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1 Introduction

There is a long-standing tradition in cross-sectional asset pricing of testing tradable factor
models by regressing the excess returns of test assets on the factors, assuming constant betas.
The seminal Gibbons, Ross and Shanken (1989) (GRS) test evaluates whether the pricing
errors (alphas) from these regressions are jointly zero—implying that the factor-spanned
portfolio is mean—variance efficient. Moreover, Hansen and Richard (1987) show that if
alphas are jointly zero when all feasible portfolios are used as test assets, the factors also
price assets conditionally.

However, using an effectively infinite number of test assets poses a number of intertwined
challenges for the GRS test. As GRS note, the test’s power can degrade sharply when the
number of test assets grows relative to the sample size T', prompting a recommendation to
limit test assets to no more than one-half of 7. This implication creates a tension with
respect to testing for conditional pricing per Hansen and Richard (1987).

Recent work addresses this challenge by assuming sparsity in the alphas or residual
covariance matrix, with Fan, Liao and Yao (2015) (FLY) being the most prominent example.
As we show in the paper, such settings are not rotation-invariant. For instance, if the
alternative hypothesis posits sparse alphas or the covariance matrix for individual stocks,
forming portfolios from these stocks will not preserve sparsity. Since economically interesting
portfolios are commonly used as test assets, and Hansen and Richard (1987) call for the
consideration of all feasible portfolios, the sparsity assumption may be open to challenge in
our context.

Further, all Wald-type tests that are employed in the context of these linear asset pricing
regressions depend on an unbiased estimator of the inverse residual covariance matrix.
Asymptotic properties of these tests rely on the crucial assumption that this inverse is
uniformly bounded. This assumption is not innocuous: it requires even the smallest principal

components to retain non-trivial variance. We show that this condition fails when test assets



include a large set of conditionally feasible portfolios. In such cases, the inverse residual
covariance matrix grows unboundedly with the number of test assets. Thus, ill-conditioned
covariance matrices are unavoidable when implementing the prescription of Hansen and
Richard (1987).

Our paper addresses these challenges by developing a new test that is applicable when
the number of test assets approaches infinity, allowing for both sparse and non-sparse
environments, and accommodating potentially unbounded inverse of the covariance matrix.
Specifically, we propose using a regularized, and thus biased, estimator of the inverse co-
variance matrix.! An additional complication is that, in contrast to the GRS setting, the
bias depends on the unknown covariance matrix of test assets, i.e., a naive extension of
GRS leads to a non-pivotal statistic. We apply Random Matrix Theory (RMT) to de-
bias the regularized GRS statistic, obtain a pivotal test statistic, and derive its asymptotic
distribution. In particular, the debiased statistic converges to zero at the rate 7~ /2.

Despite the changes, our test statistic has an economic interpretation similar to that
of GRS. That is, it captures the distance between the Sharpe ratio squared of test assets
and the candidate factor combined, and the Sharpe ratio squared of the candidate efficient
portfolio alone. Thus, the distance measures the economic gain from investing in assets other
than the candidate factor. If the factor is efficient, there should be no gain.

GRS already grapples with its test’s power, and adding more assets than observations
appears to exacerbate the problem. As we demonstrate next, however, the large dimension
of test assets actually improves the test’s power compared to GRS, despite complicating
statistical inference.

First, we consider asymptotic power under a local alternative. We select this alternative

to be at the “border of detectability,” where the true information ratio squared is of order

'In fact, when the number of assets exceeds the number of time periods, the bias is present even in the
limit of vanishing regularization. Basically, in the over-parameterized regime, the test statistic behaves as if
there is a regularization; this is the so-called “implicit regularization of machine learning.” See Didisheim et
al. (2024).



T2 (selected based on the statistic’s convergence rate). The corresponding power depends
on the unknown covariance matrix of test asset returns, so we engage RMT again to obtain
the distribution of our test statistic under the alternative and to derive the test’s power. Next,
we derive the optimal regularization parameter, which is used to estimate the covariance
matrix of test assets to maximize the test’s power. Lastly, in the spirit of the Hansen and
Richard (1987) prescription, we evaluate the case when the ratio of the number of test assets
to sample size, ¢ = P/T, approaches infinity. In this case, the power does not depend on
the regularization parameter, and we can fully characterize the set of alternative hypotheses
that allow attaining full power.

Second, we assess the power of our test via a series of simulation exercises where we
consider various sample sizes and alternatives. We explicitly build up portfolios from base
assets inside of our simulation thereby leading to non-sparse environment. First, we verify
the GRS result that when ¢ < 1, the test’s power is inversely U-shaped: low with few and
with many test assets. Furthermore, the sample size must exceed T' = 300 to achieve good
power properties at intermediate values of ¢. As we move to our test statistic and consider
¢ > 1, the test’s power continues to improve as ¢ grows to infinity, consistent with asymptotic
power. As we approach sufficiently large sample sizes, with T' > 300, power approaches one
for all but the smallest values of c.

The last component of our analysis is applying the test using actual data on asset returns.
We rely on two different approaches to generate many test assets. The first one is based on
153 stock characteristics compiled by Jensen, Kelly and Pedersen (2023) (JKP). The second
one is based on Didisheim, Ke, Kelly and Malamud (2024), who use a shallow neural network
based on 25,000 random features to generate test portfolios.

We consider three candidates for the efficient portfolio: an unconditional combination
of the Fama-French 5 factors (Fama and French, 2015) and momentum (FF6), the Brandst,

Santa-Clara and Valkanov (2009) (BSV) characteristic-based approach to approximating



efficient portfolio weights, and the Didisheim, Ke, Kelly and Malamud (2024) (DKKM)
complexity-based approximation of the efficient portfolio. The FF6 factors cannot price any
set of test assets. When we consider pricing within a moving-window 240-month period, we
frequently fail to reject the BSV and DKKM factors when pricing JKP test assets. However,
these factors are rejected in the full sample. BSV and DKKM also fail to price the 25,000
“network” portfolios. We interpret this evidence as indicative of limits-to-learning in high-
complexity environments.

Scores of empirical papers are dedicated to identifying and testing efficient portfolios. Our
contribution is primarily theoretical and builds on the foundational work of Gibbons, Ross
and Shanken (1989) and Hansen and Richard (1987). While our analysis focuses on tradable
factors, the test statistic we develop can also be applied to non-tradable factors. Extending
our framework to accommodate omitted factors—such as in the three-pass method of Giglio
and Xiu (2021)—is an interesting direction for future research.

Like us, Pesaran and Yamagata (2023) aim to extend GRS-type testing to settings
with many test assets. They employ a covariance estimator based on the thresholding-
based shrinkage technique of Fan, Liao and Mincheva (2011), which assumes sparsity in
the covariance matrix. Fan, Liao and Yao (2015) (FLY) propose an influential method for
enhancing the power of high-dimensional alpha tests. Specifically, FLY introduce two test
statistics for testing zero alphas. The first is a feasible Wald statistic for high dimensions,
developed under the assumption of a sparse true covariance matrix. Subsequent work by
Feng, Lan, Liu and Ma (2022) and Yu, Yao and Xue (2024) improves the power of this test
under sparsity. The second FLY statistic is an alpha-thresholding test that attains maximal
power when the alpha vector is sparse, i.e., when only a small number of test assets have
non-zero alpha. Kock and Preinerstorfer (2019) investigate the limits of power enhancement
achievable through the FLY framework. These threshold-based tests lack rotation invariance

and rely on the boundedness of the inverse covariance matrix.



Several papers (e.g., Feng, Lan, Liu and Ma, 2022, Massacci, Sarno, Trapani and Val-
larino, 2025) introduce “max-type” tests that look only at the largest, in absolute value,
estimated alpha across assets. Because this statistic depends on the selected basis of assets,
it is not rotation-invariant. As a result, it has little power against “diffuse-alpha” cases:
each asset’s alpha is tiny on its own, but a suitable portfolio concentrates these small effects
into a meaningful alpha. In exactly these situations, GRS-type tests, which pool information
across assets and are rotation-invariant, detect the violation that max-type tests miss.

Lan, Feng and Luo (2018) extend the GRS test to non-sparse covariance matrices by
repeatedly projecting test asset returns into low-dimensional subspaces where the GRS test
is valid, and then aggregating the test statistics across these projections. This method incurs
information loss, particularly regarding the low eigenvalues of the residual covariance matrix,
which are rarely sampled. Consequently, the test’s asymptotic power becomes independent
of the eigenvalue distribution and instead depends inversely on the trace of the covariance
matrix. In contrast, our test optimally exploits the joint distribution of eigenvalues and
alphas across all principal components. This leads to substantial power gains, especially when
low-variance components carry significant alpha, as frequently observed in modern factor
zoo frameworks such as Dello-Preite, Uppal, Zaffaroni and Zviadadze (2022), Didisheim, Ke,
Kelly and Malamud (2024), Giglio, Xiu and Zhang (2025), and Lettau and Pelger (2020).
Notably, the test of Lan, Feng and Luo (2018), like all Wald-type tests to our knowledge,
also relies on the boundedness of the inverse covariance matrix.

Our results apply to both sparse and dense (ill-conditioned) covariance matrix environ-
ments. This broader applicability is made possible by shrinking the covariance matrix and
accounting for the resulting bias via RMT. One implication of our approach is that it achieves
maximal power under a wider set of alternatives compared to the FLY feasible Wald statistic.

However, our test does lose power under sparse alpha alternatives. That said, this limitation



is not necessarily problematic in practice, since alphas of test portfolios typically do not
inherit the sparsity of alphas at the individual asset level.

Carrasco and Nokho (2022) extend the Hansen and Jagannathan (1991) distance by
incorporating ridge and Tikhonov regularizations to stabilize the inversion of nearly singular
return covariance matrices when many test assets are used. Gagliardini, Ossola and Scaillet
(2016) also study the problem of estimating and testing asset pricing models in the P, T — oo
limit and develop a novel approach to studying conditional asset pricing models with multiple
factors, instruments, and with both conditional betas and risk premia being linear in these
instruments. As a part of their model validation, they introduce statistics for testing alpha
in a fully specified conditional asset pricing model where a candidate conditionally efficient
portfolio is estimated based on the observed instruments. Ma, Lan, Su and Tsai (2020) study
testing of conditional beta models in high dimensions as well. By contrast, our methodology,
as well as the GRS or the FLY tests, evaluates a candidate unconditionally efficient portfolio,
which does not require conditional betas under the null hypothesis.

Recent work by Zhang, Lan, Feng and Feng (2025) extends some of our results to
sample-splitting. Assessing the power of these sample-split analogues is a natural next
step. In addition, our GRS-like statistic tests a single null of no alpha. Extending it to
multiple-hypothesis settings in the spirit of Giglio, Liao and Xiu (2021) remains an open and

practically important agenda.

2 The Test Statistic

2.1 Asset-pricing regressions when factors are tradeable

We consider an asset-pricing environment with P asset exzcess returns Ry = (R; ), (it
could be actual stocks or managed portfolios, or single stock returns interacted with some

instruments). We also consider a portfolio with excess return RM. Consider the following



regression:

Ri,t:ai+6iRiw+€i,tuizla”wput:la”"Ta (1)

or, in vector form,

R = a + B R+ & 6= u,t=1---T, (2)
Px1 Px1 Px1 Px1

where Xp = FElee}] is the covariance matrix of residuals, and wu; are the (uncorrelated)
innovations. If the portfolio is unconditionally mean-variance efficient, that is, its return
RM maximizes both unconditional and conditional Sharpe ratios, then it satisfies both

unconditional and conditional linear beta pricing models:

Theorem 1 Let {F;} be the filtration describing investors’ information set, and E;| =

E[-|Fi] the corresponding conditional expectation. Then, the following are equivalent:

e RM, is the return on the conditionally efficient portfolio:

RY, = a;'mRy1, m = Covy(Ryp1) ' Ey[Rys] (3)

for some a; € R.

o we have

Et [Ri,t+1] = 5i,tEt [Ri\_/{q] (4)

Cove(Rit+1,R 1)

for all i, where 3; = Varo [0,]

o Furthermore, RM satisfies (3) with a; = 1+ E¢[Ri1)'Covi(Riy1) " E[Riy1] if and only



if it prices returns on any feasible portfolio unconditionally:

E[Ri,t] = @E[Riw]a (5)

Cov(R;,:,RM)

VarlR7] is the unconditional beta.

where B; =

See Appendix A.

Theorem 1 is a reformulation of a classic result from Hansen and Richard (1987). Namely,
one can evaluate all the conditional implications of the equation (4) by testing the equation
(5) using all admissible trading strategies as test assets. This result motivates us to consider
the regression (2) as P — oo. Under the null hypothesis of correct unconditional pricing,
o; = 0 for all <.

While our headline results feature a single portfolio RM, there is nothing that precludes
one from considering multiple portfolios, or tradeable factors. The difference is in the
economic interpretation of the exercise. A single factor is literally a candidate for the efficient
portfolio. Multiple factors are presumed to span the efficient portfolio, under the null. If
betas are constant (time-varying), the spanning is unconditional (conditional). Conditional
spanning requires taking an additonal modeling stance on the conditioning information set
and how it affects betas. Appendix F derives our results for multiple tradeable factors under

the null hypothesis of unconditional spanning, which is the most common application.

2.2 Statistical structure of risk

When the test assets comprise a large number of portfolios, the standard assumptions about
the statistical structure of the associated risk need to be revisited. The vast majority of
theoretical results rely on boundedness of certain elements of the covariance matrix >p.
For example, the approximate K —factor structure associated with asymptotic Arbitrage
Pricing Theory (APT) posits that, as the number of assets increases, K > 1 of the largest

eigenvalues of the asset covariance matrix grow like P, while the rest P — K remain bounded



(Chamberlain and Rothschild, 1982). The inverse of the covariance matrix of the P — K
residuals has to remain bounded as well to preclude no-arbitrage opportunities (unbounded
information ratio).

As we show in Appendix B, the behavior of test assets incorporating rich conditional
information is more subtle. When test portfolios are generated through many instruments—
the set which includes traditional charactetristic-based or PCA-based portfolios—the APT
condition does not hold.? In fact, all P eigenvalues grow like P. If we redefine test asset
returns, normalizing them by P~/2 then Theorem B.1 implies that the eigenvalues of the
residual covariance matrix always converge asymptotically to finite limits. The corresponding
residual covariance matrix Y p has a bounded ||Xp|| but an unbounded || X3 ||, which violates
traditional assumptions used in the context of APT or testing factor-based models via
Wald-type statistics. The intuition for this result is straightforward. With infinitely many
instruments (non-linear conditioning information) used to generate test assets, some of the
resulting dynamic portfolios will always end up having vanishingly small variance.

As a separate challenge, we provide a simple argument in Appendix D that neither the
sparsity of a nor the sparsity of ¥, which are assumptions required for the tests introduced
in FLY, is rotation-invariant. Even if individual stocks exhibit sparse covariance matrices or
sparse «, portfolios constructed from a large number of nonlinear characteristics lose sparsity
in both dimensions. A combination of these observations motivates us to seek an alternative
testing approach.

Our analysis encompasses two cases:

1. If a researcher considers a classical set of assets where P is finite but large, she needs
to decide whether only a few of the largest eigenvalues are exploding. This can be

accomplished via the Onatski (2009) test.> These extracted top—K factors need to be

2For example, we can include standard, linear portfolios such as those in Jensen, Kelly and Pedersen
(2023), as well as portfolios based on quadratic interactions of characteristics, cubic interactions, etc., ad
infinum.

3Note, however, that this test, as most other existing tests, relies on ||X5|| staying bounded.
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used to form RM, and then the researcher may proceed by assuming that the residual

covariance matrix Y p is bounded. No further normalization is necessary.

2. If the researcher considers a rich test portfolio environment, then, by Theorem B.1,
all eigenvalues of the residual covariance matrix grow like P. In this case, test asset
returns need to be rescaled by P~'/2 (see Equations (B.4) and (B.5) in the Appendix);
equivalently we need to be considering ¥p/P as P — oo. Thus, in actual empirical
work we are dividing test asset returns by PY? because Theorem B.1 justifies the

consideration of these rescaled returns even as P — oo.

2.3 The Setup

We make the following technical assumptions to establish the inference results and cover

both cases discussed here.

Assumption 1 Returns, perhaps after a rescaling, satisfy (2) with some vector a € RF.

Furthermore,

e The innovation u; in (2) consists of i.i.d. elements, uy = (uy), and Elu; ) = 0, E[u?,] =

1, Eluj,] < oo.

We have P/T — ¢ and TY?(P/T —¢) — 0 as P — oo.

II12p] is uniformly bounded as P — oo, and the eigenvalue distribution of Xp converges

to a non-degenerate distribution (see Definition 1 in Appendiz E).

We make no assumptions about ||Sp'||, which may or may not be bounded as P — oco.

The variance of RM is strictly positive and uniformly bounded.

Note that we do not need to assume Gaussianity and only require four finite moments for

innovations. The assumption of asymptotic stability is just a technical condition allowing

11



us to rigorously study the limit as P — oo. It is important to note that the boundedness

condition for the residual covariance matrix does not preclude unbounded eigenvalues of the

covariance matrix of test assets themselves.

Our goal is to test the hypothesis a = 0 in the case when P is large. To this end, we

estimate the [ vector,

~ M
b G RRY) e
oM

where

We then define the estimated residuals,
& = R, — RYB,

as well as their sample mean vector

T
_ 1ZA
o = (673
t=1

sl

12



and their covariance

T
A 1 o L
ZP = T;O@O&; — OéOé/. (10)
2.4 The GRS test statistic
The classic Gibbons, Ross and Shanken (1989) test statistic is given by
. 02
W = —, (11)
1+ 63
where
0> = a'vila
P (RM)Q (12)

are the sample squared Sharpe ratios of alphas and factors, respectively, with the former

often referred to as the information ratio. Note that the test statistic is only well-defined

when P < T. When ¢; are normally distributed,

T(T—P—1) .-
———W ~ Fpr_p_1(A 13
P —9) pr-p-1(A), (13)
where Fpp_p_1(A) is Fisher distribution with non-centrality parameter
T
A= —a'Y 5 . (14)
1+ 62,

Under the null hypothesis of & = 0, we have A\ = 0. Importantly, the test statistic is inde-

pendent of ¥p. This feature makes the test attractive. By the definition of the Fpr_p_1(0)

13



distribution, (13) can be written as

T(T-—P-1): PN 722 ] (15)
P(T -2) (T—-P-1)' 2

where Z,, Z, are independent Gaussian variables. In the asymptotic case, T' W is a version
of the Hansen (1982) J-statistic, whose distribution is established on the basis of the Gen-
eralized Method of Moments (GMM) framework. In the “classic” asymptotic regime when

T — oo (keeping P fixed, i.e, P/T — 0), (15) implies convergence to a x? distribution,
J=TW ~P'Y 7. (16)

This standard GMM logic breaks down when P/T — ¢ > 0 even if ¢ < 1. Indeed, in the limit

T(T—P-1)

when T, P — 00, P/T — ¢ < 1, we have “P(T—2)

— 17—07 and the GRS statistic converges to
a constant almost surely by the Law of Large Numbers, %VAV — 1. In particular, J = W
explodes as T — oo, making the GMM test statistic inapplicable. This phenomenon is
known as “concentration of measure.” The Central Limit Theorem implies that deviations

of W from its limit are normally distributed, and we can “correct” the test statistic as

follows.

Theorem 2 In the limit as P,T — oo, P/T — ¢ € (0,1), W converges in distribution to a

normal random variable:

172 (117 _ ¢
) s v,

where we have defined

(17)

14



See Appendix A.

The goal of this paper is to show how these arguments can be extended to the case
P >T. A key implication of Theorem 2 is that the variance of W explodes very quickly, as
1/(1 —¢)?, when ¢ 1 1. As a result, the power of the test vanishes in this limit.

This inconvenient behavior can be corrected through regularization. We present novel
approach where the covariance matrix regularization shrinks the matrix towards 2/ (ridge-
regularization). This allows us to avoid the bounded inverse requirements and retain rota-
tional invariance, but introduces additional challenges in the form of asymptotic biases in

the test statistic. We address these challenges in what follows.

2.5 High-Dimensional Case

Our goal is to extend (11) to the case P > T and eliminate the singular behavior for P < T
as P 1T T. Such an extension is by no means straightforward. Indeed, in the case when
P > T, the matrix ¥p in (11) is degenerate, and W is almost surely infinite. By Theorem

2, W explodes when ¢ = P/T 1 1. We introduce a ridge-regularized version of the statistic:

0%(z) = a'(zI +3p) '

) N2 P (18)

where z > 0 is a ridge penalty. W(z) is well defined for both P < T and P > T. As we now
show, in complete analogy with Theorem 2, W(z) converges to a constant for any z > 0,
any ¢ > 0, and any &, satisfying Assumption 1.# Such universality is a striking property of
our test statistic and relies on deep results from the RMT that deal with high-dimensional

random matrices such as Xp (see Appendix E).

4The constant coincides with the one in Theorem 2 for ¢ < 1 and z = 0.
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Proposition 3 For any z > 0, in the limit as T, P — oo, P/T — ¢, for any ¢ > 0, we have
W(z) — &(%5pic) = 0 (19)
in probability, where the constant £(z; Xp; ) is given by

£(z;8p;0) = lim T 'Eltr((zI + Xp) " 'Sp)] . (20)

T,P—o00,P/T—c

To understand why the limit (20) is non-zero, note that Ap = (21 + ﬁ]p)_lEp is a
bounded P x P matrix, with positive, bounded eigenvalues \;(Ap), e1 < Ni(Ap) < e, for

some €1,¢€2 > 0,° so that

tr(Ap) = M(Ap) + -+ +Ap(Ap)

satisfies Pe; < tr(Ap) < Peo. Thus, &(z;Xp;c) € [cey, cea).

The key difference from the asymptotic GRS result — when ¢ < 1 — is that now the
convergence constant depends on the unobservable ¥p. This is a crucial difference that
seemingly prevents one from developing a test for the case of a high-dimensional cross-
section of test assets. RMT allows us to express £(z;Xp; ¢) in a way that does not depend
on Xp.

Let
m(—z) = P tr((z] +3p)7Y) (21)

be the empirical Stieltjes transform of the sample covariance matrix. A classical result of

5In the limit as P,T — oo, Sp is almost surely bounded when P/T is bounded. See, e.g., Bai and Yin
(2008).

16



RMT implies that, although Spis random, m(—z) converges to a deterministic limit. See

Appendix E for details. This property implies the following result.

Proposition 4 Let
£(zc) = 1—c+ezm(—2)" — 1 (22)

and let

zi0) = ! Qsz/—Z —m(—z
éei0) = (T 2 —a(-2) (23)

be its derivative. For any z > 0, in the limit as T, P — oo, P/T — ¢, we have that f(z;c)

satisfies

~

§(z;Xpsc) — &(z¢) — 0

g(zEpic) — E(zi¢) = 0

(24)

in probability.

A key implication of Proposition 4 is that we can compute the demeaned GRS statistic,
W (z) —£(z; ¢), without knowing £p. It is also possible to show that W (z) —&(z; ¢) converges
to zero at the rate T-1/2. While the proof is non-trivial and requires tools from RMT, it can
be conjectured on the basis of the Gaussian case with z = 0 in (16) — the convergence rate
in the law of large numbers is 7-/2. Thus, we should work with T2(W (z) — £(z;¢)) (and
when ¢ < 1 and z = 0, the same applies to the GRS statistic).

One could conjecture that after suitable standardization, this quantity should converge
to standard normal. Proving this is non-trivial because it requires developing a Central
Limit Theorem in the P,T" — oo limit. We apply the powerful results from Li, Aue and Paul
(2020a) to show in Appendix F that the following holds.

17



Theorem 5 Under the null hypothesis Hy : o = 0, we have that, for any z > 0 and any

c>0,

T'2(W(2) —€(20))

A(z; BT — N(0,1) (25)
i distribution, where
A(zi0) = 2(E(z;0) + 28 (2:0)) (1 + €(2; ) (26)

Recall that, according to Assumption 1, this result does not require the normality of returns;
it only requires that their first four moments are finite.

The complex expressions for our test statistic arise because, to make it pivotal, we have
to address the fact that the inverse of the sample covariance matrix is a severely biased
estimate of the inverse of the true covariance matrix. As we show in Appendix E (formula

(E.13)), there is an implicit shrinkage parameter Z, > z such that

A Z,
lim (2[4 %p )P = lim =(ZJI+ ¥p )7, (27)
P, T—o0,P/T—c ~—~— P—oo 2z ~—~
random deterministic
where
Z, = Z(z;¢) = z(1+&(z0)). (28)
Hence, Z, can be estimated using Z,(z;¢) = z(14&(2;¢)). A similar bias is present in our

test statistic:

~ Z*
lim  &(z[+¥p)la = lim  =&/(Z.0 +Xp) ta
P/T—00,P/T—c -~ v PT—o00,P/T—c Z
test with sample flp (29>

P/ T—o00,P/T—c

> lim  &'(zl +Xp) & .

test with true Xp
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Thus, this bias creates a gap between the pivotal and the “classic” test statistics, and the
size of this bias is controlled by Z./z > 1. In our data experiments, we find that Z,/z is
often very large and, hence, the bias is significant. Hence, addressing the randomness of Sp
is very important. Note also that the presence of this bias serves as another piece of evidence

against the sparsity of ¥p.

2.6 An Economic Interpretation of the Test Statistic

We start with the important observation that & are excess returns on tradable portfolios.
We estimate the mean of & by @ and their covariance matrix by $p(z) = Sp+ 27 . Such an
estimate could be justified by shrinkage using both the frequentist and Bayesian approaches.
In the former case, z could be viewed as shrinkage intensity (e.g., Ledoit and Wolf, 2004).
In the latter case, z could be related to the prior about &’s mean (e.g., Kozak, Nagel and
Santosh, 2020).

Given these estimates, the squared Sharpe ratio of & is given by the classic identity
02(z) = a'Sp(2) la. (30)

If E[e|R™] = 0, then & and RM are uncorrelated. Then the joint covariance matrix of
(&', RM)" is block diagonal and, hence, the total Sharpe ratio of the tangency portfolio

combining & and RM is given by
02(z) = 02(2) + 6%, (31)

Thus, our test statistic can be represented as

N2 N2 N2
1+63, 1+063%,
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and, therefore, be interpreted as the distance between the Sharpe ratios squared of test assets
and the candidate factor combined together and the Sharpe ratio of the candidate efficient

portfolio alone. This interpretation is consistent with that of the GRS statistic.

3 Power of the Test

3.1 Asymptotics Under a Local Alternative

When « in (2) is non-zero, the estimated residuals admit the representation

p = a + &y
. (33)
& = (B-P)R + &,
so that the average residuals are given by
1 I
a = o + &, € = Tzét’ (34)
t=1
and the test statistic (18) can be decomposed as
. =1 ZA] -1
W) = Yl
1+ 6%,
(35)

= (14+6) " [ Sp2) e + @8p(2)7E + 28 5p(2) e

~
true alpha noise

Since E[g] = 0, it is possible to show that the interaction term, & %p(z) "', is negligible
for large T (see Li, Aue and Paul, 2020a for a detailed argument, and Proposition 1.1 in
Appendix I for a simple proof in the Gaussian case). Further, (14 62,)71&' Sp(2)"'¢ is the
W (z) test statistic under null. As a result, a small modification of Theorem 5 implies that

W(z) is still asymptotically normal but with a non-zero mean. By (25), we have, in the
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sense of convergence in distribution, that

L TRV =€) N( | TP o Sp(z) 1) )

— lim ~ ~
P/T—00,P/T—c A(g7 0)1/2 P/T—00,P/T—c A(Z, 0)1/2(1 + 9]2\/[)

If o/ Sp(2) " o >> T2 then « is easily detectable because T2/ $p(2)~" a explodes for
large T. If o/ p(2) "t << T2, the alpha is not detectable — our test is not powerful
enough. These observations prompt us to focus on the boundary case when o/ 3 p(z)ta =

O(T~/?). We therefore make the following assumption.

Assumption 2 a = T~ Y*a, where & is uniformly bounded and the limit

my(—za) = lim TY?/ (2] + Xp) o (37)

P—o0

exists for any z > 0.

Under Assumption 2, the asymptotic power of the test satisfies

lim Probability of rejection
P/,T—00,P/T—c

_ lim  Prob <T1/Q(W () ~&(2) > C)

P, T—o0,P/T—c A(z’ 0)1/2

T2 o/ 3 -1
(-t qm  LCeEe(E) )
PT—o00,P/T—c A(Z, 0)1/2<1 -+ 9%)

(38)

where ®(-) is the cumulative distribution function of the standard Normal distribution, and
¢ is a quantile of this distribution. The rest of this section is devoted to computing the
limit in (38) and studying its properties that are established using RMT. Readers who are
not interested in technical details can skip it and proceed directly to the simulation and

empirical results in Sections 4 and 5.
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3.2 Asympotic Power

Using power concentration results from Random Matrix Theory (see Appendix E), it is

possible to prove the following result.

Theorem 6 Let Z, be the effective shrinkage (see (29)). Under Assumption 2, the following

limit exists in probability:

1/2 1 & N1 1 .
H(zc) = lim T ol (a1 "}: Yp) o _ Z Z*mz(A Zy;, ) (39)
T,P—00,P/T—c 1+ ‘9]2\/[ 1+ 9%/[

Theorem 6 implies that the true alpha component 7"/2a/ (21 + ) p) ' a in the test statistic
(35) converges to a constant when P, T are large. This constant is independent of the sample
and depends only on ¢, Xp,a. As a result, the following modification of Theorem 5 can be

established (see Li, Aue and Paul, 2020a for details).

Theorem 7 Under Assumption 2, for any z > 0, we have

TV2(W (2) = £(2)) H(z;0)
OB — N(—A(z;c)1/2’ 1) (40)

in distribution, where H(z;c) is defined in (39). In particular, the power of the test satisfies

T1/2 T _ ¢
Probability of rejection = Prob ( (W(z) — £(2)) > g)

Az )12
H(z:c) ) |

— Fasym(z; C) = & (—C + W

where ®(-) is the cumulative distribution function of the standard Normal distribution, and

C 18 a quantile of this distribution.

The quantity H(z;c)/A(z; ¢)'/? defines the asymptotic power of the test. The larger the
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quantity, the more powerful the test is. In Appendix I, Proposition 1.2, we derive the analog
of Theorem 7 for the case of a known covariance matrix. We show that the behavior of the
test statistic is very different in this case. For example, the test statistic is well defined even
for z — 0.

The next proposition shows H(z;c¢) admits an intuitive economic interpretation. It

measures the expected out-of-sample performance of the efficient alpha portfolio.

Proposition 8 (Test Power and the OOS Markowitz Performance) Out-of-sample ez-
pected return on the portfolio (21 + f?p)*l@ satisfies

lim  TY2E[a (2] + Sp) tary] = H(ze), (42)

T,P—o00,P/T—c

where convergence is in probability.

3.3 Optimal Ridge Penalty

Theoretically, we would like to solve the problem

i H(z;c)

z A(z;c)l/z ) (43)

~

While A(z;¢) = limpr_e0,p/7—ec A(2;¢) We need a way to estimate H(z;c). Here, we will
use the calculations based on the leave-one-out logic introduced in Kelly, Malamud, Pour-
mohammadi and Trojani (2024¢). In the Appendix G, we report a detailed (but somewhat
tedious) calculation that leads us to the following algorithm for computing the candidate

optimal ridge penalty.

e compute A = T7'&’a € RT™T . Note that, by the properties of the trace, tr(A) =
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e Since the impact of z on (2] + i]p)*l depends on the size of z relative to Sp, we
optimize over z using a grid that scales with P~ tr(A). Namely, we let z takes values

z=7%.-P 1 tr(A), % € grid = [1075,1073,102,107, 1, 10, 20, 10?].

e compute G(z2) = (21 +A)"' A and define w = (w,)L_, = diag(G(2)), W = (W)L, =
G(z)1 and

T —
~ Wy —w
H(z;c) = 11/ E 1t ! (44)

— - W
As we show in the Appendix G, H(z;¢) is an unbiased estimator of #(z; c).

e Define

ﬂ( c)
II(z) = 45
(z) = ( o)1/ (45)

and find the optimal ridge penalty, solving

Z.(c) = arg max (2P tr(A)). (46)

zZegrid
So, the optimal ridge penalty amounts to scaling P! tr(T~'&’&) by the optimal Z.

3.4 Infinite Complexity

In the setting of Theorem 1, testing the conditional efficiency of a given candidate portfolio
RM formally requires considering an infinite number of test asset returns, given by interac-
tions of security returns with all possible instruments. It is thus important to investigate the
behavior of our test in the limit of infinite complexity, as ¢ — oo. As we show in Appendix

H, this behavior is controlled by the speed with which the size of alpha, ||a|?, grows with
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P. This growth of ||a||? controls how much additional alpha we get as we keep adding new

test assets. The following result holds.

Proposition 9 We have

H(z;c) ~1/2 1 2 -1
<, <14 — - ~_ P

Ao =< g (Pl +0( ).
where

1
2P T u(Zh) 2

R(P) =
while the asymptotic test power from Theorem 7 satisfies
Fasym(z;c) - Fappro:c<P;T) + 0(0_1)7

where

1
Lopproz(P;T) = @[ — + V2 (P) ||
e (P:T) ( e Pl

(47)

(49)

(50)

Strikingly, the asymptotic power of the test for high complexity is independent of the ridge

penalty and does not vanish in the infinite complexity limit as long as x(P)||«|* grows like

P'/2 (or faster)—a combination of ridge regularization with ¢ > 1 makes complexity a virtue

for our test as long as alpha grows sufficiently fast with P. This is a very strong property of

our test and in stark contrast to the behavior of the GRS statistic, for which the impact of

complexity on the power of the test can be highly detrimental for ¢ — 1 because the variance

of W(0) explodes in Theorem 2.

The growth of our test power with complexity relies heavily on corresponding growth of

the size ||a||* of a. Such growth only happens when « is dense, so that sufficiently many
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returns have non-zero «. By contrast, if « is sparse and only few returns have «, ||«|| may
grow very slowly with P. For example, the a-sparsity-based test statistic Jy in FLY attains

full power when ||«||? grows as log P.

4 Analysis of power of the portfolio efficiency test

We evaluate the finite-sample power of our proposed test and benchmark it against the GRS
test via Monte Carlo simulations calibrated to our managed-portfolio application.
4.1 Data-Generating Process

Let N denote the cross-section of stocks and 7' the time dimension. For 7 = 1,..., N and

t=1,...,T, we simulate excess returns

Tit+l = M(Xj7t) + B; R%—l + €541,

where:

° f; Wy (—3,3) capture heterogeneous exposures to R}Y;.

RM, ~ N(un, 03;) is the monthly excess return with py = 0.58% and oy = 4.04%

selected to match S&P 500 moments over the past 50 years.

i.d. o : .
gjrr1 ~ N(0,1) is idiosyncratic noise.

Xt =(Xj41,-..,Xj.r) are values of F simulated characteristics for stock j, and®

() = T~V sin (z'W), (51)

60ur selection of the functional form sin (:v’W) for expected returns ensures that these returns are highly
non-linear and non-monotonic in stock characteristics, making it hard to learn in finite samples.

26



where the weight vector W is sampled once, in the beginning of the simulation,

according to W ~ N (0, Ir).

We use the scale coefficient v to control the size of o akin to the non-centrality parameter A
in the GRS test ((14)).
In this simulated environment, the return on the maximal residual Sharpe Ratio portfolio is

given by
N
Ry, = ZM(Xj,t) Tjt+1- (52)
j=1

The non-linearity of the unobservable p(x) implies that extracting « requires constructing
test assets that are managed portfolios with weights given by non-linear functions fi(-), k >

1, of stock characteristics:

N
Rip1 = pi2 Z Jr (Xj,t) Tjt41-
j=1

While we have full freedoom to choose any non-linear functions f; we like, here we follow

Kelly et al. (2024b), and Didisheim et al. (2024) and define then as Random Fourier Features:
fu(x) = sin(x'Wk), Wi g N0, If).

As Kelly et al. (2024Db), and Kelly and Malamud (2025) explain, there is nothing special about

RFFs, we just use them as a simple way of generating a large number of non-linearities.”

4.2 Test Statistic and Size Adjustment

To compute expected test power, we repeat the simulation n times and average the results

across the simulations. Everywhere in the sequel, we pick n = 500. For each simulation

"Back and Ober (2025) show that such managed portfolios can be used to discover complex non-linearities
in the SDF's originating from economic equilibrium models.
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1=1,...,n, we compute our test statistic

Since Theorem 5 is an asymptotic result, the finite sample test-statistic is only approximately
N(0,1) and, as such, may exhibit size distortions. To correct for these distortions, we proceed

as follows:

1. Simulate n datasets under the null z(-) = 0, yielding {GH0(2)}m,.

2. Estimate the empirical CDF F5°(z) of the realized test statistics and then set the 95%

cutoff
Co.o5 = inf{x : FE(x) > 0.95}.

n

3. Simulate n datasets under the Hy, assuming p(x) = v sin(z’W) and then use {G (2)}7,

to compute the finite sample power of our test, defined as

n

Liim(z;¢) = %Z 1{6?,1{1(2) > (o.95 }- (53)

4.3 Asymptotic power of the test

As described by Theorem 6 and equation (38), the asymptotic power of the test is an explicit,

monotone transformation of

21 Z.ms(—Z,; )
1+ 62, '

H(z;c) = (54)

As described in Appendix C, we can obtain a closed-form expression for o and ¥ p, which is

needed for my in (37), within our simulation setup.

28



For each Monte Carlo replication ¢ = 1,...,n, we compute Xp and « using equations
(C.10) and (C.11), respectively. We then estimate Z.(z;¢) = z(1 + é) per (28) using f(z, c)

from (22) and compute the estimated asymptotic power for sample 4:®

A Hi(z;¢)
GOV = B | —Cogs + %5
i ( Co.95 A 6)1/2) (55)

The estimated asymptotic power of the test is then given by

n

1 ~
Losym(z;¢) = — Z G (56)

n -
=1

4.4 Design Parameters and Grid

We let T € {60,240,360} and make P vary from 1 to 107. We set N = 500 (approximately
S&P 500) and F = 10. The parameter v in (51) controls the amplitude of the « in the
stock returns, v € {0.5,1.0,2.0}. These values correspond to maximal power of GRS when
P = T'/2 for one of the three entertained values of T' (in the same order). Table 1 summarizes

all the simulation settings.

4.5 Simulation Results

Figure 1 reports the results of our simulations for T = 60, 240, 360. The plots show the
simulated test power Iy, from (53), the estimated asymptotic power Iy, from (56) as
well as the power I'grs of the GRS test, as we increase the number of test assets and the
corresponding complexity ¢ = P/T.

All results are computed with the theoretically optimal shrinkage penalty Z,(c) from (46),

maximizing the asymptotic analog of (45) for a given ¢. We find that the test power saturates

8Note the asymptotic power varies for each Monte-Carlo simulation because: 1) The Random Features

weights W, and the weights W in p(x) change from a sample to another. 2) £(z;c¢) used to compute
Z.(z;¢) = 2(1+€) and A(z;¢) depend on 3p which also changes for each Monte Carlo run.
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Parameter Description Value

N Number of stocks 500

F Number of characteristics 10

W O M Market return mean, SD 0.58%, 4.04%
Bi Portfolio loadings U(-3,3)
Eit Resiudals N(0,1)

v Alpha amplitude {0.5,1.0,2.0}
P Number of managed portfolios 1,2,...,107T
T Time periods {60, 240, 360}
M Monte Carlo replications 500

Table 1: Simulation parameter values.

approximately around Z = 1. For this reason, in all our results below we use Z,(c) = 1. This
means that the ridge penalty is of the same order of magnitude as the covariance matrix
itself.

Our RMT-based theoretical approximation agrees well with the actual realized test power,
overall. In the cases corresponding to small 7" and/or 7, the Monte Carlo power is higher
than asymptotic as ¢ increases. This is intuitive. Our asymptotic theory holds as 7" — oo
and naturally breaks down for small 7. Similarly, when ~ is small, test power becomes much
more sensitive to finite-sample noise as « is harder to detect.

We see that the power of the test saturates very quickly even as P 1 T, while the power
of the GRS test collapses to zero at the boundary T" = P corresponding to ¢ = 1. One
interesting special case is T' = 60, where the power of the GRS test is essentially zero across
all feasible values of ¢, while the power of our test reaches 20% or 50% for asymptotic or
Monte Carlo power, respectively, when ¢ ~ 10, i.e., P = 10T

The combination of the sample size T' and the magnitude of alphas v matters for how
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Figure 1: This figure plots the estimated test’s power using Monte-Carlo simulation, the
asymptotic test’s power, and the GRS test’s power, as a function of the complexity ¢ = P/T
and the optimal ridge penalty, z,. We pick T" = 60, 240, 360 (rows), number of simulation
paths is M = 500 and we let P vary between 10 and 107". Different values of v (columns)

capture the variation in alphas.

quickly the test’s power reaches the maximum. When T is at about 30 years, this happens

very fast, with ¢ > 1 delivering high power. With small sample sizes, such as 5 years, the

magnitude of alpha is more important with v = 1.0 delivering power of 80% at ¢ = 2.
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5 Empirics

In this section, we illustrate how our test works with real data through variations in the

candidate efficient portfolio and test assets.

5.1 Data and Test Assets

We use monthly data for 153 stock characteristics for US stocks over the period 1963 to
2022 (from Jensen, Kelly and Pedersen, 2023, JKP henceforth). This open-source data set
compiles an extensive collection of stock characteristics from the finance literature.” The
universe includes NYSE/AMEX/NASDAQ stocks with CRSP share codes 10-12. As in
JKP, we define mega, large, small, and micro stocks using the 80th, 50th, 20th, and 1st
percentile of NYSE stocks market caps. Nano caps are the remaining stocks.

To have a stock-month panel with a consistent set of available characteristics over time,
we follow the approach of Didisheim et al. (2024). First, we restrict the raw dataset to a
subset of 132 characteristics that have fewer than 30% missing values over the full sample.
Next, we drop “nano” stocks whose market capitalization is below the 1%' percentile of
the NYSE sample. Then, we exclude stock-month observations with missing values for
more than a third of the characteristics. Finally, we cross-sectionally rank-standardize each
characteristic into the [—0.5,0.5] interval and replace any missing characteristic values with
the cross-sectional median value of zero. After this filtering procedure, the resulting /V; x 132
matrix of characteristics each month constitutes the conditioning set X; used in our empirical
analysis. We also use Ry, ; = (Ri7t+1)f\;tl to denote the vector of next-month stock returns
in excess of the risk-free rate.

As Theorem 1 shows, the unique unconditionally efficient portfolio that prices all assets

9JKP characteristics for individual stocks can be downloaded at https://wrds-www.wharton.upenn.
edu/pages/get-data/contributed-data-forms/global-factor-data/. Detailed documentation and
further factor portfolio data are available at jkpfactors.com.
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both unconditionally and conditionally is given by
RY, = MRy, m = B[Ry Ry ] EiRegal, (57)

where the last identity follows from the Sherman-Morrison formula (Lemma A.1 in the
Appendix). As Didisheim et al. (2024) show, if 7 = w(X}) for some sufficiently well-behaved
function w, then Rf‘j{l can be approximated as follows. First, we generate a large number of
stock characteristics S; = (S;,), € RV*” through transformations of X;,, and build the

corresponding managed portfolios, or, factors, with factor returns R,ﬂl given by

R, = SRy € R”. (58)
Second, we build an unconditionally efficient portfolio of RF :

A= E[Rfjﬂ(Rirl)/]ilE[Rzil] e R". (59)
Then,

RY, = mR1 = NRf, + O(1/P). (60)

To implement this methodology with real data, we follow Didisheim et al. (2024).1° First, we
choose a rolling window 7" and a ridge penalty z); > 0. Then, we construct an approximation

A(z) to infeasible A from (59) via

szf\—/&l-l(ZM) = 5\t(ZM),RtFJrh (61)

10Note however that our analysis applies directly to other, much more generic Machine Learning settings,
such as that from Kelly et al. (2024a).
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where

T -1 T

. 1 1

Ae(2m) = (ZMI+ T § :RtF-“rl—T(Ri‘rl—T)/> T E :RtF-“rl—T‘ (62)
=1 T=1

Note that the returns R}{,(zp/) are always out-of-sample because A (zar) is based on past
data.

As is common in the literature, we use characteristic-managed portfolios (58) both as our
test assets and as inputs Ry, for constructing R}{, using (61). We consider two choices for

Stl

o S, = X, € RM*132 We refer to the corresponding managed portfolios
X{Riiy (63)

as JKP factors. We also refer to the corresponding portfolio returns R constructed
in (61) as BSV because this model uses portfolio weights m, = X, A;(zy) that are linear

in stock characteristics, as in Brandt, Santa-Clara and Valkanov (2009) (BSV).

e S, = ReLU(Xy) € RY*P where v = (%) € R, P = 25000, and 7 ~ N(0,1).
These are non-linear random features (RF) studied in Didisheim et al. (2024) (DKKM).

We refer to the corresponding managed portfolios
ReLU(Xt’y)/RHl (64)

as 25,000 RF and to the efficient portfolio constructed from them using (61) as DKKM.!!

We scale portfolio returns by P~/2 (with P = 132 or 25,000) just as in our simulations. But

UDidisheim et al. (2024) use sin and cos activation functions in their construction of random features,
while we use the more common ReLU activation. Our results are insensitive to the particular choice of
non-linear activation.
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because P is fixed in empirical work and the optimal ridge penalty Z.(c) in (46) is defined
relative to the variation in «, the test’s outcome is entirely invariant to this scaling.

To understand the dynamics of alpha over time, we estimate our test statistic over
rolling windows of 60, 120, and 250 months. Computing the test statistic when P is large is
computationally tricky because it requires inverting a high-dimensional covariance matrix of
alpha. We use non-trivial algebraic identities (see Appendix F.1, Corollary F.3) to compute
it efficiently, even for very large P.

5.2 Testing Alpha Out-of-Sample

Proposition 8 implies that the power of our test is directly related to the actual out-of-sample
performance of the alpha portfolio, consistent with the economic intuition behind the GRS
test (see Section 2.6). To quantify the economic significance of the alpha, measured by our

test statistic, we proceed as follows:

e Given the returns R,, 7 € [t — T, t] of test assets in the rolling window, we estimate

. 1 _
Brre = 7 D R(RY = Rilpy) (65)
TE[t—T,t]

and compute the realized, out-of-sample «,

@toﬁs = Ry — R%ﬂBt—T,t (66)
as well as the in-sample a used in our test statistic,

G, = R, — RMB,_ry, Tt —T,1], (67)

and its realized in-sample covariance matrix Xpp_7y and mean ap_7,. Then, we
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compute the out-of-sample alpha portfolio return

RO (2) = (629 Spj—r(2) Aty (68)

and compute the realized Sharpe ratio of RY?? (z) over the period ¢ > T. We compute

this statistic efficiently without inverting the high-dimensional matrix f]p7{t,T7t}(z),

using Lemma F.3 in the Appendix F.1.

5.3 Time-Series of the Test Statistic

We investigate the ability of our candidate SDFs, FF6, BSV based on (63), and DKKM
based on (64) to price the two sets of test assets over time by computing the test statistic
over a rolling window of 7" = 240 months. We always use the optimal ridge penalty (46),
which is close to the value of 1, just like in simulations. To address the potential issues with
transaction costs, we report the results separately for the universe of all stocks (Figure 2)
and mega stocks (Figure 3).

Consistent with the literature on the factor zoo, these Figures clearly show that FF6 is
unable to price even the JKP factors. By contrast, both the BSV and the DKKM candidate
SDF's are often able to price the JKP factors built from the universe of all stocks. Perhaps
surprisingly, the picture is different for factors built from mega stocks, where even DKKM
is unable to price them.

The picture for the test assets based on 25000 non-linear characteristics (64) is more
severe and more consistent. In all plots, for all time periods, neither JKP nor DKKM
are able to price them. This is particularly surprising for the DKKM-SDF because it is
constructed from these 25000 assets. The reason behind this phenomenon is what Didisheim
et al. (2024) refer to as “limits-to-learning” — in high complexity settings (in particular,
when P > T), there is always a gap between the performance of the estimated model and

the “true,” infeasible model due to lack of data. Indeed, the true optimal portfolio of the
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Figure 2: The plot shows the time series dynamics of W from Theorem b5,

computed using 7' = 240. We estimate & using (8)—(10). The test assets are non-linear
ReLu DKKM factors (64) and linear JKP factors (63) (rows), and we use FF6, BSV, and
DKKM (columns) as RM. We consider all stocks.

FF6 | BSV | DKKM

JKP 35.86 | 2.51 3.87
25000 RF 81.39 | 14.99 | 13.50

JKP (mega) | 10.05 | 7.28 | 8.38
25000 RF (mega) | 10.52 | 7.74 | 7.96

Table 2: Test statistic for each portfolio and test assets set computed on the whole sample.
We consider the full stock universe as well as mega stocks only.

25000 test assets is a 25,000-dimensional vector, and we can only estimate an extremely noisy
version of it from the 240 observations we have access to. Table 2 reports the test statistics
over the whole sample and shows that none of the candidate SDFs can price the 25000 test

assets, with full-sample test statistics close to 10.
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Figure 3: The plot shows the time series dynamics of % from Theorem b5,

computed using 7' = 240. We estimate & using (8)—(10). The test assets are non-linear
ReLu DKKM factors (64) and linear JKP factors (63) (rows), and we use FF6, BSV, and
DKKM (columns) as RM. We consider mega stocks.

The test statistics exhibit interesting time series dynamics, suggesting that some of the
a has been monotonically decreasing over the 2004-2020 period and started increasing again
after COVID-19. This increase is quite large in sample plots, possibly originating with
a decrease in market efficiency due to the growth of retail trading in the post-COVID-19
period.

Figures 4 and 5 report the cumulative performance of alpha-portfolios constructed using
(68). We conclude that the alpha detected by the test is indeed tradable out-of-sample and
generates non-trivial performance, with the same alpha decay during the 2004-2020 period
and a partial rebound in recent years. Interestingly enough, this alpha decay post-2004 is
much smaller for the JKP test assets based on mega stocks, suggesting that some of the
inefficiencies are persistent even in this highly liquid universe.

Table 3 shows that the realized Sharpe ratios of these alpha portfolios are quite high,
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Figure 4: The plot shows the cumulative returns of the « portfolio constructed using (66),
computed using 7" = 240. We estimate & using (8)—(10). The test assets are non-linear
ReLu DKKM factors (64) and linear JKP factors (63) (rows). We use FF6, BSV, and
DKKM (columns) as RM. We consider all stocks.

exceeding 3 for all stocks and approximately 1 for the mega-universe. However, Table 4
indicates that the alpha is not “pure.” Due to misestimation of § coefficients, the out-of-
sample returns (68) actually preserve a non-trivial correlation with the SDF to which they
were orthogonalized. The reason is that 3’s are overfit in-sample and hence do not work well
out-of-sample. Mitigating this S-overfit problem in high complexity settings and constructing

the “pure alpha” portfolios is an important direction for future research.

6 Conclusion

The seminal Gibbons, Ross and Shanken (1989) test of portfolio efficiency aims to establish
whether alphas in a regression of test asset returns on the candidate portfolio are significantly
different from zero. We extend this test to a setting with many test assets. The motivation

for this is three-fold. First, the original test does not apply to cases where the number of test
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Figure 5: The plot shows the cumulative returns of the « portfolio constructed using (66),
computed using 7" = 240. We estimate & using (8)—(10). The test assets are non-linear
ReLu DKKM factors (64) and linear JKP factors (63) (rows). We use FF6, BSV, and
DKKM (columns) as RM. We consider mega stocks.

Test Assets FF6 | BSV | DKKM

JKP 2.03 | 1.43 1.67
25000 RF 3.22 | 3.07 3.05

JKP (mega) 1.07 | 0.81 | 0.87
25000 RF (mega) | 1.20 | 0.93 | 0.94

Table 3: o's portfolio Sharpe ratio with T = 240 and test assets being either non-linear
ReLLu DKKM factors or linear JKP factors. We consider the full stock universe as well as
mega stocks only.

assets exceeds the number of time series observations. Yet, as Hansen and Richard (1987)
point out, one has to consider all feasible portfolios as test assets in order to be able to
conclude whether the candidate efficient portfolio prices assets conditionally. Second, even if

one limits themselves to a smaller set of assets, the test may suffer from weak power. Earlier
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Test Assets FF6 | BSV | DKKM

JKP 0.09 | 0.30 0.40
25000 RF 0.12 | 0.55 0.57

JKP (mega) 0.33 | 0.21 | 0.19

25000 RF (mega) | 0.35 | 0.39 0.36

Table 4: Correlation of the optimal portfolio of a’s and RM, with T = 240 and test assets
being either non-linear ReLu DKKM factors or linear JKP factors. We consider the full
stock universe as well as mega stocks only.

studies, such as Fan, Liao and Yao (2015), address power issues using thresholding-based
tools that rely on the sparseness of alphas. Such approach is not rotation-invariant, that is, if
alphas are sparse for individual assets, they will not be sparse for asset portfolios, hindering
the implementation of the Hansen and Richard (1987) dictum. Lastly, we demonstrate a third
challenge: when one constructs many portfolios, the eigenvalues of the respective covariance
matrix are unbounded, or, alternatively, after suitable rescaling of portfolio returns, the
eigenvalues of the inverse covariance matrix are unbounded, making almost all existing tests
inapplicable.

We manage to address all these issues using two steps. First, we use ridge-regularized
covariance matrix, which addresses issues associated with degeneracy or ill-conditioning.
Regularization introduces a bias into the GRS statistic, however. Thus, as our second step,
we de-bias and rescale the statistic and then use the tools from Random Matrix Theory to
obtain its asymptotic distribution. Further, we characterize the power of this statistic both
analytically and via simulations. This power grows very quickly with the number of test
assets unless alphas are sparse. In that case, thresholding-based tests have better power
with the caveat that they might not be empirically appropriate due to dependence on a
specific rotation.

We apply the test empirically using state-of-the-art test assets and candidate efficient
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portfolios. Despite the progress in estimating efficient portfolios, they are rejected by
our test. We interpret some of these rejections as “limits-to-learning” in high-dimensional

environments.
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A Proofs of Auxiliary Results
We will need the following known lemma.

Lemma A.1 (Sherman-Morrison formula)

(A+z)™t = A= A tad’ A7 /(1 + /A )

(A.1)
(A+ a2 'z = A 'w/(1+2/A o)
for any matriz A € RP*F and any vector x € RY.
Proof of Theorem 1. First, if
RY, = m R, (A.2)
then
Var,[RY,] = mXm, (A.3)

where 3; = Covy(Ryi1), it = Ei[Ryy1], and

T = aflxglEt[RtH] & Ei[Riy] = aXym = atCOVt(RtJrlaRi\—/[H) = atVart[Rﬁl]ﬂt,

(A.4)
where

a;Var [RM,] = amSem = a1y S, (A.5)
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while
ByRY,) = mpe = a; X (A.6)

Reversing the arguments, we get that the first two items of the theorem are, in fact,
equivalent.

Now, suppose Rﬁl is the efficient portfolio. Then,
E[R%,] = ElZiRi] = E[ZE(Ru]] = E[ZSE[R"]). (A7)
At the same time, by Lemma A.1, we have that

ERea Ry )™ e = (B0 + )
= S /(L + 57 ) (A-8)

= (1+6%,)7"S

where 63, , = 1,3, i1 Hence, if R) | = R}, m, the identity
EyRin] = EifRea R (A.9)

holds if and only if

o= (146375 (A.10)
because
Et[RtHRﬁl] = Et[RtJrlRtJrl]Trt <A~11)

Now, standard arguments imply that the conditional identity (A.9) is equivalent to the
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unconditional identity

E[RtZ—H] = E[RISZ—HR%-I]
holding for any Z. Furthermore,

B[R/ RY,] = Var[R)L187 + E[R/L B[R]
and hence (A.12) is equivalent to

E[RY,] = Var[RY,167 + B[R E[RY),

which is equivalent to

Var [Rﬁl]

E[R? || = ———41°
il = Ty

Bz
Applying (A.12) to R}, we get

E[(R%1)2] = E[R%A]

and, hence, after some algebra,

Var[RY,]

——ubl_ — E[RM].
1_E[Ri\_4‘_1] [ t+1]

The proof is complete.

Proof of Theorem 2. Step 1: Setup and Notation. Define the sample averages

P 1 T

1 < ~
Xp = FZZ;? and YT_p_l = ﬁ Z ]3

k=1
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(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)



Note that Z? and Z? are identically distributed x? random variables with mean 1 and
variance 2.
By the given relation, we have

TT-P-1).  Xp
P(T —2) Yrop1

Step 2: Asymptotic Distributions of Xp and Yr_p_;. Since {Z;} arei.i.d. N(0,1),
we know Z? has E[Z?] = 1 and Var(Z?) = 2. By the Central Limit Theorem (CLT), for

large P,

VP(Xp—1) :ﬁ(%

Eonl
gl

Z2 - 1) 4 N(0,2).

Equivalently,

2
XP=1+\/Z—3N1,

where N; ~ N(0,1) asymptotically.

Similarly, since {Z;} are also ii.d. N(0,1) and independent from {Z}, we apply the

CLT to YT_p_ll
1 T—-P-1
/T p_ 1 _ 72 d
Thus,

2
Yrp =1 —N.
T—P-1 +VT—P—1 2,

where Ny ~ N(0,1) and is independent of Nj.
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Step 3: Ratio Approximation. Consider the ratio

2
Xp L+4/5M

YT,p,1 1+

For large T" and P, both \/2/P and /2/(T — P — 1) are small. We use a first-order Taylor

expansion:
1 2
=1—2+0(z") for small z.
1+x
Set z = T_QP_INQ. Then

X

(12N - 2 ).
T-P-1

Ignoring terms of order 1/+/PT and higher, we have

Xp > 5
L4y 2Ny = | — 2N,
Yoo, NP TN T p ot

Since N; and N, are independent standard normals, the linear combination

2 2
\/ =Ny — /| =————N.
pt T—p—1"7

is normal with mean zero and variance

5 1+ 1
P T-P-1)

Step 4: Including the Scaling Factor. Recall

T(T—P—1)_. Xp
P(T —2) Yr_p1

o1



Thus,

W PT-2)  Xp
T(T=P—1)Yr_p_1

As T — oo with P/T — ¢ € (0,1),

P(T —2) _%(T—Q)% c
T(r—P—-1) T—-P—-1 "1-c¢

Therefore,

A c /2 2

Step 5: Computing the Mean and Variance. The mean of W is

E[W] — T

For the variance, we have
2 2 1 1
var (\/ P \/mNQ) =2(ptrp)
Since P ~ ¢T"and T'— P — 1 ~ (1 — ¢)T, this becomes

v amar) 1 () “ma=g

Multiplying by (1%0)27

2

- c 2 2c
Ii Var(W) = = :
P,Tﬁogrfl’/THc ar(W) (1 - c) Te(l—c¢) (1—¢)3T
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Step 6: Convergence in Distribution. We have shown that as T" — oo,

A d c 2c
N )
W= (1—0’(1—0)3T>

Since the variance decreases as T grows, for large T, W is well-approximated by this
normal distribution.

This completes the proof. 0

B The Breakdown of APT assumptions

In this Appendix, we establish three key properties of managed portfolios (test assets for

conditional asset pricing):
e All eigenvalues grow like P for non-linear managed portfolios;
e When multiplied by 1/P, eigenvalues converge to finite limits.

e These limiting rescaled eigenvalues are never bounded away from zero, implying that

limp_ o || X5 = oo

Suppose that there are N base securities (stocks) with returns .y = (r;q)Y, and
let X, € R? be an adapted process summarizing conditional information about the first two

moments, so that
Eyfreaaria] = 3(X). (B.1)

Let also (©;p(df)) be a probability space and f : R? x © — RY be a function satisfying the

following technical integrability condition: The kernel
KX X) = [ 16O 0)p(dp) € RN (B2)
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is such that

tr E[k(X, X)Z(X)k(X, X)2(X)] < oo, (B.3)

where X and and X are sampled independently from the distribution of X,. As we show
below, this condition also implies that E[(r;,,f(X;;0))? < oo for p(df)-almost every 0,

ensuring that the test asset excess returns, defined as

ék,tﬂ = fk(Xt; 91:)/7“t+1, k=1,---,P, (B-4)
have finite second moments. We also define

Rivs1 = P VPReyq, k=1,--- P, (B.5)

to be the normalized managed portfolios. Let

Rt+1 = a + BR%J + 2}3/216,5

(B.6)
Ry = a + BRM, + o}/
be the corresponding o« — 3 — residuals representations, and note that
a=P %4 B=P '3 Sp=P'Sp. (B.7)
We also denote
Up = E[Rt-HR;—H] = P = P_lE[étHRz/tH] : (B.8)

Theorem B.1 (The Breakdown of APT assumptions) There exists an infinite sequence
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of positive numbers Ay > Ay > --- such that

YA < o, lim A = 0. (B.9)
k=1

The eigenvalues \y(Vp) > -+ > Ap(VUp) of the second moment matriz (B.8) converge to A\

in the sense that

P—oo

By the Cauchy Interlacing Theorem (Horn and Johnson (2013), Theorem 4.3.17, p. 236),

the eigenvalues A\,(Xp) of the residual covariance matriz (B.6) satisfy

max(0, \g—2(VUp)) < M(Xp) < Aey2(Ep). (B.11)
In particular, for any € > 0, there exist K > 0, P* > 0 such that

M(Up) < € (B.12)
forall k > K, P > P* and, hence,

Jim [35] = oo, (B.13)

Proof of Theorem B.1. Let Y, ;1 = (ri41, X4), and let

g(Y;0) = fu(X;0)r. (B.14)
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Define the positive-definite kernel (Kelly et al. (2024a) call it the “portfolio kernel”)

KY)Y) = / g(V:0)g(Y;0)p(dh) = r'k(X, X)F, (B.15)

(X, X) = /f(X;e)X(f(;e)'p(de) c RVxN (B.16)

is a positive-definite matrix-valued kernel. Let Tk be the corresponding operator acting on

L2 .
T f(Y) = E[K(Y, Y1) f(Yie)]. (B.17)

We have its Monte-Carlo approximation

Ke(V,Y) = 53" g(V3600(V:60). (B.18)
k=1

By direct calculation, Kp is a finite-rank kernel and the non-zero eigenvalues of the cor-
responding kernel operator Tk, on Ly(£2) coincide with those of the matrix Xp. To prove
continuity of eigenvalues and apply the Mercer theorem, it suffices to prove that K is a
Hilbert-Schmidt operator, or, equivalently, that the kernel K is square integrable. Then, the
operator sequence Tk, , P > 0, weakly converges to T and the convergence of eigenvalues

follows.
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Let Y, Y be two independent random vectors sampled from the distribution of (r, X).

B[(K(Y, 7))
= E[r'k(X, X)ik(X, X)r]
= E[r'k(X, X)S(X)k(X, X)r] (B.19)
= tr B[k(X, X)2(X)k(X, X)r]
= tr B[k(X, X)Z(X)k(X, X)2(X)]
To complete the proof, it remains to establish the result for residuals. The last claim follows

because the covariance matrix of residuals is a finite rank perturbation has eigenvalues that

interlace original eigenvalues. U

B.1 Managed Portfolios and Eigenvalues of Kernels

Suppose that stock returns satisfy ;41 = pu(Xit) + @R%Fl + €its1, €41 ~ N(0,1). Let
k(x,Z) be a positive definite kernel admitting a random feature representation (B.2). We

can then build managed portfolio returns

Ripi(1) = kam,t) R - (B.20)

We then have, under standard independence assumptions, that

B[Ry 1] = ZE[fk(Xi,t)]ﬁiE[Rﬁl] + ZE[fk(Xi,t)ﬂ(Xi,t)]' (B.21)

. J
v~ v~

Bk ay

The results from above as well as those of Kelly et al. (2024a) imply the following result.
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Proposition B.2 Define the portfolio kernel

K((X,r),(X,7) = kX, X)r. (B.22)

Then, in the limit as P — oo, the eigenvalues of the matriz P~'(E[Ry, 111 Riy 1))y g1

converge to those of the kernel operator Ty. In particular, returns need to be rescaled by

p=i2,

C Details and Derivations for the Simulation

In this section, we derive explicit expressions for o and ¥ in the framework of the simulation
described in Section 4.1. We use these expressions in the main text to compute asymptotic
test power.

Recall the setup in Section 4.1. Let N denote the cross-section of stocks and 7" the time

dimension. For j=1,...,Nand t=1,...,T, we simulate excess returns
ri = w(Xie) + B R, + giam,
where
p(z) = Ty sin(a/W), (C.1)

where the weight vector W is sampled once, in the beginning of the simulation, according to
W ~N (O, I F) Test assets are managed portfolios with weights given by non-linear functions

fr(+), k> 1, of stock characteristics:

N
Ry = p1/2 Z Tk (Xj,t) Tjt+1-
j=1
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with
fila) = sin(x'Wy), Wi "= N (0, Ir).

Theorem C.1 Under the data-generating process described in Section 4.1, we have

o= <T—1/4 P12y N bW+ IWIR) Smh(WéW)):
=1

Yp = B[R R, ] — ad (C.2)

Where

(
X1 — e 2MWell) 4 2712~ Y(N(N — 1) AWy, W) + NB(Wy, W), k= ki,

B[Ry 1Rk 141] = § N p-to— s UWal?+IWi, [?) sinh(W/ Wy, )

+2T712P7H(N(N = 1)C(Wy, Wiy, W) + ND(Wy, Wy, , W), k # ki,

With,

Afws, wy) = e~ lP+lwzl?) ginh (02,
B(wy,w,) =+ (1 _ 2ol _ 2wl | =2 P+ e ?) Cosh(4w/1w2)) ,

_1 2 2 2y . .
C(wy, wy, w3) = e 5 (lwil2 4wz [|*+2[|ws]| )Slnh(wllwg) sinh(whws),

=3 (w1 P +lwel[?)

D(wy, wa, w3) = 3¢ sinh(wjwy)

o= S Ulwr [P+ wz |2+4] s %) (ew;m cosh (2w, (wy — wy)) — €12 cosh (2wl (w + wg))>.

(C.4)

1
4
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Proof of Theorem C.1. We start from the definition

E[Rk,t+1] = P_I/QE[fI/JtH]

= P Y2 B+ PVRE(S]) B, (C:5)
——

A

where the second equality follows from the decomposition r;11 = p + Buy + €441 and the

fact that FE[f/e;11] = 0. To compute E|[f;], we use the following observation.

Lemma C.1 Let h(z) be an odd function, i.e., h(—x) = —h(x), and let Z be a random

variable symmetric around 0, i.e., its density [ satisfies f(z) = f(—z). Then
E[h(Z)] = 0.

Proof of Lemma C.1. By symmetry of Z and oddness of h,

I
|
=
K
=
N
ISH
N
+
c\,;
3
=
N
=
X
ISH
N

O

Since each component of f; is of the form sin(X{’th), which is odd in X;;, and X,
is symmetric around zero, Lemma C.1 implies E[f;] = 0. Therefore the term E[f;] Bum

vanishes, and we only need to compute E[f u].
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By definition of f; and p,

7y sin( X7 W)
TVAE[fin) = B | (sin(X[,W3) - sin(X}, W)

fysin(va’tW) )

N
> " sin(X[, W) sin(X{’tW)]
=1

= yN E[sin(X], W) sin(X],W)],

where the last equality uses the fact that the summands are i.i.d. across i. To compute the

expectation in the last display, we will need

Lemma C.2 Let X ~ N(0,1;) and let a,b € RY. Then
E[sin(a’X) sin(t' X)] = e~ 20+ ginh(a'b).
In particular, if a = b, then,

(1 _ 6—2”“”2)

Proof of Lemma C.2. Use the trigonometric identity sin usinv = ${cos(u—v)—cos(u+v)}

E[sin(d'X)*] =

N | —

to write
Efsin(a’X) sin(t' X)] = %(E[cos ((a — b)'X)] = Ecos ((a + b)’X)]).
For any ¢ € R?, the characteristic function of X ~ N(0, I,) gives

E[eic,X] =2l — Elcos(d X)] = %E[ew,x} = eallel?, (C.8)
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Hence
Elsin(a’X) sin(t/ X)) = 1 (6—%Ila—bll2 _ e—gnaml?) .

Setting a = b in the equation above proves the second part of the claim. For the first part,
let us expand the norms: |Ja—0b||? = |la||* + ||b]|* — 2a'b and |la+0b||* = ||a|* + ||b]|* + 24'D.

Factor out e~ 2{lalP+IbI*) to obtain
Elsin(a'X) sin(V/ X)] = %e_%(||“”2+||b||2) (e“/b — e_“lb> — e~z (llall*+1l?) sinh(a'b),

as claimed. 0

Using Lemma C.2 with a = Wy, b =W, and X = X;; ~ N(0, I,) yields
TVAB[flp] = 4N e 2 WP HIWIR) ginh (W W), (C.9)
Substituting into the expression for E[Ry ;+1] yields
E[Rpy1] = P27 Y4y Ne 2 UWePHIWIE) sinh (W) = ay, (C.10)
as claimed. By the definition of Xp,
(EP)kgy = E[Rpi1Riy p41]) — B[Ry 1] B[Ry p41)- (C.11)

Since E[Ry++1] was computed in (C.10), it remains to evaluate E[Ry ;41 Rk, ++1]. From the

representation Ry 1 = P~Y2f, (1 + 41) with E[fie;41] = 0, we have

E[Ripi1 Ry g1 = PTUE[fi(p+ e) (W + €01) |

= P E(fifr] + PTUE[(fip) (fr,)]-

(C.12)
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We first compute E[f]fx, ], distinguishing two cases.

Case 1: k = k;. We have

Elfefil = E

N
> sinQ(X;th)] = N E[sin®(X] ,W})]. (C.13)
=1

Since X|, Wi ~ N(0,[|[Wy|*) and W, is fixed after sampling, Lemma C.2 yields

BE[sin®(X,Wy)] = 1(1 — e 2Py, (C.14)
so that
Elfifi] = X (1 — e 2MIF). (C.15)

Case 2: k # k;. Here,
N
Elfifu] = E | _sin(X],W,) sin(X],Wy,)| = N E[sin(X],W;) sin(X[,W,)]. (C.16)

=1

Applying Lemma C.2 gives
B[ fifi) = N ez sinh (W W), (C.17)

This completes the computation of E[f} fi,] in both cases. We now turn to the calculation

of E[(fiu)(frp)]. We will distinguish 2 cases: k = ky or k # k.
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Case 1: k = k;. By definition of f; and p,

TV2E((fip)) = VB

. )
(Z sin(X; ,Wy) sin(Xl(’tW)>

i=1

N
> sin(X], W) sin(X] W) sin(X}, W) sin(X], W)

] (C.18)

Li,j=1

=~4*N(N — 1) - Terml + ~*N - Term2.

Terml. For i # j, independence of (X;;) across i implies

Terml = (Elsin(X], W) sin(X;tI/V)])2 :

By Lemma C.2 (with a = Wy, b=W),

Term1 = e~ UIWslPHIWIR) ginh (W) W)? = A(W,,, W)

Term?2. For i = j, we have E[sin*(X/,W},) sin®(X],W)], which is not covered by Lemma C.2.

Using sin®u = (1 — cos2u) and cosucosv = 3{cos(u — v) + cos(u + v)} together with
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Gaussian moment equation (C.8), we obtain

Term2 = E[sin®(X] ,W;) sin®(X{,W)]
= Elsin®(U) sin?(V)]
_ iE[(l — cos(20))(1 — cos(2V)]

— iE[l — cos(2U) — cos(2V) + cos(2U) cos(2V)]

1 1 C.19
= ZE[l —cos(2U) — cos(2V) + 5(003(2(U — V) +cos(2(U 4+ V)))] (C.19)
1 2 2 ]. 2 2
=7 (1 AR W g 2 (AW e ))
_1 (1 AWl _ gmwi L —awwie aww 6—4W,;W))
1
_1 (1 e 2IWAlE _ 2WIR L 2 Wl W) COSh(A_fWIQW)) — B(Wy, W)
4 )
Therefore, in the case k = kq,
T'2E[(fip)’] = ¥ N(N = DAW,, W) + +*N B(W,, W), (C.20)
Case 2: k # k;. Similarly,
TVE[(fim)(fiyp)] = ¥?N(N = 1) - Terml + N - Term2. (C.21)

Term1. For i # j,
Terml = Elsin(X;,W}) sin(X; ,W)] E[sin(X], Wy, ) sin( X, W)].
By Lemma C.2,

1

Terml = ¢~ 2 UWsIPHIWID) ginhy (W) - e 20V PHIWID) sinh (W) W) := C (Wi, Wiy, W)
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Term2. For i = j, we have E[sin(X],W;)sin®(X], W) sin(X],Wj,)]. Writing sin®v =

N[ —=

cos 2v) and applying Lemma C.2 for the sin(-) sin(-) part, we get

Term2 = Elsin(X], W) sin(X; ,W)? sin(X], Wy, )]

= E[sin(U) sin(V)?sin(Z)]
1 — cos(2V)

= Blsin(U) ——"—sin(Z)] (C.22)
- % (E[sin(U) sin(2)] — E[sin(U) sin(Z) cos(2V)))
- % (e—%<llwkll2+\\wkll\2> sinh(W.Wy,) — Elsin(U) sin(Z) cos(2V)]>

Then, using that sin(u) sin(v) = {cos(u—v)—cos(u+v)} and cos(u) sin(v) = L (cos(u + v) + cos(u — v))

together with equation (C.8), we get

E[sin(U)sin(Z) cos(2V)]
— L (Bleos(U — 7) cos(2V)] — Elcos(U + Z) cos(2V)])

(Elcos(U — Z +2V)] + Elcos(U — Z —2V')] — Elcos(U + Z + 2V)] — E[cos(U + Z —2V))

e B IWk=Wi +2WI2 | =3[ Wi= Wi, —2W > _ =3[ Wi+ Wy +2W|2 _ e*%HWkJerI*WVHQ)

2
1
4
1
4
1 Wil +[ Wi, [P+4 W2 —2W] W, AW W +4W, W)

<e*%(||Wk||2+HWkl||2+4||W||2*2W,2Wk1+4W,QW74W,;1W) Lok

W

. 67%(||Wk||2+HWkl||2+4||W||2+2W,;Wk1+4W,;W+4W,QIW) . f%(HWkHQH\WkIH2+4HW||2+2W,QW;€174W,2W74W,21W)>

e

_ %(e;(||wk||2+|Wk1||2+4||wn22W,;Wk1) cosh(2W" (Wi — Wi,))
o BRI HIWe P HIW 2 W) oy (11 (W, + Wkl))
1

= ée’%(”w’*”m‘w’“l”2+4HW”2) (eWIQW’Vl cosh(2W' (Wi, — Wy, ) — e ViWer cosh(2W/ (W), + Wm)))
(C.23)
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So finally,

Term2 = %e_é(”W’“”uW’“l”Q) sinh(W; Wy, )

1 2 2 2 / /
- Ze_%(”W’“H HIWe, [F+4W )<6Wka1 cosh(2W/ (W), — Wy,)) — e VWi cosh(2W' (W), + Wkl))>

= D(Wk, Wkl, W)
(C.24)

Thus, in the case k # k1,
Tl/ZE[(flé:“’)(flglu)] = ’YQN(N - 1)C(Wk7 Wkl’ W) + 72ND<W/€7 Wkl? W)? (C25>

Summary. Gathering the results for both E[f; fi,] and E[(fu)(fi, 1t)], we have

p
%(1 _ e—QHWkH2> i ,YQT—1/2P—1(N<N — D)A(Wy, W) + NB(Wy, W)), k =k,

B[Ry 1 Bryan] = § NP1 5 UV HIW 1) sinh (W1 W, )

2T 2P-Y(N(N = 1)C(Wy,, Wiy, W) + ND(Wy, Wy, , W), k # ki,
(C.26)

with

A(wh wQ) = e_(||wl||2+Hw2||2) sinh(wiwg)Z,
B(wy, wy) = 4 (1 _ 2wl _ p=2lwal® . p=2(wn P+ we) cosh(4w’1w2)) ’

_1 2 2 2 . .

_1 2 2y .
e~ BUwrlP+H1w2l®) ginh (1 40)

D(U)l,’l,UQ,U)g) = %

o~ 3 (lwrlP+llws*+4]ws||) (e“”lw2 cosh(2wj(wy — wy)) — e~"1"* cosh (2w} (w; + wz))>~

(C.27)

1
4
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which proves the claim.

C.1 Computing Eigenvalues

We have (in the notation of Section B) that

and the corresponding operator
If f(X,r) = g(X)'r, we get

T f(Y) = E['k(X, X)i g(X)]
= 7' E[k(X, X)(u(X)u(X) + I)g(X))]

= 7 E[k(X, X)u(X)u(X)'g(X)]

+ " E[k(X, X)g(X)].

Thus, eigenfunctions are r’g where ¢ satisfies

Nol@) = 3 Bl 7)Y @) o(3)

+ ZE[/{@,@)g(@)y
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We will assume for simplicity that z; are independent across stocks. Then, we can rewrite

it as

+ q(@)(N = 1) E[u()g(2)]

(C.32)

(C.33)

(C.34)

D The Origins of Non-Sparse Covariance Matrices And Non-Sparse

Alpha: Sparsity Is Not Rotation Invariant

Fan et al. (2015) develop powerful techniques for testing asset pricing models when the

covariance matrix and/or the « vector of test assets is sparse. Here, we provide a simple

argument that if our test assets are portfolios based on a large number of non-linear charac-

teristics as in Didisheim et al. (2024), then sparsity becomes even harder to generate, as is

shown by the following result.

Proposition D.1 Suppose that stock returns are r;; and test assets are portfolios, with
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returns

N

Rt+1(9) = Zf(Xi,t;Q)Tz‘,tH, (D-l)

=1

where X;; € R are instruments (stock characteristics) and f(X;;0k) are bounded and real
analytic in 0. Then, for Lebesque-almost every 6,0, Cov(Ry41(0), Ri1(0)) # 0.

IfRM, = sz\; Gi(Xt)Riy1 for some functions g; - RN*4 — RN then

Cov(Re+1(0), Ri,)

a(f) = E[Ra(0)] — Var[RM,]

B[R] (D.2)

is either identically zero or is non-zero for Lebesque-almost every 6.

More generally, in stark contrast to the GRS test, any thresholding-based test is not
invariant to linear transformations: If we replace original returns R, € R with a linear
transformation AR, € RX for some matrix A € RE*F of portfolio weights, the a of
the corresponding portfolio returns AR, lose the sparsity of the underlying assets’ a. The

following result holds.

Proposition D.2 (Test Statistic Under Linear Transformations) Suppose that R, =
a+ BRM + ¢;. Define RA = AR,.

o If A € RP*P s non-degenerate, then the GRS statistic does not change: the test

statistic (11) satisfies W(R) = W (R4).

o If A € RP*P s an orthogonal matriz, AA’ = I, then the test statistic (18) does not

change: W(R) = W (R™).

e No test statistic involving thresholding can be invariant under any open set of linear

transformations.
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RPXP

e [f « is not identically zero, then for almost every orthogonal A € under the Haar

measure, Aa is not sparse: All of its coordinates are non-zero with probability one.

Proposition D.2 shows that the GRS test has economically intuitive invariance properties:
If we replace original assets with portfolios spanning the same set of payoffs, the statistic does
not change. Our ridge-penalized statistic has a slightly weaker property of being invariant
under rotations:'? A change of an orthogonal basis of spanning portfolios does not modify
the statistic. By contrast, sparsity-based statistics can never have this invariance property,
and neither can the sparsity itself: A small, generic rotation of the asset space destroys

sparsity.

E Random Matrix Theory and Power Under Local Alternatives

A key object of RMT is the eigenvalue distribution H4(z) of a symmetric matrix A € RP*F

P
1
Ha(x) = lexdi(ma (E.1)
=1

where \;(A) are the eigenvalues of the matrix A.

Definition 1 Given a sequence of symmetric matrices Yp € RP*P P — oo, we say that
their eigenvalue distributions Hy, are asymptotically stable if exists a distribution H with

compact support in (0,00), non-degenerate at zero, such that
\/EDW(HZP,H) — 0, as P — oo,

where Dy (Fy, Fy) denotes the Wasserstein distance between distributions Fy and Fy, defined

12We conjecture that, for P > T, there are no meaningful test statistics that are invariant under linear
transformations.
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as

Dy (Fy, Fy) = sup {‘/del — /deg  f s J—Lipschitz}.
f

One trivial example of asymptotic stability is constant: if ¥p = Ip,p, then Hy, is a J-
function at one. The true Stieltjes transform admits an integral form representation given

by

1
mEP(_Z) = /Rx‘i‘deEP(x) (EQ)

and, hence, under asymptotic stability,
lim my,(—2) (E.3)
P—oo

exists and is given by

m(—z) = /R L g (E.A)

xr+z

Note that by construction, for z < 0, we have that m(z;c) > 0.
By Assumption 1 (asymptotic stability of ¥p, P — 00), the limits P~ tr(3%), £ > 0

also exist. We denote these limits by my,(—z) and E[A§ ], respectively:'
my,(—2) = lim my,(—2), EMg,] = lim P~'tr(Z}). (E.5)
P—oo P—oo

In the classic case of zero complexity, X p converges to the true covariance matrix of residuals

BHere, P~ tr(Sh) = P~ Xi(Sp)F — BEDE ).
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and, hence, so does the Stieltjes transform:

T,PH()ICE,H}’/TﬁOm(_Z) = my,(—2). (E.6)

A cornerstone result of RMT is that when P/T — ¢ > 0, (E.6) needs to be adjusted: 7m(—z)

also converges to a deterministic limit that can be expressed in terms of my,(—z).

Theorem E.1 (Bai and Zhou (2008)) For each z > 0,

lim m(—z) = m(—z;c) (E.7)

T,P—oc0,P/T—c

exists in probability and m(—z;c) is the unique positive solution to the monlinear master

equation

m(=20) ! s ( = ). (35)

"1 — ¢ + cam(—z0) 1 — ¢+ czm(—=z¢)

~

As a result, the random quantities f, f’, A converge to their theoretical (constant) counter-

parts:

E(zic) = &(z¢) = (1—c+cam(—z0)" — 1

£(zic) = €(zc) = (1_0( ! (—z-e))) c(zm!(—z;¢) —m(—2z;c)) (E.9)

1—2zm

A(zie) = Alze) = 2(E(z0) + 2 (%) (1 + E(250)°

The Master equation (E.8) is a non-linear fixed-point equation. This equation admits a
unique positive solution for z > 0, that can be found using Newton’s method.
Many calculations in RMT are based on the following simple concentration lemma for

quadratic forms (see, e.g., Kelly et al. (2024b); Didisheim et al. (2024)).
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Lemma E.1 (Concentration for Quadratic Forms) If v = (7))L, with ~; being i.i.d.,
with E[y;] =0, E[y?] =1, E[y}] < oo, then

P 'yApy — P ' tr(Ap) — 0 (E.10)

in probability.

Lemma E.1 implies that expressions involving quadratic forms in high-dimensional vec-
tors tend to converge to non-random limits, and these limits can often we expressed in
terms of traces. For example, it explains the identity of the two limits in (37). Below,
we will frequently use the approximate equivalence of traces and quadratic forms in high
dimensions.

Under Assumption 2, it is possible to show that the random variable o/ ¥p ()~ a con-
verges to a non-random limit. To prove this convergence, we need to introduce notation and

results from RMT. Let

Z(z¢) = T —|—Zczm(z;c) = z(1+&(2¢)). (E.11)

Using Z,.(z;c), one can rewrite (E.8) as

zm(—z;¢) = Zz;0)ms, (—Z(z;0)) . (E.12)

Didisheim et al. (2024) show that Z, always satisfies Z, > z and refer to it as the effective
shrinkage. Formula (E.12) implies that complexity affects the covariance inverse through a

form of implicit reqularization, whereby, for ¢ > 0, we have

lim  z(zI+ Xp )P = lim Z,(ZI+ Sp )7L (E.13)
P/T—00,P/T—c ~— P—oo ~—~
random deterministic
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That is, inverting a ridge-penalized sample covariance matrix is like inverting the true
covariance matrix with a larger ridge penalty. This intuition can be made rigorous in the

following sense. Recall that, by Assumption 2,
ms,(—2z;a) = Plim (2 +p) o (E.14)
—00

Then, the results of Bai and Saranadasa (1996); Li et al. (2020b); Liu et al. (2015) imply

that the following is true:

lim zo/(zI + Yp )la = lim Z,o(ZJI+ Sp ) Ha. (E.15)
P—oo ~—~— P—oo =~
random deterministic

We formalize this important result in the next theorem (which, in turn, implies Theorem 6).

Theorem E.2 (Bai and Saranadasa (1996); Li et al. (2020b); Liu et al. (2015)) The

following limat exists in probability:

T1/2 "] f: -1 T1/2 —IZ* — 7.
H(zic) =  lim I+ Ep) e T2 Zimse(=250) g g
T,P—00,P/T—c 1462, 1+ 62,

where my, s defined in (37).

Formula (E.13) implies that a key determinant of the high-complexity behavior is the

effective shrinkage parameter Z,. As we show in the Appendix H, Lemma H.1, it satisfies

Z.(z¢) = c(P  tr(Zp)) + O(1) (E.17)

as ¢ — oo. That is, Z, increases indefinitely with ¢ and, as a result, the regularized inverse
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gets dominated by Z,:

lim Zoms,(—Za) = lim Z.o'(ZJI+%p) Ha
P/T—00,P/T—c P/ T—00,P/T—c
= (I +%p/Z) Do (E.18)
= lim e]?.

P/T—00,P/T—c

Similarly, Appendix H, Lemma H.2, implies that
A(z;c) = 2cz2(P7'tr(¥X3%)) + O(1). (E.19)

That is, by Theorem 7, the variance of the GRS statistic W(z) grows with c. Substituting

these expressions into the expressions in Theorem 7, we get Proposition 9.
Proof of Proposition 8. The claim follows from the general results in Li et al. (2020a). O

F Proof of the Main Result (And an Extension to Multiple Fac-

tors)

Proof of Propositions 3 and 4. These propositions are classic results in RMT and can

be found, for example, in Li et al. (2020a); Kelly et al. (2024b). O

We now state the following important general result from (Li et al., 2020a).

Let X € R*T be a design matrix of rank k. Let also R
R = BX + 2}/%u, (F.1)

where R = (R;)_; € RP*T are returns and u = (u;) are residuals satisfying Assumption 1.
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Define residuals'®

& = R(I-X'(XX')"'X) = R — BX, (F.2)
where

B = RX'(XX')™! (F.3)
and

. 1<

Sp = ?Z@tdg = T7'a4d = T7'R(I — X'(XX')"'X)R, (F.4)

t=1

and

Sp(2) = 2I + p, (F.5)

where we have used that (I — X'(XX’)"1X) is a projection,

(I - X'(XX)'X) = (I - X'(XX)'X)2. (F.6)

We also fix a matrix C' € k x ¢ defining the set of ¢ constraints: The goal of (Li et al., 2020a)

is to jointly test ¢ hypotheses

BC = 0. (F.7)

Intuitively, we would like to define a test statistic in terms of the “size” of BC, and testing

" Note that, in the main text, we define residuals & using only X = R as the design matrix. However, we
that define the residual covariance matrix ¥ p using the demeaned residuals, ¥ p = &&' —aa = (a—a)(aG—a)’.
By direct calculation, & — & are the residuals if we use X = [1, RM] as the design matrix. Below, we use this
notation.
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BC' = 0 can be done by testing whether BC'is small. Define
T = (C'(XX))to)yV/2, (F.8)

This is a simple normalization, controlling for the size of X and C. To this end, (Li et al.,

2020a) define the test statistic

V() = L (BOTYSe(2)(BCT)

TC'BSp(2) ' BCT (F.9)

TC(XX) ' XR'Sp(2) 'RX(XX)'CT € R,

which is a ¢ X ¢ matrix, with ¢ being the number of constraints that are being jointly tested.
An important additional constraint Li et al. (2020a) impose is that T-'C"(XX')~'C be

uniformly positive definite: liminfr_,. Ay (771C"(XX')71C) > 0.

For ¢ > 1, denote by W = [w;]} ,_; the Gaussian Orthogonal Ensemble (GOE) defined
by:

1. wij = wﬂ,
3. w;;’s are jointly independent for 1 <¢ < j <gq.

The following is a consequence of the main result of Li et al. (2020a) (that result is

formulated for more general shrinkage functions).

Theorem F.1 Let W be the Gaussian orthogonal ensemble: We have

~

Tl/Z(M(Z) — &§(250)I4xq)
A(z; )12

- W (F.10)

in the sense of weak convergence.
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We now show that Theorem 7 is, in fact, a special case of Theorem F.1. Here, for the

sake of completeness, we prove an extension to multiple factors.

Suppose
R = BRM + ¢,

with RM being L-dimensional. Let also

B = Cov(R,RM)S;} € RPXE,

where

T
1 _
M § : M/ M PxL
COV(R,R ) = T 2 Rt(Rt ) - R(R )/ER
_ 1 & o
Yy = Var[RM] = ?E RM(RMY — RM(RM) e RMF

We then define the estimated residuals,
4 = R, — BRM

as well as their sample mean vector

T
_ 1ZA
a = (67
t=1

Nl
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and their covariance
1

We also define

T 1 S —1=
W(z) = (1+(RM)’XA]]T/[1RM)O¢ Yp(z) ta. (F.17)

Theorem F.2 Under Assumption 2, for any z > 0, we have

TV () —€(2) N( H(z;c) 1> (F.18)

A(z; )12 A(z; )t

in distribution, where H(z;c) is defined in (39). In particular, the power of the test satisfies

T2} _ ¢
Probability of rejection = Prob Q/V(Z) £)) > (
A(z;¢)/?

(F.19)
— Tosym(z5¢) = @ (—C + M) ,

A(z;0)'?

where ®(-) is the cumulative distribution function of the standard Normal distribution, and

C 18 a quantile of this distribution.

Proof of Theorem F.2. Let

C= c READX1 (F.20)
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and
X = (1,RM) ¢ RUEAXT (F.21)

Now, we have

A

B=(a §)=RX(XX)" € RV, (F.22)

where B are estimated betas with respect to the factors.

Let us define RM = 7-'S°7 | RM € R¥*!. Then,

17

XX = (1T (RM)’)
RM
(F.23)
T  T(RMY
The formula for the inverse of a block matrix
A B
C D
is given by:
AT+ A'BS1CAY —A1BS!
M= : (F.24)

—5-10A! 51

where S = D — CA™'B is the Schur complement of A in M.
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Using this formula and defining T3, = RM(RM) — TR™(RM)', we obtain

T-Y(1+ (RMySy RM) —T-HRM)ysy}
(XX’)1< L+ (RUYSRY) —THRYYEY
T3 RM T35

Letting R = T'Y,_, R, € RP¥1 we get that (F.22) implies that

) T-1(1 + (RM)'S; L RM)
a=(R1, R(RMY) R

— (R(1 4 (RMYSTIRM) — T—lR(RM)'EAjRM) .

Similarly,

Let

C'(XXNIC =T (1 + (RMYS; RM)

~

= (C(XX)TIOPYE = (T L+ (RIS R

<
|
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Thus, by (F.9),

The proof of Theorem F.2 is complete.

F.1 Re-expressing The Test Statistic

Let

- 1
Sp = SRR

and note that
C - 1 / Nn—1 /
YXp = Xp — TR(X (XX X)R'.
It is convenient to define

U _ X/(XX/>7]./2

V = (XX)V2oT.

(F.30)

(F.31)

(F.32)

(F.33)

A key observation is that 7 (the normalization factor) is the symmetric matrix uniquely

defined by the condition that

V'V = 1 & TIC'(XX)'O)T =1 & T?2=CXX)'C.
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Then, we can rewrite

A

~ 1
Sp = Sp — ZRUU'R (F.35)
and, by (F.9), we have

M(z) = %TC’(XX’)‘IXR’iP(z)‘lRX’(XX’)‘lCT

TC(XX) V(XX V2XREp(2) P RX/(X X)) VA X X V2CT (F.36)

1

T
1 ~

= TV’U’R’EP(Z)‘lRUV.

Dealing with Sp directly is inconvenient because the matrix U inside S p breaks the inde-

pendence structure of returns across t. We start with the following auxiliary result.

Lemma F.1 We have

1 5 1 - 1 -
?U’R’Ep(z)_lRU = TU’R’Ea(z)‘lRU([— TU’R’Ea(z)‘lRU)‘l (F.37)

Proof of Lemma F.1. Let Y = RU. The desired identity is equivalent to

1
T/ (:I+T ' RR—YY) 'Y = T/ (=47 RR) Y (I-T7'Y (:I+T'RR)'Y) .

(F.38)

One can see that this is a multi-dimensional extension of the Sherman-Morrison formula and

coincides with it when Y is one-dimensional. We will need the following lemma

Lemma F.2

(A—B)' = A" + A'B(A-B)™! (F.39)
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Proof of Lemma F.2. multiplying by A — B from the left and by A from the right, we get

A= A-B+B

Thus,

1
TY' (21 + T'RR — TYY’)‘lY
1 1
= TY'((z2I + T'RR)™' + (2 + T‘lRR’)‘ITYY’(zI +T'RR — TYY’)‘l)Y

1 1
= T +T'RR) Y +TY'(21 + T‘IRR’)*?YY’(,ZI +T'RR — TYY’)—W :
(F.40)

Let Qy = T-'Y'(zI + T'RR' — 2YY')"'Y, Q, = T"'Y'(2I + T"'RR')"'Y. Then, we can

rewrite this identity as

Q1 = Q2+ Q1 & Q1 = Q(I—-Qy) " (F.41)
The proof is complete. O

Corollary F.3 Let

R(z) = (2I+T'RR)'RR € R™T,
U = X'(XX')1/? (F.42)

V = (XX)7V2CT,
and
D(z) = =UR(2)U. (F.43)
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Proof of Corollary F.3. By (F.36),

- 1 A
M(z) = ZV'U'RSp(z)" RUV.

Using Lemma F.1, we thus get

~ 1 ~
M(z) = fV’U’R’Zp(z)_lRUV

1
T T

By the identity

RY.(2)'R = (zI+T'RR)'RR = R(2),

we can rewrite it as

T T

Corollary F.4 Let L =1 and

X = (1,RM) ¢ R®*T,

- 1 ~
VUR'So(2) 'RU(I — =U' RS (2) *RU) 'V .

M(z) = lV'U’R(Z)U(J—lU’R(z)U)—lv

(F.44)

(F.45)

(F.46)

(F.47)

(F.48)

(F.49)



Let also

R(z) = (z2I+T'RR)'RR ¢ R,

U = X'(XX)Y? ¢ R (F.50)

v o= (xxnye(! L
0 T_1/2(1+‘9]2\/[)1/2

and
D(z) = %U’R(z)U. (F.51)
Then,
M(z) = V'D(2)(I -D(2))"'V. (F.52)

Proof of Corollary F.4. By (F.36),
1 ~
M(z) = fV’U’R’Ep(z)_lRUV. (F.53)

Using Lemma F.1, we thus get

~ ~

M(z) = ZV'U'REp(z)" RUV

. ) ) N (F.54)
= ?V’U’R/Ea(z)‘lRU(I — fU’R’Ea(z)‘lRU)‘lv.

By the identity
RY.(2)'R = (2I4+T'RR)'RR = R(2), (F.55)
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we can rewrite it as

M(z) = %V’U’R(Z)U(I— %U’R(Z)U)_IV

Lemma F.3 We have

RO25(2) = d (21 + TT'R'R)'U(I - D(2)) (X X')"2C,
where

¢ = (3°)Re R".
Proof of Lemma F.3. We have

Rg,gi(z) = (&to-i-ols),iP,[t—T,t}(z)_l@[t—T,t},

Let Y = RU. Similarly to (F.40), we have

1
(21 + T'RR — TYY’)‘lY

1 1
= ((Z-[ + T_IRR,)_I + (Z_[ + T_IRR,)_ITYY/(Z] _|_ T_IRR/ - fYY,)_I)Y

1 1
= (I +T7RR)Y + I+ T RR) ' ZYY/ (21 + T RR = VY)Y

so that

1 1
(I — (21 + T‘lRR’)‘lfYY’)(zI + T 'RR — TYY’)‘lY

= (2I +T'RR")'Y,

88

(F.56)

(F.57)

(F.58)

(F.59)

(F.60)

(F.61)



implying that

1
(:I+T7'RR — ZYY')lY

— (- (I + TlRR’)l%YY’)l(zI +T'RR)Y.

We will now use the simple identity
(I —-AB)'A = A(I - BA)™*
with A = (21 + T"'RR))™'Y, B=T"'Y" to get

1
(I — (21 + T_IRR’)_l?YY’)‘l(z] +T'RR)Y

1
= (2I+T'RR)Y'Y (I -Y'(2] + T—HRR’)—ITY)—1 :

We thus have, with C' = (1,0, -- ,0), that, with U = X'(XX')~1/2,

in[t—TJ](Z)_la[t—T,t] = Sp(2)'RX/(XX)"'C
1
= (I +T7'RR = ZYY) 7V (XX')72C

1

= (2I +T'RR)'Y(I - Y'(21 + T'RR) TY)”(XX’)*”QC

= (2I+T'RR)'RU(I — D(2)) " (XX")~V2C

= R(I+T'RR)'UUI - D(2)) ' (XX")V2C,

The proof is complete.
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F.2 Size Distortions

Proposition F.5 Suppose that the distribution of €, is symmetric: €, and —e; have the same

distribution. Then, under null o = 0, we have

IE[ét(l + ét)_l]

E[W (2 = ,
W= e

& = T'Ri(z2I+T7'Sry) 'Ry
Proof of Proposition F.5. We have by (F.56) that

EW(2)] = E[V'D(2)I = D(2))"'V] = V'E[D(2)](I - E[D(2))"'V,
and

E[D(2)] = IE[(1+&)"].
Indeed, the inequality

E[V'D(z)(I = D(2))"'V] > V'E[D(2)|(I — E[D(2)])"'V

(F.66)

(F.67)

(F.68)

(F.69)

follows directly from the classic matrix Jensen inequality and the matrix convexity of the

function z/(1 — x) on [0, 1]. Then, we have

E[D(z)] = T'EU'R (2 + T"'RR)'RU].

(F.70)

To compute this expectation, we note that, for any a,b € R”, we will study the following
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object using the standard Sherman-Morrison transformations:

G(z) = T'E[a'R/(z] + T"'RR')""Rb|

= T7'E])_anb, R} (21 + T'RR) 'Ry,

t1,t2
-1 / —15 -1 Soy—1 2 oN—1 (F71)
=T E[Z at1bt2Rt1(ZI +T 2T,t17t2> Re,(1+&,) (1+&,) ]
t1#£t2
+ TE) " ab Ry(2I + T Sp) " Ry(1+ &) 7Y
t
where we have defined
&, = TR, (21 +T7'Sr, ) 'Ry,
étQ - T_leIfg(ZI+T_12T,t1,t2)_1Rt2
. (F.72)
Y1y = T YRR — Ry R;))
St = T RR — RyR, — R,R,).
By the assumed symmetry, we have that the terms with ¢; # t5 vanish, and we get
G(z) = TTED JabRi(zI +T7'Sr) "Ry(14+ &) = ED_ab&(1+&)7"]
t t (F.73)
= a’bE[ét(l + ét)fl] ;
and the claim follows from U'U = I. OJ
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G Optimal Ridge Penalty

Following Kelly et al. (2024c), we let

T=1
A A 1
U, = Up — —qd)
Tt T T tCy (G 1)
_ 1
ary = @ — Tat
Yrp = Wry — apuorp, .

Y1 and ag, are estimated alpha covariance matrix and mean alpha for an investor who does
not have access to the observation number ¢, so that whatever happens at time ¢ is perceived
as out-of-sample by this investor (see Kelly et al. (2024c) for details and extensions of this
idea).

As a result, we can build an asymptotically unbiased estimator of #H(z;c) using the

leave-one-out estimator:
1 T
T B _ .
H(z;c) = T ;Zl ari(zI + Xr) " &y (G.2)

By the Sherman-Morrison formula,

_ & (2] + U ,) LA
py(2I + S70) 'y = i_"j< ) ~ (G.3)
1— aT’t(zI + Ury)lar,

For large T', we can approximate

d’T¢(zI+\i/T7t)—1aT7t = ab(zI+ V) rar + O(TY), (G.4)
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whereas

_ A i 3 A a 1
oz}}t(z]—I—\I/T,t) la, = O/T’t(zf—i-\I/T) L&,

1

= (@ — T &)= +¥r)ta -
( 4 m) T T (2] + Up) 'y

Wt—wt
)

1—wt

where
Wy = TﬁlOAéQ(Z[‘F\iIT)ilOAét

T
. 1 .
Wy = &l +W07) 6 = — > aL(el + ¥r) '

and we get our estimator

B 1 XT: le,t(’Z[+ \ilT7t)_1OAét

1 1 ,
= - Qr (2] +X74) @
1 —ab(zI +Vp)tap T ; il Te) G
o 1 1 r Wt — Wt
1-— O_/T(Z[ + \i/T)flc_(T T i—1 1 - Wy
Now, let & = (&)7, € RP*T. Then, Uy = T-'a4@ and, hence,

G(z) = TT'WW (2I+Vp)ta = TI&/ (24T ad) e = (24T 'a
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Then,

w= (), = diag(G(2)), W = (Wy)y = G(2)1. (G.9)
Similarly,
ab (2 + V) gy = T2V (21 +Tp) a1l = T7'1G(2)1 = T7'1'W.  (G.10)

H Asymptotics for ¢ — oo

Proposition H.1 Let m(z;¢) = ¢ 'm(z;¢) + (¢! — 1)271, 2 < 0. Let also X be a random

variable distributed with dH(x). Then,

m(—zc) = (1—¢)z"! +62E[X]_1+0.563(E[X]_1(g§]l —2E[X]71) + O(&) )
%<m<—z;c>> = —(1-027 —@EX]?+0(),

where ¢ = ¢ L.

Proof of Proposition H.1. Substituting m(z;c) = ¢ 'm(z;¢) + (¢! — 1)27! into (E.8),

we get that the Master equation for m(—z;c) is

zﬁl—l—i—c(l—/%) _ 0, (H.2)

where dH is the asymptotic distribution of eigenvalues of X p. Let ¢ = ¢~*. We will use the
implicit function theorem to perform Taylor expansion in powers of ¢. Dividing by ¢, we can

rewrite (H.2) as

5(zm—1)+(1—/(dH(x) ) = 0, (IL3)

1 4 mx)
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implying that limz_,om = 0. Hence,

limm =20
CcC—r 00

Moreover, we can write

m = cmy + 0.5 my +0.258m3 + O(E).

We will use the fact that

(emy + 0.5 &my +0.25¢m3 + O(eh))?
= &(my + 0.5 Emy +0.25¢%m3 + O(&))?
= (M3 + &mymy + O(¢%))

= &mi + Empmg + 0.
And that,

(eimy + 0.5 &my +0.258ms + O(E))?
= &(my + 0.5¢ms + 0.25¢%m3 + O(c°))?
= &(mi + 0(2))

= &m} + O(&)
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Substituting this into (H.3), we get

dH (x)
(1 +mx)

ozé(zm—1)+(1—/ )

— 1)+ (1 - /(1 i + %2 — 3 + O(E))dH (x))
= &(z(émy + 0.5 my + 0O@)) —1)

+ (1 — /(1 — (@ + 0.5 &my +0.258m3 + O(E))z

+ (&1 + 0.5 &my + 0.25¢m3 + O())*a?

— (@1 + 0.5 Fmy +0.258%ms + O(E))*2? +O(é4))dH(:p)>
= Famy + 0.528my + 20(¢Y) — & (H.8)
+ (/((5m1 + 0.5 @&y +0.25ms + O(E))x — (m? + SEmymg + O(E))a?

+ (8mi + O(E))2® — 0(64))dH(x))

= &2my + 0.528%my + 20(8*) — ¢

+ (@1 + 0.5 Emy +0.258%ms + O(E))E[X] — (Bm] + &mymy + O(EY))B[X?
+ (&m} + O(EY))E[X?] — O(&)

= ¢(mE[X]—1) + &(zmy +0.58m,E[X] — miE[X?)

+ &(0.521my + 0.25m3 B[ X]| — myme E[X?] + M3 E[X?]) + O(&),
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This equation must hold for all ¢. Equating the coefficients, we get

N 1

"™ T EX]

iy = 2E[X]"L(M2E[X? — 2my) = 2E[X}‘1(§§]l _LE[X]Y

g = 4B[X]7! (Mme B[X?) — 0.521my — m3E[X?)) (H.9)

= 4E[X]™" (ma (i E[X?] — 0.52) — miE[X?))

= 4F[X]? (2 (gg; - zE[X]‘l) <f;[§]] — 0.52) - gg;])

Now,

m(—z;c) = em(—zc) + (1—3¢)z"
= &(@my + 0.58%my + 0.25¢%m3 + O(E)) + (1—2¢)z7! (H.10)

= (1—-208)z' + &y +0.58my + 0.25¢4m3 + O(&°) .

Note that, formally, we have computed the Taylor expansion

m(z) = mo(z) + mu(2)é + ma(2)& +ms(2)&® + my(2)é* + O(), (H.11)
where
ak
me(z) = k‘@m(z) (H.12)

As a result, by analyticity,!® we also have

2 — 2 2 ~ g ~2 ~3 g ~4 ~5
aZm(z) = 3, my(2)é + ang(z)c +ms(z)¢ —I—azm4(z)c + O(&’), (H.13)

15Cauchy integral formula implies that when some analytic function f(z) is O(&*), then so is its derivative.
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Thus,

0
—(m(—2:0))

- % ((1 —&)z7" + @y + 0.5, + 0.25¢ s + 0(55)>

— % ((1 —&)z !t + é2ﬁ +0.5¢° <2E[X]1(g§]22] — zE[X]1)>

oo (o (B o) (5 -02) - )

+ 0(55)>

(H.14)

E
-1 3 EIX?] EX?] 2\ _ EX7
+c (E[X] (2 (( E[X]) —1.5 E[X]z+0.5z)—m)>

= —(1-¢)272 —FEE[X]?

—28'E[X]7? (1.5%[[);] — z) +0(&).

Note that all terms are negative because m(—z;¢) = imp o0, p/r—e P71 tr((2] + f)p)*l) is

monotone decreasing in z > 0. 0

Lemma H.1 Let m(z;c) = ¢ 'm(z;e) + (¢! — 1)271, 2 < 0. Let also be X, a random

variable distributed with dH(z). Then,

= 3 (e (S (BT 561 o
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Furthermore,

Z.(z;¢) = ¢'E[X] + O(1). (H.16)

Proof of Lemma H.1. Substituting m(z;c) = ¢ 'n(z;¢) + (¢7' — 1)z~ in £(z; ¢) we have

l—c+H+czm(—z;¢c) = 1—c+zm(—z;¢c) — (1 —¢) = zm(—=z;¢), (H.17)

and by (H.5), we have

1
. — —1
§zc) 1 —c+czm(—z;c)
1
pEITh
AMTHC 1 (H.18)
= -1
2(émy + 05 @my + 0.2583ms + O(ch))
_ 5_1 1 _
0 z(my + 0.5 Emy +0.2582m3 + O(&3))
By Taylor expansion, we get
. 1 . 1
& — = = poa— = = C — —
z(my + 0.5 ¢my + 0.25¢2m3 + O(c3)) zma(l + 0.5¢52 +0.25¢222 + O(¢?))
1 = ~ =2
el (1 — 05602 — 02582 4 02582 4 0(53)>
2my my my my
(H.19)
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Substituting the expression for m;, my and mg gives

0.55% = (ﬂi((]zl - ZE[X]1> _: <E[X2E]'[;(,]Z2E[X]>

213 _ =2 -1 E[Xﬂ -1 E[XZ] E[XS]
0.25¢ ol “E[X] (2 (E[XP — zE[X] > <E[X] —O.5z> ~ B
o ., [ (E[X?] — 2E[X])(E[X?] — 0.52E[X]) E[X?]
= 2EX] ( E[X]? T 2E[X]?
2m5 L, (E[X? - 2E[X] ’
0.25¢ m—% =c ( BIX] )
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Hence,

X ~ - ~ 9
E(zie) =& l— (1 — 0,562 — 02582 4 0.252 22 0(53)) !

__ 1 B[X] 5 E[XQ]—zE[X]
- 7(1‘6( BXP )

9 _, ((E[X?] — 2E[X])(E[X?] - 0.52E[X]) E[X?]
~228 X ~3mx7)
+ & (E[XE&TQE[X]) +o<a3)> 1

__ 1 E[X] _( E[X? - zE[X]
- 7(1‘0( i)
SRR (E[X] —1.52E[);][EX[]X | +0522E[X]* E[;( ])
L 2B - 2zE[2([])§£X2] + 2E[X]? +O<ég)> .
L EX) (. (EIX? - 2E[X]
- 7(“‘( )
—28E[X]?

E[X?? — 1.52E[X|E[X?] + 0.522E[X]? E[X?] 0.5E[X?? - 2E[X]E[X?] + 0.522E[X]?
- ( B[X] T2 T B[X] )
+O(E3)) —1
G EX) (. (EX? - 2E[X]
- 7(“( )
_ ~2E[X]73 <E[X] _Eif(gX]E[X ] —E[X3]>
+O(53)) —1

_LEIX] (EIX?Y\ (EIX?-:E[X]EXY E[X )
R (ZE[X]) ( ZEX] ZE[XP) o)

(H.21)
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By analyticity, we can compute &’(z; ¢) by differentiating equation (H.21) with respect to z.
We have

_E[X]  E[X? EIX??  E[XY s
- ¢ T Tapm ¢ <_2’2E[X]3 Z2E[X]2> +0(@)

_ L <_~—1E[X] + (E[X2]> +é (E[XQ]Q — E[Xg]» +0(&)

22 E[X] E[X]?3 FE[X)?
(H.22)
U
Lemma H.2 We have
A(z;c) =2&7! <%)§2] + O(é)) : (H.23)
Proof of Lemma H.2. By Lemma H.1, we have
oy aBPX]T O (EXP]\ L (EXPP-:EX|E[X?] E[X7] e
== (zEm) - ( EXP zE[XP) HR
o1 XY\ | (EIX? EIXY , '
60 = 5 (= B0+ (5o ) +# (B ~ e )) O
Since
A(z;e) = 2(&(z;¢) + 28 (z;0)) (1 + £(2;0))?, (H.25)
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(- (25) -« (BT 2 o
() )
E[X]3
(H.26)
Furthermore,

Elx] <E[X2]> i <E[X2]2 — 2E[X]E[X?] E[X3]2> +0(52)>2

(14&(z0)* = (1 +e = 2E[X]) ¢ 2E[X]? - 2B[X]

(H.27)

Remark that we will get a O(¢) term by the product of 5—1% and O(¢?). Therefore, we

can collapse all terms of order O(¢) and above in the computation. We get,

(1 +6_1E[X] B (E[X2]> . (E[X2]2 — 2E[X]E[X? E[X3]2> +0(52)>2

2 2E[X] zE[X]3 2E[X]

1 BX] JEBX?  _LEX] L EX? E[X?] - 2E[X|E[X?  E[X?]
=l 2 _2ZE[X] 22 — 22 _2( 22E[X)? _ZZE[X])
2
s (B g (2L )

JE[X|E[X? _E[X??-:E[X]E[X? _E[X* E[X22
M= ot 2E[X]? 2 apg e O

= (%)2(]2) +2¢7 (ZE[X]Z_Q EW]) + (1 - 55[(;]]22 + zzjfgg]) +0(¢)

(H.28)
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s =2 (I o)
X (5—2 (Ei—f]) + 2671 ( ElX) - E[X2]) + (1 — Eg[(;]; +2 [ i ]]) +O(&))
(S5 o)

2 2 ( ElX] - E[XZ]) + & (1 — Eépg; +2 EE[X]]) + 0(53))

(H.29)
U
Lemma H.3 Under Assumption 2, we have
H(z;0) RV 1 2 ~
= . H.30
Aea? ~ Tra, \\ 2Epe el o) (30
Proof of Lemma H.3. Recall that ¢ = ¢! and that, by (E.18),
H(z;e) = 27 Hal* + O&). (H.31)
Now, by Lemma H.2 we have,
_, ( E[X|E[X?] _ E[X]? -
LN o1
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Therefore,

E[X?
VAGg - 22X o
z
Since the Taylor expansion of y/(1 + x) around is = 0 is given by
1
Vi+br=1+ §bx+0($2)

We get,

\/Q@ +0(e) = 2@(1 +0(@))

22 z

Hence,

VA(z0) =12 /2—E[Z‘)§2] +0(E?)

Now, we have
1
a2, 2B L o@z) a2y 2280 (1 4+ 0(e)
1—-0() +0(&))

_ 2
—1/2 2%

Ty

— g2

sE (L~ 00+ 0@)

2
_ z1/2 ? ~3/2
¢ SB[ +0(e?))
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(H.34)

(H.35)

(H.36)

(H.37)



Finally,

H(z;c) _ /2 1 a G
Az~ ° 146, ( 2E[X?] + O( )))
X {z_1]|a|l2 +O(E)} (H.38)

1 1 ) N
- %< sEr o] +0<c>>

_ G2

I Simple Derivations for the Gaussian Case

In this section, we provide some simple derivations for the underlying statistic for the simpler
case when residuals are Gaussian. While proving the Central Limit Theorem is still not

trivial, computing the mean and variance of W(z) becomes a relatively simple problem.

Proposition 1.1 Let Ap be a uniformly bounded sequence of symmetric matrices and
Y = aApa. (I1)

Suppose also that RM are uniformly bounded fort > 1 and f]ﬁ 15 uniformly bounded. Then,

E[V] = o'Apa + %tr(ZpAp)(1+é?\4) (1.2)
and
Var[V] = %2 (P tx(SpApSpAp)) + O(T). (1.3)
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Proof of Proposition 1.1. We have

& = R, — BRM,
where

S = g SRR - RYRYY = SRR R
implies that

B = T7 Y R(R}M - RMyS;}

t
= 77> (o + BRY + &)(RY - RM) %y}
t

= B+ T7'Y e (R -RY)Sy

t pxi 1xL

=B + ¢ ,
—~—
PxL
where we have used the fact that the true DGP is given by
R, = a + BRM + ¢,
so that

& = a + & + (B=BRM = a + ¢ —éRM

while
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Note that, under Gaussianity, & — & is independent of & . Furthermore,

a =oa+ & — éRM

= o+ T‘lzt:st(l— (R — RM) 53/ RM) (1.10)

= a + T_lzgﬂﬂt = T_lz(a + etdy),

t t

where we have defined

ve = (1= (R — RM)' 5/ RY) (L11)
and

Y2 = 1—2RM — RMYSIRM + ((RM — RMY $ RM)? . (1.12)
Thus, we have

E[@Aa) = TE[Y 1, tb,e), Acy,] + Ela/ Aal . (1.13)

t1,t2

Without loss of generality, we may assume that ¥p = I. Indeed, otherwise, we can write

€ = E}!ta and redefine Ap = E}D/QAPE}J/Q to get

@/A@ = CY/AOK + T_2zwt1¢t2€21A€t2 = Oé/AOé + T_Qz¢tl¢t22’£1f~lzt2. (Il4)

t1,t2 t1,t2

Thus, since E[e;] = 0 and &, are independent across ¢, we get Fle}Ae;] = tr(A) and, hence,

EldAa) = o/ Aa+T7>) 4jtr(A). (1.15)

108



Let

Sae = RM(RM — RMY, (1.16)
so that

~ 1 A

Sv o= ?Xt:zw. (1.17)
Then,

(1.18)
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Similarly,

E[(&Aa)’] = FE

<T2 Z Vi, Y,y Agy, + o/Aa) (T2 Z Uy, Yr,€;, Aey, + o/Aa)

t1,t2 t1,t2

=F

T_4 Z wtl ¢t2¢t3¢t4521 A5t25£3A5t4

t1,t2,t3,ta

(1.19)
+2F

T Z U Y,y A0 Aa

t1,t2

+ E[(d/Aa)?]

=Terml + 2T erm2 + Term3

Computation of Terml

Since Elg;] =0, E[e?] = 1 and E[e}] < oo, then the summands of

T Z E[¢t1wt2wt3¢t45:51A€t2€;}3A€t4] (120)

t1,t2,t3,ta

are non-zero only when (t; = to = t3 = t4), or if there are exactly 2 pairs of identical indexes

t. The first case gives

T_4 Z ?Z)?E[E;Agtf‘:;ASt] = T_4 Z @D;L Z E[gt,iAijEt,jgt,k’Aklet,l] (IQl)
t

t ,9,k,l

This, again, is non-zero only when i = j =k =1lor (i=j# k=1),(i=k # k =1) and
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(1t =1+# j = k), hence, we get

E EletiAijer etk Aric]

i’j’k’l

- Z E[Eii]A?i + Z Ay Apr + 2 Z A?j

i,k,i#£k i,j,i4]
:ZE[€?¢]A;+ (ZAH) ZA +22A _22‘4?1'

= (Elef] = 3) ) A%+ tx(A)* + 2] All3

And so,

(1.22)

T—4Z¢t Z E&““Awgt]et k’AkZEtl 4Zwt ( Etz ZAZQZ +tI‘ +2||A||2)

t i,5,k,l

(1.23)

For the second case, we need to distinguish when (t; =ty # t3 = t4), (t; = t3 # to = t4) and

(tl = t4 % tg = tg) FiI’Stly, when (tl = tg # t3 = t4), we have

T_4 Z ¢t21 wtzg E [5;1 Agtl 622 A5t2} = T_4 Z ¢t21 rl7blf22 E [821 A€t1 ] E [622 A5t2}

t1#£ts t1#£t2

=T PP} tr(A)

t1#£t2

Then, when (t; = t3 # ty = t4), we get

—4 E —4 E E
wtl wtz E:t1148t28t1 AEtQ - wtl wtg E €t1 i ]8t2 ]gtl kAk l€t2 l]

t1#£ts t1#£t2 ,5,k,l

The expectation is non-zero when (i =k, j = [), so we get

/ / o 2 _
) Ele}, jAijErich s Aricing] = Y AL =
—

Z'7j7k7l
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Hence,

4
E wtlwtz 5t1A5t25t Agy,] =

t1#to

Lastly, when (t; = t4 # ty = t3), we obtain,

T Y Wi Bley, Acyer, Acy]

t1#t2

So, Term]1 is given by

Ty

t1,t2,t3,ta

+ T4 i tr(A)?

t1#t2

+2770 Y Wi, (A7)
t1#to
= T (Bl ZA

(Y R n(A)?

5t

Computation of Term?2

We have

2E Z wtlth‘EftlA&ftQOé AOZ

t1,t2

E [1/}151 1/Jt2 wts ¢t4 51,51 Agtz 5;3 A5t4 }

T2 i (1.27)
t1#£to
= T UL ER, Asue e
Symmetry of A t1#to (I 28)

=T ) (A7),

t1#£t2

=T (( i1 =3) ZAMHF +2HA||2>

+2tr(A2)).

(1.29)

Z 1% wtz gtl A€t2] [O/AO(]

t1,t2

=T 4 tr(A)d Aa
t

(1.30)

112



Computation of Term3

We have
E[(/Aa)?] = (¢/ Ac)? (1.31)

Hence, by combining all the terms together, we get

E[(&'Aa)?] = Term1 + 2Term2 + Term3
=7 Z wf(Ek?,i] —3) Z A
+ T 97 (tr(A)? + 2tr(A%)
+2072) "t tr(A)d Aa (1.32)
+ (o Aa)?
= 2T (D W)’ te(A%) + T (Bl -3) ) A
+ (E[@ Aa))?,

where we have used that, by (1.15),
(Ela'Aa))® = (o/Aa+T72> 47 tr(A))*. (1.33)
t

Hence,

Var(&' Aa) = E[(&’ Aa)?] — E[a’ Aa)?
=T Wi (Ele] =3) )AL (1.34)

+ T74T%(1 + 62)% tr(A?).
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Since,

DALY AL =Al = w(4%) < |JAIPP = O(P), (1.35)

while the assumptions that RM is bounded and ZA]]T/II is bounded imply that v; are uniformly

bounded, so that
T Y} (Elet;] - 3) ZA2 = T7'O(TP) = O(T™?) (1.36)
t

O

Proposition 1.1 combined with a simple extension of Theorem 2.1 from Srivastava (2009)

implies the following result.
Proposition 1.2 (Test Statistic With Known Xp) We have that

—~ a'(zI +3p) e

W(z) = o (1.37)
satisfies
Tl/z(f/f(Z) —&p(20) N(= H(2) ) (1.38)
Ap(z;c)/? A(z; )/
1s distribution, where
£(z) = P tr((z] +3p) 7 Sp)
A(z¢) = 2ctr(P tr((2] + $p)2%2) (1.39)

H(z) = Pli_r)rgoa’(z[—i—Ep)_la,

assuming that the last limit exists.
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As we can see from Proposition 1.2, the behavior of the test statistic differs significantly
from that in Theorems 5 and 7. For example, the test statistic is well defined even for z — 0,

whereas (by Theorem 2), both the mean and the variance of 1474 explode for z — 0,¢ — 1.

Proof of Proposition 8 for the Gaussian Case. We have

Erlar,Aal = Erl(a+ery —ERpL,) Ad]
= (a—épy' ) Aa (1.40)

= (a-T1" th RM — RS gty AT~ Z(a + ethr),

t

where we have defined
Wi = B[R, (L41)
Thus,

Erldr,, Ad]

= dAa + T’lo/AZatwt — T’la’AZ&tt(Ry—RM)EA},L%
t t

(1.42)
+ TﬁzZ(étl(Riw — RM)S i) Ay,
t1,t2
Thus,
E[Er|an ,Ad)la, A] = o Aa (1.43)
because

> (RY - RM) = 0. (1.44)
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The fact that Var[Ep[d} , Aa]] converges to zero follows by the same arguments as above.

The proof is complete. U

116



	Introduction
	The Test Statistic
	Asset-pricing regressions when factors are tradeable
	Statistical structure of risk
	The Setup
	The GRS test statistic
	High-Dimensional Case
	An Economic Interpretation of the Test Statistic

	Power of the Test
	Asymptotics Under a Local Alternative
	Asympotic Power
	Optimal Ridge Penalty
	Infinite Complexity

	Analysis of power of the portfolio efficiency test
	Data‐Generating Process
	Test Statistic and Size Adjustment
	Asymptotic power of the test
	Design Parameters and Grid
	Simulation Results

	Empirics
	Data and Test Assets
	Testing Alpha Out-of-Sample
	Time-Series of the Test Statistic

	Conclusion
	Proofs of Auxiliary Results
	The Breakdown of APT assumptions
	Managed Portfolios and Eigenvalues of Kernels

	Details and Derivations for the Simulation
	Computing Eigenvalues

	The Origins of Non-Sparse Covariance Matrices And Non-Sparse Alpha: Sparsity Is Not Rotation Invariant
	Random Matrix Theory and Power Under Local Alternatives
	Proof of the Main Result (And an Extension to Multiple Factors)
	Re-expressing The Test Statistic
	Size Distortions

	Optimal Ridge Penalty
	Asymptotics for c
	Simple Derivations for the Gaussian Case

