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Money in a Heterogeneous Agent Model

By ROGER E. A. FARMER*

I introduce money into an incomplete markets model with het-
erogeneous agents and uninsurable income risk. I show that the
model exhibits both non-monetary and monetary equilibria, with
the latter existing when income risk is sufficiently high. Using
numerical methods, I characterize the properties of these equilib-
ria and analyze their stability. I find that for a range of realis-
tic parameter values, the non-monetary equilibrium is dynamically
wefficient and indeterminate, and there is a second determinate
monetary equilibrium with positive valued fiat money.

I. Introduction

In recent decades, many developed economies have experienced persistently low
interest rates, often below the growth rate of GDP. This phenomenon is inconsis-
tent with representative agent macroeconomic models and has generated interest
in alternative models of which the leading explanations are the overlapping gener-
ations model (Weil, 1989; Garleanu and Panageas, 2014; Farmer, 2018), long-run
risk (Bansal and Yaron, 2004), rare disasters (Reitz, 1988; Barro, 2006) and unin-
surable income risk (Huggett, 1993). This paper follows the path of uninsurable
income risk by developing a version of the Huggett (1993) model with money.

Early contributions to the individual agent problem with uninsurable risk in-
clude Schectman (1976) and Schectman and Escudero (1977) who studied the
agent’s problem and Bewley (1977), Aiyagari (1994) and Huggett (1993) who de-
veloped general equilibrium models. Krusell and Smith (1998), in a model with
production and aggregate capital, show that uninsurable risk does not have first-
order effects on the properties of the model. The Krusell-Smith approach has
been standard for at least three decades.

More recently, Reiter (2009, 2010) developed state-space methods that retain
non-linearity in individual variables but linearize the model in aggregate shocks.
Reiter (2023) extends this approach to second-order perturbations. An alternative
linearization method developed by Boppart et al. (2018) and Auclert et al. (2021)
linearizes the model in a space of sequences that converge locally to a steady state.
To date, the models studied in this literature have assumed that the steady state
around which the linearization takes place is determinate, an assumption which
requires the steady-state equilibrium to be locally unique.

In this paper I contribute to our understanding of the issue of a low safe rate
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of return by introducing money into an incomplete markets model with heteroge-
neous agents and uninsurable income risk. Building on the pure trade model of
Huggett (1993), I show that idiosyncratic risk can lead to equilibria with interest
rates below the growth rate, and I show how the introduction of fiat money affects
the properties of the low interest rate equilibrium.

The introduction of fiat money to the Huggett model leads to two possible types
of steady-state equilibria: a non-monetary equilibrium similar to that in Huggett’s
original model, and a new monetary equilibrium in which fiat money has positive
value. Using numerical methods, I characterize these equilibria and analyze their
stability properties for a range of parameter values using the state-space approach
introduced by Reiter (2009, 2010).

The key contribution of my paper is to demonstrate how income uncertainty
can simultaneously explain low interest rates and create a role for fiat money in
incomplete market economies. 1 find that when income risk is sufficiently high,
the non-monetary equilibrium becomes dynamically inefficient and indeterminate
and a second, monetary equilibrium emerges. The monetary equilibrium is both
locally unique and Pareto superior to the non-monetary equilibrium.

II. Model Equations

There is a continuum of agents each of whom solves the problem

o0
max s = Z B [u(en)] (1)
=1
Cct + a1 = Y, (2)
Y = Riar—1 + s, (3)
Riay 1 > a, ap = aint, (4)

where ¢; is consumption of a unique perishable commodity, u(c;) is a concave
twice differentiable utility function, a;,; is the agents initial asset holdings and
s¢ is a non-negative random endowment with support S = {s1, s2,...s,,} and
probabilities m = {my,ma,,..., 7y, }. I assume further that agents discount the
future at rate g € (0, 1) and utility is concave and represented by constant relative
risk aversion preferences with coefficient of risk aversion p.

Ctl_p
1—p’

u(ey) = and p>1. (5)

The realizations of s; are uncorrelated across individuals and E;_1[s;] = 1. These
assumptions imply that the aggregate endowment is non-stochastic and equal to
1.

Individuals trade consumption loans with each other at gross real interest rate
R;. Contracts cannot be indexed to individual income realizations and agents
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must remain solvent in each state. This assumption imposes the natural borrow-
ing limit

Ria;—1 > a = —si. (6)

The individual’s asset holding is an element of [a,a] where a is a finite upper
bound, determined in equilibrium. Define an individual’s position as a pair e; =
{at, st} where a; is his asset holding and s; is his income shock. Define the set
E = la,a] x S, let B be the Borel o-algebra and define a probability measure 1)
on &. Then, for B € B, ¥(B) is the mass of agents with position ¢ € B.

Huggett (1993) shows that when R is constant, there exists a transition function
P : & x B —[0,1] where P(ey, B) is the probability that an agent with position
g¢ will have a position ;41 € B and

¢t+1(B) = /gP(&t,B)d¢t, for all € B. (7)

The following definition of a stationary equilibrium is from Huggett (1993, pp
947).

DEFINITION 1 (Huggett Equilibrium): A Huggett equilibrium is a four-tuple
{c(e), ale), R, ¥} satisfying

1) c(e) and a(e) are optimal decision rules given R.

2) Markets clear.
(1) /c(e)dzp =1, ) /a(s)cw =0.
& &
3) 1 is a stationary probability measure:
Y(B) = /gP(a,B)dw for all B € B.

Huggett (1993) gives conditions for existence of a solution to the agent’s decision
problem and existence of a stationary equilibrium and he shows, in a calibrated
example, that the model is consistent with stationary equilibria in which R < 1.
These equilibria are dynamically inefficient and they cannot exist in a model with
complete markets. They occur in the Huggett model because the process that
describes the evolution of the agents’ assets is a regenerative process; that is, a
stochastic process with time points at which, from a probabilistic point of view,
the process restarts itself (Ross, 2007). Every sequence of assets returns almost
surely to the lower bound, a, and the agent has a stochastic, finite horizon. In
this sense, the income fluctuations problem is similar to the optimization problem
of the agents that populate an overlapping generations model.
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ITI. Money

In the paper that introduced the overlapping generations model to the English
speaking world, Samuelson (1958) pointed out that when a competitive equilib-
rium is dynamically inefficient there is a role for fiat money to restore dynamic
efficiency.! The analogy with the overlapping generations model suggests that
there is a role for money in the Huggett model.

Let p € Ry U +o00 represent the price of a commodity in terms of money and
let there be a fixed quantity, M € R of money. If money is held in equilibrium,
consumption loans and money must pay the same rate of return:

Pt—1
Ry = ——. 8
t : ( )

Let m; = th be real money balances and notice that

v )

E Dt Pt—1 ’

my = Rtmtfl, (10)
where equation (10) follows from the definition of real balances and the no ar-

bitrage assumption, Eqn. (8). This leads to the following modified definition of
stationary equilibrium.

DEFINITION 2 (Stationary Monetary Equilibrium): A stationary monetary equi-
librium is a five-tuple {m, c(g),a(e), R,v} satisfying

1) c(e) and a(e) are optimal decision rules given R.

2) Markets clear.
(7) /c(a)dw =1, ) /a(@)dw =m.
£ &
3) 1 is a stationary probability measure:
Y(B) = /gP(a,B)dw for all B e B.

4) No arbitrage:
m(l —R) =0.

L Allais (1947) published an earlier version of the overlapping generations model in French.
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It follows from the fact that the Huggett model has an equilibrium (Huggett, 1993,
Theorem 1 page 947) that the Huggett model with money has an equilibrium in
which p = 0o, and m = 0. Huggett provides calibrated examples in which R < 1,
where R is the gross equilibrium interest rate. Define

a:/ga(e)dw

and let a = f(R) be the steady state equilibrium asset demand function. It
follows from the properties of individuals’ demand functions that f is increasing
in R and thus f(1) > 0 and the monetary Huggett model has a second equilibrium
where R =1, m = f(1) and p > 0. I will refer to the equilibrium where R and
m = 0 as the non-monetary steady state and the equilibrium where R = 1 as
the monetary steady state.

IV. Dynamic Equilibria

Huggett (1993) restricts himself to stationary equilibria. This section extends
the Huggett equilibrium concept to dynamic equilibria and in Section V I study
the determinacy properties of each of the steady-state equilibria using a discrete
approximation to the monetary Huggett model based on the state space approach
of Reiter (2009).

I introduce m; as an aggregate state variable and I define the concept of a
dynamic monetary equilibrium in which the sequences {R;1}72, and {m}72,
are jointly determined by the equations

/at(E)CW = Mgy, (11)
£

mi+1

Ry = (12)

my

DEFINITION 3 (Dynamic Monetary Equilibrium ): A dynamic monetary equi-
librium is a set of sequences {1y, m, Py, ct(€), ar(e), Rey1}52,, satisfying

1) ¢(e) and a¢(e) are optimal decision rules given {Ry11}72.

2) Markets clear in every period.
(7) /ct(a)dw =1, (14) /at(a)dw = Myt1, t=1,...,00.
E &
3) The sequence of probability measures {1 }$2, is a generated by the equation

thr]_(B) :/Pt(s,B,mt)dd)t fOT’ all B € B,
&
Y1 = 1.
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4) The sequence of money balances is generated by the difference equation

mMi41 :Rt+1mt7 t= 17"‘7007
M
mp = —.
b1

Schectman (1976, Theorem 1.5 page 223) proves that the optimal decision of
an individual is characterized by a non-decreasing function g : Ry — [a, a] where

atr1 = 9(yt),
Ct = Yt — g(yt)a
Y1 = Repras + Sep1-

The individual enters the period with cash y; which he may consume, c;, or save,
at+1. In the subsequent period his cash position is equal to Ryt1as + S¢r1 where
S¢+1 18 a random variable with support S. He faces the constrained optimization
problem defined in equations (1) — (4). The Kuhn-Tucker conditions for this
problem have two parts. For asset values and states in which the borrowing
constraint is non-binding the Euler equation holds with equality,

Uc(ye — ar) = By [ue(Rey1ae + Spv1 — arv1)],  Riyiar > a. (13)

For states in which the Euler equation would lead to a value of a; that violates
the constraint R;;1a; > a the Euler equation holds as an inequality and the asset
constraint is binding,

Uc(yr — at) > Bt [ue(Rer1ar + se41 — ar1)],  Rep1ar = a. (14)

Section V shows how to construct a discrete approximation to the sequence of
functions {g;}, where a; = ¢;(y;), and how to construct discrete approximations
to the sequences of transition functions P, and measures vy using the methods of
Reiter (2009).

V. A Discrete Approximation to the Monetary Huggett Model

The definition of a dynamic equilibrium contains three infinite dimensional
objects. The first is the mapping ¢; : Ry — [a, a] which is a function of the current
cash balance. The second is the function v; which keeps track of the measure of
agents for each s; € B and the third is the transition function P; which determines
the evolution of ;. In the Reiter method, ¢g; and i, are approximated by finite
dimensional vectors and P; is approximated by a matrix. Sections V.A and V.B
explain the computational procedure used to generate these approximations.
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A.  Approzimating the function g(-)

To solve the agent’s optimization problem I use the method of endogenous
gridpoints (Carroll, 2006). To implement this method, following Reiter (2009), I
approximate the function g; by a cubic spline that holds exactly at a set of n,
knot points. The method is described in detail in the following paragraphs.

Let {zo, z1,...,Zn,—1} be a grid of values for cash, x;, and let {agp,a1,...,an,—1}
be the asset choices that satisfy the function a; = g;(z;). I choose a predeter-
mined set of positive numbers {dz1,...,dx,, 1}, where n, is a positive integer

and I define an endogenous grid {zg, xg + dz1, ... 2o+ dxy,—1}. In this construc-
tion, x¢ is the cash value at which the borrowing constraint binds and it is solved
for endogenously. Given xg, the rest of the grid is constructed by adding the
fixed numbers {dz1,...,dx,,—1} to the initial point. This is the sense in which
the grid points are endogenous.

To complete the construction I solve a set of n, Euler equations to find

xo, and {ai,...,an,—1},

as functions of the fixed numbers
a, and {dzi...,dz,, 1}

The pairs,
{(J}O,Q)? (mlv al)a ) ([Enx—lﬁ anm—l)}

are connected by the equations

a=g(zo), ar=g(x1), ... an,—1=9(Tn,—1)

For any vector & = [xt0,at1,. .. ,at,nz_l]T I approximate the function g;(x)
by the cubic spline which ensures that the Kuhn Tucker conditions hold exactly
at the n, knot points {x¢o,a}, {zt1,ae1}, - {Ttny—1,atm,—1}. For values of
x < x0, I set g(x) = a and for values of > x,,, 1 I approximate g(z) by a linear
function with the same slope as the cubic spline at the last knot point.

a if x<uxg
glz) = ¢ OS(x:¢) if xg <2< @,
an—1+ galy, (@ —an,-1) if > zn,1.

Here, C'S is the cubic spline generated by ¢, and g/, _; is the slope of the cubic
spline at the last knot point.
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Define the set D = R, x [a,a]™ ! and a function F : D? — R".

[ 1 Dok TrUe[Rivrae1 + sk — gir1(Rip1ai,1 + sg)]
Ue[Te1 — ag 1]
1 Yok ThUc[Rivrae,2 + sk — gir1 (Reprac,2 + si))
Uc[$t,2 - at,ﬂ
F(&, 6415 Ri) = :
! > ok ThUe[Ri1aen, + Sk — g1 (Rig1an, + s)]
Uc[Tt p, — At
1 Yok True(Rir1a + sk — gir1(Rip1a + si)]
L Uc(l’o - Q) |

For fixed R, the steady solution to this problem is the vector ¢ that solves the
equation

F(§,&R) =0. (15)

The equations defined by setting F'(£,£; R) = 0 represent the Euler equation
residuals measured in units of marginal utility and the cubic spline generated by
¢ is a finite representation of the function a = g(z) which solves the consumers
problem at the steady state.

B. Approzimating the transition function P and the measure ¢

The construction in this section is based on Reiter (2010, Page 6). I approximate
the wealth distribution by a discrete grid of n, points on the support [yo, 7]
where 7 is chosen so that the mass of individuals at 7 is approximately zero.? I
divide the interval [y, y] into n, — 1 equal sized intervals and I define a vector
v = [vo, Y1, ... ,¢ny,1]T where 1; is the mass of individuals with initial cash
position in the interval (y;,y;+1) and v is the mass of agents at yo, the point at
which the borrowing constraint binds.

An individual at cash grid point y;; demands assets a;i+1 = g¢(yi¢). Asset
demand by all people at grid point i is g+(y;¢)1i+ where 1); ; is the mass of people
with cash y; ;. To compute aggregate asset demand I approximate the integral
Je at1(e) by the sum

ny—1

atq1 Z/at+1(€) ~ Z Vit gt (Yit)-
€ i=0

2Note that ny, the number of grid points I use to approximate the wealth distribution, is distinct
from ng, the number of knots I use to generate the cubic spline that approximates the function a = g(z).
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To approximate the transition function F;, I first compute the measure of agents
who move from grid point ¢ to grid point j for all {i,j} € {yo,y1,...,¥n,—1}-
Because individuals receive different income shocks, the mass of people in any
give interval at date ¢ will be dispersed across different intervals at date ¢+ 1. For
each s;, € S, a fraction 7, of agents will arrive at the cash position v, 141,

Yktr1 = Rer19e(Yie) + Sk

I assign the mass of agents that arrives at position y, ;41 to the two adjacent points
that bracket it in proportion to the distance from each point. This assignment is
achieved by the function A(j,y)

( Yj+1—Y .
S 2 if y <y <y
Yj+1 — Y5
AGy) =g Y201y <y<y, (16)
Yj —Yj—-1
L 0 otherwise,

where A(j,y) is non-negative and strictly positive at at most two grid points.
Further, by construction,

ny—1

Y AGGy) =1, forallyy<y<j.
j=0

A person with cash y;; who saves a;+1 = ¢+(v;) and receives income realization
sy, has cash yi11 = Ry119+(yit) + sk at date t+1. There is an initial mass of v; ¢ of
these people who are distributed randomly across the income states s € S with
probabilities 7. These people are allocated to the income grid by the function
A(G, ye+1)-

The {i,j} element of the matrix P is defined as

ny—1

Py(i,5) = Y mh(j, Reyr19:(vie) + sk).
k=0

This construction leads to a stochastic matriz P; (Cox and Miller, 1965, page 85)
which maps measures of agents at date ¢t to measures of agents at date t + 1.
The elements of P, are all non-negative and the columns of P; sum to 1. P; is a
function of & — through the dependence of g; on & — and of Ry,

Vi1 = P&, Rev1)r. (17)

Equation (17) allows me to compute the sequence of asset distributions {g:1:}7°,
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from an initial distribution g .
VI. Solving for Dynamic Equilibria in the Discrete Model

In Section VI I characterize approximate dynamic equilibria as the solution to
a linear expectational difference equation in the neighborhood of a steady state.

A. A Linear Approzimation to a Rational Ezpectations Equilibrium

Let X; be a vector of endogenous variables and let V; be a vector of shocks.
Sims (2001) points out that an expectational linear difference equation AX; =
FE[X11]+BX;—1+T'V, can be written as a purely backward looking equation in
an expanded vector Z; = [X¢,E;_1(X;11)] " by introducing the date ¢ expectations
of date t + 1 variables as auxiliary variables and a set of non-fundamental shocks,
W, defined as

Wt - Xt — Etfl[Xt].

In the spirit of this approach, define vectors Z;, V; and W; and a function
G:ZxZ—R"3?

[ F (&, Bi[§ev1]; Ee[Req1])
Yrp1 — P (& By [Riga]) ¥e

ny—1

Z wi,tgt(xi,t) — M1

i=0
mip1 — E¢[Rep1]my — Wry — Vi
§ — By 1(8) — Wey
Yy — Ei—1(vy)

my — Et—l(mt) - Wmﬂf

G(Zt7Zt—17‘/t)Wt) = (18)

The vector Z; is defined as

Zi = &, 06, M, Be(Ery1), Be(Wer1), Be(mig), Be(Res1)] | € Z,

where, & and E;[¢;41] are elements of D, ¥ and E[t);11] are elements of R™v,
and my, E¢[my11] and E4[R;11] are elements of R,. The vector Z; € Z = D? x
[0,1]%" x R3 has dimension n = 2n, + 2n, + 3.

V; is a vector of fundamental shocks that affect the aggregate variable my.
Although I am dealing with a model with no aggregate shocks I will retain V; as
a variable to allow me to study the impact of a once and for all change in the
initial money supply. I assume V; € R and V; =0 for all t = 2,...0c0.

The vector of non fundamental shocks, W = {W¢, Wg, W, }, has three pieces.
The first piece, W, has n, elements. These elements are associated with the
Euler equation residuals and their role is to ensure boundedness of the solution by

31 have taken a short cut here. Because I will be dealing with linear approximations to the function
G, I have replaced E[G(X)] by G(E[X]).
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imposing the transversality condition on each individuals’ optimization problem.
The solution algorithm solves for each of them to keep the sequence {Z;} on the
stable manifold in the neighborhood of the steady state.

The second two pieces, W,,, and Wg are associated with the real value of money,
m; and the interest rate R;yi. Neither of these variables is pinned down by an
initial condition and W1 ,, and Wi r are free. In the case where rational expec-
tations is unique, there is a unique pair {Wi ,,, W1 r} that places the dynamical
system on the stable manifold in the neighborhood of the steady state. In the
case of an indeterminate steady state, there may be many pairs of {W1 ,, Wi g}
each of which is associated with a continuation sequence {Z;}{°, that converges
back to the steady state.

Although ¢y and E;[1);+1] both appear in the model, the assumption that there
is a continuum of agents means that the evolution of 1, is non-stochastic and
E¢[t)¢41] = 91+1. Hence, the variables W, , are identically zero and I have omitted
them from the model.

PROPOSITION 1: The model is characterized by a bounded sequence {Z:}7°,
that satisfies the following conditions

1) For eacht=1,...,00,

G(Zt7 Zt—17 ‘/157 Wt) =0.
2) {Z:}22, satisfies the boundary conditions
Y1 =11, lim Z; < oo,
t—00

3) Let Z; = Z be a steady state such that G(Z,7,0,0) = 0 and define the

matrices
Jl _ 8G(Zt)Zt—17%7Wt) .]2 _ 8G(Zt,Zt_1,‘/t,Wt)
0Zy Z,Z.,0,0 , 0Zs Z,Z.,0,0 ’
/e 8G(Zt7Zt—17‘/t7Wt) o= — 8G(Zt,Zt_1,‘/t,Wt)
A% Z,7,0,0 7 oWy Z,7,0,0

In the neighborhood of Z, equilibrium sequences are approximated by the
linear equation

N2y = JoZy 1 + UV, + TIW;, (19)

where Z, = Z, — Z.
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B. Conditions for Existence and Uniqueness
We seek to construct a bounded sequence {Zt}toil that satisfies the equation
IZy = JoZy 1+ UV, + W, t=2,...,00, (20)
with the initial conditions
Ypr=11, Vi=1, V;=0,t=2,...,00. (21)

Eqn. (20) is a difference equation in a vector Z; of n = 2n, + 2n, + 3 variables
with n, initial conditions. The stable manifold is the linear subspace Lg with
the property that all sequences {Zt};ﬁl that satisfy equation (20) with initial
condition Z; € Lg converge, asymptotically to Z. The local stability of sequences
{Z;} depends on the relationship between the dimension of W and the number
of unstable generalized eigenvalues of {.Ji, Jo}.# If a generalized eigenvalue lies
outside the unit circle I will refer to it as an unstable root. If it lies on or inside
the unit circle I will refer to it as a stable root.

For most practical problems, a rule of thumb is that there is a unique solution to
a linear rational expectations model when the number of non-fundamental shocks
is equal to the number of unstable roots. For the problem defined by Eqn. (20)
the number of non-fundamental shocks is equal to n, + 2 and the condition for a
unique solution is that there are n, + 2 unstable roots.

VII. Calibrated Examples of Dynamic Equilibria

This section describes the properties of a calibrated example written in MatLab
and accessible in the online appendix. For the calibration I chose n, = 20, n, = 50
and ng = 500. I assume that the income shocks are i.i.d. and represented by a
discrete uniform distribution with support {s1,...,s,.} and mean p = 1 and I
set the discount parameter 5 = 0.97.

A. Interest Rates and Money Demand For Two Different Values of the Shock Variance

In Figure 1 I graph money demand for values of R in the interval [0.96,1.02]
for risk aversion of p = 1 and two different values of . When o = 0.4, the lower
bound of the support of the shock distribution is 0.31; I call this the low variance
case. When o = 0.48, the lower bound of the support is 0.17; I call this the high
variance case.

For the low variance case, the autarkic interest rate is equal to 1% which is
lower than the discount rate of 3% but still positive. For the high variance case,
the agent acts as if he was more risk averse in the sense that the autarkic interest

4The generalized eigenvalues of a pair of square matrices {J1, Ja} are values of A € C™ that solve the
problem |J; — AJ2| = 0.
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T T
0.6 [|—«=040; s =031 3
—m0 =048 5, =0.17 /

Money Demand

0.96 0.97 0.98 0.99 1 1.01 1.02
The Interest Rate: (Risk Aversion = 1.00)

Figure 1: Money Demand

rate becomes negative and is equal to —2%. This is the phenomenon noted by
Huggett (1993) who pointed out that uninsurable income risk can explain why
the rate of return on a safe asset has been consistently lower than the growth rate
of GDP.

Figure 1 shows that, in the high variance case, the monetary equilibrium, R = 1,
is consistent with positive valued fiat money and a non-negative price level. In
contrast, for the low variance case, the monetary equilibrium is inconsistent with
a positive price level. This is apparent from Figure 1 which shows that, when
o = 0.40, money demand is negative at R = 1, implying that this equilibrium
does not exist.

B. Interest Rates and Money Demand at the Two Steady States

Table 1 reports the results of a sensitivity analysis to alternative values of
the shock standard deviation and the coefficient of risk aversion. For a grid of
five values for each of these variables, I calculate the steady interest rate at the
non-monetary steady-state and the value of money demanded at the monetary
steady-state.

Table 1A, reports the value of the gross non-monetary interest rate for values of
risk aversion between 1.0 to 3.0 — these are the rows of the table — and values of the
standard deviation of the shocks between 0.4 and 0.48 — these are the columns of
the table. A stationary allocation in general equilibrium is dynamically efficient
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o o

0.40 042 044 046 0.48 0.40 042 044 046 048
1.01.01 1.01 1.01 0.99 0.98 -14 -8.0 -1.0 6.0 14.0
1.511.01 099 098 097 094 -3.0 5.0 140 23.0 33.0

p 20(1099 098 096 094 0.90 8.0 180 29.0 41.0 53.0
251098 096 094 090 0.8 20.0 320 44.0 58.0 73.0
3.01097 094 091 086 0.78 32.0 45.0 60.0 76.0 93.0

A: R: (Non-monetary Equilibrium) B: m: (Monetary Equilibrium.)

Table 1: Some Properties of the Two Steady States

if and only if the gross interest rate is greater than or equal to 1 (Malinvaud,
1953; Cass, 1972). Table 1A illustrates that for low risk aversion and low shock
variance, the non-monetary equilibrium is dynamically efficient. This is the case
for the four values in the top left of the table where the gross interest rate is
greater than 1. I have reported these values in bold typeface.

For higher values of the shock variance and higher values of risk aversion the
gross equilibrium non-monetary interest rate is less than one, implying that the
steady state is dynamically inefficient. The gross interest rate varies from 0.99,
when ¢ = 0.42 and p = 1.5 to 0.78, when o = 0.48 and p, is 3.0. These values
correspond to net real interest rates of —1% and —22%.

Table 1B, reports the value of money demand at the monetary steady state for
the same five values of ¢ and p. Notice that for the three cases when the non-
monetary steady state is dynamically efficient, money demand in the monetary
steady-state is negative. These are the four values in bold type in the top left
corner of the table. In contrast, when the non-monetary equilibrium is dynami-
cally inefficient, money has positive value in the monetary steady state ranging
from a low value of 5% of GDP when o = 0.42 and p = 1.5 to a high of 93% of
GDP for the case when o = 0.48 and p = 3.0.

C. The Determinacy Properties of the Two Steady States

To compute the dynamic properties of equilibria, the Matlab code dynamics.m
— available in the online appendix — constructs the matrices Ji, J2, ¥ and II from
Eqn. (20) using numerical derivatives and, in the file Maincode.m, I feed these
matrices into Sims’ program Gensys (Sims, 2001).% In my numerical analysis of
the model for different parameter values I found that {.J;, Jo} always has at least
n, + 1 unstable roots but there is no guarantee that there will be n, + 2, which
is the rule of thumb for there to be a determinate steady-state.

5 Gensys takes as inputs, the matrices J1, J2, ¥ and II and computes a solution of the form

Zy = GZy_1 + HV,. (22)
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o o
0.40 042 044 0.46 0.48 0.40 0.42 044 0.46 0.48
1.0 1.01 1.01 1.01 0.99 0.98 0.98 0.99 0.99 1.01 1.02
1.5]1.01 099 099 097 0.95 0.99 1.01 1.01 1.02 1.03
p 2.0[099 098 097 0.94 0.90 1.01 1.01 1.02 1.03 1.03
251098 096 094 090 0.85 1.01 1.02 1.03 1.03 1.04
3.01097 094 091 0.86 0.78 1.02 1.02 1.03 1.04 1.04
A: Marginal Root: Non-Monetary B: Marginal Root: Monetary

Table 2: Determinacy at the Two Steady States

To explore the determinacy of the two steady-states I ordered the roots of
{J1, J2} from largest to the smallest and I pick out the root in position n,+2 which
I call the marginal root. When the marginal root is larger than 1 in absolute value,
the equilibrium is locally unique and the steady-state is determinate. When the
marginal root is less than one in absolute value there is a one dimensional manifold
close to the steady state such that sequences that begin on this manifold converge
back to the steady state. In this case the steady-state is indeterminate. In all cases
when the rule of thumb suggests that the model is determinate (indeterminate),
Gensys — which checks a complete set of necessary and sufficient conditions —
reports existence and uniqueness (non-uniqueness) of equilibrium.

In Table 2A, I report the values of the marginal root for five values of risk aver-
sion between 1.0 to 3.0 and five values of the shock standard deviation from 0.40
to 0.48, at the non-monetary steady-state. This table shows that the marginal
root is greater than one for the four values in the upper left of the table which
correspond to steady state values of the non-monetary steady-state in which the
equilibrium is dynamically efficient. In all four of these steady states the non-
monetary steady-state equilibrium is both dynamically efficient and determinate.

For all other values - corresponding to dynamically inefficient non-monetary
steady states — the marginal root is less than one and the steady state is inde-
terminate. In all cases at the non-monetary steady-state, the marginal root is
equal to the steady-state non-monetary interest rate (compare Table 1A with Ta-
ble 2A). This is not an accident, it follows from the properties of linearizing the
equation

Mmit1 = Rip1my

around a steady state in which m = 0.

A similar picture arises in Table 2B, which reports the value of the marginal
root at the monetary steady-state equilibrium. With the exception of the four
values in the upper left corner — these are the values for which the monetary
steady-state would require a negative price level — the marginal root is greater
than one implying that the monetary equilibrium, when it exists, is locally unique
and the steady-state is determinate.
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D. Impulse Responses at an Indeterminate Steady State

In Figure 2 I report the result of an exercise in which I set V = 0.01 and I fix
W1,m = 0. This is one of the possible responses of the economy to a fundamental
shock around an indeterminate steady state. The top panel of Figure 2 shows that
a money financed government purchase of goods equal to 1% of GDP generates an
increase in the interest rate of 4.25% points on impact. In period 2 the interest
drops back to approximately 80 basis points above its steady state value and
declines slowly back to the steady state. After 25 periods R is still approximately
20 basis points above its long-run value.

Impulse Response to an m Shock equal to 1% of GDP
Risk Aversion = 2.00
5 T T
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Figure 2: Dynamic Equilibria at the Non-Monetary Steady State

The lower panel of Figure 2 shows the response of m. In the first period I have
constrained the response by picking the equilibrium in which W7 ,, = 0 and hence
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my = 0, its steady state value. In period 2, mq increases by 2.9% of GDP and
subsequently declines slowly back to zero.

The existence of indeterminacy in a perfect foresight model is important be-
cause it is associated with the existence of multiple stationary rational expecta-
tions equilibria in a model with aggregate shocks (Benhabib and Farmer, 1999).
I have argued elsewhere that by making beliefs fundamental, equilibrium mod-
els with an indeterminate steady state can help understand a range of empirical
phenomena including sticky prices, sticky inflation rates and excess asset price
volatility (Farmer, 1999). This paper has demonstrated that models with unin-
surable income risk support equilibria of this kind.

VIII. Some Implications for Monetary and Fiscal Policy

The model I have described in this paper does not include a role for fiscal and
monetary policy but it would not be difficult to add these features by expanding
equations (8), (9) and (10) to allow for government purchases and the payment
of interest on money. The following equations expand the model in this way:

Ro=RY, <pp) , (23)

M, _ M
— =R, (ptl> ( ' 1> + 9, (24)

my = Rtmt—l + 515. (25)

Here, Rﬁ 1 is the gross nominal interest rate on money held between periods ¢t —1
and t and §; is government purchases of real goods and services net of taxes. To
complete the model we need to specify how these variables are determined.

Define the gross inflation rate, my = py/pi—1, and consider the following mone-
tary and fiscal rules:

Rﬁ:n(%)", >0, (26)
5t:5(%)7“, 1 <0, (27)

where , m, n and § are policy parameters. In representative agent economies
if nB > 1 (nB < 1) monetary policy is said to be active (passive) and if |ufS| >
1 (JjuB| < 1), fiscal policy is said to be passive (active), (Leeper, 1991). Advocates
of the fiscal theory of the price level argue that policy makers should pick an
active-passive combination to ensure that the price level is uniquely defined.
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The exchange economy studied in this paper is one where xk = 1, n = 0, and
8 = = 0. This is a passive monetary policy and an active fiscal policy in which
the price level, in a representative agent economy, would be pinned down at the
monetary equilibrium by the fiscal theory of the price level (Leeper and Leith,
2016). Further, in the representative agent economy, this equilibrium is unique.

In the heterogeneous economy, there is a second dynamically inefficient equilib-
rium and the policy conclusion, that governments should pick an active-passive
policy combination is no longer clear cut. My analysis suggests the use of caution
in transferring policy conclusions that apply in a representative agent environment
to richer models that allow for the existence of multiple equilibria.

IX. Concluding Comments

This paper has explored the role of money in an incomplete markets model with
heterogeneous agents and uninsurable income risk. By introducing fiat money as
a store of value, I have shown that the model can exhibit both non-monetary
and monetary equilibria, with the latter existing when income risk is sufficiently
high. By characterizing the determinacy properties of both the non-monetary and
monetary steady states, I showed that when the the non-monetary equilibrium is
dynamically inefficient, it is also indeterminate, opening the possibility that there
may exist equilibria driven by non-fundamental shocks.
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