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1 Introduction

In standard models of collusion, prices above competitive levels are sustained by the threat
of punishment in future periods. Because all firms must be forward-looking and choose dy-
namic strategies that condition on the history of play, collusive outcomes are fragile and can
be undermined by a single firm that maximizes current profits. For example, in a simultaneous
price-setting game with differentiated products, a single firm facing short-sighted rivals cannot
profitably price above the competitive (Bertrand—Nash) level in equilibrium. The framework, in
which all firms coordinate on dynamic punishment strategies, provides the lens through which
researchers and policymakers typically think about supracompetitive prices.!

However, with pricing algorithms, other forms of supracompetitive pricing are possible and
perhaps widespread. In many markets, including retail gasoline, hotels, food delivery, and
online retail, firms delegate pricing to software that monitors competitors and automatically
adjusts prices several times per day or even per hour (e.g., Byrne et al., 2025; Aparicio et al.,
2024; Brown and MacKay, 2023). Faster pricing and automated responses to rival prices are
features explicitly advertised by pricing algorithm providers? and are defining characteristics of
proprietary algorithms, including those employed by Amazon, the largest e-commerce retailer.®
The increasing use of algorithms and the belief that the technology can enable new pricing
strategies have raised concerns among policymakers worldwide.*

In this paper, we investigate the extent to which a single firm with a pricing algorithm can
enforce supracompetitive prices, even when rivals maximize static profits and cannot collude.
Our model has one firm (the algorithmic firm) commit to a pricing rule that specifies how it will
respond to its rival’s price. The algorithm enables more frequent price adjustments, providing
an avenue for within-period punishment. The rival does not use an algorithm; instead, it
simply chooses prices to maximize current-period profits. This is a conservative assumption that
rules out voluntary coordination and tacit collusion. By showing that the algorithmic firm can
coerce even a rival with no concern for future punishment, we establish the robustness of the
mechanism. In this context, we characterize the coercive equilibrium in which the algorithmic
firm can single-handedly implement prices substantially higher than competitive levels. In the

!Several additional factors are viewed as important for facilitating collusion, including similarity in size and costs,
predictability of demand, observability of all rivals’ prices, and the possibility of frequent direct communication. See,
e.g., Tirole (1988) or Porter (2005).

For instance, one provider of pricing tools for online retailers states that their pricing algorithm “helps you
react instantly to a competitor’s price move” (Retail Cloud, 2025). Another offers a premium service that “reacts
to changes your competitors make in 90 seconds” (Repricer.com, 2023). Providers of pricing tools for offline mar-
kets advertise similar capabilities, such as software for gasoline stations that “automates your process for tracking
competitive fuel prices” and updates in near real time (Taiga Data, 2025).

3 Amazon’s first-party algorithm can detect online price changes for thousands of popular products within hours
and automatically respond (Federal Trade Commission et al., 2023).

“In the U.S., the Federal Trade Commission and the Department of Justice have alleged that pricing algorithms
lead to higher prices in antitrust complaints. In addition, the European Commission and UK Competition and
Markets Authority have launched investigations into algorithmic pricing practices.



limiting case, coercion can be worse for consumers than if firms explicitly coordinated on high
prices.

We formalize the algorithmic firm’s pricing technology using two primitives. First, within
each period, the algorithm can respond to the rival’s price with timing governed by a speed
advantage parameter, which captures either more frequent price updates or more timely moni-
toring of rivals’ prices. Second, the firm may not be able to revise its algorithm in every period.
This is governed by a commitment parameter that captures the probability that the current al-
gorithm persists. The product of this parameter and the firm’s discount factor yields the firm’s
effective commitment; when it is high, the firm internalizes the fact that it will use the same
algorithm for many periods.

Given this technology, we define a coercive equilibrium as follows. The algorithmic firm
chooses an algorithm—equivalently, a target price pair and an associated punishment rule—to
maximize its discounted profits, taking into account the rival’s best response in each period.
The rival, in turn, best responds to the algorithm in every period. Coercion arises because the
algorithm ensures that deviations by the rival are met by a within-period response that sharply
reduces the rival’s profit. Rather than relying on the threat of future punishment, as in standard
dynamic strategies of collusion, the algorithm reshapes the rival firm’s within-period profits. In
our baseline analysis, we assume that off the target path the algorithmic firm plays its one-shot
best response to the rival’s price. Under regularity conditions, the coercive equilibrium with
this punishment is unique.

The model nests two familiar benchmarks. If there is no speed advantage but full commit-
ment across periods, the algorithmic firm behaves as a leader in a sequential-move (Stackelberg
pricing) game. If the algorithm can react instantaneously but cannot commit across periods,
the algorithmic firm behaves instead as a follower.”> Our interest lies in the interaction of these
two features. We show that when the algorithm has both a speed advantage and multi-period
commitment, the algorithmic firm can unilaterally implement substantially higher prices than
under either benchmark.

Our results characterize how equilibrium prices and profits vary with the speed advantage
and the degree of commitment. Even when its speed advantage and commitment are modest,
the algorithmic firm can force its rival to choose a price strictly above the Bertrand price and
can earn more than it would as a sequential leader. When the algorithm can respond almost
instantaneously and commitment is strong, the algorithmic firm can induce the rival to charge
a price above the fully collusive price, while itself setting a slightly lower price. In this maximal
coercion case, the algorithmic firm earns more than its full collusion profits. Average prices can
exceed collusive prices, leading to lower welfare and consumer surplus than that obtained with
full collusion.

5In earlier work, we considered this latter case and the general possibility of a speed advantage to increase
prices in Markov perfect equilibrium (Brown and MacKay, 2023). Our previous work did not address multi-period
commitment.



The analysis highlights the complementarities between speed and commitment. A speed
advantage alone allows the fast firm to behave as a follower, softening competition and raising
prices. Multi-period commitment to an algorithm alone raises prices by allowing the committed
firm to behave as a leader. When both features are present, the algorithmic firm can both dis-
cipline its rival through rapid punishment and discipline itself through commitment,® thereby
transforming the feasible payoff set. In this sense, pricing algorithms that combine faster reac-
tion and persistence of rules can be more powerful than either feature in isolation.

We show that the coercive mechanism is robust to alternative assumptions. First, allowing
the rival to be forward-looking does not eliminate coercion: there exists an equilibrium in which
the rival continues to play a static best response each period, so the coercive outcome remains
an equilibrium even though additional equilibria may arise. Second, we compare our baseline
best-response punishment to a price-matching rule under which the algorithm instantly matches
any cut by the rival. With sufficiently fast adjustments, price matching can sustain fully collusive
prices, though our baseline punishment assumption may be preferred by the algorithmic firm
because it shifts surplus in its favor. Third, we show that the same equilibrium outcomes arise
under alternative timing assumptions. Finally, we consider an oligopoly with one algorithmic
firm and multiple slower rivals. Prices under maximal coercion fall as the number of non-
algorithmic firms increases but remain well above Bertrand levels even when there are many
rivals.

Our assumption that the rival is short-sighted can capture organizational constraints, legacy
pricing systems, or lack of sophistication, as imposing dynamic strategies involves additional
complexity (Fudenberg et al., 1990; Gale and Sabourian, 2005). A key question for practical
relevance is whether coercion can arise when the rival does not understand that it faces an
algorithm implementing a sophisticated punishment strategy. To address this, we introduce an
extension in which the rival without an algorithm observes only its own prices and profits and
updates its price using a simple gradient learning rule. In a simultaneous pricing game, such
learning converges to the Bertrand-Nash equilibrium. We show that when the algorithmic firm
commits to a linear pricing rule in the rival’s price, the same learning process converges instead
to a coercive equilibrium with supracompetitive prices. Intuitively, by reacting quickly to the
rival’s price changes, the algorithm can make the rival’s perceived residual demand appear
more inelastic, thereby guiding the rival toward higher prices.” We show that convergence to
coercive outcomes is rapid on average and robust to demand shocks.

Our framework can also be applied to questions of platform design. Large online platforms
can choose how often sellers may update prices and which pricing tools they may use. We model
this by endogenizing the parameters governing speed and commitment by letting a platform

6Algorithm providers also emphasize this benefit of commitment, implying that this can safeguard against “rash”
or overly short-sighted pricing decisions (FeedbackWhiz, 2025; Informed Software, 2025).

This mechanism has a flavor of strategic manipulation of beliefs similar to signal-jamming models in dynamic
games (Fudenberg and Tirole, 1986).



choose these features for the sellers on its marketplace. Platforms that place a high enough
weight on seller profits have an incentive to equip some sellers with algorithms, even though
doing so harms consumers. Enabling algorithms softens competition among sellers and raises
profits even if the platform does not coordinate their pricing directly,. When the platform is
vertically integrated and sells its own products, it has a particularly strong incentive to grant
itself the most powerful algorithmic technology. By contrast, a platform that puts equal weight
on consumer surplus and the profits of competing sellers prefers to forbid algorithms that confer
either a speed advantage or long-run commitment.

Our analysis contributes to several strands of the literature on collusion and algorithmic
pricing. A growing theoretical literature studies how commitment by pricing algorithms can
affect competition (Salcedo, 2015; Leisten, 2024; Levine, 2024). Lamba and Zhuk (2025)
consider alternating-move settings in which commitment to algorithmic rules can raise prices
above competitive levels. Musolff (2024) documents that third-party sellers on Amazon appear
to commit to pricing rules that undercut rivals and then reset to higher prices. Despite the
fact that the ability to quickly respond to competitors’ price changes is a defining feature of
algorithms, there is little theoretical work examining the role of algorithm speed. One excep-
tion is Brown and MacKay (2023), who analyze Markov-perfect outcomes when firms differ in
how frequently they can adjust prices. In contrast, this paper is the first to explicitly analyze
the implications when a speed advantage is combined with multi-period commitment, which
substantially expands the set of feasible outcomes.

A parallel line of work investigates whether autonomous pricing algorithms can facilitate
collusion in symmetric environments. Calvano et al. (2020), Asker et al. (2024), and Banchio
and Mantegazza (2022) study when reinforcement-learning algorithms learn to sustain high
prices in standard repeated games.® Hansen et al. (2021) study symmetric firms using misspec-
ified learning algorithms. Miklés-Thal and Tucker (2019) and O’Connor and Wilson (2021)
analyze how better demand forecasts affect the sustainability of collusion. Our contribution is
complementary. Rather than asking whether symmetric algorithms can jointly learn to collude,
we examine how a single firm can coerce its rivals through an algorithm that provides a speed
advantage and commitment.

Empirical evidence provides further motivation. A literature documents widespread use
of algorithmic pricing on online platforms, where sellers automate their responses to rivals’
prices (Chen et al., 2016; Wieting and Sapi, 2021; Musolff, 2024). Assad et al. (2024) show
that adoption of pricing algorithms in the German retail gasoline market coincides with more
frequent price changes and higher prices. Perhaps most directly, Byrne et al. (2025) exploit a
legal settlement that required one gasoline retailer to slow its response to rivals’ prices. While
their setting involves additional market complexities, the broad findings—that asymmetries

8A smaller literature has focused on alternating-move games as in Maskin and Tirole (1988). In particular, Klein
(2021) examines collusion with machine learning algorithms in a sequential game.



in speed led to higher prices—are consistent with Brown and MacKay (2023) and with the
implications of this paper.

Finally, we relate to recent work on platforms and third-party pricing algorithms. Johnson
et al. (2023) examine how platforms can use demand-steering policies to increase competition
when sellers use algorithms that collude. Harrington (2022), Calder-Wang and Kim (2023),
Harrington (2025), and Sugaya et al. (2025) address the issues raised when multiple firms in
a market adopt third-party pricing tools or engage in information sharing. We instead focus on
how the design of a platform’s proprietary algorithm (i.e., speed and commitment to a pricing
rule) shapes competitive outcomes and platform incentives.

We argue that these seemingly benign features—faster reactions and persistent rules—can
fundamentally change competitive outcomes. Unlike standard repeated-game models of collu-
sion, which require all firms to be forward-looking and to understand the dynamic structure of
the game, our coercive equilibrium persists even when rivals maximize static profits or follow
simple learning rules.? High-speed pricing algorithms thus create a new channel through which
firms can raise prices without explicit coordination.

The paper proceeds as follows. We introduce the model and equilibrium in Section 2. In
Section 3, we discuss benchmark cases. We examine prices and welfare in Section 4. In Section
5, we introduce the idea of learning, and we show how the algorithmic firm can obtain coercive
equilibria even with simple linear rules. Section 6 examines the incentives for platform design.
Section 7 concludes.

2 The Model

We study a duopoly in which one firm uses a high-speed pricing algorithm and the other sets
prices directly. Time is continuous but decisions are organized into discrete periods. The key
asymmetry is that the algorithmic firm can commit (imperfectly) to a pricing rule across periods
that reacts more quickly within a period. This section lays out the environment, the technology
of the algorithmic firm, the behavior of the rival, and the equilibrium notion used in the rest of
the paper.

2.1 Baseline Duopoly Environment

Two firms, a and b, each sell a single product with prices p, and p,. Firm « is the algorithmic
firm while firm b sets prices directly without an algorithm. Time is continuous and is given by

°It is well known that in simultaneous-move games, high-frequency pricing implies a larger per-period discount
factor, making collusion easier to sustain when firms have perfect monitoring (e.g., Abreu et al., 1991). Yet, all firms
must be forward-looking to sustain collusion in these models. In contrast, we make the conservative assumption
that the rival simply maximizes current-period profits.



s € [0,00), and it is indexed by discrete periods ¢ € {0,1,2,...}. Period ¢ corresponds to the
continuous time interval s € [t,t + 1).

Demand arrives in continuous time within each period. Let x; be a (possibly vector-valued)
state that summarizes demand and cost conditions in period ¢t. When prices are (p,, py) and the
state is x4, the instantaneous profit flow of firm i € {a, b} is

mi(pis p—i, Tt), 1

which we assume is twice continuously differentiable and strictly concave in p; for each (p_;, ;).
To economize on notation, we abstract away from x; and write m;(p;, p—;). Throughout, x; can
be interpreted as an exogenous payoff shifter (e.g., demand or cost) observed at the start of
each period. Since the evolution of z; is exogenous, the equilibrium conditions and comparative
statics below can be read as holding conditional on the current state.

We impose standard assumptions for differentiated-products price competition. Specifically,
products are substitutes and prices are strategic complements:

87Ti(pi7p—i)>0 and O*mi(pi, p—i)

2
Op—; Op; Op—; >0 )

for i € {a,b}. We further assume prices lie in compact intervals. Since =; is strictly concave in
own price, firm i’s static best-response function R;(-) exists, is single-valued, and is continuous.

The period length is chosen so that firm b can update its price at the beginning of each
period. Firm a can also revise its price at that time, but, through its pricing algorithm, it can
additionally adjust its price once more within the period, as described next.

2.2 Algorithmic Firm and Pricing Technology

Firm a is forward-looking and discounts future per-period profits with discrete discount factor
B € [0,1).1° The pricing technology of firm a is summarized by an algorithm and characterized
by two parameters:

* a speed advantage o € |0, 1], which governs the fraction of the period during which the
algorithm can exploit an updated price after observing p;,; and

* a commitment parameter ~ € [0, 1], which governs how long a given algorithm remains in
place.

YFor simplicity, we assume there is no within-period discounting, consistent with the idea that the period is very
short in many real-world settings with pricing algorithms. However, it is straightforward to redefine «, the speed
advantage parameter defined below, as a parameter that accounts for within-period discounting. Consider any o and

any instantaneous within-period discount rate v. Then there exists an objective (non-discounted) speed advantage

folia e V3ds 1—e—v(1—&) . . JU
g T ie v T 1 — a. For a given v, the mapping of « to & is one-to-one.
0

& such that



At each reprogramming date 7, firm a’s algorithm and firm b’s price are chosen simultane-
ously. The algorithm A, = (p,,0,) consists of an initialization rule p, that sets a’s price at the
start of each period, and an update rule o, that maps firm b’s period-¢ price into an updated
price for firm a. Formally, within any period ¢ in which A, is in force,

pr(x) ifs—te[0,1—q),
Pas = -AT(pbtu Tt, S) = (3)
JT(pbt7xt) ifs—te [1—(1, 1)a

for a candidate py;, where s is the index of continuous time. When « = 0 the update window
vanishes, and the model collapses to the simultaneous choice of p, and py;. When o = 1 the
update rule applies immediately after firm b chooses its price. We express the algorithm as a
function of py; and not pys because firm b sets price only once per period.

There are two natural interpretations of this timing. One is that firms differ in how fre-
quently they can change prices, even if they observe each other’s price changes immediately.
In this case, only the first opportunity for firm « to adjust after firm b moves is relevant, and
the speed parameter « is a function of the ratio of firm b’s price-change frequency to firm a’s.
Alternatively, firms may be able to update prices continuously but observe rivals at different
frequencies. Under this interpretation, « is the fraction of the period during which firm a can
adjust its price after observing firm b’s price, before firm b can adjust again.

We assume that firm « modifies its algorithm infrequently. Firm a chooses an initial algo-
rithm A4 at t = 0. Subsequently, at the beginning of each period, with probability - the previous
algorithm remains in force and cannot be changed; with complementary probability 1 — ~ the
firm can re-optimize and select a new algorithm. Thus ~ captures the degree of (imperfect)
commitment to a pricing rule across periods.!!

Given these primitives, the algorithmic firm’s problem can be expressed in terms of two
value functions. Let V{(¢) denote the value at the start of period ¢ when firm « is able to revise
its algorithm (for any p;). Let V;(¢,.A) denote the value when firm a is committed to algorithm
A at the start of period ¢ and anticipates that firm b best responds to that algorithm in future
periods. The dynamic program can then be written as

Vo(t) = max [(1 — ) ma(p, pot) + ama(o(pot)s por) + By Vit + 1, A) + B(1—~) Vot +1)
“4)

Vi(t, A) = (1 — &) malp, pyy) + @ Talo(Phy), Phe) + By Vit + 1, A) + B(1 — ) Vo(t + 1), )

starting from ¢ = 0 and for each integer ¢ thereafter. Here pj, is the optimal reaction of firm b

'We assume an exogenous commitment parameter to capture technological or institutional constraints on re-
programming frequency. We then endogenize this choice in Section 6. This structure provides a foundation for
analyzing other frictions that give rise to commitment to a pricing rule, including Poisson arrival processes or fixed
costs per update.



Figure 1: Timing with Differences in Pricing Speed

Period ¢ : Period t 4 1
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Notes: The figure illustrates the within-period timing of pricing when firm a, the algorithmic firm, sets algo-
rithm A;"" at the start of period ¢ and remains committed to the algorithm in period ¢ + 1. The example
depicts « = 3/4 and the black dots are opportunities to adjust prices.

to algorithm .4, defined in the next subsection.
It is convenient to collect the present value of payoffs into the auxiliary function

- 1—
V<t)51—ﬁ6’y

Vo(t). 6)

With time-invariant profit functions the problem is stationary, so V(¢) and Vi(t,.A) do not
depend on ¢t. Combining (4) and (5), we can write firm «’s optimization as

V(1) = max [(1 = @) 7alp, o) + 070 (por) )| @

+ 3 B[ @) malspi) + amaloBi),pi)|
r=t+1

Figure 1 represents the within-period timing graphically and highlights how the algorithmic
technology changes the intra-period timing relative to the benchmark with simultaneous price
setting. When « = 0 the lower line has no interior dots and the model collapses to simultaneous
pricing. When « > 0, firm a can undercut, match, or otherwise respond to firm b’s price during
the final fraction « of the period.

To make the speed advantage and commitment parameters concrete, consider the following
example. Firm b sets its price once per week. Firm «a has software that allows for daily price
changes, and it updates the algorithm once per quarter on average. Then o = 6/7 ~ 0.86 and
~v =~ 0.92. An annual discount factor of 0.9 corresponds to a weekly discount factor g = 0.998
and yields 5y = 0.92. If firm a’s software updates prices hourly instead, then o =~ 0.99.

2.3 Non-Algorithmic (Slow) Rival

Firm b does not use an algorithm and is instead modeled as a static optimizer that chooses
its price to maximize current-period profits. In equilibrium, firm b will best-respond to A,
in the current period but ignore any implications for future periods. This assumption greatly



simplifies the dynamic structure and, as in the literature on long-run versus short-run players,

gives a conservative benchmark for the scope of supracompetitive outcomes.?

Assumption A1 (Rival Maximizes Static Profits). In each period t € {0,1,2,...}, firm b solves

H;J%X(l — @) T (pys pr) + @ (Poy 0 (1)), 8)

where p, and o, are the initialization and update rules embedded in the algorithm A, chosen by

firm a at the most recent reprogramming date 7.

The period length is defined so that firm b updates its price once per period. The objective in
(8) therefore aggregates the profits earned in the portion of the period before the algorithm
updates (weight 1 — «) and in the portion after the update (weight «).

Assumption A1l provides a lower bound on the algorithm’s coercive capability. In standard
repeated games, the sustainability of supracompetitive prices relies on rivals valuing future
profits enough to fear punishment. A myopic rival, by contrast, perceives no “continuation
value” and, consequently, the algorithmic firm cannot rely on the rival’s patience to sustain high
prices; it must instead rely entirely on its technological advantage—speed and commitment—to
make deviations unprofitable within the period. If the algorithm can coerce a myopic rival, it
satisfies a stricter incentive constraint than that required to discipline a forward-looking one.

The assumption that the rival maximizes static profits is equivalent to assuming that a
forward-looking rival plays a Markovian strategy. In a dynamic setting, if firm b does not
condition its strategy on the history of play (i.e., it does not employ trigger strategies), its
optimal policy is to treat the current algorithm A, as a fixed constraint. Since firm b’s current
price choice py; does not influence the probability v that the algorithm persists, firm b can-
not strategically manipulate future market conditions. Therefore, maximizing current-period
profits is the optimal dynamic strategy, and the coercive outcome is the unique Markov perfect

equilibrium.

2.4 Coercive Equilibrium

An equilibrium consists of an algorithm for firm « and a pricing strategy for firm b such that
each is optimal given the other. Formally, an equilibrium is a pair

({A5} 720, {P }120) 9

where A% denotes the algorithm used at reprogramming dates 7 and {p},} is the sequence of
prices chosen by firm b, such that:

12This mirrors the classic literature on reputation with one long-run player facing a sequence of short-run oppo-
nents, e.g., Milgrom and Roberts (1982), Kreps and Wilson (1982), Fudenberg and Levine (1989), and Fudenberg
et al. (1990).



1. Given {p},}, each A% solves firm a’s dynamic program (4)—(5) att = 7.
2. Given {A}}, each pj, solves firm b’s static problem (8) (Assumption Al).

With z; constant, strategies are stationary, such that { A*} = A* V7.

For our baseline analysis we consider a class of update functions with best-response pun-
ishment. The algorithm does not implement a price change within the period if firm b chooses
a particular target price. Otherwise, the algorithm updates prices according to a standard con-
vention for punishment. Formally,

Assumption A2 (Best-Response Punishment). For a target price pz chosen by firm b, a(pZ) = p.

Otherwise, the algorithm uses the static best-response as punishment, i.e., o(-) = Rq(-) Vpp # pZ.

While we use the term “punishment” to denote the off-path response o(-), strictly speaking, a
myopic rival perceives this not as a penalty for past actions, but as a kink in the mapping from
its own price to current profits.

Under Al and A2, it is convenient to re-express the algorithmic firm’s problem in terms of
a pair of target prices. Let (p}, pl) denote the prices that firm a would like to be played on
the equilibrium path in every period. We then interpret the algorithm as implementing these
targets on the path and specifying a punishment off the path. In particular, given the current

rival price py, firm a chooses a target price pair and algorithm components (p, o) that solve

V() = max [(1— ) mal. ) + o malo().owe) + o malohop))]  10)
(php}) 1— By
st. (i) p=pl, (11)
i if py, = p},
(ii) olp) =" e (12)
Ra(py) if py # py,
(i) m(p),pl) = (1 — ) my(po, p) + amy(Bo, o (b)) Vi, (13)

which is obtained by plugging the target prices (pl,p;ﬂ) into (7). Constraint (i) requires the
initialization rule to implement the target price for firm a on the equilibrium path. Constraint
(ii) requires the update rule to deliver the same price on the path and to follow a specified
punishment when firm b deviates. Constraint (iii) is the incentive compatibility condition for
firm b, comparing the profits from following the target price to the profits from deviating to any
Py given the algorithm’s response. We adopt a standard tie-breaking convention: when firm b is
indifferent, it complies with the on-path target.

Under additional regularity conditions (which we relegate to the Appendix), we have exis-
tence and uniqueness of equilibria.

Proposition 1 (Equilibrium Existence and Uniqueness). Under Assumption Al, Assumption A2,

and Appendix Assumption R1, a coercive equilibrium exists and is unique.

10



All proofs are in Appendix A.1. Assumption Al is a conservative assumption about conduct
that limits the scope for supracompetitive pricing. Assumption A2 anchors off-path play and
serves as an equilibrium selection device when considering all Markov perfect equilibria among
the unconstrained set of punishment functions. Appendix Assumption R1 collects regularity
conditions: (i) firm a’s objective is single-peaked and (ii) the best-response slope for firm b is
less than one (which yields a unique fixed point). These conditions are satisfied in standard
differentiated-products demand environments and can be verified directly in our linear-demand
illustrations. In addition, we impose (iii) a selection rule at the boundary where the maximal
incentive-compatible target coincides with the current price. In Section 4.3, we explore ro-
bustness to these assumptions. We show that the coercive equilibrium exists (but need not be
unique) if the rival is forward-looking, provide results for alternative punishment strategies,
and consider alternative timing assumptions that preclude the boundary selection rule.

In the next section we use this equilibrium mapping to study how the algorithm’s speed ad-
vantage o and commitment parameter -y interact to generate coercive outcomes and to compare

these outcomes to the familiar simultaneous-move and sequential-move benchmarks.

3 Coercive Equilibrium: Benchmark Cases

To organize the analysis, it is useful to first examine a set of benchmark environments that
isolate features of the algorithmic technology. We consider four cases. First, we study the
environment in which the algorithm cannot deliver either a speed advantage or multi-period
commitment. Second, we allow for commitment across periods but continue to assume that
prices are updated simultaneously within each period. Third, we allow for a speed advantage
within a period but rule out multi-period commitment. Finally, we combine the two dimen-
sions and analyze the limiting case in which the algorithm is both arbitrarily fast and perfectly
persistent; this is the maximal coercion benchmark that anchors our more general results in
Section 4.

For comparison, we also refer to the outcome that maximizes joint profits, which we label
the collusive outcome. This is the allocation that would arise if the two firms could operate as a
perfect cartel or merge into a multi-product monopolist. Formally, the collusive prices solve

max_ 7q(Pa, Pb) + 76(Pbs Pa)s (14)
(pa,pb

and we define each firm’s full collusion profits as the profit it earns at these prices.

3.1 Simultaneous Pricing

We begin with the case in which the algorithmic technology delivers neither a speed advantage
nor commitment. Setting o = 0 and v = 0, firm «’s algorithm is effectively a static pricing rule,
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and both firms choose prices myopically each period. The objective functions reduce to

Firma : max 7a(py Dot ) (15)

Firmb: max m(py, pr), (16)
P

where p is the initial price chosen by firm a’s algorithm in the period and p, denotes the corre-
sponding initialization in period 7.

Because neither firm values future periods in its choice problem and there is no within-
period speed advantage, this dynamic game collapses to the one-shot simultaneous price-setting
game. The unique subgame-perfect equilibrium is therefore the standard Bertrand-Nash out-
come. While a general dynamic pricing game may admit many equilibria, the presence of a
rival that maximizes current-period profits sharply restricts the equilibrium set.

3.2 Commitment without Speed Advantage

We next allow the algorithmic firm to commit across periods but continue to assume that prices
are updated simultaneously within each period.!®> This corresponds to the case o = 0 and
~ > 0. The algorithmic firm can commit to a rule that pins down its price in all future periods
until the algorithm is reprogrammed. Under these assumptions, firm a’s objective is

By
max Ta(p, por) + - 5 Ta(psDly) (17)
while firm b continues to solve
meax (v, pr)- (18)

Here p;, = Ry(p) is firm b’s static best response to the initialization price p. The first term in (17)
is the simultaneous price-setting incentive: firm «’s short-run profit given py;. The second term
captures the continuation value of committing to p, which induces firm b to adjust to pj, in all
future periods in which the algorithm remains in place.

It is convenient to interpret the product 8+ as an effective commitment parameter. When
B~ is close to zero, the continuation term is negligible and firm a behaves much like a static
competitor. When v = 1 and 8 — 1, the continuation term dominates and firm a effectively
behaves as a sequential leader, internalizing firm &’s best response. We use 3y = 1 to denote this
full commitment case (formally 5y — 1). This corresponds to periods that are very short (so
B is arbitrarily close to one) and pricing rules that are arbitrarily persistent (so ~ is arbitrarily

13This is the case in the literature on learning algorithms and competition (e.g., Calvano et al., 2020; Asker et al.,
2024; Johnson et al., 2023), in which firms commit to learning algorithms that set prices simultaneously. The
analysis here can be roughly thought of as an extension of these models, where one firm can endogenously choose
the optimal algorithm and the other firm uses a learning algorithm that recovers its true payoffs. We will not discuss
learning here but instead describe the long-run payoffs.
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close to one).
The resulting equilibrium relationship between prices can be summarized as follows.

Proposition 2 (Commitment Benchmark). Suppose the algorithm enables commitment across
periods but no within-period speed advantage, so that Sy > 0 and o = 0. Then the unique
equilibrium price vector lies on firm b’s static best-response function between the simultaneous
price-setting (Bertrand) outcome and the sequential price-setting outcome in which firm a moves

first.

Proposition 2 shows that persistence alone can convert an otherwise simultaneous-move
pricing problem into a sequential one. When « = 0, the firms still choose prices at the same
instant within each period, but firm «a selects an algorithm whose initialization p is then locked
in for all future periods in which the algorithm remains deployed. Because firm b behaves
myopically, its continuation behavior collapses to the static best response p;, = Ry(p). Antici-
pating this, firm a chooses p to trade off the short-run incentive to best respond to the current
pp: against the continuation gains from committing and thereby inducing b to move to Ry(p)
going forward. As 8y — 1, the continuation term dominates and firm a solves the Stackelberg
leader problem max, 7,(p, Rs(p)), yielding the standard sequential-move outcome with a as
the leader. When prices are strategic complements, this leader-like commitment motive pushes
both prices above Bertrand—-Nash. When the firms are symmetric, the leader sets the higher
price because it internalizes how a higher commitment price shifts the follower’s best response
upward.

3.3 Speed Advantage without Commitment

We now turn off commitment and isolate the role of the within-period speed advantage. Set
~ =0 and let > 0, so that firm a can react more quickly to its rival’s price but cannot commit
across periods. In period ¢, firm a chooses an algorithm .4 that determines an initial price p for
the first (1 — «) fraction of the period, and an update rule o(-) for the remaining fraction «. Its
objective is

max (1 —a)malp, o) + ama(o (o), pot), 19
while firm b continues to solve

max (1 — @) m(po, pr) + @7 (D6, 07 (D1)) s (20)

taking the algorithm as given.
This problem is equivalent to the asymmetric commitment model analyzed by Brown and
MacKay (2023). In that setting, it is weakly dominant for the faster firm to choose an update
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rule equal to its static best response, o(-) = R,(-), which coincides with our Assumption A2.
With this choice, firm a’s problem in (19) trades off two forces: a simultaneous price-setting
incentive over the first (1 — «) portion of the period and a sequential follower incentive over
the remaining portion, where firm a best responds to py;.

The resulting equilibrium lies along firm a’s best-response function between the Bertrand
outcome and the sequential equilibrium in which firm « is the follower. The parameter o gov-
erns the weight the slower firm places on the part of the period during which the algorithm has
already reacted. As in the commitment-only case, when products are substitutes and prices are
strategic complements, both firms’ prices are higher than in the Bertrand equilibrium. Unlike
the commitment-only benchmark, however, the algorithmic firm may price below its rival when
the firms are symmetric, reflecting its follower role within the period.

3.4 Maximal Coercion

The benchmarks above isolate the role of commitment across periods and the within-period
speed advantage. Our main interest lies in the interaction between the two. To highlight the
forces at work, we consider a limiting case in which firm a has both maximal speed (o = 1) and
maximal commitment (8 = 1). In this limit, firm « is arbitrarily patient, programs the pricing
rule once and sets it to run forever, and has a pricing rule that responds instantaneously to any
deviation by firm b.

Under maximal coercion, firm a chooses a target price pair (pjl, pZ) and an algorithm that
implements this pair whenever firm b follows the target and punishes deviations using the best-
response from Assumption A2. Because commitment is perfect and the algorithm can respond

instantaneously, the dynamic problem reduces to the static program

max ﬁa(pz,pi) (21)
(p.p})
st. m(pl,plh) > ngxm(pb,Ra(pb))-

The constraint is firm b’s incentive compatibility condition: given the punishment function
R,(-), the target price pZ must deliver at least as much profit as any deviation. With R,(-) as
punishment, the right-hand side of the constraint equals the profit that firm b would obtain as
the leader in a sequential-move pricing game. Under maximal coercion, firm a therefore selects
a point on firm b’s isoprofit curve corresponding to its sequential-leader payoff and chooses the
point on that curve which maximizes its own profit.

It is important to distinguish the mechanism of coercion here from standard repeated-game
punishment. In our setting, the rival is myopic and ignores future consequences. Consequently,
the “punishment” embedded in the algorithm does not function as a threat of future retaliation.

Instead, the speed advantage « allows the algorithmic firm to reshape the rival’s current-period
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profit function. By committing to a rule that reacts strictly within the period, the algorithm
effectively constructs a synthetic residual demand curve for the rival. If the rival cuts its price
below the target pz, the algorithm responds immediately, rendering the price cut unprofitable
for that period. The rival, optimizing against this immediate response, finds that maintaining
the high target price is a static best response.

In the next subsection we illustrate how far the maximal coercion benchmark can be from

the Bertrand and sequential-move outcomes in a linear-demand setting.

3.5 Numerical Example with Linear Demand

We illustrate our results with examples generated from a symmetric linear demand system given
by

1 d d
Di(pisp—i) =1— {5+ 5 | pi+5p-i 22
(Pi» p—i) <4+2>p+2p (22)

where d > 0 is an inverse measure of product differentiation. This demand system can be
derived from a quasilinear quadratic utility function (Singh and Vives, 1984). Without loss
of generality, we normalize marginal costs to zero. We parameterize demand such that total
profits under joint-profit maximization are always 2 for any level of differentiation.

Figure 2 plots four benchmark price pairs for the linear-demand in (22) with d = 1 in
(pa, py)-space. The plotted values capture the four limiting cases with either no or full com-
mitment (5 € {0,1}) and either no speed advantage or an immediate reaction (o« € {0,1}).
The best-response functions and the 45-degree line are shown for reference. With neither a
speed advantage nor commitment, the unique outcome is the symmetric Bertrand-Nash equi-
librium, (pg,ps) = (1,1). With only full commitment and no speed advantage, the equilibrium
is equivalent to the sequential-leader benchmark, (p,,ps) = (1.14,1.05). A speed advantage
and no commitment flips the firm’s roles and produces the sequential-follower benchmark,
(pa,p») = (1.05,1.14). These latter two cases yield moderate price increases above Bertrand
(5-14 percent).

When the algorithmic firm has maximum speed advantage and full commitment, («, 57) =
(1,1), it obtains the maximal-coercion outcome (p,, pp) = (1.93,2.15). This is the most prof-
itable point consistent with the rival’s deviation constraint (which is the isoprofit curve shown).
These prices are far above the Bertrand benchmark, and the quantity-weighted average price is
2.01, above the collusive price level of 2. The algorithmic firm prices meaningfully below its ri-
val, but both prices are now 93 and 115 percent higher than in the Bertrand benchmark—much
higher than the sequential outcomes.

The algorithmic firm implements the maximal coercive outcome using an update rule that
coincides with its static best response whenever firm b deviates from the target price. This is
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Figure 2: Benchmark Equilibria
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Notes: The figure illustrates benchmark cases under varying values of « and /v, as described in the text.
Bertrand corresponds to («, 3y) = (0,0), commitment only corresponds to («,3y) = (0,1), speed only
corresponds to («,3v) = (1,0), and maximal coercion corresponds to («,3vy) = (1,1). The horizontal
axis provides the price for firm a and the vertical axis provides the price for firm b. The gray shaded region
illustrates the set of coercive equilibria over the full range of values for o and . Best-response functions and
the collusive outcome are shown for reference. The provided isoprofit curve indicates the points that provide
firm b with the sequential-leader profit. Assumes d = 1 under the linear demand system in equation (22).

given by

(pa) = 1.93 if pyy = 2.15, ©23)

(2+pw)/3  if pp # 215,

which is simply firm a’s best response to py; away from the target pair. If firm b sets py; = 2.15,
its profit is m,(2.15,1.93) = 0.76. If it deviates and triggers the punishment, it faces the best-
response function (2-+py;)/3 and solves maxy, m,(ps, (24 pp)/3), which yields the same profit as
at the target.'* Thus, the incentive compatibility constraint binds and the target pair (1.93,2.15)
is a coercive equilibrium.

The implications for profits are substantial. In this example, firm a earns profits of 0.75
in the Bertrand equilibrium, 0.76 as the sequential leader, and 0.82 as the sequential follower.
Under maximal coercion, it earns 1.21. Moving from Bertrand to maximal coercion therefore
raises firm a’s profits by about 61 percent. Moreover, the algorithmic firm earns strictly more

Y“Firm b’s optimal deviation from the maximal coercion equilibrium is to choose a price of 1.14, which would
imply that firm a’s algorithm sets a price of 1.05. These are the sequential leader and follower prices.
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than its full collusion profits: at the joint-profit-maximizing prices (pq,ps) = (2,2), each firm
earns 1, whereas maximal coercion yields profits of 1.21 for firm « and only 0.76 for firm 4. In
this sense, coercion can be more profitable for the algorithmic firm than collusion, while leaving
its rival strictly worse off.

The shaded set in Figure 2 depicts the full collection of coercive equilibrium price pairs that
arise as («, 3) varies over [0, 1]?. The next section characterizes this attainable set more sys-
tematically and studies how increases in speed and commitment expand the range of coercive
outcomes.

4 Prices and Welfare in Equilibrium

4.1 Equilibrium Prices and Profits

We now study how the coercive equilibrium varies with the parameters of the algorithmic firm’s
pricing technology. From the previous section, we observe two striking properties of coercive
equilibria:

Remark 1. In the coercive equilibrium, the rival’s price can exceed the price that maximizes joint
profits.

Remark 2. In the coercive equilibrium, the algorithmic firm can earn more than its full collusion
profits.

Here, we show how these properties occur even with intermediate values of speed and commit-
ment. Speed increases the strength of punishment, while commitment reduces the algorithmic
firm’s temptation to reduce prices for short-run gains. Together, these features expand the set
of feasible target prices.

We first provide illustrations using the linear demand system in equation (22) with d = 1, so
that the benchmark cases in Section 3.5 provide a convenient comparison. We then characterize
general properties of the equilibrium with formal results.

Figure 3 reports equilibrium prices and profits when the algorithmic firm has full commit-
ment (5y = 1) and its speed advantage « varies from O to 1. The solid curve shows the outcome
for the algorithmic firm, while the dashed curve shows the outcome for the slower rival. For
reference, the figure also depicts the joint-profit maximizing (“collusive”) outcome and the
Bertrand benchmark with simultaneous pricing. Joint profits are maximized at (p4, py) = (2,2),
which yields profits of 1 for each product. As panel (a) of Figure 3 shows, when there is full
commitment and « is sufficiently large (approximately o > 0.8), the slower rival’s equilibrium
price lies strictly above the collusive level. Intuitively, the algorithmic firm exploits its speed
advantage to induce the rival to set a high price and then attracts a disproportionate share of
demand at a slightly lower price. For intermediate values of « (approximately o« > 0.5), the
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Figure 3: Prices and Profits in Coercive Equilibrium, by Algorithmic Firm’s Pricing Speed
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Notes: Panel (a) shows equilibrium prices and panel (b) shows equilibrium profits under Bertrand competition
with simultaneous pricing, coercion with full commitment (3 = 1), and joint profit maximization. The figure
reports outcomes for different values of the speed advantage « of the algorithmic firm. Assumes d = 1 under
the linear demand system in equation (22).

algorithmic firm already earns more than its full collusion profits, as seen in panel (b). In this
case, joint profits are close to the collusive level, but the algorithmic firm obtains a larger share
of those profits.

Figure 4 traces out the equilibrium when the algorithmic firm has the fastest possible reac-
tion speed (o = 1) and commitment (- varies. As commitment increases, both firms’ prices
and profits rise above the Bertrand benchmark. With weak commitment, the algorithmic firm
is tempted to set a low initial price to respond to its rival’s price, as there is a short-run gain
and minimal long-run cost. This leads to lower prices in equilibrium. As [+ increases, the
algorithmic firm places more weight on future profit flows and can sustain a higher own price
even when short-run incentives to undercut increase. In the limit of full commitment and max-
imum speed, the algorithmic firm is able to push the rival’s price above the collusive level while
keeping its own price slightly below, thereby capturing a large share of industry profits.

These figures illustrate how a speed advantage combined with commitment across periods
effectively enlarges the feasible profit set relative to the standard Bertrand and sequential-move
benchmarks. Profits are monotonically increasing in speed and commitment for the algorithmic
firm, but have different implications for the rival firm. As shown in Figure 3, when the algo-
rithmic firm’s speed advantage is small, the rival earns greater profits than the algorithmic firm.
Around o = 0.4, the lines for firm ¢ and firm b intersect. These values reflect the case when
the incentives from commitment and the pricing advantage balance each other out, yielding
symmetric prices and profits. By contrast, in Figure 4, profits for the rival never exceed the
sequential-move level. When « = 1, the algorithmic firm can punish more aggressively for any
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Figure 4: Prices and Profits in Coercive Equilibrium, by Algorithmic Firm’s Commitment
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Notes: Panel (a) shows equilibrium prices and panel (b) shows equilibrium profits under Bertrand competition
with simultaneous pricing, coercion with maximum speed (o = 1), and joint profit maximization. The figure
reports outcomes for different values of commitment 3+. Assumes d = 1 under the linear demand system in
equation (22).

level of commitment.

For this example, equilibrium prices are supermodular in speed and commitment in the
sense that the marginal effect of speed is larger when commitment is higher (and vice versa).
With only commitment or only a speed advantage, the algorithmic firm is bounded in its ability
to raise prices to the sequential prices and payoffs. Without commitment, the algorithmic firm
has a temptation to accommodate the rival’s price for short-term gain (behaving like a standard
follower). Without speed, the firm can commit, but lacks the instrument to discipline the
rival’s within-period deviation. In the presence of both features—as illustrated by moving left
to right in Figure 3 or Figure 4—an algorithmic firm can obtain substantially higher prices and
profits. These complementarities are apparent at intermediate values of commitment and speed
advantage, as illustrated in Appendix Figures A-3 and A-4. For example, the algorithmic firm
can obtain profits greater than collusive profits if either 5y = 0.5 or a = 0.5.

Figure 5 summarizes these comparative statics by plotting profits over the (a, 87y) space.
Profit regions for the algorithmic firm are shown in panel (a) and those for the slower rival
are shown in panel (b). Region I indicates profits above the collusive level, region II indicates
profits between the collusive and sequential-follower benchmarks, region III indicates profits
between the sequential-follower and sequential-leader benchmarks, and region IV indicates
profits between the sequential-leader and Bertrand benchmarks. The algorithmic firm’s profit
exceeds the sequential-leader benchmark for almost all combinations of « and 3+, and there is
a sizable region I in which its profit strictly exceeds the symmetric collusive level. The slower
rival typically earns more than it would as a sequential leader, but never more than its collusive
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Figure 5: Profit Regions by Pricing Speed and Commitment
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Notes: The figure reports profit regions for firm a and firm b as a function of the algorithmic firm’s speed
advantage « and commitment 3+. Region I consists of parameter pairs for which profits are above a firm’s full
collusion profits; Region II corresponds to cases in which profit lies between the collusive and the sequential-
move follower outcomes; Region III corresponds to cases in which profit lies between the sequential-move
follower outcome and the sequential-move leader outcome; Region IV corresponds to cases in which profit
lies between the sequential-move leader outcome and Bertrand benchmarks. Dashed lines show additional
isoprofit curves, each indicating increments equal to one-fourth of the difference between the collusive profits
and the sequential follower profits. Assumes d = 1 under the linear demand system given by equation (22).

profits. Thus the algorithmic firm is the main beneficiary of coercion: it can appropriate a
disproportionate share of the additional industry surplus generated by higher prices.

We now formalize general properties of coercive equilibrium. Motivated by the comparative
statics in Figure 5, we now show that, under mild conditions ensuring that the within-period
update is a punishment for the rival, firm a’s equilibrium profit is nondecreasing in the speed
advantage «. Firm o’s equilibrium profit is also nondecreasing in the effective commitment (5+.

Proposition 3 (Profit Monotonicity in Speed). For the algorithmic firm, coercive equilibrium
profit is weakly increasing in the speed advantage « if the algorithm’s update acts as a punishment
for deviations from the target price (i.e., 7y(Pp, 0(Pp)) < Tp(Dp, p:rl) for all deviations p;, # plT)).

Proposition 4 (Profit Monotonicity in Commitment). For the algorithmic firm, coercive equilib-
rium profit is weakly increasing in commitment 3.

Intuitively, a higher « strengthens the effectiveness of rapid undercutting following a devia-
tion and thereby allows the algorithmic firm to sustain more demanding target prices for the
rival. The additional condition simply ensures that the algorithm’s reaction is indeed a pun-
ishment relative to the pre-update price. If the algorithm were to respond by raising prices
or otherwise increasing the rival’s payoff, a faster reaction would make deviations more prof-
itable, tightening the incentive constraint. In standard differentiated products settings with
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strategic complements, this condition is typically satisfied: punishments usually involve price
cuts, and since the rival’s profit is increasing in the algorithmic firm’s price, facing a lower price
Ra(py) < pl strictly reduces the rival’s deviation profit.

The result for commitment holds generally and does not require the punishment condition.
A higher level of commitment 3+ reduces the temptation to cut own price in the current period,
because future profits under the algorithm become more important. Taken together, speed and
commitment expand the set of credible punishments and make coercion more effective.

As an immediate corollary, the algorithmic firm’s profit is maximized at the point of maximal
coercion, («, 3y) = (1,1) under the conditions of Propositions 3—4. In that case the incentive
compatibility constraint for the rival is as weak as possible, and the algorithmic firm can choose
the most profitable target prices subject only to this single constraint.

The next result provides general conditions under which the algorithmic firm can secure

more than its collusive profits.

Proposition 5 (Supracollusive Profits). Let (p$,p§’) denote the joint profit-maximizing (collu-
sive) prices, and let (p3,py) denote the one-shot Stackelberg outcome in which firm b moves first
and firm a best responds. If m,(p$,p$) > my(py, pS), then there exist thresholds @ € (0,1) and
6 € (0,1) (with § = Bv) such that for all « > @ and By > 6, firm a’s coercive equilibrium
per-period profit is strictly greater than m,(pS, pS).

The condition on firm b is mild and is satisfied in standard demand systems. If joint-profit-
maximizing prices give the slower firm more than it would receive as a static Stackelberg leader,
then when « and [~ are large enough, the collusive price vector satisfies firm b’s incentive
compatibility constraint. Once that constraint is slack, the algorithmic firm can adjust the target
prices (lowering its own price or raising the rival’s) to increase its profits above the collusive
share while still deterring deviations. In this sense, coercion allows the algorithmic firm to use
the threat of rapid undercutting as a commitment device to extract surplus from the rival.

Though we have sharp predictions for profits, establishing comparative statics for prices
requires additional restrictions about demand. To show monotonicity of prices, a sufficient
condition is that demand is linear as in our numerical example from Section 3.5. Demand
systems with different curvature properties may not maintain monotonicity in prices.

Assumption D1 (Linear Demand). Demand follows the linear specification in equation (22).

Proposition 6 (Price Monotonicity in Speed and Commitment). Suppose Assumptions Al, A2,

M

and D1 hold, so that demand is given by the linear system in equation (22). Then, both firms
equilibrium target prices (pjhpZ) are weakly increasing in the speed advantage « for each fixed
B € (0,1), and weakly increasing in the effective commitment parameter (3~ for each fixed « €

0, 1].

Key conditions for this to hold are that the binding deviation price p, for the rival is strictly
below the target price p;r and that the rival earns strictly lower profits facing the algorithmic
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Figure 6: Consumer Surplus Regions by Pricing Speed and Commitment
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Notes: The figure reports consumer surplus regions as a function of the algorithmic firm’s speed advantage
« and commitment S~. Region I consists of parameter pairs for which consumer surplus falls below its level
under joint-profit maximization (collusion); Region II corresponds to cases in which consumer surplus lies
between the collusive and the sequential-move outcomes; Region III corresponds to cases in which consumer
surplus lies between the sequential-move and Bertrand benchmarks. Dashed contour lines mark increments
of one-tenth of the difference between consumer surplus under collusion and under the sequential-move
equilibrium. Demand follows the linear specification in equation (22) with d = 1.

firm’s best response than facing the target price: m(py, Ra(ps)) < mb(pp, pi). Assumption D1
is a convenient sufficient assumption under which the two conditions can be verified in closed
form. Other well-behaved demand systems may also satisfy these inequalities. Under these
conditions, a faster algorithm reduces the rival’s payoff from deviating, because the punishment
following any undercut arrives more quickly and more often. This relaxes the rival’s incentive
compatibility constraint and enables the algorithmic firm to sustain higher target prices while
still deterring deviations.

4.2 Consumer Surplus

We now study the implications for consumer surplus. We assume that the demand system is
generated by a representative consumer with quasi-linear utility over the differentiated goods
and a numeraire, and we interpret consumer surplus as the consumer’s money-metric indirect
utility.

Figure 6 partitions the («a, 8y)-space into regions according to how the coercive equilibrium
compares with standard benchmarks, using our numerical example. The regions show when
consumer surplus lies (i) below the collusive level (Region I), (ii) between the collusive and
sequential-move levels (Region II), or (iii) between the sequential-move and Bertrand levels
(Region IIT). Consumers are never better off than under the Bertrand outcome: for all values of
the speed advantage and commitment, consumer surplus in the coercive equilibrium is weakly
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below the Bertrand level. For most parameter combinations, the reduction is meaningful, with
consumer surplus falling between the values obtained under collusion and the sequential-move
outcome (Region II).

When both « and [+ are close to one, the coercive equilibrium yields the lowest consumer
surplus (Region I). In this part of the parameter space, consumer surplus lies strictly below
the collusive benchmark, even though firms are not explicitly coordinating on prices. While
the algorithmic firm can have higher profits than the joint-profit-maximizing benchmark, total
industry profits are lower. We summarize these observations as follows.

Remark 3. Consumer surplus and total welfare can be lower in the coercive equilibrium than

under joint profit maximization.

The same mechanism highlighted in Section 4.1 drives this welfare result. When both « and
B~ are large, the algorithmic firm can sustain a high target price and credibly threaten to
undercut any deviation by the slower rival. The rival is then coerced into setting a price that
can exceed the collusive level, while the algorithmic firm prices slightly below. These prices
leave consumers strictly worse off than under symmetric collusion.

Figure 6 also illustrates how the two technological dimensions of the algorithm—within-
period speed and across-period commitment—interact. When either « or v is close to zero,
the algorithmic firm has limited ability to discipline its rival and the loss in consumer surplus
relative to the Bertrand benchmark is modest. As either parameter increases, holding the other
fixed, consumer surplus declines.

With restrictions on the curvature of demand, we can establish that consumer surplus de-
clines monotonically with speed and commitment. One sufficient condition is that demand is
linear, following the monotonicity of prices established in Proposition 6. Since consumer sur-
plus is decreasing in prices, the ability of the algorithmic firm to use speed or commitment to
raise target prices leads to a monotonic decline in consumer surplus.

Proposition 7 (Consumer Surplus Monotonicity). Suppose Assumptions A1, A2, and D1 hold,
so that demand is given by the linear system in equation (22). In coercive equilibrium, consumer
surplus is weakly decreasing in both o and (3.

The above analysis shows that the combination of faster pricing and (imperfect) commit-
ment can have first-order consequences for consumers, even in environments where the rival
is not forward-looking and cannot sustain collusion. In the next subsection, we show that this
qualitative finding is robust to a number of alternative modeling assumptions.

4.3 Robustness to Alternative Assumptions

We now examine how the coercive equilibrium responds to several modifications of the baseline
environment. In turn, we relax the assumption that the non-algorithmic firm is purely myopic,
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consider alternative punishment technologies for the algorithmic firm, examine alternative tim-
ing conventions at reprogramming dates, and extend the market structure to an oligopoly in
which a single algorithmic firm faces multiple rivals without algorithms.

Forward-Looking Rival

Assumption Al that firm b is short-sighted essentially requires the algorithmic firm to enforce
compliance using only current-period incentives. As noted in Section 2, this is a more stringent
requirement than standard collusion, which utilizes future punishment values to relax incentive
constraints. Here, we demonstrate that the coercive equilibrium persists even when the rival is
forward-looking.

Suppose instead that firm b maximizes the sum of discounted profits. There exists an equi-
librium strategy where neither firm b nor firm a conditions on the history of play. The optimal
strategy of this form has firm b solving the following dynamic problem:

Vi(t, Ar) = max(1 = a)my(py, pr) + om0y, 02 (pp)) + B1Vo(t + 1, Ar) + B(1 = )Vo(t + 1, Arya)
where f is firm b’s discount factor and A, denotes the algorithm chosen by firm a in period
t + 1. The evolution of the state to period ¢ + 1 is independent of the choice of pj, in period .
Thus, a policy of choosing p;, to maximize current-period profits is an equilibrium strategy and
the coercive equilibrium we characterize persists when firm b is forward-looking.

While allowing for arbitrary history dependence reintroduces the standard multiplicity of
repeated-game equilibria, such outcomes rely on intricate, contingent punishment strategies
that are fragile in the presence of complexity costs (e.g., Gale and Sabourian, 2005). The
Markovian strategy discussed in Section 2 avoids this complexity by treating the algorithm as
a fixed constraint. Consequently, the coercive equilibrium we characterize remains the natural
complexity-minimizing selection.

Alternative Punishment Functions

Assumption A2 specifies that, following any deviation by firm b, the algorithm punishes with
the static best response R,(-). This is a natural benchmark and a standard assumption in
the literature about collusion, and it is sufficient to generate coercion. It is, however, not
the only possibility, and in this subsection we explore how alternative punishments affect the
equilibrium.

We first consider a harsher punishment in which firm ¢ commits to setting price equal to
marginal cost after any deviation by firm b (so p, = 0 in our linear-demand example). Appendix
Figure A-7 plots equilibrium prices and profits as a function of the algorithmic technology.
The qualitative relationship with the speed advantage « and the degree of commitment vy
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is similar to that under best-response punishments. In particular, faster pricing and stronger
commitment raise equilibrium prices and profits for both firms. Stronger punishment increases
firm b’s incentive to comply and relaxes the incentive constraint. This allows the algorithmic
firm to coerce its rival into setting even higher prices, thereby earning strictly higher profits for
any given level of commitment.

We next consider a milder punishment in which the algorithmic firm employs price match-
ing, so that o,(py) = pp following a deviation from the target price. Price-matching guarantees
are frequently observed in practice and may soften competition (see, for example, Salop, 1986).
Under price matching, the comparative statics with respect to o and v remain: equilibrium
prices and profits increase with the speed advantage and the degree of commitment (Appendix
Figure A-8). When firm a can react instantaneously and the two firms are symmetric, how-
ever, the unique coercive equilibrium coincides with the fully collusive outcome, regardless of
the level of commitment. In this case, a deviation by firm b leads immediately to symmetric
prices. Since firm b could always deviate to the collusive price and face a “punishment” of earn-
ing full collusion profits, the algorithmic firm must offer firm b at least full collusion profits in
equilibrium.

Compared to price matching, best-response punishments deliver larger gains to the algo-
rithmic firm when commitment is strong, since they allow it to earn more than its full collusion
profits. By contrast, with weak commitment a more severe best-response punishment may be
suboptimal for firm a, and a price-matching rule can yield higher profits. In Section 5 we study
a further punishment technology in which the algorithmic firm uses a pricing rule that is linear
in the rival’s price; this specification is particularly relevant when firm b follows a naive learning
rule rather than solving a fully specified dynamic program.

Alternative Timing Assumptions

The baseline timing in Section 2 assumes that, at a reprogramming date 7, firm a chooses the
new algorithm A, while firm b simultaneously sets p,,. Thus, our equilibrium concept is a
simultaneous-move Nash equilibrium in pure strategies. Appendix A.2 relaxes this modeling
choice by considering four alternative move orders in the reprogramming period, including
environments in which the algorithm must punish during the reprogramming period, environ-
ments with a one-period implementation lag in which within-period punishment is not available
in the reprogramming period, environments in which the target price pz is chosen before p and
pyr» and environments in which firm a chooses the full algorithm first and firm b follows.
Under the fastest within-period response and full commitment (i.e., (o, 8y) = (1,1)), the
maximal-coercion outcome characterized by (21) remains an equilibrium across all timing vari-
ants (Appendix Table A-1). Thus, the coercive outcome is not an artifact of the particular order-
ing assumed at reprogramming dates. Speed («) continues to act as an enforcement technology
(enabling within-period discipline of deviations), while commitment can be supplied either by
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persistence of the algorithm (through 3+ in the baseline) or, in some timing variants, by an ad-
ditional first-mover commitment channel embedded in the reprogramming-period move order.
Consistent with this interpretation, timing that gives firm a an explicit commitment advantage
in the reprogramming period can expand the set of environments in which coercion is sus-
tainable, whereas timing that temporarily disables punishment in the reprogramming period
shrinks it. Overall, the models with alternative timing reinforce the interpretation of supracom-
petitive outcomes as arising from the interaction of speed and commitment, while confirming
that the maximal coercion outcome is robust to the details of the within-period timing.

N-firm Oligopoly

Finally, we extend the analysis to an oligopoly in which a single algorithmic firm competes
against several rivals that do not use pricing algorithms. Appendix Section A.3 sets out the
formal environment. The algorithmic firm again chooses a target price vector and an associated
algorithm, now subject to the incentive compatibility constraints of all non-algorithmic rivals.
In the case with two non-algorithmic rivals, the comparative statics with respect to the speed
advantage and commitment closely resemble those in Figure 3 and Figure 4. While higher «
and higher 3+ still raise equilibrium prices and profits, the additional incentive constraints limit
the magnitude of the effects.

Appendix Figure A-2 reports the maximal coercion equilibrium as the number of non-
algorithmic rivals increases, under a generalization of the linear demand specification in equa-
tion (22). As the market becomes more crowded, both the algorithmic firm’s price and its rivals’
prices decline monotonically, and profits fall. The erosion of market power is gradual, however:
even with ten non-algorithmic rivals, the share-weighted average price remains roughly 18 per-
cent above the Bertrand benchmark in our example. Thus, while additional competitors disci-
pline prices, the combination of a speed advantage and (imperfect) commitment still allows a
single algorithmic firm to sustain substantially supracompetitive outcomes.

5 Learning by a Naive Rival

The analysis so far has taken the rival without an algorithm to be fully aware of the algorithmic
firm’s pricing rule and of the associated profit consequences. In particular, when firm a commits
to a punishment strategy, firm b is assumed to understand how the within-period response
function () maps its current price into payoffs and therefore to best respond period by period.
It is natural to ask how robust our coercion results are when this informational assumption is
relaxed.

In many markets it is unlikely that rivals perfectly decode the algorithm used by a com-
petitor, or even that they model the interaction as a dynamic game. Instead, managers may
run pricing experiments and adjust prices myopically in directions that appear to raise current
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profits. In this section we therefore treat firm b as “naive”: it does not know the algorithmic
firm’s strategy or the structure of demand, and it learns only from the history of its own prices
and realized profits.

Two questions then arise. First, can the algorithmic firm still induce supracompetitive prices
when the rival behaves in this simple, data-driven way? Second, if so, how quickly do prices
converge and how sensitive is convergence to demand shocks? To address these questions we
introduce a learning rule for the slow firm and study its interaction with a class of linear pricing
algorithms. We show that the learning dynamics converge to a stationary coercive outcome,
and that convergence is rapid even when demand is noisy.

5.1 Gradient Learning and Linear Punishment Strategies

It is often more plausible to view market outcomes as the long-run result of adaptive behavior
than as the product of fully rational, forward-looking play. A large literature therefore studies
learning in games (see, for example, Fudenberg and Levine, 2016). In this spirit, we model firm
b as experimenting with prices and updating them in response to observed profits, rather than
solving explicitly for the equilibrium of the dynamic pricing game. This assumption is consistent
with evidence that many online retailers run pricing experiments while treating competitors’
behavior as exogenous (e.g., “A/B testing”).1”

A variety of learning rules have been proposed, including fictitious play, reinforcement
learning, and gradient learning. Different learning models can have different convergence
properties. The recent literature has shown that different classes of learning algorithms may or
may not converge to Bertrand-Nash equilibria.'®

In our setting we focus on gradient learning by the slower firm. Gradient learning is a
particularly naive rule that requires very little information. Firm b does not condition on the
rival’s prices, does not attempt to infer the pricing rule used by firm a, and does not estimate
a demand system. Instead, it updates its price in the direction of the estimated gradient of
its own profit function, thereby capturing the idea that managers increase price when the last
increase was profitable and decrease price otherwise.

Formally, the slow firm starts with two initial price choices, p) and p; with p) # p;, and uses
the change in realized profits between these two experiments to approximate the slope of its
profit function. For period ¢ > 1 the update rule is

Phi+1 = Por + A ? ; (24)
Pb 1 pve

5For instance, given the complexity of demand and the number of products, managers may test discrete price
changes and adopt changes that appear to raise profits, without explicitly modeling rivals’ reactions. See discussion
in Hansen et al. (2021).

For example, the Q-learning algorithms studied in Calvano et al. (2020) do not generally converge to Bertrand—
Nash, while Asker et al. (2024) show that alternative assumptions on this class of algorithms do lead to convergence.
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where A > 0 is a step-size parameter and 3@“% denotes firm b’s estimate of the gradi-
ent of its current-period profit with respect to its own price. Throughout we assume that \ is
small enough to ensure that the sequence {p;;} is stable. Under these assumptions, a simulta-
neous pricing game in which both firms use gradient learning converges to the Bertrand-Nash
equilibrium (Anufriev et al., 2013).

The presence of learning on the rival side also changes the algorithmic firm’s problem. To
keep the analysis tractable, and to capture pricing rules commonly observed in practice, we
restrict attention to linear punishment strategies. In contrast to the discontinuous trigger rule

used in Assumption A2, we now suppose that when firm « targets a price pair (pl, pZ) it sets

Do = pjl at the beginning of the period and subsequently adjusts its price linearly in firm b’s

current price according to

(o) ph—o(ph — ) if ph — o(p) —pb) >0, 25
o\Py) =
0 otherwise.

Without loss of generality, we normalize marginal costs to O for this section, such that p, = 0
corresponds to marginal-cost pricing.

The punishment depends on the deviation p;, — pZ from the target price, and the intensity
of the response is governed by the parameter ¢ > 0. By construction a(pZ) = pZ. We focus on
linear rules because, as we show below, they interact particularly simply with gradient learning
and ensure convergence of the naive firm’s experimentation to the algorithmic firm’s desired
target. Moreover, linear dependence on rivals’ prices, such as rules that undercut competitors’
observed prices by a fixed amount or percentage, are commonly observed in online market-
places (Chen et al., 2016; Musolff, 2024).

In terms of implementation, a coercive linear rule can be thought of as a very simple pricing
heuristic. A fast repricing tool can be instructed to undercut aggressively whenever the rival
prices below the target prices. Over time, the rival observes that choosing prices below a given
level lead to low profits, and its strategy converges to choosing the price targeted by the coercive
algorithm, as we illustrate below. Intuitively, this linear rule operates as a tax on the rival’s price
reductions. By committing to lower its price proportionally whenever the rival cuts price, the
algorithm effectively rotates the rival’s residual demand curve, making it appear more inelastic
to the rival and thereby diminishing the incentive to undercut.

Throughout this section we maintain the assumption that the algorithmic firm can fully
commit to the linear pricing rule in (25). In particular, the firm does not adjust its algorithm
over time in order to manipulate the rival’s learning speed; instead, it chooses a rule once and
then allows the learning dynamics of firm b to play out against this fixed environment.
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5.2 Equilibrium Target Prices

We now analyze the case in which the algorithmic firm commits to a linear pricing rule while the
rival uses simple gradient learning. The algorithmic firm chooses a target price vector (p:rl, pz)
and commits to an update rule that adjusts its price proportionally to the rival’s current choice.
To pin down the slope of this rule, we restrict attention to linear pricing rules that pass through
the origin and the target point (pl, p};). For any non-negative price chosen by the slower rival,
the faster firm then responds along this line, so that the slope is ¢ = o / pz. Throughout this
subsection we maintain p; > 0.

Under these assumptions, the objective function can be written as:

max 74 (p!, p,T)) (26)
(ph.p})

st. pl= argrrg;}X(l — a)my(py, ph) + amb(py, PPb)

where the initial price in each period, p, is equal to ph, and where the update function is given
by o(py) = ¢pp- As in the previous subsection, the algorithmic firm chooses a target price vector
subject to the incentive compatibility constraint of the slower rival.

The slower rival’s first-order condition associated with the inner maximization problem is

Oy (py, dPb)
Opa

.I.
(1- a)awb(pb,pa) n aaﬂ'b(pba ®py)

=0 (27)
Opy Opy

+ a¢

Because ¢ = pi, / pZ, this condition implicitly defines the slower firm’s best-response function
D (ph). Similarly, let pZ(pZ) denote the optimal price for the algorithmic firm as a function of
the target pz. Substituting these implicit response functions into the objective, the algorithmic
firm’s first-order condition is given by:

Oma(pi(p}),p}) OPa(p}) | Oma(pi(p}).pi)

=0 (28)
Opa ap) Ope

With the constraint pZ = pj (pl), these conditions characterize the long-run coercive equilib-

rium when the algorithmic firm is constrained to use a linear pricing rule and the rival follows
gradient learning.

Figure 7 illustrates the long-run equilibrium for different values of the algorithmic firm’s
speed advantage. Panel (a) shows that prices for both firms lie strictly above the Bertrand
benchmark and rise with the speed advantage . When the algorithmic firm is sufficiently fast,
it sets the lower of the two prices, using its rapid punishment to induce the slower rival to
maintain a higher price. The qualitative pattern is similar to that obtained with the trigger
strategy in Section 3, but the linear restriction on the pricing rule limits the extent to which the
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Figure 7: Prices and Profits with Linear Pricing Rule, by Algorithmic Firm’s Pricing Speed
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Notes: Panel (a) reports equilibrium prices and panel (b) reports equilibrium profits under Bertrand competi-
tion with simultaneous pricing, under the coercive equilibrium when the faster firm uses a linear punishment
rule and has full commitment (8y = 1), and under joint profit maximization. In the coercion case, firms
choose prices simultaneously at the start of the period and the algorithmic firm then adjusts its price within
the period with speed advantage «. The simulations assume d = 1 under the linear demand system in equa-
tion (22).

rival’s price can be pushed above the collusive level.

Panel (b) displays the corresponding profits. The algorithmic firm’s profit is increasing in «,
while the slower rival’s profit is non-monotone. Even with the linear restriction the algorithmic
firm can obtain more than its full collusion profits when its speed advantage is large. At o =
1, the rival earns higher profits than under the coercive nonlinear strategy examined earlier
(Figure 3), reflecting the fact that the linear pricing rule provides a weaker punishment for
deviations.

5.3 Convergence Dynamics and Robustness

The linear pricing rules studied above imply that, from the perspective of the slow firm, the
mapping from its own price to profit is smooth and single-peaked. In particular, when firm a
adopts the optimal linear rule, firm b faces a one-dimensional choice problem with a concave
objective. This structure is important for learning: it means that even a very simple adjustment
rule, which ignores the opponent’s strategy and treats the environment as essentially static, will
tend to push prices toward the coercive target. In this subsection we formalize this observation
and illustrate it with simulations.

Proposition 8 (Convergence of Learning Dynamics). Under linear demand, when firm a imple-
ments the optimal linear pricing rule, firm b’s profits are increasing in price for any p, < pz and

decreasing in price for any p, > PZ- Therefore, provided X is not too large, the use of gradient
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Figure 8: Perceived Profit Function for the Naive Rival
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Notes: The figure shows perceived profits for firm b as a function of its own price, under different values of the
algorithmic firm’s speed advantage «. The dotted line plots the benchmark case with simultaneous pricing in
which the rival sets the Bertrand—Nash price. The other lines show the perceived profit function when firm
a uses the optimal linear rule and has a speed advantage « = 0.5 or a = 1. In each case, perceived profit is
single-peaked, but the maximizer is shifted to the right as « increases. The example assumes d = 1 under the
linear demand system given by equation (22).

learning by firm b will result in convergence to the target price chosen by firm a for any initial price
pair (5}, py)-

The linear pricing rule implemented by firm «a effectively transforms firm b’s perceived profit
function by creating a synthetic residual demand curve that is steeper below the target price.
The proposition above implies that this perceived profit function is a strictly concave function
in firm b’s own price. As a result, the coercive target pz is the unique maximizer of the perceived
profit, and standard gradient learning converges to this point as long as A is sufficiently small.

Figure 8 illustrates the perceived profit function faced by the naive rival. Under simulta-
neous pricing when firm a sets the Bertrand price, p, = 1, firm b’s profit is also maximized at
pp = 1. When firm « has a speed advantage and uses the linear pricing rule, the shape of firm b’s
perceived profit function is roughly preserved, but its peak shifts to higher prices. For instance,
in the example with d = 1, the profit-maximizing price for firm b moves to 1.33 when o = 0.5
and to 1.73 when a = 1. Thus, from the perspective of firm b, it is optimal to raise price above
the competitive level, even though the higher profitability is entirely induced by the algorithmic
firm’s rapid response.

In Figure 9, we simulate an example in which firm « implements the linear pricing rule and
has a moderate speed advantage (o« = 0.7). Firm b is naive and starts by setting an arbitrary
price and attempts to maximize profits using gradient learning. We assume firm b approximates
the derivative of profits using the most recent two prices and profit realizations. Therefore, after
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Figure 9: Simulated Learning with Linear Pricing Rule
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Notes: The figure shows simulated price paths when the naive firm is assumed to use gradient learning.
The black line shows price and profit for firm b, where price is updated in period ¢ + 1 following p;™' =
P, + A3 — 75 1)/ (Poe — Po,e—1) with a price adjustment step size, A, of 0.2. The blue line shows price and
profit for firm a, which uses a linear pricing rule described in Section 5.2 with pricing speed given by « = 0.7.
The dashed lines show the price and profits under the Bertrand benchmark. Assumes d = 1 under the linear
demand system given by equation (22).

the firm sets price p! at time ¢, the firm’s estimate of the derivative of its profit with respect to
price are given by

@ _ 7?;& - Tg,tfl (29)
Opp pue Dot — Pot—1

where 7}, is the realized profit for period ¢. Note that firm b need not observe firm a’s price
but only its own realized profits over the period. Then, the firm updates price according to
equation (24). We assign a value of A = 0.2.

For the simulation in Figure 9, we start from an initial price below the Bertrand level. At
each step, firm b computes the finite-difference gradient in (29) and adjusts its price accordingly.
Panel (a) shows that firm b steadily raises its price, while firm a responds via the linear pricing
rule derived in Section 5.2. Panel (b) shows the corresponding profit paths. As long as the
perceived marginal profit is positive, the naive firm continues to increase price. Because the
punishment encoded in the algorithm becomes less severe at higher prices, the gradient remains
positive until the coercive target pz is reached. At this target price, the system reaches a fixed
point, and the algorithmic firm’s initial price in each period coincides with the punishment price
implied by the linear rule.

Figure 10 examines convergence from multiple starting prices when o = 1. First, we con-
sider the standard case of a simultaneous pricing game as a benchmark for comparison. As is

well known, prices converge to the Bertrand equilibrium from a variety of starting values in
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Figure 10: Convergence of Simulated Learning with Linear Pricing Rule versus Simultaneous
Pricing
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Notes: The figure shows simulated price paths for firm b with different initial prices when firm b is assumed
to use gradient learning. The orange lines show a simultaneous pricing game that results in Bertrand prices.
The blue lines show the game in which the algorithmic firm has maximum pricing speed (o« = 1) and uses
the linear pricing rule described in Section 5.2. Panel (a) shows learning with price adjustment step size of
0.2 and panel (b) shows learning with a price adjustment step size of 0.6. Assumes d = 1 under the linear
demand system given by equation (22).

a standard simultaneous pricing game under gradient learning. This is shown by the orange
lines. Convergence takes about 15 periods as seen in both panel (a) with a low step size and
panel (b) with a higher step size. Under coercive linear strategies, the naive firm’s price con-
verges to a supracompetitive level for a variety of initial values, as illustrated by the blue lines
in Figure 10. Comparing panel (a) and panel (b), convergence is somewhat slower than the
standard simultaneous pricing case for a low price adjustment step size but is somewhat faster
for a high price adjustment step size.

Regardless of the initial price, convergence occurs quickly, though it does depend on pricing
speed and the choice of step size, \. For each value of o and \, we simulate the price paths for
a grid of 1,000 initial prices. Figure 11 shows the average number of periods to convergence to
within 0.1 percent of the target prices for a range of o and \.!7 For all values of the learning
parameter less than one, the number of periods to convergence is reasonable in our simulations.
Moreover, for every value of «, there is a learning parameter A such that the coercive strategies
converge to the target prices in less than 10 periods on average. Higher step sizes tend to
converge faster when « is large. Consistent with Proposition 8, the simulations always converge

to the coercive equilibrium.'®

7To ensure that prices have converged, we identify the first instance for which prices fall within a given tolerance
and stay within that tolerance for the next 10 periods in our simulations. Given the nature of gradient learning, this
provides confidence that the price does not drift outside of this tolerance in future periods.

18 Appendix Table A-2 provides statistics on the number of periods to convergence under more and less stringent
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Figure 11: Convergence Speed by Pricing Speed and Learning Step Size
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Notes: The figure shows the number of periods until convergence for different simulation parameters when a
naive firm is assumed to use gradient learning. The x-axis is the speed advantage of the algorithmic firm («)
and the y-axis is the learning step size (\). For each value of o and A, we simulate price paths from 1,000
values of initial starting prices from a grid between 0 and 2 and then average the number of periods until
convergence. Convergence is defined as being within 0.1% of the equilibrium price. Darker color indicates a
larger number of periods until convergence. Simulations assume the algorithmic firm uses the linear pricing
rule described in Section 5.2. Assumes d = 1 under the linear demand system given by equation (22).

We next examine the robustness of these dynamics to unobserved demand shocks. Suppose
the linear demand system in equation (22) is modified to

Di(pisp—i) =z — G + g) pi+ %lp—i, (30)
where the shock z; is drawn independently from a uniform distribution with F[z;] = 1. In each
period, firm b observes only its own prices and realized profits and continues to update prices
using the same gradient rule. The presence of shocks introduces noise into the finite-difference
estimate in (29), so the firm occasionally moves in a direction that is locally unprofitable.
Nonetheless, across many simulated paths, prices converge quickly to a distribution centered
around the coercive target, and remain close to the target values when demand variation is
modest. We illustrate convergence with demand shocks in Appendix Figure A-10.

Taken together, these results highlight that the coercive equilibrium is robust. When an algo-

convergence criteria. When the convergence criterion is within 1 percent of the target price, A can be chosen such
that convergence takes no longer than 9 periods for a wide range of starting values.

Appendix Figure A-9 shows the mean number of periods until convergence for &« = 1 compared to the simultane-
ous pricing case for different learning parameters. The fact that convergence in the coercive linear strategy case is

faster for large step sizes is due in part to the fact that price oscillations are less likely during the learning process,
as seen in panel (b) of Figure 10.
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rithmic firm uses a simple linear rule with a speed advantage, even a very naive rival that relies
on myopic gradient learning and observes only its own profits will be driven toward supracom-
petitive prices. Convergence is typically fast, and remains so in the presence of demand shocks.
This stands in contrast to more complex reinforcement-learning algorithms, which often require
many thousands of iterations to approach a stable outcome.!?

We consider relatively simple pricing algorithms that are linear in a rival’s price. Pricing
algorithms could in principle take more general forms, allowing greater flexibility in strategi-
cally modifying a rival’s perceived profit function. For instance, a pricing algorithm that is a
nonlinear function of rivals’ prices could potentially coerce rivals using naive learning strategies
to raise prices to even higher levels than those under linear pricing rules. Nonlinear algorithms
could potentially ensure that a naive firm is maximizing a concave profit function for more
general demand systems, implying that there is convergence to supracompetitive prices under

a variety of naive learning strategies.

6 Implications for Platform Design

Online retail platforms are often able to determine the pricing tools available to different sellers
that compete on their platform. For example, a platform can determine (i) the speed with
which sellers can observe and respond to rivals’ prices (e.g., through API latency, batching,
or minimum time-between-change rules), and (ii) the extent to which sellers can commit to
pricing rules that persist over time (e.g., through restrictions on re-optimization, monitoring,
or availability of proprietary tools). These choices are particularly salient when a platform
is vertically integrated and sells its own products alongside third-party sellers. In this case,
the platform may effectively grant itself different pricing capabilities than it grants to outside
sellers.

In this section, we endogenize the algorithmic technology. We view the speed advantage
and the commitment parameter not as exogenous primitives, but as design variables chosen by
a platform seeking to maximize a weighted objective function. This simple framework allows us
to analyze how platform incentives—specifically the degree to which they internalize consumer
welfare versus seller profits—drive the adoption of coercive pricing technologies.

6.1 Platform Objective

Assume two sellers, a and b, compete on a platform in the baseline coercive pricing game. Seller
a may be equipped with a pricing algorithm characterized by a speed advantage « € [0, 1] and a
commitment parameter vy € [0, 1]. For simplicity, we assume 3 — 1 in this section, which would

19Q-learning algorithms can take hundreds of thousands of iterations to converge; in some settings, it may be
possible to resolve this with offline learning (Calvano et al., 2020).
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be the case when periods are short.2® Seller b does not use an algorithm and instead chooses
prices to maximize per-period profits as in Assumption Al, while seller a uses best-response
punishments as in Assumption A2.

We focus on the symmetric linear demand system in equation (22). For any (a,7), let
7} (o, 7v) denote seller 7’s per-period profit and let C'S*(«, ) denote per-period consumer surplus
in the (unique) coercive equilibrium induced by («, 7).

The platform internalizes seller profits to different degrees. Let k,,k;, > 0 capture the
extent to which platform revenue increases with each seller’s profit (e.g., through commissions,
preferred seller arrangements, or vertical integration). The platform may also value consumer
surplus, for instance because demand for the platform is increasing in the consumer experience.
Let kcs > 0 denote the platform’s weight on consumer surplus.

The platform chooses the algorithmic technology («,~y) to maximize

oz,rﬂfléi[(})(,l} kos CS*(a,y) + Ram,(a,y) + Ky, ). BD
Two comparative statics from earlier results discipline this problem. First, under linear de-
mand (Assumption D1), consumer surplus is weakly decreasing in both speed and commitment
(Proposition 7). Second, the algorithmic seller’s profit is increasing in both speed and com-
mitment (Propositions 4-3). Together, these imply a natural tension: higher («,~) benefits
seller « and harms consumers, while the effect on seller b (and thus on the term x;7;) can be
ambiguous.

6.2 Platform Incentives

We begin with a welfare benchmark in which the platform values consumer surplus and seller
profits symmetrically.

Proposition 9 (Welfare Benchmark). Suppose demand is given by equation (22) and maintain
Assumptions A1-A2. If the platform weights consumer surplus and each seller’s profit equally,
Kcs = Kq = Ky > 0, then the platform optimally chooses (a,7y) = (0,0). In this benchmark,
the platform does not permit pricing technology that confers either a speed advantage or long-run

commitment.

Within the class of outcomes implementable by changing («,7) in our coercion model,
higher speed and stronger commitment move equilibrium prices weakly upward (Proposi-
tion 6). Under quasi-linear preferences, higher prices reduce equilibrium quantities and thus
reduce total surplus. Hence, among these implementable equilibria, welfare is maximized by

20A platform does not literally choose the sellers’ discount factor 5. However, it can affect the effective commit-
ment S+ by changing the period length (how often prices can change at baseline), by determining how easily pricing
rules can be revised or re-optimized, or by restricting sellers to use rules that persist over time.
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choosing the least permissive technology, («, ) = (0, 0), which collapses the game to the stan-
dard Bertrand benchmark.

Next, consider a platform that disproportionately internalizes seller a’s profit—for example
because it is vertically integrated with seller a or because seller a faces a higher effective take
rate.

Proposition 10 (Preferential Treatment). Fix kcg > 0 and x; > 0. There exists a threshold
Ra(Kcs, k) such that, if k, > Rq(kcs, kp), any optimal platform policy satisfies (a*,~*) # (0,0).
Moreover, as k, becomes large relative to (kcs, kp), the platform selects the maximal technology
(a",7) = (L,1).

This result follows from the fact that 7n}(«a, ) is increasing in both arguments (Proposi-
tions 3—4). When the platform places sufficiently high marginal value on seller a’s profit, it
prefers to expand the set of credible punishments available to seller a: greater speed makes
punishments more immediate within the period, and greater commitment makes them more
persistent across periods. When these incentives dominate any weighted losses in consumer
surplus (and any effect on seller b), the platform optimally moves away from (0, 0); in the limit
where the platform effectively maximizes seller a’s profit alone, it chooses (1,1).

Finally, holding fixed the platform’s weights on seller profits, lowering the platform’s con-
cern for consumers pushes the platform toward permitting speed and/or commitment.

Proposition 11 (Consumer Surplus Threshold). Fix (kg, kp) With kg + Ky > 0. There exists a
threshold Fcs(ka, k) > 0 such that if ks € [0, Ros(ka, kb)), any optimal platform policy satisfies
(a*,v*) # (0,0). In particular, when the platform places sufficiently little weight on consumer
surplus, it permits a positive speed advantage and/or commitment for seller a.

Platforms need not explicitly coordinate prices to generate supracompetitive outcomes. It is
enough that platform payoffs are sufficiently aligned with seller profits and sufficiently weakly
aligned with consumer surplus; the platform then optimally chooses rules that make coercive
pricing technology feasible.

Figure 12 illustrates how the platform uses the two instruments. We examine the platform’s
optimal choice of within-period speed advantage, o* (solid), and the effective cross-period
commitment, v* (dashed), as the platform varies one objective weight at a time around the
normalization kog = kg = kp = 1.

Panel (a) varies the weight on seller a’s profit. As k, rises, the platform quickly moves
to the corner o* = 1 and then increases effective commitment more gradually. Intuitively,
speed is the enabling ingredient for coercion: without sufficiently fast within-period reactions,
punishments arrive too late to strongly reshape seller b’s static incentives. Once speed is high,
additional commitment further increases seller o’s ability to sustain more aggressive target
prices. Conversely, as the weight on seller ¥’s profits rises, the platform initially enables full
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Figure 12: Optimal Platform Policy as Platform Objectives Vary
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Notes: Each panel plots the platform’s optimal choice of speed advantage o™ (solid) and effective commitment
~* (dashed) solving (31) while isolating different components of the platform’s objective. In each panel, the
indicated weight varies while the remaining weights are held fixed at 1. Computed under (22) with d = 1.

commitment before gradually enabling a speed advantage since commitment alone benefits
seller b. This can be seen in panel (b).

Panel (c) varies the weight on consumer surplus. As kcg rises, the platform first reduces the
speed advantage while keeping effective commitment high, and then shuts down commitment
as well; beyond a threshold it selects (a*,7*) = (0, 0). In other words, once the platform places
enough weight on consumer surplus, it is optimal to eliminate both technological features that
expand the set of coercive equilibria.

Figure 13 summarizes the platform’s optimal policy regimes as a function of x, and kcg
holding x;, = 1. The extreme regions match the comparative statics in Figure 12. When con-
sumer surplus receives sufficiently high weight relative to seller profits (upper-left region), the
platform selects (a*,v*) = (0,0), eliminating both speed advantage and commitment across
periods. When the platform places sufficiently large weight on seller a’s profit and relatively
little on consumer surplus (lower-right region), it selects the maximal technology (1,1).

Between these extremes, Figure 13 shows two intermediate regimes that help interpret how
the platform softens competition away from the corner solutions. In the blue region, a* > ~*
and the platform prioritizes speed over commitment, allowing rapid within-period reactions
while keeping long-run commitment weaker. In the pink region, v* > «* and the platform
prioritizes commitment over speed, permitting persistent pricing rules but constraining rapid
reactions.

To summarize, platforms that behave more like welfare maximizers (or that place suffi-
ciently high weight on consumer surplus relative to seller profits) prefer to eliminate speed
advantages and persistent pricing rules. Platforms that internalize the profits of sellers—either
because they place little weight on consumer surplus or because they explicitly favor a particu-

lar seller—have an incentive to enable the technological conditions that sustain coercive pricing

equilibria.
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Figure 13: Platform Policy Regions by Platform Objective
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Notes: The figure reports policy regions as a function of the weight on consumer surplus xcs and seller a’s
profits k.. The weight on seller ¥’s profits x, is held fixed at 1. Computed under equation (22) with d = 1.

These findings complement the literature focused on how platforms can facilitate or miti-
gate coordination through information sharing or demand steering (e.g., Johnson et al., 2023;
Harrington, 2022). In addition to these channels, a platform can simply choose the pricing
technology available to sellers—specifically speed and commitment—to either facilitate com-
petition or enable supracompetitive prices through coercion.

7 Conclusion

We have analyzed the extent to which a single firm that delegates pricing to an algorithm
can sustain supracompetitive outcomes. When the algorithm enables a speed advantage and
commitment, prices can be substantially higher than competitive levels and consumer surplus
can be lower than levels obtained with full collusion. This is true even when its rivals do not
(and cannot) support collusion through forward-looking strategies. The key implication is that
high prices need not reflect mutual coordination: they can arise from one firm’s ability to make
low-price deviations immediately unprofitable and to commit to doing so.

The mechanism is straightforward. Speed lets the algorithmic firm punish quickly so devi-
ations by a rival deliver little or no gain, even if the rival is myopic. Commitment—through
the persistence of the deployed pricing rule—then makes this threat optimal ex ante for the
algorithmic firm. Together these features expand the set of price pairs the algorithmic firm
can implement relative to standard leader—follower benchmarks. Importantly, the channel is
distinct from repeated-game collusion and does not require symmetry, mutual patience, or so-
phisticated strategic reasoning by all firms.

We showed that this coercive mechanism is robust to several modifications of the envi-
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ronment. Allowing the rival to be forward-looking leaves our equilibrium intact. Alternative
punishment technologies, such as instantaneous price matching, can support the fully collu-
sive outcome as a unique equilibrium when the speed advantage is large, but they need not
maximize the algorithmic firm’s profit. The mechanism weakens but does not disappear as the
number of non-algorithmic competitors increases. Moreover, competitive outcomes need not
be restored by limited strategic sophistication: when rivals adapt prices using simple learning
rules based only on their own realized profits, a fast algorithm can still steer behavior toward
supracompetitive fixed points using simple pricing rules. High prices do not require rivals to
even be aware that they face an algorithmic opponent.

Our framework also has implications for platform design and platform neutrality. When a
platform can choose the features of pricing algorithms used by sellers, the optimal design de-
pends on the weights it attaches to consumer surplus and to the profits of different sellers. A
platform that places more weight on producer surplus than consumer surplus has an incentive
to equip a subset of sellers with fast, partially committed algorithms in order to soften com-
petition without explicit coordination. In this case, constraints on the speed and commitment
features of platform-provided pricing tools, or policies that ensure neutral access to such tools,
can increase welfare.

Finally, our analysis sheds light on potential policy responses and suggests directions for
future work. Restricting firms from rapid and automatic reactions to rivals’ prices can mitigate
coercion. Even so, persistence of pricing rules alone has the potential to raise prices. In our
model, a firm benefits from reacting faster to rivals’ prices, creating the possibility of an “arms
race” in pricing technology, in which firms invest in ever-faster algorithms with potentially
negative welfare effects, much like the high-frequency trading arms race studied by Budish
et al. (2015). Remaining challenges for future research include endogenizing the adoption of
pricing algorithms and the investment in speed and commitment, studying richer learning and
behavioral rules on the part of slower firms, and developing empirical tests that link observed
pricing technologies to market outcomes.
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Appendix

A.1 Proofs
Proof of Proposition 1

Before proving the proposition, we formally define the rival’s punished deviation payoff and
the set of incentive-compatible prices. We introduce some additional notation: Let P, C R
denote the compact feasible set of prices for firm i € {a,b}. Write the commitment parameter
as 0 = By € [0,1) and define the continuation weight as w(d) = d/(1 — 9).

Fix a reprogramming date. Under Assumption A2, if firm b deviates to p, # p it faces p, for
a (1 — «) fraction of the period and the punishment R,(p;) for the remaining « fraction. Thus

its best deviation payoff is

Di(po: @) = max { (1 = a)mo(py. pa) + 0w (. Ra(10)) }-

Compliance is optimal iff 7,(py, pa) > D(pa; ). Define the incentive-compatible set

F(pa; ) = {pp € Py : mp(Pp, Pa) = D(pa; )}

Denote the maximum feasible value py(p,; ) = max F(p,; ). Because P, is compact and
m, and D are continuous, F(pg; «) is closed in P, and hence compact. Therefore, whenever

F(pa; ) # 0, Pp(pa; o) exists.
Firm o’s objective (given py) is

Vo (pas Po; pvt) = (1 — @) (Pas Pot) + o (0 (pre), pot) + w(8)Ta(Pa, b)),

where o(ppt) = pa if pp = ppr and o (ppr) = Ra(ppe) otherwise.
We provide sufficient conditions for equilibrium existence and uniqueness.

Assumption R1 (Regularity for existence and uniqueness). Maintain Assumptions A1 and A2.
Assume:

(i) The feasible domain {p, € P, : F(ps;) # 0} is a nonempty compact interval, and for
every py: € P, the reduced-form objective p, +— Y, (pa, Db; pbt) is continuous and strictly

quasi-concave on this domain.

LAY

(ii)) The mapping py: — pZ (pet) is continuously differentiable and satisfies sup,, ¢ p, Do

(iii) For any py; € P, and any p, with F(pg; o) # (), firm a selects the largest incentive-compatible
continuation price for firm b: py = pp(pa; @)-
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These conditions admit natural economic interpretations and are satisfied in many standard
differentiated-products pricing environments. Condition (i) is a single-peakedness requirement:
for any rival price py, firm a’s (one-dimensional) reduced-form target problem is well behaved,
implying a unique optimizer oh (ppt) when the induced target pZ(pbt) is pinned down as a func-
tion of pl(pbt). Condition (ii) is a contraction requirement that rules out excessive strategic
feedback and ensures a unique fixed point. Demand systems that yield strict quasi-concavity
of each firm’s period profit with respect to own price together with cross-price effects that are
small relative to own-price effects satisfy these conditions, as such primitives ensure that best
responses and the incentive-compatible boundary py(-; «) are well-behaved. For example, lin-
ear and multinomial logit demand systems satisfy these requirements under standard parameter
restrictions, which can be verified via a diagonal-dominance condition.?!

Condition (iii) ensures stability in firm a’s choice of the continuation target for firm 4. In
general, the continuation term w(d)m,(pq, pp) is strictly increasing in p;, (substitutes), which is
the primary economic rationale for a to choose p, = pp(pa; ). However, when py: = pp(pa; @),
firm a may consider a small deviation downward in p, to be profitable. Because o(-) treats the
event p, = py; differently from p, # py:, reducing p, to force firm b to be non-compliant (even
when it desires to comply) can discontinuously improve the a-weighted term while reducing
the continuation payoff by an arbitrarily small amount. In this case, the reduced-form program
may not be well-defined. Condition (iii) rules out this pathology.

This is primarily a convenience assumption to ensure intuitive economic behavior. It is
unnecessary in the high-commitment limit 6 = Sy — 1. The behavior can be microfounded
by augmenting the model to use a discrete price grid, a small compliance band (rather than a
point trigger), imposing a vanishing cost of triggering the within-period punishment phase, or
by using alternative timing assumptions, as we discuss in Appendix A.2.

Proof. For any feasible p,, firm a selects the maximal incentive-compatible continuation price
for b, i.e., pp = Py(pa; @), by Assumption R1(iii). Hence firm a’s problem reduces to the one-
dimensional program

max \\ , Db(Das ); .
A a(Pas Db (Pa; @); Dot )

By Assumption R1(i), the feasible set is an interval and the reduced objective is continuous
and strictly quasi-concave, so the maximizer p} (ppt) is unique. Then pZ(pbt) = ﬁb(p:rl(pbt); a) is
unique as well. This establishes a unique target pair conditional on any py;.

In equilibrium, the current price must coincide with the programmed target, so p; satisfies

the fixed-point condition

ot = D) (Pe)-

2IDemand systems with flexible curvature, such as random-coefficients (mixed) logit, do not necessarily have
globally quasi-concave profit functions. In those settings, one typically imposes additional curvature restrictions
(e.g., that the distribution of types is log-concave) or verifies regularity numerically.
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By Assumption R1(ii), the mapping py — pZ(pbt) is continuously differentiable with slope
strictly less than one in absolute value. Hence it is a contraction on P,, and the Banach fixed-
point theorem implies that there exists a unique p;, € P, satisfying p;, = pZ(pZt). Thus an
equilibrium price pj, exists and is unique.

Following the result from the first part of the proof, there exists a unique optimal target pair

(ph.pp) = (pZ (P55 pZ (p;)). Therefore, the equilibrium (pj,, p};, pj;) exists and is unique. O

Proof of Proposition 2

Proof. Set a = 0. Then the algorithm has no within-period update, so firm a charges p, = p
throughout the period. Firm b’s static problem in Assumption Al reduces to maxy, (s, p),
implying the unique best response p, = Ry(p). Hence any equilibrium price vector satisfying
Assumption A2 must lie on firm &’s best-response function: (p}, pZ) = (pT, Ry(p")).

At a reprogramming date, firm a chooses p taking the current rival price py; as given (as in
Vo(t)), but it internalizes that if the algorithm remains in force in future periods, firm b will best
respond to p. The effective discount factor for remaining committed is 8+, so the discounted
weight on future committed periods is Zk21(,87)k = Bv/(1 — B7). Therefore p' solves

max { ma(p, pu) + Talps Folp)) }- (A1)

pEP,

By
1—-8y

In equilibrium, py; = pZ = Ry(p").

Let p? denote firm a’s Bertrand-Nash price (simultaneous price setting), characterized by
O1ma(pB, Ry(pP)) = 0 (equivalently p® = R,(Ry(p?))), and let p* denote firm a’s Stackelberg-
leader price, characterized by

jp”“(p’ Rb(P))‘ = 0mal(p", Ry(p")) + Bama(p™, Ry(p")) Ry (™) = 0. (A.2)

p=p
An interior optimum p' of the objective satisfies the first-order condition

By
1— By

0 = Ouma(p,p}) + T [O1ma(pl, Ro(p) + Damao', Bo(p) By

Substituting pZ = Ry(p') and simplifying yields
Oima(pl, Ry(p")) + By 8ama(p', Ro(p1)) Ry (p") = 0.

Define F'(p) = 01ma(p, Ro(p))+B87 Qema(p, Bo(p)) Ry (p)- Then F(pP) = By Boma(p”, Ro(p”)) Ry(p”) >
0, while F(p%) = (By — 1)dama(pl, Ro(p*)) R} (pY) < 0 since By € (0,1) and products are sub-
stitutes and prices are strategic complements (Jm, > 0 and R; > 0). By continuity, there exists
pl € (pB, p*) solving F(p') = 0. Under the regularity conditions ensuring strict quasi-concavity
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of the objective, this solution is unique. Since Ry is increasing, the induced pZ = Ry(ph) lies
between Ry (p?) and Ry(p"), completing the proof. O

Proof of Proposition 3

Proof. Fix an arbitrary commitment level 6 = 3y € [0,1) and consider two speed levels o/ > a.
Let (pjl, pZ) denote the coercive equilibrium target prices under («, 9).

First, we establish that the rival’s deviation payoff decreases in . For any deviation price
Dy € Py \ pl and any on-path pl, define

d(pp; pl, @) = (1 — a)my(pp, pl) + iy (Py, Ra(b))

so that the punished deviation payoff is D(p:rl; @) = supy, d(p; i, «). Then
(B0}, @) = d(py; phs @) = (o = @) [m (B, Ra(n) = (i, 21 |-

Under Assumption A2, o(py) = Ra(py) for p, # p?{. By the hypothesis of the proposition

5P, Ra (1)) = 76(Byy o (Pp)) < m(Pp, p)y) for all deviations f, # p. Hence d(py; ph,a’) <
d(pp; pZ, «) for all py, and therefore

D(pl; ) < D(pl; ).

Next, we show that any equilibrium target pair feasible at o remains feasible at o’. Because

(pIL, pZ) is an equilibrium target pair at speed «, it satisfies firm b’s incentive constraint

m(ph,pl) > D(ph; ).

Using our earlier result that D(p; o) < D(p}; ) yields
mo(pjs ph) = D(ph; ),

so the same target pair is incentive compatible for firm b at speed «’.

Finally, we establish that firm « can secure at least its a-equilibrium profit when speed
is o/. Consider the environment with speed o’ and the same commitment level §. Firm a can
choose the same target-price algorithm that implements (pL, pZ) on path and uses R, (-) off path.
Because we have shown that the target pair is feasible and compatible with firm b’s incentive
compatibility constraint, firm b complies and chooses pz, the update is not triggered, and firm «
charges o throughout the period, yielding the same flow profit 7, (pIL, plT)). Because equal profits
are feasible for o/ > «, equilibrium profit is weakly increasing in the speed advantage « for any

6 €][0,1). O
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Proof of Proposition 4

Proof. Fix o and write 6 = 3y € [0,1). At a reprogramming date, conditional on the current
rival price py;, firm a chooses a target-price algorithm (equivalently, a feasible target pair (p:rl, pz)
together with the on/off-path implementation constraints) to maximize

(1 = a)malp, poe) + ama (o (pot), Poe) + oDl D)) (A.3)

1-9

subject to the implementation constraints (i)—(ii) and firm b’s incentive constraint (iii). Impor-
tantly, the feasible set does not depend on 6.

Take &’ > §. For any fixed feasible choice, the first two (current-period) terms do not depend
on ¢, while § — 1‘%5 is strictly increasing on [0, 1). Hence the objective is weakly increasing in
0 for every feasible choice whenever 7, (pl, pZ) > (. Therefore the maximized value (firm a’s
equilibrium discounted payoff) is weakly increasing in ¢ and is strictly increasing whenever the
equilibrium on-path flow profit is strictly positive.

Moreover, the firm’s objective can be interpreted as maximizing the weighted sum of current
payoffs (1 — a)ma(p, pst) + ama(o(pse), py) and future payoffs m,(ph, pi). The term m,(ph, p})
yields the on-path equilibrium profit, and the weight on this component is increasing with ¢.
Since the set of feasible target prices does not depend on 4, then, by revealed preference, the
component wa(pL, pZ) is weakly increasing with 0; otherwise, a preferred solution would have
been available, contradicting optimality. Therefore, the per-period profits are weakly increasing
in ¢. O

Proof of Proposition 5

Proof. Denote the joint profit-maximizing (collusive) prices (p{, p{’) and the sequential-move
prices where firm b is the leader as (p;,p}), i.e.,

py = arg max 7 (b, Ra(pp)) (AD

P2 = Ra(p}) (A.5)

and R, (py) provides firm a’s static best-response function. The collusive prices satisfy (p¢ pr) =

arg max,, n.) [Ta(Pa, Pb) + (P, Pa)] and yield the first-order conditions g;i + % =0, g—g +
Omg __
o = 0.

It is sufficient to consider o« = 1 and the full-commitment limit 6 = 8y — 1. In that limit,
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firm a’s choice of the target pair solves

max 7Ta(pj1>p2) (A.6)
(ph.p})
s.t. m(p), p) > H;)gmb(pb, Ra(py))- (A7)

Assume my(p§, ) > maxy, m(py, Ra(pp)) = m(p5, p3). Then (ph, p}) = (S, pf) is feasible and

the constraint is slack. By continuity of m, there exists ¢ > 0 such that (p§ — e,p{’) remains
feasible. Moreover, at (p¢, pr') we have 07, /0p, < 0 (from the collusive FOC and d7,/dp, > 0),
so for e > 0 small, 7,(pS — &,p§) > ma(p$, p§’). Hence firm a can achieve profit strictly above
its profit under collusive prices in the limiting problem.

Finally, by the maximum theorem and under the maintained uniqueness/regularity condi-
tions, equilibrium target prices and profits vary continuously in («,d) in a neighborhood of
(1,1). Therefore the strict inequality persists for all («, ¢) sufficiently close to (1,1), implying
the existence of thresholds @ < 1 and § < 1 such that for all @« > @ and By > J, firm a’s
equilibrium profit is strictly greater than m,(p$, p§). O

Proof of Proposition 6
Proof. Fix rival price py;. Write the commitment parameter as 6 = v € [0,1) and the continu-
ation weight as w(d) = /(1 — 9).

For any candidate target price p,, define firm »’s maximal deviation payoff

W(a;pa) = max{(l_a)ﬁb(ﬁbapa) + aﬁb(ﬁb,Ra(ﬁb))}, (A.8)

Py

and let py (v, p,) denote the (unique) maximizer. Under linear demand, p;(«, p,) is unique and
W (a; pg) is continuously differentiable. By the envelope theorem,

OW (@ pa)

8@ - Wb(ﬁba Ra(ﬁb)) - Wb(ﬁbapa) < 07 (Ag)

where the strict inequality follows from the fact that the binding deviation is downward and
the best-response punishment is sufficiently severe.

In the coercive solution, firm a’s objective is strictly increasing in the target pz (products are
substitutes), so the incentive compatibility constraint binds:

(D), ph) = W (e pf). (A.10)

Define F'(pq,py, @) = mp(py, pa) — W(a;pa). At the coercive solution, pZ lies on the decreasing
side of firm b’s single-peaked profit in own price, so Fj, (pl,pz,a) = wb,l(pg,pl) < 0. Hence,
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by the implicit function theorem there exists a differentiable IC frontier p, = ¢(pq, ) in a
neighborhood of (pE, «) satisfying F'(pq, ¢(pa, @), ) = 0.

Moreover, ¢, (paq, &) > 0: increasing « strictly lowers the deviation value W («; p, ), so main-
taining the binding equality requires a (weakly) higher p, along the IC frontier. Under linear
demand, the same implicit-function argument implies ¢, (pq, ) > 0 as well: increasing p,
raises on-path profit for firm b more than it raises deviation profit (the punishment portion of
deviation payoff does not depend on p,), so the binding IC frontier shifts upward in p,.

Using that 7, is increasing in the rival’s price, firm a chooses the largest incentive-compatible
pp for any p,, so pZ = gp(pjl, «). Substituting into the target-price problem (7) yields the reduced

problem

max { I (pas 0, o) + w(6) T (Pas 9(Pas ) - (A11)

where I (pg; o, ppt) = (1 — )70 (Pay Pot) + @ 7o (o (pre), poe) collects the current-period term in
(7) (which does not depend on §). Under linear demand, the objective is strictly concave in p,,
so the maximizer p}(a, §) is unique and satisfies a unique first-order condition G(pq,, o, §) = 0
with G, < 0. Therefore, pg(a, 0) is differentiable in («, §) by the implicit function theorem.

To sign comparative statics, note first that at the optimum we must have 9II°“" /9p, < 0: if
instead OI1°*" /Op, > 0, then a small increase in p, would strictly raise the current-period term
and (because ¢,, > 0 and 7, is increasing in p,) would also weakly raise the continuation term,
contradicting optimality. Since the first-order condition sets

ancu'f a
apa + w(é) Tpaﬂ-a (paa ‘P(pm Oé)) - 07 (A12)

it follows that the marginal continuation payoff %wa (Pa, ¢(pa, ) is weakly nonnegative at

ph.

Now consider increases in the parameters: (i) increasing ¢ increases w(d), placing more
weight on a continuation term with weakly nonnegative marginal payoff, so the unique opti-
mizer pl is weakly increasing in ¢§; (ii) increasing « shifts the IC frontier upward, and because
7, exhibits strategic complements under linear demand, this weakly raises the marginal con-
tinuation benefit of increasing p,. In addition, increasing o weakly reduces the weight on the
portion of I1°*" that depends on p,, which (since 9II1°*" /dp, < 0 at the optimum) also shifts
the first-order condition in a direction that weakly increases the optimizer. Hence pZ is weakly
increasing in « as well.

Finally, since pZ(a,(S) = go(pl(a,é),a) with ¢,, > 0 and ¢, > 0, the target pZ inherits
the same monotonicity: it is weakly increasing in « and (through h) weakly increasing in

6 = Br. O
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Proof of Proposition 7

Proof. Let C'S(pq, py) denote consumer surplus. By Roy’s identity, 90C'S/0p; = —D;(pa,pp) < 0
for i € {a,b}. By Proposition 6, both equilibrium target prices ph and pZ are weakly increasing
in o and in S~. Therefore, consumer surplus is weakly decreasing in « and in 5. O

Proof of Proposition 8

Proof. Maintain the linear-demand specification (22) with marginal costs normalized to zero
and the restriction to nonnegative prices p, > 0 used in Section 5.2. Under the restriction that
firm o commits to a linear rule through the origin and the target point (pz, p};), the within-period
update can be written as

P (2d+1)(3d+1)

o(py) = ¢pp,  where  ¢= pTT, = laraddr) 11 0. (A.13)

Since ¢(0) = 0, the nonnegativity truncation in (25) never binds for p; > 0.
For any p, > 0, firm b’s realized per-period profit (averaging over the (1 — «) and « portions
of the period) is
T(po) = (1 — )y (py, L) + a7 (P, o (1)) (A.14)

Under (22),
76(Pby Pa) = Pb Db (Pb; Pa) = Db {1 - (i + %)pb + %pa}- (A.15)

Substituting o (py) = ¢pp gives

Fo(py) = [1+ 40— a)ph] po — [£+ ¢ - %o) Bk, (A.16)

A =k

Hence 7} (py) = —2k for all p,. Moreover, using (A.13),

(2d + 1) [(5d? + 5d + 1) — a(5d* + d)] o (2d+1D{d+1)
A[(a+5)d(d + 1) +1] “A[(a+5)d(d+1) + 1]

KR =

> 0, (A.17)

where the inequality uses « € [0,1] and d > 0. Therefore, 7 is strictly concave and single-
peaked on [0, co0). Because 7 is strictly concave, it has a unique maximizer

t _ A
p, = arg g;g}gﬂb(pb) =5 (A.18)

Since 7, (py) = A — 2kp, is affine with strictly negative slope, it follows that

7 (pp) > 0 for p, < pZ, 7 (pp) < 0 for p, > pz. (A.19)
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We next establish convergence. Consider first the idealized update rule (24) applied to 7,
when the derivative is known: py 141 = ppe + A7 (pee). Let e; = pye — pl. Using 7;(p) = A — 2kp
and p] = A/(2x) yields

err1 = (1 —2AR) ey, (A.20)

SO Py — pi for any initial pyy whenever 0 < Ax < 1 (equivalently 0 < X < 1/k).

Now consider the finite-difference estimator (29) used in the text, with p) # p; so the
secant slope is well-defined. In the deterministic environment of the proposition, realized prof-
its satisfy m;, = 7,(py). Since 7, is quadratic, the secant slope equals the derivative at the

midpoint:
7o (pot) — To(Dbt—1) _ <pbt +pb,t—1> . (A.21)
Dbt — Dbt—1 2
Substituting this into (24) implies the two-dimensional linear recursion
err1 = (1= Ar)er — Ak ep—q. (A.22)

Its characteristic polynomial is 72 — (1 — Ax)r + Ax = 0, whose roots lie strictly inside the unit
circle whenever 0 < A\x < 1. Hence e¢; — 0 (and thus py; — pl) for any initial pair (p), p;) with
py) # pi and convergence is attained, provided \ is not too large. O

Proof of Proposition 9

Proof. When kcg = kq = kp = Kk > 0, the platform objective (31) is proportional to
CS™(a,y) + mala,7) + mh (e, 7), (A.23)

i.e., per-period total surplus.
Under the linear demand system (22) (derived from a quasilinear quadratic utility) and
with marginal costs normalized to zero, total surplus at a price pair (p,, py) can be written as

1
TS(pasps) = CS(Parpb) + Ta(Par Pb) + T(Paspp) = 4— = (02 +07) — 5 (pa —1p)°. (A24)

8

A~ Q.

Hence T'S(pq, py) is strictly decreasing in both p2 + p? and (p, — pp)>.

Let (p}(c, ), pi (e, 7)) denote the coercive equilibrium target prices induced by («, ). Propo-
sition 6 (linear-demand comparative statics) implies that both equilibrium prices are weakly in-
creasing in « and in effective commitment . In particular, the smallest equilibrium prices occur
at (a,y) = (0, 0), which coincides with the simultaneous Bertrand benchmark in the symmetric
linear-demand example.

Therefore,

TS* (o, ) = TS(py (), pia,v)) < TS(p;(0,0),p;(0,0)) =T5%(0,0), (A.25)
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so («,7y) = (0,0) maximizes the platform objective. O

Proof of Proposition 10

Proof. Let the platform payoff be
Qa,y) = kesCS™ (a,y) + Kam, (a,y) + Ky (7). (A.26)
Consider the difference between maximal technology and the no-technology benchmark:
A(kq) = Q(1,1) — ©(0,0). (A.27)
Expanding,
Alra) = res(CS7(1,1) = CS*(0,0)) + o (5 (1. 1) ~ w5(0,0) + my (w3 (1, 1) — 75 (0,0)). (A.28)

By Proposition 6, C'S*(1,1) < C'S*(0,0). By Propositions 3—-4, 7 («, ) is weakly increasing
in both a and ~. To see that strict monotonicity holds, note that 7}(0,0) corresponds to the
Bertrand profit. By Proposition 5, 77 (1, 1) strictly exceeds the symmetric collusive profit, which
is strictly higher than the Bertrand profit under linear demand. Thus, 7(1,1) — 7%(0,0) > 0.
Hence A(k,) is affine in , with strictly positive slope.

Define the threshold

kos(CS*(0,0) — CS*(1,1)) + kp(m(0,0) — 77 (1, 1))
mi(1,1) — 7(0,0)

Ra(KCs, Kp) = max { ,0} : (A.29)
Then for any k, > Rq(kcs, kp), we have A(k,) > 0, so the platform strictly prefers (1,1) to
(0,0). Therefore (0,0) cannot be optimal and any optimum satisfies (a*,v*) # (0,0).

Finally, as x, becomes large relative to (kcg, ki), the objective is dominated by .7 («, 7).
Since 7} («, y) is increasing in both « and ~ (Propositions 4-3), the platform chooses (a*,v*) =

(1,1) in the limit. O
Proof of Proposition 11
Proof. Let the platform payoff be

Qa,y) = kosCS™(@,7) + Kamg(a,y) + Ky (a, ). (A.30)
Consider the commitment-only policy («,v) = (0,1), which corresponds to the sequential

benchmark where seller a leads, and compare it to the simultaneous benchmark (0, 0).
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Under (22), the simultaneous (Bertrand) price is p® = 2/(1 + d) and each firm earns

5, 1+2d
7B (d) = e (A.31)

Under (a,7) = (0, 1) (seller a as leader), prices are

6d + 2 dps +2
S S a
_ _ 4Pa T = A.32
Po =5 Taa+1 P 7 2dv1 (8-32)
and equilibrium profits are
d?+6d+1 25d* d? d? +10d + 1
75(d) = 9d* + 6d + , 5(d) = 5d* 4 50d° + 35d” + 10d + . (A.33)
4d® +10d? 4 6d + 1 8> + 36d* + 56d3 + 36d? + 10d + 1
A direct comparison yields
s B d!
d) — d) = 0 A3
() =) = G edr DR g D) (A.34)
and 304 ) )
d>(9d° + 20d* + 12d + 2
s B
d) — d) = 0 A.35
i (d) =) = T d DR a1 1) (4.35)
for all d > 0. Hence the weighted producer term strictly increases:
AP = Rqo(m(0,1) — 72(0,0)) + rp(m3(0,1) — 73 (0,0)) > 0, (A.36)

since kg + Ky > 0.

By Proposition 7, under linear demand consumer surplus is weakly decreasing in commit-
ment and in speed. Since (0, 1) yields strictly higher equilibrium prices than (0,0) when d > 0,
we have C'S*(0,1) < C'S*(0,0) and thus

ACS = CS*(0,0) — CS*(0,1) > 0. (A.37)

The platform payoff difference between (0, 1) and (0,0) is

0(0,1) — Q(0,0) = AP — kesACS. (A.38)
Define AP
Rcs(fﬂla,/ﬂ?b) = TC'S’ > 0. (A.39)

Then for any kcgs € [0, kcs), we have (0,1) > €(0,0), so (0,0) cannot be optimal. Therefore
any optimal platform policy must satisfy (a*,~*) # (0,0). O
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A.2 Alternative Timing Assumptions

This appendix examines the sensitivity of the coercion mechanism to the move order at re-
programming dates. In the baseline model (Section 2), when the algorithm is reprogrammed
in period 7, firm a chooses A, = (p,,0,) and firm b chooses p;,, simultaneously. As a result,
firm b cannot condition on the newly chosen algorithm within period 7 and reacts only in sub-
sequent periods. We consider four alternative timing structures for the reprogramming period.
Throughout, we maintain the baseline primitives and notation: ;(p;, p;) denotes static profit,
a € [0,1] is the within-period speed advantage, 8 € [0, 1) is the discount factor, and v € [0, 1]
governs algorithm persistence.

We restrict attention to the same class of “trigger” algorithms used in the baseline analy-
sis: firm a chooses a target price for its rival pZ and the algorithm initialization price p. The
algorithm updates prices according to the rule
i

if py = py,
o(pp) =" b= P (A.40)

Ra(py) if py # ),

where R, (-) is firm «’s static best response (Assumption A2).

Model (a): One-Period Implementation Delay. As in our baseline model, we assume that
firm a chooses A, and firm b chooses py, simultaneously at the beginning of a reprogramming
date t = 7. However, we assume that the target price response cannot be implemented during
reprogramming periods, but only during subsequent periods which the algorithm remains in
place. That is, firm a uses its static best-response during the entirety of the reprogramming
period 7. Even if firm b were to choose p, = pZ in period 7, firm a does not accommodate by
setting ph. In periods ¢t > 7 where the algorithm persists, the algorithm operates exactly as in
our baseline model.

This may represent a scenario where the firm is “reprogramming” throughout the period,
so that it cannot commit not to manually change the price (and thus it follows its static best-
response). Or it may represent a scenario where an algorithm might need to first establish
a credible threat or “reset” the market by demonstrating the punishment phase before it can
successfully induce compliance.

Given an initialization price p, for the first (1 — «) fraction of the reset period and the forced
punishment mapping in the final « fraction, firm b’s reprogramming-period best response solves

Ppr € arg max (1 — @) m(pp, pr) + v (po, Ra(pb))} : (A.41)

In periods ¢t > 7 when the algorithm persists, firm b can comply by choosing p, = p}:, which
yields p, = p, throughout the period. Denoting this as the target price pl, we see that the
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continuation target is pinned down by the same within-period incentive constraint as in the
baseline:

(o} p}) > max [ (L= a)my(pp. p}) + om (. Ba(fn) . (A.42)

Firm a’s objective function differs from the baseline in that it will always follow R, during the
update phase in the reprogramming period and that it has to account for firm &’s adjusted IC
constraint in this period. Unlike our baseline model, the equilibrium prices may change from
the reprogramming period to subsequent periods when the algorithm is in force.

Model (b): No Punishment in the Reprogramming Period. As in our baseline model, firm a
chooses A, and firm b chooses p,, simultaneously at the beginning of a reprogramming date
t = 7. Here, assume that the within-period update technology o(-) is not operative during the
reprogramming period, but instead activates only for future periods ¢ > 7 when the algorithm
persists. Thus, firm a’s choice of p, determines its price for the entire period 7. This represents
situations where an algorithm needs time to gather data on a rival after it is reprogrammed,
or where technical latency prevents immediate response. This “no punishment” in the initial
period assumption is the converse to the “always punish” in the initial period assumption in
Model (a).

Maintaining the convention that firm a attempts to implement the target immediately, p =
ph, firm b’s reprogramming-period best response satisfies

Py € arg max To(py, Ph) = Ro(p)), (A.43)

and the continuation target again must satisfy (A.42) when the update rule becomes active in
subsequent periods. Because of the changes in incentives, the equilibrium prices may change
from the reprogramming period to the future period when the update rule is active.

Model (c): Target Price Set First, then Simultaneous Price Setting. We break from our
baseline model by introducing sequential moves at the beginning of the period. Here, assume
that firm a can first commit to the target price pZ, then (immediately after) firm a chooses p
and firm b chooses p, simultaneously. This explores a situation where the compliance price is
stickier than firm a’s choice of its own price, and may map to scenarios where firm a has to
“communicate” its desired outcome to firm b before both firms set price.

In this formulation, the continuation target is pinned down by the incentive constraint
(A.42) above. Given a target, the within-period outcome (p*,pj,) in the reprogramming pe-
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riod is determined by the Nash equilibrium of the pricing subgame:

By

p* € arg max {(1 — a)ma(p, pyy) + ama (o (D), Piy) + ] Wa(p,pZ) , (A.44)
plp} - By

Dy € arg mla)Tc [(1 — a)mp(pp, p*) + amy (pb, cr(pb))]. (A.45)
Pb Py,

Using backward induction, firm a chooses pz to yield its highest discounted payoffs that arise in
this subgame.

Model (d): Algorithmic Stackelberg Leadership. At a reprogramming date, firm a chooses
the algorithm parameters (p, o) first; firm b observes the resulting algorithm and then chooses
ppe- In this sequential reprogramming-period timing, both price and the full form of the (A.40)
is publicly observed before py; is chosen, and firm b solves

py € arg max | (1 — a)mp(ps, p) + amp (pb, O'(pb»] (A.46)
pol(p,p})

If the target satisfies (A.42), then p;, = pZ is optimal; otherwise firm b deviates immediately.

Table A-1 summarizes the equilibrium for the baseline timing and the four alternatives at
various technology configurations (o, 3y) € {0,1}2. We use the same benchmark labels as in
the main text: “Bertrand” denotes the static Nash outcome with simultaneous pricing, “a as
leader” and “a as follower” denote the corresponding sequential-move (Stackelberg-in-prices)
outcomes, and “maximal coercion” refers to the outcome associated with the static program
(21). Because pricing in the initial reprogramming period can differ from continuation play,
the table reports continuation targets whenever 5y = 1; when 5y = 0 there is no continu-
ation (every period is a reprogramming period), so the table reports the equilibrium for the
reprogramming period instead.

The models with alternative timing assumptions yield two conclusions. First, maximal co-
ercion is robust to the details of the reprogramming-period ordering: across all timing vari-
ants, the same maximal-coercion target remains an equilibrium prediction under the maximal
technology configuration (a, 8v) = (1,1). Second, the comparative statics continue to be orga-
nized by (i) an enforcement technology (speed, «) and (ii) a commitment device. Model (a)
delivers the same predictions as the baseline. When the reprogramming period temporarily
disables within-period punishment (Model (b)), results are also similar, however speed without
persistence no longer generates supracompetitive outcomes. In the baseline model, commit-
ment is delivered by persistence of the algorithm through gv. In Models (c) and (d), the
reprogramming-period move order itself creates an additional commitment channel, allowing
firm « to attain equilibrium outcomes when 3+ = 0 that require S+ = 1 in our baseline. These
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Table A-1: Equilibria under Alternative Timing Assumptions

(o, B)

Timing Structure (0,0) (0,1) (1,0) (1,1

No Speed/ Commit Speed Speed &

No Commit Only Only Commit
Baseline Bertrand a as Leader a as Follower Maximal Coercion
Model (a): Only Punish Initially Bertrand a as Leader a as Follower Maximal Coercion
Model (b): No Initial Punishment Bertrand a as Leader Bertrand Maximal Coercion
Model (c): a Sets Target First Bertrand a as Leader Maximal Coercion Maximal Coercion
Model (d): a Moves First a as Leader a asLeader Maximal Coercion Maximal Coercion

Notes: The table shows equilibrium outcomes under the baseline timing (Section 2) and the four alternative
reprogramming-period timing structures described in Appendix A.2. The columns correspond to limiting values of the
algorithmic firm’s technology parameters (¢, 37): (0,0) represents no speed advantage or commitment across periods;
(0,1) represents full commitment without speed; (1, 0) represents maximum speed without commitment; and (1, 1) repre-
sents the combination of maximum speed and full commitment. In columns with 3+ = 1, the entry reports the equilibrium
target pair (p:Q, pZ) implemented in periods ¢ > 7 when the algorithm remains in force. In columns with 8y = 0 the
algorithm is reprogrammed each period, so the entry instead reports the equilibrium outcome of the reprogramming-period
pricing game implied by the corresponding timing structure.

timing variants therefore clarify that the mechanism is not a knife-edge consequence of a par-
ticular within-period ordering, but rather reflects the interaction of enforcement capacity and a
commitment channel.

Existence and uniqueness of equilibria under these timing assumptions require the standard
single-peakedness and best-response slope conditions that are met in standard demand envi-
ronments and imposed as our regularity assumptions R1(i) and R1(ii). None of these timing
variants require R1(iii) to ensure the objective function are well-behaved. Note that timing vari-
ants that endow firm a with an explicit first-mover commitment channel (Models (c) and (d))
can be characterized by standard backward induction: firm b observes the rule and then either
complies with the target or deviates, and firm a chooses the rule anticipating that best response.
In that environment, the regularity assumption R1(iii) (maximal incentive-compatible target),
is naturally interpreted as the optimal choice from firm a’s maximization problem subject to
firm b’s incentive constraint.
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A.3 Extension to Oligopoly

While we primarily consider the case where an algorithmic firm faces a single slower rival, it is
straightforward to extend the results to a more general setting in which a single algorithmic firm
faces multiple slower rivals that all have the same pricing frequency. Thus, the speed advantage
« characterizes the reaction time that the faster firm has relative to each of the slower firms.
We consider an n firm oligopoly with one algorithmic firm and n — 1 slower rivals. The

algorithmic firm’s price is given by p, while the vector of prices for slower rivals is given by

r = (r1,72,...,m—1). Generalizing the model in Section 4, firm a chooses the target price for
itself, pl, and rivals, rf = (TI, r;, e rlfl), that maximize its discounted profits, subject to the

algorithm technology and the incentive compatibility constraint for the rival firms:

By

max (1 — a)ma(p,re) + amg(o(ry),re) + ma(pl,rh) (A.47)
(phrh)rs 1—fy
st. (i) p=pl (A.48)
pIL ifr =rf
(i) ofr) = (A.49)
Ro(r) ifr#rf
(iii) mi(pl,xt) > (1= a)mj(p,7j,xl ) + amj(o(fy, el ) il ) Wiy, 5 (A50)

After a fraction 1 — « of period ¢ elapses, the algorithmic firm observes the vector of prices
ry and maintains price plt if all prices are equal to the target prices for rivals. Otherwise, the
algorithmic firm best responds to rivals, setting price R,(r).

We examine the case of linear demand that generalizes the duopoly demand given by equa-
tion (22). Demand for the algorithmic firm is given by

1 d i G
Da(pavr) =1- (4+2> pa‘f’JZlQ(n_ 1)7"] (AS].)

Demand is symmetric. Therefore, demand for rival j is given by

1 d d d
Di(pa,t) =1~ =+ )rj+=—pa YA A.52

When d = 1, the Bertrand price and joint profit maximization prices are the same as for the
duopoly linear demand given by equation (22).

We simulate equilibrium outcomes for the n = 3 case with d = 1. Appendix Figure A-1
shows equilibrium prices (panel (a)) and profits (panel (b)) with full commitment and different
values for the speed advantage. The chart is qualitatively similar to the case of two firms shown

in Figure 3. As in our previous analysis, prices are increasing in the speed advantage of firm a.
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Figure A-1: Prices and Profits in Coercive Equilibrium with Three Firms

(a) Price vs. Speed

(b) Profits vs. Speed
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of speed advantage «
under coercion with full commitment (3y = 1). Panels (c¢) and (d) show equilibrium prices and profits
under coercion for different values of commitment, 5+, when the faster firm has maximum speed (« = 1).
Outcomes under Bertrand competition with simultaneous pricing and joint profit maximization are displayed
for comparison. Assumes d = 1 under the linear demand system given by equation (A.51).

Profits of firm a are also increasing in the speed advantage. However, the ability of firm a to

coerce rivals into setting higher prices is somewhat muted compared to the two-firm case due

to the fact that the incentive compatibility constraints are more binding in the three-firm case.

Panels (c) and (d) of Appendix Figure A-1 show equilibrium prices and profits in the case

with maximum speed advantage and different values for the degree of commitment. Again,

the results are similar to Figure 3. Prices and profits are increasing in the degree of commit-

ment; however, prices under full commitment are lower than in Figure 3 given the additional

constraints on firm a. In the two-firm case, the incentive compatibility constraint for the firm
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Figure A-2: Prices and Profits in Maximal Coercive Equilibrium under Oligopoly

(a) Price (b) Profits
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Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, the coercive equilibrium with maximum speed (« = 1) and maximum commitment (3y = 1), and
joint profit maximization. Assumes d = 1 under the linear demand system given by equation (A.51).

without the pricing algorithm is determined by (1 — «)my,(py, p) + amp(Ps, 0 (Pp)), which does not
depend on the degree of commitment. However, in the three-firm case, the equivalent expres-
sion, wb(pz,r;r,rl) > (1 — a)m(p, fb,rl) + awb(a(fb,ri),f’b,rl), does depend on the degree of
commitment since commitment affects the other slow firm’s price, ri.

Finally, we examine the maximal coercion equilibrium by the number of firms in Appendix
Figure A-2. Given the demand system, the Bertrand price and profits under joint profit maxi-
mization are constant as the number of firms increases. Under the coercive equilibrium, prices
are decreasing as the algorithmic firm faces additional rivals without an algorithm. The al-
gorithmic firm’s profits are also decreasing in the number of rivals. However, the effect of
additional rivals without an algorithm is relatively modest. Prices and profits are still substan-
tially higher relative to the Bertrand equilibrium even with several rivals. With 10 rival firms,

market prices are on average 18 percent higher than the Bertrand equilibrium.
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A.4 Additional Tables and Figures
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Figure A-3: Prices and Profits in Coercive Equilibrium: Partial Commitment
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Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, the coercive equilibrium with partial commitment (3~ = 0.5) and speed advantage «, and joint profit
maximization. Assumes d = 1 under the linear demand system given by equation (22).

Figure A-4: Prices and Profits in Coercive Equilibrium: Intermediate Speed Advantage

(a) Price (b) Profits
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Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, the coercive equilibrium with o = 0.5 and commitment 3+, and joint profit maximization. Assumes
d = 1 under the linear demand system given by equation (22).
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Figure A-5: Prices and Profits in Coercive Equilibrium: Logit Demand

(a) Price vs. Speed (b) Profits vs. Speed
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of the speed advantage «
under the coercive equilibrium with full commitment (3 = 1). Panels (c) and (d) show equilibrium prices
and profits under coercion for different values of commitment, 3+, when the faster firm has maximum speed
(o = 1). Outcomes under Bertrand competition with simultaneous pricing and joint profit maximization
are displayed for comparison. Assumes logit demand given by D;(p;,p—;) = exp(—np:)/[¢ + exp(—np;:) +
exp(—np—;)] where n = 2 and ¢ = 0.01.
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CS relative to Bertrand

Figure A-6: Prices and Profits in Coercive Equilibrium, by Product Differentiation
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Notes: Panel (a) shows prices and panel (b) shows profits under Bertrand competition with simultaneous
pricing, coercion, and joint profit maximization. Panel (c) shows consumer surplus under the coercive equi-
librium relative to Bertrand and panel (d) shows consumer surplus under the coercive equilibrium relative
to joint profit maximization. Considers the maximal coercion case with « = 1 and 8y = 1. Figures show
equilibrium for different differentiation parameters d using linear demand given by equation (22).
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Table A-2: Periods to Convergence for Coercive Equilibrium with Linear Pricing Rule

(a) Convergence Criterion of 1%

10th 25th 50th 75th 90th
A Mean Min Percentile Percentile Percentile Percentile Percentile Max
0.2 27.8 3 16 23 30 35 36 37
0.4 13.1 3 8 11 14 16 17 17
0.6 7.7 3 6 7 8 9 9 9
0.8 6.7 3 5 5 8 8 9 9
1 7.1 3 4 7 7 8 8 10
1.2 8.3 3 6 7 9 10 10 10
(b) Convergence Criterion of 0.1%
10th 25th 50th 75th 90th
A Mean Min Percentile Percentile Percentile Percentile Percentile Max
0.2 45.2 3 33 40 48 52 54 55
04 20.2 3 15 18 21 23 24 24
0.6 10.6 3 9 10 11 12 12 12
0.8 9.4 6 8 9 10 10 10 10
1 10.6 6 8 10 11 11 12 14
1.2 12.4 7 10 12 13 13 15 15
(c) Convergence Criterion of 0.01%
10th 25th 50th 75th 90th
A Mean Min Percentile Percentile Percentile Percentile Percentile Max
0.2 62.6 3 51 58 65 70 71 72
0.4 27.4 4 23 25 28 30 31 31
0.6 13.4 6 12 13 14 14 15 15
0.8 12.9 8 10 13 14 14 14 14
1 14.3 9 12 14 15 15 15 17
1.2 16.8 11 13 16 16 19 19 19

Notes: Table shows statistics of the number of periods until convergence when the algorithmic firm uses a linear
pricing rule and the rival is assumed to use gradient learning. Rows indicate values of the price adjustment step
size, A\. Convergence is defined as being within 1% of the equilibrium price for panel (a), within 0.1% of the
equilibrium price for panel (b), and within 0.01% of the equilibrium price for panel (c). For each value of ),
we simulate price paths from 1,000 values of initial starting prices from a grid between 0 and 2 and report the
mean, min, max, and percentiles. Simulation assumes algorithmic firm has maximum pricing speed (o = 1)
and uses the linear pricing rule described in Section 5.2. Assumes d = 1 under the linear demand system given
by equation (22).
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Figure A-7: Prices and Profits in Coercive Equilibrium: Harsh Punishment

(a) Price vs. Speed (b) Profits vs. Speed
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of pricing speed « under co-
ercion with full commitment (3 = 1). Panels (c) and (d) show equilibrium prices and profits under coercion
for different values of commitment, 8-, when the faster firm has maximum speed (« = 1). Outcomes under
Bertrand competition with simultaneous pricing and joint profit maximization are displayed for comparison.
Unlike Figures 3 and 4, we assume firm a uses a punishment price of O rather than the static best response.
Assumes d = 1 under the linear demand system given by equation (22).
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Figure A-8: Prices and Profits in Coercive Equilibrium: Price Matching Punishment

(a) Price vs. Speed
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Notes: Panels (a) and (b) show equilibrium prices and profits for different values of speed advantage o un-
der coercion with full commitment (3 = 1). Panels (¢) and (d) show equilibrium prices and profits under

coercion for different values of commitment, 3+, when the faster firm has maximum speed («

1). Out-

comes under Bertrand competition with simultaneous pricing and joint profit maximization are displayed for
comparison. Unlike Figures 3 and 4, we assume firm a uses a punishment function that matches rival’s price
rather than the static best response. Assumes d = 1 under the linear demand system given by equation (22).
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Figure A-9: Convergence Speed with Gradient Learning by Price Step Size
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Notes: The figure shows the mean number of periods until convergence when a naive firm uses gradient learn-
ing with price adjustment step size A\. Convergence is defined as being within 0.1% of the equilibrium price.
For each value of A\, we simulate price paths from 1,000 values of initial starting prices from a grid between
0 and 2 and then average the number of periods until convergence. The orange line shows a simultaneous
pricing game that results in Bertrand prices. The blue line shows the game in which the algorithmic firm has
maximum pricing speed (o = 1) and uses the linear pricing rule described in Section 5.2. Assumes d = 1
under the linear demand system given by equation (22).
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Figure A-10: Convergence of Simulated Learning with Demand Shocks
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Notes: The charts show simulated price paths when firm b uses gradient learning with uniformly distributed
demand shocks with mean 1. Top panel shows shock with standard deviation 0.05, middle panel shows shock
with standard deviation 0.1, and bottom panel shows shock with standard deviation 0.5. Demand shock
affects the constant in linear demand given by equation (22). Left charts show a single simulation while
right charts show the average of 1,000 simulations with error bars showing two standard deviations from the
mean. Dashed lines show equilibrium prices derived in the proof for Proposition 8. The figure considers the
case with o = 1 and By = 1.



