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1 Introduction

This paper investigates a generalization of the Lucas (1972) Phillips curve, in which some firms
take longer than others to figure out whether a price change represents aggregate or relative
demand. The output gap z; follows

[o.¢]
KTt = Pt — / o By jpydj (1)
=0

where p, is the log price level, and ¢; is the fraction of firms that take j periods to learn the aggre-
gate state of the economy. I place this Phillips curve in the standard new-Keynesian framework,
i.e. an intertemporal IS curve and an interest rate target. The resulting response of inflation to
shocks is hump-shaped. Inflation is initially unstable, building up over time. Later on, inflation

dynamics become stable, and inflation goes away.

Specifically, I start by uniting the Phillips curve (1) with the standard intertemporal substi-

tution IS curve,
Et (dCEt)

dt

= o(iy — ), (2)

and I compute the response to a shock consisting of an AR(1) interest rate and an -0.5% initial
inflation. Figure 1 presents the resulting response of inflation and output, using exponential
weights a; = ae~%. Disinflation grows following the initial shock, in a hump-shaped pattern,
before subsiding. That is the central result. (The reason for the initial inflation assumption is
explained in detail below. The same responses occur under the plotted disturbance {u;} to a

Taylor rule i; = ¢m; + uy, also discussed below.)

Figure 2 presents the response of inflation and output to the same shock, using a hump-
shaped pattern of weights generated by the difference between two exponentials. (See (6) and
Figure 4.) The major difference is that inflation does not jump downwards on impact. Avoiding

that feature is a main motivation (aside realism) for examining hump-shaped weights.

This is an easy computation. With exponential weights o; = ae~%, the output and price

level responses to a time-0 shock in (1) are related by
kxy = e Up,. 3)

At time t, output is proportional to the fraction f] > ae"%dj = e~ of firms that have not got-

ten the news, times the price surprise. The IS curve (2) says that the output, interest rate, and
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Figure 1: Responses to AR(1) interest rate and mp = —0.5% with exponential weights o; = ae"%Y,

Dynamic IS and a generalized Lucas Phillips curve. Parameters 0 = 0.2, x = 0.2,a = 1,b = 0,
n; = 0.3. The u line plots u; in iy = ¢ + uy with ¢ = 1.1. With » = 2% and short-term debt, the
inflation path requires a fiscal tightening 5/ equal to 13.7% of the value of debt.
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Figure 2: Responses to AR(1) interest rate and py = —0.56% with double-exponential weights.
Dynamic IS and a generalized Lucas Phillips curve. Parameters 0 = 0.2, xk = 0.2,a = 1, b = 2,
i = 0.3.



inflation responses are related by
dl‘t

Take the derivative of (3), eliminate output growth from it and (4), and solve the resulting ordi-

nary differential equation linking dp/dt = m, p¢, and ;.

1.1 Motivation

The generalized Lucas Phillips curve makes progress towards solving one of the two great prob-
lems with the standard new-Keynesian model and a bit of progress on the other. To illustrate,
Figure 3 presents the response function of the standard textbook new-Keynesian model. The
model consists of an intertemporal IS curve, a forward-looking Phillips curve, and a Taylor rule

1t = ¢m + ug. 1 plot the response to an AR(1) shock to the disturbance w;. (I present the model

and calculation below.)

Percent

-05 - T

Time

Figure 3: Response of the standard three-equation new-Keynesian model to an AR(1) Taylor-rule
policy disturbance u;. Parameters n; = 0.3, ¢ = 1.1, r = 2%, 0 = 0.21, kK = 0.21, ug = 1.97%. The
passive fiscal tightening to pay interest costs on the debt is 5y/r = 5.9% of the value of debt.

In this model, inflation and output rise in response to higher interest rates, after an ini-
tial downward jump. In the standard view among policy makers, commentators, and many

economists, as well as the results of many VARs, higher interest rates lead inflation and output



to steadily decline over a period of months to years, roughly as plotted for inflation 7; in Figure
2.

That higher interest rates raise inflation and output going forward is robustly embedded
in standard-forward looking models. If real interest rates rise, consumption and consumption
growth must rise, via the standard first order condition, at least relative to their levels a minute
after the interest rate rise. Similarly, with flexible prices and therefore a constant real rate, the
nominal interest rate equals the real rate plus expected inflation, so higher nominal rates raise
expected inflation. Sticky prices do not overturn that result, which would require a real interest
rate that rises more than the nominal rate. In the standard forward-looking Phillips curve, lower
output means lower inflation relative to future inflation, i.e. that inflation rises over time (Ball,

1994), again at least relative to its value a minute after the shock.

These results fundamentally come from the underlying stability and determinacy of the
economy. In the traditional policy view, driven by adaptive expectations, inflation is unstable
under an interest rate peg, or when interest rates react less than one for one to inflation, as de-
scribed by Friedman (1968). With rational expectations in the standard new-Keynesian model,

inflation is stable, and eventually converges to the nominal interest rate.

Stability, and consequent long-run neutrality — higher interest rates eventually lead to higher
inflation — are lovely properties for a basic textbook economic model. But those properties make
it harder to construct a model in which higher interest rates temporarily lower inflation, consis-

tent with policy beliefs. This is a major point of Cochrane (2024).

In that context, the generalized Lucas Phillips curve produces short-run instability while
retaining long-run stability. Roughly speaking, it generates dynamics dn/dt = ~(t)m + 6(t)iy,
in which ~(¢) > 0 for small ¢, but v(¢) < 0 for larger ¢. By generating short-run instability, the
generalized Lucas Phillips curve produces an inflation response closer to standard beliefs and
VARs, but maintaining the long-run stability and neutrality of the standard rational expectations

model.

Put another way, the standard policy beliefs want backward-looking dynamics. Rational ex-
pectations and optimization want forward-looking dynamics. With menu costs or Calvo pricing,
firms set prices with an eye to next year’s prices. In the Lucas Phillips curve, there is no reason for
firms to anticipate future price increases. Many empirical models add some backward-looking
dynamics in a more or less ad-hoc fashion. For many applications, such a fudge is reasonable.

But it leaves open the question, is there no simple, textbook level, rational economic model that



delivers the basic sign and operation of monetary policy? My goal is to see if such an object exists

rather than to construct a more complex pastiche that fits a particular data sample.

Mixing this generalized Lucas Phillips curve with a standard intertemporal IS equilibrium
condition, however, output still rises going forward, with at most an initial downward jump as
can be seen in Figures 1 and 2. Using an IS curve that features an external habit or one that
downweights future output produces response functions in which output also falls before turn-

ing around, more quickly than inflation.

The downward jump in Figure 3 is the second puzzle of the standard model. Since output
and inflation rise over time, this downward jump is the only way for the model to produce lower

output or inflation at all coincident with a rise in interest rates. Where does it come from?

In this model as in the model with a generalized Lucas Phillips curve, the nominal interest
rate path only determines a family of solutions. One must also pick one member of that family,
for instance by specifying initial inflation. I show this below via analytic solutions (14) and (23)
relating inflation to interest rates. For both models, inflation is a weighted average of the interest
rate, plus a transient which we can index by initial inflation. Since the weights of inflation on the
interest rate are positive throughout, the only way to produce lower inflation with higher interest

rates is via a lower initial value.

So how do we pick initial inflation, or otherwise select among the family of inflation paths
consistent with a given nominal interest rate path? The standard New-Keynesian approach adds
an equilibrium-selection policy, supported by “passive” fiscal accommodation. That policy con-
sists of a choice of the monetary policy disturbance, among the set that produce the same inter-
est rate, or by a direct equilibrium-selection threat. Fiscal policy “passively” cooperates, raising
taxes or cutting spending to pay for interest costs on the debt and greater real payments to bond-
holders. The fiscal theory of the price level specifies the fiscal policy contraction directly, and
infers initial inflation from that choice. Thus any ability of the standard model to lower inflation
at all also depends on a downward equilibrium-selection/fiscal shock coincident with higher
nominal interest rates. The generalized Lucas Phillips curve does not change this fact. It does
ameliorate it a bit however. With it, a large negative inflation can be set off by a small downward

jump.

To produce a response in which higher interest rates result in lower inflation without a si-
multaneous fiscal contraction (either active or passive), or equivalently to produce a model in

which higher interest rates and a negative equilibrium/selection-fiscal shock are tied together



in a more believable way, giving the central bank any reason to raise interest rates in the first
place, I merge the generalized Lucas Phillips curve with long-term debt. This combination pro-
duces the Sims (2011) “stepping on a rake” or “unpleasant interest-rate arithmetic” mechanism
(see also Cochrane, 2017, 2024). With this mechanism and the standard Phillips curve, inflation
still jumps down and then reverts over time. It just gives a reason for the jump. The generalized
rational-expectations Phillips curve turns that jump into a long period of disinflation, similar to
standard policy beliefs. Thus, the generalized Lucas Phillips curve brings the stepping on a rake

mechanism closer to standard beliefs.

Though the generalized Lucas Phillips curve produces responses closer to standard policy
beliefs, the mechanism remains fundamentally different, as it is in the standard new-Keynesian
model. An initial downward inflation jump 7y < 0 is amplified for a while, but a higher nominal
interest rate just drags inflation up. The standard view wants higher real interest rates to push
inflation down, something like dr/dt = —~v(t)(ix — m) with v(¢) > 0 for small ¢, rather than
dr/dt = ~(t)m + 6(t)i;. Mechanically adaptive expectations produce such responses, but our
goal since the 1980s has been to avoid such non-economic and hence likely ephemeral and non-

policy-invariant ingredients.

The standard story that high real interest rates depress output and lower output pushes
down inflation (especially going forward) simply does not apply to either the standard model or
the generalized Lucas variant. That similar responses can be produced in a flexible price version
of the model with constant real rates (Woodford, 2003, Ch. 2) is a good indicator that real interest
rates are not central to the story. Indeed, the central bank can lower inflation with no change in
interest rates, or with lower interest rates, just as well or more effectively as it can with higher
interest rates. The best that anyone has achieved so far is that the rational expectations new-
Keynesian model somewhat mimics standard beliefs about the effects of monetary policy — the
impulse response function — but not the standard story for its mechanism. This paper is not

different in this respect.

It is of course possible that the standard beliefs are false and the standard new-Keynesian
model is right: inflation and output do rise in response to higher interest rates, potentially after
a one-time negative jump induced by, or accommodated by, tighter fiscal policy. The VAR evi-
dence is ephemeral and the subject of a long specification search to produce the “right” answer
(Ramey, 2016). Maybe the price puzzle was trying to tell us something all these years. Maybe
monetary policy acts much more quickly than the standard belief supposes (Buda et al., 2023).

It's hard to measure instantaneous inflation, and the change from a year ago will always ap-



pear sluggish. Maybe fiscal policy does quietly tighten, in hard to measure present-value terms,
alongside monetary policy, to pay the higher interest costs on the debt and a windfall to bond-
holders. Most successful disinflations have included fiscal reforms. No VAR has tried to orthog-
onalize monetary policy shocks to present-value fiscal shocks. Policy beliefs may come from
playing with ISLM models more than the actual accumulated weight of history and institutional
experience. And that experience always has difficulty separating causation from correlation, and
separating the influence of multiple policies and economic shocks. But in our exploration, it is
useful to know if there is a textbook model with somewhat respectable intertemporal forward-
looking economics that can express something like the standard belief about the effects of policy
if not the mechanism. At least the widespread cognitive dissonance between beliefs and equa-

tions need not continue.

I suspect that many economists and policy makers square the circle between the downward
jump of simple models and the long decline of intuition by alluding to “long and variable lags,”
some unstated process of adjustment to equilibrium. Yes, models say inflation and output jump
down immediately, but we interpret that process as taking place over a few years. The term orig-
inates from Milton Friedman (1948) (p. 254) and must represent one of the most durable of eco-
nomic dictums. Dupor (2023) has a nice review, and Nelson (2020) (p. 141) discusses the term’s
coinage. But modern dynamic economic theory does not allow hand-waving dynamics. Each
price and quantity must be part of an intertemporal equilibrium. The whole point of intertem-
poral macroeconomic modeling is that we must understand and model the long and variable

lags.

The basic rational expectations model incorporating the Lucas Phillips curve lost favor from
the impression that it could not give persistent output responses. The output response only
lasts one “period” until all firms learn to distinguish relative vs. aggregate demand. That already
leaves open how long a “period” is. While in 1972 and with MV = PY in mind it might have
seemed reasonable that everyone knew aggregate demand perfectly the minute money stock
numbers were published, that is less compelling today. Economists are still debating if the 2021
inflation surge came from aggregate (deficits) vs. relative (supply chain) shocks, and politicians
seem never to understand the distinction. That average businesses don’t know relative from ag-
gregate demand for quite some time is not unreasonable. The distribution of such information

lags gives rise to pretty dynamics in place of a simple iid process.



1.2 Literature

This Phillips curve is similar to the “sticky information” Phillips curve of Mankiw and Reis (2002,

2007), Mankiw and Reis start from a firm that wishes to set its price by

PI =pt + axy

where z; is log output, and sets its price based on information that is j periods old. I start instead

from a Lucas firm that, using information from j periods ago, sets output x; according to

Koy = pr — By jpy.

Averaging across firms leads to (1). This small difference leads to a Phillips curve that does not
have output growth on the right hand side, which was an unfortunate complication of Mankiw
and Reis’ formulation. It also leads to models in which it is easy to compute impulse-response
functions under an interest rate target. Mankiw and Reis (2007) is difficult to compute, which

perhaps explains why that model has not been widely adopted.

Mankiw and Reis (2002) (Figure I, bottom panel) show a pattern similar to that of Figure 1
in response to a one-time decline in the money stock. Inflation jumps down in the first period,
and then keeps going, before turning around and returning to zero. One might call that “locally
explosive” as I do, or “inertial” as Mankiw and Reis do. That behavior contrasts with the forward-

looking Phillips curve, in which inflation jumps down and then reverts in an AR(1) pattern.

Some calibrated medium-scale models produce a response somewhat in line with VARs and
policy beliefs, in which inflation and output decline going forward after a shock. Christiano,
Eichenbaum, and Trabandt (2016, 2018) are notable examples. (Many others, such as the the
famous Smets and Wouters, 2007 model do not produce such a response. Inflation jumps down
with the shock.) However, to produce that result they perform major surgery on all of the model’s
equations. They include prices and wages fixed one period in advance, a strong one-period
habit in utility, sticky wages driven by labor monopoly power, firms must borrow to pay the next
period’s wage bill, capital with adjustment costs that depend on investment growth rather than

the investment to capital ratio, wage and price indexation, and more.

The complexity of these efforts outline the challenge: How can we get a forward-looking
rational model to exhibit the appearance of backward-looking dynamics, at least temporarily?

So far, all of these ingredients are necessary to deliver the basic desired sign of monetary policy
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effects. If we stop with such complex models to embody the policy beliefs about the effects of
monetary policy, if simpler models fail to generate the basic signs, we cannot honestly say the
more complex model just adds bells and whistles to a basic explainable structure such as the
classic aggregate demand story. We need all of the machinery of the simplest model that does
the trick.

Thus, simplicity is also a goal of this paper, and should be a goal of the larger research pro-
gram. [ ask not what is a sufficient set of extensions, trying to match details of specific estimates,
but I ask what is a minimal and interpretable set of changes that deivers the basic sign of mone-
tary policy, while retaining as much as possible the rational and micro-founded flavor that dis-
tinguishes the post-Lucas new-Keynesian DSGE effort from simply writing down some relations
among aggregates that seem to fit the data and calling it a model. Somewhat surprisingly, after
30+ years, we still do not have a basic textbook economic model that can reproduce the standard

and widely reiterated beliefs about the operation of monetary policy.

The Appendix includes a more detailed literature review.

2 A Generalized Lucas Model

Again, [ start with a generalization of the Lucas Phillips curve,
o0

KTy = Dt —/ o By jpydj.
j=0

One can do all the computations in discrete time, starting with

o
RTy = Pt — Z a; By ipg.
j=1
Continuous time forces us to think a bit harder about which variables can jump or diffuse in
response to shocks and which must move differentiably. The formulas and pictures are a bit

more elegant as well.

The weights {«;} are positive and satisfy fj‘fo ajdj = 1. I use two examples for calculations,
an exponential

aj = ae”Y (5)
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Figure 4: Weights in the generalize Lucas Phillips curve. The plot shows weights «; for an expo-
nential a; = ae~% and double exponential a; = (e=% — e~%)/(a — b) examples. a = 1 and b = 2.

The shaded area illustrates ®;, = [, a;dj for ¢ = 2 in the double exponential case

J=t

and a double exponential,

e~ — b
aj=——7 - (6)
a b

The simple exponential leads to simple calculations and captures most of the message. The
double exponential has a hump-shaped pattern, with oy = 0, graphed in Figure 4. Unlike the
exponential case, no firms figure out instantly whether a disturbance is relative or aggregate. It

adds a few simplifications and refinements to the results.

I characterize the model solutions by impulse-response functions. Since the models are
linear, the response function—how (E; ;1 — E})y:+,; changes when there is a shock at time ¢ +1, for
any variable y,—is the same as the response to an “MIT shock” at time 0, in which all variables
and expectations start at zero, and then jump unexpectedly to new values. I use unadorned

time-series notation y; to denote such impulse-response functions.

From the Phillips curve, we can compute how the price level or inflation responses to any

shock are related to the output response. For any j < 0, E;p; = 0, while E;p, = p, for any j > 0.
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Thus, the price and output responses are related by

t
Rt = Pt — / @jdj Dt
j=0

KTp = </ ozjdj> pr = D(t)p;. (7)
j=t

Output moves in proportion to the fraction of firms that have not yet learned aggregate informa-
tion. Equation (7) also gives us the output response once we solve for the price level response

below.

The last equality in (7) introduces notation ®(¢) for the fraction of firms that have not yet

learned aggregate demand; also the right tail of {c;}. It obeys

Y _ o 220) _
®(0) =1; ®(c0) =0; g = o

For exponential weights (5)

and for double exponential weights (6)

We will shortly need the response of output growth. Taking the derivative of (7),

dx d
Rl = —aupy + (I)(t)%. 8)

One can derive a Phillips curve linking output and inflation, in the standard tradition, rather
than output and the price level. However, it turns out to be algebraically simpler to solve the

model in terms of the price level and then take a derivative.

In the standard Calvo pricing model, only a fraction \dt of firms can change prices between
time t and t + dt, so the price level cannot have a jump or diffusion, though the rate of inflation
can do so. In this generalized Lucas Phillips curve prices and output can diffuse or jump. If that
result seems counterintuitive, remember that individual firm prices and output flows do jump
and all our statistics are time averaged. One could add small costs of output or price movement,

but let’s first see how the model behaves without them.
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3 Model Response With a Dynamic IS curve

How the model behaves depends, of course, on both IS and Phillips curves. The (MIT shock)

response of the standard intertemporal IS curve is, for ¢ > 0

dx

E:a(it_ﬂt)- (9)

This is the continuous time equivalent to the familiar
xp = Tpq1 — 0 (g — Tep1).

Figures 1 and 2 plot the response of the model consisting of the generalized Lucas Phillips curve
and the IS curve (9) to the combination of an AR(1) interest rate path and a pg = —0.5% price

level shock.

To compute these responses, I eliminate output growth from (8) and (9). Rearranging, the

price level then follows the differential equation

d
[®(t) + oK) d—]: — Py = OKiy (10)

All of the derivatives are forward-looking and so interpreted hold at time zero as well.

Since ®'(t) = o, the left hand side is the total differential of [®(¢) + o«] p;. We quickly have

the solution

140k oK t
= idj. 11
P30 1or T B0) 1 on /j_o 1% (b
For exponential weights,
1+o0k oK t
= jidj. 12
P e—at a/@po * e~ % + oK / 49 (12)

The coefficient in front of p, is the central story. The variables ®(¢) and e~ in particular
start at 1 and then decrease. Price grows over time from an initial py, but then stabilizes at (1 +
ok)/(ok) of that original value. Also in the differential equation (10), the coefficient of dp/dt on
py is positive, so the model exhibits explosive dynamics, amplifying an initial negative shock over

time. However o, — 0 and ®(¢) — 0 as ¢ grows, so the price level eventually converges.
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[ use an AR(1) for the interest rate

iy = ipe M

t —n;t
1—e M
/ ijdj = —
j=0 Ui

This completes the calculation of the price level path.

SO

To find the inflation response, we can differentiate the price response, yielding

(1+0K) oy ORQy /t oo oK ]
T = + idj + —————iy. (13)
T +orP T @) 1 or S PV T B + ok
In the single exponential case,
(1+ oK) ae™™ okae” % /t o ok
- dj + 1. 14
7Tt [e—at + UH]Q Po+ [e—at 4 0/@]2 =0 KR e—at anzt (14)

Equations (11) and (13) show that we must characterize the policy input by both an interest
rate path and an initial price level, which solves the mystery of why I did so. Given a path of
interest rates, there are multiple equilibria, indexed by py. Thus, and anticipating later discus-
sion, we can call the choice of p, the equilibrium-selection policy. Each choice of p, also carries

different fiscal implications.

Holding constant the initial price level py, higher nominal interest rates raise inflation. Thus,
any disinflationary response must come by amplifying a negative initial price level or negative
inflation. For this reason, I plot responses to an AR(1) interest rate path and an initial 7o = —0.5%
or pg = —0.56% price decline. I show below that the model with a standard forward-looking
Phillips curve behaves the same way; this behavior is not a particularity of the generalized Lucas
Phillips curve. Since py < 0 does all the disinflationary work, and given p, raising interest rates
only raises inflation, it seems almost dishonest to plot the response to such a joint policy and call
it the result of monetary policy that raises interest rates. I only do so reflecting a long tradition
that does exactly that. I discuss this joint policy specification and ways of tying the interest rate

path and initial price level below.

To understand the behavior at time zero and how it differs across the two computations,

consider the initial conditions. We can read these directly off the differential equation (10) at
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t=0, or in the inflation response (13) att = 0:

(1+ oK) Ty — aypo = oK. (15)

When o > 0 asitis for the exponential weights, then the initial price level and inflation rate
are tied together. I specify 7o = —0.5% and find the implied py = —0.56%. One can in this case
also solve (15) as

1
p():af[(l—i-ali)ﬂ'o—O'/ﬁ:Z’o], (16)
0

and express inflation in (14) as a function of initial inflation rather than the initial price level.

When oy = 0 as in the double exponential weights, initial inflation has no connection to
the initial price level. Initial inflation must be positive when the initial interest rate is positive, a
brief “price puzzle.” I specify py = —0.56% so the calculation is comparable to the exponential

weight case.

Both Figure 1 and Figure 2 plot the instantaneous inflation rate, ignoring the price level
jump that gets the whole thing going. To display that phenomenon, Figure 2 also plots inflation
measured as change from the previous period p; — p;—1. Here we see inflation starting at -0.56%,
the initial price level jump less its value (0) one period previously. Measured inflation jumps
up as the initial price level drop enters the moving average. That seems unrealistic, and one
might add small frictions to smooth out the model. However, the triangles remind us that we
measure inflation at discrete intervals, however, so such jumps are not obviously counterfactual.

In reality, the price level is also time-averaged to monthly or quarterly intervals.

I plot the simple exponential response as well as the double exponential response to em-
phasize that the hump-shaped response does not come from hump-shaped weights. The central

story is initially unstable inflation, followed by a return to stability as time increases.

To see this behavior, we can write the differential equation for inflation by differentiating
the price differential equation (10), and then using it again to eliminate the price level from the

differential equation in favor of inflation. For exponential weights, the result is

dry  ale” — oK) 1 , diy
o _ au 17
dt (e=% 4 oK) T For |1 TR (17)

For ok < 1, inflation is initially unstable, with a positive coefficient on inflation. As ¢ rises
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and e~ falls, the sign changes and inflation becomes stable in the long run, with a negative co-
efficient on ;. For this reason, I calculate the response in Figure 1 with ¢ and « relatively small,
at 0.2 each. A smaller value of o and « allows a generous period of instability before e~ falls
below o« and inflation becomes stable. The parameter « = 1 means the typical firm learns the
aggregate price level in about a year. Smaller values and slower learning slow down the dynam-

ics.

Output z; follows from the price level (11) and (7),

KTy = </ ogdj) pt = D(t)py. (18)
j

i—t

Whether output rises or falls after an initial jump xz¢y = py depends whether the reduction in

®(t) outweighs the growth in p;. Using (11)

t
O(t) + O(t)ok n D(t)ok / idj. (19)
J

O(t) + ok o O(t)+ ok Ji—g

We see that for pyp < 0 and zy < 0, the leading coefficient is less than one, and output always
reverts to trend, as shown in Figures 1 and 2. Fiddling with parameters will not help. If we want

to modify this behavior we have to modify the model, which I do below.

We can see the basic mechanism for inflation dynamics with a static IS curve and the Lucas
Phillips curve,

xy = —0o (it — Eymigq)
RXy = Ty — Et,17Tt.

Eliminating x;, we obtain the equilibrium condition
By =i + —(mp — Ey_1my)
OKR

Denote the impulse response function 7, 71, etc. following a shock at time 0. Given an interest

rate path {i;} and first period inflation 7, inflation follows
To; M1 =11 + ——T0; T2 = U1, ... 7 = 1.
OR

If ok < 1, the period 2 response can amplify the period 1 response. We have initially unstable

dynamics, before turning around and becoming stable and neutral.
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This simple case helps to see the intuition: If 7y > 0, then we have a positive output response
xg via the Lucas Phillips curve. In this model, higher output z( requires a lower real interest rate.
So ip — Ejm must fall. With a fixed nominal rate i, that rise requires a rise in 7 relative to
ip. The rise in 7 is, when time 1 rolls around, a rise in expected inflation — 7; = Eym; in the
impulse response function — so has no further output effect. Lucas (1972) is famously a model
without persistence. But that dictum is restricted to output. Even Lucas’ Phillips curve generates

inflation persistence when married to an interest rate target and an IS condition.

4 Policy Specification

Itis a little unconventional that I specify the policy environment by an interest rate path and also
by an equilibrium-selection/fiscal choice parameterized by initial inflation or the price level. It
also seems unusual that equilibrium-selection choice does all the work of lowering inflation,

and that higher nominal interest rates on their own raise inflation. This section explains.

The issues are the same for the standard rational-expectations model, and not a pathology
of the Lucas Phillips curve. Stating policy in this way clarifies how both models work — especially
in this case since we have been playing with the model for 35 years and these points are still
unconventional. It also lets us examine the identification assumptions used to tie the interest

rate path to the equilibrium-selection shock.

4.1 Flexible Prices

The basic issue occurs even in the flexible price model with no Phillips curve at all. The flexible
price model reduces to

i = Eymip

so the response function is

Tt41 = Zt7 t 2 0. (20)

The interest rate at time 0 (the time of the shock) determines 71, but interest rates do not pin
down 7. To determine how the full path of inflation follows an interest rate path, we need an
additional assumption to tie down 7. With sticky prices, the assumption about 7y bleeds for-
ward to following inflation. Without a change in 7y, higher interest rates raise inflation at all

other dates. Sticky prices turn out to smooth out, but not overturn, these properties.
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4.2 Calvo Pricing
The standard model with a dynamic IS and a forward-looking Calvo-style Phillips curve is

Etd$t = U(it — Etdpt)

Eidmy = rm — kKo

though the results are similar with either representation. This is the continuous time version of

the familiar

= Eyxyy — o(iy — Eymygn)

= BEimi41 + Ky

Again, one can do the calculations either way.

The response to a time-0 shock satisfies

dry . dpt

P ( dt) 1)
dm

7dtt =TTt — KTt (22)

The price level may not jump, so with short term debt the value of debt may also not jump. We

have py = 0 among our initial conditions. 7, z¢, i may all jump at time zero.

Again we can eliminate output and find a differential equation linking the inflation response

to the interest rate path,

Solving that equation, the inflation response is

1 ! >
=T [Ce_’\lt + / e M=) ds —l—/ €_A2(s_t)isd5} (23)
N + o s=0 s=t

where C'is an initial condition, related to 7y by

1 0 s,
mo=51—7 |C+ e 1sds
T s=0

and
—r+Vr?+4ok S

A = 5

0
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r+Vr2+4dok
A2:f>0.

(Algebra in the Appendix.) Inflation is a two-sided moving average of the interest rate, plus an
exponentially decaying transient which can be indexed by initial inflation. Given the interest
rate, there are multiple possible equilibria, so the choice of initial inflation can again be called
an “equilibrium-selection” choice. The weights of inflation on the interest rate are all positive,

so for a given equilibrium-selection choice higher interest rates raise inflation.

Compare (23) to the inflation response (14) of the model with a generalized Lucas Phillips
curve, expressed as a function of initial inflation with (16). The form is the same: Inflation de-
pends on the interest rate path plus an equilibrium-selection choice indexed by initial inflation.
In both cases, the weights are positive so given the initial inflation choice, higher interest rates
raise inflation. In both cases, the only way to produce a decline in inflation coincident with

higher interest rates is to imagine a contemporaneous negative shock to initial inflation.

Inflation in the model with Calvo pricing (14) responds to future interest rates, while only
past interest rates enter in model with a generalized Lucas Phillips curve (23). This is a selling
point as conventional beliefs see more backward-looking dynamics, yet the Lucas curve main-
tains rational expectations. The response to the initial inflation shock in (14) is a pure exponen-
tial decay, which is why the Calvo model produces a rise in inflation after an initial downward
jump. The first unstable then stable dynamics of the generalized Lucas model (23) are by con-

trast its central innovation.

4.3 Three Characterizations of Equilibrium Choice

How does the government select equilibria, and what if any connection is there between higher
interest rates and lower inflation? How does the interest rate plus initial inflation specification

relate to more traditional policy specifications?

There are three observationally equivalent characterizations of the policy environment. First,

the traditional approach is to specify a policy rule such as

iy = Qmy + Uy,

and then calculate the response to a shock to the disturbance {u;}. This approach seems to re-

quire only one input, the monetary policy disturbance. That impression is mistaken however.
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Even this traditional framing incudes a separate interest rate and equilibrium selection specifi-

cation, and no believable tie between the two.

We want to specify monetary policy by the interest rate path {i,}. That is, after all, what the
central bank actually controls, what we observe, and the data that a model matches. To match
{i:}, we find a disturbance {u;} that generates the desired interest rate path. But it turns out
that there are many possible paths {u;} that generate any given interest rate path {i;}. Each
of those choices for {u;} implies a different path {m;}, which can be indexed by initial inflation
mo. So, after choosing an interest rate path such the above AR(1), one still must also make an
equilibrium selection choice 7, in this case implicitly by choosing from the set of paths for {u;}

that generate the same path {i,}.

This statement is easy to demonstrate. Fix an interest rate path {i;}. Choose any consistent
inflation path, any path (23) of the Calvo model, (13) of the generalized Lucas model, or (20)
of the flexible price model, generated by the interest rate path {i;} and an initial value =, po,
or C. Choose any ¢ > 1. Then construct u; = i; — ¢m. The {u;} so constructed will generate
the chosen {i;} and {7, } as the unique locally bounded equilibrium following the usual solution
method. Each different 7y and thus {m;} correspond to a different {u,;}. So by choice of the
stochastic process for {u;} among the set that generate a given {i;} is equivalent to the choice of

equilibrium, or of initial inflation 7.

Researchers also often specify additionally that u; follows a given stochastic process, typi-
cally an AR(1). Adding the restriction that {u,} must be an AR(1), as well as generate the desired
interest rate path, amounts then to an equilibrium selection choice for 7y. But there is no partic-
ular reason that the Fed should follow an AR(1). The Taylor rule disturbance is not observable, so
there is no way to independently measure it. Different values of ¢ produce different disturbances

as well, with no change in the observables.

Specifically, the conventional solution of the Calvo pricing model with a Taylor rule and

AR(1) disturbance wu;, as plotted in Figure 3, is an instance of the general formula (23) for one
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specific value of initial inflation 7y or equivalently of the transient C,!

1
7 — A1

C=- io (25)

But one can use the identical interest rate path and different values of initial inflation. They

won't imply AR(1) disturbances.

Second, we can write the policy rule in the equivalent representation suggested by King
(2000),

Here i; is the central bank’s desired equilibrium interest rate path, and =} is the equilibrium the

central bank wishes to choose, among the set consistent with {i; }.

The two representations are equivalent. Given {r;}, {i{} in (26), construct u; = i} — ¢m;}.
Given {u;}, compute the equilibrium and use that to define =} and if. Again, by following the

rule (26), the central bank induces explosive dynamics for any m; # 7;.

King’s rule shows equilibrium selection more directly and transparently. The central bank
picks an interest rate target {i; }, but that leaves open multiple equilibria. The central bank adds
an equilibrium-selection policy to pick 7 directly, by inducing explosive behavior for any other
value. King’s rule shows that ¢ is a parameter describing off-equilibrium threats used to select

equilibrium, and not observed in equilibrium where m; = ;.

Third, the choice of equilibrium also has fiscal consequences, or underpinnings, depending
on how you look at it. We can select, or at least index, multiple equilibria by their fiscal under-

pinnings. The linearized government debt identity implies

oo . oo .
/ e—Tﬂgjdj = / e (’LJ — ﬂj)dj — Ppo + qo. (27)
j=0 J=0

where s is the real primary surplus divided by the initial (steady state) value of debt. (See Cochrane,

1Using i; = ige” " in (23),

1 . 1 — A\t . Al—)\Q —n;t
=4 [|C+ Yt —————e " 24
" QMZK Zom—h)e Ol = A ) e4)

(Algebra in the Appendix). Thus inflation is an AR(1) with coeffiient n; for one particular value

1

C:—’Loni_)\l.

If inflation is an AR(1) with coefficient n; and so is the interest rate, then u: = i: — ¢m; is also such an AR(1). Thus the
AR(1) restriction picks this one particular value of C.
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2023.)

A period of nominal interest rates above inflation, which is what we wish the models to pro-
duce, means higher interest costs on the debt. Primary surpluses must rise to pay those interest
costs. A negative price level jump py < 0 or a higher nominal price gy > 0 of the portfolio of
long-term government bonds raises the value of nominal government debt, and thus requires
higher real primary surpluses. Different equilibria, indexed by different values of initial infla-
tion or price level, thus have different fiscal requirements. Inflation is always and everywhere
determined by fiscal and monetary policy jointly, there are only different visions of how this

coordination comes about.

In the new-Keynesian reading, of either the Taylor or King rule, these fiscal underpinnings
of monetary policy happen “passively.” The central bank follows an equilibrium-selection pol-
icy separate from its interest rate policy, consisting of threats of what it might do for undesired
values of inflation. Congress always changes taxes and spending to produce primary surpluses
that will repay the debt at the central-bank chosen price level. But those changes happen, and
must happen. They are not “passive” in the sense of happening automatically without human
intervention. If fiscal policy does not tighten to pay interest costs on the debt and a bondholder

windfall, then the corresponding equilibrium {7; } cannot occur.

Fiscal theory of the price level specifies that the change (or its absence) in fiscal surpluses
5 pins down the left side of (27) and thereby which {7;} can be an equilibrium. In this interpre-
tation it is even more natural to separate policy into “monetary policy” which chooses interest
rates and “fiscal policy” which selects equilibria. Those policies may be correlated or coordi-

nated, of course.

The three stories are observationally equivalent. The bottom line: the policy setting is al-
ways characterized by the interest rate path and the equilibrium choice, and that equilibrium

choice has fiscal consequences.

To illustrate these foundations, for each response I compute the fiscal underpinnings or
determinants, the left-hand side of (27). If the surplus rise is permanent, then it is equal to sy /7.
I use that notation. In several cases I compute the Taylor rule disturbance u; = i; — ¢, mostly
to emphasize that there always is one — that one can generate any of these equilibria with Taylor

rule disturbance. The King rule interpretation is evident by the direct choice of initial inflation.

Figure 1 includes all three interpretations. In all cases, I specify the indicated AR(1) interest
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rate path. Most directly, I also specify 7o = —0.5%, needed for the inflation response (14)-(16),
which we can consider an instance of the King rule equilibrium selection policy plus passive
fiscal tightening. I compute a Taylor rule disturbance u; = iy — ¢m with ¢ = 1.1. While the
hump-shaped disturbance may seem unusual, if you want an AR(1) interest rate and a hump-
shaped inflation, you will have to have a hump-shaped disturbance. I also compute the change
in fiscal surplus, the left-hand side of the identity (27). With short-term debt (¢o = 0), this solu-
tion requires a fiscal tightening equal to 13.7% of the value of debt. You can see the long period

of interest rates larger than inflation, generating interest costs.

So, we can describe the policy experiment of Figure 1 as a response to the plotted Taylor
rule disturbance {u;} supported by a “passive” 13.7% fiscal contraction; we can describe it as a
response to the plotted interest path and a 7y = —0.5% equilibrium-selection shock, again with
a “passive” 13.7% fiscal contraction, or we can describe it as the plotted interest rate path plus
an “active” 13.7% fiscal contraction which directly selects the plotted inflation path. Obviously,

I find the latter interpretation most compelling, but the reader may choose any interpretation.

4.4 Interest Rates vs. Equilibrium Selection

In case staring at the solutions (14) and (23) does not drive the point home enough, I now exam-
ine how the initial inflation or price level assumption vs. the interest rate path assumption affect

inflation.

Figure 5 presents the inflation response for the same generalized Lucas and exponential
weight model and interest rate path as Figure 1, but different values of initial inflation 7. The
solid line repeats the case 7o = —0.5% from Figure 1. The dashed lines present choices my = 0,

T = —0.25%, and T = —-1%.

Clearly, the initial equilibrium-selection / fiscal shock has a major influence on the path of
inflation. With 7y = 0, inflation rises throughout the episode. The disinflation episode depends

crucially on a negative initial inflation shock.

Figure 6 presents instead the inflation response for different values of the interest rate path,
holding constant initial inflation 7y. The figure shows that the initial disinflation is nearly en-
tirely driven by the selection/fiscal shock 7, as it is nearly the same for all values of the interest

rate. Moreover, higher interest rates raise inflation throughout.

I include a response with a permanent interest rate rise. Inflation rises to meets this inter-
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Figure 5: Inflation responses for various values of initial inflation, and the same interest rate.
Continuous-time model with a standard dynamic IS curve and a generalized Lucas Phillips

curve. Parameters 0 = 0.2, k = 0.2, a = 1, n; = 0.3. The solid line uses the original
value mp = —0.5%. Dashed lines give the inflation response for alternative choices myp = 0,
mo = —0.25%, and 79 = —1%. With » = 2%, and short term debt, a permanent fiscal surplus

must rise by 1.06%, 7.4%, 13.7%, and 26.4% of the debt respectively.

est rate in the long run. This response emphasizes an unconventional but desirable property of
rational expectations models: Inflation is stable and neutral in the long run. But stability and
long-run neutrality imply that higher interest rates must eventually raise inflation, just as sta-
bility and long-run neutrality imply that higher money growth must eventually raise inflation in
standard monetarist analysis. In this response, however, inflation declines in the short run. So
common experience, which sees a lot more short run than long run, could well see that negative

sign but not the long run positive relationship.

I include a response with no interest rate movement at all. This is sometimes called an
“open-mouth” operation. In a new-Keynesian view, it is a pure equilibrium-selection shock. The
central bank can announces a changed inflation target 7*, or a calibrated sequence of Taylor-rule
disturbances {u,}, that generate a change of inflation with no movement in the interest rate. In
fiscal theory, this is the response to a fiscal shock with no change in monetary policy, roughly

the opposite of what happened in 2021-2023. It generates a hump-shaped disinflation, just as
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Figure 6: Inflation for various values of the interest rate path, and the same initial inflation.
Continuous-time model with a standard dynamic IS curve and a generalized Lucas Phillips

curve. Parameters 0 = 0.2, kK = 0.2, a = 1, mp = —0.5%. The solid line uses the original value
1o = 1%. Other interest rate lines use iy = 0 and ip = 2% as indicated. The permanent shock uses
n; = 0, other lines use n; = —0.3. With » = 2%, and short term debt, a permanent fiscal surplus

must rise by 12.7%, 13.7%, 15.9%, and 11.0% of the debt, from top to bottom.

occurred in 2021-2023. This response is almost exactly the same as the response with an AR(1)
interest rate shock, and again the response to the AR(1) shock is higher. Interest rates, on their

own, raise inflation uniformly.

I also include an interest rate path that rises temporarily and then declines rather than the
standard AR(1). This path is reminiscent of what happened in the 1980s. A high interest rate
was followed by lower interest rates as inflation came down. Inflation and interest rates decline
together over a long period of time, as they did in the 1980s. Cause and effect are reversed from
the usual interpretation, of course. Here the interest rates drag down inflation, not the other way
around. And the disinflation would have been quicker had the central bank not raised interest
rates at all, and simply followed the negative selection/fiscal shock with lower nominal inter-
est rates. Still, we should plot monetary policy responses that look something like successful
disinflations not just AR(1)s that leave no mark. And it is comforting that this model can pro-

duce something that looks like the 1980s, though with a mechanism utterly different from the
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standard one.

Figure 6 shows that monetary policy does completely control long-run inflation, no matter
what the equilibrium-selection/fiscal shock does. However the direction is Fisherian: inflation

follows interest rates up or down.

The same analysis holds for the standard Calvo pricing model. Again, Figure 3 plots a re-
sponse of this model to the standard AR(1) shock to the Taylor rule. The downward jump has
often been misinterpreted as this model’s ability to generate lower inflation by higher inter-
est rates. Separating the policy instrument to the interest rate plus equilibrium selection/fiscal

choice of initial inflation shows that any decline in inflation occurs because of the latter.

Percent

Time

Figure 7: Response of the standard new-Keynesian model to an AR(1) interest rate plus equilib-
rium selection that sets initial inflation 7 to zero, and that sets surpluses to zero so net interest
costs are zero. Parameters7n; = 0.3, ¢ = 1.1, r = 2%, 0 = 0.21, k = 0.21, ug = 1.97%. Inthe 7y = 0
equilibrium, fiscal tightening to pay interest costs on the debt is 53/r = 2.0% of the value of debt.

To see this point, Figure 7 plots the response of the same model as Figure 3 (the standard
three-equation new-Keynesian model), with same parameters, and the identical interest rate
path (the vertical scale is different), but instead specifying 7o = 0. Now inflation rises uniformly.
The apparent ability of the standard model to lower inflation comes entirely from the 7y equi-

librium selection/fiscal choice, and has nothing to do with the interest rate path. The figure
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includes a Taylor rule disturbance u; = i; — ¢m; reverse-engineered to produce the 7y = 0 equi-
librium and the same interest rate path. One can regard the change from the original AR(1) to

this disturbance as producing positive inflation. The disturbance is visually similar to an AR(1).

The 7y = 0 equilibrium still requires a fiscal tightening, 2% of the value of debt not 5.8%
as in Figure 3. The interest rate is persistently above the inflation rate, so average interest cost
[ =, e " (iy — m)dt is greater than zero. Figure 7 also plots an equilibrium chosen so that no
fiscal policy tightening is needed. The average interest costs are zero; times when the interest
rate exceeds inflation are balanced by times when the interest rate is lower than inflation. This

equilibrium has still higher inflation starting immediately.

The downward equilibrium-selection jump in Figure 3 is large, indeed all of the downward
movement of inflation. By contrast the responses with the generalized Lucas Phillips curve can
amplify a small downward jump to create a much larger disinflation. Thus, while the generalized
Lucas Phillips curve does not change the essential nature of the model — lower inflation all
comes from the initial equilibrium-selection policy — it does help quantitatively, since a much

smaller shock to initial inflation or the initial price level can set off a large disinflation.

5 A Coordinating Mechanism

It seems that monetary policy relies on a coincident fiscal contraction for all of any disinflation-
ary power of higher interest rates. That isn't altogether unreasonable as a reading of the data.
The same events that provoke a central bank to tighten also provoke fiscal authorities to tighten.
But if the central bank’s interest rate increases are per-se counterproductive, that’s revolutionary

news to central banks.

The Taylor rule with AR(1) disturbance offers a vision linking higher interest rates to the
fiscal tightening that does all the work. By pledging to follow that policy, not any of the other
disturbance paths that produce the same interest rate path, the central bank ties higher interest

rates to contractionary equilibrium selection.

This conventional story has deficiencies as well. The coefficient ¢ and disturbance are not
identified nor directly visible to economic agents (Cochrane, 2011). No central bank’s forward
guidance has ever breathed a word about such an object. And as we have seen the central bank
could issue different pledges to produce the same disinflation with no change in interest rates

at all. The King reformulation of the rule i; = i + ¢(m — n}) makes clear just how any con-



28

nection between equilibrium-selection and interest rate parts of the rule is arbitrary, and how

equilibrium selection relies on unobservable quantities.

Here I pursue the one coordination mechanism I know of in which higher interest rates
lower initial inflation 7y, and thus subsequent inflation, without requiring any change in fiscal
policy. This is the “stepping on a rake” (Sims, 2011; Cochrane, 2017) or “unpleasant interest rate
arithmetic” mechanism (Cochrane, 2023). When the central bank raises the nominal interest
rate persistently, it raises long-term inflation. That lowers long-term bond prices. If the present
value of surpluses does not change, then the nominal market value of government debt declines
against an unchanged real present value. That difference is resolved by an unexpected deflation,

raising the real value of debt back to its present value.

With this mechanism, the central bank has a reason to raise interest rates when it wishes
to fight a spurt of inflation. Conversely, lowering interest rates, which would otherwise lower
inflation, would temporarily raise inflation and so dissuade the central bank from that otherwise

(in these models) attractive option.

With a standard forward-looking Phillips curve, however, this mechanism still generates in-
flation that jumps down and then rises going forward. The generalized Lucas Phillips curve pro-
duces disinflation that increases going forward even with this mechanism. The dynamics are no
different than previous cases, but the fiscal underpinnings mean that the central bank, acting
on its own, can produce a negative initial inflation 7y without any change in fiscal surpluses and

without any unobserved equilibrium-selection threats, by raising interest rates.

Again, the fiscal identity (27) reads

o0 o0
/ e "5 = / e " (iy — mp)dt — po + qo
t t

=0 =0

where ¢ is the nominal price of the government bond portfolio. I assume a geometric maturity
structure in which the face value at maturity j is proportional to we™*/ and the expectations

hypothesis, so

o0
qo = —/ e~ (rtWlty qt.
t=0

Thus, in place of (27), surpluses must change by

/ 67Tt§t = / 67”(1'15 — Ft)dt — Po — / 67(r+w)titdt. (28)
t t

=0 =0 t=0
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Suppose there is no surplus and no price level jump. With short-term debt, w = oo

0= / B_Tt(ﬂ't - Zt)dt
t

=0

This fiscal criterion picks the equilibrium with no average interest costs and no average real rate.

This criterion makes it hard for higher nominal rates to lower inflation.

With perpetual debt w = 0, however,

0
0= / €7T‘tﬂ'tdt,
t=0

average inflation must be zero, not the average real rate. Intuitively, expected inflation can de-
value long-term bonds by devaluing nominal payments when they come due. Now, if persis-
tently higher interest rates create a period of inflation in the long run, that can be matched by a
period of lower inflation in the short run. I call the mechanism “unpleasant interest rate arith-
metic” because, as in the classic Sargent and Wallace (1981), the central bank can only lower
inflation now by raising inflation later. But it is interest rate arithmetic not monetarist arith-

metic, since central bank sets an interest rate target rather than control inflation via the money

supply.

Figure 8 presents a calculation. This is the same model and parameters as in Figure 1, except
that I specify a more persistent interest rate movement with n; = 0.05 rather than »; = 0.30. To
generate disinflation early on, there must be inflation later on, as one sees in Figure 8. In Figure
1, the interest rate essentially returns to zero before inflation has a chance to follow interest rates
upward. This mechanism requires persistent interest rates to generate lower inflation.

| 0 00026 0.1 0.3 00

so/r, n = 0.05 (Figure 8) | -0.50% 0 7.9% 12.9% 13.8%
so/r,n = 0.30 (Figure 1) | 10.6% 10.6% 11.4% 12.1% 13.7%

Table 1: Surplus required for different values of the maturity structure of debt w.

Table 1 presents the change in surplus required for the solution plotted in Figure 8, for dif-
ferent values of the maturity structure of debt w, along with the same calculation for the solution
plotted in Figure 1. This is the left side of equation (28). If debt has maturity structure character-
ized by w = 0.026, this equilibrium requires exactly no change in surplus. This is the central case

whose possibility the calculation emphasizes.
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Figure 8: Higher interest rates can lower inflation with no fiscal tightening. Response of inflation
and output to the indicated AR(1) interest rate and initial 7o = —0.5% disinflation. Continuous-
time model with a standard dynamic IS curve and a generalized Lucas Phillips curve. Parameters
oc=02k=02a=1,n = 0.05 The u line plots a Taylor-rule disturbance wu; in i, = ¢m; + u;
with ¢ = 1.1 that generates the inflation and output paths.

If the maturity structure had been longer, then the same interest rate path would have had
a greater short-run deflationary impact, producing even greater disinflation. Equivalently, as
shown in the top left corner of Table 1, the plotted inflation would occur even with additional
primary deficits totaling 0.5% of debt. If the maturity structure had been shorter, the initial dis-
inflation would have been less. Equivalently, this equilibrium, with the more persistent interest

rate and with 7o = —0.5%, would have required a rise in primary surplus equal to 13.8% of debt.

The second row shows that with the less persistent interest rate path of Figure 1, even with
perpetual debt w = 0, the inflation path starting at 71y = —0.5% would need a 10.6% rise in
surplus to debt. The interest rate has converged back to zero before it can cause higher future
inflation. Equivalently, for any given maturity structure, the less persistent interest rate move-

ment produces less disinflation.

The mechanism seems to require a very persistent interest rate movement and very long

maturity structure to produce disinflation. However, I chose o, k, and « to produce a likely un-
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realistically large (relative to the interest rate rise) and persistent (years) disinflation. My goal is
to illustrate model dynamics, not to match specific estimates. Model parameters that give rise
to smaller and less persistent disinflation will allow a less persistent interest rate path and lower

debt maturity to raise long-term inflation and thus produce short-term disinflation.

Of course, this mechanism also has nothing to do with the standard story that high real in-
terest rates depress aggregate demand which pushes down inflation via the Phillips curve. Nei-
ther does the standard new-Keynesian model have anything to do with that story, as we have

seen. But at least it gives a result with much the same appearance as the standard beliefs.

I emphasize the response with no change in current and future primary surpluses to illus-
trate its possibility, and to give a reason by which the central bank acting on its own might wish
to raise interest rates in order to lower inflation, even temporarily. Other coordinated monetary-
fiscal responses are interesting and important for actual policy and historical episodes. It is
not necessary in fiscal theory to hold surpluses constant, or to specify them exogenously, or to
specify that they do not react to central bank action or to macroeconomic variables. Matching
episodes or realistic policy evaluation should include how surpluses react to inflation, recession,

interest costs, and debt, and consider coincident and coordinated fiscal policy shocks.

6 Down-Weighted Expectations

In order to produce output dynamics more consistent with standard beliefs, I mix the general-

ized Lucas Phillips curve with the two additional IS curves. Here, I consider

d . d
m% —(1=m)zy =0 (zt - (Z) (29)

This specification allows an intermediate case between the previous dynamic IS curve, with m =
1, and a static IS curve in which the level of output is directly affected by the real interest rate,
with m = 0. The specification (9) is the continuous time equivalent of downweighting future

output by a factor m in discrete time,
xy =maxpy —o(i —m),

as in Gabaix (2020).

Figure (9) presents the results, contrasting the previous case (m = 1, dashed lines) and a
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Figure 9: Inflation and output with a generalized Lucas Phillips curve and an IS curve with down
weighted expectations. Parameters 0 = 0.2, k = 0.2, a = 1, n; = 0.3,i0 = 1%, 7m0 = —0.5%,
r = 2%. The surplus rises by 5/r = 13% and 43% of the value of debt in the two cases.

downweighted case (m = 0.5, solid lines). Otherwise I use the same parameters. I include the
AR(1) interest rate path for comparability, even though we saw above that higher interest rates

just uniformly raise inflation and the initial inflation does all the work.

The specification enhances the power of the Lucas Phillips curve to generate lower inflation.
It also leads to output that declines before rising again, bringing that response closer to common

policy beliefs.

7 Habits

I also mix the generalized Lucas Phillips curve with an IS curve that features external habit per-
sistence. This specification maintains the purity of rational expectations. It is a well known

ingredient to produce hump-shaped output dynamics.

Marginal utility depends on consumption relative to a moving average of past consumption.
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The IS curve becomes
E,d (xt —0b / e_bsxtsds> = oligdt — Ey(dpy)]. (30)
s=0

(In discrete time one-period habits are common, z; — fx;_1, but a cost to a second derivative of

consumption is awkward in continuous time. The AR(1) formulation keeps a lag in place while

shrinking the time period.)

1

0.5

Percent

—
I
—X

Time

Figure 10: Inflation and Output Response with Autoregressive Habit and Generalized Lucas
Phillips Curve. Parameters 0 = 0.2, k = 0.2, a = 1, n; = 0.3, 39 = 1%, 7o = —0.5%, r = 2%,
0 = 0.7,b = 1. The surplus rises by 5/r = 8.23% of the value of debt.

Figure 10 presents the results, adding habit with b = 1 and # = 0.7. Habits induce a hump-
shaped output response, as hoped.

To derive the inflation response to interest rates, define the external habit as

t
X = b/ e 0t=9) 2 ds
s=0

which solves
dX;

W = b(l:t — _Xt)
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Then (30) becomes

dx . d
dt—eb(ﬂi‘t—Xt):0'<Zt—dZZ> .

I eliminate output and its derivative from the generalized Lucas Phillips curve with expo-

nential weights (7) and its derivative (8), yielding

dp

(™ +or) = — (a+ 0b)e™"'py + b X, = okiy.
dr X, —a
g7 L= b(ke %py — kXy).

I solve this pair of differential equations numerically, starting with the initial condition
(14 or)mo — (a+ 0b)py = okig

and X, = 0.

7.1 Habits and Calvo Pricing

One may wonder if habits alone are enough to induce hump-shaped responses in both output
and inflation, using the traditional forward-looking Phillips curve. To that end I solve a model

with habit IS and standard Phillips curve,

The response solves

% = b(xy — Xy)
B (o, — X0) = o (i — )
dmy
=g = Tt K
di .
% = —Nitt

The initial condition is given by X, = 0, 7, and i¢. I use the one forward-looking eigenvalue to

find z. I solve the model by the standard matrix method, reviewed in the Appendix .

Figure 11 presents the resuts. No, at least at the parameter values we have been using so
far, habits alone together with the standard forward-looking Phillips curve do not generate a

hump-shaped inflation response.



35

Percent

0.2
-0.4

-0.6 -

\ 1 1 1 1 1 1 1 1 |

Time

Figure 11: Autogressive Habits and Calvo Phillips Curve. Parameters ¢ = 0.7, b = 1, mp = —0.5%,
7 =03 ¢=11,r=2%k=020=02i = 1%.

8 Concluding Comments

This paper investigates a generalization of the classic Lucas Phillips curve. It works towards a
model of textbook simplicity that can start to bridge the yawning gap between the effects of
monetary policy most economists and central bank officials talk about and the effects of mon-
etary policy in rational expectations/DSGE/new-Keynesian models that have dominated aca-
demic work for the last three decades. In the former, higher nominal interest rates mean higher
real interest rates that lower aggregate demand, lower output, and then via a Phillips curve lower
inflation, all pushing inflation and output downward in the future, with long and perhaps vari-
able lags. That view is captured by 1970s era adaptive expectations models, but not by models
with forward-looking expectations (Cochrane, 2024). In the latter, higher nominal rates raise
inflation going forward. The only mechanism for lower inflation is a coincident downward
equilibrium-selection jump. In both views, the disinflation must be accompanied by a fiscal

contraction to pay higher interest costs and greater real payments to government bondholders.

The generalized Lucas Phillips curve turns a small downward inflation or price level jump
into a larger disinflation, coincident with the basic sign of standard beliefs. The long term debt

mechanism allows higher nominal interest rates to set off such a small downward jump without
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needing a coincident fiscal contraction, and it gives central banks a reason to raise interest rates

if they want to lower inflation.

The resulting responses look a good deal like those of common beliefs. They continue to
act, however, by a completely different mechanism, as do those of all other rational expectations

models. Whether that is a feature or a bug needing fixing remains to be seen.
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Appendices

A Literature and its Lessons

Addressing this sharp divergence between models versus beliefs and VAR evidence has led to
deep surgery in the standard model. It's not easy. Standard policy beliefs reflect adaptive, backward-
looking expectations and unstable dynamics, as described by Friedman (1968). Inflation spirals
away under an interest rate peg. Higher interest rates provoke such a downward spiral, until the
central bank lowers interest rates to stop that spiral. New-Keynesian models are founded on ra-
tional, forward-looking expectations, which lead to stable dynamics. Higher interest rates must
eventually lead to higher inflation, a natural long-run stability and neutrality result. A model
in which stable forward looking dynamics temporarily look like unstable backward looking dy-
namics is hard. A simple, interpretable model that a Fed chair might not be embarrassed to

mention in public or that might be taught to undergraduates is harder still.

Thus, Gabaix (2020), Garcia-Schmidt and Woodford (2019)) essentially revert to adaptive
expectations, with sophisticated underlying models. That works, but throws out the simplicity
and the economics. Is there no simple, fully-rational supply and demand theory that produces
the standard policy belief? Are steadfastly adaptive expectations necessary to deliver the basic

sign of monetary policy effects?

Why is the generalized rational expectations Phillips curve not already widely known and
standard? Mankiw and Reis (2002) motivate their Phillips curve by “sticky information,” and

arrive at a slightly different form (p. 1300),

aA > ,

T = [H} Yt “23(1 = N Epo1-j (m + aAy,) 31
]:

where y is output. The presence of the extra Ay, on the right hand side is a bit of a nuisance. More

importantly, Mankiw and Reis (2002) only draw some illustrative responses to money supply

shocks. The central challenge of monetary theory, met by the standard new-Keynesian model, is

to describe monetary policy in terms of interest rates, not money supplies, because our central

banks control interest rates and not money supplies.

Mankiw and Reis (2007) take on the latter challenge, embedding their sticky information

Phillips curve in a model with an interest rate target. Their aggregate log-linearized Phillips curve
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is (p.605)

AN i Blwe —py) + (1 — By —ar Bui
m=23 (1 ”E”[p“ vl p) - DB+ (1= B

=0

where beyond standard symbols, 5 measures returns to scale, a; is productivity, and v, is a time-
varying substitution elasticity between varieties. With wages in the Phillips curve, we also need

a wage adjustment equation, (p. 606)

[e.9]

_ N ¥(we — pr) ly Y(ys —OR:) Yy
o wjzo(l W) Fig [pt+ T R CRED [ g

where beyond standard symbols, I; is labor, v is the Frisch elasticity of labor supply, 6 is the
intertemporal elasticity of substitution, and w is the fraction of workers who become informed
each period. Mankiw and Reis complete the model with a standard production function y, =
a; + Bl and IS curve. They plot impulse-response functions to shocks (p.608) sadly omitting the

interest rate however.

I provide this level of detail so we can answer the puzzle, and learn appropriate lessons.
Mankiw and Reis (2002) has, as of February 18 2025, an impressive 3508 Google scholar citations.
Mankiw and Reis (2007) though more directly useful to the construction of a standard NK-DSGE
model with an interest rate target, has only 309 citations. And of these, I have not yet found a
single follower who has used the Mankiw-Reis model. After hallucinating three plausible but
false citations, Claude.ai reports “What I can say with confidence is that while the Mankiw-Reis
model has been influential in theoretical discussions, empirical applications using their exact

framework have been less common than papers that cite or discuss their work conceptually.”

The Mankiw-Reis Phillips curve is apparently not quite ready to replace the standard Phillips
curve in textbooks. In part, it “raises several thorny technical issues” (p. 603). “Ready-to-use so-
lution algorithms” are not “particularly useful to solve the sticky-information model. The model
involves both an infinite number of past expectations of the present through sticky informa-
tion, as well as present expectations of variables at an infinite number of future dates through
intertemporal smoothing. This double infinity implies that the state space of the model has an
infinite dimension, which current algorithms cannot handle.” (p. 604.) Mankiw and Reis pro-
vide an alternative solution algorithm, but apparently nobody else has wanted to follow them in
that path. Infinity of the state space seems solveable by replacing the AR information revelation

structure by a MA structure, in which everyone learns the aggregate after k periods. In any case,
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one can read part of this paper’s contribution as simplifying slightly the Mankiw-Reis structure

so that it can be easily solved either by state-space methods or analytically.

Lucas (1972) has been more influential, of course, with 8416 Google Scholar cites (curiously,
not including Mankiw and Reis). Lucas’ actual model is much harder. But Lucas leads to a very

simple and useable aggregate Phillips curve,

Rt = T¢ — Et—lﬂ-t- (32)

This form, rather than the full microfounded islands plus overlapping generations model, took
off.

Calvo (1983) (13454 Google scholar citations) is similarly influential, despite its obviously
counterfactual microfoundations, and the rather tortured path one must take to arrive at its
familiar Phillips curve (Woodford, 2003, Ch. 3). But that Phillips curve is both intuitive and easy

to incorporate into other models. Rotemberg (1982) menu costs are a similar story.

There are hundreds of other papers that investigate various microfounded models of sticky
prices, many designed to replicate the equally large microeconomic empirical work on price
stickiness. And none seem to stick, become part of the larger project, or make their way to the
standard textbook model. Apparently, we are all the drunk of the joke, who looks for his car keys
in the light not across the street where he dropped them. Well, looking in the light has some

wisdom.

The lesson seems clear: To be sticky, a model must produce an easily useable aggregate
Phillips curve, or a similarly simple and tractable description of price-level dynamics. That prin-

ciple guides this paper.

Mankiw and Reis (2007) may also have erred in jumping to the construction of a “medium-
scale” model without a simpler “textbook” model. Smets and Wouters (2007), Christiano, Eichen-
baum, and Trabandt (2016), and Christiano, Eichenbaum, and Trabandt (2018) all built on top of
the above simple two-equation model that gave people a lot of intuition. I focus on that textbook

model here, with an invitation for a more realistic medium scale elaboration to follow.

Lucas (1972) was famously abandoned, first in favor of real business cycles, and later in fa-
vor of Calvo-Rotemberg pricing, because it appears unable to produce output persistence from

monetary policy shocks. Equation (32) implies that output z; follows an iid process in levels. I
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find it curious that the rational expectations school gave up so easily. Output is independent over
time only because Lucas assumed that the aggregate money supply and price level are published
after one “period,” so everybody can perfectly distinguish relative price movements from aggre-
gate demand. It would seem natural to query just how long a “period” is anyway, and whether
publication of the money stock aggregates fully resolves the state of aggregate demand. As I
write in 2025, economists and the Fed are still hotly debating in inflation broke out in 2021 due
to fiscal and monetary shocks or whether it reflected relative-price “supply” and “relative de-
mand” shocks. If it takes us this long to sort it out, it might make sense that agents take a while
to sort it out as well. Hence, specifying that it takes some people longer to separate relative prices
from price level shocks in (1) seems natural, even if it has taken more than 50 years to spy the

possibility.

Kiley (2007) and Coibion (2010) test sticky-price vs. sticky-information Phillips curves, find-
ing the latter performs better (or less badly). Their technique is essentially regressions of infla-
tion on measures of inflation expectations and, for Kiley unit labor costs, and for Coibon the out-
put gap. While well executed, however, these findings are not necessarily bad news for our pur-
poses: Which view can produce a textbook-size economically based general equilibrium model
consistent with the standard view of monetary policy? Regression fits, with necessary identi-
fication assumptions to control for endogenous right-hand variables, are not necessarily good

guides to an ingredient’s contribution to policy analysis in general equilibrium models.

Dupor, Kitamura, and Tsuruga (2010) propose a model with both sticky prices and sticky
information. The result is to add a backward-looking inflation term to a Phillips curve that oth-
erwise resembles Mankiw and Reis’. Such backward looking terms help to fit the data. Alas, as
with Mankiw and Reis, ‘it is generally impossible to derive the closed form solution to the dual

stickiness model, due to infinitely many lagged expectations terms.”

B Algebra

B.1 Downweighted expectations
The IS is (29)

dz . d
mdtt—(l—m)xtza<zt—§tt>
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We use the Phillips curve (7) and its derivative (8)

kxy = D (t)py.

dx d;
md—tt = —aup + @(t)%.

Eliminating z; and dx/dt, the price response function solves the differential equation

d . d
—mayp; + m@(t)% —(1=m)®(t)ps = ok <zt - éj;)

[m®(t) + Uﬂ]% — [(1 = m)®(t) + mag|p: = oKiy.

dt
For the exponential case,
—at dp —at :
(me™" + oK) i [1—m(1—a)e Yp = okiy.

The initial condition linking inflation, price level and interest rate is

_ mm + U/i(ﬂ'o — ’io)

bo =

1—m(l—a)
The integrating factor is
1-m(l—a) —m
[me~" + ok e = [me™ + Um]Hlma .
Check:
dp [1—m(l—a)e ™ oK )
- = 1
dt (me=% + oK) b (me=a + oK) '
—at
ot 14 1=m dp ot 1pi=m [ —=m(l —a)le ™ 14l=m oK
[me @ +0’/€] ma E—[me @ +O'/€] ma (me_at T O'K,) Pt = [me @ +0’/€] ma m
[me™ UH]H_I;MT dlt) — [me™ + U/@]lr%zn [1—m(l —a)e “p; = [me ™ + Uﬁ]%dﬁit
—at 1-m(l—a) o —at 1—-m .
d|(me * +oK) ma  p| =[me ¥+ oK| ma oKiy

The solution is

—at 1-m(l—a) 1-m(l—a) t —aj 1-m .
(me™ ™ + oK) ma pr—(Mm+0K) ma pyg=0K [me™% + ok| ma igds
5=0

it
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1-m(l—a) 1-m
m + oK am n oK /t me % +oKk\ @ | d
_ _ _— 14ds.
b me~% + ok PO et { ok s—0 \me~% 4+ gk 3
Inflation follows

17m+2 .
= ot ( m+ ok ) am “ g + ok (T — o)

m—+ ok

1—-m
ore L me ™ + oK\ am |
==l [ (rerrar)

me~% + ok

B.2 Calvo Pricing Algebra

The response is

dxy .
@ o)
dmy

dt =TT RXI¢

To solve analytically, eliminate output, yielding

d27Tt dﬂ't dl’t

az ~ dat  Vat

d27'['t d?Tt .
W - T'E — ORTy = —OR1
(D?* —rD — oK)y = —0kiy

(D + )\1)(D — )\2)7& = —0OKit

)\1)\2:O'H

)\1*)\2:*7‘
OKR

A — — = —

1 )\1 r

)\%—1-7‘)\1—0'/1:0

—r+Vr2 4+ 4ok
)\12 >0
2
_T—I—m

A9 5 > 0.
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Now

1 .
= — O Ky

(D4 A1) (D = X2)

1 1 1 .
= A+ Ao I:(D + )\1) (D — /\2)] ar.

To solve each piece, note

t
1)Lt = = - B s
(D 4+ \)xy = yp — x4 = 20€ A t+/ e Al(t_s)y ds
s=0

o0

(D= Xo)wy =y — a4 = —/ e_’\Q(S_t)ysds.

s=t

Thus

= —9F -C’e_’\lt N /t e M=) ge 1 / e—He(s=t); g
A1+ A2 | s=0 s=t }

Ado [ ! ~ |
=2 [ Ce Mt +/ e M=% ds +/ e 20 ids
A1+ Ao I s=0 s=t -

Ty =

1 r t o0
T Ce Mt +/ e M9 ds +/ e 206 ds
bYE + 2o L s=0 s=t

We can relate the constant C to initial inflation 7y with

1 1 * —X2s;
T = 3 7C+ i Oe isds
S=

An analytic solution for AR(1) interest rate is

1 t oo
T 1 |:C€_>\1t + / €_>\1(t_s)i5d5 + / e_)\Q(S_t)Z.st:|
N + b s=0 s=t

1 t 00
T = 3 T [Ce_’\lt +/ e_’\l(t_s)ioe_msds—i—/ e_)‘z(s_t)ioe_msds}
s=0 s

DYRREPYY =t

1 _ o t
m=——7 |Ce Mt e Mt
PR s=0

Tt =

[oe)
e (Mi—2)sge ige?t /

e(/\ﬁ"i)sds]
s=t

—(mi—A1)t —(A2+mni)t
Ce Mt 4 ioef)‘lt—l —e + ioe)‘Qtie et
N — A1 A2 + n;

1
T — 4
1 1
N T

1 e~ At _ o—mit e~ Mt
T, L [CGM + g —— +ioy ]
N TN ni— A 2+ 7



47

1 o1 . < -1 .1 ) _,t]
m=—|(C+1 e M4 +1 e
L4 [( Om—/\1> R/ R VI D W

1 T N W ,t}
M= - || C+1 e 4 e Mt
(S [( 0771'—)\1> O = A (i + A2)

A A2

Thus inflation is an AR(1) with coeffiicient n; for one particular value

1
ni— A1

C = —ig

If inflation is an AR(1) with coefficient »; and so is the interest rate, then u; = i; — ¢m; is also such

an AR(1). Thus the AR(1) restriction picks this one particular value of C.

We can express the answer in terms of initial inflation by

e ]
T = 7 1 0 )
bV + bYS )\2 + Ui
1 1 1
C=m 10
1 1 1 1 ,
)\*1 + o Tl + E )\2 + i
—A1t _ —m;t -t _ —n5t
10 e e e e
T m— A1 2+
_ —Ait i0 M\t it Ao+ A\
T = Tpe +——(e —e
r+y (i = A1) (mi + A2)
A1 A2 (e~ Mt — gmmit)

_ —A1t .
T = Tpe +1
e O — M) (i + o)

T
t—npt dt

A1

We can find output from

dmy Mt —Ait —nit
— _)\ 1 _)\ 1 i i
7 1T€e +ZO(77@'—)\1)(771‘+)\2)( 1€ + nie )
dm _ . A1 g Y . Y .
T — — = [p+ Ai]moe M +i e Mt — el — (= X\je M 4 e
pre — o = [p+ Ao O(m—/\1)(m+/\2)[p( ) = (=M n )]
dm _ ) A1 A9 _ .
_ = by A1t A At ; nit
PTt dt [p + 1]7T06 + 10 (771 — )\1)(771 + )\2) [(p + 1)6 (p +n )6 }

To find the zero surplus solution

0= / e_”(it — ﬂt)dt.
t

=0
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Ty = moe” Mt 44 e
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rt rt At t
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so the zero surplus solution is
o L i 1 [m(m + (A2 —A)) A ]
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o — o 1 [(r+>\1)m(m+(>\2—>\1)) _)\1)\2}
(mi — A1) (i + A2) (7 +m)

Alternatively, we can set up the matrix solution method with AR(1) interest rate

Tt 0 —o o Tt
d
7o U Bl el 0 e
1 0 0 —y n
Eigenvalues
(=1 =N)[=Alr =A) —or)] =0
(== N[N\ —rA—0okK)] =0
A = —nand



B.3 Taylor rule disturbances

To specify the conventional Taylor rule with an AR(1) shock, substitute

it = ¢+ Uy

dut
— = —Nu
dt nu
so the response function solves
d
== ol(¢— mi +ui
dﬂ't
— = — KX
dt Tt t
To solve analytically, eliminate output,
d27Tt dﬂ't da:t

az ~ dat  Vat

d? d
Wgt - r% +ok(¢p — 1) = —oKue

[D? — D + ok(¢ — 1)1 = —okuy

(D — )\1)(D — )\2)7Tt — —ORUt

)\1)\2 = O‘/@(gb — 1)

AM+A=7
)\1+70K(¢71) =r
A1

M —rXA +ok(ép—1)=0

_ r++/r2 —dok(p — 1)

A1 5
r— \/7’2 —4dok(p —1)
Ay =
2
1
Ty = — ORU

(D —X)(D—Xo)

1 1 1 .
= — oK
TN M D —A) (D) ¢

(D= Xo)xy =yr — o = —/ eiAQ(S*t)ysds

s=t
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For an AR(1)

ug = uge "’

we have

_ oK > “Ai(s—t) _ g=ra(s—t) | o—nls—t) g
Tt Ut)\l_)\2|:/5—t[6 e }e S

_ oK 1 1
EE e PR [A1+n N A2+77}
OKR
YRR O R

OR
= ()\1)\2 + 77()\1 + /\2)) + 7]2)Ut
OR
or(d— 1) tar+ 2
OKR

or(¢ = 1) +n(r+n

Ty =

Ty — —

Ty — — )U

The interest rate follows

[ ok
”_{ _an(¢—1>+nr+n2]u

. [a/@(d) — D) 4+nr+n%— amﬁ]
T ez

i—[ —ok4+nr +n? ]u
" lok(e—D +nr+n2]

0= | e s

We can relate the interest rate to inflation by

n(r+mn) +ok(¢—1)

Tt = — Ut

"= {mr n+(n>++77 Z(Zf— 1)] i

i — [am—n(r—l—n)} o
oK
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1= [1 — M] m (33)
[

For typical parameter values, ¢ ~ 1, x ~ 1 and small r and 7, the interest rate is of the same

sign as inflation. The Fisherian force is hard to avoid. It takes small ¢ and « and large n and r

for higher interest rates to exist with lower inflation. I choose ok = 1/25? to force inflation to be

about the negative of the interest rate. This forces small values of o and k.

Inflation is always the opposite sign of the monetary policy shock. The interest rate can
go either way, depending on parameters. To get inflation to go in the opposite direction of the

interest rate, we need

n(r+mn) > ok
Large 7, larger r and small o« help.

A fun case happens if

n(r+n) =ok

Then inflation moves, with no movement at all in the interest rate. I call it an “open mouth
operation.” This is a good case to remind ourselves that equilibrium selection, not interest rates,

are behind inflation in this model.

To find output
dﬂ't o
dt = It RX¢
oK [ +dut]
Rt = —Tru e
Yokl — 1) +gr+n2t Pt
OKR [ + ]
KTy = — T U
T oR - ) 2t T
oK
e = — (v
YTook(p— DA
r+mn
Tt — ¢
K

The “passive” fiscal policy behind this solution is
S0 = (T’ —+ 7’]5)/ eiTt(it — Wt)dt.
t=0

Using (33),
i — [1 B n(r+n)] -

OKR
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Y
t=0 ok

Using

= 77(7"+77)+0/-€( 1)u

T+T}) Oofrt
0= (1) [ } r+n+am<¢—1>/t:oe “

77(T+77) /OO —rt —'r]t
0= ) T one = 1) Sy ©

. n(r+n) 1
80—( +773) (T+77)+O"€(¢ )(T+'f]) 1o
o = ?7(7“"”5)
O 0+ )+ ok(e - )

we can also write
oK

Tt +or(e—1)"°

SO
n(r +ns)

s§g = ———=T7
OK

The classic matrix solution of this model proceeds from :

Tt 0 O'(gb — 1) (o Tt
d
2| T = | —k r 0 e
Uy 0 0 —n Ut

B.4 Matrix solution in continuous time

The general Blanchard-Kahn matrix solution method for continuous time is

dr_ Azy = QAQ ™ ay

dt
Q" _ AQ 'z
a !
dz
% = AZt.

To avoid explosive solutions, we set to zero the z; corresponding to positive eigenvalues. This

is a restriction on the initial conditions x(, and implies the same restriction on subsequent z;
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Partitioning z;, the blocks of A, the columns of Q and the rows of Q! into those corresponding

to positive and non-positive eigenvalues,

-1
zar:QJr xo = 0.

This is a linear restriction, which lets us solve for some z, (output) in terms of others (inflation).

Partitioning z( into the known and unknown values and likewise the columns of Q-

Reassembling x,

and

is our solution.

—1 —1
QY uTou + Q) jwok =0

200 = ~ Q71T Q7 %o

B.5 Calvo pricing with autoregressive habits

Define

The first order condition is

dXt = b(l’t — Xt)dt

Etdl‘t - Gb(xt - Xt)dt = O'[tht - Et(dpt)]

The impulse response is

dX
E = bl't — bXt
dr .
7; — Qb(:z:t — Xt) = O'(Zt — 7Tt)

dﬂ't
— =TTt — RT¢

dt
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Write it in matrix form

x, | [ -6 » o o ][x]
d | = —60b b —0 o Ty
dt e - 0 —K T 0 e

| i | | 0 0 0 —ni | | & |

There is one forward-looking (positive real part) eigenvalue and two jump variables, = and
x. I specify mp and use the explosive root to find x.



