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1 Introduction

Starting in the 1980s, nominal interest rates in the U.S. went into a long period
of decline. Rates, particularly short-term Treasury rates, were frequently below 1%
between 2010-2021. Depending on the choice of the time horizon, the average annual
real rate lies somewhere between 0.5% and 0.9% (see Mehra and Prescott (1985) and
Beeler and Campbell (2012)).! The growth rate of per capita output has been roughly
2%. The positive average gap between the U.S. growth rate and the real interest rate
on U.S. Treasuries has sparked a large literature on the question of whether an infinite
rollover of government debt is possible and whether deficit finance has no fiscal cost
(see, e.g., Blanchard (2019), Kocherlakota (2023), Aguiar et al. (2024), Jiang et al.
(2024)).

In this paper, we make five contributions to this literature. First, we deliver a
tractable characterization of intertemporal arbitrage, linking rollover to the spectral
radius of the growth-adjusted state-price matrix and, equivalently, to the price of a
growth consol. In representative-agent, complete-market environments, this implies
that the possibility of rollover depends exclusively on the discount factor, 5 (or on the
growth rate and f in a model with growth), and is independent of aggregate uncer-
tainty. We also extend the Cass-Zilcha criterion for dynamic efficiency to an economy
with adjustment costs. Second, we build a tractable model of a production economy
with heterogeneous agents and segmented markets that can match the observed high
market price of risk and a very low average risk-free rate. Third, we evaluate the pos-
sibility of intertemporal arbitrage and dynamic inefficiency in our calibrated model.
We show that infinite rollover fails, even with average interest rates well below the
average growth rate. This result persists when considering a version of the model with
both permanent and transitory shocks to productivity. Fourth, we map the average
interest rate and the average market price of risk to the average consol price, charac-
terizing the combinations under which rollover is possible. Fifth, we study policy and
show that using government debt to relax borrowing constraints generally reduces
average welfare due to capital being crowded out because the economy is dynamically
efficient.

An empirical investigation into debt rollover and dynamic efficiency involves pro-

L Although real rates did increase after COVID in 2023, the average real rate is again trend-
ing down (see the Federal Reserve Bank of Cleveland, 1-Year Real Interest Rate [REAINTRA-
TREARATI1YE], retrieved from FRED, Federal Reserve Bank of St. Louis).



jecting far into the future based on restricted present data. Given the notorious
challenges associated with this task (see Kocherlakota (2024)), and considering that
the average interest rate itself provides scant insight into the feasibility of perpetual
debt rollover (as discussed in Bloise and Reichlin (2023), Kocherlakota (2023)), we
employ a quantitative model-based approach to assess the effects of consistently low
interest rates on dynamic efficiency and the feasibility of ongoing debt rollover.

We build a production-based asset pricing model with both idiosyncratic and
aggregate risk, along with heterogeneous firms and households. The model includes
adjustment costs on capital, firm death and entry,? along with borrowing constraints
on households and heterogeneous access to financial markets along the lines of Chien
et al. (2011): Some of our households can only invest in risk-free one period bonds
(referred to as bond traders or non-participants) while others can invest in a full
range of assets including aggregate-state-contingent securities (referred to as advanced
traders).

Due to the presence of idiosyncratic labor income risk, all our households have
precautionary motives to save and must contend with the borrowing constraint (as in
Aiyagari (1994) and Huggett (1993)). On the household side this implies that even
if the present-value of labor income becomes infinite, consumption stays finite.

On the firm side, adjustment costs to capital make the value of a firm meaningful,
while incorporating firm death, beyond being a step towards greater realism, means
that the value of firms being traded in asset markets does not include future entrants.
This leads to a more realistic notion of firm value and also means that even if the
present value of overall dividends becomes infinite, that from currently alive firms
remains finite. As a result, equilibrium outcomes can be computed under very low
interest rates while maintaining a plausible level of aggregate risk pricing.

We restrict ourselves to CRRA preferences with a degree of risk aversion of 5.5 and
do not include a habit factor that can sharply increase local risk aversion. Despite this,
our model is able to replicate our two key asset pricing facts: the high MPR and the
low risk-free rate. Chien et al. (2011) showed that this was possible in an endowment
model using a similar mechanism. The high market price of risk occurs because

heterogeneous access to asset markets along with idiosyncratic risk leads to a wealth

2Tt is well documented (see, e.g. Crane et al. (2022)) that every year a substantial fraction of
firms and establishments in the United States “die”, while surviving firms, on average, grow in size,
despite the fact that new firms enter. We calibrate our model to match these facts.



distribution for each type, which moves strongly in response to aggregate shocks.
These large movements in the wealth distribution drive the high market price of risk.
In addition, the combination of idiosyncratic risk and borrowing constraints can lead
to a low risk-free rate in our model. Achieving this in a model with capital is more
difficult than in pure exchange economies, since investment responds to intertemporal
prices.

Solving our model is computationally challenging. While the firm-side satisfies
a version of Gorman aggregation, the household-side features two types of heteroge-
neous agents. We solve the model using an extended version of the Krusell-Smith
method. An important aspect of our approach is that we can compute equilibria for
our model even when (Arrow-Debreu) prices are not summable. The value of the cur-
rently alive firms remains finite even if the present value of a strictly positive stream
of future payments explodes. Borrowing constraints for households ensure that even
though the present value of future labor endowments might be infinite, the house-
hold optimization problem still has a solution. However, computing an equilibrium of
our model when the present value of future labor endowments is infinite is computa-
tionally challenging because the high prices of future consumption and endowments
effectively lengthens pricing horizons. This reinforces the need for computational
methods that are tailored precisely to our economic problem.

Our modeling setup also allows us to investigate whether a consol with a dividend
growing at the long-run growth rate has a finite value. If this is the case, it is
impossible to roll over debt infinitely. We find that as long as the parameterization
of our model matches a realistically high market price of risk, average interest rates
can become very small (with a growth rate of 2% we consider average interest rates
down to -1.5%), while the value of the consol remains finite.

Associated with government debt is not only the issue of rollover, but also Pareto
optimality. One can think of a government as being able to borrow against future tax
payments and thereby using government debt to expand the borrowing capacity of
households; effectively lowering their borrowing constraints. Government borrowing
can also crowd out capital and, in some cases, make dynamically inefficient economies
efficient as a result. Consistent with this, we examine the impact of relaxing the bor-
rowing constraints of households on economic outcomes and welfare. Because our
economy is dynamically efficient even at low rates, lowering agents’ borrowing con-

straints via government policy causes crowding out and lowers the (average) welfare



of both the advanced and the bond traders.

A fundamental calibration issue in any dynamic economic model of the economy
is the extent to which the stochastic process for TFP includes a unit root. As a
robustness check, we, therefore, examine the impact of including a unit root in our
growth process on our results. To do this, we add an i.i.d. growth process and
recalibrate the transitory shock process to TFP so that the one-step-ahead standard
deviation (std) and autocorrelation are unchanged. When we incorporate a unit root
with a 2% std into the TFP process, and recalibrate the model to match the interest
rate, the MPR and the std of output to our benchmark values, we find that the std
of the interest rate and consumption both rise, while the yield curve flattens but
only modestly. The std of the interest rate remains within an empirically plausible
range; however, the std of consumption is moderately outside of what we consider
plausible. Despite this, our results for debt rollover and dynamic efficiency remain
largely unchanged.

The paper is organized as follows. In Section 2 we briefly review the existing
literature. In Section 3, we introduce the model and clarify the conditions for the
possibility of infinite debt-rollover and for dynamic efficiency. Section 4 describes the
calibration and key aspects of the quantitative implications of our model. In Section
5 we examine the possibility of debt rollover and discuss the effects of government
debt on welfare. In Section 6 we examine the role of permanent TFP shocks for asset
pricing in our model, and Section 7 concludes. The Appendix contains proofs, addi-
tional material to our calibrations, and a detailed explanation of our computational

approach.

2 Literature Review

A large recent literature asks whether low real interest rates relative to growth (r < g)
permit perpetual debt rollover and whether deficit finance is fiscally costless. Key con-
tributions include Blanchard (2019), Abel and Panageas (2025), Mian et al. (2021),
Aguiar et al. (2024), Amol and Luttmer (2024), Brumm et al. (2024), and, on val-
uation, Jiang et al. (2024). Theoretically, Kocherlakota (2023) studies rollover with
one-period debt under uncertainty, while Bloise and Reichlin (2023) relate rollover to

Arrow prices.



We contribute a tractable Arrow-price characterization: rollover® is equivalent to
the spectral radius of the growth-adjusted Arrow matrix exceeding one (equivalently,
an infinite growth-consol price). In complete markets, the criterion depends only on
the discount factor (or ((1+ ¢)/3)) and is independent of aggregate uncertainty for a
given discount factor.

Classic results show that government debt can raise welfare when economies with
overlapping generations are dynamically inefficient (Samuelson, 1958; Cass, 1972;
Abel et al., 1989). We extend the Cass-Zilcha test to include capital adjustment
costs (Zilcha, 1990; Rangazas and Russell, 2005) and show that our calibrated econ-
omy is (typically) dynamically efficient even at very low rates.

We build on evidence that limited participation in the stock-market and hetero-
geneity are central to asset prices: participation is limited (Vissing-Jorgensen, 2002;
Vissing-Jorgensen and Attanasio, 2003), high-consumption households bear more ag-
gregate risk (Parker and Vissing-Jorgensen, 2009), and the required volatility of the
SDF is high (Hansen and Jagannathan, 1991; Cochrane, 2009). In models, Guo (2004)
and Chien et al. (2011) show that segmentation plus idiosyncratic risk can produce
a low risk-free rate and a large countercyclical premium in endowment economies.
Guvenen (2009) demonstrates related mechanisms in a production economy with two
traders. Favilukis (2013) studies a production economy with overlapping generations,
idiosyncratic risk, and fixed costs to participate in the stock market. He shows that
loosening borrowing constraints, lower participation costs, and larger idiosyncratic
risk can explain a decline in the interest rate and the equity premium. Our model
differs along three margins central to the r — g question: (i) two-type heterogeneity
with uninsurable idiosyncratic risk (so wealth shares are shock-sensitive), (ii) complete
markets for aggregate risk for advanced traders (so the Arrow matrix is well-defined
in equilibrium), and (iii) a production block with adjustment costs and firm exit,
which disciplines valuation ratios.

We incorporate firm exit and entry, which matters quantitatively for valuation
ratios at low rates: with exit, traded value excludes future entrants, preventing
mechanically explosive price earnings ratios in low-r environments (see also Rossi-
Hansberg and Wright (2007); Luttmer (2011)). We also allow for capital adjustment

costs, which tie investment and valuation tightly and are standard in quantitative

3We refer to the existence of a bounded Arrow-security Ponzi scheme as infinite debt rollover,
which is a weaker condition for rollover than a one-period bond rollover.



production models.

Together, limited stock market participation with advanced traders and firm exit
allow our calibrated model to match a low risk-free rate and a high market price
of risk. Because of the presence of advanced traders, the prices of Arrow securities,
which are crucial to the question of infinite debt rollover, are equilibrium outcomes
of our model. Our paper is the first to examine when debt rollover is possible in a
production based asset pricing model that matches the observed average market price

of risk.

3 Model

We model a production economy with segmented financial markets and infinitely lived
heterogeneous households that face aggregate and idiosyncratic risk and borrowing
constraints. Time is discrete and indexed by t = 0, 1, 2,.... We denote the aggregate
shock in period ¢t by z; € Z = {1,...,Z} and assume that aggregate shocks follow a
Markov chain with transition 7. We use m(z:41/2¢) for the probability of transitioning
to the aggregate shock z;1; when currently in the aggregate shock z;. We denote
a history of aggregate shock by z' and we use m(z') to denote the unconditional
probabilities of shock sequences z!. We write 2! > 2! if node 2! succeeds z! in the

event tree.

3.1 Firms

We model a continuum of firms that take capital and labor as inputs and produce the
single consumption good with identical Cobb-Douglas production technology. The

production function of firm i is

v =€ (z) ()™ (A, (1)

where ¢ (2;) is the stochastic productivity level, A; = (1+ g)* grows deterministically
at a fixed rate g, k! and [/ denote the amount of capital and labor firm i chooses
in period t. Every period starts with a unit measure of firms, of which the fraction

I’ survives to produce and the fraction 1 — I' dies. If firms exit, they do not pay



4 Because death is random, the amount of

dividends and their capital evaporates.
capital in the surviving firms is I'K; where K, is the total amount of capital at the
beginning of the period.

An equal measure of new firms replaces the dying firms. The new firms do not
produce in the current period and the initial amount of capital invested in them at the
end of the period is 7;. The difference between the investment of new and incumbent
firms is that the investment of new firms is chosen exogenously from the perspective
of an individual entrant and is not subject to adjustment costs. Since initial capital
does not suffer adjustment costs, there can be rents from firm creation.

The total measure of firms at the beginning of the next period is 1 by construction.
Except for their capital stock, both new and surviving firms are identical in the next
period, and both new and surviving firms in period t are subject to a survival shock at
the beginning of the next period. Conditional on survival, new firms entering period
¢ start producing in period ¢ + 1 with capital kj ; = 1.

The problem of surviving firms is standard. For firm i, capital accumulates ac-

cording to
k§+1 = kf&(l —0)+ @1 (2)

& denotes the capital depreciation rate and kj,, denotes the capital of firm ¢ in the

next period conditional on surviving. Firms producing at time ¢ pay dividends
dy =y, —wily — iy — ¥ (ki k) (3)

where w; denotes the wage at time t. Adjustment costs are given by

/

o) = ek () - +g>)2. e

In this specification of the adjustment costs, the parameter £*¥ denotes the level of
the adjustment costs.

Firms have access to financial markets and trade in a complete set of aggregate-
state contingent securities, i.e. Arrow securities for aggregate states. The price of

an Arrow security that pays at node z'*!, when traded at node z!, is denoted by

4In a more detailed model, the capital of exiting firms would have some resale value, but this is
typically thought of as being very low and cyclical, see, e.g., Shleifer and Vishny (2011).



p(212Y). From this, we can price all aggregate date-events — we denote the price
in period ¢ of consumption at some future date-event 27 by p;(27).

Since in our model the Modigliani and Miller (1958) result holds, the firm’s capital
structure does not affect its value, and we therefore introduce the firm’s problem

without the consideration of financial policy. A firm’s Bellman equation is given by

V() = maxdi 4T YD p( i), )

k’L
t+1 sttly ot

where kj,, and v, denote the firm’s capital and value in the next period conditional
on surviving.

The birth and death cycle of firms combined with adjustment costs implies that
young firms can differ in size relative to older firms. However, since the probability
of death is independent of age or size, these firms effectively aggregate, with each
firm having the same capital-to-labor ratio and the same investment-to-capital ratio.
Thus, there is a representative surviving firm and a representative new firm.

Aggregating the production sector, we obtain expressions for the aggregate value
of producing firms V;™  aggregate dividends Dy, the wage w;, and aggregate profits
from firm creation IT;"™""°. Furthermore, we obtain an aggregate Euler equation,
which characterizes the optimal choice for aggregate capital K;,;. We provide the

expressions in Proposition 3.1 and give the derivations in Appendix A.1.

Proposition 3.1 Let K; denote the aggregate amount of capital in the beginning of
period t, before the survival lottery. We have the following expressions for aggregate
quantities output Yy, wages wy, marginal product of capital i, growth rate of capital

in firms g¥, the firm’s Euler equation (10), dividends Dy, the value of producing firms



V™ and the profits from startup creation TIstarters:

Y, = ft(FKt)a(AtLt)lia (6)
Wy = ftAt(l - 04) <£t[Z> (7)

— o ( ”z) ®)
S (9)

T+(1-1)s K,
Py, o (1 =0+ ((9f,0)° — (14 9)%))

1= : 10
1+ 2¢94(gy — (1 + g)) 1o
Di=Y, —wl T [(gf = (1= 0) Ko+ K& (of — 1+ )] (1)
r
firm zt+1 7 7 firm

Vi —Dt+m;t+‘é+l (12)

startups (1 — Zt41 rm
Ht tup _(F_'_(l_ ;thf V;tjj—l —Kt+1 . (13>

Expression (12) shows that our model of firm exit and entry amounts to an additional
discount of I'/(I" + (1 — I')s) in the aggregate Bellman equation. Fixing 0 < s < 1,
a decrease in the survival rate rate I' means that less of the future value of firm’s
dividends is compounded into the current value of producing firms. It also shows
that as s — 0 all future firm dividends end up compounded. This is because the
“missing” value of future firms is a product of two elements, how many there are and
how valuable each new firms is in terms of both its initial capital and subsequent
rents from creating capital. Put differently: s > 0 is required such that a positive
fraction of tomorrow’s stock market is not part of the stock market value today.

In Appendix B we provide additional details on the life-cycle of micro-level firms,

which is active under the hood of our aggregation results.

3.2 Households

We model a unit measure of households. The households are of two types ex-ante and
there is ex-post heterogeneity within type due to idiosyncratic productivity risk. The
types of ex-ante heterogeneous households are based on Chien et al. (2011): a measure

0 < pu <1 of households are advanced traders and a measure 1 — p of households are

10



non-participants. Advanced traders can trade the full set of aggregate-state contingent
securities, while the non-participants only trade the risk-free one-period bond. Both
types cannot insure against idiosyncratic risk and face borrowing constraints in the
form of a zero lower bound on asset holdings.

Each agent experiences one of two idiosyncratic shocks in every period — we denote
a realization of the idiosyncratic shock with 7, € N and a history of idiosyncratic
shocks with n'. We assume that both, the aggregate as well as the idiosyncratic shock,
are first-order Markov and evolve independently. We use 7, (17:+1|n:) for the probabil-
ity of transitioning to an idiosyncratic shock 7,1 when currently in an idiosyncratic
shock 7;. Each period, each agent receives a stochastic labor endowment I(n*) = I(n,),
which depends on its current idiosyncratic shock. We use A to denote the advanced
traders and B to denote the non-participants.” We assume that agents supply their

labor inelastically at the equilibrium wage.

3.2.1 Preferences

Agents have identical, times-separable, von Neumann-Morgenstern utility functions
1—y

Ul(er)o) = Eo Y Buler), with u(c,) = ft_ - (14)

where + denotes the coefficient of relative risk aversion and [ denotes the time-

preference parameter.

3.2.2 Advanced traders

We denote the asset holding of an agent at node z' = (z%,n") of aggregate-state
contingent securities with a payout of one only at node 2! = 2! by a;""" = @ (xh).
In addition to trading in financial markets, advanced traders start up new firms. For
each start-up, advanced traders have to invest the amount 7, and then own a start-up
of value v; We assume that the firm will only start producing in the next period and
the start-up owners can trade the firm in financial markets. Therefore, a start-up
simply means a cash transfer of value @, — i; to the agent. This value is mostly
positive, but, in particular in economic downturns, may also become negative. We

assume that the (1 — I') start-ups per period are equally distributed across advanced

5We use the letter B, because it goes well with A and because type B only trades a bond.
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traders. Thus, each trader starts (1 — ')/ start-ups, where o denotes the measure

of advanced traders. The Bellman equation for advanced traders is given by

V(Zn,ait) = max  u(c)
{att+1 2@}2t+1 ez
+BY Y G lz)my (ea n) V(2 Ze) i a5, (15)
Ze4+1 Tl
where
A t 1-T startups ( t 2t Zt41, zeq1 (St
¢ = 1 (m)w(2") + TH (N +aiy = Y @ pr (). (16)
Zt41€2

and where the price of an aggregate-state contingent security is given by
PP (Y = p(' T2, for 2T = (2 240) = 2 (17)

For non-participants a sufficient statistic for the agents’ problem at node x! =

(2%, n") is given by
StB = (Zta Mt btfl)- (18)
The Bellman equation of non-participants is given by

V(' e, b)) = fgtlgziu(ct) + 7 Z Z T (Zeea20) T (Tea [00)V (2, Ze1)s e, be),
Zt41E€EZ i1 EN
(19)
where
e = 1B (n)w(z") + by — bip(2h). (20)

Here, p®(2!) denotes the price of a bond, which is given by

P = Y0 pE. (21)

Zttlzt
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3.3 Market clearing

There are Z + 1 relevant market-clearing conditions in this economy. One for labor
and one for each aggregate state-contingent Arrow security. Consumption markets
clear by Walras’ law, and throughout, we normalize spot prices of consumption to
one. Since households supply their labor inelastically and since we do not model

population growth, the total amount of labor supplied by the households is given by

Lhovseholds . — 14 + 1B where (22)
LY =p Z </ ZA(nt)pf(Uuaft—ﬂd@ft—l) (23)
meN a
L= (1—p) Y (/ lB(ﬁt)PtB(ntabt—l)dbt—l) : (24)
neN b

In our calibration, we choose initial conditions to ensure that Lhouseholds — 1 for all ¢.

Taking an equilibrium wage w; as given, the labor demand by the firm is given by

firm ,__ Wt e
= (Tarerr) )

Labor market-clearing implies L™ = [households ‘honce the market-clearing wage

on labor is given by
wy = (1 = a)§ K7L (26)

The firms are owned by an intermediary that issues Arrow securities that, in
each aggregate shock next period, are collateralized by the firm’s value. We do not
introduce this intermediary formally and simply note that asset markets clear in

period ¢ if at each z;,; the total financial wealth in the economy equals the value of

13



the firms. The total financial wealth owned by households is given by

w?ouseholds — wiA + ,wf, where (27)
wit = p Z (/ aftlpf(m,aftl)daftl) (28)
nEN @
wi’ = (1 - p) Z (/ btlﬂf(ﬁt,btl)de) : (29)
meEN b

Financial markets clear when
V;ﬁrm — w?ouseholds' (30)

Note that V'™ as well as wheuseholds - conditional on the aggregate shock z; € Z, are
predetermined at time ¢ — 1. Hence, at t — 1, there are |Z| market-clearing conditions

for the financial markets.

3.4 Intertemporal arbitrage and overaccumulation of capital

Throughout this subsection, we assume that there is an irreducible Markov chain
(z;) with finite support and that the Arrow prices are a time-invariant function of z;.
Obviously, in the equilibrium of our model, this assumption does not hold.® However,
note that for any computed approximate equilibrium, the assumption of finite support
always holds because machine-precision implies the finiteness of possible states. The
assumption of irreducibility is without loss of generality since we make our statements
for specific initial conditions, and in the absence of irreducibility, one can always

redefine the state space and the initial conditions accordingly.

6Very little is known about the exact equilibrium (as Brumm et al. (2017) explain, even the ex-
istence of Markov equilibria is, in general, an unresolved issue). In order to make statements about
intertemporal arbitrage for the exact equilibrium, one would need to assume that the linear pricing
operator has a strictly positive eigenprocess (see, e.g. Bloise and Reichlin (2023)). While the exis-
tence of an eigenprocess can be established via the Krein-Rutman theorem (see, e.g. Deimling (2013)
Theorem 19.2), sufficient conditions are generally very demanding (see, e.g. Christensen (2017)), and
nothing is known about the existence of a positive eigenprocess in models with incomplete markets
and a continuum of heterogeneous agents.

14



3.4.1 Intertemporal arbitrage and debt rollover

We can define a non-negative matrix of Arrow prices P. Note that the price today
of one unit of normalized output in j periods is then [(1 + ¢)P)/[1]. It turns out
that intertemporal arbitrage is possible if and only if this explodes as 7 — oco. The

following theorem formalizes this idea.

Theorem 3.1 The following three statements are equivalent.
1. The largest eigenvalue of (1 + g)P is greater than or equal to one.

2. For any B > 0 there exists a (Markovian) trading strategy (0(z;)) with ||0(z)|leo <
B for all z; that satisfies p(zp) - 0(20) < 0 and

0.,(z-1) — p(2) - 0(2) >0 for all 2*

3. The price of a growth consol that, at any time t pays (1 + g)' in all states is

infinite.

As in Aiyagari and Peled (1991), the theorem shows that the largest eigenvalue
of the matrix of Arrow security prices determines whether intertemporal arbitrage is
possible and whether infinitely lived assets can have a finite price. It is then obvious to
ask how this eigenvalue relates to other prices or to the fundamentals of the economy.
The following theorem shows that the risk-free rate contains little information about

this eigenvalue.

Theorem 3.2 In each state i the inverse of the interest rate is given by % = Zj Dij-
Let P be an irreducible, non-negative matrix. Let Ap denote the largest eigenvalue of
P. Then

1
min — < Ap < max —.
Moreover, for each € > 0, there exist (non-negative and irreducible) P and P such

that || min; R%_ — Ap|| < € and || max; R%_ —Apr|| <e.

The result clarifies that nothing about the possibility of intertemporal arbitrage can
be inferred from the average risk-free rate. The absence of intertemporal arbitrage
merely places restrictions on the largest and smallest possible realization of the risk-

free rate.”

"To see this, note that the last statement of the lemma implies that the bounds in the first
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Note that the existence of intertemporal arbitrage is weaker than the possibility
of rolling over one-period risk-free bonds (as examined in Kocherlakota (2023), see
also Bloise and Reichlin (2023)). While Parts 1 and 3 of the theorem obviously give
necessary conditions for rollover of one-period debt, Part 2 of Theorem 3.1 shows the
existence of a bounded Ponzi-scheme in Arrow securities.® It is easy to construct
examples where this does not imply that there is a Ponzi-scheme in the one period
risk-free bond: Suppose there are two shocks, ¢ = 0 and R; = 1.05, Ry = 0.95 and
the largest eigenvalue of P is 0—%. Intertemporal arbitrage is possible, but if shock
1 realizes sufficiently often, the debt position must become arbitrarily large. This
raises the question of why the government cannot issue Arrow-securities instead of
one-period debt. Angeletos (2002) argues that by issuing sufficiently many bonds of
different maturity, the government can actually replicate any Arrow-security portfolio.
With this, the trading strategy in Theorem 3.1 can be viewed as debt-rollover, just
that it is not exclusively one-period debt that is issued by the government. In the
following, we will simply refer to the intertemporal arbitrage as the possibility of
debt rollover. Since our main finding is that intertemporal arbitrage (and therefore
infinite debt rollover) is not possible under realistic calibration, it is useful to employ

the most general definition of debt-rollover.

3.4.2 Intertemporal arbitrage and equilibrium asset pricing

In this paper, we investigate the restrictions on P imposed by equilibrium asset pricing
models. As one would expect, these depend crucially on the details of the model.
In the simplest version without borrowing constraints and with complete markets,
individual consumption will be Markovian. An (w.l.o.g. representative) agent with a

consumption process ¢(z;) and CRRA utility u(c) will satisfy Euler equations of the

u'(e(z141)
u'(e(z1))

form

Por (2t) = Bz |ze)u' (1 + g) for all z;, z41.
We have the following theorem.

Theorem 3.3 Suppose there is a positive (Markovian) process (m(z;)) and a >0

statement are tight, in the sense that, for some P, the largest eigenvalue can be arbitrarily close to
the largest or smallest inverse of the risk free rate.

8 As we show in Appendix C, the trading strategy is given by the eigenvector associated with the
largest eigenvalue and is generally not the unit vector.
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with (ot)
5 mizi41
Paer (26) = 5W(Zt+1fzt)m for all z, 244
Then the largest eigenvalue of P is equal to 5. Moreover, for any 0 < 8 < 1 and any
0 < R <1 there exist (m(z;)) such that the average real rate is equal to R.

The theorem shows that the simplest equilibrium asset pricing framework does not
establish any link between the average risk-free rate and the possibility of intertem-
poral arbitrage. It also shows that the discount factor g is the crucial parameter that
determines the largest eigenvalue of P. In particular, this implies that, keeping the
discount factor fixed, increasing aggregate uncertainty has no influence whatsoever
on the possibility intertemporal arbitrage. Increasing aggregate risk, however, will
reduce the average interest rate in the model. So if we infer the critical patience pa-
rameter by matching the average interest rate, its value, and therefore the possibility

of intertemporal arbitrage, will depend on the assumptions on aggregate uncertainty.

3.4.3 Overaccumulation of capital

As Bloise and Reichlin (2023) show, the possibility of intertemporal arbitrage is equiv-
alent to Pareto inefficiency of the competitive equilibrium in models of overlapping
generations without financial frictions. In our model, equilibrium is always inefficient,
independently of the existence of an intertemporal arbitrage. Following Zilcha (1990),
Bloise and Reichlin (2023) also point out that in these models another stronger form
of inefficiency is possible. It is possible that aggregate consumption can be (weakly)
increased at all future date-events by decreasing investment in the current period.
Following Bloise and Reichlin (2023) we refer to this possibility as “capital overaccu-
mulation”.”

We now turn to address this question in our full model. For theoretical tractability,
we again study an equilibrium with finite support in that the aggregate capital only

takes finitely many values and only depends on the Markov process (z;).!°

9Zilcha (1990) refers to this as “Type I inefficiency”, it is also sometimes referred to as “dynamic
inefficiency” although this terminology is slightly confusing, since the concept is strictly stronger
than Pareto inefficiency.

10The Markov state z; now includes the stochastic shocks as well as the level of capital and a finite
approximation to the wealth distribution. As mentioned before, the finite support assumption is
necessarily justified for any numerically computed equilibrium that uses finite precision arithmetic,
such as the standard double-precision number format.
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We consider the thought experiment where at some time 7 investment is infinitesi-
mally reduced and at all future times, investment is reduced by the implied reduction
in output. Since this output, is subject to adjustment costs when reinvested, it is

useful to define the return in capital units. Define a matrix

S(Zt+1)04ka71— Y (kpq2,k141)

t+1 8kt+l .
+(1-96 if m(zep1]2:) >0
R(2, 2041) = ( 1 2] | )> ()

Okt yo

0 otherwise.

Following Bloise and Reichlin (2023) the following theorem gives a simple necessary

condition for the overaccumulation of capital.

Theorem 3.4 Overaccumulation of capital is not possible if for any z; there are a T

and z4y1, ... Zier Satisfying
HZ—:_(]lR(ZH_Z', zt+i+1) > (1 + g)T (31)

Note that Condition (31) relates to Zilcha’s necessary condition for dynamic effi-
ciency in a stationary OLG model (see Zilcha (1990); Rangazas and Russell (2005)).

Zilcha’s condition is the following.

R

It is easy to see that under our assumption that capital follows an irreducible Markov

chain, if (32) holds, then for any sufficiently long sample path (R;)_, we must have

T
1 R,
= 1
T ;0 0g(1+g) >0
which implies (31).

4 Calibration and Model Performance

We distinguish between exogenous parameters that we take from the existing liter-
ature or estimate from the appropriate data and endogenous parameters chosen to

match the market price of risk and the average real rate in our model to values that
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are typically considered realistic. We also compare the consumption volatility, the
volatility of the real rate, and the average price-earnings ratio in our model to values

from the data.

4.1 Exogenous parameters

We take the capital share in the production function, Equation (1), to be a = 0.33
and assume that (yearly) depreciation is 6 = 0.1. The adjustment cost parameter,
€49 is taken to be a parameter that is chosen to match key asset pricing moments
and is discussed in the next subsection.

In our benchmark model, we set the exit-entry rate of firms to 3.5%. As Crane
et al. (2022) report, the Census Bureau publishes both firm and establishment exit
data through the annual Business Dynamics Statistics (BDS) product. Over recent
decades, the employment-weighted firm death rate has been about 2.5%, while the
establishment death rate is much higher at roughly 4.5%. Our death rate is the aver-
age of these two values. Concerning the appropriate size of entrants, the employment
share of new entrants is reported to be 1% in the first year,'" while Luttmer (2011)
reports that firms’ employment growth is roughly 1% on average. The latter suggests
that i,/ f(t+1 is approximately 75%, given the firm death rate of 3.5%.'? As mentioned
above, we assume that the capital of exiting firms has zero value. We can generalize
this by assuming that the value is positive but small relative to the value of capital in
surviving firms. Clearly, our effects on value-earnings ratios become smaller the larger
the resale value of capital for existing firms. We provide some further discussions in
Appendix G.

Following Chien et al. (2011), we take the share of advanced traders to be = 0.1.
We take the coefficient of relative risk aversion to be 5.5. This is well within the range
considered realistic by Mehra and Prescott (1985).'% The time preference parameter,
B, is a parameter used to match observed prices and discussed below.

We model temporary shocks to total factor productivity as a 3-state discretized

AR(1) process for deviations from the deterministic trend. For the AR(1) process we

11See BLS online publication: Business Employment Dynamics by Age and Size of Firms: Spot-
light on Statistics: U.S. Bureau of Labor Statistics.

2With s = 0.75 and I = 0.965, we obtain I' + (1 — I')s &~ 0.99.

13They consider values below 10, but as they point out, Arrow (1974) argues that the coefficient
should not be much larger than one.
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have

log(&) = p'™log(&-1) + o', (33)

where €& ~ A (0,1). We choose the autocorrelation to be p'? = 0.8145, following Gu-
venen (2009), and the standard deviation of innovations of o** = 0.0247 to match the
standard deviation of output growth we measure in the data (2.6%).* We discretize
the AR(1) process using the method from Rouwenhorst (1995).

As noted by Alvarez and Jermann (2005) the pricing of long-term risk-free bonds
is very sensitive to the stochastic process for consumption in a representative agent
model. In Section 6 below we discuss this issue in detail and examine the impact of
adding a stochastic growth component to TFP.

Due to our 3-state process, a simple bond and stock portfolio will not span the
space of aggregate outcomes. As a result, there is a distinct advantage in being able
to trade a richer set of assets, as our advanced traders do. The richer set of assets
then also ensures that the value of the firm is well defined.

In addition to aggregate shocks, we assume that individuals face two idiosyncratic
shocks. For simplicity, we assume that both types face the same idiosyncratic risk.
An agent’s labor productivity given shock 7 is given by I(n) = X, To match the
persistence and standard deviation of the idiosyncratic income process, we approxi-
mate the process from Storesletten et al. (2004), abstracting from the comovement of
idiosyncratic risk with the aggregate state of the economy. Details can be found in
Appendix F. We obtain

0.46 0.89 0.11
X = , = (34)
1.54 0.11 0.89

The resulting cross-sectional standard deviation of log earnings is 0.60 and matches
the standard deviation of the process simulated in the Appendix. It is in the range
of values that are typically used in the literature on heterogeneous agents (see, e.g.
Auclert et al., 2021).

4We take the series “A939RX0Q048SBEA” (Real gross domestic product per capita, Chained
2012 Dollars, Quarterly, Seasonally Adjusted Annual Rate) from FRED between 1947 and 2008,
compute the quarterly growth rates and aggregate them to a yearly frequency.
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4.2 Matching Moments

We have two remaining parameters that we calibrate inside the model: the adjustment
cost parameter £249 and the time preference parameter 3. We choose these parameters
to match two key asset pricing facts, namely the low real average interest rate and
the high market price of risk.

As a benchmark, we match an average yearly interest rate of 0.8%. Depending on
estimating the mean with quarterly (1947.2-2008.4) or with yearly (1930-2008) data,
Beeler and Campbell (2012) obtain values of 0.89 and 0.56, respectively. Mehra and
Prescott (1985) estimate the average real return on a “relatively riskless security” from
1889 to 1978 to be 0.8%. If we consider the monthly reported l-year real interest
rates’® for the periods 1991-2016, we also obtain an average of 0.8. However, if we
expand the interval to 1991-2022 it falls to 0.5.

Our second target is the market price of risk (MPR). Since there is a complete
set of aggregate state-contingent Arrow securities in our model, we can define it
within the model as the standard deviation of the stochastic discount factor (that
can be constructed from the observed Arrow security prices) normalized by its mean.

Formally, at a given node 2!, the market price of risk is given by

2t41
|V e Tl i P )

MPR(z!
R(z pP(2h)

The market price of risk (also referred to as Hansen-Jagannathan bound, Hansen
and Jagannathan (1991)) exceeds the Sharpe ratio attained by any portfolio. Specif-
ically, given the observed Sharpe ratio, the bound tells us that the SDF must be at
least as volatile. We prefer to target the market price of risk rather than targeting the
Sharpe ratio directly because the latter depends on the firms’ debt policies, on which
we do not want to take a stand. In our benchmark calibration, we follow Cochrane
(2009) and target a value of 50% for the market price of risk. In their segmented
market exchange economy, Chien et al. (2011) target moments of equity returns and
report an MPR of 45%. Several empirical studies report a Sharpe ratio in annual US
equity returns that is significantly higher than 50% (see, e.g., Lo (2002) or Lustig and
Verdelhan (2012)).

15We take the “l-Year Real Interest Rate, Percent, Monthly, Not Seasonally Adjusted” time-
series from FRED (“REAINTRATREARATI1YE”). We form simple averages from January 1991 to
December 2016 and December 2022 respectively.
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4.2.1 Matching the two targets

For our calibration exercise, we need a mapping from the two free parameters, the time
preference parameter and the adjustment costs, to the moment of interest. It turns
out that in our model many mappings from exogenous parameters to endogenous
quantities of interest (most importantly the mapping to the mean market price of
risk and the mean interest rate, which we use in our calibration exercise) are smooth.
Hence, we can approximate these mappings very well with a surrogate model, which
is orders of magnitude cheaper to evaluate (see, e.g. Scheidegger and Bilionis, 2019;
Catherine et al., 2022). Following Scheidegger and Bilionis (2019) we fit a Gaussian
Process to obtain such a surrogate model.'®

Let r*8°t and mpr'®°* denote our targets for the average interest rate and the
average market price of risk. Similarly, let 7(3, £24) and mpr(3, £29) denote the mean
interest rate and the mean market price of risk in our economy with given parameters
B and €24, To find parameters that match these two targets, we numerically minimize
the average root mean squared error of the model implied moments relative to the

targets'”

0(B,6") = (1 (m_m(ﬁ,éadj) - mpr“’”get)2 41 (f(ﬁ,ﬁadj) - rtarget>2> g )

2 mprtareet 2 \ max{0.01, rtareet}

In appendix E, we discuss both the basic computational method to solve for equilib-
rium as well as the computational method used to match moments.

The third panel in Figure 1 shows the value of our objective function, (35), for
different combinations of 8 and £*¥. For our benchmark model, we chose values
that allow us to match both targets precisely. This is the case for g = 0.9273 and
€49 = 4.514. As can be seen in the figure, the model matches the targets for the
interest rate and the market price of risk (almost) exactly, and our two parameters
are well-identified. By construction, our model matches observed output volatility,
the observed average risk-free rate, and an MPR of 50%.

The first two panels of 1 show how the two target moments vary with different

values of the parameters. The market price of risk increases in adjustment costs

16See Appendix E.2 for an introduction to surrogate models.
17Since our model matches both targets (almost) exactly, the obtained parameters are not sensitive
to the specific functional form.
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Figure 1: Dependence of the market price of risk (left panel), the interest rate (middle panel),
and the root mean squared relative distance from the calibration targets (right panel) on the time-
preference parameter 3 and the adjustment cost parameter £2%.

and (depending on the region) decreases in the time preference parameter, 5. The
average real rate decreases in 5 and (somewhat depending on the region) increases in
the adjustment cost parameter. Note that an MPR of 55% or higher, together with
a low real rate, is still attainable if one chooses higher values for the adjustment cost

parameter and adjusts (.

4.3 Model performance

Without targeting these moments, we also compare the results in our model to the
data for the volatility of the real rate, the volatility of aggregate consumption, and
the price-earnings ratio.

Beeler and Campbell (2012) estimate the (annual) volatility of the risk-free rate
to be 2.89 in yearly data (1930-2008) and 1.82 in quarterly data (1947.2-2008.4). We
estimate the volatility of aggregate consumption growth to be 2.0% in the data.'® The
average of the log price-earnings ratio in the data lies somewhere between 2.8 and
2.99 depending on whether we consider the “Cyclically Adjusted Price Earnings Ratio
P/E10” or if the “Cyclically Adjusted Total Return Price Earnings Ratio P/E10”.1

18We take the series “A794RX0Q048SBEA” (Real personal consumption expenditures per capita)
and the sum of “A796RX0Q048SBEA” (Real personal consumption expenditures per capita: Goods:
Nondurable goods) and “A797RX0Q048SBEA” (Real personal consumption expenditures per capita:
Services) from FRED between 1947 and 2008, compute the quarterly growth rates and aggregate
them to a yearly frequency. We obtain a standard deviation of aggregate consumption growth of
2.0% using the first, and of 1.4% using the second measure.

We divide the real price from Shiller’s monthly stock market data (the “U.S. Stock Markets
1871-Present and CAPE Ratio” available at http://www.econ.yale.edu/~shiller/data/ie_data.xls,

23



Model Data Rep. agent

rbond 0.79% 0.8% 19%
MPR 50% 50% 12%
std output growth 2.6%  2.6% 2.6%
std rbond 2.0% 1.8-29% 3.1%
std agg. consumption growth 2.0%  1.4-2.0% 2.2%
log V/E 2.8 2.8-3.0 1.8

Table 1: Key moments in model and data.

Table 1 summarizes key statistics from our benchmark calibration of the model and
compares them to the data and a representative agent specification.?’

The first two targets are met almost exactly by construction. The volatility of the
growth rates of real consumption per capita is 2%, which appears very reasonable;
the volatility of the real interest rate and the average (log) value earnings ratios are
all well in the range of what can be considered realistic. Our model performs well in
all these dimensions. If we were to target a significantly higher MPR (say 60%) or
higher, a higher risk aversion would be needed.

In comparison, the representative agent model (with the same preference parame-
ters and production function) fails to reproduce average interest rates and the MPR.
This is not a surprise (it has been pointed out many times in the literature, e.g. Weil
(1989)) but the numbers are provided for comparison.

It should be noted that the high market price of risk in our model is generated by
the same mechanism already described in Chien et al. (2011). By construction, the
entire aggregate risk in asset returns is held by the advanced traders. Since these only
constitute 10% of all agents in the economy, their individual consumption will be very
volatile. In our benchmark calibration, the consumption of the group of advanced
traders is roughly four times more volatile than aggregate consumption. The assets
are priced based on the individual consumption of unconstrained advanced traders,

which generates a high market price of risk in our model. The advanced traders, on

last accessed: January 2023) by the real earnings, take logs, and compute the average between 1947
and 2008. Earnings in the model are given by profits before investment E; = Y; — 0T Ky — wy Ly — Wy,
where U, denotes the aggregate capital adjustment costs.

20The representative agent model is, for comparison, solved with identical parameters but without
firm-exit.
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average, hold more wealth and attain a higher consumption level. Although this is
not the focus of this paper, we also obtain a reasonable equity risk premium using
standard assumptions on the leverage policy of firms. For example, with a mean
debt-to-value ratio of 0.47 (implying a mean debt-to-capital ratio 0.52) we obtain
that the average expected return on firms’ equity is 4.9%, implying an equity risk

premium of 4.1%.2!

4.3.1 Mapping parameters to moments

As mentioned above, the first two panels in Figure 1 show how the market price of
risk, the interest rate, and the value of the loss function vary with the parameters g

and €%, Figure 2 shows how the volatility of consumption growth and the volatility
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Figure 2: Standard deviation of consumption growth (left), standard deviation of the interest rate
(middle), and the price-earnings ratio (right) for different values of the time-preference parameter
(vertical axis), and the adjustment costs parameter (horizontal axis).

of interest rates, as well as the price-earnings ratios, depend on the time preference
parameter and the adjustment costs. As one would expect, the time preference pa-
rameter has a large impact on the real rate and, therefore, on price-earnings ratios.
Adjustment costs are the main determinant of the volatilities of both consumption
growth and the risk-free rate. A higher MPR would imply higher consumption volatil-
ity.

As we show in Section 5 below, our model setup allows us to match a wide range
of possible interest rates while keeping the MPR constant and 50%. For this, three

modeling ingredients play an important role, idiosyncratic income risk, borrowing

21To obtain these numbers, we assume a constant level of (detrended) firm debt, such that the
average debt-to-value ratio is 0.47.
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Figure 3: Mean log price-earnings ratio for different values of the firm exit rate. For a given firm
exit rate, the adjustment costs and the patience are recalibrated to maintain an average market
price of risk of 50% and an average interest rate of 0.8%. The shaded area shows the confidence
interval of the prediction by the surrogate model.

constraints, and firms’ death. Since Aiyagari (1994), the first two have become stan-
dard in dynamic models with heterogeneous agents. To the best of our knowledge,

our model is the first to allow for firms’ death in this setting.

4.3.2 Firm value

As explained in the introduction, one of the main innovations in our model is the
feature that firms die and are replaced by new firms that are initially financed by
households. The rate of firms exiting plays an important role in a realistic price-
earnings (as well as price-dividend) ratio. In a low risk-free rate environment the
current value of a discounted infinite stream of future payments can obviously be
very large (we discuss this point in detail in the next section).

We alternatively solve the model for different firm exit rates and a variety of
combinations for the adjustment costs and the patience to obtain a mapping from
the exit rate, the adjustment costs and the patience to the moments of interest (see
Appendix E.2 for details). Figure 3 shows, based on the surrogate model,* how the
mean price-earnings ratio in our model depends on the firm’s exit rate. For each firm
exit rate, we recalibrate the adjustment costs and patience parameter to maintain a
market price of risk of 50% and a mean interest rate of 0.8%.

As explained above, the mean (log) V/E ratio for historical US data lies between
2.8 and 2.99. Since we are considering a log-scale a price-earnings ratio of 3.3 or

higher is clearly at odds with the data. As Figure 3 shows, the price-earnings ratio in

22 An introduction to surrogate models is provided in Appendix E.2.
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our model without firm death, or with a death rate below 1% would be substantially
too high. In order to examine low average interest rates, firm exit must be a crucial

ingredient of the model.

5 The fiscal costs of government debt

As we noted earlier, the positive average gap between the U.S. growth rate and the
real interest rate on U.S. Treasuries has sparked a large literature on the question
of whether an infinite rollover of government debt is possible and whether deficit
finance has no fiscal cost. Our model is ideally suited to answer this question because
it produces realistic asset prices in a production economy and allows parametrizations
of the model where infinite rollover is possible.

It is a different question whether government debt can be Pareto-improving in
our setting (see, e.g. Aguiar et al. (2024) or Brumm et al. (2024)). Due to financial
frictions, the fact that debt rollover is impossible does not imply anything about the
welfare consequences of debt. We conduct a simple experiment where the government
issues government debt and households can decide when to pay taxes to ensure that
the debt is repaid asymptotically. In our experiments, government debt is almost
always detrimental to welfare because it induces crowding out of private savings and
investment. We examine one case where debt rollover is possible and where welfare
effects are ambiguous. However, in that case, the market price of risk is unrealistically

low.

5.1 Debt Rollover

In a model without aggregate uncertainty, debt rollover is possible if and only if
the risk-free rate is below the growth rate. As we argued above, with aggregate
uncertainty matters can be very different. To better understand the interacting effects
of the average interest rate and the market price of risk, we construct a surrogate
model that maps average interest rates and the average market price of risk into the

1.3 We fix all parameters except for patience and adjustment costs

price of the conso
at fixed values and compute equilibria for a variety of combinations of parameter.

Infinite debt rollover is possible if and only if the value of a consol that pays (1 + g)*

23See Appendix E.2 for additional details on our surrogate models.
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Figure 4: Mean price of a consol, in logs. The left panel shows the price plotted against the mean
interest rate and the mean market price of risk. The right panel shows it plotted against the patience
parameter and the adjustment cost parameter.

at any time t is infinite. Gaussian process regression is used to predict equilibrium
behavior at all other parameters. The left panel in figure 4 shows the price of the
consol for different combinations of the interest rate and the MPR.?*

In regions where growth-adjusted Arrow prices are summable, the average price of
the consol is increasing faster than exponentially as the mean interest rate decreases.
To see this, observe that the distance between the contour lines is decreasing, despite
the figure showing the log of the average price of the consol. A higher market price of
risk lowers the price of the consol, and hence allows for summable prices with lower
interest rates. A realistically?® high MPR turns out to be crucial for this result. For
example, with a coefficient of relative risk aversion of 5.5, 8 = 0.972, and a relatively
low adjustment cost parameter of 1.55, we obtain a market price of risk of 29.9%.
The average real rate is 0.47% and its standard deviation is 0.9%. In this economy,
prices are not summable, making debt rollover possible.

What are the assumptions on fundamentals that are crucial for the possibility of

debt rollover? In the simple representative agent example in Section 3.4.1 the only

24For lower interest rates computing the consol price becomes numerically difficult before a clear
divergence of the price can be observed. Hence, we mark the area in which we cannot observe either
a clear divergence or convergence of the price with orange.

25 As mentioned above, we chose our calibration target for the MPR to be on the low side relative
to estimates in the literature.
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relevant parameters were the preference parameter 5 and the growth rates adjusted
for risk aversion. In that example, debt-rollover is never possible in equilibrium.
Here, borrowing constraints and the death of firms imply that there are specifications
of the economy where debt rollover is possible. However, holding growth rates and
risk-aversion constant, the value of the parameter S remains the crucial factor in
determining whether debt rollover is possible. As the right panel in figure 4 shows,
debt rollover is possible if 3 is greater than 0.975. Note that with our growth rate
of 2 % and a risk-aversion parameter of 5.5 the utility maximization problem for
each agent is well defined and equilibrium exists. The occasionally binding borrowing
constraints imply that prices might not be summable even when the conditions derived
in the representative agent example hold. Nevertheless, high values of the preference

parameter § remain crucial for the possibility of debt rollover.

5.2 Welfare effects of relaxing borrowing constraints

Although in our benchmark calibration infinite rollover of debt is impossible, and
therefore, there must be a fiscal cost of debt, it is not clear what the welfare conse-
quences of government debt are. The financial frictions imply that the competitive
equilibria are suboptimal and there are no theoretical arguments to rule out the pos-
sibility that government debt could be Pareto improving. In particular, an active
debt policy as, for example, in Bhandari et al. (2017), can be Pareto improving in
the presence of borrowing constraints. On the other hand, even for the parameter
specifications where debt rollover is possible, it is not obvious that government debt
will always be Pareto improving. It is beyond the scope of the paper to solve for an
“optimal” debt policy. Instead, we consider a government policy intervention that
highlights the role government debt can play to alleviate borrowing constraints.

In the first period of the model, t = 0, the government gives each household
some units of a one-period government bond which we denote by b). Assume that
thereafter, the government increases its bond issue by an amount so that the total
for any household is

b = (1+g)bi_,

thus keeping the growth deflated size of the debt held by a household constant. In
every period t, the government collects lump-sum taxes that amount to b7 ;. The

only role this bond plays for the household is that it can be used as collateral for a
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short-position. Equivalently, the household can sell the bond, but still has to repay
to the government next period.

Clearly, a relaxation of their borrowing constraints will potentially increase the
agents’ welfare independently of whether debt rollover is possible or not. However,
there is also a price-effect. If there is no overaccumulation of capital, aggregate
consumption will decrease as government debt increases. The sign and magnitude of
the overall effect is then a quantitative question. Here we present the results from
lowering the borrowing constraint gradually to -.20 which can be roughly thought
of in terms of percentage mean consumption since this value is roughly one. We
consider three calibrations for the average risk-free rate for the zero-borrowing case.
As above, in the benchmark case the average interest rate is around 0.8 percent, we
also consider a zero interest rate case as well as a case with an average interest rate
of -0.58 percent. In this last case, debt rollover is possible. In all four cases, our
necessary condition for dynamic efficiency, Equation (32) is satisfied.

Because we change the preference parameter 3 to lower our interest rates, we can-
not compare results across different calibrations, but only with respect to the impact
of the lower borrowing constraint given a calibration. We are interested in how the
change in the borrowing constraint impacts on asset prices, and through these prices,

the level of capital. In addition, we are interested in welfare. Since preferences are

given by U({c:}:2,) = E [, f'u(ct)], where u(c) = Ci;;, preferences are homothetic.
To compare the utility levels for different the borrowing constraints, we compute

the unconditional average lifetime utility in both specifications and then compute

_1
* ylower 1=y lower lower \ co __ 77baseline baseline x| 0o
the factor ¢* = <m> , such that U°Y ({¢o"}2,) = U {¢q c}120)-

The average is computed over the ergodic distribution of aggregate and idiosyncratic
states. A factor ¢* > 1 corresponds to a higher average utility with lower borrowing
constraints, while ¢* < 1 corresponds to a lower average utility in the model with
loser borrowing contraints. In table 2 we present the effects of relaxing the borrowing
constraint for three calibrations.

As can be seen from the table, government debt is never Pareto-improving. On
the contrary, it typically makes all agents worse off (in the low-interest case, the wel-
fare effects for the bond-traders are so small that they become insignificant). The
table also shows the effects of government debt on the average capital stock. Absent
price effects, relaxing occasionally-binding borrowing constraints obviously increases
welfare. The values of p?(b) and p®(b) in Table 2 show the fraction of time the
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Table 2: Impact of Government Policy to Lower Borrowing Constraints

Benchmark model, infinite debt rollover not possible

b r K MPR  rel. ¢4 rel. ¢~B  log(V/E) A pi)  pPh)  CZ

0.00 0.85% 2.829 49.8% 1 1 2.834 273%  21% 11.0% 6.4%
-0.10  1.03% 2.778 49.0% 0.994 0.999 2.801 27.9% 1.9% 10.7% 6.6%
-0.20 1.32% 2.712 48.2% 0.986 0.998 2.766 27.9% 1.9% 10.3% 6.8%

Low interest rate, infinite debt rollover not possible

b r K MPR  rel. ¢4 rel. ¢*B log(V/E) X pA(b) uB) CZ

0.00 0.02% 2.992 50.1% 1 1 2.937 30.1% 1.6% 10.9% 7.0%
-0.10 0.21% 2.930 49.2% 0.994 0.999 2.900 30.5% 1.5% 10.6% 7.1%
-0.20 0.60% 2.838 48.6% 0.987 0.998 2.853 29.9% 1.6% 102% 7.2%

Low interest rate and low MPR, infinite debt rollover possible

b T K MPR  rel. ¢4 rel. ¢*B  log(V/E) A pAd) pPh)  CZ
0.00 -0.58% 3.610 36.6% 1 1 3.259 224% 2.7% 85% 2.7%
-0.10 -0.45% 3.555 36.0% 0.999 1.001 3.223 22.9% 2.5% 83% 2.8%

-0.20 -0.27% 3.495 35.7% 0.997 1.003 3.188 23.0% 2.5% 81% 3.0%

borrowing constraint is binding for agents of type A and B . When debt rollover is
possible, the Arrow traders have an arbitrage trade at their disposal. As borrowing
constraints are relaxed the Arrow trader has a (limited) arbitrage strategy. Never-
theless, his equilibrium welfare decreases substantially in all three cases. The bond
trader cannot make the same arbitrage trade, yet his welfare goes up slightly in the
rollover-case and is very flat in the low interest rate case where rollover is impossible.
The reason for this is that for this trader the borrowing constraint is binding much
more often and a relaxation of that constraint allows him to smooth consumption
after a series of negative idiosyncratic shocks.

Government debt crowds out private savings and hence decreases the capital stock.
Since in our calibrations the economy is dynamically efficient in the sense that there
is no overaccumulation of capital?® (a reduction in capital reduces aggregate con-
sumption), average welfare decreases for both agents. It is well established in the
literature (see, e.g., Bloise and Reichlin (2023)) that the possibility of debt rollover

is a necessary but by far not sufficient condition for dynamic inefficiency.

26The column under CZ in Table 2 shows the estimated value of the lhs in Equation 32 — as we
show above a non-positive value is necessary for capital overaccumulation.
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6 Transitory versus Permanent Shocks

As noted by Alvarez and Jermann (2005) the pricing of long-term risk-free bonds
is very sensitive to the stochastic process for consumption in a representative agent
model. They show that if consumption follows an AR1 process around a deterministic
trend, then the one-period holding return of a long-term risk-free bond is in fact very
risky. They argue that this seems inconsistent with the observed term structure of
US government bonds, which, on average, seems to flatten out after 20 years. If, on
the other hand, consumption is assumed to follow a stochastic growth process, the
resulting term structure seems much more consistent with US data. On the other
hand, Cochrane (1988) argues that the evidence of a unit root in the time-series of
GDP is very mixed. Chernov et al. (2021) show that consumption dynamics is best
explained with a switching model with both transitory and aggregate states. We
discuss the empirical evidence for a unit root in consumption, TFP and output in
Appendix D.

It seems difficult to argue that there is no transitory component in the stochastic
process of TFP or that there is no permanent component in the process. As a robust-
ness exercise, we examine the impact of adding a permanent stochastic component to
the TFP process, and we modify our model as follows. We add i.i.d. growth shocks
with standard deviation oP“™, which we discretize into a two-state process. This
gives us six exogenous aggregate shocks in total. We re-calibrate the AR(1) parame-
ters of the transitory shock p™" and o™ such that the standard deviation (2.7%)
and auto-correlation (-0.10) of productivity growth remains the same. That is to say,
as we increase o™, we decrease p™ and o, We consider oP®™ = 2%. Table 3
shows the analogue of 1 for this case. Consumption volatility is too large, investment
volatility too small. Increasing the size of the permanent component would make this
even worse.

Figure 5 shows the effect of the permanent component on the yield curve. Together
with the yield curve in the data for inflation indexed treasury securities with different
maturities.?” If we just add the growth-shock without recalibrating the model, the
risk-free rate increases and the MPR decreases. Recalibrating the preference param-

eters leaves us with a yield curve for the permanent shock case that does not flatten

2"We compute the mean annual yield from the data series WFII5, DFII7, DFII10, DFII20, and
DFII30 obtained from https://fred.stlouisfed.org on 09/09/2025.
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Model Model

perm + trans trans only Data
pbond 0.8% 0.8% 0.8%
MPR 50% 50 % 50%
std output growth 2.6% 2.6% 2.6%
std rPond 2.3% 2.0% 1.8-2.9%
std agg. consumption growth 2.3% 2.0% 1.4-2.0%
log V/E 2.8 2.8 2.8-3.0

Table 3: Key moments in the model with permanent and transitory shocks, the model with only
transitory shocks, and the data.

e odel, transitory only

emmmodel, 2% permanent
r TIPS, 01/2003-09/2025
@ TIPS, 07/2004-09/2025
® TIPS, 02/2010-09/2025

N

annualized return [%]
®

w
T

N
T

=
T

0 10 20 30
time horizon

Figure 5: Yield Curve implied by the model with (red solid line) and without (black solid line)
permanent productivity shocks. The dots show the annualized yield of inflation indexed treasury
securities with different maturities. The model implied yield curve is based on 20000 simulated
periods.

out much more than our original yield curve. To compare our real yield curve to the
data, we also plotted various averages for Treasury inflation-indexed yields (TIPS).
The real yield curve for TIPS does not appear to be flatter than our model’s predic-
tion. Unfortunately, TIPS only started being issued relatively recently, with 20 years
of 5-20 year yields and only 10 years of 30-year yields. However, they do have the
advantage of being a highly liquid explicit real bond (rather than the real return on
a nominal bond). We discuss the evidence for a flattening out of the real yield curve

in Appendix D.
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Figure 6: Mean price of a consol, in logs. The left panel shows the price plotted against the mean
interest rate and the mean market price of risk. The right panel shows it plotted against the patience
parameter and the adjustment cost parameter.

6.1 The possibility of debt-rollover

When considering permanent growth shocks, we examined debt-rollover for “growth
consols”; bonds whose payout grows with the realized growth rate. The reason for
this is that average growth rates imply little or nothing about relative levels in this
context. As explained in Appendix C.2, analogues of Theorems 3.1, 3.2 and 3.3 can
be shown to hold if one considers prices of “growth consol”, i.e. a consol that pays
IT!_yy(z;) units at node z* = (2o, 21,...,2) (see Bloise and Reichlin (2023) for a
similar approach).

As in Section 5, debt-rollover is impossible for our benchmark calibration with
transitory and permanent shocks. As above, to better understand the interacting ef-
fects of the average interest rate and the market price of risk, we construct a surrogate
model that maps average interest rates and the average market price of risk into the
price of the consol. We fix all parameters except for the patience and the adjustment
costs at fixed values; hence other moments, such as the standard deviation of the
risk-free rate, also vary as the market price of risk varies. The left panel in Figure
6 shows the price of the growth consol for different combinations of the interest rate
and the MPR.

Comparing the figure with the case of purely transitory shocks, we find that
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differences between these two calibrations are very small. It is again the case that for
realistic values of risk-free rate and market price of risk, debt rollover is impossible.
The presence of a permanent component in the TFP process appears to have little
effect on the possibility of debt rollover. This is confirmed in the right panel of
Figure 6 that shows the relation of § and the possibility of debt rollover. As in the
representative agent example in Section 3.4.1, if the growth rates and risk aversion
are fixed, the crucial parameter that determines whether debt rollover is possible is
[B. As in the case of purely transitory shocks, the borrowing constraints imply that
debt-rollover is consistent with the existence of equilibrium, but it is inconsistent with
a realistic MPR.

7 Conclusion

We examine the possibility of infinite debt-rollover in a heterogeneous agent stochas-
tic production economy. We find that lowering the interest rate, while maintaining a
realistically high market price of risk, does not lead to rollover being possible, even
for very low interest rates. We show that the question of debt-rollover is simply a
function of the discount rate in any representative agent economy, in which the out-
comes can be represented as a finite Markov chain. This is true independently of the
amount of aggregate risk. Aggregate risk however, lowers the average interest rate
for a given discount factor. The answer to this question with heterogeneity is much
less obvious. Despite this, we find a tight quantitative link between the discount rate
and the rollover question. We conjecture that this arises because despite the presence
of borrowing constraints, there is a positive measure of households who can trade
aggregate contingent securities and who are off their borrowing constraints for long
periods. Moreover, we find that even with very low interest rates, our economy is gen-
erally dynamically efficient. Because of this, lowering agents’ borrowing constraints
via government policy causes crowding out and lowers the welfare of both types of

traders for calibrations with a realistic real interest rate.
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Appendix

A  Proofs

A.1 Aggregation of the firm side

In this section we derive the expressions for the aggregation of the firm side of our
model, i.e. equations (6) - (13). To establish this formally, note that each firm i takes

the wage as given and chooses [! such that

K\ K Wi .
_ _ M — —- 36
wr = Al — o) (Atlfé) © A (At&a—a)) Ko 19

where optimal labor choice implies that IC; is constant between all operating firms.

Therefore, we obtain that the return to capital across firms must be identical and that

ri =1 = a K (38)

All incumbent firms face the same first-order condition for optimality, which is given
by

(ki Kk op(k, o, ki
1 + w( t—ii-la t) -7 pft+1 rﬁl + 1 — 5 - w( t—i—?a t+l) . (39)
Ok ;H Okir
N—————

e i 2
:2§adj (#,(14,!])) :_ﬁadj <(t+2> _(1+g)2>
ki ki

The right-hand side of the Euler equation reflects the firm’s anticipated policy tomor-
row conditional on survival. Due to the homogeneity of production and adjustment
costs, each incumbent firm chooses the same growth rate, which, for a given period,

Fi gF. The constant g establishes equation (10) as an

t, we denote by (g*)¢ :=
aggregate Euler equation.
We define K, as the aggregate capital in period t at the beginning of the period

before the survival lottery. There is a measure I' of the incumbent firms of the last
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period and a measure 1 — I' of the firms that were created in the last period. Let
P; denote the set of indexes for firms that produce in period t. Let f(tﬂ denote the

per-period-t-producing-firm amount of capital chosen in period ¢, then

N 1 -
Ky = f/ kiydi (40)
1€P:

Similarly, let I, to be the per-period-t-producing-firm investment level for producing

| .
It = = / 'Ljdj
I JEP: '

firms in period t,

Hence
Fkt+1 = (1 — 5)FKt + Fft <f,> Rt+1 == (1 - 6)Kt + jt- (41)

Capital is chosen at the end of the period. This leads us to set the initial capital
in new firms to be the fraction s of the per capita amount of capital being chosen by
incumbent firms in period t:

gt = SKt_A'_l > 0.

The evolution of the beginning of period ¢t+1 capital stock includes the capital coming

from incumbent firms at time ¢ and new entrants at time ¢:

Kt+1 = Fkt+1 -+ (1 - F)gt = [F -+ (1 — F)S] kt+1 (42)
i bents trant

The amount of capital available for production is I'K;y; and Ky is the average

amount of capital at each producing firm in period ¢ + 1. We have that

9kl =kl =g / kidi = / ki di, (43)
iE€EP: 1€Py
=T'K; =TKi41

and, hence, we obtain

K, 1 K
k t+1 t+1
- - . 44

This establishes equation (9).
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Aggregate output is given by

Ve [ viai= [ty e (45)
1€P: 1€P;

= &(ki)“(z‘ltli)l‘“di = fthf‘(Atli)di (46)

1€P 1€Py

K, \“

= ftAtLt’Cta = &ALy (KLZ) (47)
= &(TK)*(AL) ™, (48)
where we used K; = };fztt. This establishes equation (6). Similarly, the wage and the

marginal product of capital are given by

= A — K = &A1 — ) (Zlg >a (49)
a—1
i = ot = Ga (thZ) (50)

This establishes equations (7) and (8).
Aggregate investment, which includes the investment by startups as well as in-

cumbents, is

L=TL+(1-1)i, =TI+ (1 —-TI)sK; (51)
Aggregate dividends are given by
Di=Y,—wl;—T [ft + K& (g7 — (1 + g))Q] : (52)
Using equations (41) and (44), we obtain
_ k adj [k 2
Dy=Y,—wl,—T [(gt Ky —(1-0)K,) + K& (9f — (1+9)) ] , (53)

and obtain the equation (11).
Because all firms invest and produce proportionate to their capital stock, the value
of a producing firm is simply equal to their capital times the value of a firm with a

unit of capital; 0, := v /k! = vf / ki Vi, j € P;. Therefore the total value of producing

38



firms at time t is given by

yf—wtlg—i{
vim =tk = [ dai= [ |~ ent-are) |4 e
€Py JEP:

J Zt41,
+I Zztﬂ Pt Vi

This condition can be restated in terms of the Bellman equation for a unit-sized firm

is given by

U = I‘LKt't + T Zzt+1 pft+16t+1gk ] (55>

where v, is the anticipated value of a unit-sized surviving firm in the next period,
and D,/(T'K;) is the dividend paid per-unit-of-capital by each producing firm. The
presence of convex adjustment costs means that there are rents that accrue to the
firm and that each firm faces a non-trivial intertemporal optimization problem.

The value of a new firm entering in time ¢ is given by

5o Zt4+1, t-entrantx __ 1~ 2t41 ~
v =T E o = T, E P O (56)

Zt4+1 Zt+1

where vj 7" denotes the value of an idiosyncratic firm in period ¢ + 1 with capital
k! .1 = it. The last expression follows from the fact that the value of an idiosyncratic
firm is proportional to its capital. The net value of creating a new firm is simply
Uy — iy

In terms of equating asset demand with supply, an important element is the value
of firms producing next period, which includes the value of incumbent firms plus new

entrants,
mfj_r{n - f)t_HF F Kt+1 + (1 - F) gt - 6t+1PKt+1 (57)

How the aggregate value of currently producing firms evolves is instructive as to
the differing roles of the firm death rate I' and the relative size of new entrants s.

Intgerating the right hand side of equation (54), we obtain the aggregate producing
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firm’s Bellman equation is given by

vim = D, + PV, (59)

r
F—I—(l—F)sZ

Zt+1

To see this, notice that

/ (r Zp?“vi;l> dj =T pi / vrdj (59)
JEP: JEP:

Zt+1 Zt+1

and that
Vim = (T'+ (1-1)s) (/ v§+1dj) . (60)
JEP:

Equation (60) comes from the fact that the aggregate value of the firms producing
in period t 4+ 1 consists of two parts: the firms that have been producing in period ¢
and the firms that were start-ups in period t. At the same time, we know that the
size of the startups is a fraction s of the size of average incumbent. This establishes

equation (12).

B Life-Cycle of Firms

As pointed out above, all surviving firms grow at the same rate, independent of
size. To the extent that new entrants are smaller than the average firm size, a
version of Zipf’s law holds. New entrants must grow faster than the growth rate
of aggregate capital. To better understand this, we abstract from shocks and note
that the “detrended” level of the beginning of period aggregate capital, which we
denote as K, := K,/(1 + g)', in steady state must satisfy

N 1+gkA 1+gkA 1+gkA

Kiy.= T K, +(1-1)s Ki,=I'+(1-1I)s K. 61

= TrgRe +0-Ds T UR =0+ 0-DI 0K (o)
period t iE:umbents period t\rstartups

where ¢g* denotes the growth rate of capital for surviving incumbent firms, g denotes
the deterministic labor augmenting productivity growth, and (1+ ¢*)/(1+g) denotes

the growth rate relative to trend of incumbent firms, and (1 — F)s%f( denotes
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detrended investment in period ¢ into startups. Since, in steady state, K, = —f(t+1 =

K*%, we must have

1—i—gk

L=+ (1-D)s] Ltg

l+gf=—"""— 62
— Y T A ) (62)

As one can see from inspection, g* > ¢ to the extent that s < 1. The share of
employment in new firms is given by (1 —I')s/[(1 —I')s + I'], while the share of
employment last period in firms who exit this period is given by (1 — I'). Thus we
can calibrate the entering size with the shares of (employment) capital at exiting and
entering firms, or to the growth rate of employment at existing firms.

Matching the share of the present value of firm rents coming from “existing firms”
as opposed to future firms®® is of fundamental importance for our exercise. Since all
firms in our model grow at the same rate, this fundamentally depends on the share of
capital in future exiting firms.? We have assumed that new entrants are immediately
included in the overall value of firms once they start producing. In the data, the stock
market includes only publicly traded firms, which means that only some of the firms
are not counted and enter with potentially a much longer delay. However, since the
value of a firm is proportional to installed capital and since this is equal for all firms
that start producing at a given date, which firms are “included” in the market will
only affect the value of these firms relative to overall output and not any of their

standard statistics like the price-earnings ratio.

C Intertemporal arbitrage

The following lemma plays a crucial role throughout this subsection. The first part
is known as Perron-Frobenius theorem, and Part 4 is sometimes referred to as the

Collatz-Wielandt formula. For further details and proofs, see, e.g. Meyer (2023).

Lemma C.1 Suppose A is a non-negative n X n matrix that is reqular in the sense

that for sufficiently large T, AT is strictly positive. Then the following is true

28There are rents associated with capital because of convex adjustment costs, and also because
new firms are started with capital that was not subject to this cost.

29In the data young firms grow faster due in large part to selection (see for example Rossi-Hansberg
and Wright (2007)). We abstract from this feature of the data since our calculations primarily involve
the long-run growth rate.

41



1. The largest eigenvalue of A is real and positive and the associated eigenvector is

strictly positive.

2. Let X be the largest eigenvalue of A. Then
n n
e, 2o 2 A2 min, 3
j= j=

3. The geometric sum ZZ:O At converges ast — oo if and only if the largest eigen-
value of A is less than one.

[Az];

4. For x € RY_ define g(xr) = min; Then g(.) attains its mazimum at the

eigenvector associated with the largest eigenvalue of A.

C.1 Transitory shocks
Proof of Theorem 3.1

Since the underlying Markov chain is irreducible, the matrix P must be regular in
that P™ > 0 for some 7. The equivalence of 1. and 3. follows directly from Lemma
C.1. 1. directly implies 2. if we take 6 to be the eigenvector associated with the
largest eigenvalue of A, appropriately scaled so that its largest entry is below B. Part
4. of Lemma C.1 implies that if intertemporal arbitrage is only possible if the largest

eigenvalue of P is at least one.

Proof of Theorem 3.2

The first part follows directly from Lemma C.1 Part 2. To see why the bounds are

tight, define a matrix

R_l € €
1
5 73 € €
€ .
1
Rs € €

It is easy to see that for € = 0, the largest solution to det(A — P,) = 0 must be
A= R%' Moreover, for sufficiently small € > 0, the implicit function theorem can be
applied, and it follows that the largest eigenvalue varies smoothly with e.
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Proof of Theorem 3.3

It is easy to see that # must be an eigenvalue of the matrix P, since
det(BI — P) = fdet (7),

where 7;; = (1 — m;) and 75 - 7;; = m;mj; for all ¢ # j. If there is a single agent who
has a (strictly positive) consumption process ¢ € Ly, and who has an expected utility

function

U(c) = Ey Z Bru(cy),

there can be no equilibrium where the value of the agent’s endowments is infinite;
hence for an equilibrium to exist, the largest eigenvalue of P must be smaller than
one. If (and only if) 5 < 1, an equilibrium always exists. Hence, debt rollover is
possible if and only if g > 1.

On the other hand, it is easy to see that without restrictions on risk aversion and
consumption volatility, the risk-free rate can be arbitrary. To see this, consider the

2-state case. Direct computation shows that the invariant distribution is given by

* m(1]2) m(2[1)
" (W(2|1)+7T(1|2)’W(2I1)+7r(1|2))' (63)

Let x = %, , i.e. the marginal rate of substitution in state 2 with respect to state

1. The average risk-free rate can then be written as

1+f—l<7r* L + 75 L >
B\ RINE+ (1 —w(21) P r(12)z + (1 - 7(12))

Assuming an Inada condition and making consumption in state 1 arbitrarily small,

we can assume x to be arbitrarily large and obtain

N YA
*“B(”%—w(z\l))’

which, by (63) can be made arbitrarily small with small enough 7(1]2).
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C.2 Permanent growth shocks

Given growth rates v € RZ,, we can repeat the above arguments and prove analogues
of our three theorems. For this define v-Arrow prices to be the prices of Arrow

securities that pay the growth rate v, when shock z realizes, i.e.

p"2") = p(" ) (ze)-

The analogues of Theorems 3.1 and 3.2 follow directly: the spectral radius of P
(its largest eigenvalue) is greater than or equal to one if and only if the value of a
risky consol whose payoffs grow at rates y(z;) is infinite. This is the case if and only
if there is an intertemporal arbitrage.

For the analogue of Theorem 3.3 assume

W (c(21)
u'(e(zh))

for some concave and increasing function u(.) and some 8 > 0. We now consider the

other extreme in that there are no temporary shocks and that C(CZ(Z)I ) = Y(2¢41) for

p(z"H2") = Br (") (64)

some stochastic (gross) growth rates v € Rf +- We denote the invariant distribution
of the Markov chain by 7%, and assume that the average growth rate is fixed to be
(1+9), ie.

ZW*<2)7z =1+yg.

To obtain stationary prices in (64), we assume CRRA utility with coefficient of relative
-0

risk-aversion o and obtain p(z"™|2") = p(2i41]|2¢) = Br(zea1]2e)V(2641)
With CRRA, define the growth-adjusted Arrow matrix

P = (ﬁ(z’\z))z,z,ez = Idiag(87'7).

We now state the precise link between p(P) and utility finiteness.

Lemma C.2 Utility is finite if and only if p(P) < 1, where p(]5) denotes the spectral
radius of P. In this case the Euler conditions are necessary and sufficient (the TVC
holds).
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Proof of Lemma C.2: Let ¢y > 0 and ¢; = ¢ H§:1 7(%;). Under CRRA,

l1—0o

E [u(er)] = 72— mg (I diag(7'~)) 1.

— 0

Hence

ZﬁtE [u(cy)] o W()T(Z (H diag(ﬁvlfa))t>1 = 7T0T<Zpt>17

>0 >0 >0

which converges if and only if p(P) < 1 by C.1 (part 3). With p(P) < 1, the present
value is finite, so the TVC holds and the Euler equations are sufficient. This concludes
the proof of Lemma C.2.

From Lemma C.1 it follows directly that

ﬂmngﬂ(z\s)’yZl"’ <1 (65)

is a sufficient condition for debt-rollover to be impossible. In the special case of i.i.d.
shocks, when the rows of II are identical, condition (65) is also necessary.

As in the case of transitory shocks, the average interest rate can again be arbi-
trarily small, independently of the average growth rate. To see this, observe that in
the i.i.d. case, (65) is a condition on the return on an asset that is a claim to risky
consumption. The equity premium is the gap between that and the risk-free rate,
I+7=), W;m, and can be arbitrarily large if shocks become arbitrarily
large.

To verify this claim, consider again the simple case of two shocks, and suppose
the shocks are i.i.d. with probabilities 7*. Consider Z = {1,2} with 0 <y, <1 <
and choose 7 = v; and 5 = 1 — ;. Fix the mean growth by choosing 7, so that
MY+ (1—7)y% =14g; as v — 0, 72 — 1+ ¢ and remains bounded. For o > 2, set

o—2

B = %171
Each row sum of P = Il diag(87'~?) equals

5[71 YO+ (1 —m) 72170] = %1 + 211 (I=m)W %7 7 <1
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for ~; small, so condition (65) holds and rollover is impossible. At the same time,

@) = [BZW(SD)%_U} TR B ) = ) T =,
SO
l+7r~mR(2) = 4(1-m)n

which can be made arbitrarily small.

D 1Is there a unit root in TFP?

D.1 Evidence of a Unit Root in TFP, Output and Consump-
tion
Cochrane (1988) examines the variance of the log of a time series, z; with difference k;

var(z; — x4y ) /k ; this measure should settle down to the variance of the unit root in-

novation with large enough k. The first panel of Figure 7 depicts Cochrane’s measure
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Figure 7: Cochrane’s Measure for TFP, GDP, and Consumption

for quarterly data 1960:Q1-2019:Q4 on TFP along with real GDP and consumption.
The TFP measure is from Fernald (2014). As one can see from the figure, the evi-

dence for a unit root in TFP appears more limited than for output or consumption.
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Because our model has an annual frequency, we have also plotted the same series
on an annual basis in the second panel. In addition, we have added an alternative
aggregate TFP series from FRED.?® Overall, Figure 7 suggests that there may be a
small unit root in consumption and output (though the measure is trending down)

but at most a tiny one in TFP.

D.2 Evidence from the Real Yield Curve

Alvarez and Jermann (2005) demonstrate that asset pricing data points to a large
unit root in consumption. The yield curve on pure discount bonds, especially at very
long horizons, is very informative as to the size of the unit root in the representative
agent’s consumption. They focus on the implications of nominal bond yields for the
real term structure.

In what follows, we focus on inflation-indexed bonds and ask whether our model
can replicate the observed yield curve. Unfortunately, TIPS (Treasury inflation index
securities) only became available starting in 2003 (and only for the 5 and 10-year
bonds and even later for the longer term ones). We plot the yields on TIPS in figure
8. As one can plainly see, during this period the yield curve was almost always

positively sloped, especially at the longer horizons. If we compare the yields during

FRED -~ Market Yield on U.S. Treasury Securities at 20-Year Constant Maturity, Quoted on an Investment Basis, Inflation-Indexed
— - Market Yield on U.S. Treasury Securities at 10-Year Constant Maturity, Quoted on an Investment Basis, Inflation-Indexed

Market Yield on U.S. Treasury Securities at 5-Year Canstant Maturlty, Quoted on an Investment Basis, Inflation-Indexed
— Market Yield on U.S. Treasury Securities at 30-Year Constant Maturity, Quoted on an Investment Basis, Inflation-Indexed
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Figure 8: TIPS Yields

the period in which we also have the longer bond, 83.6% of the weeks the yields were
strictly upward sloping (30 > 20 > 10 > 7 > 5), and 100% of the weeks the 30-year

30University of Groningen and University of California, Davis, Total Factor Productivity at Con-
stant National Prices for United States [RTFPNAUSAG632NRUG], retrieved from FRED, Federal
Reserve Bank of St. Louis; https://fred.stlouisfed.org/series/RTFPNAUSA632NRUG, September
22, 2023.
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yield was above the 20-year. Moreover, the average gap in the yields was sizeable even
at the long end, with the 30-year less the 20-year gap equal to 0.21 percentage points.
The fact that the average yield curve for TIPS is upward sloping is also discussed in
Chernov et al. (2021).%!

Table 4: Average Yields and Yield Curve Inequalities

Average Yields

o-year T-year 10-year 20-year 30-year

2003-2025  1.50 1.87 2.10

2004-2025 1.31 1.64 1.94 2.39

2010-2025  0.86 1.27 1.66 2.17 2.38
0.41 0.39 0.52 0.21

Yield Curve Inequalities
b<7  T7<10 10<20 20<30  ALL
2010-2025 0.8422 0.8533 0.9901 1.0000 0.8360

Let us mention several cautionary notes about the TIPS evidence. First, this data
has a limited time scale. Second, there are concerns about the pricing of TIPS: e.g.
Haubrich et al. (2012) use inflation swap rates and inflation surveys, and find that
there was substantial under-pricing of TIPS during their early years (prior to 2004)
and again during the financial crisis of 2008-9. Third, during this period QE2 was
widely thought to have lowered yields on medium and longer-term Treasuries (see,

e.g. Vissing-Jorgensen and Krishnamurthy (2011)).

31Source is Board of Governors of the Federal Reserve System (US), Market Yield on U.S. Trea-
sury Securities at 10-Year Constant Maturity, Quoted on an Investment Basis, Inflation-Indexed
[WFII10], retrieved from FRED, Federal Reserve Bank of St. Louis. Our data is weekly and runs
from 2003-01-03 to 2025-09-05. The TIPS yields also include a coupon which distorts their compar-
ison to the yields on a pure discount bond. The minimum yield on a TIPS bond is 0.125%, and the
average yield over the whole period across the different maturities was 0.79%. We computed the
pure discount bond yield when one adjusts for the average coupon rate and found this correction
had a negligible effect.
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E Computational Method

E.1 Solution Method

Our computational method is broadly based on the method developed by Krusell
and Smith (1998) and more specifically on the algorithm developed by Kubler and
Scheidegger (2019). We extend the classical method by Krusell and Smith (1998) in
two important dimensions that allow us to solve the model efficiently and exclusively
on simulated path of the economy. While we describe the method in the context of
our model, it is generic and can be viewed as an extension of the general method in
Krusell and Smith (1998).

More specifically, we solve all three problems, the household problem, the firm
problem, and market-clearing simultaneously and only on simulated paths of the
aggregate state-space. Since endogenous aggregate variables, in our case, aggregate
capital and the wealth-share of the advanced traders, are usually very correlated a so-
lution method requiring the household problem to be solved on a hypercubic domain,
such as for the classical Krusell and Smith (1998) method®? or any approximation
method based on a hypercubic domain,** would be problematic for two main reasons,
which we illustrate in figure 9. Figure 9 shows realizations of the two endogenous
aggregate variables, capital (horizontal axis) and the wealth share (vertical axis) of
the advanced traders, for each of the exogenous aggregate shocks. The first problem
is that the computational effort spent to solve the model for capital wealth-share com-
binations in the upper left and lower right corners would be completely wasted, since
the model never reaches those states. The second problem is that, since the correct
shock-contingent transitions for the endogenous aggregate variables are only observed
on the simulated path, there is no obvious way how to extend a fitted forecasting rule
to an hypercubic domain. Fernandez-Villaverde et al. (2019) illustrate the severity
of this challenge and mitigate it by using neural networks to fit the forecasting rules
and extrapolate to an hypercubic domain. Since our method allows us to solve the
model exclusively on simulated paths, we circumvent the problem completely.

The second main feature of our method is that we extend the endogenous grid

method by Carroll (2006) to be applicable in our setting. For a given aggregate state

32The classical Krusell and Smith (1998) approach has only a single summary statistic for the
endogenous wealth distribution, so the extrapolation problem is much less severe.
33e.g. adaptive sparse grids as in Brumm and Scheidegger (2017).
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Figure 9: Realizations of the two endogenous aggregate variables, capital (horizontal axis) and
the wealth share (vertical axis) of the advanced traders, for each of the exogenous aggregate shocks
on a simulated path of 10000 periods for the benchmark model.

and a given exogenous idiosyncratic shock, we approximate the household consump-
tion policies, which are all we need from the household side, as a piecewise linear
function of the households asset holdings, rendering it very flexible and allowing us
to take advantage of efficient interpolation schemes (see e.g. Druedahl (2021); Au-
clert et al. (2021)). For a given value of asset holdings, which lie on a fixed asset grid,
and given exogenous shocks (aggregate and idiosyncratic), we approximate the house-
holds’ consumption functions as polynomials in capital and the wealth share of the
advanced traders. Crucially, we fit a separate polynomial for each grid-value of the
asset holdings and each combination of exogenous shocks, rendering our functional
form very flexible and able to provide an excellent fit, despite the strong nonlinearities

in our model.

E.1.1 Solution Algorithm

The exact aggregate state of the economy is given by its exogenous aggregate shock z;
and the joint distribution of households across types, idiosyncratic shocks, and asset
holdings. In the spirit of Krusell and Smith (1998), we find a lower dimensional suf-
ficient statistic to approximate the dependence of aggregate quantities on the wealth
distribution. The two quantities are (detrended) aggregate capital K,, as in Krusell
and Smith (1998), as well as the wealth share held by advanced traders, which we
denote with A\, Aggregate capital is obviously important because, together with the

exogenous aggregate shock, it characterizes the wages in the economy. The wealth
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distribution in our model moves a lot. The majority of households can only hold the
bond while the small share of advanced traders hence must hold all the financial risk.
As a result, the share of financial wealth held by the group of advanced traders will
increase substantially following a good aggregate shock and decrease following a bad
aggregate shock. Therefore aggregate capital alone would not be enough to forecast
prices. We find that adding the wealth share held by Arrow traders to aggregate
capital, provides for a very good sufficient statistic to predict endogenous aggregate
quantities as well as their evolution, contingent on the exogenous shocks.

Our method is simulation-based. In every simulation step, we jointly solve for
the households’ policies, the firm’s policy, and market clearing prices. Then, we draw
a new aggregate shock and simulate the economy one period forward. To approx-
imate the wealth distribution across trader types and idiosyncratic shocks, we use
the non-stochastic simulation method developed in Young (2010). After collecting a
sequence of simulated states, we use the computed prices and policies to update our

approximating functions.

Set of functions we need to approximate We need to approximate five types
of functions. First, we approximate the (aggregated) firm’s policy function which
determines the next period’s capital as a function of the approximate aggregate state.
Second, we approximate the (aggregated) firm’s value function which gives the firm’s
value as a function of the approximate aggregate state. Third, we approximate a
forecasting function to approximate the wealth share held by Arrow traders in the next
period conditional on the next period’s exogenous aggregate shock. The remaining
two functions approximate the consumption functions of the advanced traders and
non-participants as a function of the approximate aggregate state, the idiosyncratic

shock, and the idiosyncratic asset holding. We denote our approximations with g, (),
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where the index x denotes what is approximated. The approximations we need are

IK (Ztakta)\?) ~ f(tﬂ (66)

g (20, KAL) = Ve (67)

gha (zt, K, M zt+1) ~ )\24+1|Zt+1 (68)

GeA (zt,f(t, Ay %) ~ ¢ (69)
o4 b g

gcB (zt,Kt,)\t Mt m) SNind (70)

Simulating the economy while solving for prices, policies, and values Given
the set of approximating functions, we simulate the economy for T" periods. We track
the wealth distribution following the non-stochastic simulation method by Young
(2010). At time step t we solve a system of four nonlinear equations for the prices of
the three Arrow securities and the next period’s capital. The four equations are the
market-clearing conditions for each of the Arrow securities as well as the representative
firm’s first-order condition. Simultaneously, we obtain the households’ policies implied
by the prices and the transition of the aggregate summary statistics. Given a guess
for prices and the next period’s capital, we evaluate the equations the following way:.

The firm’s Euler equation is satisfied if KHl fulfills the aggregated version of
equation (39). Where z;, K, and M are given and Kt+2 is obtained from the approx-
imating function f(t+2 = gk <zt+1, [A(Hl,)\ﬁffreca“). The wealth share of advanced
traders in period ¢ + 1 is obtained by using the forecasting function A/ {recsst =
gra (zt,Kt,Af,zt+1>.

To evaluate whether the market clearing conditions are satisfied, we need to know
the financial wealth in the economy, i.e. the value of producing firms, which has to
equal the asset demand by households. To obtain the value of operating firms in pe-

riod t41, we use the approximating function V;fjf{n forecast — g i (zt+1, Kiiq, )\ﬁrffreca“

N———

To obtain the asset demand of households, we use the endogenous grid method by
Carroll (2006). Despite its speed and its ability to exploit very efficient interpolation
methods, a further advantage of using the endogenous grid method is that we only
need to evaluate the approximating functions g.4 and g.s on a pre-specified asset grid,

corresponding to pre-specified asset positions in period ¢+ 1. Hence we can achieve a
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highly flexible functional form for function approximation by fitting several separate
functions giﬁ{m’dft’l/(lw) (Kt, A{‘) for each combination of the discretized exogenous
shocks 2z; and 7, and each asset holding on the pre-specified grid a;*,/(1+g) € A%,
where A" denote the set of points on the pre-specified asset grid for advanced
traders. Analogously B# denotes the set of points on the pre-specified asset grid for
bond traders. Each of the gji’nt’&ﬁl/(prg) (Kt, )\{1), gzgm’bft’l/(Hg) (Kt, )xf), only have
to capture the variation of consumption with aggregate capital and the wealth-share
owned by advanced traders for fixed exogenous shocks and a fixed amount of financial
wealth.

We choose the same grids for our histogram to track the wealth distribution by
trader type and idiosyncratic shock. We denote the vector of masses of bond traders
with idiosyncratic shock 7 and asset holdings l;fil /g on the asset grid B&d with
,uf "I and we denote masses of advanced traders with idiosyncratic shock 7 and asset
holdings a;* /(1 + g) on the asset grid A% with uf’". We separately compute the
asset demand by bond and by advanced traders. In order to obtain the bond demand

by bond traders, we follow the following steps:*

1. For all possible 2,7 and 7,417 we obtain the forecasted consumption of bond

traders for a pre-specified grid of asset holdings Bfil c p&rid

AB,ze41,me41,B8 g ey, B8 (2 A, forecast
Cev1 =9.5 K1, N (71)

2. We obtain the associated marginal utility of purchasing the bond in period ¢ for

given exogenous shocks in £ 4+ 1 and asset holdings
(VE)uomet B0 — gy (@Bt B0 1 (1 4 g) (72)

3. For all idiosyncratic shocks in period ¢, we compute the expected marginal utility

from purchasing the bond when the asset holdings are on the grid &4,

rid P rid
(EVB/)?t’Bg = Z WZ(Zt,Zt+1)7rn(77ta77t+1)(VB/)tf117m+17Bg (73)

Zt+1,Mt+1

4. Compute the consumption consistent with the households Euler equation and

34The steps exactly the canonical application of the endogenous grid method, repeated here for
convenience.
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the households savings choice lying on the grid Bgrid.

e = )™ <pgfnd<EvB’>?’Bgr“) (74)
t

5. The obtained tuple, (CZ“’Bgrid, Bgrid> provides us with a mapping from consump-
tion to the optimal (unconstrained) policy. In order to simulate the economy
forward, however, we would like to know the households’ policies when the pe-
riod t asset holdings, not the period ¢ asset choice, lies on the pre-specified
grid, we choose the same as the grid for the asset histogram. Using the house-
holds budget constraint, we back out the asset holdings at the beginning of

period ¢, which would be consistent with the consumption and savings policies

(P, b € (Cp, pen)
bm =G S by Ondbt+1(1 +g) — Wiy (75)

The resulting tuple (l;?t, l;?il € Bgrid> maps period ¢ asset holdings to the savings

choice, which lies exactly on the pre-specified asset grid.

6. We obtain the unconstrained savings choice for period ¢ asset holdings lying on
the pre-specified grid with piecewise linear interpolation. We then ensure the

borrowing constrained are satisfied and obtain our new mapping (b;” € Berid, b?frvlv’m) .

7. Using the computed savings policy we compute an updated consumption policy

7 id ~B
(b?t c Bgrld7 é, JleWﬂ?t) .

8. The asset demand by bond traders is then given by

=303 ) B0 ) (76)

Nt b'qt eBgnd

The procedure to obtain the advanced traders’ asset demand is similar, with some
modification because they can purchase the aggregate-state contingent securities, each

associated with its own Euler equation, as we outline below.

1. For all possible 241 and 7,4, we obtain the forecasted consumption of bond
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traders for a pre-specified grid of asset holdings a;\}' € A&

rid rid A~
éf_ilzlt+1777t+lw4g _ gj:rl’??tJrl,Ag (Kter )\ﬁllforecast> (77>
2. We obtain the associated marginal utility of purchasing each of the aggregate-

state contingent Arrow securities in period ¢ for given exogenous shocks in ¢ + 1

and asset holdings

grid

(VA’)frllth,A _ u/(éA,Zz+1,nz+1,Ag“d)ul(l + g) (78)

3. For all idiosyncratic shocks in period ¢, and all possible shocks z;11, we compute
the expected marginal utility from purchasing the corresponding Arrow secu-
rity®> when the asset holdings are on the grid A%, In difference to the problem
for the bond traders, the sum goes only over idiosyncratic shocks in time ¢ + 1,

and we are computing separate terms for each of the aggregate shocks z;,1.

grid

z¢41,A8td Zt+415Mt4+15
(EVA,)?“ AT Z 7™ (1, 77t+1)(VA/)t++11 A (79)

Mt+1

4. Compute the consumption consistent with the households Euler equation and
the households savings choice for each of the Arrow securities lying on the grid
A#id - In difference to the bond traders, the corresponding consumption now

depends on the aggregate shock z;,1.

C?t7Zt+1’Agrid _ (u,)fl ( 5 (EVA/)Zt’ZtJ"l"Ang) (80)

Zt+1
t

, ’Agrid . . . .
Clet ,Ag“d) provides us with a mapping from

5. We now obtained a tuple, (
consumption to the optimal (unconstrained) policy for each of the aggregate
state-contingent securities. Since the asset holdings at ¢t + 1 lie on the pre-
defined grid for each of the Arrow securities, they are not consistent with each
other and we hence can’t straightforwardly use the budget-constrained to back

out the time ¢ asset holdings, which would be consistent with those choices.

Instead, we choose a larger and denser consumption grid, which we denote by

35The marginal utility from purchasing the other Arrow securities, available for trade at time ¢,
is zero once the aggregate shock z;,; has realized.

%)



Nt,2t+1 ’Agrld

. We then interpolate the mappings <Ct/ Agrid> and apply the

scommon

Cy

borrowing constraint to obtain mappings (&/o™™?, @,/ """ for each asset

(i.e. each z;; and each idiosyncratic shock 7;). We then obtain a mapping

from the common consumption grid to total savings, (¢gemmen, o™ om™) " for

each idiosyncratic shock 7;, where

Acommon K/ Z pzt+1 AtzE:ll,COInmon,m (1 + g) (81)

Zt+1

With that savings function, we can now use the budget constraint to compute

Acommon

the asset holdings consistent with the consumption choice ¢

1-1-
T Cta
%

A~ Ccommon A ACommon
&t Mt — C;:ommon _"_ St Mt

— Wy — (82)
where Ct denotes the payoff of creating a start-up and the denotes the start-

ups per advanced trader.

As aresult, we have two maps: the tuple (a;°""™™ ¢ommon) maps asset holdings

at the beginning of period t to period t consumption for each idiosyncratic

~z¢+1
77t,2t+17ati1 eAerid

shock in period t. The previously obtained tuples <Ct , Agrid) map

period ¢ consumption to the (unconstrained) asset choice for each idiosyncratic

shock and each of the three assets.

Next, we use those mapping to obtain period ¢ consumption and portfolio choice

~Zt,Mt

for the beginning of period asset holdings, a;*"™ € A%, lying on the prede-

fined grid. Interpolating (a;°™™™™,ésemmen) for values a;"™ € A4 we ob-

. . /\A .
tain the new consumption policies <aft’m € Astid ¢ new”“). Next we interpolate

2 7&Zt'HeAgrid . ) )
(CZ7 o , Ag“d> for values & and apply the borrowing constraints
to obtain new policy functions (a;"" € A8, G,y "+ "™).
6. The asset demand by advanced traders is then given by

Az L (A2t ~NEeW,2 ~ 2ty
t+1 Z Z MA,n (at n ) 'atil t+177t( n )(1 +g) (83)

M a7t e Asrid
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For markets to clear, we need that for all z;,;, we have
d?’ZtJrl + dtB = gvﬁrm <Zt+17 Kt+17 )\24+florecast> (1 =+ g) (84)

Together with the optimality condition for firm investment (i.e. equation (39)), this
gives us four nonlinear equations to solve for the three prices and the next period’s
capital. Once the system of nonlinear equations is solved, we record the new con-
sumption function and the updated firm value, which we will use to update the
consumption and firm value approximations, and simulate the economy one period
forward using the non-stochastic simulation method by Young (2010). We also record
the resulting wealth share held by advanced traders for each possible shock in the next
period, which we will use to update the forecasting functions for the transition of their
wealth share.

Repeating this step for T' periods, we obtain the following newly computed se-

quences

—_

. aggregate shocks {2z }L

aggregate capital {K,}7

wealth distribution of advanced traders {p}L,
wealth distribution of bond traders {pP}7_,
wealth share owned by advanced traders {\A}L,

prices for the aggregate-state contingent securities {p;"™"}1_,

N g W

wealth share of advanced traders in the next period for each possible aggregate

shock, as implied by the households investment policies { ., T,
8. aggregate dividends paid by the operating firms {ﬁt}fzo
9. aggregate value of operating firms {V;}7,

10. consumption by advanced traders for each idiosyncratic shock and each grid

point on the asset grid {¢A}L,

11. consumption by bond traders for each idiosyncratic shock and each grid point

on the asset grid {¢P}L,

Updating the approximating functions
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Updating the firm’s policy We use the sequence of exogenous aggregate
shocks, capital, and the wealth share of the advanced traders to update the firms
policy g7 <Kt, )\tA). For each exogenous shock z;, we predict Kffld = gi (Kt, )\;4).
We then adjust the parameters of the function approximator to fit a weighted average
between the predicted capital sequence and the newly obtained sequence f(tﬂ, such
that

g?, new (Kta )\24> s (1 . aupdate)Kfield + aupdatef{t_’_l' (85)

An o"date > (0 dampens the updating of the policy function. Slow updating is
useful in simulation-based methods to ensure that the domain of the functions (here
aggregate capital and the wealth share of advanced traders) is not changing too

quickly between subsequent iterations. We choose a"P4at¢ = (.05.

Updating the forecasting function for the wealth share of advanced
traders Analogously, we use the sequence of exogenous aggregate shocks, capital,
the wealth share of the advanced traders, and the shock contingent wealth share of ad-

vanced traders in the next period to update the forecasting functions gfff”l (f( ‘s Af) )

=g
Similar to capital, we fit the new parameters to a convex combination of the old

: C A d 3
For each pair of exogenous shock (z, z¢41), we predict A 7P = g7+ (Kt, /\tA>.

prediction and the new values, such that

2¢,2t4+1, new [ 1 A\ updatey y 4,2¢+1,pred update y 4,zt+1
gya (Kta AL > ~(1-a )AL +a i1 (86)

We choose o'Pdate — () 5.

Updating the households’ consumption functions For the households’
consumption functions, we follow the same procedure. The main difference is that we
fit separate functions for each combination of the aggregate shock, the idiosyncratic
shock, and each grid point on the individual asset grid. Hence we allow the depen-
dence of the households’ consumption on capital and wealth to be different depending
on the households’ wealth level. This is, in particular, suitable for our method, where
we take the extremely correlated endogenous aggregate summary variables, i.e. capi-
tal and the wealth share of the advanced traders, from a simulated path, while having

a grid for the idiosyncratic asset holding. Again we dampen the update by fitting
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the approximating function to a weighted average between the newly computed con-

sumption and the consumption predicted by the previous function approximator.

nt,2t,0¢, new [ 1 A o update\ AA,m¢,2¢,a¢,pred update ~A,n¢,2¢,a¢

g5 (R M) e (1 = amiesom s gt (57
nt,zt,i?t, new [ 1 A\ o update AB,nt,Zt,I;t,pYEd update AB,nt,Zt,i)t

9.5 (Kt7 Al ) ~ (L= a™™)g + G (88)

We choose o'Pdate — () 2,

Updating the firm value To update the firm value we use the computed
sequences of exogenous aggregate shocks, the wealth share of the advanced traders,
the aggregate-state contingent prices, and the paid dividends. First, we compute the
firm value resulting from iterating on the firm’s Bellman equation, which is given in
equation (58), while repeatedly fitting a function to the updated values. We denote
the resulting firm value by V4. As for aggregate capital, we also predict the firm
value based on the old policy approximation and dampen the update, so that the new

function approximator fits
i (R Ad) m (1 — sy pmed o quwdaee, (59)
We choose a"Pdate — ().025.

Functional form for the function approximators We approximate each of the

approximating functions as
g(K, 0 = 01 + 02K + 05 K% + 0,0 + 05(\1)? (90)

and obtain the parameters {0}, 0, 03, 0,,05} by least-squares fitting the data.*® Since
we fit a different such function for each (pair of) discrete shocks and each asset grid
point, this functional form provides us with sufficient flexibility to obtain a good fit
to the data.

36We use the curve_fit command from the Julia library LsqFit.j1.
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A% B %] A% &P [%)]

e (%) B (%) firm [o7]
m m 2 M2
Mean 0.01 0.00 0.01 0.00 0.01 0.00 0.01
90th percentile 0.02 0.00 0.02 0.00 0.02 0.00 0.01
99th percentile 0.06 0.01 0.07 0.01 0.04 0.01 0.02

Table 5: Statistics for the absolute difference between the values predicted by the approximating
functions for the households’ consumption and the firm value and the corresponding updated values
obtained from a simulated path of 5000 periods for the benchmark model. The numbers denote the
errors relative to the updated values and are expressed in%.

M%) A %] AN [%)

K [%] )\A [%] Z1 — 21 29 — 21 23 — 21

21— k9 29— 22 23— 29

21 — 23 R9 —r 23 23— 23
0.01 0.01 0.01
Mean 0.00 0.01 0.01 0.01 0.01
0.01 0.01 0.01
0.02 0.02 0.02
90th percentile  0.00 0.02 0.02 0.02 0.02
0.02 0.02 0.01
0.03 0.04 0.03
99th percentile  0.00 0.03 0.03 0.04 0.03
0.03 0.04 0.03

Table 6: Statistics for the forecasting errors for aggregate capital and the wealth-share of the
advanced traders on a simulated path of 5000 periods for the benchmark model. The errors for the
capital forecast are relative errors in%, and the errors for the wealth share forecasts are absolute
errors in%.

E.1.2 Accuracy of the solution method

To investigate the accuracy of our solution, we asses the out of sample error of
our function approximators, i.e. the difference between new values collected on the
simulated path of 5000 periods and the corresponding value predicted by our function
approximators, which we obtained in the previous iteration. Table 5 shows that the
remaining errors are low, with the 99th percentile well below 0.1%. Similarly, Table 6
shows the accuracy of the forecasting functions for the evolution of the two endogenous
aggregate quantities that summarize the distribution in the spirit of Krusell and Smith

(1998). As we can see both forecasting rules are accurate.
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Figure 10: Realizations for the price of the aggregate-state contingent security for shock z3, when
the economy is in shock 21, against the corresponding values of aggregate capital. The grey circles
show the predictions of a fitted polynomial of the form 61 + 0, K + 03K2 + 0,04 + 05(\4)2.

E.1.3 Necessity of adding the wealth share held by advanced traders

In the standard implementation of Krusell and Smith (1998) capital and the exoge-
nous shock alone would be used to forecast prices. In our model capital remains
important, since it pins down wages, but it is not enough. To illustrate this, figure 10
shows a scatter plot of capital against the state price for shock z3, when the economy
is in shock z; for 300 realizations along the simulated path in the benchmark model,
normalized by the transition probability 7,,_,.,. The circles show a prediction of the
price when fitting a polynomial of the form 6; + 05K + 65 K2 + 0,04 +05(A1)2, where K
denotes aggregate capital and A\ denotes the wealth share of advanced traders. First,
we can see that aggregate capital alone is not enough to predict the price accurately.
Second, we can see that the prediction based on capital and the simple functional

form we are using, provides a very good fit to the data.?”

Dependence of households’ consumption on aggregates for different wealth
levels As described above, we approximate the households’ consumption functions
with a different function for each aggregate shock, idiosyncratic shock, and the house-

holds’ asset level on a pre-specified grid. This allows us to fit a simple functional form

37While this serves as an illustrative example, our algorithm does not require to forecast prices,
but the households’ consumption. In figure 11 we show that household consumption can be very
accurately predicted as well.
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Figure 11: Consumption of an advanced trader in aggregate shock zo and idiosyncratic shock 7;
for two different wealth levels along 300 realizations on the simulated path of the economy for the
benchmark model. The top panel shows the consumption for a household without any financial
wealth, a;> = 0. The bottom panel shows the consumption for a rich household, who owns assets
of value ;> = 14.289. The left panel shows the consumption level scattered against capital, and
the right panel shows the consumption level scattered against the wealth share held by advanced

traders.

for each of the functions.

g (Ko A = 00+ 6K + 0,52 + 0,08 + 05(0%)? (91)
gl (K A) = 004+ 6K + 03K2 4 0,0 + 05(\")? (92)

Importantly, the parameters 6; can differ not only across the exogenous shocks, but
also across the wealth level. Figure 11 shows the household consumption of an ad-
vanced trader in aggregate shock 2, and idiosyncratic shock n; for two different wealth
levels along 300 realizations on the simulated path of the economy for the benchmark
model. The top panel shows the consumption for a household without any financial
wealth, a;*> = 0. The bottom panel shows the consumption for a rich household, who

20

owns assets of value a;> = 14.289, which corresponds to roughly 15 times the average

annual labor earnings. First, we can observe that neither capital alone, nor the wealth
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share of the advanced traders alone would allow us to predict consumption accurately.
Second, figure 11 illustrates that both, capital and the wealth share held by advanced
traders, together with our simple functional form, allow us to obtain an excellent fit.
Lastly, we also see that the relative importance of the two summary variables varies
with the wealth of the household. For the poor household, capital is more important
and would almost be sufficient to approximate their consumption. This is intuitive
since the poor household depends on their wage and the income stream from start-up
creation, which is decreasing in aggregate capital, and less on prices. For the rich
household however, the wealth share held by advanced traders is a better prediction
of their consumption than aggregate capital. This is intuitive since for the richest
households, given their wealth, lower asset prices and higher expected asset returns

are relatively more important than the income from labor and start-up creation.

E.2 Details on surrogate models and calibration

For our calibration exercise, we need a mapping from the two free parameters, the
time-preference parameter and the adjustment costs, to the moment of interest. To
obtain such a mapping we use a surrogate model. We proceed to provide a short
introduction to surrogate models in section E.2.1 (see also Scheidegger and Bilionis,
2019; Catherine et al., 2022, for the use of surrogate models in economics) and then

provide additional details on how we use them for our calibration in section E.2.2.

E.2.1 Surrogate models

Suppose we have a function f : # € RY — y = f(x) € R. Further, suppose that
the function is unknown, but we can evaluate the function at any point x; to obtain
y; = f(x;) at high computational cost. In our application, x; will be a vector of model
parameters x; = [3,£*] € R% and the function y; = f(z;) a moment of interest
implied by the model for the specified parameters, such as the average interest rate.
Obtaining y; for a specific x; is costly because it requires computing the equilibrium
and then performing a long stochastic simulation of the model to compute the implied
average interest rate.

The idea of a surrogate model is to approximate the function f(x;) by a surrogate
function f (x), such that: first, the surrogate is a good approximation of the actual

function f(z) ~ f(x) and second, the surrogate is computationally cheap to evaluate.
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Because the function f is expensive to evaluate, we want to be able to obtain a
good surrogate model from a small number of data points Dy, = {(z, yi) .
In practice, Gaussian Processes, a non parametric machine learning method to ob-
tain a function approximation f (x) from a data set Dy,,,., provide us with a good
way to obtain surrogate models.*® What makes Gaussian processes desirable is that
they can used with unstructured data,* and that they are suitable for giving good

approximations with comparatively few data points.

E.2.2 Calibration

We use Gaussian Processes with a squared exponential kernel to approximate the
quantities of interest in surrogate model. A further advantage of using a surrogate
model is that it smoothes out remaining fluctuations in mean quantities which arise
from the fact that the mean quantities are obtained from Monte Carlo simulations.
We initially solve the model on a coarse grid of parameter values for patience and
adjustment costs.*® Then we use the fitted surrogate model to guide us in choosing
the parameter values for which we next solve the model. As more models are solved,
update the surrogate model with the new information.

For example, to generate Figure 3, we solved the model for various exit rates, on
top of various combinations of patience and adjustment costs. For a given firm exit
rate, we first use the surrogate model for the mean interest rate to obtain the patience
and adjustment costs parameters required to obtain an average interest rate of 0.8%
and an average market price of risk of 0.50. We then use the surrogate model for
the expected log price earnings ratio to obtain an estimate for its value. To produce
figure 4, we use a Gaussian process to estimate the mapping for the interest rate and
the market price of risk to the log mean price of the infinitely lived consol.

In the main text, Figure 1 shows the market price of risk, the interest rate, as
well as the objective function, which we aim to minimize with our calibration. Figure
2 shows how the standard deviation of aggregate consumption growth, the standard
deviation of the interest rate, as well as the price-earnings ratio, depend on the time-

preference parameter and the adjustment costs parameter. As discussed in Section

38See, Rasmussen and Williams (2004) for a general introduction to Gaussian Processes and
Scheidegger and Bilionis (2019) or Kiibler et al. (2025) for applications in economics.

39This is in difference to grid-based approximations methods such as sparse grid (see, Krueger and
Kubler, 2004) or adaptive sparse grids(see, Brumm and Scheidegger, 2017).

40We start out with (3,£24) € {0.93,0.96,0.98} @ {3,5.5,7}.
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4, these untargeted moments are roughly in line with what we measure in the data.

F The calibration of the idiosyncratic income pro-

cess (online only)

Storesletten et al. (2004) estimate a process for log earnings of the form

yir = g(aly, ;) + ull (93)
Ui = 0 + 2l + €3 (94)
2y = PZ£;—11 + Mit (95)
a; ~iid. N(0,02) (96)
€ir ~ iid. N(0,02) (97)
it ~ ii.d. N(0,07) (98)

2 . .
g2 {O’E in agg. expansions
2=

o in agg. contractions

Storesletten et al. (2004) estimate 0. = 0.25, p = 0.95 and frequency weighted average
of o and o¢ given by 0.17. We abstract from age and the CCV mechanism and focus
on the non-permanent idiosyncratic component of log earnings, which we denote with

x;. We simulate a process for

(100)
Zit = PZir—1 + Mt (101)
€ir ~1iid. N(0,02) (102)
it ~ 1id. N(0,07), (103)

Tip = €4 + Zit

where we take p = 0.95, 0. = 0.25, and ¢, = 0.17 from Storesletten et al. (2004). We
then fit an AR(1) process of the form

Tig =T+ Pelip—1 + Oxit (104)
e ~iid. N(0,1), (105)

and obtain p, = 0.785, 0, = 0.372, and & = —0.00. We discretize the AR(1) process
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into a two-state Markov chain using Rouwenhorst (1995) algorithm. Next, we expo-

nentiate the resulting state values and normalize them such that the average earnings

0.463
X = (106)
1.537

0.892 0.108
™ = ( ) (107)

are equal to 1. We obtain

0.108 0.892

The resulting cross-sectional standard deviation of log earnings is 0.60 and matches
the standard deviation of the process simulated in equations (93) - (99) and is in
the ballpark of values typically used in the heterogeneous agents literature (see, e.g.
Auclert et al., 2021).

G Impact of Firm Death in Deterministic Model

(online only)

To get a sense of how firm survival rates I' and initial firm size s interact, consider
the following deterministic example. Assume that the growth rate is given by A;,1 =
(14 g)A;, which will imply that aggregate capital and output will grow at this rate in
order to keep the marginal product of capital constant from (48). Hence, (44) implies

that the growth rate of capital at the firm level is given by

P l+g
F+(1-D)s

This in turn implies that the value of a unit-sized firm is given by

g"T g"T

1~}t = dt + 1 —|—T1~jt+1 = dt -+ D7~)t+1, where D := 1 —I—T'

So, if the growth rate is 2% and the interest rate is 0.5%, we can construct the
effective discount rate D on the future value of a unit sized firm, as shown in table
7. From these calculations, one can see that having a finite value for the unit-sized
firm requires a fairly large initial firm size if the survival rate is 0.975 or higher; on

the order of 0.75. With slightly lower survival rate, an effective discount D < 1 can
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be obtained, even when the initial firm size is 0.45.

r 5 q* D
0.975 1.00 1.020 0.990
0.975 0.75 1.026 0.996
0.975 0.50 1.033 1.002
0.965 1.00 1.020 0.979
0.965 0.75 1.029 0.988
0.965 0.50 1.038 0.997
0.965 0.45 1.040 0.999

Table 7: Effect of exit rate and relative startup size on the effective discount factor for firms in a
deterministic model. The first columns shows the survival rate of firms, the second column shows
the relative size of new firms, the third column shows the implied growth rate of capital at the firm
level, and the last column shows the resulting effective firm discount factor.

So far, we have assumed that all of the capital in a dying firm is lost. If we instead

assume that some fraction of it is converted into the final good (and therefore can

be used either for investment in another firm or consumption), we get the following

expression for the value of a unit-sized firm, which shows that the recovery rate

relative to the unit-sized-firm-value cannot be too large if we want to maintain that

D < 1.

gk

147

ﬁt:dt_’_

WL+ (1 =D)Ripy

D .=

1+
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