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Introduction

Standard business cycle models are typically populated with agents that fundamentally dis-
like fluctuations in their economic conditions. If one of these agents were isolated on a desert
island, they would not make decisions that would endogenously induce booms and busts or
create hysteresis. Instead, in the absence of any shocks, this desert-island economy would
most likely feature determinate, monotonic convergence to a unique (saddle-path) stable
steady state. We refer to such dynamics as “standard dynamics”.

Of course, agents in macro models are not isolated. Instead, they typically interact
with one another through various channels. Nonetheless, in many models, the standard
dynamics favored at the individual agent level are often maintained in the model’s aggregate
equilibrium; that is, the endogenous interactions in the model often support—and in many
cases actually reinforce—standard dynamics.

While this is true for a large class of macro models in the literature, there is another group
of models for which the equilibrium features qualitatively different dynamic behavior—such
as endogenous oscillations, local instability, or indeterminacy—despite the fact that, again,
individual agents have an innate preference for standard dynamics. Our goal in this paper is
to provide a framework to help understand when and why this occurs. Our basic approach
is to adapt and extend the analysis of Cooper and John [1988], which was done in a purely
static environment, to a richer dynamic environment of the type often encountered in macro
models.

Specifically, we frame our analysis around two fundamental economic forces that are
present in almost all modern mainstream business cycle models. The first such force is
that of accumulation: agents accumulate stocks of various kinds, and these stocks are the
primary mechanisms by which economic decisions are transmitted through time. The second
fundamental force is that of strategic interaction: agents’ optimal decisions for how much
to accumulate affect and are affected by the decisions of other agents. Following Cooper
and John [1988], we refer to strategic interactions as characterized either by substitutability,
where a higher action by one agent favors a lower level by others, or complementarity, where
a higher action by one agent favors a higher action by others. Similar to the approach used
by Cooper and John [1988], in order to make the analysis as widely applicable as possible
we do not make explicit the precise microeconomic structures that give rise to these two
fundamental economic forces.

The starting point of our analysis is to suppose, as is typically the case in macro mod-
els, that in the absence of any strategic interaction standard dynamics would prevail. We

then aim to understand whether and when the forces of strategic interaction would render



the equilibrium dynamics non-standard. We focus broadly on three different types of (not
necessarily mutually exclusive) non-standard dynamics that could in principle emerge as the
type and strength of strategic interactions vary. The first, which we call cyclicality, is when
interactions cause the aggregate system to naturally oscillate (even in the absence of any
shocks) around some point (e.g., a steady state).

The second type of non-standard dynamics we consider is local instability, whereby in-
teractions cause the equilibrium system to no longer exhibit convergence to a unique steady
state. Following the emergence of local instability, the system may become globally explo-
sive, or it may converge to some other state such as indefinite but bounded fluctuations
(i.e., limit cycles or chaos) or, depending on initial conditions, one of a multiplicity of steady
states (in which case the system exhibits hysteresis).

The final type of non-standard dynamics we consider is dynamic indeterminacy, defined
as a situation where there exists a continuum of equilibrium paths satisfying the boundary
(transversality) conditions of the model (see, e.g., Chamley [1993], Benhabib and Farmer
[1994], Farmer and Guo [1994], and Gali [1994], Benhabib and Farmer [1999]). In this case,
equilibrium outcomes can be subject to self-fulfilling beliefs, despite the fact that, taking the
actions of all others as given, the optimal choices of any one individual agent are entirely
determinate.

We may summarize the key take-aways from our analysis as follows. First, when it
occurs, non-standard dynamics can generally be thought of as arising in situations where
the economy becomes sufficiently sensitive to economic conditions. The precise form of any
non-standard dynamics depends on what in particular the economy is sensitive to. Local
instability occurs when the economy is sufficiently sensitive to the current state (the current
values of the stock variables in our model), while indeterminacy occurs when the economy is
sufficiently sensitive to the anticipated future state (the anticipated level of future accumu-
lation in our model). Furthermore, as clarified in Cooper and John [1988], complementarity
tends to amplify the response of the economy to changes in economic conditions, while sub-
stitutability tends to dampen it. As a result, as we show, substitutability typically does not
tend to produce the kind of sensitivity required for non-standard dynamics to emerge. On
the other hand, enough complementarity always produces non-standard dynamics.

Second, note that an increase in the current level of a given stock could in general make
an agent want to increase or decrease their current accumulation of that stock. We show
that a necessary condition for cyclicality to arise is that a stock exerting a negative effect on
current accumulation must play an important role. When this is the case, beginning from
steady state, an increase in the current level of that stock initially reduces agents’ desire to

accumulate, and with enough complementarity this gets amplified so much in equilibrium



that the future level of the stock actually ends up overshooting the steady state level, with
the result being cyclicality. If the economy has only one stock variable, then this cyclicality
first emerges in the form of damped two-period oscillations. In the case of multiple stock
variables, however, the damped oscillations that emerge could in principle be of any length.

Third, the precise behavior of the system immediately following the emergence of local
instability depends on whether the dynamics were monotonic or cyclical just beforehand.
In the cyclical dynamics case the emergence of instability would generally be associated
with the appearance of a limit cycle, while in the monotonic dynamics case the emergence
of instability would typically associated with the emergence of multiple saddle-path stable
steady states.

Finally, “static” interaction—defined as a situation where the individual desire to accu-
mulate in the current period is directly affected by the current aggregate level of accumulation—
does not tend to produce indeterminacy. The reasons for this are somewhat subtle and are
discussed in Section 3. In contrast, indeterminacy will generally emerge in situations of
“dynamic” interaction, defined as a situation where the anticipated future level of aggre-
gate accumulation affects the anticipated future value of an individual agent’s stock, and
this in turn affects that agent’s current desire to accumulate that stock. We will drop the
quotation marks for “static” and “dynamic” interactions in the rest of the paper, but one
should keep in mind that in either case the agents in our model are generally assumed to be
forward-looking.

The rest of the paper is organized as follows. In Section 1, we set up the basic agent
interaction framework we employ throughout the paper. In Section 2, we fully analyze the
case of static interactions. In Section 3, we discuss in some detail the case of dynamic
interactions and the conditions that would produce indeterminacy. In Section 4, we discuss
the occurence of determinate smooth oscillations. In Section 5, we put together static and
dynamic interactions and numerically show that the main intuitions we have previously
obtained analytically carry though. In the conclusion, we discuss how our framework helps

understanding the dynamics of some well-known macroeconomic models.

1 Modeling Environment

In this section, we set up a general modeling environment that we will rely on throughout the
paper. Our goal in setting up this environment is to capture in a simple and general way what
we see as some key fundamental forces that are present in most dynamic macro models. As
such, rather than focusing on particular economic mechanisms (e.g., consumption-smoothing,

sticky prices, etc.), we instead express our model in terms of classes of mechanisms, as



defined by the static and dynamic forces they exert. We should emphasize that any given
particular mechanism in a macro model may have features belonging to more than one of
these categories, and therefore mapping a particular mechanism into our environment is
not always straightforward. Nonetheless, we will show that these categorizations are quite
helpful in clarifying which features of a mechanism are likely to be responsible for driving

aggregate dynamics.

1.1 Primitives

Time is discrete and runs from 0 to infinity. The economy is deterministic and is populated
with N — oo identical agents. Each period, an agent chooses a strategy variable (or “action”)
e; € [e,00), which ultimately accumulates into a private stock X;. Agents attempt to

maximize
o0

> BV (e, Xivr) (1)

=0
where § € [0,1) is the discount factor, €, denotes the aggregate (average) level of activity in

the economy (which each agent takes as given), and X accumulates according to
Xip1=(1—06x) Xi + e, (2)

with 0 < 6y < 1 and X, given. We assume the period payoff function V is three times
continuously differentiable in all arguments, and strictly concave in (e, X) for all e.

The appearance of the aggregate variable € in the objective function (1) is the central
mechanism by which individual agents’ actions affect each other. Using subscripts to denote
partial derivatives, the case where Vz(e, X, e) = 0 for all e, X, e corresponds to autarky. To
use Cooper and John’s [1988] terminology, there will be spillovers whenever we instead have
Vi(e, X, €) # 0, and strategic interactions if, in addition, we have Vj.(e, X, €) # 0 for at least
one j € {e, X}.

To maintain as much generality as possible, we will not be specific about the exact
economic mechanism by which activity e translates into the stock X, nor about their precise
economic content, although we will provide some fully micro-founded examples. The only
conceptual distinction we wish to make is that, for a given level of e;, 1, and taking the path
of aggregate activity as given, X will be referred to as a “durables” stock (D-stock) if, when
an individual’s level of X; unexpectedly increases, it favors a lower level of current activity
e; by that individual. In contrast, X will be referred to as a “capital” stock (K -stock)
if an unexpected increase in X; favors more e;. While we will be more precise about the

mathematical meaning of this distinction in our analysis below, the following two examples



illustrate why we chose this terminology. To make things as clear as possible, assume in both
cases that there are no interactions (i.e., agents live in autarky). First, consider a model
where households get concave utility from consumption of a durable goods stock X, and new
durables e are produced by household labor effort, which incurs disutility. Because utility is
concave, an unexpected increase in the stock of durables X; lowers the marginal the value of
creating new durables, which in turn lowers the optimal amount of durables production e;.
Thus, X is a D-stock in this case. Alternatively, consider a model where X is productive
capital, e is investment, output is produced using only X as an input, households get concave
utility from consumption, and output is split between consumption and investment. Then
an unexpected increase in X, increases output, relaxing the household’s budget constraint,
in turn lowering the marginal utility cost of investment, thereby favoring a higher level of e;.

Our principal focus in this paper is on how the type and direction of strategic interactions
influence the equilibrium outcomes of the model.! Different macroeconomic mechanisms
typically generate different such interactions. For example, suppose individual households
accumulate productive capital X, for which there is a centralized Walrasian market where
households can rent capital to each other. Households produce output using capital (whether
their own or rented). In this case we will have V,; < 0 and Vxz > 0: an increase in desired
investment e by other households raises the market demand for output and, in turn, existing
productive capital, which raises the market prices of both. Facing these price increases, an
individual household will optimally reduce their own investment (V.z < 0), while the higher
rental rate increases the rental value of their own capital stock (Vxz > 0).

In the above example, as in any purely Walrasian environment, all strategic interactions
between agents were mediated by prices (namely, the capital rental rate). In addition to
price-mediated ones, strategic interactions could also come from, for example, thick-market
externalities (as in search models, see e.g. Diamond [1982]), direct productive externalities
(as in endogenous growth models, see e.g. Aghion and Howitt [1992] or Benhabib and Farmer
[1994]), pecuniary externality (as in models with credit constraints, see e.g. Kiyotaki and
Moore [1997]) or aggregate demand externalities (as in many models featuring monopolistic
competition, see e.g. Blanchard and Kiyotaki [1987]).

Taking X, and the sequence {é;};2, of aggregate activity as given, agents maximize (1)
subject to (2) and the transversality condition (TVC)

lim B Ax X7 =0, (3)
T—o0

where Ax is the Lagrange multipliers on (2). This yields the following first-order conditions

LOur set-up is not well suited to addressing questions of welfare, and therefore we will not have anything
interesting to say about cases where there are spillovers without strategic interaction.



(FOCs):
Ve (e, Xt,€:) + Ax: =0, (4)

Axi = B[ Vx (erg1, Xeg1, €41) + (1 — 0x) Axeq1] (5)

1.2 Equilibrium

We will always restrict the analysis to symmetric equilibrium allocations. Thus, the equilib-

rium is characterized by equations (2)-(5), plus the symmetry condition &; = e;.

1.3 An Example

As an illustration of our framework, we provide here a general-equilibrium example of a
model in which a V' function of the type described above can be derived explicitly. There is

a continuum of measure one of households and firms. Household preferences are given by
D B e —yse) — o (L)
t=0

where ¢ is consumption, ¢ is labor supply, v is a parameter, s is a stock of consumption
habit (when v > 0) or of durable goods (when 7 < 0) that accumulates according to
Ser1 = (1 —0)s; + ¢, w is a strictly increasing concave function satisfying lim, o u'(z) = oo,
and ¢ is a strictly increasing convex function. We assume that ¢ > ~, which is a necessary

condition for a steady state of this model to exist. Households face the budget constraint
¢t = wily +

where w; is the wage and m; are lump-sum firm profits.

Production by each firm is given by
Ye = xely -
The model features productive externalities due to the fact that
X = X%,

where £ is the average level of labor employed by firms in the economy, and v parameterizes

the strength of the productive externalities. We impose the restriction v > —1 so that, in



equilibrium, an increase in labor is always associated with an increase in output. Individual
firms take both w; and x; as given when choosing /.

In equilibrium, firms’” optimal choice of ¢; satisfies

1

T Ofv)a

_ 1
14+v)a—1 _ Oz)((l""”)a Y, 7

wy = ax€£
and therefore firm profits are m, = (1 — a)y;. Further, aggregate consumption is given in

equilibrium by ¢; = y;. Thus, we may re-arrange the household’s budget constraint to obtain

1 4
b = a_lx_mét(“r”)“ [ce — (1 — )G .

Substituting this into the household’s period-t utility function, we can re-cast the HH prob-

lem as maximizing Y 5V (¢, 84, &) subject to s; = (1 — §)s;_1 + ¢, where

L
Ve, s,e)=u(c—vys)—¢ (oz_lx_(“rl")a el ' [c—(1—a) 5]) .

It can be verified that, given our assumption that 6 > -, an unexpected increase in a
given household’s s favors an increase in their demand for consumption if v > 0. That
is, consumption habit is an example of a type of K-stock: the larger the habit stock a
household has, the more consumption they will want to purchase (all else equal). If v < 0,
an unexpected increase in a given household’s s favors an decrease in their demand for
consumption: since u is concave, an increase in the durables stock s lowers the marginal

value of additional consumption. Thus, s is a D-stock in this version of the model.

1.4 Working Assumptions

Returning to our general framework, we start by assuming that, in the absence of interactions,

the system features standard dynamics.

Assumption Al. (Autarky) In the absence of any interactions, the equilibrium of the
model is unique and features monotonic convergence to a unique, saddle-path stable steady
state (SS), which we refer to as SSy.

Note that the assumption of saddle-path stability implies that the linearized system fea-
tures one stable and one unstable eigenvalue, while the assumption of monotonic convergence
implies that the stable eigenvalue is non-negative.

We also make the following assumption.

Assumption A2. (Non-Degeneracy) In the absence of any interactions,
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(i) the stable eigenvalue is non-zero; and

(ii) X locally affects the equilibrium choice of e;.

Assumption A2 rules out, for the model with no interactions, certain uninteresting de-
generate cases that would otherwise require special treatment throughout. In particular,
part (i) ensures that the system does not always immediately return to S5, following any
deviation, while part (ii) rules out the case where the level of accumulation e, is always
constant and equal to its SS level regardless of the value of X;.

As we will see, because of the dynamic nature of our model, strategic interactions may
ultimately affect equilibrium outcomes through a number of distinct channels. One such
channel stems from the effect of a change in the aggregate action €; on the contemporaneous
private choice of e;. If, all else equal, a higher level of e, favors a lower level of e;, then we
have strategic substitutability. In this case, if all agents have an initial desire to accumulate
more, then aggregate accumulation é; will rise, which, because of the substitutability, tends
to make individuals want to reduce their accumulation. This mitigates the initial desire to
increase ¢;, and thus in equilibrium the increase e; will ultimately be smaller than in the
autarky case. That is, substitutability tends to be a dampening force.

If instead a higher level of é; favors a higher level of e;, then we have strategic comple-
mentarity. As is well known (see Cooper and John [1988]), multiple equilibria may exist
when strategic complementarity is strong enough that e; reacts positively and more than
one-for-one to an increase in €;. While such multiple equilibria are intriguing, our focus in
this paper will be on exploring the case where complementarities, if they exist, are always

weak, as stated formally in the following assumption.

Assumption A3. (Weak Complementarities) Given the current levels of the state vari-
able X; and the entire sequence of future private and aggregate actions {e,, e, }r~¢, an agent’s

best response of e; to & att always satisfies dey/de; < 1.

With complementarities, an initial desire by all agents to accumulate more raises é;, which
causes agents to want to increase e; by even more, further increasing é;, etc. Assumption A3
means that an individual never responds more than one-to-one to an increase in aggregate
action €;. Under Assumption A3, it can be verified that in equilibrium the resulting increase
in e; will ultimately be larger than in the autarky case, so that complementarity tends to be

an amplifying force.? It is also worth emphasizing that Assumption A3 does not necessarily

2Tf complementarities are instead strong, then it is actually possible for the equilibrium level of e; to
paradoxically fall when all agents initially want to increase their accumulation. Note that such equilibria
would however not be stable under a tatonnement process.



rule out all types of equilibrium multiplicity that may occur. In particular, as we shall see
below, it does not generally rule out the possibility of dynamic indeterminacy.

Our primary goal will then be to understand, in the context of the above environment,
when and how, as the type and degree of strategic interaction varies (within the bounds
established by Assumption A3), non-standard dynamics will emerge. The emergence of non-
standard dynamics can potentially come in a variety of forms depending on the particulars
of the model and the nature of the strategic interaction. We broadly consider two different
(but not mutually exclusive) types: the transition from monotonic dynamics to oscillatory
ones, and the transition from saddle-path stability of the SS to some other configuration.
The question of when and how these transitions come about can be answered by determining
how the eigenvalues of the linearized system evolve as the nature of the interactions changes.
Many of our results below characterizing emergent properties accordingly rely on analyzing
the eigenvalues of the SS.

For cases where the system transitions from saddle-path stability to local instability, we
also wish to characterize as much as possible what happens immediately after the transition.
This requires analyzing the non-linear components of the system. Since non-linear dynamics
are notoriously difficult to pin down, we are generally much more limited in what can be
said. Nonetheless, we are able to provide some intuitive and illuminating results for certain
special cases.

As in Cooper and John [1988], strategic interactions in this model always fundamentally
involve aggregate actions affecting the optimal choice of private actions. In the static en-
vironment of Cooper and John [1988], this interaction necessarily took a static form: an
agent’s current private marginal value (MV) of their action was affected only by the cur-
rent aggregate action. In our dynamic model, this “static interaction” is also present, and
corresponds to the case Viz(e, X, &) # 0. In addition, however, there is also a second kind
of interaction in our model, which occurs when the current aggregate action é affects the
current MV of the agent’s stock variable (i.e., where Vx:(e, X,€) # 0), and this in turn
affects the optimal accumulation of that stock as controlled by the choice of e in some prior

period. We refer to this second type of interaction as “dynamic interaction”.

2 Static Interaction

While in general a given dynamic macro model will simultaneously feature both static and
dynamic interaction, in order to better understand their effects, we start by focusing in this

section on the case of static interaction only.®> Dynamic interaction will be discussed in

3The example economy presented in Section 1.3 corresponds to this case.



Sections 3 and 5 below. Focusing on static interactions also allows for a closer comparison to
the static environment of Cooper and John [1988]. Accordingly, for the remainder of Section
2 we shut down dynamic interaction by assuming that Vys(e, X, €) = 0 for all e, X, e.

Before discussing our analytical results for this case in detail, we first present here a
brief graphical overview of the essential nature of our results in order to better help the
reader make sense of them. In particular, in Figure 1 we plot the deterministic evolution
of X starting from a situation where Xy # Xgg, under several different scenarios. Absent
of interactions, by Assumption A1l the steady state is saddle-path stable and convergence is
monotone, which is illustrated by the dashed gray curves in each of the panels of Figure 1.
Each of these panels then contrasts this no-interaction path with one that would occur with
interactions for a particular scenario.

Our first result is that increasing substitutability always makes the economy “more sta-
ble”, in the sense that convergence to the steady state Xgg, is faster. This is illustrated in
panel (a) of Figure 1, where the solid black curve (representing the model with substitutabil-
ity) converges to the SS faster than the broken gray curve (representing the model with no
interactions). Our second result is that, in the K-stock case, increasing complementarity
always makes the economy “less stable”, in the sense that convergence is slower (panel (b)
of Figure 1), while in the D-stock case, given enough complementarity the dynamics will
be oscillatory (panel (c¢) of Figure 1). Our third result is that, if one continues to increase
complementarities, the steady state always Xgg, loses stability, and it does so while the com-
plementarities are still weak (in the sense of Assumption A3). What emerges at this point
depends on the the nature of the stock. With a K-stock, two locally saddle-path stable
steady states emerge (Xgg, and Xgg, ), and the economy features hysteresis (panel (d) of
Figure 1). With a D-stock, a saddle-path stable limit-cycle emerges (panel (e) of Figure 1).
Our final result, which is illustrated only by its absence in Figure 1, is that static interactions

never lead to indeterminacy.

We now turn to proving these results and providing some interpretation. Note that the

agent’s FOCs (4)-(5) can be combined to obtain the Euler equation

Ve (er, Xi,€) = B(1 = 6x) Ve (erg1, Xug1, €41) — Vi (€141, Xeg1, €41)] - (6)

This Euler equation, along with the accumulation equation X, = (1 —dx)X;+¢e;, the TVC
limr o BT Ve.(er, Xr,e7) X7 = 0, and the symmetric equilibrium condition &, = e; together
characterize the evolution of the equilibrium system. Under Assumptions A1 and A2, the au-
tarkic system has a unique SS, S5y, that is saddle-path stable, and where convergence along

the saddle path occurs monotonically and non-degenerately (in particular, the eigenvalue
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Figure 1: Increasing Interactions in the Case of Static Interactions Only

(a) Substitutability (b) Complementarity (¢) Complementarity
K- or D-stock K-stock D-stock
Faster convergence Slower convergence Oscillations
X Xia

Xss,

(d) Further complementarity (e) Further complementarity

K-stock D-stock
Hysteresis Limit cycle

X 4
Xssy
Xss,
Xss,

time time

------ : without interactions —— : with interactions
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associated with the saddle path is strictly between 0 and 1).

2.1 Linearized Dynamics

Let partial derivatives of V' with no arguments denote the corresponding derivatives evaluated
at the no-interaction SS, S5y (e.g., Vee = Vee(€®, X®, €°), etc.). The main form of our analysis
will be to explore the consequences of varying the sign and degree of interactions for the local
dynamics of the system around its SS. In order to isolate the direct effect of such a change
on the dynamics, we suppose that we can parameterize the model in such a way that varying
this parameter alters V,;—which controls the sign and magnitude of the direct interactions
at SSy—without affecting any of the other first- or second-order derivatives of V' at S5.
Note that this in turn implies that 5SSy will continue to be a SS even when V,; # 0. Without
loss of generality, we may take V,; itself to be the parameter that we vary. For convenience
and without loss of generality, let us also normalize e®* = X*® = 0, so that we may henceforth
interpret e and X as being expressed in deviations from the autarkic SS.

Taking a first-order approximation to (6) around S.Sy and then using X;1; = (1—9x )X+

eq, we may obtain the linearized private “decision rule”

Vea 1 —dx) Vee
€ = B—Xetﬂ - gXt - + A x)

¢ ¢ ¢ €t feﬂrla (7)

where we have defined

=(1—-0x)Vee — Vex, E=Vee— (1 —06x) Vex + BVxx,

* (s)
(=(1-6x)—x=[1-B(1—06x)"] Vex +B(1—0x) Vxx.

It can be verified that, under Assumptions A1-A2, we have £ < y < 0,%, which in turn

implies that the coefficient on e, in (7) is strictly between 0 and 1.

Next, note that Assumption A2 (%i) requires that ¢ # 0. Recall our distinguishing charac-
teristic that, conditional on e;y; and the sequence of aggregate actions, X is a D-stock if e;
is affected negatively by X;, and X is a K-stock if e; is affected positively by X;. Thus, since
¢ < 0, it follows from (7) that X is a D-stock if ¢ < 0, and a K-stock if ( > 0. Note that this
composite parameter ( gives the combined net effect of X; on the optimal choice of ¢; coming
through three different channels. First, assuming V.x # 0, an increase in X; directly affects
the MV—and therefore optimal choice—of e¢;. The remaining two channels relate to the fact
that, since X is partially durable (assuming dx < 1), all else equal more X; translates into
more X;y1. Specifically, the second channel is that the additional X;,; affects the MV of

4See Lemma A.1 in Appendix A.
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err1 (again, assuming V.x # 0), and this in turn affects the optimal timing of accumulation.
For example, if V,x > 0, then all else equal the increase in X;,; makes accumulation at
t + 1 less costly relative to ¢, giving agents an incentive to delay some accumulation from ¢
to t + 1. Finally, the third channel relates to the concavity of V' in X: when X;,; increases,
its MV falls, and this in turn reduces the desire to accumulate at .

Next, Assumption A3 requires that the coefficient on é; in (7) be strictly less than one.

Thus, the upper bound for values of V,; that satisfy Assumption A3 is

Vee

—¢.
With this definition, one may verify that the linearized equilibrium system can be written

! 0 X1 1—6x 1 X,
(0 _g [C + (1 —6x) (Veg - ‘/ee>:|> (6t+1> - % _Veégveé (Q) -9

“ )
N 7
v ~"~

Ml MO

The qualitative dynamics of (9) are determined by the generalized eigenvalues A that solve
Myv = AMjv, where v is an associated eigenvector.” Let )y always denote the smallest
generalized eigenvalue in absolute value, let \; be the other eigenvalue if it exists, and set
A1 = £oo if there is only one eigenvalue. Letting v; denote an eigenvector associated with
A;, the standard Blanchard and Kahn [1980] conditions then characterize the dynamics of

the linearized model as follows:

(i) Local (saddle-path) stability: If [Ag|< 1 < |A1], then there is a unique equilibrium path
satisfying the TVC, and given X;, the unique equilibrium value of e, is the one that

projects the system onto the stable eigenspace {avy : a € R}.

(ii) Dynamic indeterminacy: If |A\j|< 1, then there is a continuum of equilibrium paths
satisfying the TVC.

(iii) Local instability: If [A\g|> 1, then all equilibrium paths diverge from SSp.

Whenever there is a unique solution, its qualitative dynamics are determined by the smaller
eigenvalue )\, and in particular X will evolve as X; 1 = A\gX;. If A\g > 0 then this system will
exhibit monotonic dynamics, while if Ay < 0 it will exhibit oscillations. More specifically,
we refer to the oscillations in this case as being “jagged”, in the sense that the variables

will tend to flip back and forth over their SS values each period, so that plot of their time

°If M is invertible, these eigenvalues are exactly the two eigenvalues of the matrix M = M, 'My. On the
other hand, if the second diagonal element of M is zero (which is possible in principle), then M; is singular
and there is only one generalized eigenvalue. For practical purposes, the “missing” eigenvalue in that case
may be treated as infinite. See Klein [2000].
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paths will exhibit (possibly damped or exploding) zigzag patterns. We contrast this type of
oscillations with “smooth” oscillations, which occur in systems governed by a pair of complex
conjugate eigenvalues, and which are characterized by variables tending to spend multiple
periods on one side of the SS before transitioning to the other side. While smooth oscillations
cannot possibly play a role in a determinate equilibrium system that features only one state
variable—as this one does—they could potentially play a role if additional state variables
were added to the model. We return to this issue below in Section 4.

Note that Assumptions A1-A2 imply that, for the autarkic case (V. = 0), we have
0< X <1<\ <008

We now present our first key proposition, which characterizes which qualitative forms the
dynamics can and cannot take depending on the type and strength of the direct interactions
and the type of stock X is.

Proposition 1. Suppose Assumptions A1-A2 hold. Then indeterminacy never emerges,
regardless of the value of Vez. If in addition Assumption A3 holds, then:

(i) As Vez decreases from 0 to —oo, SSy remains saddle-path stable, with convergence to

SSy occurring monotonically.
(ii) As Ve increases from 0 towards V,,:

(a) Local instability always emerges at some point, and once it does it remains perma-

nently thereafter.

(b) Oscillations emerge if and only if ( < 0 (D-stock case), in which case they emerge
while SSy s still saddle-path stable, and they are always jagged.

Forward-looking behavior in principle opens the door to the possibility of dynamic in-
determinacy. However, Proposition 1 establishes that indeterminacy never actually emerges
here, even if we were to allow complementarities to become so strong that Assumption A3
is violated. We discuss the reasons for this below in Section 3.

Part (i) of Proposition 1 establishes that, when individual actions are strategic substi-
tutes, this favors continued stability of the system. Roughly speaking, instability arises when,
in equilibrium, agents’ actions e react strongly to changes in the state variable X, so that a
deviation of the initial state vector X, from the SS causes such a large response in ey that
X1 is even further from the SS than X, and this in turn causes e; and thus X, to be even
more extreme, and so on. In the present environment, Assumption Al implies that, in the
autarkic case, agents do not react strongly enough to create instability. In the presence of

strategic substitutability (V. < 0), meanwhile, agents’ equilibrium actions actually respond

6See the proof of Lemma A.1.

14



even less strongly than in the autarkic case: an initial impetus by all agents to, say, increase
their actions raises €, which, as can be seen in (7), has a mitigating effect on individual
actions. Thus, in equilibrium, e actually reacts less strongly to deviations of X from SS
than in the autarkic case. Since, by assumption, the sensitivity of e to the current state is
too weak to generate instability in the autarkic case, it cannot possibly generate instability
in the substitutability case when it is even weaker. Note that strategic substitutability is
typical of Walrasian settings, where the price mechanism mediates all strategic interactions,
which may explain why dynamic Walrasian environments are typically stable.

Part (ii)(a) of Proposition 1 establishes that not only can instability emerge via weak (in
the sense of Assumption A3) strategic complementarity, this is in fact guaranteed to happen.
Intuitively, unlike substitutability which, in equilibrium, weakens the sensitivity of e to the
state X, weak complementarity (V.. € (0,V,,)) strengthens it by creating a positive feedback
mechanism: an initial desire by all agents to increase their actions raises e, which favors
even higher action by individuals, further raising €, etc. As long as the complementarity
is sufficiently strong, e will in equilibrium react strongly enough to deviations in the state
vector that the SS will become locally unstable.

Part (7i)(b) of Proposition 1 establishes that, in the D-stock (i.e., { < 0) case only, as the
degree of complementarity increases, (saddle-path-stable) jagged oscillations will necessarily
emerge, and this occurs before the system becomes unstable. Indeed, if the equilibrium
response de;/dX, is sufficiently negative, having X; > X* will cause ¢; to be so low that we
actually end up with X;;; < X*®. And since de;/dX; is sufficiently negative precisely when
complementarity is strong enough (but still weak), that part of the proposition should not

be surprising.

2.2 Bifurcations of the Non-Linear System

Proposition 1 establishes that complementarity will eventually cause 5SSy to lose local sta-
bility. In this section, we address the question of what the dynamics of the system look like
following such a loss of stability.

In the theory of dynamical systems, a change in the local stability properties when a pa-
rameter varies—such as the one described in Proposition 1 for the case where V,; increases—is
referred to as a bifurcation. For a system with the structure we consider here, there are es-
sentially two possible types of bifurcations that can occur as V,; changes. The first, known
as a flip bifurcation, occurs as an eigenvalue passes through —1. The second, known as a
Hopf bifurcation (more accurately referred to as a Neimark-Sacker bifurcation in discrete-

time systems), occurs when a pair of complex conjugate eigenvalues crosses the unit circle
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together. The last, which we refer to simply as a +1 bifurcation, occurs as an eigenvalue
passes through +1.7 We have already established that a bifurcation will necessarily occur as
V.e increases toward V., and in particular this bifurcation involves the system transitioning
from (saddle-path) stability to local instability (Proposition 1(ii)(a)). Let V.. € 0,V..)
denote the value of V,; at which the first such bifurcation occurs. We have the following

proposition.

Proposition 2. Suppose Assumptions A1-A2 hold. Then the bifurcation that occurs as Vg
increases through Ve is a flip bifurcation if X is a D-stock, and a +1 bifurcation if X is a
K -stock.

When a system loses local stability, the dynamic paths generated by the linearized version
of the model generically explode. However, this is not necessarily the case for the original
system, which may in general feature non-linearities that prevent such explosive behavior.
Thus, to understand what the dynamics of our model look like following a loss of stability,
we will need to move beyond simply analyzing the linearized model. However, the non-
linear dynamics of our model are ultimately driven by the derivatives of V' of third-order
and higher. Such high-order derivatives do not generally lend themselves to clear economic
interpretations, and therefore general results of the type we have presented so far would
involve conditions on the parameters that are very complicated and yield little in the way
of interesting or useful economic intuition. Thus, rather than consider the general case, we
highlight here one particular special case that we believe does yield some useful intuition.

In particular, let us suppose that V' has the form
1 5 1 9 _
Ve, X, €)= §Veee +VoxeX + §VXXX + Vel (e)

where F' is a potentially non-linear function of e. With this special form for V', it can be
verified that the exact decision rule for e, for the non-linear case (i.e., the analog to the
linearized decision rule (7)) can be written

Vee 1 /- 1 —dx) Vee
et:/@_Xet_"_l_gXt__F(et)_i_u

§ § § §

Thus, we see that the only potential source of non-linearity is in the type and strength of

F(é11) , (10)

the strategic interactions as controlled by the function F. In order to allow for a cleaner

characterization of the model dynamics, we will impose several restrictions on F', combined

"+1 bifurcations can be sub-categorized (e.g., as a fold, transcritical, pitchfork, cusp, etc.) according to
the non-linear structure of the system. Since we have not yet specified a non-linear structure for our model,
when a +1 bifurcation occurs in our model we cannot at this point say which type it will be.
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together here as Assumption A4.

Assumption A4. The function F' is three times continuously differentiable and satisfies the

following:
(i) F(e?) =0 and F'(e®) = 1;
(i) 0 < F'(e) <1 for all €;
(i4i) limg), F'(€) = limg_,o, F'(€) = 0;°
(iv) F"(e) >0 fore <e®, and F"(e) <0 fore > e®.

Under Assumption A4(7), SSy continues to be an equilibrium SS for all values of Vg,
and to a first-order approximation around SS; the exact decision rule coincides with the
linearized one. This in turn implies that the parameter V,; continues to determine both the
type and strength of the interactions at 5SSy, just as in the linearized case.

The remaining parts of Assumption A4 together imply that F is a strictly increasing
(possibly unbounded) sigmoid function whose slope attains a unique maximum of 1 at e =
e® = 0.2 As a result, as € moves away in either direction from its Sy level, the strength of
the strategic interactions—that is, |Je;/0é;|—declines. An example of a function with this

shape is given in Figure 2.

Figure 2: Example F' Function
A

45-deg. .-

Thus, in summary, we see that the sign of V,; globally controls the type of interaction
(i.e., whether there is substitutability or complementarity), the magnitude of V,; controls

the maximum strength of the interactions (which occurs at SSp), and the nature of the

8Recall that e is the minimum possible level of e.
9Recall that we have normalized SSp to e® = X* = 0.
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non-linearities in F' controls how quickly that strength dissipates as € moves away from SSj.

We then have the following proposition.

Proposition 3. Suppose Assumptions A1-Aj hold. Then:
(i) SSy is the unique SS for all Ve < 0.

(i) If X is a D-stock, then a flip bifurcation occurs as Vs increases through ‘Zé, so that a 2-
period cycle emerges, while the SS remains unique. There is a 1-dimensional invariant
manifold that passes through SSy and both points on the 2-cycle, and the 2-cycle attracts
all nearby trajectories contained in that manifold, while trajectories not on that manifold

diverge from it.

(11i) If X is a K-stock, then a pitchfork bifurcation occurs as Vs increases through ‘7@5; with
two additional SSs—SSy and SS;—appearing, where SSy features e > 0, and SSy,
features e < 0. There is a I-dimensional invariant manifold that passes through all
three SSs, and the two new SSs each attract all nearby trajectories contained in that

manifold, while trajectories not on that manifold diverge from it.

The 1-dimensional invariant manifolds described in parts (i) and (7ii) of Proposition
3, which we will refer to as “saddle manifolds”, are directly analogous to the saddle paths
encountered in many standard macro models: trajectories beginning on them converge to
some bounded (though not necessarily constant) state, while all other trajectories diverge
(and ultimately violate the TVC). Thus, only trajectories lying on the saddle manifold are
equilibrium paths, and for a given value of the pre-determined variable X;, there is a unique
e; that places the system on the saddle manifold.

Figure 3 illustrates, using phase diagrams'® in (X, e)-space, the dynamics following the
bifurcations outlined in Proposition 3. Panel (a) shows the flip bifurcation (D-stock) case.
Since this case features jagged oscillations that are difficult to make sense of in a phase
diagram, for this case we show the dynamics of the 2" iterate of the system (i.e., the system
that gives the position of the original system two periods later, rather than one). The two
points on the 2-cycle from Proposition 3(ii) (which are SSs of the 2°¢ iterate) are indicated
by LCyx and LCp. As indicated by the dashed curve with arrows at either end, starting
from either of these points the original system jumps back and forth each period, exhibiting
jagged oscillations. The light gray arrows indicate the local direction of motion (for the
28d_jterate system), while the saddle manifold is indicated as the thick solid curve, which
passes through LCy, LCY, and SSy. Trajectories beginning on the saddle manifold (except
for those beginning exactly at SSy) converge to one of the 2-cycle points LCy or LCp. In

10T discrete time, pahse diagrams are only suggestive of the dynamics.
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terms of the original system, this convergence corresponds to jagged oscillations in X and e,
each jumping back and forth across its S.Sy value each period, with the system converging
eventually to the 2-cycle. As indicated by the light gray arrows, all trajectories beginning
anywhere other than the saddle manifold diverge (and end up violating the TVC). Thus, for
a given X;, the unique value of e; satisfying the TVC is the one that places the system on
the saddle manifold.

Figure 3: Non-Linear Dynamics After the Bifurcation

(a) Flip (2* Tterate) (b) Pitchfork (+1)
!
A
[
\\4- ------- - /ﬁ
LC - <
X \ et
BN v
© \n . ) -/1
SN \ ¥ 88
SR
R
\y\ A /}/
LCy
1/
X X

Panel (b) illustrates the phase diagram for the pitchfork bifurcation (K-stock) case. In
this case, two new SSs, S5, and 5SSy, emerge. The saddle manifold is again indicated by the
thick solid curve, which passes through all three SSs. Trajectories beginning on the saddle
manifold (except for those beginning exactly at SSy) converge to either SSp or SSy, with
all other trajectories diverging. Thus, again, given X, the unique solution for e; is the one
that places the system on the saddle manifold. Note that we may describe SSy and SSy as
each being saddle-path stable, with the respective saddle path given locally by the saddle
manifold. Multiple saddle-path-stable SSs can, in some environments, imply indeterminacy
if the saddle paths of the SSs overlap, i.e., if, for some values of the pre-determined variables,
there is more than one saddle path that the jump variables can place the system onto. Since,
in the present case, the saddle paths for 5SSy, and SSy are given by separate sections of the
saddle manifold, we do not have any indeterminacy here: for a given X, there is always a
unique e that places the system on the saddle manifold. Which SS the system eventually
converges to is then determined entirely by which side of SSy the initial level of X is: if
Xo < 0 then the system converges to S5, while if Xy, > 0 the system converges to SSy.

Thus, we have hysteresis in this case: small variations in the initial conditions of the system
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can impact its long-run state.

3 Indeterminacy and Dynamic Interaction

Proposition 1 established that indeterminacy never arises for any value of Vs, regardless
of whether it’s positive or negative, and even regardless of whether it satisfies Assumption
A3. To understand why, consider a simple linear univariate system made up of a single
jump variable x that must satisfy a forward-looking Euler equation of the form x; = nx; 1
with |n|# 1, and with a TVC of the form lim; ,,, x; = 0. Indeterminacy will arise in this
environment if every sequence satisfying the Euler equation necessarily also satisfies the
TVC. This is the case if and only if |z;| is always a declining sequence, i.e., if |n|> 1. Since
n can be interpreted as a parameter governing how strongly |z;| responds to anticipated
changes in |z;41|, we can interpret indeterminacy as arising when this reaction is more than
one-for-one.

This basic intuition carries over to our more complicated environment: while local in-
stability can be thought of as a situation where the current equilibrium action e, is highly
sensitive to the current state, indeterminacy arises when e, is highly sensitive to the antici-
pated future equilibrium action e, 1.

With this in mind, consider how e; responds in equilibrium when e;,; is anticipated to
increase. In the autarky (V.z = 0) case, Assumption Al implies that agents will want to
increase e;, though less than one-for-one (as noted earlier, the coefficient on future private
accumulation ey in the decision rule (7) is strictly between 0 and 1). In order for inde-
terminacy to appear once we introduce static interactions (V.z # 0), it would have be the
case that, relative to the autarkic case, these interactions increase the responsiveness of e;
to e;41 by enough that e; ends up responding more than one-for-one. However, it turns out
that adding static interactions produces two effects that always work in opposite directions
on this responsiveness. In the complementarities case (V.z > 0), these are as follows. First,
a higher anticipated é;y; makes accumulation at ¢ + 1 relatively cheap (since V. ;41 will in-
crease), which favors delaying accumulation to the future, so that agents have less desire
to increase e; in response to an anticipated increase in e;,; than in the autarkic case. This
effect, which tends to make e; less responsive to e, 1, is captured by the last term in the
private decision rule (7). Second, for a given initial desire to increase e; in response to an
anticipated increase in equilibrium e;, 1 (i.e., the net result of the autarkic effect and the
first effect), complementarity produces the usual amplification force (see Section 1.4), which
favors e; being more responsive to e;, 1. It turns out that these two effects largely cancel

each other out, and as a result the equilibrium sensitivity of e; to e;1; will never become
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high enough in the static-interaction case to create indeterminacy, no matter how large V,;
becomes.!!

A natural question is whether there are any circumstances under which indeterminacy
can arise in this model. Given the above discussion, one possibility would be to seek an
additional mechanism that works to increase agents’ initial desire to increase e; in response
to an anticipated increase in e, (rather than decrease it, as the first effect above does).
As we now show, dynamic interaction—that is, a situation where a change in the current
aggregate action e affects the current private MV of a stock variable—which we have so far
shut down, provides such a mechanism.

In particular, let us now allow Vxz(e, X,€) # 0, i.e., dynamic interaction. To make
the results as clear as possible, we also shut down static interaction by assuming that
Vee(e, X,€) = 0 for all e, X,e. Taking a first-order approximation to (6) around 5SS, and
then using X;,1 = (1 — dx)X; + e;, we may obtain the private decision rule for this case as

ey = ﬂ?xet-i-l — %etﬁ-l — %Xt; (11)

where y, € and ¢ are as defined in Section 2.1.'? One may verify that the linearized equilib-

rium system satisfies

1 0 X\ [(1-06x 1) (X, 1)
0 —g (x — Vxe) e ) % 1 e )
. -

-~

My Mo

The qualitative dynamics of (12) are again determined by the generalized eigenvalues A that

solve Myv = AMyv, where v is an associated eigenvector. We have the following proposition:

Proposition 4. Suppose Assumptions A1 and A2 hold. Then as Vxz increases or decreases
from zero, at some point dynamic indeterminacy emerges, and once it does it remains there-

after as Vxs continues to increase or decrease all the way to +oo.

Thus, unlike in the static interaction case where dynamic indeterminacy was not possi-
ble, we see that sufficiently strong dynamic interaction (either positive or negative) always
produces indeterminacy. Recall from the discussion above that we may characterize inde-

terminacy as arising in cases where the current equilibrium action e; is highly sensitive to

"The intuition for the substitutability (V. < 0) case is essentially the same, just with the directions of
the first and second effects each reversed.

12Note that Assumption A3 is trivially always satisfied in this case, as, for given values of X;, e;41, and
€:+1, the optimal private choice of e; does not depend on é;.
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changes in the anticipated future equilibrium action e;.;. In this environment, indirect in-
teraction provides a mechanism to increase this sensitivity without bound. For example,
from the perspective of an agent at date ¢, if Vx; > 0 and the anticipated aggregate é;,,
increases, this raises the future MV of X, ;. This increases agents’ desire to accumulate at
t, i.e., to increase e;. The larger Vy, is, the more sensitive e; is to €41 (see (11)), and thus
in equilibrium e, can be made arbitrarily sensitive to e;; by sufficiently increasing Vy.. If
this sensitivity is high enough, the system will feature indeterminacy, which is the content
of Proposition 4. An analogous argument applies when Vy; is sufficiently negative.

While indeterminacy always eventually emerges for |Vy.| large enough, other qualitative
behaviors are possible for intermediate values of |Vxz|, as outlined in the following proposi-

tion.

Proposition 5. Suppose Assumptions A1 and A2 hold.

(i) As Ve decreases from zero, the system exhibits saddle-path stable monotonic dynamics

up until the point that indeterminacy first emerges.

(ii) If ¢ < —0%&/(1+ 0x), then as Vxg increases from zero the system exhibits saddle-path

stable monotonic dynamics up until the point that indeterminacy first emerges.

(iii) If ¢ > —0%&/ (14 dx), then as Ve increases from zero, the system transitions at some
point from saddle-path stability (with monotonic dynamics) to local instability via a +1

bifurcation, before eventually transitioning to indeterminacy.

Note that, since £ < 0, the condition under which local instability emerges for some range
of V& necessarily requires ¢ > 0, i.e., for X to be a K-stock. While the mechanism is more
subtle, when local instability emerges here it does so for the same fundamental reason as
in previous sections; namely, because equilibrium e, is highly sensitive to the current state
X;. In this case, one can show that, in response to changes in the conditions it faces at
date t, individual agents have a smoothing motive that causes them to initially respond by
optimally adjusting e; and e;; in the same direction. Thus, when ¢ > 0, a higher level of X,
causes agents to initially respond by increasing both e; and e;;1. In equilibrium, there must
be a corresponding increase in €;41, and from (11) we see that if Vx; > 0 this causes a further
rise in e¢;. Because of the smoothing motive, e¢;,; will also again rise, and in equilibrium this
is met by a further increase in €1, causing a further increase in e;, and so on. In this way,
the initial effect of the increase in X; on e; is amplified in equilibrium. If ¢ is positive and
large enough, then Proposition 5 states that there is a range of positive values of Vx; where
this amplification mechanism is strong enough to create local instability, but where Vi is

not so large that indeterminacy arises.
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4 Determinate Smooth Oscillations

Returning to the direct-interaction case, in Proposition 1(iz)(b), we established that if os-
cillations emerge, then they are jagged, in the sense that the model variables will flip back
and forth across their SS levels each period. Similarly, Proposition 3(%i) established (for
the non-linear model) that, once the system loses local stability, such jagged oscillations are
associated with a 2-period limit cycle.

While understanding the conditions under which jagged oscillations—which are associ-
ated with negative eigenvalues—may arise in our simple environment is helpful for thinking
about what kinds of mechanisms may produce endogenous cyclical fluctuations in a fully
micro-founded model, we do not view jagged oscillations themselves as being particularly
empirically relevant. After all, real-world data series rarely exhibit the kind of sawtooth
patterns illustrated in panels (c) and (e) of Figure 1, which are characteristic of jagged
oscillations. Rather, if endogenous oscillations are in fact an important driver of business
cycle fluctuations, then they are likely to be smooth, not jagged. As noted in Section 2.1,
however, smooth oscillations, which are associated with complex eigenvalues, cannot occur
in a model that features only a single state variable: the evolution of a determinate model
can be reduced to a system in the state variables only, and univariate systems cannot feature
complex eigenvalues.

With this in mind, suppose we augment the model we set up in Section 1 with a second

stock variable, Z, which evolves according to
Zt+1 = (1 —5Z) Zt+€t, (13)

with 07 € (0,1]. The agent’s objective function is now

o)

> BV (e, Xi Ziy 1) (14)
t=0
so that V now depends on both X and Z. We assume that the period payoff function V' is
strictly concave in its first three arguments. All other elements of the model are unchanged.'?

1.'4 As aresult, conditions

If 8 > 0 then the resulting dynamic system will be 4-dimensiona.
that analytically characterize the dynamics for this case are quite complicated and difficult

to interpret. Nonetheless, we can gain some useful insight by considering the myopic case

13Note that we update Assumptions A2 and A3 in a natural way to reflect the presence of the additional
state variable. See Appendix A.3.1.

14The two state variables X and Z, plus two jump variables, i.e., the Lagrange multipliers associated with
the accumulation equations (2) and (13).
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where § = 0. It can be verified in that case that Assumption A3 is now equivalent to the
condition V,; < V., = —V,..!> Without loss of generality, let us assume that V,x < V,z
(if not, then we may simply reverse the roles of X and Z in what follows). We have the

following proposition.

Proposition 6. Suppose Assumptions A1-A3 hold, and that 8 = 0. Then:

(i) Smooth oscillations will emerge for some range of Vez if and only if Vox < 0 < V.z and
0z > 0x.

(ii) As Ves decreases from 0 towards —oo, the system always remains locally stable.
(iii) As Ve increases from 0 towards V,,:

(a) Local instability always emerges at some point, and once it does it remains perma-

nently thereafter.
(b) If the conditions in part (i) hold, then the loss of stability will occur while the system

is experiencing smooth oscillations (i.e., via a Hopf bifurcation) if and only if in
addition V7 is neither too small nor too large relative to |V, x|.1°

There are a few things worth emphasizing about Proposition 6. First, the fact that we
have added a second stock variable and focused on the myopic case has not changed the
conclusions we obtained in Section 2 that substitutability does not produce instability, while
sufficient weak complementarity always produces instability.

Second, adding another stock variable can indeed lead to smooth oscillations, but a
necessary condition for this to happen is that one of the stocks is a D-stock (X in this
case) and the other a K-stock (7). Roughly speaking, the D-stock causes a higher level
of past accumulation to favor a lower level of current accumulation, which is precisely the
kind of reversal that characterizes oscillations. The K-stock, meanwhile, can be thought
of as imparting “momentum” to the system that prevents higher past accumulation from
immediately leading to lower current accumulation, which would be the case for jagged
oscillations. Instead, it takes multiple periods for any reversal favored by the D-stock to
actually occur, so that we end up with smooth oscillations.

Finally, neither stock variable strongly dominates the other in driving the dynamics of
the system, part (iii)(b) of the proposition states that when the system loses stability it will
do so via a Hopf bifurcation. One can show that if we were to introduce non-linearities into

the model via an F' function of the form used in Section 2.2, upon losing local stability a

15See Appendix A.3.1.

168pecifically, if and only if (2292)*[Vox|< Vez < (32)*|Vex|.
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limit cycle would emerge that would attract all nearby trajectories, with such trajectories
exhibiting smooth oscillations.'”

Note that while the results in Proposition 6 were obtained for the 5 = 0 case, they apply
more generally. For example, in the next section we provide a fully micro-founded example

with g > 0 that reflects the basic lessons of Proposition 6.

5 Beyond the Tractable Case: Numerical Examples

The key lessons we take away from the above analysis are that (i) substitutability generally
favors stability, whereas instability will generally arise only if complementarity is strong
enough; (ii) jagged oscillations only tend to emerge with enough complementarity when a
D-stock strongly dominates the dynamics, in which case instability emerges in the form of a 2-
period limit cycle; (74) when a K-stock strongly dominates the dynamics, instability emerges
in the form of hysteresis; (iv) when a D-stock and a K-stock both exert an important degree
of influence over the dynamics, smooth oscillations may emerge; and (v) indeterminacy arises
when e; is highly sensitive to the anticipated future equilibrium action e;;.

These results were obtained in an abstract environment using a particular analytical
approach (i.e., directly varying Vs or Vx, without allowing anything else to change). It is
natural to ask whether we may expect similar results would hold in actual economic models
of the kind typically encountered in macro. In this section, we perform some numerical
analysis of such a model, with an eye to illustrating that the above lessons are not simply
artifacts of the particular form of the analysis done in the previous sections.

The model we use will feature at the same time a K-stock and a D-stock, and two types
of externalities, in production and in utility. We suppose that household preferences are

given by

[ele} L . w .
;w{log (e = (L= ) ey " +¢) = 72— }

where ¢ is consumption, d is a stock of durable goods, h a stock of habit, and ¢ € [0,1] is
a parameter that controls the importance of the durable goods (an D-stock) relative to the
habit (a K-stock). We introduce a sort of “Keeping up with the Joneses” externality when
the parameter p € [0, 1] is not equal to one: the strength of habits is larger when aggregate
consumption ¢ is high. Meanwhile, 1/w controls the elasticity of labor supply, while ¢ and

wy are parameters that will control, respectively, the SS curvature of the utility function and

17A formal proof of this result, which we have omitted for considerations of length, can be provided upon
request.
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the SS labor supply. The stocks accumulate according to

diy1 = (1= 64)ds + vacy
ht+1 = (1 — 5h)ht + YrCt .

Production of each firm is given by y; = x4, but we now assume that the production

externality takes the more general form

(0o

=P
Xt = th ’

where we define the function

) () = Vexp{_% (e—azss)2} |

Here, (s denotes the SS level of labor. Note that, in the limiting case ¢ — oo, p(¢) is

constant, in which case the form of the externality collapses back to the simple version seen
in Section 1.3. For o < oo, meanwhile, p(¢) declines monotonically as ¢ moves away from
the SS in either direction, and as p falls so will the strength of the productive externality.
This echoes one of the key features of the F' function described in Assumption A4.

Much like V,; in the theoretical analysis above, in our numerical analysis the quantity
v parametrizes the strength of the productive externalities at the SS, and will be the main
parameter that we vary in our experiments. For the remaining parameters, we use three
different configurations, chosen to illustrate the different kinds of behavior that can emerge
as v increases from zero. The parameters in Table 1 are taken to be the same across all
three configurations. Table 2 then shows the remaining parameters that vary across the two
configurations, with the exception of wy, which we set in order to normalize the SS level of

? to one in all cases.

Table 1: Common Parameters Values

o] a X w ¢ 0 O
098 07 1 05 1 0.025 4

Notes: wy is set so that steady state level of hours is one.

The equilibrium version of the model can be reduced to a dynamic system in four vari-

ables: two state variables (d and h), and two jump variables (the Lagrange multipliers
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Table 2: Specific Parameters Values

v Ya om0
Case I: Local instability (Hopf) 0.5 04 04 05 1

Case II: Local instability (+1) 0.1 0.05 0.08 0.05 1
Case III: Indeterminacy 05 04 04 05 0.5

attached to the two accumulation equations). The linearized system therefore has four
eigenvalues. In the benchmark case in which v = 0 (no productive externalities) and u = 1
(no externalitis in preferences), we always have saddle-path stable monotonic dynamics, and
in particular all four eigenvalues are real and positive, with two stable and two unstable. In
Figure 4, we plot the moduli of the four eigenvalues over a range of v > (0 that contains the
first bifurcation of the system. Gray portions of curves correspond to real eigenvalues, black

portions to conjugate pairs of complex eigenvalues.

Figure 4: Eigenvalue Moduli as a Function of v

(a) Case I: Local Instability (b) Case II: Local Instability (c) Case III: Indeterminacy
(Hopf Bifurcation) (+1 Bifurcation)
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v v v

Notes: The four curves show the moduli of the four eigenvalues for the respective parameterization over a
range of v containing the first bifurcation. Gray portions of curves correspond to real eigenvalues, black
portions to complex eigenvalues.

The first parameter configuration (Case I, panel (a) of Figure 4) is one in which the two
stocks d and h have equal weight in the utility function: ¢ = 0.5, and v4 = v, = 0.4. For v
below approximately 1.105, the four eigenvalues are real and positive, with two stable and two
unstable. As v increases through that point, two pairs of complex eigenvalues emerge, one
pair stable and the other unstable. Thus, the system continues to be saddle-path stable, but
now exhibits smooth oscillations rather than monotonic dynamics. Finally, as v increases

through approximately 1.167, the stable pair of complex eigenvalues exits the unit circle,
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resulting in a Hopf bifurcation. This bifurcation was not possible in our analytic example
because the dynamics was of order two. Therefore, as the two eigenvalues had to be conjugate
if complex, it was not possible for one eigenvalue to stay larger than one in modulus, for
the other one to cross 1 from above in modulus and for the two to be complex. In the
present model where the dynamics is of order four, we can have a determinate equilibrium
(two eigenvalues are larger than one in modulus) and at the same time the two eigenvalues
smaller than one in modulus that first become complex and conjugate and then leave the
unit disk, hence a Hopf bifurcation. Starting away from the steady state, the economy will
jump onto a saddle path that converges to a smooth limit cycle. The economics is very
similar to the one of a 2-cycle with a D-stock, but the cycle is here smoother as we have two
state variables. Such a deterministic simulation is shown on Figure 5, where we have solved
the model using the perturbation algorithm of Galizia [2021] as implemented by Duineveld
[2021]. This illustrate the convergence to a smooth limit cycle. In Beaudry, Galizia, and
Portier [2020], we have have estimated a specific model of unemployment risk and incomplete

markets whose solution features limit cycle forces.

Figure 5: Convergence to a Smooth Limit Cycle in Case I

(a) Deterministic path (hy, d;) (b) Limit cycle for h, d and ¢
16.8 ‘ ‘ ; ; :
16.7} ] 165
s
1661 limit cycle ——> 1 16 ' ' ' ' 4
0 20 40 60 80
165+ 1 Periods
i i
S 1641 -
(hss, dss) =
163} ® . 05 : ‘ ‘ ‘
0 20 40 60 80
16.2 ©) \ Periods
ho, d
61l (ho,do) | A
X
16 L I L L L 0.8L% L L L f L A
05 0.6 0.7 08 0.9 1 11 0 20 40 60 80
h Periods

Notes: This Figure shows the deterministic path when the economy starts with h at the steady state and d
below the steady state (the grey dot in panel (a)). The black dot on panel (a) represents the steady state.
Panel (b) displays time path of d, h and ¢ along the limit cycle.

Compared with Case I, the second parameter configuration (Case II) puts significantly
more weight on h than d in the utility function: ¢ = 0.1, and 7, > ~4. In addition, h also

now depreciates more slowly than in Case I. The implications of this case for the eigenvalues
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are shown in panel (b) of Figure 4. For v close to zero we again have four real positive
eigenvalues, with two stable and two unstable. As v increases, one of the stable eigenvalues
gradually increases, eventually passing through 1 at around v = 0.62, resulting in a +1
bifurcation. The initial steady state 5SSy becomes unstable and two new saddle-path stable
SS emerge.

Comparing the results for Cases I and I, recall that as v increases this tends to reduce
the degree of substitutability /increase the degree of complementarity between the aggregate
and private actions ¢ and c¢. In Case I, where the effects of d (an X-stock) and h (a Z-
stock) are balanced, we obtain smooth oscillations and a Hopf bifurcation as v increases. In
contrast, in Case II, which is strongly dominated by A (the K-stock), the first bifurcation as
v increases is a +1 bifurcation.

Consider now Case III in which we also introduce the externality in the utility function
(0 < 1), so that the future marginal value of the stock h;.;, that depends on current
action ¢, is directly impacted by future aggregate action ¢;;, which corresponds to the
mechanism highlighted in the “dynamic interactions” analytical case. In this case, as shown
on panel (c) of Figure 4, the eigenvalues are again initially real and positive for v = 0, with
two stable and one unstable. As v increases, as in Case I at some point the two stable
eigenvalues become complex, so that smooth oscillations emerge. Unlike in Case I, however,
as v increases beyond this point, the first bifurcation involves one of the (real) unstable
eigenvalues decreasing through one in absolute value at around v = 1.155, so that, for the

reasons discussed in Section 3, indeterminacy emerges.

Conclusion

In this paper, we extend the static framework of Cooper and John [1988] to a dynamic
environment that embeds two fundamental economic forces that both arise in virtually all
modern macro models: the accumulation of stocks, and strategic interactions between agents.
The basic form of our analysis is as follows. We suppose that, in the absence of interactions,
dynamics exhibit monotonic convergence to a unique saddle-path stable SS, which we refer
to as standard dynamics. We then ask when and how non-standard dynamics may appear
as the type and strength of strategic interactions increases.

The main take-aways of our analysis are as follows. First, non-standard dynamics can be
interpreted as arising from a certain type of sensitivity of the system to economic conditions.
Second, local instability tends to emerge when the system is sensitive to the current state,
whereas indeterminacy tends to emerge when the economy is sensitive to the anticipated

future state. Third, the kind of sensitivity that leads to non-standard dynamics is largely
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associated with strategic complementarity in accumulation decisions, since this complemen-
tarity exerts an amplifying force in equilibrium on agents’ initial desire to accumulate. On
the other hand, substitutability does not generally produce non-standard dynamics since it
tends to exert a dampening force rather than an amplifying one. Fourth, cyclicality only
tends to emerge when there is a stock variable that exerts a negative influence on agents’
desire to accumulate more of it. Fifth, the emergence of instability is typically associated
with the emergence of a limit cycle when the system exhibited cyclical dynamics just prior
to the loss of stability, and with the emergence of multiple steady states when the system
exhibited monotonic dynamics. Finally, indeterminacy tends to appear only in the case of
dynamic interactions, i.e., where an anticipated change in the future aggregate level of ac-
cumulation causes agents to anticipate a change in the future value of a stock variable, and
this in turn affects their current desire to accumulate that stock.

We believe this framework is useful for understanding many situations covered in the
dynamic macroeconomic literature. Although many of the models we briefly discuss below
do not fit perfectly into our simplified framework, most of their dynamic properties can be
meaningfully interpreted through our lens.

To begin, we showed that substitutability tends to weaken dynamic forces and thereby fa-
vors quick monotonic convergence. As conventional competitive models most often generate
substitutability through price incentives, such frameworks are likely to lack strong internal
propagation forces. This is consistent with the finding of Cogley and Nason [1995] for the
first generation of Real Business Cycle models. In the same vein, granular fluctuations in
competitive models (Gabaix [2011], Carvalho and Grassi [2019]) are likely to be dampened
by competitive forces and reallocation dynamics. For example, if there is a positive idiosyn-
cratic productivity shock to a very large firm, input prices should increase as this big firm
produces more, and other firms should then scale down their production. Although this
effect is at play for example in Carvalho and Grassi [2019], it is second-order because of
decreasing returns and the Pareto firm-size distribution.

Turning to models with complementarity, a classic example is Benhabib and Farmer
[1994], in which an externality in production creates complementarity. As the variable accu-
mulated is capital, the complementarity is dynamic, and as we have shown this is a case in
which the equilibrium is prone to indetermincay. When the externality is large enough, the
return to capital becomes constant (the endogenous growth case in Benhabib and Farmer
[1994]) and there is also multiplicity of steady states (more precisely of Balanced Growth
Paths), just as in our K-stock configuration. Another example of a K-stock configuration is
Fajgelbaum, Schaal, and Taschereau-Dumouchel [2017]. The complementarity comes from

an information externality. The stock that accumulates is the precision of belief about the
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return of investment. The more information has been accumulated because of past high in-
vestment, the higher is precision and the higher is the current incentive to invest, hence the
multiplicity of steady state and hysteresis obtained by Fajgelbaum, Schaal, and Taschereau-
Dumouchel [2017], as predicted in our simple framework. Fernédndez-Villaverde, Mandelman,
Yu, and Zanetti [2019] is an example of complementarity generated by search. Firms that
produce intermediate and final goods must build long-lasting trading relationships to produce
a final good by exerting costly effort. The matching function among firms is supermodular,
which overcomes the congestion effects of many conventional search environments and gener-
ates search complementarities. That model is a case where static complementarity are strong
enough to violate our Assumption A3 of weak complementarities. In Ferndndez-Villaverde,
Mandelman, Yu, and Zanetti [2019], the indeterminacy then generated is associated with a
selection mechanism to generate endogenous switches between two regimes in the economy.

The role of financial frictions in shaping the dynamics of an economy can also be un-
derstood in our framework. In the financial accelerator model of Bernanke, Gertler, and
Gilchrist [1999], the net worth of potential borrowers lowers the external finance premium,
and therefore makes investment and wealth accumulation easier. This is a K-stock type
model, so we should expect it to generate more persistence, but not financial cycles in the
sense of endogenous (dampened or not) boom-bust dynamics. This is indeed what the model
generates. In contrast, Gorton and Ordonez [2019] study a model of financial frictions with
periods in which lenders do not carefully screen investment project qualities. There is a
credit boom, but also a depreciation of information in credit markets over time, in which
case lenders increasingly have incentives to acquire information and restrict credit. There
are complementarities between the volume of credit and the incentives for information acqui-
sition. The model fits in the D-stock case: the more loans have been distributed in the past,
the poorer information (that encodes past history of loans quantity), the lesser the incentive
to distribute further loans. Therefore, not surprisingly, the model generates endogenous self-
sustained boon-bust cycles. The D-stock configuration is also the one of Beaudry, Galizia,
and Portier [2020]. The complementarity works as follows. Households spend to accumulate
a durable good and face uninsurable unemployment risk. When aggregate spending is high,
firms post many vacancies to meet demand, unemployment risk is low so that each household
faces low unemployment risk, does little precautionary savings and hence spends more. As
the marginal utility of the stock of the durable good is decreasing, the higher the stock the
lower new expenditures. Beaudry, Galizia, and Portier [2020] show that an estimated version

of the model displays smooth self-sustained oscillations, as our theory would predict.
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Appendix

A Proofs

A.1 Section 2.1 Proofs

A.1.1 Preliminaries

Lemma A.1. Suppose Assumptions Al and A2 hold. Then & < x < 0 and x/§ < 1/(1+
Box).

Proof. To see that ¢ < 0, suppose to the contrary that & > 0. Since V., Vxx < 0 by the
assumed strict concavity of V' (see Section 1.1), looking at the definition of £ in (8) this

would necessarily require V,x < 0. Thus,

(=) (7 ) (L) -6 - vAa-s0] v g0

Vex Vxx VB

But this contradicts concavity of V. Thus, we cannot have £ > 0, which confirms & < 0.
Next, for the autarkic case (V.z = 0), the linearized decision rule (7) becomes

Bx ¢

€y = ?€t+1 - EXt-
If x =0, then { = (1 — dx)&, and thus this decision rule becomes simply e, = —(1 — dx) Xy,
and therefore the X accumulation equation (2) implies X;,; = 0, so that the lone eigenvalue
of the system is zero. This contradicts Assumption A2 (i), and therefore we cannot have

X = 0. The autarkic linearized system can therefore be written

Xt+1 - 1— 5X 1 Xt
Ctr1 % % €t '

The trace and determinant of the transition matrix in this expression are given respectively
by T=1-06x+&/(Bx) and D = 1/5. Assumptions A1-A2 together require the eigenvalues
to be real with one strictly between 0 and 1, and the other greater than 1 in absolute value.
Since the product of the eigenvalues is D > 0 and one of them is strictly between 0 and
1, the unstable eigenvalue must also be positive. That is, the two eigenvalues \g, \; must
satisfy 0 < A9 < 1 < A;. This is the case only if T > D+ 1, ie., if £/x > 1+ Box > 1.
Thus, £ and x must be of the same sign, with |{|> |x|, and since £ < 0 it therefore follows
that £ < x < 0, and therefore x /¢ < 1/(1 + Bdx), which completes the proof. [ |

34



Define a, = Bx/¢, ax = —(/¢ = a, — (1 — dx), and p = —V,¢/€ = V,¢/V... Under
Assumptions A1-A2, Lemma A.1 implies that (i) 0 < a.5/(1+ Bdx) < 1, (ii) ax is non-zero
and of the same sign as (, and (iii) p is strictly increasing in and of the same sign as Vg, with
p = 0 corresponding to autarky. We will henceforth assume these properties. Assumption
A3, meanwhile, is equivalent to the condition p < 1. Given the tight relationship between p
and V,z, we henceforth take p as the parameter controlling the type and strength of interac-
tions, with p < 0 indicating substitutability, and p € (0, 1) indicating weak complementarity.

With these definitions, the matrices My and M; in (9) may be written

1 1—-9 1
Mlz (’)‘“ ) MOZ . )
0 8D, —ax 1—p

D,= M| =ax+1—6x)(1—p)=ac—(1—-0x)p.

where

The generalized eigenvalues are then solutions to |My— AM;|= 0, or, equivalently, P,(\) = 0,
where
P,(3) = 8D\~ [1=p+ B(1-6x) D,| A+ D,.

If ﬁp # 0, then P, is quadratic and therefore there are two generalized eigenvalues. This is
equivalent to the case where M is invertible so that the generalized eigenvalues Ay, \; are

exactly the eigenvalues of M = M; ' M,. In this case, it can be verified that

L—p

A()‘i‘)\l:TpE].—(SX‘i‘—N, (Al)
p
1
W=D =2, (A.2)

where T}, and D are the trace and determinant, respectively, of M. Note that (A.2) implies
for this case that if Ao, \; are real then they are of the same sign, and since |[\g|< |A1] by
definition, we either have 0 < Ao < Ay or Ay < A9 < 0. Note also that, by definition, A;
satisfies P,(\;) = 0. From the definition of P,, we therefore have

P, (\;) oD
#:Aj+[ﬁA§—5(1—5X)Aj+1] ap”
Oéx)\j
D, ’

where the second line uses P,(\;) = 0 (to replace the quadratic term in \;), the definition
of ﬁp, the fact that 85p/8p = —(1—Jdx), and then simplifies. If A, A\; are real and distinct,
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then we can implicitly differentiate the expression P,();) = 0 with respect to p to obtain

d/\j . aPp ()\j) /0,0 B O(X>\j

i/ = —— ) (A.3)
dp P () D,P; ()\;)

Lemma A.2. Suppose Assumptions A1 and A2 hold. Define py as the value of p, if it exists,
such that Ep = 0. Then py exists if and only if 6x < 1. If py does exist, then py > 0, and
further pg < 1 if ¢ < 0, while pg > 1 if ( > 0. Further, there is exactly one generalized

eigenvalue when p = po, which is given by Ao = 0.

Proof. Since a, > 0 and 5p = a. — (1 — dx)p, clearly there exists a p such that ﬁp =0
if and only if dx < 1. Assuming this is the case, we have py = a./(1 — dx) > 0. Since
a. = ax + 1 — dx, we may alternatively write pg = 1 + ax /(1 — dx). If ( <0 then ax <0,
in which case pg < 1. If { > 0 then ax > 0, in which case py > 1.

Next, for the case p = pp, substituting lN)pO = 0 into the expression for P, above, when

D, = 0 a generalized eigenvalue A must satisfy (1 — pg)A = 0. Since py # 1, there is exactly

one such value of A\, which is \y = 0. [ |

A.1.2 Proof of Proposition 1

To see the claim that indeterminacy never arises, note that, from above, if l~)p # 0, then
XA = 1/ > 1, and thus we must have |A;|> 1. Thus, there is at least one unstable
eigenvalue in this case, and therefore there cannot be indeterminacy. If instead Ep = 0,
then from Lemma A.2 there is only one generalized eigenvalue (Ao = 0), and therefore there
cannot be two stable eigenvalues, so that there cannot be indeterminacy in this case either.

Next, we have the following lemma.

Lemma A.3. Suppose Assumptions A1-A3 hold, and that { > 0. Then l~7p > 0 for all
p, and thus there are always two generalized eigenvalues, which are the eigenvalues of M.
Further, there exist p, p' € (0,1) with p < p' such that (i) the eigenvalues are real if and only
if p<p;(ii) \g <1 for p=pand g > 1 for p € (p,p'); and (iii) Xo, \1 are continuous in

pon p<p, with \g strictly increasing and Ay strictly decreasing.

Proof. Note first that Assumption A3 implies p < 1. Further, since ( > 0, we have ax > 0.
From the definition of ﬁp, we then see that l~?p > ayxy > 0 for all p < 1, which in turn

confirms that the generalized eigenvalues g, \; are simply the eigenvalues of M.
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Next, recall that the trace and determinant of M are given in (A.1)-(A.2). Clearly
D =1/p > 0 regardless of p. From (A.1), since 5,) > 0 under Assumption A3, we see that
T, is a continuous function of p on p < 1, with 7, > 0, and 07,/0p = —aX/(ﬁﬁz) < 0.
Further, T} =1 — d0x.

These basic properties are illustrated in Figure A.1. (7),, D) must lie somewhere on the
horizontal dashed line f in the figure corresponding to D = 1/8. Line f is made up of five
sections which are bounded by intersections with line a (D = =T, — 1), line ¢ (D =T, — 1),
and the parabola d (D = T2/4). From left to right, it can be verified that these five
sections correspond to the eigenvalue configurations (1) Ay < —1 < Ag < 0 (left of a); (2)
A < Ao < —1 (between a and d); (3) Ao, A\; complex with |\;|= 1/y/B (between the two
arms of d); (4) 1 < Ao < Ay (between d and ¢); and (5) 0 < A\g < 1 < A;. The p = 0 case
must be in section (5), which is indicated as point Fy. Since T? = (1 —dx)%/4 < 1 < D, the

p = 1 case must be in section (3), which is indicated as point Fj.

Figure A.1: (7, D)-space for 8 > 0 Case
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Notes: Linea is D= —T,—1. Linebis D =1. Linecis D =T, + 1. Curve d is the
parabola D =T /4.

Since T, is continuous and strictly decreasing in p on p < 1, as p decreases from 0 (7),, D)
moves rightward along line f, and therefore remains in section (5) for all p < 0. Thus, the
eigenvalues are real with 0 < A\g <1 < A; for all p <0.

As p increases from 0 to 1, meanwhile, the system moves leftward along line f from Ej
to E1, and therefore the system first crosses into section (4) (1 < Ag < A1), and then finally
into section (3) (Ao, Ay complex) where it remains as p increases the rest of the way to 1.

Thus, there clearly exist p, p’ € (0,1) with p < p/ satisfying parts (i) and (4i) of the lemma.
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To see part (7ii), suppose p < p/, so that the eigenvalues are real with 0 < Ay < A;. Since
15,, > 0, T, is continuous in p, and since Ao, A\; are continuous in 7, it follows that Ao, \;
are continuous in p. Next, since 5,0 > 0, P,(\) is a convex parabola, and therefore we must
have P(\g) < 0 and PJ(A;) > 0. Thus, since ax, Ao, A1, l~?p > 0, from (A.3) it follows that
dXo/dp > 0 and d)\;/dp < 0, which completes the proof. [ |

Lemma A.4. Suppose Assumptions A1-A3 hold, and that ( < 0. Then py as defined in
Lemma A.2 exists and satisfies py € (0,1), and there exist p,p' € (0,1) with py < p < pf
such that (i) the generalized eigenvalues are real if and only if p < p'; (ii) Ao € (0,1) for
p < po; (111) g € (—1,0) for p € (po,p); (i) Ao < —1 for p € (p,p'); (v) N is continuous
and strictly decreasing in p on p < p'; and (vi) Ay is continuous and strictly increasing in p

everywhere except at p = pg, with limy,, A = 0o and lim,|,, Ay = —oo0.

Proof. Note first that ¢ < 0 implies ax < 0, and since a, > 0 and ay = a, — (1 — dx), this
in turn requires 6y < 1, which we henceforth assume. From Lemma A.2; this immediately
implies that py exists and satisfies pg € (0, 1).

Next, for p # po, we have 91,/0p = —aX/(ﬁlN)z) > 0, so that T}, is continuous and strictly
increasing in p, except possibly at the point p = py > 0. Note that T_ = lim,, T, =
1 —4dx +1/[B(1 —dx)]. It can be verified that T_o, > D + 1. Thus, as p decreases from 0,
starting from point Ej in Figure A.1, (T}, D) moves leftward along line f, approaching the
point (T, D) which is also to the right of line (c¢). Thus, the system remains in section
(5)—and therefore the eigenvalues are real with 0 < Ay < 1 < A;—for all p <0.

Consider now what happens as p increases from 0. Note that 85p/8p =—(1-9dx)<0.
Thus, lN)p is strictly decreasing in p, with IN)p > 0 for p < pg and lN)p < 0 for p > py. Since
po < 1, we therefore see that lim,,, T, = oo and lim,,, T, = —oo. Looking at Figure A.1,
this corresponds to the system initially moving rightward along line f, with 7, — oo as
p T po. As p increases through pg, T}, then “jumps” to —oo and increases continuously from
then on, eventually reaching point E; for p = 1. Ignoring for the moment exactly what
happens at p = pg, we see that, as p increases from 0 to 1, the system is initially in section
(5) (0 < Ao <1< Ayp), then jumps to section (1) (A\; < —1 < A\g < 0) as p increases through
po, before eventually transitioning into section (2) (A < Ag < —1), and finally section (3)
(Ao, A1 complex). At p = py, meanwhile, we have only one generalized eigenvalue, Ay = 0,
which is clearly real. Thus, there clearly exists p,p’ € (0,1) with p < p' satisfying parts
(i)-(iv) of the lemma.

To see parts (v) and (vi), suppose first p < pg, so that the eigenvalues are real with

0 < XAp < Ay. Since l~)p > 0 on p < pg, T}, is continuous in p on that range, and since Ag, Ay
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are continuous in 7),, it follows that Ao, A\; are continuous in p on p < py. Further, since
15,, > 0, P, is convex, and therefore P)(X\g) < 0 and P;(A;) > 0. Since ax < 0, from (A.3)
it therefore follows that d\o/dp < 0 and dA;/dp > 0, which confirms that, for p < pg, Ao, A1
are continuous in p with A\g decreasing and \; increasing.

Next, suppose p € (po, '), so that the eigenvalues are real with A\; < A\g < 0. Since
15p < 0 on this range of p, T, is continuous in p, and therefore similar to above we may
conclude that A\g, \; are continuous in p on (pg, p'). Further, since 5,) < 0, P, is concave,
and since A\; < g, we have P/(\g) < 0 and P;(A;) > 0. Since ax, Ao, A1, lN)p < 0, from (A.3)
it therefore follows that d\g/dp < 0 and d\;/dp > 0, which confirms that, for p on (po, p'),
Ao, A1 are continuous in p with )y decreasing and \; increasing.

We have therefore verified parts (v) and (vi) for all values of p except at p = py. Recall
from above that, for p near (but not equal to) py, we have T, > 0 if p < py and 7, < 0
if p > po, with lim,,, |T,|= oco. Recall also that, for p # py, we may write Ao, \; =
(T, £ \/T7 — 4D)/2, with A\g the smaller root for p < py and the larger root for p € (po, p').

Thus, for p near pg, p # po, we may write

1 /T—1DT?
0= .

2Tp—1

Taking the limit as p — po of this expression is equivalent to taking the limit as 7, — d-oc0.
Applying I'Hopital’s rule, it can therefore be verified that lim,,, A\ = 0. Recalling that,
when p = pg, we have the single generalized eigenvalue \g = 0, we conclude that A is
continuous in p at py, which confirms the rest of part (v) of the lemma. Further, since
Ao + A1 =T, for p # po, and lim,,,, Ao = 0, it follows that lim,, Ay = lim,,, T, = 0o and

lim,,, Ay = lim,,, T, = —o0, which confirms the rest of part (vi). |

The elements of Proposition 1 all follow immediately from the properties outlined in

Lemmas A.3 and A 4. [ |

A.1.3 Proof of Proposition 2

The proposition follows immediately from Lemmas A.3 and A 4. [

A.1.4 Proof of Proposition 3

Let = V,./V.. € (0,1) be the value of p at which the system loses local stability.

Lemma A.5. Suppose Assumptions A1, A2 and AJ hold. Then:
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(i) If ¢ <0, then SSy is the unique SS for all p < 1.
(i) If ¢ > 0, then SSy is the unique SS for all p < p.
(111) If ¢ > 0 and p € (p, 1), then there are either one or two additional SSs, the first (which

necessarily exists) with e > 0, and the second (which may or may not exist) with e < 0.

Both additional SSs necessarily exist as long as p > p is sufficiently small.

Proof. In SS, we have X = e/dy. Substituting this along with the equilibrium condition
¢ = e into the Euler equation (6), we may obtain that a SS level of e is a solution to the

equation G (e) = 0, where G ,(e) = p*e — pF(e), and

e (1, Bax\ T (1+p6x)k
7= (1+5) - s (A4
514—55)(_%. (A.5)

As noted in the proof of Proposition A.1, Assumptions A1-A2 imply that £/x > 1 + [dx,
which it can be verified is equivalent to x > 0. This in turn implies that p* > 0, with p* < 1
if and only if ax > 0 (i.e.,, ¢ > 0). It is also straightforward to verify that if ¢ > 0 then
pr=0p.

Note that Q,(0) = 0 for all p, and therefore, as expected, SSy is always a SS. Also,
Q)(e) = p* — pF'(e). Since F'(e) > 0 (from Assumption A4 (7)), it follows that @,(e) > 0
if and only if p < p*/F'(e). Since F’(e) achieves a unique maximum of 1 at e = 0, Q}(e)
achieves a unique minimum of p* — p at e = 0.

If p < p*, then Q)(e) > 0 for all e, while Q},.(0) = 0 and @Q).(e) > 0 for all e # 0.
Thus, if p < p* then @), is strictly increasing, in which case there is a unique solution to
Q,(e) = 0, and thus a unique SS (which must be SSy). We therefore see that the SS is
unique if p < p*. Since p* > 1if ¢ < 0, while p* = pif ¢ > 0, parts (i) and (ii) of the lemma
follow immediately.

To see part (i), suppose henceforth that ¢ > 0 and p € (p,1) = (p*,1). Since p* is
strictly positive, so is p, so that Assumption A4 (iv) implies that Q) = —pF"(e) < 0 for
e > 0, and therefore ), is strictly convex on e € [0, 00). Since a convex function can have at
most two roots, we see that there can be at most two SS levels of e in [0, 00), one of which
we know is e = 0. Thus, there can be at most one strictly positive SS level of e. By a similar
argument, Assumption A4 (7v) implies that @, is strictly concave on e € [e, 0], so that it can
have at most two roots in e € [e, 0], one of which is e = 0, and therefore there can be at
most one strictly negative SS level of e.

Next, since Q,(0) = p* — p < 0, we have Q,(e) < 0 for e > 0 sufficiently small.
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Further, under Assumption A4(iii), we have lim. o, @/(e) = p* > 0, which implies that
lim, o Q,(€) = 00, and therefore @),(e) > 0 for e > 0 sufficiently large. By the intermediate
value theorem, it therefore follows that there exists an e > 0 such that (),(e) = 0, and thus
a strictly positive SS necessarily exists.

Thus, we have verified most of part (iii) of the lemma. It remains only to confirm that
the strictly negative SS also necessarily exists as long as p > p is sufficiently small. To see
this, note first that, since Q},(0) < 0, we must have Q,(e) > 0 for e < 0 sufficiently large.
Recall also that Q,«(e) is a strictly increasing function, and therefore Q),«(e) < 0 for e < 0,
and in particular Q,+(e) < 0. Since F(e) < 0 by the properties of F' from Assumption A4,
Q,(e) is a continuous and strictly increasing function of p. Thus, as long as p > p* is not
too large, we will have @,(eo) < 0. Assuming this is the case, combined with the fact that
Q,(e) > 0 for e < 0 sufficiently large, we may again apply the intermediate value theorem
to conclude that ),(e) = 0 for some e € [e,0), so that a strictly negative SS exists as long

as p > p* is sufficiently small, which completes the proof. [ |

Part (i) of Proposition 3 follows immediately from Lemma A.5, as do the claims about
the SSs in parts (7i)-(ii1). We turn now to verifying the claims regarding the dynamics in
parts (ii)-(iii). It will be convenient to first state a number of somewhat involved lemmas

that apply to more generic dynamic systems.

Lemma A.6. Suppose a 2-dimensional dynamic system in (x,y), parameterized by some
n € R, satisfies

Ti41 = b(xt,yt;n) ) (A-6)
g (?Jt+1§ 7]) =h (xtu Ut; 77) ) (A~7)

for some smooth functions b,h : R® — R, g : R?* — R, satisfying b(0,0;n) = g(0;n) =
h(0,0;m) = 0 for all n, so that SSy = (0,0) is a SS, with h smoothly invertible in y. Given
n, we will say a set p, C R? is invariant (with respect to system (A.6)-(A.7)) if and only if
(2, yt) € py implies there exists a (Tyi1, Yi1) € py Satisfying conditions (A.6)-(A.7).18

18Note that, given (x,y;), while there is a unique value of ;1 satisfying condition (A.6), since we do
not require g(y;n) to be invertible in y there could in general be multiple values of ;41 satisfying condition
(A.6), and therefore multiple (z;41,yt+1) € iy, satistying conditions (A.6)-(A.7).
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(i) Given n, suppose f,, ¢, : R = R are a pair of smooth functions satisfying

9(Py (fy(2));m) = h(x, 0y (2);m) , (A.8)
fo () =0 (x, ¢, (x);m) , (A.9)

for all x. Then the I-dimensional manifold ., = {(x,y) : y = ¢,(x)} is invariant, and

in particular if (xy, y) € pu, then we must have xiq = f(xy).

(ii) Givenn, let p, C R? be a 1-dimensional manifold that can be written p, = {(z,y) : y =
on(x)} for some function ¢,,. If p, is invariant then, letting f, be defined by (A.9), the
function ¢, satisfies (A.8).

(iii) Given n, let A, denote the set of generalized eigenvalues X associated with the problem

JogU = AJ1 v, where

b, (0,0:7) by (0,0;7) 10
J0,77 = ) Jl,n = )
ha (0,0;7)  hy (0,0;7) 0 gy (0;m)
are the Jacobians associated with the right- and left-hand sides, respectively, of system
(A.6)-(A.7) at SSy. Suppose f,, ¢, are as in part (i). If in addition ¢,(0) =0, then f,
is equal to one of the generalized eigenvalues A € Ay, and v = (1,¢;)" is an associated

eigenvector. Thus, the invariant 1-dimensional manifold p,, = {(x,y) : y = ¢n(2)} s

tangent at 0 to the associated eigenspace ( = {av : a € R}.

Proof. To see part (i), given a pair f,, ¢, satisfying (A.8)-(A.9), take any (x;,y) € ). By
definition of j,,, we must have v, = ¢,(z;). By inspection, it is clear that if ;11 = f,(x;) and
Yer1 = On(Te41), then (A.8)-(A.9) together imply (A.6)-(A.7). Further, with yi11 = ¢y (2e11),
we have (T¢41,Yit1) € py. Thus, for any (z4,y:) € p, we have found a (2441, %11) € py
satisfying (A.6)-(A.7), and therefore 4, is invariant.

To see part (i), suppose p, = {(z,y) : y = ¢,(x)} is invariant. Fix any z;, and let
Yy = ¢y(xy), so that (z4,y;) € p,. By definition of invariance, there exists a (i1, Yii1)
satisfying (A.6)-(A.7) such that y,41 = ¢,(2441). Fix such a (2441, y+1). Defining f by
(A.9), substituting v, = ¢, (x;) into (A.6) implies x4 = f,(x;). From (A.7) and the fact that
Yr = Op(xe) and Yr1 = dy(2e41), we then have h(zy, ¢y(z1); 1) = g(yer1;m) = 9(dy(Tes1);n) =
g(on(fr(x1));m). Since x, was chosen arbitrarily, it follows that (A.8) holds for all z.

Finally, to see (7ii), differentiating (A.8) and (A.9) with respect to x, evaluating at
x = 0, and using the fact that ¢,(0) = b(0,0;7) = ¢g(0;n) = h(0,0;n) = 0, we may write the
resulting equations as Jy,v = f,;Jan. Thus, clearly f,’7 is a generalized eigenvalue, and v is

an associated eigenvector. Since p, = {(z,y) : y = ¢,(x)} is simply the graph of ¢,, it is
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clearly tangent at 0 to the vector v, and thus to the eigenspace (. [ |

Lemma A.6 establishes a useful isomorphism between 1-dimensional invariant manifolds
of system (A.6)-(A.7) and pairs of functions satisfying (A.8)-(A.9). Further, if we restrict
system (A.6)-(A.7) to a 1-dimensional invariant manifold s, constructed from a pair of
functions f,, ¢, satisfying (A.8)-(A.9), then the resulting dynamics are governed by the
univariate process x¢ i1 = f,(x;) (with y; = ¢, (x,)). It also implies that if p, is an invariant
1-dimensional manifold that passes through 0 and can be written as p,, = {(z,y) : y = ¢, ()}
for some function ¢,, then if f is given by (A.9), f; is a (generalized) eigenvalue of the

linearized system, and p, is tangent to the associated eigenspace (.

Lemma A.7. Consider the system described in Lemma A.6, and assume g,(0;0) # 0.
Suppose that, for n in a neighborhood of 0, the generalized eigenvalues'® are real and distinct,
and that one of these eigenvalues X, is such that |\,| increases through 1 as n increases
through 0. Then for n in a neighborhood of 0 there exists a pair of functions f,, ¢, that
are smooth on a neighborhood of 0 and satisfy (A.8)-(A.9) and ¢,(0) = 0, and for which
[ = Ay. Thus, as n increases through 0, the univariate process xy1 = fy(x;) representing
the restriction of (A.6)-(A.7) to the invariant manifold ji,, = {(x,y) : y = ¢, ()} experiences
the same type of bifurcation as (A.6)-(A.7) does.

Proof. Note first that, since g,(0;0) # 0 and g is smooth in its arguments, it follows that
gy(0;m) # 0 for n in a neighborhood of 0. Thus, J;, is invertible, so that the generalized
eigenvalues are simply the eigenvalues of J;, = J; %Jo,n. Furthermore, applying the implicit
function theorem to (A.7), there exists a unique function h(z,y;n) that is (a) continuously
differentiable in a neighborhood of 0, (b) satisfies 2(0,0;1) = 0, and (c) for (z;, 1) in a
neighborhood Z of 0, i1 = h(axy, ;1) satisfies (A.7).

While in general there could be multiple values of y,,; satisfying (A.7) for a given (x4, ),
for our purposes it will be sufficient to consider only y,,1 = iz(xt, y+; 1), which we henceforth
do. In order to economize on notation, for the purposes of this lemma we may therefore
simply assume (A.7) is already in this explicit form, which is equivalent to the case where
g(y;n) = y (so that h = h).

With this in place, consider system (A.6)-(A.7) augmented with the trivial equation

n=rmn

Ti41 b (It’ Ut 77)
Y1 | = | h (xtu Yts 77) . (A.lO)
n n

19See part (iii) of Lemma A.6.
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By construction, (0,0,7) is a SS of (A.10) for every n, which corresponds to SSy of the
non-augmented system (A.6)-(A.7). Since we have assumed that b(0,0;7) = h(0,0;n) =0
for all n, it is straightforward to verifty that the Jacobian of (A.10) at the SS (0,0,0) (i.e.,

at the bifurcation value of 1) is given by

JE(JO 0)_
0 1

The upper-left 2 x 2 block of J is just J,, for the n = 0 (i.e., bifurcation) case, which by
definition has one eigenvalue ), = %1, and the other eigenvalue ), satisfies |\,[# 1. Given
the block-diagonal structure of J, , its eigenvalues are thus clearly given by A, Xm and 1.
Thus, J has two eigenvalues equal to 1 in absolute value, plus one that is either strictly
greater or strictly less than 1 in absolute value.

Let ¢, denote the eigenspace of .J,, associated with ),, and note that since the eigenvalues
of J,, are distinct for n near 0, ¢, is 1-dimensional for 7 in a neighborhood of 0. Let ¢(* = (xR
denote the 2-dimensional eigenspace of J associated with the two eigenvalues of absolute
value 1. By the Center Manifold Theorem for maps (see, e.g., Marsden and McCracken
[1976], Section 2, Theorem 2.1), there exists a 2-dimensional manifold W C R? that is
invariant with respect to (A.10) and tangent to (* at the origin. Such a manifold is called
a “center manifold”. Since W passes through the origin, we can write W = {(z,y,n) : y =
on(z),x € E4,n € Z,}, where ¢.(+) is some function of x and n satisfying ¢¢(0) = 0 and
=2, 2y C R are two sufficiently small non-empty neighborhoods of 0.

Note that we can write W = U, cz, W, where the W, = {(z,y,71) : y = ¢y(x),z € Z,} are
disjoint. Further, since 7 is constant in system (A.10), each W), is also invariant with respect
to (A.10), and thus the set u, = {(z,y) : (z,y,n) € Wy} = {(z,y) : y = ¢,(x),z € E,} C R?
is a 1-dimensional manifold that is invariant with respect to the non-augmented system
(A.6)-(A.7). By Lemma A.6(ii), it therefore follows that, for all n in a neighborhood of 0,
¢, satisfies (A.8) with f, given by (A.9).

Next, note that center manifolds are unique only up to their Taylor series. That is, two
center manifolds may differ only by flat functions (functions whose k-th-order derivatives
are all zero for all k € N). For practical purposes, without loss of generality we henceforth
restrict attention to the unique analytic center manifold (see, e.g., Guckenheimer and Holmes
[2002], ch. 3.2). We now verify that this analytic center manifold W is such that ¢,(0) =0
for n near 0.

In particular, since ¢, satisfies (A.8) with f, given in (A.9), substituting the latter equa-

tion into the former (where we have again used the simplification that ¢g(y;n) = y) and then
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setting x = 0, we get
Oy (00,0 (0)5m)) = (0,0, (0);7m) - (A.11)

Since b(0,0;17) = h(0,0;n) = 0 for all 7, clearly ¢,(0) = 0 Vn solves (A.11), and further
¢,(0) = 0 is trivially analytic in . Thus, the analytic center manifold W satisfies ¢, (0) =0
vn.

We have therefore verified that for all 7 in a neighborhood of 0, ¢,, satisfies (A.8) with f,
given by (A.9), and further ¢,(0) = 0 for all such 7. The remainder of the lemma therefore

follows immediately from application of Lemma A.6. |

Lemma A.8. Consider the bifurcation described in Lemma A.7, and fix some n > 0 suf-
ficiently small so that we may apply the results in that Lemma, and in particular the re-
striction of (A.6)-(A.7) to p, = {(z,y) : y = ¢,(x)} evolves according to xy11 = fy(x),
with f,(0) = ¢,(0) = 0 and |f;|= [\|> 1. Let A, denote the eigenvalue of J, that is
not A\,.?°  Suppose o, C R is a locally attractive invariant set of xyy1 = fy(x,), and let
Sy ={(z,y) € p, : ® € g} C p, be the corresponding invariant set of the full system (A.6)-
(A.7). If |\)|< 1, then S, attracts all nearby trajectories, while if |\,|> 1 then S, repels all

nearby trajectories except for those on p,, which it attracts.

Proof. Fix n > 0 as in the statement of the lemma. Note that the non-bifurcating eigenvalue
Xn exists and satisfies ]Xn\# 1 as long as n > 0 is sufficiently small, which we assume.

Since o, attracts all nearby trajectories of x4y = f(z;), which in turn represents the
restriction of (A.6)-(A.7) to the invariant manifold p,,, it follows that S, necessarily attracts
all nearby trajectories on j,. It therefore remains only to check whether trajectories near
Sy, but not on p, converge to or diverge from 5,,.

Let §7, = 5, x {n} be the invariant set of the augmented system (A.10) associated with
S, (for (A.6)-(A.7)) and o, (for z41 = f,(x;)). From the proof of Lemma A.7 it is clear
that W, = u, x {n}, and since S,, C p,, we have §n cCW,cW,ie, §n is a subset of the
center manifold W.

Suppose |A,|< 1. Then Theorem 5.3 in Kuznetsov [1998] implies that the augmented
system (A.10) is locally topologically equivalent to one in which all trajectories not on
the center manifold W converge linearly to it over time. Thus, for any trajectory of (A.10)
starting at a point (g, yo,n) sufficiently near a point in :9\77 C W, it follows that the trajectory

must converge to §n- It then follows immediately that any trajectory of the non-augmented

20Gee proof of Lemma A.7.
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system (A.6)-(A.7) starting at a point (z,yo) sufficiently near a point in S, must converge
to S, so that S, attracts all nearby trajectories.

Suppose instead |[),|> 1. Then Theorem 5.3 in Kuznetsov [1998] implies that the aug-
mented system (A.10) is locally topologically equivalent to one in which all trajectories not
on the center manifold W are repelled from it. By a similar argument to the above, this
property therefore extends to all trajectories of the non-augmented system (A.6)-(A.7) ex-
cept for those on p,, which confirms that S, attracts nearby trajectories on u,, but repels

nearby trajectories that are not on p,,. [

Returning to the model that is the subject of Proposition 3, we may write the equilibrium

system as

Xt+1 = (1 — 5)() Xt + €t , <A12)
Hy (er1) = —ax Xy + Gpler) (A.13)

where G,(e) = e — pF(e) and H,(e) = a.e — B(1 — dx)pF(e). Given our assumptions on F,
it can be verified that G,(0) = H,(0) =0, G, = 1 —p, H, = D,, G" = H" = 0, G¥ > 0, and
HY > 0.

Applying the concepts of Lemmas A.6-A.8 to system (A.12)-(A.13), with p as the bifur-
cation parameter rather than 7 and p as the bifurcation value for this parameter rather than

t21

0, we see that 1-dimensional invariant" manifolds j, that pass through 0 are isomorphic to

pairs of functions f,, ¢, satisfying

H, ((bp (fp (X)) = —axX + G, (d)p (X)), (A.14)
fo(X)=(1-0x) X +,(X), (A.15)

with f,(0) = ¢,(0) = 0, and the system restricted to x, evolves according to
Xir1 = fp (Xi) - (A.16)

Further, since 5,0 is bounded away from 0 for p near p, J; , = M, is invertible, and therefore
the generalized eigenvalues from part (i) of Lemma A.6 are simply the eigenvalues of M =

MMy, 1f A, is such an eigenvalue, then since v, = (1, gb;)’ is a corresponding eigenvector

21Henceforth, unless explicitly stated otherwise, if we refer to a set as “invariant”, we mean invariant with
respect to system (A.12)-(A.13).
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it is straightforward to verify that

gb;:)\p—(l—éx) . (A.17)
Henceforth, let A\, denote the eigenvalue of M that increases through 1 in absolute value
as part of a flip or +1 bifurcation. Thus, for p near p we have A\, near +1. Further, the
other eigenvalue, Xp, is necessarily real and unstable for p in a neighborhood of p. Assume
henceforth that p is always in a sufficiently small neighborhood of p that the eigenvalues
are real and distinct with A, of the same sign as A\;. Note that ¢/, as given in (A.17) is
continuous and differentiable in p near p, and therefore the eigenspace ¢, = {av, : a € R}
varies smoothly with p as well.

The following lemma establishes all remaining elements of Proposition 3 (ii).

Lemma A.9. Suppose Assumptions A1-A4 hold, and that ( < 0. Let f,, ¢, be as in (A.14)-
(A.15) with f,(0) = ¢,(0) = 0, and p, = {(X,e) : e = ¢,(X)} be the corresponding
1-dimensional invariant manifold. Then as p increases through p, the univariate system
(A.16) experiences a flip bifurcation, and a locally attractive 2-cycle emerges. Further, letting
o, C R denote this 2-cycle, and S, C R? the corresponding 2-cycle of (A.12)-(A.13), S,

attracts nearby trajectories on p,, while trajectories not on u, diverge from it.

Proof. Since ¢ < 0, Proposition 2 implies that )\, decreases through —1 as p increases
through p. Since f, = A, by Lemma A.7, and f) is the lone eigenvalue of the univariate
system (A.16), this immediately implies that system (A.16) experiences a flip bifurcation as
p increases through p, and in particular f5 = —1, and df,/9p < 0 for p in a neighborhood
of p.

Next, the fact that 2-cycles generically exist on exactly one side of a flip bifurcation or the
other (i.e., either on the stable or unstable side) is well known (see, e.g., Kuznetsov [1998],
ch. 4.4). A flip bifurcation is said to be supercritical if it emerges on the unstable side and
is locally attractive. From Wikan [2013] (Theorem 1.5.1), the flip bifurcation in (A.16) at

p = p will be supercritical if

1 1
b=Sf7+3/5 > 0. (A.18)
We turn now to verifying that indeed b > 0.
Note first that, since \; = —1, we must have D = —T5 — 1, where T, and D are,

respectively, the trace and determinant of M (see Section A.1.1). From (A.1)-(A.2), this

implies that
1+ ﬁ (2 - (SX) ax
(2—0x)[L+B(1—dx)]

F=1+
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Note also that, from (A.17), we have ¢5 = —(2 — 0x)

For the case p = p, differentiating (A.14)-(A.15) twice with respect to X, evaluating at
X =0, using the above values of f5, ¢7 and p, and the fact that G) = H] = 0, we may solve
to obtain that f7 = ¢7 = 0.

Next, differentiating (A.14)-(A.15) for the p = p case three times with respect to X,

evaluating at X = 0, using the above values of f3, ¢5 and p, the fact that G = HY = [} =

% = 0, and then substituting in the values of G and H}" obtained earlier, we may then

p
solve to obtain

[1+8(1—0x)]*(2—6x)"
(1-08)ax
Since p > 0, F” < 0 and ax < 0 (since ¢ < 0), it follows that fg’ > 0. Thus, b in

(A.18) is positive, and therefore the flip bifurcation is supercritical. Thus, the emerging

mo__ o ~71
fﬁ _¢ﬁ = pF™.

2-cycle o, of (A.16) is locally attractive. Further, since |A,|> 1, Lemma A.8 implies that the
corresponding 2-cycle of (A.12)-(A.13), S,, attracts nearby trajectories on p,, but repels all

those not on f,, which completes the proof. [ |

The following lemma establishes all remaining elements of Proposition 3 (i), which com-

pletes the proof of the proposition.

Lemma A.10. Suppose Assumptions A1-A4 hold, and that ¢ > 0. Let f,, ¢, be as in
(A.14)-(A.15) with f,(0) = ¢,(0) =0, and p, = {(X,e) : e = ¢,(X)} be the corresponding
1-dimensional invariant manifold. Then as p increases through p, the univariate system
(A.16) ezperiences the +1 bifurcation known as a pitchfork bifurcation, characterized by the
emergence of two additional stable SSs. Further, letting 0, C R denote the set containing
exactly one of these emerging SSs, and S, C R? the corresponding SS of (A.12)-(A.13), S,

attracts nearby trajectories on p,, while trajectories not on u, diverge from it.

Proof. Since ¢ > 0, Proposition 2 implies that A, increases through +1 as p increases through
p- Since f, = A, by Lemma A.7, and f} is the lone eigenvalue of the univariate system (A.16),
this immediately implies that system (A.16) experiences a +1 bifurcation as p increases
through p, and in particular f; =1, and df,/9p > 0 for p in a neighborhood of p.

Recall from the proof of Lemma A.5 that we have p = p* in this case, where p* is given
in (A.4). Further, from (A.17) we have ¢; = 0.

Similar to the proof of Lemma A.9, for the case of p = p, we can differentiate (A.14)-
(A.15) twice with respect to X, evaluate at X = 0, substitute in the properties G5 =H; =0,
and then use the fact that f; =1 and ¢5 = dx to conclude that [ = ¢7 = 0.
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Similarly, for the case p = p, differentiating (A.14)-(A.15) three times with respect to X,

evaluating at X = 0, using the above values of f5, ¢5 and p, the fact that G = HY = f7 =
% =0, and then substituting in the values of G7 and H}' obtained earlier, we may solve to

obtain )
[1 _5(1 - (5X)] 6§(~ "
pEF" .

(1 - 5) ax
Since p > 0, F" < 0 and ax > 0 (since ¢ > 0), it follows that f5" <O0.

The above implies that the following properties hold: f5(0) = 0, f5(0) =1, 0f,(0)/9p| ,_; =
0, f5(0) =0, 9f,(0)/0p|,_5 = OA,/Opl ,_5 > 0, f5'(0) < 0. Thus, system (A.16) experiences
a pitchfork bifurcation at p = p (see Wiggins [2003], ch. 21.1C). Since a pitchfork bifur-

cation has three SSs on one side of the bifurcation and one SS on the other, and since we

f;‘;// — ¢%/ —

have already established that, for p < p, X = 0 is the unique SS, two additional SSs must
emerge as p increases through p. Further, since a pitchfork bifurcation is such that the two
emerging SSs are stable if and only if the other SS is unstable, and since X = 0 is unstable
for p > p, it follows that the emerging SSs are in fact stable.

Let 0, be the set containing exactly one of the emerging SSs, and S, the corresponding SS
of (A.12)-(A.13). Since |A,|> 1, Lemma A.8 then implies that S, attracts nearby trajectories

on [i,, but repels all those not on p,, which completes the proof. [ |

A.2 Section 3 Proofs

A.2.1 Preliminaries

Define a, € (0,1) and ax as in Lemma A.1, and let w = —fVx./€, and recall that Lemma
A.1 implies 0 < «.5/(1 + Bdx) < 1. Under Assumptions A1-A2, Lemma A.l also implies
¢ < 0, and therefore w is strictly increasing in and of the same sign as Vxe, with w = 0
corresponding to autarky. We will henceforth assume these properties.

With these definitions, the matrices My and M; in (12) may be written

1 0 1—-6 1
M, = . My = X .
0 a.+tw —ayxy 1

Note that |My|= a./f > 0, and therefore M, is always invertible. Thus, the generalized
eigenvalues are given by \; = 1/v;, j = 0,1, where 7,7, are the eigenvalues of the matrix
N = My ' M, where we define these eigenvalues such that vy > 7; whenever they are real
(so that A\g < A1), and if 7; = 0 we set \; = to0.
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It can be verified that

'YO"”Yl:TwEB{i-F(l—&() <1+i)] : (A.19)

€ ae

w
Yo =D, = <1 + —) ; (A.20)
where T, and D,, are the trace and determinant, respectively, of N. Note that T,, and D,
are each continuous and strictly increasing in w and can take on any values in R, and further

that we can write .
I T
1-— 5X (1 - 5X) Qe

Figure A.2 illustrates the possible configurations of the eigenvalues 7y, ;. The figure sepa-

D, (A.21)

rates the (7., D, )-plane into various regions using a number of lines and curves. Line a is
D, =—-T,—1. Linebis D, = 1. Line cis D, = T,,+ 1. Curve d is the parabola D,, = T2/4.

The relevant regions for our purposes are as follows:

Figure A.2: (T, D,,)-space

Notes: Line a is D, = =T, — 1. Line b is D, = 1. Linecis D, =T, + 1. Curved is
the parabola D = T2 /4. Ey, Ey, and Ey correspond to possible values of (Ty, Dg). The
dashed lines passing through these points correspond to line (A.21).
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(1) Above the horizontal axis and to the right of line ¢: 7y, real with 0 < v <1 < .

(2) To the right of lines a and ¢ and below the horizontal axis: 7, y1 real with v, € (—1,0),
Yo > 1.

(3) To the right of line ¢ and to the left of line a: 7y, v; real with v; < —1, v > 1.

(4) Above the horizontal axis, to the left of line ¢, and to the right of parabola d: vy, 71
real with 0 < <y < 1.

(5) To the right of the vertical axis, above parabola d, and below line b: 7,7 complex
with |y;/< 1 and Re(r;) > 0.

(6) To the right of the vertical axis, above parabola d, and above line b: 7,7, complex
with |y;|> 1 and Re(y;) > 0.

(7) To the left of line ¢, to the right of parabola d, and above line b: 79,7, real with
I <y <.

Note that regions (1) and (2) correspond to saddle-path stability with monotonic dy-
namics,”? regions (3), (6) and (7) to indeterminacy, and region (4) to local instability with
monotonic dynamics, and region (5) to local instability with smooth oscillations.

Assumptions A1-A2 require that the point (7p, Do) be in region (1) or (2), and since
Dy = > 0, it must in fact be in region (1). Examples of such points are given by Ey, E1, Fs
in Figure A.2. Equation (A.21) is thus a line with slope 1/(1 — dx) > 1 passing through
(To, D). Examples of such lines corresponding to Ey, Ey, E» are shown as the dashed lines
in the figure. An increase in w then corresponds to northeast movement along this dashed

line.

A.2.2 Proof of Proposition 4

Note that line ¢ in Figure A.2 has slope 1. Since (T, Dy) is below line ¢, and (A.21) has slope
1/(1 —dx) > 1, line (A.21) crosses line ¢ only once, and at a point northeast of (Tp, Dy),
i.e., for a value w > 0. Conversely, line a is clearly crossed by line (A.21) only once and at a
value southwest of (7y, Do), i.e., for a value w < 0.

Thus, as w decreases from 0 to —oo, (T}, D,,) is always to the right of line ¢. As long as
(T.,, D,,) also remains to the right of line a, the system will be in region (1) or (2), in which
case we have saddle-path stability. At the value of w < 0 where line (A.21) crosses line a,
the system moves into region (3)—a region corresponding to indeterminacy—and remains

in it thereafter as w continues to decrease to —oo.

22ZEven though region (2) involves a negative eigenvalue A\; = 1/9; < —1, this eigenvalues is unstable, and
therefore convergence along the saddle path is governed by the other eigenvalue Ay = 1/ € (0,1), which
imparts monotonic dynamics.
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Next, consider what happens as w increases from 0 to co. There are three possibilities for
what happens, depending on where line (A.21) crosses line ¢, which is in turn determined by
the location of the initial point (Ty, Dy). In the first case, an example of which is given by Ey
in the figure, Tj is sufficiently small that line c is crossed at a value T, < 2, in which case as
w increases through this point the system initially crosses into region (4) (local instability,
monotonic dynamics). As w continues to increase, it must subsequently cross into region (5)
(local instability, smooth oscillations), then region (6) (indeterminacy, complex eigenvalues).
Since d is a parabola its slope becomes ever steeper as T}, increases, and thus as w continues
to increase eventually the system must cross d again into region (7) (indeterminacy with
real, positive eigenvalues). It then remains in that region as w continues to increase all the
way to oo.

Thus, we see that regardless of whether w (equiv., V) increases or decreases from 0,
eventually indeterminacy emerges (for the first time in region (3) for the w < 0 case, and in
region (6) for the w > 0 case), and as w continues to increase or decrease all the way to oo
that indeterminacy remains thereafter (always in region (3) for the w < 0 case, eventually

in region (7) for the w > 0 case). |

A.2.3 Proof of Proposition 5

From the discussion in the proof of Propositon 4, we see that as w decreases from 0, the
system is in either region (1) or (2), which involve saddle-path-stable monotonic dynamics,
up until the point that indeterminacy first emerges when line a is crossed, which confirms
part (i) of the proposition.

Next, as w increases from 0, the system exhibits saddle-path stable monotonic dynamics
up until the point that indeterminacy emerges if and only if the system crosses line ¢ from
region (1) into region (7) (e.g., if (Tp, Dy) is a point such as F; or E). This is in turn
the case if and only if T, > 2 when D, = 1. Using (A.21), this is the case if and only if
ax < 6%/(1+ dx), which, it can be verified, is equivalent to the condition given in part (ii)
of the proposition, which confirms that part.

Finally, if ax > 0% /(1 + dx), then as w increases from 0 the system crosses line ¢ from
region (1) into region (4), which involves 7y decreasing through 1, which is a +1 bifurcation.
Since region (4) is associated with local instability, part (7ii) of the proposition follows, which

completes the proof. [ |
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A.3 Section 4 Proofs
A.3.1 Preliminaries

In what follows, we only consider the § = 0 case. When including the second state variable

7, we update Assumptions A2 and A3 as follows.

Assumption A2. (Non-Degeneracy) In the absence of any interactions,

(i) the transition matriz governing the evolution of the linearized equilibrium system is

diagonalizable, with at least one non-zero eigenvalue; and

(11) both X, and Z; locally affect the equilibrium choice of e;.

Assumption A3. (Weak Complementarities) Given the current levels of the state vari-
ables X; and Z;, and the entire sequence of future private and aggregate actions {e,,e;}r~¢,

an agent’s best response of e, to & at t always satisfies de;/de; < 1.

It can be verified that the FOC for the agent’s optimal choice of e; in the 5 = 0 case is
simply V. (e;, Xy, Z4,€;) = 0. Totally differentiating this FOC, and letting Y = (e, X, Z), we
may obtain

— _ v
de:—MdX_ ‘/;Z(Y7e)dZ— ‘/ee( 76)

Vee (Y €) Vee (Y €) Vee (Y )
Clearly, Assumption A2(7i) is equivalent to the condition V.x, V.7 # 0, while Assumption
A3 is equivalent to the condition V..(Y,e) < V., (Y,e) = —V..(Y,é) for all Y, é.

dé | (A.22)

Next, let ax = Vix/Vee and ay = —V.z/Ve., and note that our assumptions imply
ax,ayz # 0. Define also p = V.¢/V.,. As in Section A.1, we henceforth take p as the param-
eter that locally controls the type and strength of interactions, with p = 0 corresponding to
autarky, p < 0 to substitutability, and p € (0,1) to weak complementarity. Let Q = (—o0,1)
denote the allowable range for p.

With this notation, the evolution of the linearized system can be written

X (1-hx-gx e\ (X, o)
Zi1 —% 1—52‘1‘% Zy

-~
M

The two eigenvalues of M are given by

T

M= —+ <—>2—D, (A.24)

ho | N
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where

Ay — Ay

1—p
1—dx)az—(1—0z)ax
l—p

T:TpEQ—dx—éz—F y <A25)

D=D,=(1—6¢)(1—067)+"

, (A.26)

are the trace and determinant of M, respectively. Note that 7, and D, are both continuous
in p on Q.
Lemma A.11. Suppose Assumption A2 holds. Then at least one of 0T,/0p and 0D,/0p is

non-zero on p € Q.

Proof. Suppose 01,/0p = 0D,/0p = 0 for some p. From (A.25), 01,/0p = 0 implies
ax = ayz. Since ax,ay # 0, from (A.26) we see that dD,/0p = 0 implies we must have
dx = dz = 6. It can be verified in this case that M has a repeated eigenvalue (specifically,
A\ A = 1 —6) with associated one-dimensional eigenspace {(y,y) : y € R}. Thus, M is
defective, a property ruled out by Assumption A2((i)). We therefore conclude that we
cannot have 07,/0p = 0D,/0p = 0 under Assumption A2, which confirms the lemma. W

Note that the eigenvalues A, X are both stable if and only if (T, D) € S, where
S={(T,D):-1<D<1,-D-1<T<D+1}. (A.27)

It can be verified that S is a triangle in (T, D)-space, and is therefore convex and bounded.
The eigenvalues both have non-negative real parts if and only if (T, D) € R%. The eigenvalues
are real if and only if

D <T?/4. (A.28)

Finally, note that both eigenvalues are zero if and only if (7', D) = (0,0).
Next, note that Assumptions A1 and A2 together require that (Tp, Do) € SNR2 \ {0,0},
and further that (T, D) = (Tp, Do) satisfies (A.28). Note also that

T_OOE lim T:2—5x—5z

p——00

p——00

It can be verified that (T_, D_) € S NRZ and satisfies (A.28). Further, Lemma A.11
implies that

lim|[(7},, D,)|= oo.

pT1
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Combining (A.25) and (A.26) to eliminate p, we obtain the following relationships be-

tween T and D:?3
D:A(T) ,if&X%@Z

, (A.29)
T:T(D) ,if(l—dz)ax%(l—éx)az
where
A(T) _ (1 _5Z)2X : S _6X)&ZT— (]_ — 52)22)( :(Oj —5X)2()éz 7 (A?)O)
. ax — Qg (1—(52)206)(—(1—(5)()2062
T<D): (1—(52)0&X—(1—5x)aZD+ (1—5z)06)(—(1—5x)042 ' (A31)

Together, the above results establish that the set {(7),,D,) : p € Q U {—00}} maps out
aray in (T, D)-space emanating from the point (7", D_ ), and passing through the point
(Tv, Do). Further, as p increases in @, (7,, D,) moves continuously along this ray in the

direction away from (7., D_.,) and without bound.

A.3.2 Proof of Proposition 6 (%)

To see part (i) of Proposition 6, note that the eigenvalues are complex if and only if (A.28)

fails to hold, which is equivalent to the condition
(5)( — 5z)2 (1 — p)2 + 2 (5)( — 52) (OéX + Ckz) (1 — p) + (aX — Oéz)Q <0. <A32)

If 6x = 04, this condition clearly cannot hold for any value of p. Thus, a necessary condition
for complex eigenvalues to emerge is dx # dz. Assuming henceforth that this is the case,
the left-hand side of condition (A.32) is a convex quadratic polynomial in 1 — p. Thus, there
exists values of p such that (A.32) holds if and only if the discriminant of that polynomial

is strictly positive. It can be verified that this discriminant is equal to
16 (5)( — 52)2 axQy,

which is strictly positive if and only if ayxyaz > 0, ie., VoxV.z < 0. Thus, V.x and V.4
must be of opposite signs, and since we have assumed V,x < V.7, this in turn is the case if

and only if V,x < 0 < V,.z, which is one of the necessary conditions for complex eigenvalues

ZNote that the case where both ax = az and (1 —dz) ax = (1 — dx) az corresponds to the case where
0T,/0p = 0D, /0p = 0, which is ruled out by Lemma A.11. We therefore ignore this case.
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stated in the proposition. Assuming henceforth that this condition holds, note that this
implies that ax,az > 0.

Next, to see that the condition d; > dx is necessary for there to exist values of p < 1
that produce complex eigenvalues, suppose to the contrary that §; < dx. Note that we have

already ruled out the possibility of complex eigenvalues for the case §; = dx. Thus, suppose
dz < 0x. Then condition (A.32) holds if and only if

(vVax - vaz)®
0x — 0z

(vax +vaz)"

1
* P

<p<l+

But this requires p > 1. Thus, we cannot have complex eigenvalues for p < 1 if 7 < dx, so
that 07 > dx is indeed a necessary condition.

Finally, to see that V,x < 0 < V.7 and d; > dx are together sufficient for there to
exist values of p < 1 producing complex eigenvalues, suppose these conditions hold. Then
condition (A.32) holds if and only if

(vax - vaz) (A.33)

which clearly identifies a non-empty range of p < 1. Thus, V.x <0 < V.z and 0z > dx are
sufficient for there to exist values of p < 1 featuring complex eigenvalues, which completes

the proof of part (i) of Proposition 6. [ |

A.3.3 Proof of Proposition 6 (i)

We need to show that 7 = {(7,,D,) : p < 0} C S5, where S was defined in (A.27). Based
on our earlier discussion, we know that 7* is a half-open segment of line (A.29), with the
closed endpoint given by (Ty, Dy) € S, and the open endpoint by (7T_, D_o) € S. Since S
is a convex set, and both ends of the line segment 7* are contained in .5, it therefore follows
that 7% C .S, which completes the proof. [ |

A.3.4 Proof of Proposition 6 (i)

To see part (iii)(a), recall that the stability triangle S is a triangle in (7', D)-space (see Figure
A.3), and starting from the point (7, Do) € S (indicated as E' in the figure), as p increases
from 0 towards 1, (7),, D,) moves continuously and unboundedly away from (7, Do) along
a ray. It therefore follows that (7,, D,) must eventually leave S as p increases (i.e., the
system becomes unstable), and once it leaves S, it can never return (i.e., it remains unstable
thereafter). This confirms part (7ii)(a).
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Figure A.3: Stability Triangle (S)

[EEN

-1

Notes: Gray triangle is S. The autarky (p = 0) case corresponds to the point E, which
is inside S and in the upper-right quadrant (i.e., in R%).

To see part (i)(b), assume the conditions in part (i) hold, so that ax,az > 0 and
dz > 6x. By part (iii)(a), we know that the system loses stability as p increases from 0 to
1, and this happens as (T}, D,) crosses out of triangle S. If the eigenvalues are complex at
this point then both must have the same modulus, namely, 1, and since D is the product
of the eigenvalues, we must have D, = 1 at this point. From Figure A.3, we see that this
corresponds to crossing the upper boundary of triangle S, which we denote S (indicated by
the dashed line in the figure). Further, it can be verified (see (A.28)) that the only points
on S that are not associated with complex eigenvalues are the endpoints (—2,1) and (2, 1).

Thus, we may conclude that loss of stability will occur while the system is experiencing
smooth oscillations if and only if (7,, D,) crosses the interior of S. Recalling the definition
of 7 in (A.31), this is in turn clearly the case if and only if (I) dD,/dp > 0 (i.e., (1,,D,)
moves in an upward direction as p increases), (II) 7(1) > =2 (i.e., (T, D,) passes to the
right of the left endpoint of S), and (III) 7(1) < 2 (i.e., (T,,D,) passes to the left of the
right endpoint of S).

Since oy < 0z < 1, from (A.26) we see that condition (I) is equivalent to az > =% ax,
while from (A.31) condition (b) is equivalent to (2(;555 )332 8 gi gac;x > 0. Given condltlon (I),
condition (II) holds if and only if ay > (3= 52) ay. Since dz > dx, we have (;_g)z() > %,
2= 5)2( )2ay in fact implies both of conditions (I) and (IT). Next, condition
— ;X)az ﬂgfzag(z 7ax < 0 If condition (I) holds, then this is equivalent to
az < (3 Z)2ax. Thus, if ay > (2= 52) ay and az < (% Z)?ax then (I), (IT) and (III) all hold.

Substltutlng the definitions of ax and ay into these condltlons, part (7ii) of the proposition

52

and therefore oz > (3

(III) is equivalent to (
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follows immediately.
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