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1 Introduction

Communicating uncertainty about one’s conclusions is a fundamental task of scientists.
Within empirical economics a conventional approach is to report a statistic, often a stan-
dard error, alongside the point estimate of a target parameter (Athey and Imbens, 2023).
An important question is whether, and when, this convention accurately conveys the
uncertainty about the target parameter.

In this paper we propose to approach the problem of communicating uncertainty
about a target parameter from a Bayesian perspective. Theoretically, we argue that this
perspective leads to a natural notion of what is a “good” summary of the uncertainty
about the target parameter. Practically, we argue that this perspective leads to a widely
applicable toolkit for diagnosing and addressing failures of the conventional report.

We begin with the theoretical question of what constitutes a good summary of un-
certainty for a Bayesian audience. We formulate this question in a model of statistical
communication following |Andrews and Shapiro| (2021). An analyst makes a report about
a target parameter to an audience of agents. Each agent faces a decision problem with
an associated loss function, and holds a prior in a density ratio neighborhood of some
central prior. Different agents may face different decision problems and hold different
priors, reflecting heterogeneity in the uses of scientific knowledge. Nevertheless, well-known
results imply that reporting the central posterior that results from updating the central
prior is as good—in terms of the loss it induces—as reporting the full data.

We ask what harm is done if, instead of reporting the central posterior, the analyst
reports an approximation to it, and the audience treats the approximation as if it is exact.
For an agent with a given prior and loss, we measure the harm by the agent’s posterior
regret: the expected loss from the action they will take based on the approximation, minus
the expected loss from the best action they could take given the data. We establish a
fundamental bound on the posterior regret. The bound has an intuitive economic structure,
and is sharp when the agents’ decision problems are sufficiently rich.

We turn next to the question of when to accept a given conventional report, such
as a point estimate and standard error. We allow that there is a benefit to reporting a
conventional approximation to the central posterior, for example because of the convention’s

simplicity and familiarity. Our theoretical results suggest a natural procedure for the analyst



to follow in this case. Compute the conventional report, the central posterior, and the
implied regret bound. If the regret bound is smaller than the benefit of adhering to the
convention, make the conventional report. If the regret bound is larger than the benefit
of adhering to the convention, report the central posterior. This procedure ensures that
the audience’s regret is no greater than the benefit of adhering to the convention.

To make this procedure a practical one, we need three ingredients: a conventional
report, a class of audience decision problems, and a central posterior. For the conventional
report, we focus on the practice of reporting a point estimate and standard error, which
we model as reporting a normal approximation to the central posterior. We motivate
this convention by recalling that Bernstein-von Mises (BvM) theory establishes a range
of conditions on a prior and parameter under which the corresponding posterior is well
approximated by a normal distribution in large samples. If the central posterior for the
target parameter satisfies the conditions for a BvM theorem, then well-known results imply
a variety of senses in which a normal distribution parameterized by the point estimate and
standard error is a good approximation to the central posterior.

For the class of audience decision problems, we focus on the case where agents’ loss
functions and density ratio functions are bounded and of bounded increasing and decreasing
variation. We argue that this class is sufficiently inclusive for use in practice. Under the
proposed assumption, we prove that the bound on regret is itself bounded, both above
and below, by scalar multiples of the signed Kolmogorov (SK) metric between the central
posterior and the conventional approximation. The SK metric measures the distance
between two distributions on the real line by adding together the magnitudes of the largest
positive and negative vertical distances between their CDFs. Conveniently, the SK metric
can therefore be read directly off of a p-p plot.

For the central posterior, the analyst may have a subjective prior whose implied
posterior can serve in this role. To accommodate the remaining (and, we suspect, many)
situations where this is not the case, we extend our results to show that if the analyst uses
a surrogate central posterior that is close to the central posterior, the bounds we derive
continue to apply up to a slack term that depends on the difference between the surrogate
central posterior and the true central posterior.

We propose to use the Bayesian bootstrap distribution (Rubin! {1981} |Gasparini| 1995,

Chamberlain and Imbens 2003) as a default surrogate central posterior. We characterize



two situations in which this is reasonable. One situation is where the central prior is a
Dirichlet process, in which case existing results show that the Bayes bootstrap distribution
is the limit of a sequence of posteriors as the informativeness of the prior becomes low.
We adapt these results to show conditions under which the Bayes bootstrap distribution
is close the central posterior in the relevant metric. The other situation is where the
target parameter is a functional of some other parameter, for example the CDF of the
data or a vector of regression coefficients, that obeys a BvM theorem under both the
bootstrap distribution and the central prior. In that case, we show that the Bayes bootstrap
distribution serves as a surrogate with high probability as the sample grows large. Under
these same conditions, we show that the Bayes bootstrap distribution is similar to that
of other weighted bootstraps, such as the nonparametric bootstrap, so that these other
bootstraps can reasonably be used when more convenient.

We thus arrive at a practical recipe for researchers in empirical economics. Calculate
the point estimate and standard error. Sample from a bootstrap distribution. Make a
p-p plot comparing the two distributions. If the distributions are close in SK metric,
make the conventional report. If not, report the bootstrap distribution directly, for ex-
ample with a histogram or CDF. An accompanying Python package and web app called
BootstrapReport facilitate adoption.

We illustrate practicality by applying the recipe to the universe of articles in the 2021
American Economic Review which bootstrap some target parameter, and for which we were
able to recover bootstrap replicates. These articles cover a wide range of fields and methods.
Our proposed approach applies readily to all of them. For some target parameters, the
conventional report approximates the bootstrap distribution well. For others, it does not.
The quality of the approximation can differ meaningfully even across different parameters
targeted in the same article.

This paper makes two main contributions. The main theoretical contribution is a set of
novel bounds on the posterior regret from reporting an approximate central posterior to an
audience of decision-makers who believe they have received an exact report[] In addition
to those we explore here, these bounds may have other uses. For example, in situations

where the analyst performs an explicitly Bayesian analysis, and wishes to provide a low-

LOur focus on communicating a useful summary of data to an audience of decision-makers is related
to research on omniprediction (e.g., |Gopalan et al.|[2022) and sequential calibration (e.g., Noarov et al.
2025)), though our setting, problem statement and, consequently, proposed solutions, are different.


https://github.com/JMSLab/BootstrapReport
https://jmslab.shinyapps.io/bootstrapreport/

dimensional summary of the posterior distribution for a target parameter (e.g., a posterior
mean and standard deviation), our results can be used to bound the harm from doing SOE|

The main practical contribution is a procedure for evaluating the quality of a normal
(or other) approximation to the uncertainty in an estimated parameter. Previous work
in the frequentist tradition (e.g., Beran, [1997; |Zhan, 2018; Angelini et al., 2022, [2024)) has
proposed using a bootstrap to diagnose failures of conventional asymptotic approximationsﬁ
In contrast to this work, and to much other previous work on uncertainty quantification in
economics, our approach neither aims for, nor achieves, frequentist guarantees such as size
controlﬁ Instead, our approach focuses on limiting the potential for bad decision-making
by Bayesian agents treating the reported approximation as a central posterior.

There are two main reasons we believe the Bayesian communication perspective we adopt
here is useful for empirical economics. First, the description of agents who treat the scientist’s
report as a summary of a revised belief (posterior) about the target parameter matches
well with how we and, we suspect, others, consume empirical research. Second, the use of a
Bayesian perspective allows us to make certain statements without reference to asymptotic
or other approximations. In particular, if the bootstrap distribution differs meaningfully
from the default report, our results establish that there exists some agent who would be
meaningfully better off basing their decision-making directly on the bootstrap distribution.

Wide applicability of our procedure does require substantive assumptions. When these
assumptions are reasonable, our procedure affords a recipe for quantifying uncertainty
about a target parameter without assuming approximate normality of the sampling dis-
tribution of the estimator, and without specializing the recipe for particular use cases.
This is in contrast to the large frequentist literature on failures of the conventional normal

approximation, which requires specialized treatments depending on the nature of the target

2Cohen and Einavi (2007), for example, summarize many marginal posterior distributions with two
statistics, the posterior mean and standard deviation. |Smets and Wouters| (2007) summarize with four
statistics, the mode, mean, and 5th and 95th quantiles. In each case, if we think of these statistics as
parameterizing some family of approximating distributions, our bound can be used directly to evaluate
the quality of the resulting approximation to the sampled posterior.

3See also [Cavaliere et al.| (2025). Previous work in the frequentist tradition also recommends reporting
richer bootstrap information than the standard error (see, e.g., Efron |1982, Hall||1992, and Hahn and
Liao||2021). [Wang (2025)) suggests diagnosing approximation failures for GMM via a comparison to a
quasi-Bayes posterior distribution.

4Indeed, for the frequentist goal of describing the sampling distribution of the target parameter, results
in [Singh| (1981)) and Weng (1989) suggest that the nonparametric bootstrap is more accurate than the
Bayes bootstrap that we recommend as the default surrogate for the central posterior (see also [Hall|[1992).



parameter and the reason for the failure of the conventional normal approximation, and
which aims at goals, such as size control, that differ from those we pursue here.

The remainder of the paper is organized as follows. Section [2 introduces our commu-
nication framework and our main theoretical result bounding the regret from reporting
an approximate posterior. Section |3 introduces the conventional report and the procedure
to control regret. Section [ introduces the class of audience decision problems, and the
theoretical results, that justify the use of the SK metric. Section [] introduces the idea of
a surrogate central posterior and develops the use of the bootstrap in this role. Section
[0] presents the findings from our census of articles in the 2021 American Economic Review
that use the bootstrap. A running example throughout the article serves to illustrate the
main ideas and limitations. An Appendix contains proofs of all results stated in the main
text. A Supplemental Appendix contains additional theoretical results, illustrations for

the running example, and findings from the bootstrap census.

2 A Bound on Regret from Approximate Posterior Reports

In this section we lay out our abstract framework, which follows ideas in [Andrews and
Shapiro (2021). We use the framework to derive a fundamental bound on the regret from
reporting an approximate posterior belief on the target parameter. We develop practical

implications in later sections.

2.1 Communicating a Posterior Report

Consider an analyst who observes data X € X'. The analyst reports some function of the
data to an audience of agents, who each must take an action aEAE] The consequences of
each agent’s decision depend on the value of an unknown target parameter 6 € ©. Specif-
ically, each agent is endowed with a loss function L: Ax©—[0,A] in some class L, so that
an agent with loss function L € L who takes action a € A realizes loss 0< L(a,0) <A< o0
when the target parameter’s true value is # € ©. The assumption that the loss is bounded

by A implies that the decisions taken based on the research findings have bounded stakes.

5As the dimension of A is unrestricted, the assumption that all agents share a common action space
A is without loss of generality.



Each agent is further endowed with a prior 7€ A(© x X) that is dominated by some
central prior . We can describe the agent’s prior with a marginal prior 7(6) € A(©) on
the target parameter, and a conditional prior 7(X]0) € A(X) on the data given the target
parameter. We assume that each agent’s conditional prior given 6 agrees with that of
the central prior, so that (X |0) =7*(X|0) for all @ € OF| All prior disagreement in the
audience therefore concerns the marginal prior, and we can compactly describe any prior

7 by a density ratio function w(#) = 4= (f). We let W denote a class of such density ratio

drm*

functions, weW. We assume that the class W includes w(f) =1, which corresponds to

an agent whose prior agrees with the central prior.

Example. (Get out the vote.) Our running example follows Nickerson et al.| (2006). The
analyst observes the results of an experiment in which (N TN C) citizens are chosen at
random to either receive (T") or not receive (C') a phone call encouraging them to vote. The
data consist of the number X = (X X C) of citizens in each group who vote. All agents
believe that the data are independently binomially distributed according to X7|NT,3% ~
B(NT,f") and X¢|NY 3%~ B(N¢ %) where 57,5 €[0,1] are probabilities.

The agents in the audience are campaign managers for local candidates who must
decide what share a€[0,1]=.A of a fixed budget to devote to phone calls instead of other
campaign activities. For a given campaign manager, the loss L(a,0) € [0,1] is the probability
that their candidate is defeated.

The loss depends on the effectiveness of a phone call, which is encoded in the prob-
abilities (BT,BC). If the target parameter 6 is maximally rich, 8 = (BT,ﬂc), then the
assumption that all disagreement concerns the marginal prior is without loss. If instead the
parameter of interest is more restrictive, then our assumptions on the form of disagreement
are more substantive.

To illustrate, suppose that the loss depends on §7¢ =7 — 3¢ €[—1,1]=0, the effect
of a phone call on the probability of voting. Suppose further that, under the central prior
7, we have that 7 ~U[6,1], for >0 a small value, and 5|07 ~U[0,1—67“], which

HTC

together suffice to also describe 57| and therefore, given the binomial likelihood, the

distribution of the data X. Figure [I] depicts the density implied by the central prior.

SHere and throughout, we use () and 7(X|0) as shorthand for the measures 7 (B) for B C ©
and 7x|g (B|9) for B C X, respectively. Other similar notation may be read analogously, and our
assumption that each agent’s conditional prior agrees with that of the central prior may be read as
WX‘Q(Bla):TF;(IG(BW) for all measurable sets BC X.

7



Figure 1: Central prior in the example

Probability of voting in control group (8°)

Effect of a phone call (§7¢) 1

Notes: The plot shows the density of the joint central prior on the probability 3¢ of voting for
citizens in the control group, and the effect 7 of a phone call on the probability of voting.

Under the assumption that 7 (X|0) = 7* (X0), audience members all agree that
BC0TC¢ ~ U [0,1—-67C], but may disagree that 67 ~U[6,1]. Notice that, under all such
prior distributions, we have that 37 > 3%a.s., i.e., that the intervention increases turnout.

Certain forms of disagreement can be incorporated directly into the loss function, rather
than the prior. Suppose, for example, that a particular campaign manager believes that the

67¢ overstates the true causal effect of a phone

experiment is not externally valid, so that
call by a factor of 7>1. We can write such a manager’s loss as L(a,07) = L(a,07 /n)

for L a loss that is parameterized by the true causal effect 7€ /n. A

What remains is to describe the analyst’s report. The analyst’s information consists of
the data X. If an agent with prior © were to directly observe the data X, their posterior
belief about the target parameter would be 7 (0|X). It follows that, from the agent’s
standpoint, no report can improve upon a report of 7(#|X). Importantly, the same is also
true of a report that consists of the central posterior 7(0|X). The reason is that each

agent’s posterior is just a reweighting of the central posterior, i.e., m(0]X) ocw(0)m* (6| X)]]

"Here and throughout, we use w(f)7*(6|X) to denote the measure defined by p(A)= [, w(f)dr*(0|X)

8



This is a classical justification for reporting posterior distributions (see, e.g., Raiffa and
Schlaifer 1961} |Hildreth| 1963, and Geweke |1997)).

A leading possibility is, then, that the analyst reports 7*(0|X). For reasons we discuss
below, the analyst may instead prefer to report some other distribution 7*(6|.X), for ex-
ample as an approximation to 7*(6|.X). We assume that 7*(6|X) is absolutely continuous
with respect to the central prior 7*, and denote by A, «(©) the set of such distributions.
We next measure the harm to the agents if 7%(0|X)#7*(0|X).

2.2 Regret from an Approximate Posterior Report

We assume that each agent treats the analyst’s report as if it is a report of the central
posterior 7*(0|X). Each agent therefore forms their perceived posterior belief 7(6|X), with
7(0|X) cw(0)7*(0) X)), by reweighting the report. Each agent then seeks to minimize their

perceived posterior expected loss Eqg)7+(gx) [L(a,@)]ﬁ A perceived optimal action is then
ac argnjinEw(g),}*(g‘X) [L(aﬁ)] .
ac

For concreteness, we proceed here as if an optimal action exists. The proofs in the Appendix
cover the more general case where an optimal action may not exist, in which case the
bounds we derive below continue to hold up to an arbitrarily small slack term.

If the analyst’s report differs from the central posterior, an agent’s perceived optimal
action a may differ from their true posterior optimal action conditional on the data. We
define an agent’s posterior regret to be the increase in expected loss from taking the perceived
optimal action a rather than the true optimal action. Formally, given data X € X', an

agent with loss L € £ and density ratio w €W has regret from the report 7(6|.X) given by

R(7*(01.X); X, Lw,m™) = Eyg)r=(01x) | L(0,0)] —minE., gy o1 x) [ L(a,0)],

acA

where, importantly, both expectations are taken with respect to the agent’s true posterior

for measurable AC©.
8Here and throughout, for any measure 1 on © and any function f:© — R, we let the operator

E,[f(0)]= % denote the expectation of f with respect to the normalized measure s/ [odyi(6).
€]

If  is a probability measure, so that [ydu(f)=1, then E,[] corresponds to the usual expectation.



m(0]X) ocw(f)7* (0] X) F]

2.3 A Fundamental Bound on Regret

Our goal is to bound R(7*(0|X);X,L,w,m*). As notation, for any class F of functions
Y xO—=R, we let F()) denote the class of functions formed by fixing a value of y €Y and
a function f € F, i.e., functions of the form f(y,-), and we let f()) CF()) denote the set of
such functions formed using a particular f € F. For ease of exposition, we suppose that the
set of pairs of expectations of differences of pairs of functions in £(.4) under the true and
perceived posteriors is compactﬂ If this condition fails, as we discuss in the Appendix the
sharpness result that we state below continues to hold up to an arbitrarily small slack term.

We then have the following result.

Theorem 1. (Fundamental bound on regret) For any report 7*(0|X) € A+ (©), data X € X,
loss L€ L, and density ratio w €W, the regret R(7*(0|X);X,L,w,m*) is bounded above by

R(7*(0|X);: X, LW,m*) = sup Eow0)r (013 [(1(0) — Lo (0)]
L1,boEL(A),weEW

s.t. Euo)ae(o1)[€1(0) —£o(6)] <O0.

Moreover, there exist w € W and L : A x © — R such that L(A) C L (A) and
R(#*(0)X);X,Lw,m*) = R(7*(0] X ;X .LW,7").

Intuitively, the regret bound R measures the difference between the approximation
7*(0|X) and the true central posterior 7*(0|X), an interpretation that we return to later.
To motivate the form of the bound, observe that if we fix an action a € A, any loss function
L € £ implies a function ¢(§) = L(a,f) only of the target parameter. Consider an agent
choosing between actions ay and a;, with corresponding ¢y,¢; € L(.A). The worst case for
this agent arises when ¢; has a weakly lower perceived posterior expectation than ¢y, but

a much larger true posterior expectation, since in this case the agent is willing to make

9If multiple optimal actions & exist, we consider the selection among them that yields the largest
regret, i.e., the selection that maximizes the value of E, )= (x)[L(a,0)].
10That is, we assume that the set

{Ew(é))ﬂ-* (91X) [61 (9) —fy (0)]7Ew(9)7}* 0]X) [61 (9) —{y (0)] 1,0y € ﬁ(A),w S W}

is compact.

10



a choice yielding a large regret. The proof of Theorem [1| shows that characterizing the
worst-case two-action decision problem is sufficient to bound the regret over all decision
problems. The theorem also states that the bound is sharp in the sense that, if the audience
is sufficiently rich, then there exists some agent whose regret achieves the bound.

The bound R(7*(6|X);X,L£,W,7*) can be practical to work with in some cases. For ex-
ample, when £(.A) is convex and w(#) =1, the bound solves a convex programming problem.
When |©| <oo the program is finite-dimensional. When |©| =00 the program is infinite-
dimensional, but approximation methods exist under suitable restrictions on £(.A) (see,
e.g., Devolder et al.|[2010). When w() is non-constant, the program becomes non-convex
but may remain tractable in some situations. As we seek a method that is generally compu-
tationally light, we prefer to offer a bound that can be read directly from the distributions

7*(0|X) and 7*(A| X). We later derive such a bound based on an integral probability metric.

Remark 1. Theorem (1] fixes a particular realization of the data and imagines that agents
treat the analyst’s report 7%(0].X) as if it is a report of the central posterior 7*(0|X). We
may instead imagine that, as in |[Andrews and Shapiro (2021)), the analyst commits in
advance to a reporting procedure and each agent updates according to Bayes’ rule with
full knowledge of the procedure. In that case, Supplemental Appendix [A] shows that each
agent’s expected regret is bounded above by the agent’s expectation of the bound derived

in Theorem [T} though this bound is not sharp.

3 Controlling the Regret from a Conventional Report

Within empirical economics, it is conventional to report a point estimate and standard
error (Athey and Imbens| 2023)). Scientific conventions are often imperfect but they do
have value, for example because of their simplicity and familiarity (see, e.g., the discussion
in Benjamin et al.2018). Here, we consider the situation of an analyst who values adhering
to a convention but wishes to limit the harm from a poor approximation. We show how
the analyst can use the bound in Theorem [I] to balance these goals. Lastly, we formalize
the convention of reporting a point estimate and standard error as a normal (Gaussian)
approximation to the central posterior, and discuss how this convention can be justified

via Bernstein-von Mises theory.

11



3.1 A Procedure for Controlling Regret

Consider the situation of an analyst who must choose between reporting the central poste-
rior (6| X’) and reporting some particular approximation 7°(0|X) € A,«(©) prescribed by
convention. There is an intrinsic value of £ >0 to reporting the conventional approximation,
in the sense that, all else equal, each agent would be willing to accept an additional loss
of k>0 to receive the conventional report.

We continue to assume that agents treat any report as if it is a report of 7*(0|X), and
update accordingly. This may be because agents trust that 7°(9|X) approximates 7*(6|X),
or because agents find it difficult to compute the posterior (9]7°(0|X)) that results from
updating their beliefs directly from the conventional report.

The analyst seeks a procedure that, for any X € X, satisfies the following criteria:

(C1) The analyst reports 7°(6|X) only when the regret from doing so is no more than

r for all agents.

(C2) The analyst reports 7*(A|X) only when the regret from reporting 7°(6| X) exceeds

k for some agent.

A procedure that satisfies Criterion avoids using the conventional report when doing
so imposes, on some agent, regret that exceeds the intrinsic value x of adhering to the
convention. A procedure that satisfies Criterion conserves the conventional report
when doing so does not impose a large regret on any agent.

Consider the following procedure for the analyst.

12



Procedure 1 Controlling regret from a conventional report

e Calculate

— central posterior 7(0| X))
— conventional approximation 7°(6|X)
— regret bound R(7°(0]X); X, LW, 7*)
e Choose threshold 7
e Report threshold 7 and
— 70| X)=7(0|X) if R(7°(0|X);:X,LW,m*)<T
— (0| X)=n*(0|X) otherwise

We then have the following corollary of Theorem [1} taking L to be the loss function

defined in the statement of the theorem.

Corollary 1. If 7 <k, then Procedure |1| satisfies Criterion . If 7>k and LEL, then
Pmcedur@ satisfies Criterion . If =k and LEL, then any procedure for choosing
between reports 7 (0| X) and 7°(0|X) that satisfies Criteria|(C1) and |(C2) is equivalent
to Procedure [1.

Corollary |1] states that for 7 sufficiently small, Procedure [1| satisfies Criterion Corol-
lary [1) further states that, for 7 sufficiently large, Procedure (1| satisfies Criterion if
the class of losses is sufficiently rich, in the sense that it contains the loss L that attains
the bound in Theorem When both conditions hold, so 7 = x, Procedure [I| is the
unique procedure for choosing between reporting the central posterior and reporting the
conventional approximation that satisfies both criteria.

Implementing Procedure [I] requires specifying a conventional approximation. We focus
on a conventional normal approximation, which can be justified by Bernstein-von Mises

(BvM) theory.

13



3.2 Justification for Conventional Normal Reports

One way to interpret the common convention of reporting a point estimate and standard

error is as a normal approximation to the central posterior, that is,
7r0(9|X):wN(9|X):N<9(X),§(X)>

where A(X) is a point estimate, f](X ) is an estimated variance, and © is a finite-dimensional
Euclidean space. One way to justify such a convention is via Bernstein-von Mises (BvM)
theory, which provides a range of conditions on the prior and target parameter under
which V(0] X) ~7*(0]X) in large samples Such approximations appear reasonable in

many economic settings.

Example. (Get out the vote, continued.) The first row of plots in Figure [2| shows five
marginal prior distributions on §7¢. The middle plot in this row corresponds to the
central prior 77*, which is uniform. The left plots correspond to audience priors that are
“pessimistic” about the intervention in the sense that they put more density on lower values
of the effect §7¢ than does the central prior. The right plots correspond to audience priors
that are “optimistic” about the intervention in the sense that they put more density on
higher values of the effect §7¢ than does the central prior.

The second row of plots shows, for each prior distribution in the first row, a histogram of
MCMC draws from the corresponding posterior distribution, conditional on the realized data
X reported in Nickerson et al.| (2006, Table 3), pooled across congressional districts. The
middle plot in this row corresponds to the central posterior 7* (GTC]X ) The left and right
plots in this row correspond to the audience posteriors 7T(«9TC|X ) The audience posteriors
are more similar to the central posterior than the audience priors are to the central prior.
But, the audience posteriors reflect the pessimism and optimism of the corresponding priors.

In the second row, we overlay on each histogram the corresponding perceived posterior
7 (67| X)) formed by reweighting the normal approximation 7 (67| X) that is parameter-
ized by the maximum likelihood point estimate #7¢(X) and estimated variance iTC(X ),
and truncated to §7¢ €[0,1]. For the central posterior, the normal approximation applies

directly, ﬁ(9T0|X ) =¥ (0T0|X ) For the other posteriors, the normal approximation

HSee, for example, Theorems 12.1 and 12.8 of (Ghosal and van der Vaart| (2017)).
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must be reweighted according to # (67| X) ocw(8)7™ (§7¢|X). In all cases, the perceived
posterior is a close visual match to the true posterior.
An alternative way for agents to update would be to treat a report of 67¢(X), S7¢(X)

07¢ rather than as a

as describing a quadratic approximation to the log-likelihood for
normal approximation to the posterior for #7¢. Using a point estimate and standard
error as the basis for a quadratic approximation to a log-likelihood can be justified by
large-sample approximations similar to those underlying BvM theory (see, e.g., |Geyer(2013).
If the agents treat the log-likelihood as quadratic with mode #7C(X) and Hessian 37¢(X),
they arrive at posteriors identical to the perceived posteriors appearing in the second row
of plots in Figure [2l Interpreting the conventional normal report as an approximation to

the likelihood therefore offers an alternative justification for the model of agents’ belief

updating that we encode in our definition of regret. A

3.3 Failures of Conventional Normal Reports

While there are many economic settings where the approximation 7 (0] X) ~ 7* (6| X)
appears reasonable, there are others where it does not. Such situations are an important

motivation for Procedure

Example. (Get out the vote, continued.) Nickerson et al.| (2006, Table 6) report the cost
per vote obtained via phone calls. We can write this parameter as 6% = K/ (BT— ﬂc) where
K >0 is the cost per phone call and where we recall that 37 and 3¢ are the probabilities
of voting in the treatment and control groups, respectively. Previously we took the target
parameter to be §7¢ = (BT — 50), but the target parameter 0% = K/ (BT— BC) may be more
directly useful to local campaign managers interested in optimally allocating their budgets.

The third row of plots in Figure [2] shows, for each prior distribution on #7¢ in the first
row, a histogram of MCMC draws from the corresponding posterior distribution 7T(9K | X )
We overlay on each histogram the corresponding perceived posterior ﬁ(@K | X ) formed by
reweighting the normal approximation 7% (QK | X ) that is parameterized by the maximum
likelihood point estimate 6% (X) and the delta-method estimated variance 5 (X), and
truncated to 6% € [K ,%] . In all cases, the perceived posterior is visually distinct from the

true posterior.
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The difference between the reweighted normal approximation and the agent’s posterior
opens up the possibility of poor decision-making. To illustrate this possibility, we imagine
a local campaign manager with a fixed budget M >0, a share a €[0,1] of which is allocated
to phone calls. The remaining funds are spent on a last-minute rally the night before the
election, which generates a return of Y votes per dollar, where Y is uncertain and drawn
according to a known distribution with CDF G(-). The opponent is ahead by V' votes,
and the loss is the probability of defeat. We can therefore write the loss as

L(ad¥) _G<M) |

l1—a

For any prior 7, we can define both the true risk function E; x| x) [L (a,@K )] and the
perceived risk function obtained by replacing m(#%|X) with a reweighting of 7 (6%]X).
The fourth row of plots in Figure [2 shows, for an illustrative parameterization of the loss,
the true and perceived risk functions associated with each example prior. Under both
the true and perceived posteriors, the optimal action for the more pessimistic agent is to
devote no resources to phone calls, a=a=0, and the optimal action for the more optimistic
agent is to devote all resources to phone calls, a =a=1. Because their optimal actions
are identical under the true and perceived posteriors, these agents experience no regret
from the conventional normal report. By contrast, under the true posterior, the optimal
action for the agents with the less pessimistic and central priors is to devote no resources
to phone calls, a=0, whereas these agents’ optimal action under the perceived posterior is
to devote all resources to phone calls, a=1. These agents experience regret of, respectively,
0.046 and 0.036, from the conventional normal report.

Procedure (1| can avoid this regret. We have learned that there is an agent who ex-
periences regret of at least 0.046 from the conventional report. If this regret exceeds the
threshold 7, then Procedure (1| prescribes reporting 7* (9K | X ) rather than 7 (QK | X ) A

The example shows, in a particular setting, how Procedure [1| can help the analyst to
control the regret from reporting a poor approximation to the central posterior. To enable
practitioners to apply Procedure 1| in a wide range of economic settings, we would ideally
like to avoid the need to calculate the (possibly infinite-dimensional) program in Theorem

We next propose a more convenient bound that avoids that computation.
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4 A Convenient Bound Using the SK Metric

To facilitate adoption of Procedure [} we would like a more convenient bound that avoids
the need to solve the (possibly infinite-dimensional) program in Theorem [l In this section
we first derive such a bound using an integral probability metric that depends on the
classes of losses £ and density ratio functions W in the audience. We then propose default
choices for these classes that we argue are reasonable for many economic settings, and

show that these choices lead to an especially convenient procedure.

4.1 A Bound in Terms of an Integral Probability Metric

For probability measures p,v € A(O) and a class F of functions f:© — R that are
absolutely integrable w.r.t. p,v, let

dr(p,v)= igg\Eu F(O)]-E,[f(0)]]

denote the largest difference in the expected values that the two measures assign to any
function in F. When |E,,[f(8)]—E,[f(#)]|#0 for some f&F whenever u##v, dz(-,-) is an
integral probability metric (IPM)F_Z] IPMs play a role in many areas of probability theory.
For example, if F is the set of all functions f:0 — [0,1], then dx(u,v)=dry(u,v) is the
total variation distance, also defined as the largest difference in measure assigned to any
set To concisely describe other function classes, for scalars o Sa we let p<F Sa denote
that f:©— @,ﬂ for all f € F. Further, for function classes G and F we let G- F denote
the class formed by the product of g€G and f € F, i.e., functions of the form g(-)f(-).
We now state a bound on regret that takes the form of an IPM. This bound will be

the basis of our practical recommendations.

Proposition 1. (Convenient bound on regret) For any report 7*(0|X) € A (O), data
XX, loss class 0< LN, scalar w>1, and density ratio class w™' <W <w, the bound
R(7*(01X);X,LIW,1*) is itself bounded above by 2w-dyy.ca)(7*(0]X),m*(0)X)). If, further,
L(A) is centrosymmetric around 5 and L(A) contains all constant functions with values
in [0,X], then R(7*(0|X);X,LW,1*) is bounded below by d ) (7*(6)X),7 (6| X)).

120therwise, it is a pseudometric, as it always satisfies symmetry, nonnegativity, and the triangle
inequality.
That is, drv (1,v) =supe celu(©) —1(6')].
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Proposition |I| states that, if the density ratios in the audience are bounded, the fundamental
regret bound R is no larger than a scalar multiple of the IPM for the function class W-£(A)
that depends on products of the density ratios w € W and losses L(A) € L(A) in the
audience. The scalar multiple depends, in turn, on the bound w on the density ratio
neighborhood. Proposition [1| further states that, under suitable conditions, the bound R
is bounded below by the IPM for the function class £(.4) that depends only on the class
of losses in the audience. When the bound R is sharp, it follows directly that some agent

has regret at least as large as the IPM for £(.A).

4.2 Losses and Density Ratios of Bounded Signed Variation

To use Proposition |1] in practice, we must select a class of losses £ and density ratios W.
In some settings these choices may be clear from the communication problem faced by the
analyst. For the remaining settings where this is not the case, we recommend default choices.

For our recommended default we consider the case where 6 is scalar, © CR, and take
L and W to consist of bounded functions of bounded signed variation. For any function
f:O—=R, let

K K

V<f>=max{ sup > (f(te)—=f(te-1)),,  sup Z(f(tk_l)—f@km}

KEN,tog...StKEkal KEN,t()S...StKEszl

denote the signed variation of the function, where we take (), =max{z,0} to be the positive

n
part of x €R. The signed variation is akin to the usual notion of total variation, but takes sep-
arate account of increasing and decreasing regions. For any class of functions F, we let V' (F)
denote the largest signed variation of all functions in the class, i.e., V(F)=sup;czV (f).
We suppose losses in £, which we recall are bounded by A, also have signed variation
bounded by A, V(£)<\. Bounded signed variation seems like a palatable restriction. Any
loss function with L(a,f) €[0,A] that is, for each a € A, either quasi-concave or quasi-convex
in € must have signed variation in # bounded by A. This admits a wide range of losses
under which, for instance, there is a best or worst value 0(a) for each a€ A, and the loss
increases or decreases with distance from this value. It also admits monotone losses under

which, for each a € A, the agent always prefers either higher or lower values of 6.

We likewise suppose that the density ratio functions in W are bounded, w=! <W <w,
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and that they have bounded signed variation, V(W) < (w—w™!). This class of density
ratio functions is again permissive. Any density ratio function with w(f) € [w™"w] that is
quasi-concave or quasi-convex in 6 has signed variation bounded by w—w™!. This admits
density ratios that are monotone in the distance from some peak 6 or trough 6, such that
the agent finds values near to @ or far from 6 more likely than under the central prior. It
also admits any monotone density ratio function such that the agent finds higher or lower
values of # more likely than under the central prior.

What bounded signed variation does rule out are losses and density ratio functions
that oscillate repeatedly as 6 changes, for instance functions that are highly cyclical in 6,

or that depend sensitively on the parity (even or odd) of the digits in 6.

Example. (Get out the vote, continued.) Recall that the loss is L(a,@K ) =G <%),
which is bounded by 1. Because for any G(-) the loss is monotone in 6% for any a, this
loss also has signed variation bounded by 1. For the signed variation of L(a/ 0K ) to be
greater than one for some o' € [0,1] would require that L(a’ 05 ) is non-monotone in 6%,
for example because a more effective phone campaign induces more turnout from the
opponent’s voters. And, it would require that L(a/ 0K ) is not single-peaked in 6%, so that,
over the range of 0%, the loss switches multiple times from increasing to decreasing in
6% Turning to the density ratios w(f), because the density ratios implied by the priors
in Figure [2] are quasi-concave, their signed variation is bounded above by w—w™!. For the

agent experiencing greatest regret, this bound is 3.8. A

4.3 Equivalence to the Signed Kolmogorov Metric

The class of functions of bounded signed variation pairs with a convenient IPM. We first
define this metric and then show its connection to the class of functions of bounded signed

variation.

Definition 1. For measures p,v € A(R), the signed Kolmogorov (SK) metric is

dsk (p.v) =§3g(u(9§t)—V(9St))+ +§gg(V(9§t)—M(9St))+

where pu(0<t)=p({0€0:0<t}).
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Figure 3: Example p-p plots

(a) Target parameter is the effect of a phone call  (b) Target parameter is the cost per vote
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Notes:

Panel (a) shows a p-p plot comparing the central posterior 7* (9T0|X ) to the normal
approximation 7V (9T0|X ) for the effect 67 of a phone call. Panel (b) shows a p-p plot
comparing the central posterior 7* (9K | X ) to the normal approximation 7 (0K | X ) for
the cost per vote #%. In both panels, the dashed line is the 45-degree line.

The signed Kolmogorov (SK) distance between two measures is found by adding to-
gether the largest positive and negative vertical distances between their respective CDFSE
The SK metric can be read off of a p-p plot, which, for two measures u,v, is a plot of the

CDF of one measure against the CDF of the other, i.e., of {1(0 <t),v(0<t)}, 0.

Example. (Get out the vote, continued.) Figure [3al shows a p-p plot comparing the central
posterior 7* (67¢|X) to the normal approximation 7 (67¢|X) for the effect 7 of a phone
call. If the plot were on the 45-degree line, we would have dgx (7r* (QTC|X ) N (HTC|X )) =0.
In fact the SK metric is small, at approximately 0.005.

Figure [3b| shows a p-p plot comparing the central posterior 7* (QK | X ) to the normal
approximation m (HK | X ) for the cost per vote 8%. Here, the SK metric is larger, at

approximately 0.052. A

The SK metric is equivalent to the IPM generated by the class of non-negative functions

with value and signed variation both bounded by one. The following lemma shows this

14This metric is distinct from what |Filion| (2015) terms the “signed Kolmogorov-Smirnov test.”
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by extending a result of Miiller| (1997) for the Kolmogorov metric.

Lemma 1. If F is the set of all functions f:R—[0,1] with V(f) <1, then dz(u,v) =dsk (V)
for any probability measures p,v € A(R).

When the classes of losses £ and density ratio functions W are bounded and of bounded
signed variation, Lemma [I| immediately implies a connection between the SK metric and

the IPMs that bound the regret in Proposition

Corollary 2. Fiz any probability measures u,v € A(©). If0<L< X and V(L) < A,
then dpay(p,v) < Mdsk (p,v), with equality when L is otherwise unrestricted. If, further,
w ' <W<w and VW) <(w—w™1), then dy.ciay(pr) <ACw—w ) dsk (1,v).

Corollary [2| states that if the function classes £ and WV take the form we propose in Section
then the IPMs appearing in the bounds in Proposition [1| can be replaced with ones

proportional to the SK metric. We now make use of this fact to specialize Procedure

4.4 Procedure Based on the SK Metric

We propose the following specialization of Procedure (1] for the case where © CR.

Procedure 2 Controlling regret with the SK metric
e Calculate e Report threshold 7 and

— SK metric dgg (7°(0)X), (0] X)) — 7(01X) =700 X) if dgg <T

— (0| X)=n*(0|.X) otherwise
All other details follow Procedure [1]

We then have the following corollary of Proposition [I] and Lemma

Corollary 3. Suppose that L and W satisfy the conditions of Corollary [3.  Then if
T< W, Procedure@ satisfies Criterion . Moreover, whenever Procedure @
recommends reporting 7 (0|X), if L is mazimally rich then there exists some agent in the

audience whose regret from reporting ™ (0| X) is at least AT.

Because the upper bounds in Proposition [1| and Corollary [2 are not generally sharp,
Procedure [2 will not generally satisfy both Criterion [(C1) and Criterion |(C2)| for the same
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value of k. However because Proposition [1| establishes a lower bound on regret, if Procedure
recommends abandoning the conventional report, and the class of losses is sufficiently

rich, then there is some agent whose regret from the conventional report is at least Ar.

Example. (Get out the vote, continued.) A loss function L(a,@K ) maps the budget share
a€[0,1] and cost per vote 8% >0 to the probability of defeat. A loss of 1 is certain defeat and
a loss of 0 is certain victory. If all loss functions have signed variation bounded by one and the
class £ is otherwise unrestricted, then making the conventional report 7% (QK | X ) about the
cost per vote A% implies a willingness to increase some agent’s probability of defeat by 0.052,

relative to their posterior optimal action, in order to preserve the scientific convention. A

5 A Bootstrap Surrogate for the Central Posterior

To facilitate adoption of Procedure 2, we would ideally like a default choice of central
posterior 7 (6].X) that is both convenient and reasonable for many economic settings.
Because no one choice of posterior is likely exactly right for many different settings, we
instead aim for a posterior that serves as a good approximation, in an appropriate sense, to
posteriors from many reasonable priors. In this section we first formalize the idea of such a
surrogate posterior. We then propose to use a bootstrap distribution as a default surrogate

posterior, and we describe two classes of posteriors for which its surrogacy is justified.

5.1 Use of a Surrogate Central Prior

Procedure [2 requires that the analyst calculate the central posterior. Suppose that the
analyst has access instead to a surrogate central posterior 7 (6|X) that is close to the
central posterior in the sense that dgx (7°(0|X),7*(0|X)) <4 for some small §€[0,1]. The

triangle inequality implies that
s (7°(81X) 7 (6]X)) —dsse (x°(8]X) 7* (61X)) | <6.

Therefore, if the surrogate is far from the conventional report, then so is the central posterior.
Moreover, under the conditions of Corollary [2, dy.z(4) (7°(0]X),7*(6]X)) <A 2w—w™)d,
so that by Proposition [1| reporting the surrogate controls regret even when the conventional

report is not a good approximation to the central posterior.
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We can therefore modify Procedure 2] as follows.

Procedure 3 Controlling regret with a surrogate central posterior

e Calculate e Report threshold 7 and
— surrogate posterior (6| X) - 70| X)=7"(0|X) if dsx <T
— SK metric dgx (7°(6]X),75 (0] X)) — (0| X)=7%(0|X) otherwise

All other details follow Procedure [}

We then have the following Corollary of Proposition [I] and Lemma

Corollary 4. Suppose that L and W satisfy the conditions of Corollary [ and that
dsx (m5(0)X),7(01X)) <. Then Procedure@ satisfies Criterion|(C1) for T < sx—m— —

— 22w(2w—w=1)
0. Moreover, whenever Procedure @ recommends reporting ™ (0|X), if L is mazimally rich

then there exists some agent in the audience whose regret from reporting w°(0|X) is at least
AT—=0).

5.2 Two Classes of Central Priors with a Bootstrap Surrogate Posterior

We now describe two classes of central priors for which a bootstrap can serve as a surrogate
posterior. To do this, we specialize to the case where X = (X,...,X,,) € Ay’ =X consists
of n€N i.id. draws from some (possibly unknown) probability distribution P € A(Xp).
We further suppose that §=60(P) for 6(-) a known functional, so that € is identified from
the distribution of the data, as with a point-identified parameter, pseudotrue value from
a GMM procedure, or bound on an identified set. A prior 7 specifies a distribution for
P, which in turn implies a distribution for 8. We let P, € A(X}) denote the empirical

distribution of the sample.

5.2.1 Dirichlet Process Central Priors

Suppose that 7% (P)=DP(a,Q) where DP(-,-) denotes a Dirichlet process (e.g., Ghosal
and van der Vaart|2017, Chapter 4), >0 is a scalar, and Q € A(AXp) is a distribution for
a single observation X;. The parameter a: controls the informativeness of the prior, with
a smaller value corresponding to a less informative prior. The parameter () controls the
central tendency of the prior, and in particular corresponds to the marginal distribution

of a single observation X; under the prior.
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Example. (Get out the vote, continued.) An observation X; € {0,1}2 encodes both whether
citizen ¢ votes and whether citizen i is assigned to receive a phone call. A measure @)
describes a contingency table for these two events. Any given sample X implies a sample
contingency table P,. A prior is a distribution over contingency tables.

A prior of the form 7% (P)=DP(a,Q) implies a posterior of the form

7t (P|X)=DP (a+n,aiMQ+aLMPn).

The centering measure of the posterior distribution is a weighted average of the prior contin-
gency table () and the sample contingency table P,. As the informativeness of the prior be-
comes large, o — 00, the posterior centers on the prior contingency table. As the informative-
ness of the prior becomes small, & — 0, the posterior centers on the sample contingency table.

Just as the informativeness of the prior is controlled by the parameter «, the informa-
tiveness of the sample is controlled by the sample size n. As the informativeness of the
sample becomes large, n— 0o, the posterior centers on the sample contingency table, and
with increasing precision, so that draws from the posterior become increasingly concentrated
on the observed distribution of the data. As the informativeness of the sample becomes
small, n— 0, the posterior converges to the prior distribution. As the informativeness of
the prior also becomes small, a— 0, the prior distribution remains centered on the prior
contingency table, but becomes less concentrated, so that draws from the prior typically
place almost all mass in one cell (e.g., almost all citizens are treated and vote), with the

location of that cell drawn randomly from the prior contingency table. A

The Bayes bootstrap distribution is defined as 72 (P|X) = DP(n,B,). The Bayes
bootstrap distribution can be conveniently sampled by calculating the functional 6(-) on
data X whose observations have been reweighted by a standard Dirichlet (Rubin//1981)).
Well-known properties of this bootstrap, together with conjugacy properties of Dirichlet
processes, imply that the Bayes bootstrap distribution is a surrogate posterior for a Dirichlet

process central prior with small informativeness a.

Lemma 2. [f 7' (P)=DP(«,Q) for some Q, (P) is continuous with respect to convergence
in distribution almost everywhere in the support of 72 (P|X), and either (i) 7P(0|X) is
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a continuous distribution or (i) the range of O(P) is countable, then
limdgr (77 (0] X), 7% (0] X)) =0.
a—0

Lemma [2] states that, under continuity conditions, the Bayes bootstrap distribution for
6 is close, in SK metric, to the central posterior 7% (6|X) when the corresponding central
prior 7 (P) is not very informative.

Lemma [2] justifies Procedure [3| under Dirichlet process central priors 7% (P)= DP(c,Q)
with small a. We think this justification is reasonable for situations where audience
members have limited prior information about the target parameter, and so are happy
to adopt a nonparametric prior with low informativeness. For other situations, we turn

to an alternative justification for the use of 7%(P|X) as a surrogate.

5.2.2 Central Posteriors that Agree on a BvM Parameter

Suppose that 0(P)=60((P)) for known functions 3:A(Xy) — B and 0: 58— R, where B
may be infinite-dimensional[”] On its own this restriction has no content, as we can always
take B(P)=P or 5(P)=0(P).

Example. (Get out the vote, continued.) The parameter S= (BT, BC) describes the prob-
ability of voting with and without a phone call. The target parameters 67¢(3)= 3% — 3¢
and 0% (3)=K/(8"—B°) can both be written as functions of 5. A

If the central posterior 7*(3|X) and Bayes bootstrap distribution 72(5|X) are close in
a metric which implies closeness of 7*(6|X) and 72(0]|.X) in SK, then the Bayes bootstrap
distribution can serve as a surrogate. To state this formally, for a class of functions F let

Fob denote the class of functions of the form fof= f(6(-)) for feF.

Lemma 3. If dg (7P (8| X),m*(8X)) <6 for a class of functions G, and FolCG for F the
class of functions with value and signed variation bounded by one, i.e., the mazximal class
satisfying 0<F <1 and V(F) <1, it follows that dsx (7P (0X),7*(0]X)) <4.

Agreement on an underlying parameter S can, in turn, be justified by BvM theory.

BvM theory provides conditions on the central prior 77*, parameters $ and the function

15Formally, 0(P)=05(3(P)), where 0: A(Xy)—R and 65:B—R. We suppress the distinction between
6(-) and 63(-) in the main text to ease notation.
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class G under which 7*(3|X) approaches the conventional normal approximation in the
metric dg as n grows large. When £ is finite-dimensional, standard results require only
that G is bounded (see, e.g., van der Vaart |1998, Chapter 10; |Ghosal and van der Vaart
2017, Chapter 12.3). When £ is infinite-dimensional, existing results further require that
G have a bounded Lipschitz constant (see, e.g., Castillo and Nickl [2014)).

Example. (Get out the vote, continued.) For f= (BT,BC), the left plot in Supplemental
Appendix Figure (1| shows that the central posterior 7*(3|X) is visually similar to the
conventional normal approximation N <B (X),2 3(X )> A

Importantly, BvM theory can also be applied to the Bayes bootstrap distribution.
Supplemental Appendix [C] shows a variety of conditions under which the hypotheses of
Lemma |3 hold with probability tending to one as n grows large.

Example. (Get out the vote, continued.) The right plot in Supplemental Appendix Figure
shows that the Bayes bootstrap distribution 72 (3| X) is visually similar to the conventional
normal approximation N (B (X ),fJB (X )) A

5.3 Procedure with a Bootstrap Surrogate

The preceding arguments suggest the following refinement to Procedure

Procedure 4 Controlling regret with Bayes bootstrap and a conventional normal report

e Calculate

— Bayes bootstrap distribution 7Z(0]X)
— Conventional normal report (0] X)=7"(0|X)
— SK metric dgx (7 (0]X),75(0]X))
e Report threshold 7 and
- 70| X)=mN(0|X) if dsx <T
— (0| X)=7P(0|X) otherwise

All other details follow Procedure 1]

Corollary 5. Suppose that L and W satisfy the conditions of Corollary[3 and that either
(i) 7,(P)=DP(a,Q) for a such that dsx (7%(0]X),75(6] X)) <6 or
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Figure 4: Comparing the Bayes bootstrap distribution to the normal approximation

(a) Target parameter is the effect of a phone call  (b) Target parameter is the cost per vote
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Notes:

Panel (a) shows a p-p plot comparing the Bayes bootstrap distribution 7% (#7|.X) to the
normal approximation 7'¥ (9T0|X ) for the effect #7¢ of a phone call. Panel (b) shows a p-p
plot comparing the Bayes bootstrap distribution 7% (0K | X ) to the normal approximation
N (9K | X ) for the cost per vote #%. In both panels, the dashed line is the 45-degree line.

(ii) drop (72 (B|1X),m*(B| X)) <8 for F the mazimal class satisfying 0<F <1 and V(F)<1.
Then Procedure |4 satisfies Criterion for < W —90. Moreover, whenever

Procedure |{| recommends reporting (0| X), if L is mazimally rich then there exists some

agent in the audience whose regret from reporting ™™ (0| X) is at least \(T—9).

Example. (Get out the vote, continued.) Figure dal shows a p-p plot comparing the Bayes
bootstrap distribution 7 (QTC|X ) to the normal approximation 7v (9T0|X ) for the effect
of the intervention. The SK metric is small, at approximately 0.003. Figure [Ab]shows a p-p
plot comparing the Bayes bootstrap distribution 7% (HK | X ) to the normal approximation
o (HK | X ) for the cost per vote. The SK metric is larger, at approximately 0.052. The
conclusions from Figure 4] which uses the bootstrap as a surrogate, are therefore similar
to those from Figure |3 which uses the central posterior.

Notice that here the Bayes bootstrap distribution is a surrogate for the central posterior
but not necessarily for all agents’ posteriors. Nevertheless, Procedure [ allows that agents
may reweight the Bayes bootstrap distribution as if it were the central posterior. To us,

central priors of the form envisioned in Lemma 3| seem easier to contemplate, and hence
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to reweight, than those of the form envisioned in Lemma [2, We therefore think that
the justification via Lemma [3] is more appealing for situations where the audience has

substantive beliefs about the parameter of interest. A

Remark 2. We recommend using the Bayes bootstrap distribution because it admits a direct
interpretation following Lemma [2 Weng] (1989) shows a sense in which the nonparametric
bootstrap approximates the posterior distribution corresponding to a Dirichlet process
prior in a large sample, albeit not as accurately as does the Bayes bootstrap. Supplemen-
tal Appendix [D] shows that, under the same BvM conditions that can make the Bayes
bootstrap a useful surrogate for the central posterior, the Bayes bootstrap distribution will
be close to that of other weighted bootstraps, including the nonparametric bootstrap. The

analyst may therefore alternatively substitute the nonparametric bootstrap as a surrogate.

6 Application to a Bootstrap Census

Procedure {4 is applicable to a wide range of economic settings. To demonstrate the proce-
dure’s applicability, we applied it to the papers in the 2021 American Economic Review that

use a bootstrap (Andrews and Shapiro, 2025). We now describe our methods and findings.

6.1 Census of Papers Using a Bootstrap

We used a Google Scholar query to identify papers published in the American Economic
Review in 2021 that use a bootstrap. For each paper, we identified the main objects of
interest, which we define to be objects for which a quantitative or a qualitative description
appears in the abstract or introduction. We focus on objects of interest for which the
bootstrap is used for inference. We excluded from our census papers that are primarily
methodological, papers that use the bootstrap only to calculate a p-value, or papers that
use a bootstrap exclusively for objects reported in appendices. Supplemental Appendix
Table (1] lists the papers we include in our census along with the number of objects of
interest in each paper that we include in our analysis.

For each paper, we attempted to reproduce the bootstrap replicates for all objects of
interest using the published replication code and data. When this was not feasible (e.g.,

due to confidential data), we contacted the authors to request the bootstrap replicates.
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https://scholar.google.com/scholar?q=bootstrap+source%3AAmerican+source%3AEconomic+source%3AReview+&hl=en&as_sdt=0%2C10&as_ylo=2021&as_yhi=2021

We succeeded in obtaining bootstrap replicates covering 81 objects of interest across 14
papers, with only 1 paper for which we were unable to obtain the replicates.

Consistent with the wide applicability of Procedure [d] the papers in the census cover
a range of topics including public economics, labor economics, macroeconomics, behavioral
economics, industrial organization, and development economics. The objects of interest
include parameters describing technology, welfare calculations from a structural model,
impulse responses, and transformations of regression coefficients.

Our main calculations will use the replicates that we obtained from the replication
materials or from the authors. Given these replicates, applying Procedure [ is trivial and
can be done in a web app.

Although our theoretical development focuses on the Bayes bootstrap, only 1 paper in
the census actually uses the Bayes bootstrap. Among the others, the most popular form of
bootstrap is the nonparametric bootstrap (10 articles including block bootstraps), followed
by various forms of parametric bootstrap (3 articles)H As we discuss in Section |5} there
are reasons to expect different bootstrap procedures to yield similar distributions in large
samples. For a subset of articles using a nonparametric bootstrap, we were able to use the
published replication code and data to compute a Bayes bootstrap. In no case do we reject
that the SK distance to the default normal differs between the two bootstrap distributions;
see Supplemental Appendix Figure [2] for details.

Applying Procedure [] requires specifying a conventional report. For our main analysis
we use the normal approximation 7°(0|X) =" (0|X)=N (9(X ),i(X )) implied by the
reported point estimate and the bootstrap standard error, defined as the standard deviation
of the bootstrap distribution. All of the papers in the census report point estimates for
all objects of interest, and 10 out of 14 report bootstrap standard errors. The remaining
4 out of 14 papers report bootstrap confidence intervals. To better capture such situations,
Supplemental Appendix Figure [3| shows results where we take the variance of the default
normal to match the difference between the 97.5th and 2.5th percentiles of the bootstrap

distribution, rather than its standard deviation.

16We include in the category of parametric bootstraps procedures that treat some statistics as exactly
normally distributed. In all but 1 of the papers in the census, the authors’ bootstrap procedure implicitly
treats the data as i.i.d. across some observed units.
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6.2 Findings from the Bootstrap Census

Figure [5| shows a series of p-p plots comparing the CDF of bootstrap replicates, i.e.,
samples from 72 (0] X), to the conventional normal report 7V (0| X). Each plot reports
the maximum positive and negative vertical distance between the CDF of the bootstrap
replicates and of the conventional report. The sum of these distances is an estimator of
SK(m(6)X),m" (6] X)) that is consistent in the number of bootstrap replicates. For each
paper in our census, we depict two p-p plots, corresponding to the objects with the smallest
and largest estimated SK metric among the objects of interest in the paper. The figure
shows that, as in our running example, the estimated SK metric can differ meaningfully
even across objects of interest reported in the same paper.

Across all of the objects of interest in our census, we find that the estimated SK metric
is greater than 0.1 in 72 percent of cases, and is greater than 0.2 in 32 percent of cases.
In these cases, if the Bayes bootstrap is a good surrogate for the central posterior, then
under the conditions of Corollary {4l the value of the conventional report must represent
a share of at least 0.1 or 0.2, respectively, of the worst-case loss to justify reporting the
conventional normal report. Supplemental Appendix Figure [3] shows the full distribution

of the estimated SK metric across the objects of interest in our census.
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Figure 5: Comparison of Bootstrap Distribution to Default Normal Report
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Figure |5 (cont’d): Comparison of Bootstrap Distribution to Default Normal Report
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Figure |5 (cont’d): Comparison of Bootstrap Distribution to Default Normal Report
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Figure |5 (cont’d): Comparison of Bootstrap Distribution to Default Normal Report
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Figure (cont’d): Comparison of Bootstrap Distribution to Default Normal Report
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Notes: Each row corresponds to a paper in our bootstrap census. Each plot is a p-p plot comparing
the distribution of the bootstrap replicates to the distribution of the default normal report whose
mean is given by the point estimate and whose standard deviation is given by the bootstrap
standard error. The shaded region is a uniform confidence band designed to contain the empirical
CDF of the bootstrap replicates with probability at least 0.95 whenever the true bootstrap
distribution is given by the default normal report. Each plot legend reports the maximum positive
and negative vertical distances between the two distributions. Each row includes two plots, one
for the object of interest with the smallest sum of maximum positive and negative distances
(“least SK distance”) and one for the object of interest with the largest sum of distances (“greatest

SK distance”). Rows (papers) are in descending order according to their greatest SK distance.
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Appendix: Proofs

To extend Theorem [I| to the case where an optimal action may not exist, we need to
define regret for this case. For € > 0 define the set of e-optimal actions under (L),
A.(m.L)={ac A: E;[L(a,0)] <inf,c 4Ex[L(a,0)|+c}. We consider the worst-case regret

over c-optimal actions as € —0,

R(7*(0|X); X,Law,m*)=

?3%(Sup{Eww)w*(mxﬂL(aﬁ)—L(aﬁ)]: a€A(w()7*(1X),L).ac A, })

Theorem 2. For R as defined above,

supsupR(7* (0| X ); X, Lw,m) < R(7*(0| X ); X,L W, 1)
weWLEL

for R as defined in Theorem .

Proof of Theorem 2] For any L€ £ and w €W, consider any pair of actions @ and a such
that the agent weakly prefers G to a under 7, Ey,g)7+(9)x)[L(G,0) — L(a,0)] <0. Note that since
L(a,0),L(a,0) € L(A), it is immediate that Erx)[L(a,0)—L(a,0)] is bounded above by

sup Ew(e)w*(epc) [51 (0) —g()(Q)] subject to: Ew(g)ﬁ-*(g‘X) [51 (Q) —fo (0)] S 0.
01 LoeL(A),weW

Hence, we see that for any e >0 and any a € A.(#,L),a € A such that Eg)z0x)[L(a,0) — L(a,0)] <
0,
Ew(@)ﬂ* 01 X) [L(dve) —L((I,Q)] < E(ﬁ-* (9|X)’X7£7W77T* (‘9|X)>7

from which the result is immediate. [J

Proof of Theorem [I] The first part of the result is immediate from Theorem 2| For the
second part of the result, note that for any ¢, {o€ L(A), weW such that

Ew)7+01x) [€1(8) —£o(0)] <0, (1)
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if we consider A={0,1} and the loss

L(a,0)= . :
l(0) if a=0

then the agent weakly prefers a =1 based on their perceived posterior, but will incur
regret By g)q(01x)[€1(0) —€o(0)] from this action. Hence, if we take the worst case over /1,
loe L(A), weW satisfying , we obtain risk R(7*(0)X); X,L,W,m*), where the conditions

of the theorem ensure that this worst-case is attained at some ¢y, ¢y, W, and we may take

0(0) ifa=1

L={_ .
bo(0) ifa=0
Note that L(A) C L(A), but we may have L&L. If, contrary to our assumptions, the set

{EW(G)W*(9|X) [£1(0)—£o(0)] Euw@)yi01x) [01(0)—Lo(0)]: 1, € LIA)weE W}

is not compact, we can select {1, {y € L(A), w € W to come arbitrarily close to the
worst-case regret R(7*(0|X); X,LW,r*). O

Proof of Corollary[l] If 7 <, Procedure[l]reports 7°(6] X) only if R(x(0]X );X,L,W,1*) <
k. Criterion is thus satisfied by Theorem |I| If 7> and L € £, Procedure |1| reports
(0] X) only if R(7°(0|X);X,L,W,7*)> k. Criterion is thus satisfied by Theorem
By Theorem|l} if L € £ any procedure satisfying Criteria and must report 7°(0] X)
if and only if R(7°(0|.X); X,L,W,7*) <k, and thus is equivalent to Procedurewith T=k. O

Proof of Proposition [1] Since w(f) >w™" by assumption, for any w € W and any /4,
loe L(A), [w(@)dr*(0]X)>w! and

Euorm 0101 (0)—fo(0)] <w / (02(6) — to(0) y(B)d* (6],

Note, next, that Eyg)z)x)[01(8) —lo(0)] <0 implies that

w / (6,(6)—0o(8))w(B)d* (6]X) <
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o [00-aepuer 61~ [0 -aE)eoae) <

<2w- sup
FEW-L(A)

Since this holds for all weW and any /1, £y € L(A) with Eqy@g)=(91x)[¢1(0) —€o(0)] <0, the

first part of the result is immediate from Theorem

1630 01)~ [ 163t 613 =2 a5 6010 7610

For the second part of the result, centrosymmetry implies that

/f mrmX’t/f )di* ﬂX‘_égl(/f )dr* (6] X) L/f mx)

Consider f which attains the preceding supremum (which exists by our compactness
assumptions), A={0,1}, and the loss

sup
feL(A)

f(9) if a=1

L(ap)= .
[FO)d7(0]X) if a=0

By construction, the agent is indifferent between the two actions based on their perceived

posterior, but choosing a=1 yields a regret of

/ (0)dx*(0]X) /f Vi (01X) > di (7 (617 (61X)).
The result is immediate. []

Proof of Lemma We first show that for Z the set of indicator functions for (open,
closed, and half-open) intervals in R, dz(u,v) =dsk (i,v).

To see that this is the case, note that since SK is a metric, |SK (u,v)| =SK (u,v).
Note that for all ¢,,,t, €R,

(0 <t,)—p(@<t,)—v(O<t,)+v(0<t,)|=

et Nt t, V) —v(@ et At it V)],

where a Ab=min{a,b} and aVb=max{a,b}. Hence, we can rewrite dgx as the IPM
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generated by indicator functions for half-open intervals

/ 1{te (Lu]}du(t)— / 1te (l,u]}du(t)'.

dsk (p1,v) =sup
L

By definition dz(u,v) >dsk(i,v), so to prove the result it suffices to show that we cannot
have a strict inequality.

To this end, note that for any —oo <a<b<oo and any measure p € A(R),

im / 1{te (a—e b ydu(t) = / 1{teab}du(t)

while for any —co<a<b<oo

i / 1{te (ab—e]}du(t) = / 1{te (ab)}du(t),

lm / 1{te (a—s b—e}dp(t) = / 1{te [ab)hdu(t).

Since the same argument applies when integrating over v, it is immediate that dz(u,v)=
dsk (11,v). The result of Lemma [1] thus follows provided dz(u,v) =dz(u,v), as we prove

in the following lemma.

Lemma 4. For T the set of indicator functions for (open, closed, and half-open) intervals
in R, and F the set of all functions f:R—1[0,1] with V(f)<1, we have dz(u,v)=dz for

all measures fui,v.

The proof of Lemma @ is broadly similar to arguments in Miiller| (1997)), and is provided
in the Supplemental Appendix. [

Proof of Corollary 2] Under the assumptions of the corollary, note that for £€ £(.A) and
weW, 0<l(0)w(f) < w. Note further that for ¢’ <0,

(E(O)w(0)—L(0)w(0)) . = (€(O)w(6) — (6 )w(0)+L(0")w(B) —£(E )w(6)) . <

£(0") (w(0) —w(0))  +w(0)(€(0)—((6)).
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Hence, for an increasing sequence to,...,tx,

> (Ut w(ty) = U(ter)w(tis)) SZ t) (w(te) —w(te)),+ > wlte)(Clte—r) —((t)).,

<D (Ute-1) = L(tk) L AN (w(te) —w(ti)), SwA+A(w—w™).

k=1
Since w > 1, it follows that 0 <W-L(A) < A(2w—w ™) and V(W-L(A)) <A 2w—w™1), from

which the result is immediate noting that for the first part of the result we can take w=1. [J

Proof of Corollary 3] By Corollary

) (7 (01),7° (1) < M (2u—e0 ) e (01X (61X).
By the first part of Proposition [I} we thus know that

R(7*(9|X); X,LW, 1) §2w)\(2w—w )dSK( (0| X),7*(0)X)).

Procedure 2 reports 7° (0| X) only when dgg (7°(0|X),7(0| X)) < 7, and hence when
R(7°(0)X); X,LW,m*) < 2w\ (2w—w™1) 7, so the first part of the result follows from
Corollary [I]

For the second part of the result, note that Procedure [2 reports 7*(6|X) only when
dsr(m°(0]|X),7* (0| X)) >7. By our assumption that £ is maximally rich, there exists an
agent with the loss used to construct the lower bound in the proof of Proposition [I] Hence,

there exists an agent with regret at least
deca (7 (01X),m (01 X)) = Mk (7°(0] X) (0] X)) > A,
which implies the result. [

Proof of Coro]lary@ Procedure |3 reports m only when dgg (7°(0]X),75(6].X)) <. By
the triangle inequality, this implies that dgx (7°(0|X),7*(0|X)) <7+4, and thus by the
argument in the proof of Corollary |3| above that

R(m°(01X);:X,LW,m*) 2w\ (2w—w")(T+6),
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so the first part of the result follows from Proposition

Procedure [3) reports 7% only when dgg (7°(0|X),75(6]X)) > 7, in which case the
triangle inequality implies that dgg(7°(0|X),7*(0| X)) >7—d. By our assumption that £
is maximally rich, there exists an agent with the loss used to construct the lower bound

in the proof of Proposition [I} Hence, there exists an agent with regret at least
ey (m°(0]X),7(0]1X)) = s (7°(0]X),7*(0] X)) > A(T—6),
which implies the result. [

Proof of Lemma[2] By Theorem 4.6 in Ghosal and van der Vaart| (2017), for any Q € A(Xp)
and 7}, = DP(,Q), 7} (P|X) = DP(a+n,-%-Q+-2-P,). By Theorem 4.16 of Ghosal
and van der Vaart| (2017), 7 (P|X) —4 72 (P|X) = DP(n,B,) as a — 0, where —,4
denotes convergence in distribution. By assumption 6 is continuous in P (with respect
to the topology of weak convergence) almost everywhere on the support of 72 (P|X).
Hence, by the continuous mapping theorem (e.g., Theorem 18.11 of van der Vaart, [1998)),
75 (0] X) —q7B (0] X). By the definition of convergence in distribution, it follows that the
distribution function of 7% (0] X) converges to that of 72(|X) at every continuity point of
the latter distribution function. If 75(0|X) is continuous then all values of § are continuity
points for the distribution function of 7%(6|X). If instead the range of §( P) is countable then
for any point ¢ in the range there is a value €(t) > 0 such that t+¢(t) is smaller than any point
in the range above ¢, and is trivially a continuity point of 72(#|X). Hence, convergence in
distribution implies that the distribution function of 7%(0|X) at t+&(t) converges to that of
7P(6|X), and thus that the same holds at ¢. For both cases, convergence in distribution thus
implies point-wise convergence of distribution functions. However, point-wise convergence
of distribution functions implies uniform convergence (by, e.g., Lemma 2.11 of van der Vaart,

1998), and uniform convergence of distribution functions implies convergence in dgg. [J
Proof of Lemma [3] By assumption f(6(:))€G for all f€F, so by Lemma

dsk (WB(9|X)JT* (9|X)) = ?g}lg‘EwB(e\X) [f(O)]—Exo1x) [f(0)] ‘ =

)

?g}lg’EwB(g\x) [F(8(5))] = Ex= (1) [F (0(B))]] Silelng‘EwB(mX) [9(B)]—Exr(51x)[9(B)]

from which the result is immediate. [
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Proof of Corollary [5| Follows immediately from Lemmas [2 and [3] and Corollary [l O
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Supplement to “Communicating Scientific Uncertainty via

Approximate Posteriors”

Isaiah Andrews, MIT and NBEH]
Jesse M. Shapiro, Harvard University and NBER

Abstract

This supplement contains theoretical results, data description, and plots to accompany
the material in Andrews and Shapiro (2025), “Communicating Scientific Uncertainty via

Approximate Posteriors.”

A Ex-Ante Regret Bounds for Fully Bayesian Agents

Our main results assume that agents treat the analyst’s reported distribution 7*(6|.X) as if
it were the central posterior. If instead the analyst publicly commits to take 7%(0| X) =c(X)
for some function ¢: X — A(©) and the agent takes their Bayes-optimal action based on
¢(X), then the ex-ante expected regret for each agent is bounded above by the agent’s
ex-ante expectation of our regret bound.

Specifically, if the agent takes the optimal action based on their posterior belief
after observing ¢(X), then as in |Andrews and Shapiro| (2021) their expected loss is
E, [inf,E;[L(a,0)|c(X)]]. By construction this is bounded above by E.[L(b(c(X)),0)] for
any function b: A(©) —.A. However, the actions a studied in the main text are one such
function, so

Er |nfEq[L(a,0)[c(X )]] <E:[L(ap)],

which immediately implies a bound on the expected regret under the agent’s prior
E, [infEW [L(a,0)[c(X)] —infE,[L(a.0) |X]} <E. [R(#*(0]X):X, Law, ).

Theoremimplies that the right hand side is, in turn, bounded above by E . [}_%(7?* 0)1X); X ,E,Wﬂr*)] :
Unlike for our main results, however, this bound is not in general tight. For instance if ¢

is constant irrespective of the data, then the value of ¢(X) is irrelevant for the actions, and

1E-mail: iandrews@mit.edu, jesse_shapiro@fas.harvard.edu.



regret, of a Bayesian agent, since this agent knows that ¢(X) is not informative about X
(or #) and so ignores it. By contrast, an agent who acts based on their perceived posterior,
as we assume in the main text, will take different actions (and thus incur different regret)

for different choices of constant c.

B Proof of Lemma {4 from Main Appendix

Recall that we aim to show that for Z the set of indicator functions for (open, closed, and
half-open) intervals in R, and F the set of all functions f:R—[0,1] with V(f) <1, we
have dz(p,v)=dz for all measures p,v.

To this end, for € >0 let us consider a set [—C,C] such that p([-C,C]) >1—5 and

v([-C,C]) >1—5, and note that for F the class of functions with range contained in [0,1]
and signed variation bounded by one and any f &€ .F,

| [ sttt [ sasto]-| [ seraute- [ sosto| <=

For feF,te[-C,C], fiay the restriction of f to [a,b], and

K

IV(fag)=  sup > (flte)—flte)),.

KeNtp<...<tg€[a,b] 1

K

DV (fun) = sup Z(f(tk—l)_f(tk))+>

KeNtp<...<tg€[a,b] 1

in the same spirit as Jordan’s theorem for functions of bounded variation we can write
FO)=f(=C)+IV(f_cy) —DV (fi-ca)-

Hence, f(t) = fo (£ + f_(t) for fy(t) = IV (fi_cy) and f_(t) = f(~C) = DV (fi_cu),
where f, is increasing with f, (—C) =0 and f, (C) <1, while f_ is decreasing with

F(~C)=f(~C) and f_(C)> f(~C) 1.
For each s€N, consider the partition of [0,1] by & for z€ Z,={1,...,2°}. Note that the



simple functions

o Zl{m;%%}is,—@: 5 H-f-)> %jf(—o)—l} HO)1

differ from f, and f_, respectively, by at most 2L in the sup norm. Next, let

tonsmint{5: 202 5 Yous=1{ 00025

by =sup{ti=f- () 2 -+ (=O) =L f0u o =1 f-(to ) # oo +F (=) =1},

and note that

1
fs+(t)=5; Z (Os . H{t>ts 23+ (1—05 4 )t >t 4 2 )

= 25
2€0¢
while
1
for)==5 > (00Ut <ti s} +(1—0y )t <t )+ (-C) -1
ZGZS
Let

Os Wt >t 4 o p+(1—0s 4 ) H{E >t 1 L}

s,2(t)= 5
= et 3 (mon <t} 1{tun <t}

and note that we can write f;,(¢) as either 1{t €1} or 1{t&I} for an interval I depending

on the values of (ts+ .,05+2,ts— 2,05 — ). Moreover,

P = Fos O+ Fu ()= 3 3 (O Ut o <} F(-C) 1),

ZEZS
SO

' /_ Zfs(t)du(t)— /_ z fs(t)dy(t)‘ _

%Z ( / z For()dp(t)— / Zfs,z(t)dv(t)>

2€0¢

<

/ Zfs,z(t)du(t)— / ZfS,Z@)dV(t)‘ <

1
25

ZGZS



v‘ /_ Zl{th[}d,u(t)— /_ 21{755_11}@(1:)’. (S1)

and v([-C,C]) >1-¢,

/ e () / e Ndu)

C

sup
I
Note, however, that since p([-C,C])>1—5
¢ €
‘ / 1{te Idu(t)— / 1{te[}du(t)‘ <
e

and similarly for v, so

<€

H / 21{tel}dﬂ(t)— / Z}{te]}dy(t)‘—‘ / 1{te Iydu(t)— / 1{teI}dv(t)

and the same holds for 1{t& I}, so is bounded above by dz(u,v)+e¢. Since fs— f
uniformly in t€[—-C,C] as s— 0o, we thus have that

[ st~ [ s -

lim ‘ / Zfs(t)dﬂ(t) - / Zfs(t)dy(t)' <d;(pv)+e.

5—00

Moreover, since 0< f(t) <1,

[ ot [ o<

DN ™

and similarly for v, so by the triangle inequality
[ 1tuto- [ o] <artuo s

Since we can repeat this argument for all £ >0, we obtain that | [ f()du(t)— [ f(t)dv(t)]| <
dz(u,v) for all feF. Conversely, 1{t€} is an element of F for all I, so

sup
feF

[roano- [ f<t>dv<t>] <),

proving the result.



C Saufficient Conditions for Bernstein-von Mises

This section provides sufficient conditions for the Bernstein-von Mises (BvM) results dis-
cussed in Section [5.2] of the paper. As in that section, we assume X = (X7,...,.X,,) € X=X
consists of n €N i.i.d. draws from a distribution P € A(Ap). Our goal is to provide sufficient
conditions on (P,3,0,7*) such that for F the set of functions with range contained in [0,1]
and signed variation bounded by one, there exists a class of functions G with Fof CG such
that for all >0, dre (7TB (B1X), (81X )) <9 with probability tending to one as n— oo,
allowing us to apply Lemma

Our arguments in this section rely on approximate normality of the posterior 7*(/5|X)
as n — 00. BvM results in the literature typically quantify deviations from normality
using [PMs, specifically total variation metric when f is finite-dimensional and bounded
Lipschitz metric when f is infinite-dimensional. Consequently, we structure our analysis

in this appendix around these two metrics.

C.1 BvM in Total Variation

Let us first consider the case where the central posterior 7*(/3|.X) satisfies a BvM Theorem
in total variation. For this case, we will limit attention to the case where 3 corresponds to
a finite-dimensional vector of moments, 5(P)=Ep[1)(X;)|€ BCRY. Correspondingly, let
B(P,)=13>"" (X;) and $(P)=Varp(¥(X;)) denote the sample mean and population
variance, respectively. We assume that as n— 0o, the reference posterior 7*(5| X’) converges

to a normal with mean $(P,) and variance 13(P).

Assumption S1. As n— oo

i (G108 (7)) ) ) 5,0

A variety of sufficient conditions for Assumption [S1] are available in the literature—see
for instance Theorem 12.8 in |(Ghosal and van der Vaart) (2017). These results apply to
general functionals and do not in general require that 5(P) correspond to a vector of pop-
ulation moments. However, this additional structure allows us to establish a corresponding

result for the Bayes Bootstrap.



Lemma S1. Provided X(P) is finite and full-rank, as n— oo

dry (#2108 (5P 25(P) ) ) 4,0

Recall that if we let G collect all functions g:B—[0,1] then dg(u,v)=drv(u,v). Since
functions in F have range contained in [0,1] it is immediate that FofCG for all §. Hence,
Assumption [S1] and Lemma [ST] together imply that the conditions of Lemma [3 hold with

probability tending to one, without imposing any further restrictions on 6.

Proposition S1. If Assumption [S1] and the conditions of Lemma[S1 hold, then for G the
class of all functions g:B—[0,1], as n— oo

dg (7TB<B|X>77T*(MX)) _>p07

so for any 6 >0 and any 0:B—R the conditions of Lemma[3 hold with probability tending

to one.

C.2 BvM in Bounded Lipschitz

We next consider the case where 7*(|X) satisfies a BvM Theorem in bounded Lipschitz
metric. Convergence in bounded Lipschitz metric is implied by convergence in total variation,
so this condition is weaker than that considered in the previous section, and has been used
in infinite-dimensional settings where convergence in total variation is too demanding.
Let B:A(&Xp) — B be some (possibly infinite-dimensional) transformation of the data
distribution and B a normed vector space. Let 3(P,) be the analogous transformation
of the empirical distribution. We assume /[ is “well-behaved” in the sense that 5(F,) is

asymptotically normal.

Assumption S2. As n— o0

Vn(B(F,) = B(P)) =GP (0.5(P))

where GP(0,5(P)) is the mean-zero Gaussian process with covariance function X(P).

We assume that the posterior distribution 7*(3|X’) matches the limiting distribution in
large samples, where the discrepancy is measured in bounded Lipschitz metric, dpr, =dr,,

for Fpp, is the set of functions with absolute value and Lipschitz constant bounded by one.

6



Assumption S3. As n— oo

dpL (7" (Vn(B8—B(Pu))|X),GP(0,5(P))) —,0.

For the case where 5(P) is the distribution function, sufficient conditions for Assumption
are provided in [Castillo and Nickl (2014).
In parallel, we will assume that the Bayes bootstrap distribution, appropriately nor-

malized, converges to the same limit.

Assumption S4. As n— oo

dpr (7" (V(B—B(P,))|X) GP(0.5(P))) 0.

Convergence of the bootstrap distribution to normality in bounded Lipschitz metric is the
standard definition of bootstrap consistency, and a wide variety of sufficient conditions are
available: see for instance Theorems 3.6.13 and 3.9.11 in van der Vaart and Wellner| (1996)).

We further restrict the function 6(f) to satisfy a mild continuity condition, and require
that the distributions 72(6|X) and 7*(6|X) not have point masses in large samples. See
Supplemental Appendix [D| for further discussion of both assumptions.

Assumption S5. For all e >0, there exists a constant K(€) €[0,00), a sequence of functions
0. with Lipschitz constants K (€), and an open set Z. such that for Zz~Qz=GP(0,52(P)),

some norm ||-||, and c. the 1—e quantile of || Zs||,

limsup sup 1{|0,(2+B(P))—=0nc(2)|>0} =0 and sup Prg {Zs+z€Z}<e.

n—oo ze€Z\Z. 2€Z:|z]|<ce

In addition, ||Zs|| is continuously distributed.
Assumption S6. For B.,,(0 { ‘9 6‘ <€/\/_}

inyinsupE sup® (5.,,(6).X)| = glnssup supr (5.,0))] =0

=0 psoo |:€€R =0 pnsoo PER

Under these assumptions, the conditions of Lemma [3] again hold with probability

tending to one.



Proposition S2. Suppose Assumptions[SHSE hold. Then for G equal to Fob, as n— oo
dg (7" (B1X),7* (8| X)) =0,
so for any § >0 the conditions of Lemma[3 hold with probability tending to one.

C.3 Proofs for Appendix [C|

Proof of Lemma Note that
dry (720N (B(P) () ) ) = (55 (VG- S(PIX).NO.2(P))

Hence, to prove the result, it suffices to show that the right hand side tends to zero.
By Theorem 12.2 of |Ghosal and van der Vaart| (2017)), we know that

™ (V(B=B(Pa)|X) =4 N (0.5(P)),

where since convergence in bounded Lipschitz metric is equivalent to convergence in

distribution, this immediately implies that
dpr (77 (V(B—B(P))|X) N (0.5(P))) —,0.
Note, next, that by Proposition 4.3 in (Ghosal and van der Vaart, (2017)),

E.56x) [Vn(B—B(P,))] =0,

n n
Vars gx) (VR(B—B(P))) = n—HE(Pn) = n—HVaFPn (V(X3))-
Hence, the first two moments of \/n(8—3(P,)) correspond to those of N (O,nLHE(Pn)),

while since 253(F,) —,X(P) as n— o0,
n
dgr ( N(0,—2—x(B,) | NO.X(P 0,
o (0250 | V0 £(P) ) -,

so by the triangle inequality

i (7 (V-0 )X) N (07 ) ) 0.



(S

Moreover, since M,,= ”THZ(PH)% —p,2n(P)"2,

dpr (7TB (Mnﬁ<ﬁ_5<Pn)) |X) 7N(07I)) —p0.

Theorem 2.2 of |(Choudhuri (1998) shows that if the convex hull of {¢)(X;):ie{1,...,n}}
has an interior, then the density of 72 (y/n(8—B3(P,))|X) is log-concave, and thus so is
the density of 72 (M, /n(B—B(P,))|X). Since we have assumed (P) is full rank, this
condition on the convex hull holds with probability tending to one. Proposition 1 of |[Meckes

and Meckes (2014) implies that for log-concave distributions p and v with mean zero and

dry (p,v) <C/dpr(p.v)

for a dimension-dependent constant C'. It follows immediately that

identity variance

dry (WB(\/E(ﬁ—ﬂ(Pn))\X) N (O,RLHE(Pn)» -

iy (72 (5= N (05 ) ) 40

and, since dpy (N (0,-2%(FP,)),N(0,5(P))) —,0, that

_n_
‘n+1

drv (7 (Vn(B—B(Pa)|X).N(0,5(P))) =0

as we aimed to show. OJ

Proof of Proposition By the triangle inequality,
dg (7 (61 X),m* (8]1X)) = drv (7 (8|1 X),7(B1X)) <

ary (w2 G0N (5P 2(P)) ) iy (w10 (P S3(P)) )

where the second term converges to zero by Assumption and the first converges to zero
by Lemma O

Proof of Proposition [S2] The result follows by the same argument used to prove Propo-
sition [S3] below. Specifically, Assumptions [S2 and [S5] imply Assumption [S7] below, while
Assumptions [S3] [S4, and [S6| imply Assumption Hence, it follows from Proposition



that dgg (75(01X),7*(0]X)) —,0, from which the result is immediate. O

D Equivalence of Bootstraps Under the SK Metric

This section provides sufficient conditions for two bootstraps, A and B, to coincide in SK

distance as n— 00. To emphasize the flexibility of the asymptotic setting, we here make

explicit that the data-generating process Fy,, € A(X;) may depend on the sample size.
Our analysis assumes that the estimator 6 can be approximated by continuous functions

of objects which converge in distribution.

Assumption S7. The parameter space © is a subset of R and the estimator 6 can be written
as 0 = a, +b,0, (Bn> for a, and b, non-random sequences of scalars, 0, a sequence of
functions, and 3, = Bn(Py) a sequence of statistics with population analogues Bon=Bn(Fon)-

Moreover:

(a) As n— o0, we have that /Bn_ﬁo,n_)ZBNQB €A(Z) for Z a normed vector space

and Zgz a random variable such that || Zs|| is continuously distributed.

(b) For all € >0, and for Fy i the set of non-negative functions with Lipschitz con-
stant bounded by K, there exists a constant K (€) €[0,00), a sequence of functions

On.c € FLic(e), and an open set Z. such that for c. the 1—e quantile of || Zg|,

limsup sup 1{|0n(2+Bon) —0ne(2)|>0}=0 and sup Pro,{Zs+z€Z}<e

n—oo zeZ\Z. 2€Z:|z]|<ce

Assumption states that the estimator can be represented as a function (or functional)
of a statistic that converges in distribution, where we do not restrict the dimension of
£ beyond requiring convergence in distributionﬂ Assumption requires that the
estimator 6 be sufficiently continuous in ., but is weaker than assuming continuity or
differentiability of 6,,, and does not in general imply normality of 9

For instance, if § is the maximum of two means, §(F,,,) =max{Ep, ,[X;1].Ep,, [Xi2]}

where (X;1,X;2) are bounded, Assumption [S7| holds if we take Bn =B,.(P,)=+/nFp, to

2In cases where Z is infinite-dimensional and Bn need not be measurable for finite n, the statements
below can be adapted by replacing the ordinary expectation E and convergence in probability —, by
the upper expectation E* and convergence in outer probability —,« respectively (see Chapter 1 of jvan der
Vaart and Wellner|[1996)).

3 Assumption is implied by local Lipschitz conditions such as those considered by Kitagawa et al.
(2020)).
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be the scaled empirical distribution function and 3y, = 5, (Fo,n) =/ Fp,,, to be the scaled
distribution function of £ ,, even though 6, (-) is non-differentiable and 0 need not be
asymptotically normal in this case. Similarly, if 6 corresponds to a ratio of regression
coefficients, 0(Pp,) = B1(Pon)/B2(Pos), Assumption [S7 holds under minimal conditions
when we take 3, = VB (P,) and Bon = vnB(Foy) for B(F,) = (B1(F),0(Fn)) and
B(Pon)=(51(Pon),B2(FPr)) the sample and population regression coefficients, respectively.
In this case 6,,(+) is discontinuous, and 6 again need not be asymptotically normal.

We further assume that both bootstraps consistently recover the asymptotic distribution

of @n and deliver an asymptotically continuous distribution for 0.

Assumption S8. For a bootstrap with distribution n(X) and other objects as defined in
Assumption [S7, we have that for Fpr i the set of functions with Lipschitz constant and
absolute value bounded by K,

(@)

P LT (N SN 1)) B
(b) For B.,.(6) { ‘e 0‘<5/b}

ninsupE supis(5.,(0)1X)| <0

e=0 pnooo PER

Assumption states a sense in which the bootstrap consistently recovers the asymptotic
distribution of the statistics Bn Importantly, Assumption does not require that the
bootstrap consistently recovers the asymptotic distribution of the estimator @, or even that
such a distribution exists. Assumption states a sense in which the bootstrap implies
an asymptotically continuous distribution for ) Again, this continuous distribution need
not coincide with a true sampling distribution for 9, so Assumption allows for cases
where the bootstrap need not be consistent, such as the examples discussed above.

If Assumption |S7| holds for the estimator 0 and Assumption [S§| holds for two bootstraps
A and B, then the distributions over 0 implied by the two bootstraps A and B are
asymptotically equivalent in SK.

Proposition S3. If Assumption|S7 holds for 0 and Assumption |S8 holds for bootstraps A

11



and B with distributions n(X) and n®(X), then
dsk (né‘(X)mf(X)) —p0.

Proof of Proposition Let B;;’A and B;?B denote independent draws from the bootstrap
distributions n/gf‘(X ) and 775 (X), respectively. By the triangle inequality, Assumption

implies that
2 {Epgon|(9-5)| B (55} =

o (el ()]

To prove Proposition we first show that the bootstrap distributions for 9;‘;‘4 =
0, (B*’A) and 6+8 =0, (B;’B ) are equivalent in bounded Lipschitz metric,

n

E [h (é;;»A) \X} E [h (égf‘) yX] ‘ ) (S3)

sup
hE}—BLJ

To establish the equivalence , note that
s B [n(8:4)1x | ~E[n (%) 1x]| =

B {1 (On (551 o) )X B[ (B (57— 0) 1]

for én(ﬂ) =0,(840on). Note, next, that for n sufficiently large,

sup
hEFBL’l

{(21,22) €z ;én(zﬁ@)#en,e(zﬁ@)} C{(21,20):||22]| > eI UC,

Ce=({(21,22) : || za]| <ce}N{(21,22) : 21+ 20 € Zc})

where C, is open. We can write B;‘L’A —Bon= B,*L’A — Bn + Bn — Bon, where Assumptions

and imply that
BA -, Z i
=P —al| P, 23,25 Fp. (S4)
ﬁn _ﬁﬂ,n ZB
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Hence,

timsupPri, {0 (B3 = Bon ) 700 (B = Fon ) } <

n—oo

limsupPrp, , { G —

n—oo

> ce} +limsupPrp, , { (B;’A —Brsn _50,n> eC. } )

n—oo

Note, however, that

limsupPrp, , { G -

n—oo

Z Ce} S €, thUpPrPo,n { (B:;A _BnaBn _607n> S Ce} S €,
n—oo

where the first inequality follows from and the fact that ||Z3]|| is continuously dis-

tributed, while the second follows from Assumption [S7|(a)| the joint convergence , the

Portmanteau Lemma (Lemma 2.2 of [van der Vaart|[1998)), and the fact that C. is open.

We thus have that

limsupE [ sup

n—o0o heFBr1

Bl 0 (5 0)) - -0 ] <2

so since the same also holds for 5* B
el 0 ()] [ 0, (2) ] |
0 (B[ (e (5 = 0n) )X B[ (00 (52— ) 1]

] s [e (5] e[ ()]

where we have used the fact that a composition of a function F7, g () with one in Fpp,; is

limsupE [ sup

n—o00 heFBrL1

limsupE

n—oo

+4e<

+4e,

necessarily in Fpr, k() (Where we assume without loss of generality that K () >1). However,
p [B[a(a )] e[ ()] =re s fen(a) ] -l (37)1x]
heFpL k(e heFpr,1

so Assumption [S§(a)| implies that

limsupE [ sup

n—00 h€FBL,1

el 7)o ) ]| <
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Since we can repeat this argument for all e >0, we have verified .

It remains to translate convergence of <@7’TL’A,9:B> in bounded Lipschitz metric to

convergence of (75'(X),nF(X)) in SK metric. Let ;' (X) denote the distribution of oA,
and note that since SK is unchanged by linear reparameterization, SK (' (X)nf (X)) =
SK (13t (X),ng (X)). Recall next that o x) (é) =E,1 x) [1{9§5H, and note that for

any v € (0,1) and each R, there exists a function h, € Fpr1 such that h,(0) =v- 1{9 < @}
for all 0& @—v,é). Hence, for all ve (0,1)

() ~Fion ()|

E,x oo [h(0)]—E,5 x) [h(e)])+

On nen

vt sup

he]'—BL,l

s (0 [1{0 (7-09))] g o 1o (1) ).

Thus, we have that for all ve (0,1),

n—oo

limsupE Slll)‘ll’};;1 (X) <é> —Fup x0) <é> ’] =
il ’

v ! limsupE| sup
n—00 LheBL1

By o lR(0)] B,z x )[h<e)]”+

Moy,

usupE supr (5,(0))|-HimssupE supnf (5,,0).)|

n—00 6eR n—00 0eR

However, we have already established that the first term goes to zero for all v € (0,1), while
the second and third terms go to zero as v— 0 by Assumption [S§b)| Hence, 7} (X) and

nfn (X) converge in Kolmogorov metric. Since SK is bounded by twice the Kolmogorov

(#)=Feeo ()

the conclusion of the proposition follows immediately. [J

distance

SK (mg(X) g (X)) <

)

E Additional Plots from Running Example
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F Additional Findings from Bootstrap Census
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Supplemental Appendix Table 1: List of Papers in Bootstrap Census

Citation Objects Transmitted?
‘Abebe et al| (2021bla) 7 N
‘Adermon et al. (2021alb) 2 Y
Bailey et al| (2021bjal) 6 Y
Bourreau et al. (2021blal) 20 Y
Braguinsky et al| (2021bJa) 2 N
Dinerstein and Smith| (2021bja) 1 N
Finkelstein et al.| (2021, 2022) 3 Y
Goodman-Bacon| (2021blal) 2 Y
Knzig (20215a) 6 N
Kostel and Myhre| (2021bja) 5 Y
Mueller et al.| (2021} [2020) 3 N
Reimers and Waldfogel (2021blal) 7 N
Seibold| (2021blal) 4 Y
Weaver| (2021blal) 13 Y

Notes: For each paper in our bootstrap census, the table reports the number of objects of
interest for which we obtain replicates and an indicator for whether or not we received a
transmission of bootstrap replicates directly from the authors. Papers are in ascending
alphabetical order by the first author’s last name.
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Supplemental Appendix Figure 2: SK Distance, Nonparametric vs. Bayes Bootstrap
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Notes: The plot is a scatterplot. The unit of analysis is an object of interest, with the area of
each point inversely proportional to the total number of objects of interest in the same paper
as the given object. We include objects of interest for which we were able to compute a Bayes
bootstrap by adapting the authors’ original bootstrap code. The y-axis reports the SK distance
between the distribution of a set of nonparametric bootstrap replicates and the default normal
report, whose mean is given by the point estimate and whose standard deviation is given by
the bootstrap standard error. The x-axis reports the SK distance between the distribution of a
set of Bayes bootstrap replicates and the default normal report. In both cases, the number of
replicates is equal to the number used in the authors’ original bootstrap. For all objects of interest,
the displayed 45-degree line passes through a rectangle formed as the Cartesian product of a
95% confidence interval for the SK distance between the nonparametric bootstrap distribution
and the default normal report, and a 95% confidence interval for the SK distance between the
Bayes bootstrap distribution and the default normal report, where these confidence intervals are
constructed based on 95% uniform (DKW) bands for the bootstrap distributions.
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Supplemental Appendix Figure 3: Distribution of SK Distance to Normal Report
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Notes: The plot is a weighted empirical CDF. The unit of analysis is an object of interest and, for
each paper, we weight each object of interest by the inverse of the number of objects of interest
in the paper. For each object of interest we calculate the SK distance between the distribution of
bootstrap replicates and the default normal report, whose mean is given by the point estimate
and whose standard deviation is given by the bootstrap standard error. We also calculate the
SK distance between the distribution of bootstrap replicates and the quantile normal report,
whose mean is given by the point estimate and whose standard deviation is taken to match the
difference between the 97.5th and 2.5th quantiles of the empirical distribution of the replicates.
The plot shows the weighted empirical CDF of each of these two distances across the objects of
interest in our census.
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