4.9 0%
(4) MAPE®” s MAPER

(4a) Rolling 1.1 0% 1.5 0% 1.9 0% 22 0% 2.7 0% 33 0%
(4b)  Recursive 1.1 0% 1.6 0% 2.0 0% 24 0% 29 0% 3.7 0%
(4c)  Population 12 0% 1.7 0% 22 0% 2.6 0% 32 0% 4.5 0%
(5)P 112 109 105 101 93 73

(6) h/P 0.01 0.04 0.08 0.12 0.22 0.55

Notes: See notes to Table 3.1. This differs from Table 3.1 in that the DGP has GARCH disturbances.
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Table A3.2

Simulation results on normalized Var(bDAR), various P

A. AR(2) DGP

(1 (2) (3) 4) 5) (6) 7

P for

h=1 var(b?4Fyx p? var(b?Fyxp
(1) h=1 h=4 h=s h=12 h=0.2P h=0.2P
2) 112 3 9 16 23 35 0.38
(3) 352 1.03 1.00 1.08 1.00 3.13 1.00
4) 752 1.09 0.96 1.05 1.06 7.08 1.06
(5) 1152 1.05 1.05 1.04 1.01 10.60 1.04

B. I(d) DGP

(1 () (3) 4) () (6) (7

P for

h=1 var(b?R)x p? var(hP1R)x p1-29)
(1) h=1 h=4 h=8 h=12 h=0.2P h=0.2P
2) 112 4 10 23 38 70 0.04
(3) 352 0.94 1.04 1.06 1.08 6.08 0.96
4) 752 1.05 1.09 1.14 1.15 19.56 0.90
(5) 1152 0.99 1.17 1.15 1.12 38.01 0.88

See notes to Table 3.2. This differs from Table 3.2 in that the overdifferenced model is an AR(1) rather than a
random walk.
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Table A4.2-(2) CPI inflation

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4 B: Last forecast 2019:4
(1) h=1 h=4 h=8 h=12 h=20 h=40 h=1 h=4 h=8 h=12 h=20 h=40
2 b 00 00 01 02 01 -0.1 00 00 00 00 -0.1 -03
(3a) Rolling 0.0 0.1 3.0 18 04 03 00 01 01 01 02 04
(3b)  Recursive 0.0 0.0 03 04 02 02 00 00 00 00 02 03
4) RMSPE®” / RMSPE#®
(4a) Rolling 1.1 14 16 19 24 33 12 19 22 26 29 34
(4b)  Recursive 12 15 1.6 19 21 23 12 17 19 20 21 24
(5) MAPER" ) MAPE#®
(5a) Rolling 1.1 14 16 18 19 26 12 16 20 21 21 26
(5b)  Recursive 12 13 15 16 16 18 12 14 16 17 16 1.7

See notes to Table 4.2.

Table A4.2-(3) Growth in household assets

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4 B: Last forecast 2019:4

(1) h=1 h=4 h=8 h=12 h=20 h=40  h=1 h=4 h=8 h=12 h=20 h=40
2) b 00 00 -03 -0.1 0.1 -04 00 01 -02 -0.1 -05 -08
(3a) Rolling 0.0 0.0 22 04 04 04 1.7 14 05 02 05 04
(3b)  Recursive 0.0 0.0 04 01 01 02 00 01 01 01 03 03
4) RMSPE®” / RMSPE#®

(4a) Rolling 12 15 1.8 20 23 3.0 12 14 16 1.8 24 3.1
(4b)  Recursive 13 16 19 22 25 3.0 13 15 16 19 25 29
(5) MAPE®" ) MAPE#®

(5a) Rolling 13 15 18 20 23 27 13 15 17 20 26 29
(5b)  Recursive 13 16 19 24 28 29 13 16 1.8 22 29 26

See notes to Table 4.2.
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Table A4.2-(4) Growth in housing starts

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4

(1) h=1 h=4 h=8

2) 02 -0.1 -06 -04 05
(3a) Rolling 14 01 04 02 03
(3b) Recursive 0.2 0.1 0.5 03 0.5
4) RMSPE®” / RMSPE#®

(4a) Rolling 12 16 17 18 18
(4b) Recursive 1.3 1.8 2.0 22 23
(5) MAPER" ) MAPE#®

(5a) Rolling 12 15 16 1.7 1.7
(5b) Recursive 1.2 1.7 18 19 22

See notes to Table 4.2.

(1) h=1 h=4 h=8 h=12 h=20 h=40
2) b 00 00 00 00 00

(3a) Rolling 02 00 06 08 02

(3b) Recursive 0.1 0.0 03 04 0.1

4) RMSPE®” / RMSPE#®

(4a) Rolling 13 19 27 37 56

(4b) Recursive 1.3 19 25 34 5.1

(5) MAPE®" ) MAPE#®

(5a) Rolling 13 19 27 40 5.6

(5b) Recursive 1.3 19 25 3.6 5.0

See notes to Table 4.2.

h=12 h=20 h=40

0.4

1.6
4.7

2.5
3.5

2.2
2.9

B: Last forecast 2019:4

h=1 h=4 h=8 h=12 h=20 h=40
03 03 00 -02 02 25
03 02 00 02 04 0.7
03 04 00 04 35 038
13 14 15 18 28

2 15 16 18 22 39

14 14 15 17 23

2 15 16 1.7 21 31

Table A4.2-(5) Change in interest rate on 10 year treasuries

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4

0.0

0.4
0.2

7.3
6.3

8.1
6.1

Al2

B: Last forecast 2019:4

h=1 h=4

0.0 00 00 0.0
03 06 01 03
0.1 03 00 0.1
1.3 22 35 47
1.3 21 32 43
1.3 22 32 47
1.3 21 3.0 41

0.3
0.1

6.0
5.7

6.1
5.6

h=8 h=12 h=20 h=40
0.0

0.0

0.0
0.0

9.7
7.6

10.6
7.3



Table A4.2-(6) Inventory growth

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4 B: Last forecast 2019:4
(1) h=1 h=4 h=8 h=12 h=20 h=40 h=1 h=4 h=8 h=12 h=20 h=40
2) b 00 00 01 -0.1 -03 -0.1 00 01 00 -01 -0.1 02
(3a) Rolling 00 01 07 16 21 05 02 03 03 12 12 02
(3b)  Recursive 0.0 0.1 04 0.1 04 02 0.1 04 02 02 02 02
4) RMSPE®” / RMSPE#®
(4a) Rolling 1.1 12 14 15 1.7 22 1.0 11 12 14 1.7 22
(4b)  Recursive 1.1 13 1.6 1.8 22 29 1.1 12 14 16 22 28
(5) MAPER" ) MAPE#®
(5a) Rolling 10 13 13 14 16 20 10 12 12 13 16 21
(5b)  Recursive 1.1 14 1.5 1.7 20 26 1.1 13 14 16 19 23

See notes to Table 4.2.

Table A4.2-(7) Industrial production growth

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4 B: Last forecast 2019:4

(1) h=1 h=4 h=8 h=12 h=20 h=40  h=1 h=4 h=8 h=12 h=20 h=40
2) b 00 -0.1 -02 -02 -0.8 -1.0 0.1 -02 -02 -03 -09 -0.5
(3a) Rolling 00 03 1.6 11 10 1.0 07 18 10 07 1.1 04
(3b)  Recursive 02 02 02 02 05 06 02 03 02 02 06 03
4) RMSPE®” / RMSPE#®

(4a) Rolling 09 12 15 17 13 12 10 11 12 12 13 1.1
(4b)  Recursive 1.0 14 19 24 22 26 10 12 15 1.8 23 27
(5) MAPE®" ) MAPE#®

(5a) Rolling 09 12 15 17 18 17 09 12 13 14 17 15
(5b)  Recursive 1.0 13 1.7 19 19 20 10 13 16 1.7 20 21

See notes to Table 4.2.
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(1)
2)

3)
(3a)
(3b)

4)
(4a)
(4b)

)
(5a)
(5b)

Table A4.2-(8) Growth in M3

Bias, RMSPE and MAPE: random walk relative to AR

Forecasts of / period ahead averages

A: Last forecast 2023:4

h=1 h=4 h=8 h=12 h=20 h=40

" 00 -02

Rolling 04 19
Recursive 03 04

RMSPEX" ) RMSPE*R
Rolling 1.0 1.1
Recursive 1.1 1.3

MAPE®” ) MAPER
Rolling 1.0 1.1
Recursive 1.0 1.2

See notes to Table 4.2.

(1)
2)

3)
(3a)
(3b)

4)
(4a)
(4b)

)
(5a)
(5b)

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

-0.2 0.1
04 0.1
0.2 0.1
1.5 1.7
1.7 2.1
1.5 1.6
1.5 1.7

Table A4.2-(9) Labor productivity growth

0.6

0.6
0.5

1.7
1.7

1.7
1.6

A: Last forecast 2023:4

h=1 h=4
[ 0.0 0.0

Rolling 1.8 0.5
Recursive 0.7 0.5

RMSPEX" ) RMSPE*R
Rolling 1.3 1.8
Recursive 1.3 1.9

MAPE®” ) MAPER
Rolling 1.3 1.8
Recursive 14 1.8

See notes to Table 4.2.

h=8
-0.2

2.5
4.0

2.2
2.3

1.8
1.9

h=12 h=20 h=40

-0.2 0.0
41 04
108.7 1.7
25 22
27 2.6
21 2.0
22 25

0.2

0.2
0.2

2.0
2.0

1.8
1.7

-0.5

1.2
2.6

2.5
33

2.2
2.8

Al4

B: Last forecast 2019:4

h=1
0.0

0.3
0.2

—_— —
—_— —

—_— —
—_— —

h=4 h=8 h=12 h=20 h=40

0.0

0.2
0.1

1.4
1.4

1.3
1.3

0.0

0.1
0.0

1.7
1.8

1.6
1.6

0.0

0.1
0.1

1.8
2.0

1.8
1.8

0.0

0.0
0.0

2.0
2.2

1.9
1.9

B: Last forecast 2019:4

h=1
0.0

17.0
0.1

1.3
1.3

1.3
1.4

h=4 h=8
0.0 -0.1
0.0 0.7
0.1 24
1.8 20
1.9 21
1.8 19
1.9 19

h=12 h=20
-0.1 -0.2
0.7 09
84 8.0
21 22
23 25
1.9 20
20 24

0.0

0.0
0.0

1.9
24

1.7
2.0

h=40
-0.8

3.0
18.4

2.6
34

23
3.0



Table A4.2-(10) Change in unemployment rate

Bias, RMSPE and MAPE: random walk relative to AR
Forecasts of / period ahead averages

A: Last forecast 2023:4 B: Last forecast 2019:4
(1) h=1 h=4 h=8 h=12 h=20 h=40 h=1 h=4 h=8 h=12 h=20 h=40
2) b 00 00 00 00 00 00 00 00 00 00 00 -0.1

(3a) Rolling 00 00 00 01 12 04 01 00 00 01 01 32

(3b)  Recursive 0.0 0.1 0.1 12.1 2.1 42 04 01 00 03 31 18
4) RMSPE®” / RMSPE#®

(4a)  Rollng 08 07 07 07 12 13 1.0 10 1.0 11 12 13
(4b)  Recursive 1.0 13 15 1.7 19 2.8 .1 1.1 13 15 19 29

(5) MAPER" ) MAPE#®
(5a)  Rolling 09 09 10 10 13 16
(5b) Recursive 1.0 12 13 15 16 24

1.3 1.7

—_— —
—_— —
—_—
—_— —

See notes to Table 4.2.
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Table A4.3-BIC

Bias and RMSPE, random walk relative to AR forecasts: summary statistics

Lag length chosen by BIC

(D 2 3 @ (5) (© (M ®

median bias ratio RMSPE ratio MAPE ratio
|bR W| median %<1 median %<1 median %<1

(1) Per capita GDP growth 0.1 0.3  92% 1.8 0% 1.7 0%
(2) CPI inflation 0.1 0.2  92% 1.9 0% 1.6 0%
(3) Growth in HH assets 0.1 0.2 88% 1.7 0% 1.8 0%
(4) Growth in housing starts 0.3 04 79% 1.8 0% 1.7 0%
(5) Change in 10Y rate 0.0 0.2 100% 34 0% 33 0%
(6) Inventory growth 0.1 0.3  79% 1.6 0% 1.5 0%
(7) IP growth 0.2 0.5 79% 1.4 4% 1.5 4%
(8) Growth in M3 0.0 0.1 92% 1.7 4% 1.6 4%
(9) Labor prod growth 0.1 1.2 46% 22 0% 1.9 0%
(10) Chg in unemployment rate 0.0 03 67% 1.2 4% 1.2 4%
(11) All 10 series, all horizons 0.0 03 81% 1.8 1% 1.7 1%
(12) All 10 series, h<12 0.0 02 84% 1.5 2% 1.5 2%
(13) All 10 series, #>12 0.2 04 75% 24 0% 2.1 0%

See notes to Table 4.3. This differs from Table 4.3 in that lag length is not set to 2 but instead is chosen by BIC,
with a maximum lag length of 4.
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