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Abstract

Most macroeconomic models view economic outcomes as being generated by a combina-
tion of endogenous and exogenous dynamic forces. In particular, the exogenous forces are
generally modelled as a set of independent dynamics processes. In this paper we begin by
showing that this dual dynamic structure is sufficient to identify the entire set of structural
impulse responses inherent to any such model. No extra restrictions are needed. We then
use this result to suggest how it can be used to evaluate common SVAR restrictions (impact

restrictions, long run restrictions and proxy-VAR).
Keywords: Structural Shocks, Dynamic Identification, SVAR, DSGE Model

1 Introduction

Macroeconomists are often interested in knowing how the economy reacts to different types of
shocks (see Ramey (2016) and Stock and Watson (2017) for very detailed accounts of the recent
macroeconomic literature). There are two main approaches to look at this issue. On the one
hand, one can build a fully specified Dynamic Stochastic General Equilibrium (DSGE) model,
estimate it using full information methods (see e.g. Smets and Wouters (2007), Christiano

et al. (2010) and Lindé et al. (2016)), and look at its implied impulse response functions (IRF).
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These IRF are generally referred to as structural impulse responses. The advantage of such
an approach is that the identification of shocks is generally granted (see e.g. Canova and
Sala (2009), Iskrev (2010), Komunjer and Ng (2011)), given the many restrictions imposed by
the (generally small scale) structural model. One caveat though —the flip side of the same
coin— is that a DSGE model imposes many restrictions on the data that reflect modelling
detail and, consequently, is prone to mis-specification. On the other hand, one can follow
the Structural Vector Autoregressive (SVAR) literature (see Section 4 in Stock and Watson
(2016) and Kilian and Liitkepohl (2016) for a complete review) and impose a more limited
set of identifying restrictions —restrictions more loosely motivated by theory or alternatively
motivated by institutions— to derive structural impulse responses using a VAR.! SVARs are
less prone to mis-specification, but mapping their implications into the language of models and
exogenous structural shocks is not uncontroversial.

It is important to note that the SVAR approach is aimed at obtaining the same objects than
those obtained using a DSGE, that is, it is aimed at recovering structural impulse responses
that can be interpreted as being the outcome of an economy subjected to particular exogenous
driving forces. It is this last observation that we want to exploit in this paper. In particular,
we will show that when a VAR is viewed as the reduced form of a DSGE model, then one
can immediately obtain the full set of structural impulses responses without the need of any
additional identifying restrictions. Because of this property, most identifying restrictions used
in the SVAR literature can be visually evaluated or formally tested. For instance, this allows for
the evaluation of the variety of identifying restrictions imposed in SVARs (Short-run, Long-run,

proxy-variables, sign restrictions ...).

Dynamic Identification. Identification is best understood from the simple recognition that
IRF implied by DSGE models reflect both propagation mechanisms associated with the func-
tioning of the economy as well as external dynamics associated with the exogenous driving
forces. For these exogenous driving forces to have a clear structural interpretation, it is usually
assumed that the exogenous processes are linearly independent, both contemporaneously and
over time. The fact that the processes for the exogenous driving forces are restricted is key. For
example, a common assumption is that the exogenous driving forces are governed by linearly
independent AR(1) processes. As we shall show, because DSGE models share this structure,
one can recover structural IRF directly from the implied VAR without the need of any of the
additional assumption on the loading of the shocks used in the SVAR literature. In other words,
the specification of the lag structure and the set of variables of a SVAR is sufficient to identify
a set of structural shocks. No additional assumptions are needed to obtain the set of structural
IRF. Because it explicitly makes use of restrictions on the dynamic structure of the underlying
model, we dub that particular SVAR a “D-SVAR”. By dynamic structure, we mostly mean
the process of the exogenous forcing variables in the model, although the state variables and

the lag structure also (obviously) need to be specified. By identification of structural shocks,

!We use the generic term VAR, which, in our case, also includes Vector Error Correction Models (VECM).



we mean that there generically exists a unique? vector of mutually orthogonal shocks in the
D-SVAR that satisfies the restrictions imposed by the dynamic structure of the DSGE model.
Structural shock identification in VARs usually relies on restrictions imposed on the loading
matrix of structural shocks, under the requirement of compatibility with covariance matrix of
the unrestricted VAR’s innovations. Our approach focuses instead on constraining the dynamic
propagation of structural shocks rather than the loading of the shocks. Consequently, identi-
fication solely through the covariance matrix is no longer sufficient, we need to fully exploit
the autocovariance function at different order of the dynamic representation (that can be a
VAR, a VARMA or a State-Space model), or equivalently, the spectral density, to obtain suf-
ficient conditions for local identification. In loose and over-simplified terms, if the economy
is moved by exogenous variables that follow linearly independent AR(1) processes with mutu-
ally distinct persistence parameters, then the economy follows a D-SVAR and identification of
structural shocks is granted. This theoretical result will be shown in Section 3. Importantly
all identification results are obtained from the Wold representation of the process, whether this
representation obtains from a VAR, VARMA, or a linear state space model. For expositional
purposes, we will mainly focus on the case of a VAR model in the main text and, accordingly,

will maintain the D-SVAR terminology.

Testing commonly used SVAR restrictions. It is worth mentioning that the structural
shocks identified by our D-SVAR approach remain unlabelled (nothing in the identification
assigns a name —e.g. technology, monetary, fiscal, etc..— to the identified structural shock).
While standard SVAR restrictions (impact, long-run, sign ...) can be used to label them ez-post,
our approach can be used to test these latter restrictions.

To fix ideas, consider the bi-variate environment examined in the seminal paper by Blan-
chard and Quah (1989). This paper aimed at deriving the impulse responses associated with
supply and demand shocks. The identification restriction used to separate the two shocks un-
der consideration imposed that a demand shock has no long-run (permanent) effect on GDP,
while a supply shock may. Instead, our approach allows us to first obtain the two unique struc-
tural impulse response consistent with a DSGE, and then to examine the extent to which the
Blanchard and Quah (1989)’s restrictions are consistent with our D-SVAR.

We will provide three examples drawn from the literature to show how our approach can
be used to evaluate SVAR strategies. We first present the Blanchard and Quah (1989) example
discussed above. Then we examine the proxy VAR strategy used in Gertler and Karadi (2015)
to identify monetary shocks by exploiting a high frequency instrument (see Kuttner (2001),
Giirkaynak et al. (2005), Bernanke and Kuttner (2005) and Giirkaynak et al. (2007) for early
work on High Frequency Identification of monetary policy shocks). Finally, we assess the valid-
ity of the impact restrictions used in Christiano et al. (1999, 2005) to identify monetary policy
shocks. We will show that, for two of these examples (Blanchard and Quah (1989) and Chris-
tiano et al. (1999)), the identifying restrictions cannot be rejected within our D-SVAR, while

2Uniqueness is up to the sign and/or a permutation of the shocks.



they are in the proxy-VAR of Gertler and Karadi (2015).

Related Literature. Our identification result relates to several papers including, among
others, McGrattan (2010), Pagan and Robinson (2019), Bai and Wang (2015) and Gourieroux
and Jasiak (2022). While several of our theoretical results have precedents in the literature, our
main contribution is to show why standard SVAR restrictions can be seen as over-identifying
restrictions and therefore can be tested.

McGrattan (2010) derives conditions for identification of an unrestricted state-space repre-
sentation associated with a specific small-scale Real Business Cycle model.® In particular, the
paper shows that, when the model includes a permanent technology shock and a stationary
labor wedge shock (in the form of a labor income tax), the unrestricted state-space representa-
tion is identified. Our paper provides conditions for identification in a broader class of DSGE
models, admitting a VAR or a VARMA representation of the solution. Pagan and Robinson
(2019) note that SVARs may face difficulty to properly uncover the loading matrix of DSGE
models because standard estimation of SVAR models avoids imposing the type of statistical
restrictions commonly used in DSGE models —e.g. that structural shocks follow mutually
orthogonal univariate autoregressive processes. The two authors discuss conditions for local
identification in SVARs when the autoregressive matrix is diagonal and shocks are normalized.
Our formal analysis shows more generally the conditions on the autoregressive matrix that al-
lows to identify the structural shocks. Bai and Wang (2015) study identification in dynamic
factor models similar to our unrestricted state space representation. Their approach, in line
with the conventional way of identifying shocks in the VAR literature, imposes restrictions on
the loading matrix while leaving unrestricted the autoregressive matrix of factors. In this paper,
we take the opposite viewpoint and determine which type of organisation of the autoregressive
matrix allows to freely identify the loading matrix in the state-space representation. Finally,
Gourieroux and Jasiak (2022) provide conditions for identification in multivariate undetermined
convoluted systems when the exogenous shocks (the “sources” in their terminology) follow lin-
early independent autoregressive processes of order one and when there is no intrinsic dynamics
of the endogenous variables. They show that when the autoregressive parameters are distinct,
the loading matrix (the “mixing matrix” in their terminology) is identified. Our paper departs
from theirs in at least three dimensions. First, we consider a larger class of dynamic models and
makes connections with the DSGE literature. Second, we extend the identification problem to
non diagonal autoregressive processes. Third, we determine conditions for partial identification

when the practitioner seeks to identify only a subset of structural shocks.

Outline. The paper is structured as follows. Section 2 overviews the main results of the
paper. It shows how the D-SVAR representation can be derived, explains heuristically why it
is identified and presents an application. Section 3 formally proves local identification. Section

4 discusses estimation and inference in the D-SVAR setup. Section 5 illustrates the use of D-

3See also Kascha and Mertens (2009) for simulation experiments in a similar setup.



SVARs to assess SVARs in the context of monetary policy shocks. A last section concludes. All

proofs are reported in an appendix.

2 A Primer on D-SVARs

This section shows how to derive our D-SVAR representation, while explaining its relationship
with a (linearised) DSGE model. It then explains intuitively why this D-SVAR should be
identified, by checking the necessary order condition, leaving proof of identification to the next

section.? Finally, it presents a simple application to an output growth-unemployment VAR.

2.1 A Basic Setup

Let us assume that the Data Generating Process (DGP hereafter) is an economic model (typi-
cally a DSGE model) of the type

Xy = My X1 + MaEy [ Xya] + M3 Zy,

(1)
Zt = RZt_l + &t

where [E;[-] denotes the expectation operator conditional on period ¢ information set, X; is a
ng X 1 vector of endogenous variables and Z; is a n, x 1 vector of structural shocks. Those shocks

are assumed to be autoregressive of order one.’

The structural innovations e; are normally
distributed, with zero mean and their covariance matrix is identity. Note that this implies that
the loading matrix M3 encapsulates the size of the shocks. The vector X; splits between the
(ny x 1) vector Y; of observed variables and the (nj x 1) vector of (unobserved or observed)
endogenous state variables K;. Note that some substitutions might be needed to obtain a system
featuring as many observed variables as shocks (n, = n.).

Matrices My, Moy, Ms are functions of the vector of the economic model deep parameters, 6,
and encapsulate any cross-equation restrictions imposed by the micro-foundations of the DSGE
model. Note in particular that those matrices M; may contain some zero elements. Finally
matrix R gathers all the parameters pertaining to the dynamics of the shock processes. In this
section, it is assumed that all the variables in X; are observable, while the shocks Z; are not.

The case of non-observable endogenous state variables is dealt with in Section A of the Online

Appendix. The solution of the model admits® the following state space representation
Kt+1 = GKt + FZta
Y;t = Hyth + HyzZta (2)
Zy = RZi_1 + ¢y

“Here we refer to the first order condition for identification. However, local identification may still be possible
using higher order conditions (see Sargan (1983) and Dovonon and Hall (2018)).

5To keep exposition simple at this stage, we present only the case of a model with one lead and one lag and
an order one process for shocks. Conceptually, everything extends to higher order models.

5 This implicitly assumes that the dynamic system admits a saddle path. When the system is locally indeter-
minate, the Z; vector can be extended to capture extrinsic uncertainty.



where G, F, 1l and I, are functions of M7, Ma, M3 and R, and therefore of 6 and R, as
represented by the mapping
(G, F,11,11,., R) = ®(0, R).

If the System (2) is identified, one can then go one step further and identify the model param-
eters, provided that the mapping ® is invertible.

Having set the stage for System (2), we are now in a position to discuss the identification
of shocks.

2.2 Heuristic Approach to Identification

For expositional purpose, we consider the case where the vector X; only consists of observed
variables Y;, which, as we will show, can be directly written as a VAR. The case of latent
endogenous state variables is treated in full generality in the next section. We also assume that
there are as many such observed variables as shocks (n = n, = n.). In this case, II,;, = G and

Il,. = F', such that the system reduces to
}/t = G}/t—l + FZt7

(3)
Zt = RZt_l + Et.

Eliminating Z;, System (3) can be written as follows, which we dub a D-SVAR:
Y, = (G+FRF™')Y, 1 - FRF"'GY, 5 + Fe,. (4)
Estimating a VAR(2) on the data, one can obtain the non structural VAR representation:
Y =T'1Y 1 +12Y 9+ 1. (5)

where 14 is a vector of canonical innovations with covariance matrix ¥,. The representation (5)
is referred to as the non structural VAR. Matrices I'1, I's and X, are functions of G,F and R
according to the mapping

(I',T2,%,) = ¥(G, F, R).

Note that provided the D-SVAR representation can be recovered —i.e. if the mapping ¥ is
invertible, one can compute the theoretical impulse responses functions of the structural model,
the variance decomposition, conditional correlations ...

Identifying the D-SVAR (4) means recovering matrices G, F' and R from I';, I'y and %,.
Absent any restrictions, each matrix contains n? elements, so that 3n? unknown coefficients need
to be recovered. The available information in the non-structural VAR is given by (I'1,I'9, %,).

The system of equations that determines the elements of F',G and R is, using (4) and (5):

I'n = G+FRF!,
I's = —FRFG, (6)
¥, = FF.

n(n—1)
2

Because ¥, is symmetric, this system only provides with 3n? — independent equations

for 3n2 unknowns. This is the well-known problem of the identification of shocks in SVARs. If



one adds some extra identifying restrictions (at least @), then F', G and R can be identified.
Of course, this order condition is only necessary, and a rank condition also needs to be satisfied
(see Section 3). For now, let us simply count the number of restrictions and check a necessary
condition for identification. A restriction commonly imposed in the VAR literature assumes
that F' is lower triangular, which amounts to restrict the effect of shocks on impact (see Sims
(1980)). This puts exactly @ restrictions, so that the VAR is just identified. But, if the
loading matrix F' is obtained by solving a standard DSGE, F' is a complicated function of
the matrices My, My, M3 and R, and may not necessarily comply with the lower triangular
assumption unless some specific assumptions are placed on the timing of agent’s decisions (see
e.g. Christiano et al. (2005)). Likewise, restricting the long-run, as in Blanchard and Quah
(1989), imposes a particular structure on the loading matrix F' that not all DSGE share.

Our D-SVAR approach does not hinge on restricting the loading matrix F' but rather relies
on assumptions placed on the dynamic structure of the shocks only —i.e., on the autoregressive
matrix R. To fix ideas, let us assume that the shocks in Z; are mutually orthogonal at all leads
and lags — i.e. that R is a diagonal matrix with distinct diagonal elements. In other words, let
us assume that all the shocks in the DSGE model follow linearly independent AR(1) processes.
While this assumption may appear very restrictive at first sight, it is shared by a vast majority
of the DSGE literature. In that case, the necessary order condition is satisfied: R only consists
of n non zero diagonal elements, so that we have 2n?+4n unknowns to determined. Note however
that, as we will show in the next section, counting restrictions does not guarantee identification.
For example, a diagonal autoregressive matrix with identical elements (i.e. R = plI,,) cannot be
identified as, in that case, F' drops from the first two equations of System (6). We will follow

another strategy to prove formally identification in the next section

2.3 Application to a Bivariate VAR

Here we apply our dynamic identification to a bivariate VAR featuring the growth rate of output
per capita, Ay, and a measure of the unemployment rate gap, u¢, computed as the gap between
the actual and non-cyclical rate of unemployment. Blanchard and Quah (1989) (BQ hereafter)
used this type of VAR to uncover the permanent, £p, and transitory, er, component of output
by imposing that the latter has no long-run effect on the level of output.

Motivated by Blanchard and Quah (1989), we estimate a VAR for the 1960Q1-2007Q4
period and recover the impulse responses consistent with the D-SVAR representation.” The
two resulting impulse responses are displayed in Figure 1. Most importantly, we have not
imposed the restrictions used by Blanchard and Quah (1989). Table 1 reports the associated
forecast error variance decomposition at various horizons.

We uncover an interesting and familiar pattern. There is a shock, €9, that increases output
and decreases unemployment on impact. Then the response of output is hump-shaped and goes

back to almost zero in the long-run. This shock explains more than 80% of unemployment

"We use 2 lags of data as selected by BIC and we use an Asymptotic Least Squares estimation method, as
discussed in Corollary 1, using the unrestricted VAR as auxiliary model.
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using two lags. The grey area represents 68% confidence bands obtained from 1,000 Bootstrap replications.

Figure 1: Comparing the D-SVAR with Blanchard and Quah (1989) Identification

Table 1: Forecast Error Variance Decomposition, (Ay,u), D-SVAR and Blanchard and Quah
(1989)

Output Unemployment gap
Horizon €1 €9 ep T €1 £9 Ep er
1 24.7 753 34.0 66.0 15.9 84.1 9.2 90.8
4 18.4 81.6 27.0 73.0 4.7 953 1.3 987
8 22.3 777 31.3 68.7 26 974 1.2 988
20 42.1 579 49.1 50.9 2.0 98.0 1.7 983
00 99.8 0.2 100.0 0.0 2.0 98.0 1.7 983

Sample is 1960Q1-2007Q4. Estimation is done with (Ay,u) using two lags, where y is the real GDP and u is the
unemployment rate gap. €1 and €2 correspond to the D-SVAR, ep and er to Blanchard and Quah (1989).
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Figure 2: Correlation between D-SVAR and BQ shocks

volatility at any horizon, about 75% of the volatility of output on impact, but about 0% in
the long-run. The other shock, €1, exerts a permanent effect on output and little effect in
unemployment. The two shocks look pretty much like the permanent and temporary shocks of
BQ. This is confirmed by the dash lines on Figure 1, which correspond to the BQ identification.
Responses are indeed very similar. Figure 2 shows scatter plots of the BQ’s permanent and
transitory shocks against €1 and e9: the correlation between the D-SVAR and BQ shocks is
almost perfect in both cases.

As we will make it explicit in Section 4, the estimation of the D-SVAR allows to test the BQ
identification restriction. If one restricts the data to be generated by a model in which the two
latent shocks are linearly independent AR(1) processes, then, as can be seen on Figure 1, one
cannot reject at 0% that only one shock has a permanent effect on output. Figure 1 seems to
indicate that the impact response of the unemployment gap differs across the two identifications.
However, a formal test of the null hypothesis of equality between the two IRF does not reject
the null hypothesis, with a p-value of 40%.

Our dynamic identification hence recovers dynamics that are extremely similar to Blanchard
and Quah (1989), whose identifying restrictions can be tested (and not rejected) under the D-
SVAR.®

In the two next sections, we formally prove the results we have been using informally in this

preview section.

3 D-SVAR Identification

This section formally proves local identification of the D-SVAR. We start by fixing some nota-
tions that will be used throughout the proof, we then analyze identification relying on covariance

matrix restrictions only and finally add dynamic restrictions.

8 As illustrated in the Online Appendix D, an advantage of our approach though is that the identification of
the shocks does not require the estimation of the spectral density of, at least, one variable at frequency 0 —an
object which is usually hard to estimate and at best very imprecise (see, e.g. Fernald (2007)).



3.1 Setup

Consider an economy whose DGP is described by the following state-space representation (we

abstract from constant vectors without any loss of generality)

Kiyw= G Ky + F Zy, (7)
~—— ~ ~~ N~~~

ngx1 NEpXNk ppx1 MkXNzn,x1

th = Hyk Kt + Hyz Zt 5 (8)
~~~ ~— ~

ny><1) nyxnknkxl nyxnz’anl

Z= B Ziit e (9)

n.,x1 NzXNz o1  neXx1

where the (n, x 1) vector Y; gathers all observed variables, (nj x 1) vector K;41 collects all of
possibly unobserved endogenous state variables, whose values are predetermined at time ¢, Z;
represents the (n, x 1) vector of unobserved exogenous variables and ¢; is the (n, x 1) vector
of structural innovations to Z;. In particular, ; satisfies E;_1e; = 0, where E;_1 denotes the
expectation operator conditional on the information set of histories until period ¢ — 1, i.e. all
past realizations and histories of {K;,Y;, Z;}.% This framework is general enough to represent
the (log-)linear solution of most (dynamic general) equilibrium model, including among others
DSGE models. This solution usually depends on a limited number of parameters, that we
denote by 6 gathering all “deep” structural parameters (representing preferences, technology,
institutions, policies ...), together with the stochastic process of the exogenous forcing variables
present in the structural model. In this case, the matrices in the state-space representation
(7)—-(9) will be functions of §. In this paper, we do not consider the identification of 6, but
instead the identification of the state-space parameters that freely enter in the matrices of the
state-space representation. We denote this vector of state-space parameters 1. It must be clear
to the reader that System (7)—(9) imposes less restrictions than the (possibly underlying) DSGE
model. The only restrictions that we will explore apply to the matrix R and the covariance
matrix of the structural innovations &; in Equation (9). Finally, the shocks &; are zero mean weak
white noise processes with covariance matrix E(e:e}) = X.. It is customary in the literature to
identify ¢ by imposing a set of restrictions on the way the structural shocks load into the system
(Short-run restriction a la Sims (1980), Long-run restrictions a la Blanchard and Quah (1989),
sign restrictions a la Uhlig (2005), ...). In this case, only the loading matrix and information on
the covariance matrix of non-structural innovations are needed to achieve identification. In this
paper, we follow another route, and do not restrict the loading but rather place restrictions on
the dynamic propagation of shocks. The sole knowledge of the covariance matrix is not sufficient
to achieve identification. The econometrician needs to make use of the whole autocovariance

function, or equivalently the spectral density, of the process.

9Shall some elements K; be observed, those elements should be reassigned to vector Y; and the matrices I
and II,. should be adjusted accordingly.
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System (7)-(9) can be rewritten in the more compact form

St+1 = ASt + B€t+1, (10)
= I1S;, (11)
with
Ky B G F 10 B
3 = [Zt]’ 4= lonmk R]’ L= [In] and I = [T T,e]
nsx1 NsXMs Ns XNz Ny XMNs

where ns = ny + n,.'0 System (10)-(11) can be expressed as the Fernindez-Villaverde et al.
(2007) ABCD representation

St1 = AS; + Beyqa, (12)
Yir1 = CS; + Deyqa, (13)

where C = IIA and D = 1IB. Note that, in the sequel, we consider the case where the number
of observables is equal to the number of shocks. Some assumptions need to be placed on the
ABCD representation (10)-(11).

Assumption 1 For any z € C, det(I — Az) = 0 implies |z| > 1.

Assumption 1 restricts the class of matrices A to those with eigenvalues lying inside the unit
circle. Under Assumption 1 and using (10)-(11) and/or (12)-(13), the process {Y;} admits the
following infinite Vector Moving Average (VMA) representation:

Y, =TI(I — AL)™'Be, = |C(I - AL)'BL+ D| &y = H(L, )z,

where H(z,1) = 3320 h(j;1)z’ is the transfer function and L denotes the lag operator. For
every ¢ € ¥, E(Y;) =0 and

E(Y;Y))=T s—tw:i V)Sh(j+ s — ;)

for all t,s > 1, where ¢ = (vec(A),vec(B),vec(C)',vec(D)', vech(%.)") is the vector collecting
all the parameters of the state-space representation (7)-(9).

For any weakly stationary process {Y;} implied by Assumption 1 and under the assumption
that the shocks ¢; are Gaussian, the unconditional mean and auto-covariance function completely
characterize the properties of the process. Let us therefore define the auto-covariance generating
function as: -

> L)
j=—00
for any z € C. Evaluating Q(z,v) at z = exp(iw) for any w € [—m, 7] and rescaling it by (27)~!
yields the spectral density of the observable {Y;} which is always positive semi-definite. To
simplify, we hereafter refer to 2(z,) as the spectral density as well.

10Tn the specific case where there are no endogenous state variables K;, ny = 0, ns = n. and the matrices are
defined accordingly. For example, A = R.
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As will be clear later, it will prove useful to defined observational equivalence for this class
of multivariate covariance stationary process. We closely follow Komunjer and Ng (2011) and
define it with respect to the entire auto-covariance function of the observable (or the spectral

density).

Definition 1 Two sets of state-space parameters v and 12 are observationally equivalent if
Q(z;1) = Qz; ), for all z € C or, equivalently, T'(j;¢) = T'(j; ) at all j > 0.

In other words, two stationary state-space models are observationally equivalent is they share

the same auto-covariance (spectral) properties. This then allows us to define local identification.

Definition 2 The state-space representation (10)-(11) (or equivalently (12)-(13)) is locally
identifiable from the spectral density of Y; (or equivalently from the auto-covariances of Y;) at
Y € W if there exists an open neighborhood of v such that for every ¥ in this neighbourhood, v

and @Z are observationally equivalent if and only if ¥ = 1.

In state space system, the spectral density function can be simply obtained from the transfer

function and the covariance matrix of the shocks, ., as
(z,9) = H(z¢)SH(z 5 9),
where, in our ABCD representation of the dynamics,
H(z;9) =TI(I — A2)'B=C(I — A2)"'B+ D,

with z = exp(iw) for any w € [—7,7]. As explained in Komunjer and Ng (2011), this repre-
sentation of the spectral density makes it clear that equivalent spectral density function can
obtain because (i) for given ¥, two distinct vectors of state space parameters, 1) and 1;, yield
the same transfer function (H(z;1) = H(z;4)) or (i) many pairs of H(z;v) and X, give rise
to the same spectral density.

In general, the state-space parameter 1 is not identifiable from the second order moments
of the observable variables. As an illustration, let us consider the following two state-space

representations (K; is observable):

Kivw = GK+ FZ,, Kiyhn = GKi + ﬁZt,
S=3 Y, = MK +11,.7, S=3 Y = Nk +T11,.7,
Zy = RZi_1+¢y, Z = éthl + &,

where Z; = u-tz, F = FU, ﬁyz = IL,.U, R =U"'RU and ig = U_lEsU_ll for some full
rank matrix U. The two representations & and S are observationally equivalent with respect
to the spectral function since (z,¢) = Q(z, 1;) for all z € C where the vectors ¢ and ¢ gather,
respectively, the elements of the vectorization of matrices defining, respectively, S and S.

Following Komunjer and Ng (2011) (see Proposition 1-S), the following property obtains in
the case of the ABCD representation
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Property: Two distinct vectors of state-space parameters 1, 12 € U are observationally equiva-
lent respective to the transfer function and the spectral density if and only if there exists a full
rank ng x ng matrix T and a full rank n, x n, matrix U such that A = TAT1, B = TBU,
C=CT"',D=DU and ¥z =U"'S.U"".

This property obtains as follows. First, the equalities A = TAT !, B=TB , C=CT ! are

necessary and sufficient for the equivalence of the transfer function H(z;v) = H(z;1). Suffi-

ciency follows directly from the observation of the transfer function in the ABCD representation
H(z¢)=C( - Az)"'B+D
=CT'(I -TAT Y 'TB+ D
=CT'T(I - A2) "' T 'TB+ D = H(z;v).

The necessary condition follows directly from a well known result in control theory under the
condition of minimality of the state-space representation (See Theorem 3.10 in Antsaklis and
Michel (1997) and Chapter 8 in Gouriéroux and Monfort (1995) ). A system is minimal if and
only if it is controllable and observable (see Appendix A for formal definitions), implying that,
among all systems leading to the same output spectral density, it is driven by the minimal
number of state variables. This equivalence class is function of a non-singular transformation
that corresponds to a rotation of the state, i. e., T~1S;.

The equivalence of the spectral density is obtained for a full rank matrix U such that:
H(z )8 H (25 9p) = H(zp)UU'S.U Y UH(z )

Fixing B = BU, D = DU and Xz = U~'S. U™, this yields H(z;¢) = H(z;9)U = DU +
C'[I — Az]"" BU. Observational equivalence follows immediately.

We therefore established that identification of v or a subset of 1 cannot obtain without
placing additional restrictions on the covariance matrix, ¥.. This is what we do in the next

section.

3.2 Covariance Matrix Restrictions

This section provides a key proposition on local identification when restrictions are placed on the
covariance matrix only. In particular, we consider the case where the structural innovations are
mutually orthogonal and their covariance matrix is normalised to the identity matrix such that
E(ee}) = I,, — a common identifying assumption in the SVAR literature (see Ramey (2016)).
In this case, matrices F' and II,, in (7)-(9) encapsulate any scale effect from the shocks —i.e.
contains information about the volatility of the shocks. A direct implication of this assumption
is that the only admissible matrix U which allows for ¥~ = U _IEEU_V = I,,, is an orthonormal
matrix—i.e. UU’ = I,,, (see Corollary 1 of Kociecki and Kolasa (2018)).

We further make the following assumption, that adapts Assumption 1 to our initial state

space representation (7)-(9).

Assumption 1’ In presence of endogenous state vaiables (ny, > 0), for any z € C, det(I—Az) =

0 implies |z| > 1 and matrices G and R have no eigenvalues in common.
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When nj > 0, since matrix A is block triangular (see System (10)—(11)), we have det(l — Az) =
det(I — Gz)det(I — Rz). Matrices G and R have all their eigenvalues lying within the unit
circle and do not have any common eigenvalue. This assumption is necessary to disentangle the

dynamics of the endogenous variables K; from those of the exogenous process Z;.

Assumption 2 i) ny < n, =ny, i) when ny =0, Il =11, is of full rank i.e. rank(Il,.) = n,,

/
i) when ny > 0, matrices G, F, I, and <F’,H;Z) are of full rank and linearly independent
/
of (G’,H’yk> .

Without any endogenous state variables, I, is of rank n., the system is then defined only
by equations (8)-(9) without II,;K; on the right-hand side and det(I — Az) = det(I — Rz).
When nj, > 0, Assumption 2 guarantees that no endogenous state variables are redundant. The

next proposition follows.

Proposition 1 Under Assumption 1" and Assumption 2, the state-state (7)-(9) representation

s minimal.

Proof : See Appendix B.
Assumption 2 ensures that the dynamics of Z; can be recovered from the observables Y;. To

see this, consider the transfer function of System (7)-(9):
H(z ) = [Ty(I = G2) 7' Fz + .| (I = R2) ™

Under iii), the rank(H (z;1)) = n, for every |z| > 1, then H(z;) is invertible. When n, =0,
H(z;1) = II,,,(I — Rz)~! and the rank is also equal to n, for every |z| > 1. In the following,
we consider the case where ng > 0.

Endowed with Assumption 1’ and Assumption 2, the next proposition shows that the rota-

tion matrix T is block upper triangular.
Proposition 2 Under Assumption 1' and Assumption 2 we have

o When the endogenous state variables Ky are unobserved, the full rank matriz T has the

form

T lel (14)

T - [Onzxnk V

with Th1 a full rank (ng x ng) matriz.

o When the endogenous state variables K; are observed, the full rank matrizT" has necessarily

the following form.:

Ink Onanz] (15)

T =
[Onz XN V

In both cases, V is an orthonormal (n, x n,) matriz such that VV' =1, and V = U' = U1
defined above.
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Proof : See Appendix C.

Proposition 1 implies that, as long as endogenous state variable K; is observed, matrices G
and Il can be identified using the observed spectral density function.!! However, it does not
allow for proper identification of the loading matrix F' relying on the properties of Z;. Indeed,
a direct implication of the proposition is that there exists at least one equivalent exogenous
process to (9):

Zy=VRV'Zi_1 + & (16)

Observational equivalence in terms of transfer function (and spectral density) holds if and only
if sub-matrix V' in matrix T defined in (15) is orthonormal (VV’ = I,,_). In that case, pre-
multiplying (16) by V' we get

Zt = Rthl + &,

where Z; = V'Z,, & = V'g; and E(&&}) = I,,.. In other words, the sole knowledge of the
spectral properties of Z; is not sufficient to identify F'. Further (dynamic) restrictions need to

be placed on the autoregressive matrix R.

3.3 Covariance Matrix and Dynamic Restrictions

This section focuses on the local identification of the exogenous process Z; relying on second
order moments information (spectral density of observables Y;). Our strategy is to show that the
only admissible permutation matrix in equation (16) is V' = I,,, (up to changes of sign and/or
permutation of the identity matrix) and hence that there indeed exists only one Z; process that
is compatible with the spectral properties of observables Y;. We examine the following four

cases (commonly encountered in the DSGE literature):
1. R is a diagonal matrix;
2. R is a lower (identically upper) triangular matrix;
3. R is a symmetric matrix;
4. R is a block diagonal matrix with blocks corresponding to cases 1 and 2;

and prove the identification problem in each case.

3.3.1 R is a Diagonal Matrix

The case of a diagonal matrix is of particular interest. It implies, together with the restriction
on the covariance matrix, that all processes in the Z; vector are mutually orthogonal at any
leads and lags. While this assumption may sound very restrictive, it actually corresponds to
the common practice in the DSGE literature, and hence echoes economic theory. The next

proposition derives the sufficient condition for local identification.

1 The observed spectral density (or equivalently the auto-covariance) function can be obtained by the estimation
of a VAR, a VARMA or by the ML estimation of a state space representation.

15



Proposition 3 If R is a diagonal matriz with distinct diagonal elements (r;; # rj;, Vi # j)
then the state-space model (10)-(11) is locally identifiable.

Proof : See Appendix D.

In other words, the loading matrix F’ and the autoregressive matrix R are locally identifiable
if all the autoregressive parameters of the n, linearly independent forcing variables are all differ-
ent. Henceforth, if one has in mind a “standard” DSGE model featuring mutually orthogonal
shocks at any leads and lags, dynamic identification easily obtains. From an intuitive point of
view, identification obtains because, given an economic structure, differences in the persistence
of shocks implies that the impulse response functions to each shock all bring different informa-
tion regarding the dynamics. To see this more concretely, it may prove useful to consider the

following example.

Example: Identification of Demand/Supply Shocks in a New-Keynesian Model.
Consider the following textbook 3-equation New Keynesian (NK) model (see Gali (2015)) fea-

turing two structural shocks

Yt = Eeyry1 — (it — Be[mea]) + 214,
7t = BE¢[me1] + Ky + 224,
Z.t = ¢7T7Tt7

where y¢, m and i; denote respectively aggregate output, the rate of inflation and the nominal
interest rate and E;[-] denotes the conditional expectation operator. Parameter g € (0,1) is
the discount factor, x > 0 denotes the slope of the Phillips curve and ¢, is the degree of
aggressiveness of monetary policy to inflation. The random shock z;; can be interpreted as a
demand shock shifting the IS curve, whereas 29 is a cost-push shock shifting the Phillips curve.
For expositional purposes, we assume that the demand shock, z;; is serially uncorrelated (as
a benchmark case), while 25 exhibits serial correlation. Assuming the Taylor principle holds
(¢r > 1), the solution takes the form
Y, = Uy 2,

where 11, is a 2 x 2 matrix with elements 7;; € R that depends on the structural parameters and
the persistence of the cost-push shock (p). The vector Y; = (y:, )’ collects the two endogenous
variables and Z; = (z14,22,)" is the vector of the two structural shocks which is assumed to
follow an autoregressive process of the form

Zt = RZt—l =+ Et with R = [0 0‘| and £ = lgl,t‘| 7
0 P €2t

where ¢, is a zero mean weak noise and where we impose the normalization E(g.e;) = Io.
Our problem is then to identify the free elements of matrix II,. without imposing the
cross-equation restrictions created by the NK model together with the autoregressive param-

eter p of the supply shock. We then seek to identify the vector of five parameters ¢ =
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{p, 11, 12, 21, a2} from the auto-covariance function of y; and 7. Each element of the vector

Y; can be expressed as a linear combination of the innovations of the shocks as

o0
i
Y¢ = T11€1¢ + T12 ZP €2,t—i
i=0
o0

i
My = T21E1 4 + M22 ZP €2,t—i
i=0

from which the auto-covariances of 3 and m; can easily be obtained. For instance the variance
and auto-covariances of output express as (similarly for inflation)

2 Ty
Yy(0) =711 + T2

Yy(h) = ph£%2102 for h > 0.
Note that computing the ratio v,(h + 1)/7,(h) for any h > 0 allows to immediately identify p.
Given p, the knowledge of any 7, (h) for h > 0 is sufficient to identify 712 (up to its sign). Then,
w11 (up to its sign) straightforwardly obtains from ~,(0). Using the same approach with the
auto-covariance function of inflation identifies mo; and moo. It is worth noting that when p = 0,
so the two shocks 21 and 2o display the same dynamic properties and the parameters m;; are

not identified. Indeed, in this case, the model reduces to

Ye| _ |11 12| |€1t
- 9
Tt 21 T22| |E€2¢t

which is not identifiable from the covariance matrix of ¥; (3 moments to identify 4 parameters).
This example therefore illustrates in what sense the dynamic structure of exogenous forcing

variables is key to identify the state—space representation.

3.3.2 R is a Lower Triangular Matrix

We now extend the autoregressive matrix R to the case of lower triangular shape, hence relaxing

its diagonal feature. Let us define the matrix

M, 0 - 0
0 Xlp, -+ 0
A= . , . ;
0 0 - Al

with \; # A; for ¢ # j, and n,; be positive integers for [ = 1,..., L such that n,1+...+n,, = n,

and n, = m()\;) denotes the multiplicity of eigenvalue ;.

Proposition 4 If R is a lower triangular matriz with the same main diagonal as A and all
elements on the first sub-diagonal are different from zero, i.e. riy1; #0 fori=1,...,n, —1,

the state-space model is locally identifiable.

Proof : See Appendix E.
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Proposition 3 indicates that, contrary to the strict diagonal case, the lower triangular case
does not require all diagonal elements to be different to permit identification. Should there
be some identical elements on the diagonal, they should appear in consecutive order —i.e. all
gathered in one of the matrices A\¢f,,_,. The proposition also implies that while not all elements
below the diagonal have to be non-zero, those lying on the first sub-diagonal have to be non
zero. Again, intuitively, the condition for proper local identification is that all shocks should
lead to distinguishable dynamics (as captured for example by IRF), hence some elements have

to be distinct to guarantee that different shocks generate different dynamics.

3.3.3 R is a Symmetric Matrix

For simplicity, we restrict the presentation the case with two shocks. The matrix R is symmetric
with the same value on the diagonal, and the same value on the anti-diagonal. While such a
configuration may appear as a curiosity at first sight, it is actually of very practical interest in
the international macroeconomic literature since the seminal work of Backus et al. (1992) 2.

For this specification, the autoregressive matrix takes the following form:
e T
R = [T ,01 with 7 # 0. (17)

The previous non-zero restriction on 7 is critical. When 7 = 0, matrix (17) reduces to a diagonal
matrix with identical elements and therefore does not satisfy Proposition 2. Provided 7 # 0,

the following proposition holds.

Proposition 5 For the 2 x 2 symmetric matrix R (eq. 17), the state-space model is locally
identifiable.

In particular, and contrary to the diagonal case, we show in the Appendix F that the diagonal

elements must necessarily be identical for local identification of the state-space model.

3.3.4 Partial Identification.

Finally, Proposition 6 establishes that the model is partially identifiable. In other words, even
though some shocks may not be identified, it is still possible to identify a subset (Online Ap-

pendix B provides a simple illustrative example).

Proposition 6 In the case of a block diagonal organisation of the R matriz with one block
corresponding to one of the preceding cases, the state—space model is partially locally identifiable
for this block.

Proof : See Appendix G.

12 This dynamic structure of autoregressive matrix has widely been used, among others, by Backus et al. (1994),
Baxter and Crucini (1995), Heathcote and Perri (2002) and Kehoe and Perri (2002).

13 Appendix G offers an illustration of the symmetric autoregressive matrix, R, with an application to the
international transmission of shocks between the US and the Euro area.
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4 Estimation and Inference

This section discusses estimation and inference in the D-SVAR approach and shows how this

approach can be used to evaluate DSGE and SVAR models.

4.1 Estimation

To simplify the exposition, let us consider the simplified state space representation'

Y, = II,.Z (18)
Zy = RZi1+¢g (19)

where E(g.}) = I,.. In the sequel, we will restrict ourselves to cases where the parameter vector
¥ = (vec(IL,,)", vec(R)") is indeed locally identified, such that the conditions for the validity of
Propositions 2-4 are satisfied. Vector ¥ can thus be estimated either by Maximum Likelihood
(ML) from (18)-(19) or equivalently by a two step Asymptotic Least Square (ALS) approach
(See Corollary 1 below). Let us denote &T the ML estimator of ¢ for a sample size T'. Absent
any unobserved variables, the D-SVAR representation rewrites as a VAR(1) model:

Y, = (HyZRHy—;) Y1 + 10,6 (20)

where the IL,, is identified using the dynamic structure of unobserved structural shocks. So the
loading matrix II,, is obtained without any restriction. Consider now the reduced-form VAR(1)

representation :
Yi=TY: 1+ w (21)

with E(u;) = 0 and E(uwu;) = X,. This implies that uy = IIy.¢;.

Our D-SVAR representation imposes as many or more restrictions on the dynamic structure
of the data Y; than the unrestricted VAR model. This offers an opportunity to use the informa-
tion contained in the parameters of the unrestricted estimated VAR model (21) to estimate
in the D-SVAR (18)-(19). Let us define n = (vec(T'")’, vec(X,,)") and the binding function 77(¢)).
We derive a version of the Corollary in Gouriéroux and Monfort (1995) (Chap. 10, Section
10.4.2, Corollary 10.2) adapted to our D-SVAR.

Corollary 1 Let njp be a consistent and asymptotically normal estimator of n from (21) and

let n(v) be the binding function. The ALS estimator zZT obtained by solving
min [ — 7)) St liir — 7)) (22)

where St is an estimator of the inverse of the asymptotic covariance matrix of i, is a consistent

estimator of ¢ and is asymptotically equivalent to the ML estimator QZT of ¥ obtained from (18)-
(19).

" This discussion can be extended to a VAR(p) or VARMA (p,q) representation.
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Intuitively, Corollary 1 states that estimating the parameter vector 1 in one direct step (ML
approach) or relying on a two step procedure using 1 as an auxiliary parameter (ALS approach)
yields asymptotic equivalent estimator of ¢. The two-step estimation uses the constraints
I'= (HyZRHy_Zl) and X, = HyZH;Z to uncover the elements of the R and II,, matrices. This
corollary therefore illustrates the strong connection between our approach and standard VAR
modelling.

Consider now the DSGE model that underlies System (18) and (19). This DSGE model
imposes cross-equation restrictions on the elements of the II,.(f) matrix together with those
contained in the R(6) matrix. Let us define the binding function v (6) that expresses the vector
of state-space parameters, 1, as a function of 8. Under the conditions provided in Komunjer
and Ng (2011), vector of parameters 6 is also identifiable and can thus be estimated by ML, a
usual practice in the applied macroeconomic literature. Let us denote by O the ML estimator
of . Because our D-SVAR imposes less restrictions on the state-space representation (18) and
(19) than the DSGE model and provided dim 6 < dim ), vector 1 can be used as an auxiliary
parameter to estimate #. The following corollary, again adapted from Gouriéroux and Monfort
(1995), holds.

Corollary 2 Let @T be the ML estimator of ¥ from the unconstrained state-space version of
the representation (18) and (19) and () the binding function. The estimator Op obtained by
solving

~ ~ / ~ ~
min [fr — §(6)] Sr [¢r - 4(0)]
where St converges to the inverse of the asymptotic covariance matrix of @T which is given by
the information matriz Z(vy) of the log-likelihood function, is asymptotically equivalent to the
ML estimator O of 0 obtained from the constrained state-space version of the representation
(18) and (19)

Estimating 6 is one step or by a two step procedure using 1 as an auxiliary parameter yields
asymptotically equivalent estimator of . Our unrestricted state-space representation features
less restrictions than the DSGE model and thus contains potentially useful information about the
relevance of the structural restrictions imposed by the DSGE model. This corollary illustrates
the tight relationship between the DSGE model and the D-SVAR.

4.2 Inference

The D-SVAR offers the possibility to conduct statistical inference both on DSGE and SVAR
models. Let us first consider the DSGE and our D-SVAR, and let us remind the reader that
the D-SVAR imposes no cross-equation restrictions during estimation. Using ML estimates
of the two models, it is then possible to test the relevance of the cross-equation restrictions
imposed by the DSGE model, and therefore guide modelling. Let us consider the null hypothesis

that the DSGE model can mimic the unconstrained state-space representation (18) and (19),
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Hy : ¢ = @Z(G) A Wald-type statistic to test for this null hypothesis is then given by:
Wr = T(r — 9 (0r))Z($r) (r — ¢ (6r)) (23)

which is asymptotically distributed as x? with p—q degrees of freedom under the null hypothesis,
where p = dim v and the assumption that rank (87/}(6)) = dim 6 = ¢, where I(T/A}T) is an esti-

00’
mator of the information matrix evaluated at the unconstrained estimator ¢r (see Gouriéroux

and Monfort (1995), Section 17.4.1).1° A score test and a Likelihood Ratio test can also be
constructed (see Gouriéroux and Monfort (1995), Section 17.4.2 and Section 17.4.3).

As a particular but interesting case, a test for the equality of the loading matrix F' (restricted
(DSGE) and unrestricted (D-SVAR)) can also be performed. The associated statistic is given
by

WE =T (vee(Tly.r) - vec(ﬁyz(éT))’zll(zzT) (vee(llyz7) — vee(Tl. (0r)))
where vec(Il,;) is a pi-vector. IH(JJT) is an estimator of the corresponding block to II,. of
the information matrix and ﬁyz(ﬂ) is the binding function linking 6 to the loading matrix II,,.
Under the assumption that rank (W) = q1 with q1 < p; this statistics is asymptot-
ically distributed as a x? with p; — ¢ degrees of freedom under the null hypothesis. Since,
the loading matrix IL,. collects the impact response of each variable to each shock, this test
immediately assesses the relevance of the structural restrictions. Inspecting point by point the

impact responses and/or the overall dynamic responses is also straightforward.

Let us now consider the D-SVAR and VAR models. First and foremost, a specification test
(J-test) can be performed in the case of over-identification, ¢.e. when the dimension of the
vector 7 is greater than the dimension of ¢, by multiplying the objective function (22) by the
number of observations. This allows to assess whether the dynamic restrictions imposed by
the D-SVAR model are satisfied and hence evaluate the reliability of our D-SVAR. approach
regarding an unconstrained VAR model.

The D-SVAR also offers the opportunity to assess the relevance of various identification
schemes used in SVAR modelling. In particular, it allows to test general null hypotheses on
the loading matrix II,.. For example, one may be interested in the relevance of the timing
imposed by short-run restrictions. In this case, the null hypothesis writes Hy : Hvec(Il,.) = 0,
where the selection matrix H is such that the elements above the diagonal of 11, are all equals
to zero. Likewise, matrix H can be adapted to test for long-run restrictions a la Blanchard
and Quah (1989). A Wald statistic can then be computed with a consistent estimator of
the appropriate variance covariance matrix. Likewise, one may be interested in testing for the
dynamic response to a particular shock, as identified using two competing identification schemes.
This can be achieved with a Wald statistic and using the appropriate asymptotic distribution

or by bootstrapping techniques as proposed by Inoue and Kilian (2016).16

15Under possible misspecification, the estimator of the information matrix I(z/A)T) can be replaced by an estima-

tor of the inverse of the sandwich formulae J(@T)_ll(lﬁT)J(lfJT)_l where Z(¢)r) is an estimator of the variance
covariance matrix of the score and J (1/3T) an estimator of minus the second derivative of the log-likelihood
function.

1611 particular, in the case when the number of structural impulse responses exceeds the number of the VAR
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5 Testing for SVARs Restrictions: Two Examples With Mone-
tary Policy Shocks

In this section we revisit two seminal papers that both proposed to identify monetary policy
shocks through the lens of the D-SVAR. The first one, Gertler and Karadi (2015), relies on an
external instrument to identify the shock — the so-called proxy VAR approach. The second,
Christiano et al. (1999), identifies a monetary policy shock by imposing zero restrictions on its

impact effect on key economic variables.

5.1 Revisiting Gertler and Karadi (2015) Proxy VAR

In this section, we revisit Gertler and Karadi (2015), who identified a monetary policy shock
relying on a proxy-VAR approach with an external instrument (see Beaudry and Saito (1998),
Stock (2008), Stock and Watson (2012) and Mertens and Ravn (2013) among others). Such
an approach avoids imposing timing restrictions on both the behavior and the impact of the
policy rate. The instrumental variable needs to satisfy two assumptions to identify a given
structural shock: ¢) the instrument must be relevant, i.e. the contemporaneous correlation
between the structural shock and the external instrument must be non-zero; i) the instrument
must be exogenous, i.e. the instrument must be uncorrelated with the other structural shocks.
According to Gertler and Karadi (2015), an advantage of proxy VARs is that it does not impose
a special organization (and thus restrictions) of the loading matrix F. This is also the case in
our D-SVAR, and it is therefore interesting to compare the two approaches.

We first replicate Gertler and Karadi (2015) and estimate a VAR featuring the log consumer
price index, the log industrial production, the one year government bond rate, and Gilchrist
and Zakrajsek (2012) excess bond premium. The data are evaluated at the monthly frequency
for the period running from July 1979 to June 2012. Following Gertler and Karadi (2015), the
unrestricted VAR includes 12 lags. We then recover the impulse response function of these
variables to a monetary policy shock identified relying on the proxy VAR approach where,
like Gertler and Karadi (2015), the external instrument is the surprise in the three month
ahead futures rate. The identified contractionary monetary policy shock shifts the one-year rate
upward, decreases economic activity after one year, raises the excess bond premium persistently,
which signals the presence of financial frictions, and leads to a very small negative response of
the CPI, without exhibiting any price puzzle (see black lines in Figure 3).

Then we proceed to estimating our D-SVAR by an ALS approach, using the unrestricted
VAR as auxiliary model. As in the Blanchard and Quah (1989) example of Section 2.3, the
autoregressive matrix R is assumed to be diagonal. We recover four unlabelled structural
shocks that we arbitrarily index €1, ..., 4. Is one of these shocks the Gertler and Karadi (2015)
monetary policy shock? We actually find that e; and €3 are two shocks for which Gertler

and Karadi (2015) instrument would be valid, as the p-values for non-zero correlation between

parameters, the asymptotic distribution of a Wald statistic is degenerated but the bootstrap test can still be
implemented following the transformation of the statistic.
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(a) Impulse Response Function to €1

CPI Industrial Production One-Year Rate Excess Bond Premium
0.50 1 0.4 0.2
0.25 0.2 0.1\
0.00 e 0~—— 00 — 0.0 e
-0.25 -0.2 -0.1
~0.50 -1 -0.4 -0.2
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
Months Months Months Months

(b) Impulse Response Function to e3
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The black line is the response to a monetary policy shock, as identified following Gertler and Karadi (2015).
The grey line is the response to shock in the D-SVAR with diagonal R matrix. Shaded area represent + 1
standard deviation around average D-SVAR response obtained from 1,000 Bootstrap replications. Sample is
1979M7-2012M6.

Figure 3: IRFs to Gertler and Karadi (2015) monetary policy shock and D-SVAR’s shocks €1
and €3

these two shocks and the instrument are less than 5%, whereas they are above 5% for €5 and
e4. Through the lens of model with four AR(1) shocks, this shows that in Gertler and Karadi
(2015), the instrument identifies a shock that is a combination of £; and e3, and not a single
exogenous monetary policy shocks. Figure 3 plots the responses of the four variables to the two
shocks e and €3, together with the responses to the Gertler and Karadi (2015) shock.

The shocks €1 gives a very similar response of the one-year government bond rate as com-
pared to Gertler and Karadi (2015). Although the response is more persistent, the response of
the one-year government bond rate is also pretty similar. Inspection of the IRF for the other
variables reveals that none of these two shocks gives similar responses for the four variables.
The credit channel narrative of Gertler and Karadi (2015) requires an increase in the excess
bond premium, which is obtained with &1, but comes with a persistent increase in industrial
production. For the shock e3, there is indeed an increase in the one-year rate, a decrease in
industrial production but an increase in inflation and a decrease in the excess bond premium,

which does not square with the credit channel narrative of Gertler and Karadi (2015).

5.2 Revisiting Christiano et al. (1999) Impact Restrictions SVAR

This section revisits Christiano et al. (1999) who identifies a monetary policy shock by means
of impact restrictions.!” We ask whether the obtained macroeconomic dynamics following a
monetary policy shock can be uncovered with a D-SVAR. The D-SVAR makes no assumptions

on the impact responses, but only assumes that underlying shocks follow mutually orthogonal

17See also Christiano et al. (2005).
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€1 to €5 are the structural shocks as obtained with the D-SVAR. Sample is 1965Q1-2007Q4.

Figure 4: Correlation between Christiano et al. (1999) Monetary Shock and D-SVAR Shocks

AR(1) processes. If Christiano et al. (1999) approach identifies a monetary shock, then we
should recover it using our D-SVAR, approach —under the assumption that this shock is an
independent AR(1) shock.

We estimate a VAR featuring real GDP, the unemployment rate, CPI inflation, commodity
price inflation and the federal funds rate, in that order, for the period 1965Q1-2007Q4.'® The
VAR includes four lags. We then recover the impulse response function of these variables to
a monetary policy shock identified by impact restrictions as in Christiano et al. (1999): the
monetary policy shock corresponds to the shock that shifts the federal funds rate while leaving
the other variables unaffected on impact. As well known, the identified contractionary monetary
policy shock decreases output with a lag, and increases unemployment after a few quarters.
Prices increase for about two years, which is known as the price puzzle, and fall below their
initial level after this initial phase.

Then we proceed to estimating our D-SVAR by an ALS approach, using the unrestricted
VAR as auxiliary model. The J-test indicates that the restrictions imposed by the D-SVAR
are not rejected by the data. We recover five unlabelled structural shocks, €1,...,e5. Is the
Christiano et al. (1999) monetary shock one of these shocks? As illustrated in Figure 4, € is
the only shock that exhibits strong positive correlation with Christiano et al. (1999) monetary
policy shock shock. Moreover, one cannot reject that this correlation be 1 (p-value=0.986),
while one cannot reject that all other shocks are uncorrelated with Christiano et al. (1999)
monetary policy shock (p-value<0.035).?

Figure 5 plots the responses to 1 (grey lines), together with the responses to the Chris-
tiano et al. (1999) monetary policy shock. The figure indicates that the dynamics following a

Christiano et al. (1999) monetary policy shock and those following €1 are very similar. Just

18We end the sample period in 2007Q4 to avoid dealing with the zero lower bound, which would require an
explicit non-linear modelling of the dynamics of the nominal interest rate to account for the presence of an
occasionally binding constraint (see e.g. Mavroeidis (2021)).

19See Table 4 in Online Appendix F.
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On the five panel, the black line is the response to a monetary policy shock, as identified following Christiano et al.
(1999). The grey line is the response to shock £; in the D-SVAR. Shaded area represent + 1 standard deviation
around average D-SVAR response obtained from 1,000 Bootstrap replications. Sample is 1965Q1-2007Q4.

Figure 5: IRFs to Christiano et al. (1999) monetary policy shock and D-SVAR’s shock &1

like for Christiano et al. (1999) monetary policy shock, a tightening of monetary policy leads to
a prolonged recession with output (resp. unemployment) reaching it trough after about seven
(resp. nine) quarters, and eventually reverting back in the longer run. Accordingly, both out-
put and unemployment exhibit persistent hump shaped dynamics to the shock, just like in the
aftermaths of a Christiano et al. (1999) monetary policy shock. Just like in Christiano et al.
(1999), prices exhibit a persistent price puzzle, although it is more severe. Such a “price puzzle”
is reminiscent of the results in Beaudry et al. (2020), and can be rationalized in a model with
a flat Phillips curve and a cost channel.

All in all, the response of the economy is very much in line under the two identification
schemes, and hence so are the forecast error variance decomposition (see Table 5 in Appendix
F).20

Under the D-SVAR, we can go a step further and test if 1 satisfies the zero impact restriction
imposed by Christiano et al. (1999). Table 2 reports the p-value associated to the zero impact
effect of 1 on, respectively, output, the CPI, unemployment and the commodity price. The
results do not reject the restriction imposed by Christiano et al. (1999) as none of the p-values
lies below 25%, well above the 5% standard level. Furthermore, we do not reject (p-value is 32%)
that the responses of output and unemployment are jointly zero. This exercise shows that the
D-SVAR recovers a shock that is quite similar to the Christiano et al. (1999) monetary policy
one, although there is a more pronounced “price puzzle”. It also shows that the Christiano et al.
(1999) zero restrictions, which have been criticised as often not compatible with a DSGE model
(e.g. Carlstrom et al. (2009)), are not rejected by our D-SVAR.

2OFigures 10-13 in Appendix F report the IRF to €2, €3, €4 and e5. Inspection of the figure indicate that none
of these shocks is a good candidate to a Christiano et al. (1999) monetary policy shock.
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Table 2: Test of Zero Impact Restriction (p-values)
Output CPI ~ Unemp. Com. Price

g1 0.2470 0.6587  0.3890 0.8169

€1 is the D-SVAR structural shock that is the closest to the Christiano et al. (1999) monetary policy shock.
Sample is 1965Q1-2007Q4.

6 Conclusion

In this paper, we have shown that one can identify structural shocks in a SVAR under the
identifying assumption that the economy shares the dynamic structure of the vast majority
of DSGE models. To put it loosely, if the economy is moved by exogenous variables that
follow mutually orthogonal AR(1) processes (or more general specification of the autoregressive
matrix), then a D-SVAR will allow for the identification of structural shocks, without the need
for zero-impact, long-run or sign restrictions nor instruments. We have given a formal proof for
identification and have shown how to conduct estimation and inference with D-SVAR.

We have then applied our methodology to the evaluation of two approaches in the literature
used to identify monetary shocks, namely the proxy-var strategy ofGertler and Karadi (2015)
and the impact zero restriction strategy of Christiano et al. (1999). Our approach provides
support for the Christiano et al. (1999) results but suggests that the proxy-var strategy used
by Gertler and Karadi (2015) is likely confounding the effects of two distinct structural shocks.
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Appendix

A Preliminaries: Controllability, Observability and Minimality

In the literature on linear systems, invariant finite-dimensional dynamical systems are described

by the following state-space system:

St+1 = AS; + Be; (24)
Y, = CS;+ De (25)

where the ng x 1 vector S; denotes the state variables, the n, x 1 vector Y; denotes the outputs,
and the ne x 1 vector ¢ contains the inputs (see, for example, Antsaklis and Michel (1997)
and Gouriéroux and Monfort (1995)). Note that this ABCD state-space representation differs
from that of Ferndndez-Villaverde et al. (2007), but it allows us to define the concepts of
controllability, observability, and minimality in accordance with the standard linear system
literature.

The system (or the pair (A, B)) is considered controllable when any state S; can be driven
to the initial state in a finite number of steps for a given input sequence ¢;. To illustrate the

concept of controllability, the state variables at time t = k can be expressed as:
S = AkSO + Ak_lBeg + Ak_261 + ...+ AB¢€j_o9 + Bep_1

where Sy is the vector of initial states. The state S} is said to be reachable at time k if, for
some finite t = 0 < k, there exists an input sequence €;,t € [0, k], that transfers the state from
the origin at t = 0 to Sy at time ¢t = k. This implies that the system is reachable if and only
if the rank of the matrix C = [B, AB,A’B, ... ,AkilB}, which contains the matrices related
to the input sequence in the above system, is of full rank. Moreover, if the system is reachable,
then it is also controllable.

According to the ABCD system representation (24) and (25), a formal definition of control-
lability is given by:

Definition 3 Controllability : A system is controllable if and only if the controllability matriz
C = [B,AB,A?B,..., A" 1B] € R"*"" has full row rank i.e., rank(C) = n.

If a system is state observable, its present state can be determined from the knowledge of the

present and future outputs Y; and inputs ¢;. The expression for output Y), can be rewritten as:

Y, = CAFSy + CA* ' Beg + CA*2Bey + ...+ CABej,_o + CBep_1 + Dey,.
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Observability refers to the ability to uniquely determine the state of a system from knowledge
of current and future outputs and inputs. Specifically, a system is said to be observable if it is
possible to determine the state at time ¢ = 0 from knowledge of future system outputs Yz and
system inputs €, for £ > 0. A state is considered unobservable if it remains indistinguishable
from the zero state under any possible output observation, mathematically expressed as CA*S =
0 for all £ > 0. Conversely, a system is completely state observable if the only state that satisfies
this condition is the zero state, S = 0. The degree of observability is determined by the rank of
the matrices CAF for all k, with full rank indicating complete observability.

A formal definition of observability is given by:

Definition 4 Observability: A system is observable if and only if the observability matrixz O

has full column rank, i.e., rank(Q) = ns, where

C

CA
0O = . c R™wms X7s

CcAm1

Theorem 1 A state-space representation is minimal if and only if it is both controllable and

observable.

See Antsaklis and Michel (1997), Theorem 3.9, p. 395 for a proof of minimality under
controllability and observability For a minimal state-space representation, the state vector is of

the smallest possible dimension.

B Proof of Proposition 1

First, consider the case without endogenous state variables. In this scenario, A = R and II =
I1,., which is of full rank. This implies that S; follows a VAR(1) process given by S; = RS;_1+¢€;,
where ¢; has the same dimension as S;. This directly implies that the system is controllable
according to the definition above. Moreover, since Y; = 11,..S; and 11, is of full rank, the system
is also observable, which implies that the system is minimal.

Second, consider the case where n, > 0. The state variables at time ¢ = k can be expressed as:
S = AkSO —+ Ak_lBel + Ak_2B€2 + ...+ ABEk_l + Beg,

where the matrices S, A, and B are defined by the system (10)-(11).

For controllability, it is sufficient to show that a submatrix C; = [B, AB,...,A*1B| has
full rank for any k. Indeed, by the Cayley-Hamilton Theorem, if the submatrix Cy is of full
rank, then the rank of any matrix C,, = [B,AB,AZB, ey A”’lB] is equal to the rank of Cy

for n > k. Since the matrix F is full rank, so is the matrix

Cy = [B,AB] — [0 F]

I R
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which implies that C is also full rank. Therefore, the system is controllable.

Now, for observability, the expression for Y; can be rewritten as:
Y, = HA*S) + HA* ' Be; + HA*2Bey + ... + IABe;_1 + L Bey.

according to the system (10)-(11). The corresponding matrix O is then given by:

II

1A
@:

A1
Under Assumption 2 iii), the rank of the matrix (A’,1I') is full and equal to n, which is a
necessary and sufficient condition for observability (see Corollary 4.7 in Antsaklis and Michel

(1997)). Therefore, this system is observable. By controllability and observability, the system

is minimal.

C Proof of Proposition 2

Ty Too
We first show that the relation AT = T'A implies that T5; = 0. Since A is necessarily block

Consider a general form for the matrix 7" such that T = lTn le] .

upper triangular, RT 51 = T51G which can be rewritten as:
[(In, ® R) — (G' ® I, )Jvec(Ta) = 0. (26)

Matrix A is similar to matrix A which implies that the eigenvalues of A are the same than the
eigenvalues of A.2! Since A is block upper diagonal, for the set of eigenvalues of A denoted
A(A), we have A(A) = A(G) U X(R). The same property holds for A, i.e. A(A) = \(G) UX(R).
Since the matrices A and A have the same block upper triangular structure, this implies that
the eigenvalues of the matrix R are the same as the eigenvalues of the matrix R. Under
Assumption 1”, R and G share no common eigenvalues, this also holds for R and G. The

expression [(I,,, ® R) — (G’ ® I,.)] is then of full rank, Equation (26) holds only for Ty = 0.22

T TlQ] , the equation B = TBU
Onzxnk T22

gives for the left lower block I,,, = T5U. Since U is orthonormal, this implies 1oy = U R
T T121 The

Now, for the block upper triangular matrix 7' = l

U’ =V an orthonormal matrix. The matrix T has the following form: 7' = l 0 Vv

result for the case where the state variables K; are observed follows directly.

2f X is a square matrix and nonsingular, then A and B = X 'AX are similar and X is called a similarity
transformation. If two matrices A and B are similar, they have the same eigenvalues, i.e. A(A) = A(B), and
the same number of independent eigenvectors but probably not the same eigenvectors (see Golub and Van Loan
(2013) p. 349). Moreover, if X is an orthonormal matrix, i.e. XX’ = I, A and B real matrices and A = X BX’,
A is said to be real orthogonally similar to B (see Horn and Johnson (2013), p. 94).

221f X is an eigenvalue of A and p an eigenvalue of B, A — y is an eigenvalue of (I ® A) — (B ® I) and all
eigenvalues of (I ® A) — (B ® I) is on this form. Thus (I ® A) — (B ® I) has zero as an eigenvalue if and only if
A has an eigenvalue A and B has an eigenvalue p such that A — = 0.
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D Proof of Proposition 3

The only admissible orthonormal matrix V' such that all elements (,7) of the diagonal matrix
R are identified is V' = I when the diagonal element r;; # r;; for Vi # j. For any other
orthonormal matrix V, it is easy to verify that the resulting R = V RV’ matrix is not diagonal.
Since V' is a square matrix and is non singular, V corresponds to a similarity transformation,
the eigenvalues of matrix R are the same as the eigenvalues of matrix R which implies that
the diagonal elements of R are the same as the diagonal elements of R. Moreover, for diagonal

matrices R and R, the system of equations RV — VR =0 leads to

(Fii —1ig)Vig = 0 (fori=1,...,n,), (27)
0

(fm' - T'j’j)‘/;,j (fOI‘ ] 7&] and i,j = 1, v ,nz), (28)

where 7; ; and 7; ; are respectively the element (4, j) of R and R.23 The first set of equation
implies that 7; ; = r; ; for diagonal elements of V' which are different from zero. Since the diagonal
elements of R (and then R) are different, the second set of equations implies necessarily that
Vij = 0 for all ¢ # j. Matrix V is necessarily diagonal and the only orthonormal matrix which
is diagonal is the identity. The result also holds up to changes of sign and/or permutation of
the identity matrix.

Assume now that some elements on the diagonal are the same. Denote the multiplicity of
similar diagonal elements r;; by m(r;;). One can first check that all diagonal elements are
the same, in which case any orthonormal matrix V is admissible by equations (27) and (28).
Now consider that a subgroup of elements has the same value. The elements in the V' matrix
corresponding to multiple values are not uniquely defined but only up to the post multiplication
by an m(r; ;) x m(r;;) orthogonal matrix. Without lost of generality, suppose that the diagonal
elements with the same value are ordered as the first m(r11) elements on the diagonal and the
other elements on the diagonal r; ; are different from 71 1, then define the matrix V' such that V' =

Vm(rl,l)xm(mJ) 0
0 L. —m(r1.1))
there exists an infinity of admissible V' matrices such that Vi, (v, ;)xm(r, ;) 18 orthonormal. This

, where Vi, \)xm(r, 1) 18 an orthonormal matrix. Consequently,

argument can be generalised to more than one diagonal element with multiplicity. A sufficient
condition for local identification is therefore that matrix R be diagonal with distinct diagonal

elements (Ti,i 7& 5.5, Vi 75 j)

E Proof of Proposition 4.

By R = VRV’, one show that the only admissible matrix V which satisfies RV = V R for lower
triangular matrices R and R is V = I,,_. Since V is of full rank and orthonormal and R = VRV,

R and R have the same eigenvalues. Moreover, the eigenvalues of a lower triangular matrix are

23 The system of equations RV — VR = 0 is of the well known form AX — BX = C in control theory called the
Sylvester equation. For C' = 0, this corresponds to the homogeneous Sylvester equation (see Gantmacher (1959),
chap VIII).
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the elements on the diagonal. By RV = VR, we have
(I, ® R) — (R' ® I, )]vec(V)) = 0. (29)

This implies that vec(V) belong to the null space of A = [(I,,, ® R) — (R’ ® I,,.)]. Since R
and R have n, common roots, the null space of A has a dimension equal to n,. The system of

equations (29) can be written more explicitly as:

(R—mlI)  —rond  —r3il e —Tp.1d V. 0
0 (R —pal) —r3al = —Tn. 2l V9.2 0
0 0 T (R - /'an_ll) _~TTLZ,TLZ,1I ‘/[wnz*l] 0
0 0 e 0 (R— pn, 1) V. nz] 0
with V| ; a vector containing the i-th column of matrix V, p; for j = 1,...,n, are the eigenvalues

of R and the eigenvalues of R and R are the same which are given by the elements on the
diagonal. Under Proposition 3, the eigenvalues p; for j = 1,...,n, are the same as the matrix
A. Moreover, all sub-matrices (R — ;1) are lower triangular since R is lower triangular and the
entire matrix is a block upper triangular matrix.

This system of equations can be solved by forward substitution for the lower triangular block
(R— in. I) to obtain the vector V[.n.) and by backward substitution for the upper block diagonal
matrices. Thus, the lower triangular form of the system of equations (]:2— pin, I)V] n.) = 0 implies
that the elements of V| ,,.} are equal to zero except the last one V},_ .. Indeed the recursive form
of the equations allows to rewrite the system of equations as Z;‘:1 ff; Vim, =0 fori=1,...,n;,
which imply that Vj,, = 0 except for V,_,. where 'z is the element (i,7) of the sub-matrix
(R — pn.I) and 732, = 0 since R and R share the same eigenvalues. According to Proposition

3, this holds under the weaker restriction that only the first sub-diagonal elements are different

from zero which implies that fﬁVan =0 and Z;:i—l ffj Vin, =0fori=2,... n,.
Now, for the next upper block, we have
~ Vi — 0
{(R_an—ll) _Tnz,nz—ll} [ ‘[/{t;z]l]] = [O‘| 5

using the preceding result above for V| , ) yields Vj, 1 = 0 for all j < n, — 1. We can
continue to solve the following upper blocks by backward substitution to obtain that all elements
of the matrix V above the diagonal are equal to zero: (R — piI)Vi j = 0for j = n, and
(R— i)V j) = E?:zjﬂ(ri,jI)V[.,ﬂ for j =1,...n, — 1. The resulting matrix V has all elements
above the diagonal equal to zero which implies that the only admissible orthonormal matrix is

V =TI (up to changes of sign and/or permutation of the identity matrix).

F Proof of Proposition 5.

Consider the following general 2 x 2 symmetric matrix R = pTl where p1, p2 and T are

real numbers and 7 # 0. The eigenvalues are the roots of the following characteristic equation:

p1L— A T
T p2 —

A’ = (P =Np2 =X =72 =N = X1 + p2) + p1p2 — 7°.
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The two roots can be written as Aj o = % [m +po £/ (p1 — p2)? + 47'2}. Since (p1 —po)2+412 >
0, the two eigenvalues are necessarily real. By the expressions of A\; and Ao, there exists an
infinity of values for pi, p2 and 7 that gives the same eigenvalues. In other words, for any
orthonormal matrix V and R = VRV’, the matrices R and R are similar and therefore have
the same eigenvalues. The matrix R is then not identifiable.

Now consider the case where the elements on the diagonal have the same value, i.e. p; =
p2 = p. The two eigenvalues are now given by = A\j2 = p £ 7, so that \; + Ay = 2p and
A1 — A2 = 27. This implies that there does not exist another 2 x 2 symmetric matrix R with
p # p and/or 7 # 7 with 7 # 0 having the same eigenvalues as matrix R. In this particular

case, matrix R is then locally identifiable.

G Proof of Proposition 6.

We can consider cases with a block diagonal matrix R with blocks corresponding to the two
R 0
0 Re
different elements on the diagonal and Ry is any (n.2 X n.2) matrix with z; + 22 = z. In this
I 0

O Van XN z2

first 21 exogenous processes are then locally identified. Matrix R could be also lower triangular.

preceding cases. For example R = l ], where R is a (n,1 X n,1) diagonal matrix with

case, matrix V' has the form V = [ , where V,,_,xn_, is an orthonormal matrix. The
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Additional Online Material

A Presence of Unobserved Endogenous State Variables

We investigate the the case of a vector X; consisting of both observed, Y;, and unobserved state
variables, K; (i.e. X; = (K;,Y;)"). This implies, in particular, that II,; is not necessarily equal
to the identity matrix, and, more importantly, that II,. # 0. The standard RBC model studied
in McGrattan (2010) is a typical example of such a situation as the capital stock may not be
directly observed (or at least not without measurement errors) by the econometrician. In that
case, the model takes the form of System (2).

As for the previous case, we impose that Y; has the same dimension as Z; (n, = n,). We
consider the case where Z; consists of at least two elements and where there are not more state
variables than elements in Z;. For simplicity, we take K; to be of the same order as Z; and
impose that G is of full rank. Moreover, we also assume that F, IL,; and (F’ , H;Z)/ are of full
rank. Note that this does not preclude II,. from being less than full rank and even possibly
Zero.

Making use of these assumptions, the dynamics of Y; can be expressed as
Y= CYiy + CaZy + CsZy (30)

where C7 = HykGHy_kl, Cy =11, and C5 = II(F — GH;leyz). The issue is then whether,
when R is diagonal (or lower triangular), C1, Cy, C3 and R can be identified.?*
Making use of the Z; process in (30), it is easy to show that the vector of observed variables

Y; follows a VARMA(2,1) process of the form
Y, = (DRD™' 4 C1) Yi-1 = DRD™'C1Y; 5 + Coey + (D — DRD ™' Ch)er 1.

where D = C3+ CoR. The matrix D be invertible under the assumption of linear independence
of C's and (.

As in the previous case, counting the number of coefficients to uncover and the number
of moments the VARMA(2,1) structure offers, we recover that imposing a lower triangular
structure on R provides us with the right number of restrictions. Note that this does not
generically guarantees identification, as the system that needs to be solved features a quadratic

term implying that a pair of solutions generally arise. However, as long as R is sparser than

Z4Note that while G, F and ITy cannot (in general) be identified separately. This is however not an issue as
far as the identification of the structural impulse responses is concerned as all that is needed is the identification
of R and C's. Indeed, we will identify HykGH;kl, Iy F, II,. and R.



a triangular matrix, the system features more equations than unknowns. The order condition
is then clearly satisfied (in fact, it is over-identified). As before, checking the rank condition is

non trivial, and we follow another strategy in the paper to formally prove identification.

B Partial Identification: An Example

Let us consider the textbook 3-equation NK model developed in Example 1 in the main text and
let us introduce a monetary policy shock, labeled z3;, that exogenously shifts the interest rate
set by the monetary authority —i.e. 7y = aym + 23;. To ease exposition, we assume that the
two shocks 21, and 2y, are not serially correlated, while third one z3; is. As will be clear later,
the two serially uncorrelated shocks cannot be separately identified, whereas the third one one
can be identified as long as it is serially correlated. Just as in Example 1, assuming the Taylor

principle holds, the model can be solved forward and yields the state-space representation
}/t = HyzZta
where II,, is the (3 x 3) matrix

T M2 T3
IL,, = |mo1 w2 23

33 732 733
The vector Y; = (¢, m¢,4¢)" collects the three endogenous variables and Z; = (214, 22,4, 23,¢) is
the vector of the three structural shocks. Given our assumptions on the dynamics of the shocks,

Z; evolves as

0O 0 O €1t
Zy=RZi_1+¢e where R=10 0 0| and & = |eay
0 0 P €3t

gt is a zero mean weak white noise and E(egie}) = I3.
Similarly to Example 1, the moving average representation of output (likewise for the infla-
tion rate and the nominal interest rate) writes

o0

i
Yt = M11E1t + T12€2,¢ + 713 ZP €3,t—is
i=0

from which we get the output auto-covariance functions as

2
T
7y (0) = 72 + 7y + 7 _13[)2 when h =0,
2 h
T3P
Yy(h) = - when h > 0.

The persistence parameter p can be directly identified by computing the ratio v, (h + 1)/v,(h)
for h > 0, which is free from any parameter m13. Given p, the direct observation of -, (h), for
any h > 0, allows to recover parameter w13 (up to a sign term). In other words, the effect

of a monetary policy shock on output is identified. Applying the same procedure on inflation



and the nominal interest allows for the identification of 793 and w33 (up to a sign term). It
is therefore possible to identify the monetary transmission mechanism for all variables in the
D-SVAR model.

Note that, on the contrary, the knowledge of 7, (0) only helps identify the sum 7%, 4+ 77,, not
m11 and 712 separately, In other words, the effect of two remaining shocks e ; and 24 cannot be
separately identified. The reason for this result is that the dynamics of these two shocks do not
bring any information to disentangle them. This result obviously extends to the inflation rate
and the nominal interest rate. This example simply illustrates that one shock can be identified

in so far as it displays a dynamic structure that differs from the other shocks in the economy.

C Data Appendix
C.1 Data from Section 2.3

« Real GDP is measured as the ratio of Gross Domestic Product in value (Table 1.1.5 from
BEA) divided by the GDP price index (Table 1.1.4 from BEA), and is expressed in per
capita term by dividing by the Civilian non-institutional population from 16 years of age
and older residing in the 50 states and the District of Columbia (CNP160V in the Federal
Reserve DataBase (FRED, http://fred.stlouisfed.org)).

e The unemployment gap is measured as the difference between the average unemploy-
ment rate over a quarter (UNRATE from FRED) and the natural rate of unemployment —
i.e. the rate of unemployment arising from all sources except fluctuations in aggregate
demand (NROU from FRED).

C.2 Data from Section 5.1

The data from Section 5.1 are borrowed from Gertler and Karadi (2015) and are downloadable

from http://doi.org/10.3886/E114082V1

e The price level is measured by the Consumer Price Index for all urban consumers
(CPIAUCSL from FRED, All Ttems in U.S. City Average)

o Economic activity is measured by the industrial production index (INDPRO from FRED)

e The nominal interest rate is measured by the Market Yield on U.S. Treasury Securities

at 1-Year Constant Maturity (GS1 fom FRED)

o The credit spread is measured by the Gilchrist and Zakrajsek (2012) excess bond pre-

mium.

e The external instrument corresponds to the three month ahead monthly fed funds
futures (FF4 from Gertler and Karadi (2015))

The price level and the economic activity index are both expressed in logs prior to estimation.


http://fred.stlouisfed.org
http://doi.org/10.3886/E114082V1

C.3 Data from Section 5.2

o The nominal interest rate is measured by the Effective Federal Funds Rate (DFF from
FRED).

e Output is measured as the Real Gross Domestic Product expressed in Billions of Chained

2012 Dollars (GDPC1 from FRED, Quarterly, Seasonally Adjusted Annual Rate).

e The price level is measured by the Consumer Price Index for all items for the United

States (CPALTT01USM661S from FRED, Index 2015=100, Quarterly, Seasonally Adjusted).

e The unemployment rate corresponds to the quarterly average of the monthly unem-

ployment rate in the US (UNRATE from FRED, Percent, Quarterly, Seasonally Adjusted)

o The commodity price is the Producer Price Index of all commodities (PPIACO from
FRED, Index 1982=100, Quarterly).

Output, the Price level and the commodity price are all transformed by applying the log function

prior to estimation.



D The Bivariate D-SVAR of Section 2.3

As is well-know (see, e.g. Fernald (2007)), Blanchard and Quah (1989) identification is sensitive
to the long-run properties of the variables since it requires the estimation of the spectral density
of, at least, one variable at frequency 0 —an object which is usually hard to estimate and at
best very imprecise. This makes this approach quite non robust in case of trend breaks. The
Great Financial Crisis (GFC) of 2008 presents the econometrician with such a challenge, as

illustrated in Figure 6.
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Figure 6: Output per Capita (in logs)
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Figure 7: Impulse Response Functions: 1960Q1-2019Q4

As illustrated in Figure 7 and Table 3, when the sample period is extended up to 2019Q4,
the dynamic implications of the two shocks €; and €2 essentially remain unaffected both for

output and the unemployment gap. €1 can still be interpreted as the “permanent” shock, €9 as



Table 3: Forecast Error Variance Decomposition, Extended sample 1960Q1-2019Q4

Output Unemployment gap
Horizon &3 €9 Ep ET €1 €9 Ep ET
1 277 723 79.7 203 16.8 83.2 1.6 984
4 206 794 726 274 4.7 953 17.0 83.0
8 21.9 781 73.7 26.3 2.6 974 25.0 750
20 326 674 815 185 2.0 98.0 285 715
00 65.8 34.2 100.0 0.0 2.0 98.0 286 T71.4

Sample is 1960Q1-2019Q4. Estimation is done with (Ay,u) using two lags, where y is the real GDP and w is the
unemployment rate gap. €1 and €2 correspond to the D-SVAR, ep and er to Blanchard and Quah (1989).

the “transitory” shock, and the shape of the response of both output and the unemployment
gap to both shocks and the associated forecast error variance decomposition are essentially
unaffected by the shift to the extended sample. Things are different in so far as the BQ
decomposition is concerned. The black dash line in Figure 7 reports the dynamics of output
and the unemployment gap to both the permanent and transitory shocks, as recovered by BQ’s
identification. As evident by comparing Figures 1 and 7 the response of both variables to the
permanent shock are largely affected by the extension of the sample. More strikingly, this
extension leads to a reversal in the respective contribution of the shocks to output dynamics:
the permanent shock now becomes the main driver of output dynamics (see Panel (b) of Table
1). As soon as output dynamics is corrected for the trend break, the responses to a permanent
shock resembles those to €1 in our VAR. Figure 8 shows that, correcting for trend breaks leads
to an increase in the correlation between BQ shocks and the shocks as identified by the D-
SVAR (from 0.85 to 0.95). The gains from the dynamic identification are then clear: by not
directly relying on long-run restrictions, the D-SVAR is much less sensitive to breaks in variables

featuring a trend.
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E Additional Material for Section 5.1
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F Additional Material for Section 5.2
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response to shock €4 in the D-SVAR. Shaded area: + 1 standard deviation around average D-SVAR response
obtained from 1,000 Bootstrap replications. Sample is 1965Q1-2007Q4.

Figure 10: IRFs to Christiano et al. (1999) monetary policy shock and D-SVAR’s shock €5
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Figure 11: IRFs to Christiano et al. (1999) monetary policy shock and D-SVAR’s shock &3
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Black line: response to a monetary policy shock, as identified following Christiano et al. (1999). Grey line:
response to shock €4 in the D-SVAR. Shaded area: + 1 standard deviation around average D-SVAR response
obtained from 1,000 Bootstrap replications. Sample is 1965Q1-2007Q4.

Figure 12: IRFs to Christiano et al. (1999) monetary policy shock and D-SVAR’s shock ¢4
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Figure 13: IRFs to Christiano et al. (1999) monetary policy shock and D-SVAR’s shock €5

Table 4: Correlation between CEE’s MP Shock and DSVAR Shocks

€1 €2 €3 €4 €5
Corr 0.928 -0.005 -0.342 0.094 0.097

p(0) 0.000 0.986 0.353 0.695 0.652
p(l) 0.665 0.013 0.015 0.035 0.011

Note: Corr reports the correlation between the CEE Monetary Policy Shock and each of the shock as identified
by our DSVAR. p(0) (resp. p(1)) reports the p-value associated to the Wald test of a unit (resp. zero) correlation
between the CEE Monetary Policy Shock and each of the shock as identified by our DSVAR. This p-value is
obtained by means of 1,000 bootstrap, so as to accommodate for the fact that both shocks are generated by an

estimated VAR model and are hence contaminated by the uncertainty surrounding the estimated coefficients of
the VAR.
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Table 5: Forecast Error Variance Decomposition of (in %)

Christiano et al.(1999) D-SVAR

Horizon ER €1 €9 £3 €4 €5

Nominal Interest Rate

1 66.79 74.37 20.16 0.09 1.50  3.89
4 26.03 42.62 37.11 19.00 0.32 0.94
8 17.74 34.46 29.15 19.75 5.36 11.28
20 13.39 31.30 27.11 21.18 7.42 12.99
Output

1 0.00 6.08 11.72 14.39 4.77 63.04
4 2.47 3.01 9.65 1592 7.38 64.04
8 5.47 3.22 547 892 738 75.01
20 5.95 3.48 412 6.23 4.81 81.36
Price Index (CPI)

1 0.00 2.16 0.30 40.50 b55.86 1.17
4 1.80 9.12 480 40.62 44.78 0.68
8 1.04 8.83 4.36 46.40 39.72 0.70
20 0.23 5.44 1.66 46.05 45.27 1.58

Unemployment

1 0.00 5.61 50.38 29.17 14.64 0.20
4 0.46 6.51 3746 29.12 21.81 5.11
8 5.70 593 25.66 21.69 29.76 16.97
20 6.47 13.22  20.87 22.49 28.28 15.14
Commodity Price

1 0.00 0.37 3740 0.42 61.19 0.62
4 0.37 0.89 29.19 R8.12 61.34 047
8 0.13 0.56 21.06 12.05 65.98 0.35
20 0.49 0.14 9.86 12.86 76.95 0.19

In this table we compare the variance decomposition as obtained by Christiano et al. (1999) for their monetary
policy shocks and for the five shocks of the D-SVAR. Sample is 1965Q1-2007Q4.
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G A Two-Country VAR

In this section, we consider the modelling of a 2-country VAR featuring the log-difference of
US GDP and residual of the cointegration relationship (1,-0.63) between the Euro Area and
US real GDP for the 1995Q1-2019Q4 period as reported by OECD (https://stats.oecd.
org/, VPVOBARSA, US Dollars, volume estimates at fixed PPP, seasonally adjusted). In this
example, we illustrate how the D-SVAR allows to recover a shock structure a’ la Backus et al.
(1992) involving dynamic symmetric spillovers. More precisely the shock process is assumed to

take the form
24t p Vv .
7 = (zm> = [ p} Zi1 + & with e~ N (02, I2),

t V
where v captures the dynamic spillovers. Both the AIC, BIC and Hannan-Quinn information

criteria led us to select a VAR(2) specification. The D-SVAR identification then leads to a value
of p=0.43 and v = 0.20. The loading matrix II,. then takes the form

M. — 0.498  0.053
Y= 1-0.229  0.360

The forecast error variance decomposition of levels is reported in Table 6.. While the US shock
explain essentially all of US GDP, it accounts for less than 5%the Euro volatility in the very
short-run and 56% at the 20 quarters horizon. In other words, in the very short-run, the US and
Euro Area economies are essentially insulated from each other, while the shocks are transmitted
in the medium run. Figure 14 reports the IRF of US and Euro GDP to both shocks. These IRF
confirm and illustrate the broad picture conveyed by forecast error volatility decomposition: US
and Euro GDP only responds to their respective shocks on impact, and are essentially insulated
from exogenous developments in the other economy in the very short-run. This is actually
slightly contrasts with an identification of the US shock as the only shock that affects US GDP
on impact. In that latter case, the US shock is transmitted faster to the Euro Area: the US
shock accounts for about 10% of the Euro output volatility on impact and about 40% after 1
year (30% in our case). In the longer run, the Cholesky decomposition indicates that while
the US economy is essentially not affected by Euro shocks, US shocks account for 60% of GDP

volatility in the Euro Area.
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Table 6: Forecas

t Error Decomposition

US GDP Euro Area GDP

Horizon — e}®  ef“ ey’ egure
D-SVAR

1 98.9 1.1 4.6 95.4
4 96.4 3.6 29.3 70.7
8 97.8 2.2 40.9 59.1
20 93.6 6.4 60.8 39.2
Short-Run Restriction

1 100.0 0.0 10.0 90.0
4 99.6 0.4 38.3 61.7
8 96.7 3.3 56.5 43.5
20 68.7 31.3 67.0 33.0

The variance decomposition is obtained from a bivariate D-SVAR or a SVAR with a short-run restriction. Vari-
ables are the log-difference of US GDP and the residual of the cointegration relationship (1,-0.63) between the
Furo Area and US real GDP. Sample is 1995Q1-2019Q4.
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These IRFs are obtained from a bivariate D-SVAR

or a SVAR with a short-run restriction. Variables are the

log-difference of US GDP and the residual of the cointegration relationship (1,-0.63) between the Euro Area and

US real GDP. Sample is 1995Q1-2019Q4.

Figure 14: Impulse Response Functions: US vs Euro Area
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