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if the potential outcomes do not depend on past treatments and post-policy statuses are
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In the canonical difference-in-differences (DiD) framework, the effect of a treatment
is estimated by comparing the outcome trend of a group that is treated at some point
in time to the outcome trend of a comparison group that remains untreated throughout
the period of study. In such settings, both groups start at the same baseline treatment
status and then diverge. Many empirical studies, however, employ a modified version
of this setup, instead comparing a group that experiences a change to a group that
does not, while allowing groups to have different status in the baseline (i.e. pre-policy
change) period. We will refer to these types of frameworks as “unequal baseline DiD.”
The goal of this paper is to evaluate the validity of this unequal baseline DiD approach.
We show that while this estimation approach does not recover the average treatment
effect on the treated (ATT) in general, it results in consistent estimates when the
treatment effect is immediate and constant over time. Furthermore, we show that in
unequal baseline DiD settings, truly comparable groups, i.e. groups whose outcome
trends would have been the same in the absence of the policy, may exhibit divergent
observed trends, implying that the usual parallel trends test may lead to inappropriate
conclusions.

The unequal baseline DiD approach is ubiquitously used in empirical studies. First,
it is widely used in empirical tax research to measure the causal effects of taxes on
income, wealth, investments, and other outcomes of interest. A typical study exploits
differential changes in marginal tax rates (MTRs) across groups of taxpayers over time
(e.g., Kleven and Schultz, 2014; Jakobsen et al., 2020; Yagan, 2015; Fuest et al., 2018).
Most of such studies fail the canonical assumption of the DiD framework because
taxpayers experience different MTRs in the period before the studied tax change.

Beyond tax studies, unequal baseline DiD frameworks have been employed in other
settings: in economics of education to study effects of affirmative action bans (Bleemer,
2022); in health economics to study the consequences of lead exposure (Gronqvist et al.,
2020); in labor economics to study the employment effects of working hour reductions
(Chemin and Wasmer, 2009); in environmental economics to study the energy effects of
daylight savings time (Kotchen and Grant, 2011); in development economics to study
rebellions (Cao and Chen, 2022), malaria eradication programs (Bleakley, 2010; Cutler
et al., 2010; Lucas, 2010; Rossi and Villar, 2020), and management institutions (Sawada
et al., 2022); to name just a few.

Despite the ubiquity of unequal baseline DiD, they have not been formally ana-

lyzed. In this paper, we provide the first formal evaluation of this approach. First, we



theoretically characterize the estimators and parameters that can be recovered using an
unequal baseline DiD and discuss the conditions under which they have a causal inter-
pretation. Our analysis allows potential outcomes to depend on past treatment status,
and applies to settings where treatment statuses eventually converge as well as settings
where they do not. We illustrate the implications of our theoretical results in empirical
settings, and highlight the importance of institutional knowledge and economic theory
for empirical analysis. Finally, we evaluate the validity of two solutions — estimation in
reverse (i.e. designating a reference period to be some period after the policy change)
and the inclusion of a linear trend (to correct for differences in pre-trends), and provide
practical recommendations for empirical researchers.

Our theoretical framework considers a population with two groups. The first group,
the stayers, starts and remains at the baseline treatment level dy, while the second
group, the switchers, starts at treatment level d,. and then switches to treatment level
dpost in period t*. Our framework thus diverges from the canonical model (that requires
dpre = dp) in one dimension: whenever dy. # do, switchers and stayers experience un-
equal baseline statuses. Our goal is to characterize estimators from the commonly used
event-study specification that includes interaction terms of treatment status and time
period indicators.! In such specifications, the lag coefficients are expected to estimate
ATT effects over time, while the lead coefficients are expected to be approximately
zero thus providing evidence in favor of the parallel trends assumption.

We first show that whenever dy. # dy, the ATT is identified under a parallel trends
assumption that requires that the evolution of outcomes be similar for the two groups
under each group’s own baseline treatment status dy or dye. However, we formally
show that this assumption is highly restrictive, in the sense that it effectively rules
out time-varying treatment effects. To see this, note that if the policy in question
has lasting treatment effects, then individuals with different policy statuses cannot
have similar outcome paths. Therefore, researchers cannot show evidence of parallel
trends, yet allow for time-varying treatment effects. In other words, for the framework
to have internal validity, non-significant and near-zero estimates of lead coefficients
must be coupled with approximately constant estimates of lag coefficients. Significant
and/or non-zero estimates of lead coefficients suggest that the above parallel trends

assumption is unlikely to hold, while non-constant lag coefficients imply time-varying

'Formally, Y = o + 8, + Zkt*’#t*_l 0,SiL(t =€) + >y pe BeSil(t = ) 4 €44, where Y; measures
outcome of interest, S; identifies whether individual 7 is a switcher, «; are individual fixed effects and
d; are time period fixed effects. We refer to 8, as lead coefficients and S as lag coefficients.



treatment effects, which again contradict the above parallel trends assumption.

Next, we consider two alternative parallel trends assumptions that do not result in
restrictions on the nature of treatment effects: that the evolution of outcomes is similar
for the two groups at the (1) stayers’ baseline treatment status dy or at the (2) switchers’
baseline treatment status dye. We find that under either of these assumptions, the
ATT is only identified when the treatment effect is immediate and constant over time.
Importantly, the usual “parallel trends test” — i.e. verifying that lead coefficients are
near-zero and non-significant — does not provide evidence in support of the chosen
(either (1) or (2)) parallel trends assumption, unless the treatment effect is constant
over time. We now describe the intuition for these results.

Consider a policy that was initially introduced in period ¢_; for a subgroup of
the population, after which it is cancelled in period t*.2 For example, Jakobsen et
al. (2020) study how wealthy individuals respond to wealth taxes in Denmark. One
of their approaches exploits a 1989 reform that increased the wealth tax exemption
threshold for couples. As a result of the reform, some married individuals who were
previously subject to wealth taxation became exempt from it. The authors estimate the
causal effects of this change by comparing couples in the affected wealth range to two
plausible comparison groups: (a) single individuals in the same wealth range who were
always subject to wealth tax and whose tax liability did not change (their preferred
specification) and (b) couples in a lower wealth range who were always exempt from
the wealth tax. Both groups represent plausible controls: group (a) has similar wealth
levels while group (b) has similar marital status. Therefore, each group is an appealing
comparison that may satisfy parallel trends assumption under the switchers’ baseline
status (i.e. if the wealth tax applied to each group). However, group (a) satisfies the
canonical DiD assumption as both groups face similar tax liability in the pre-reform
period, while group (b) does not because, in the pre-reform period, group (b) was not
subject to the wealth tax, while the treatment group was. Since wealth taxes lead to
mechanical reductions of wealth, the control group (b) should experience faster wealth
growth than the treatment group in the pre-reform period, resulting in non-parallel
paths of wealth prior to the reform. This example illustrates why in settings with
unequal baseline status and continuous treatment effects, one may estimate significant

pre-trends even if the treatment and control groups are truly comparable. We show

2Such settings have been studied by Bleemer (2022), Cao and Chen (2022), Jakobsen et al. (2020),
Rossi and Villar (2020), Bleakley (2010), Cutler et al. (2010), and Lucas (2010) among others. For a
visual illustration, See Figure 1.



that in such settings, the lead coefficients estimate not only the difference in trends
between the two groups if the policy never applied but also the effect of the policy over
time. This also means that one may fail to detect differences in pre-trends if these
differences cancel out with the average treatment effect, thus incorrectly concluding
that groups are similar. Jakobsen et al. (2020) indeed find non-parallel trends when
using control group (b), which could either be due to continuous treatment effect of
wealth taxation or because group (b) is not a good comparison for the treatment group,
with no econometric way of telling these apart (see Figure 2).

We show that in such settings, the lag coefficients estimate the sum of the ATT
plus the average difference between the trend that would have been observed had the
switchers remained at their initial treatment level d,., and the trend that is observed
for the stayers at treatment level dy. When the policy leads to non-constant treat-
ment effects, the second difference is typically not zero, and the ATT estimates are
inconsistent.

Our results demonstrate that when the policy treatment effect is constant over
time and immediate, unequal baseline DiD approach recovers the ATT, and the usual
pre-trends test provides suggestive evidence in support of the chosen parallel trends
assumption. However, unequal baseline frameworks will lead to inconsistent ATT esti-
mates and confusing pre-trends whenever the treatment effects vary over time. There-
fore, without explicit knowledge of the nature of the treatment effects — either from
data on earlier periods, from previous empirical work in related settings, or from theo-
retical models — one cannot interpret the observed pre-trends and establish consistency
of the estimates.

Thus, in cases where constant treatment effects are unlikely, alternative solutions
are needed. We consider the validity of two intuitive solutions: (1) estimation in reverse
and (2) the inclusion of a linear trend. First, in settings where the treatment status
is different in the baseline period but converges after the policy change, an appealing
solution is to estimate event studies in reverse, by designating a reference period to be
some period after the policy change. We show that this estimation approach will only
recover the ATT if the trends are parallel under the stayers’ treatment status and if
the potential outcomes do not depend on the previous status, i.e. outcomes are static.
Therefore, the reverse estimation strategy is hard to justify, unless researchers have
prior knowledge on the nature of potential outcome dynamics.

Second, we consider a solution frequently used to account for differential trends



in the baseline period — the inclusion of a linear trend term. This approach has been
employed in unequal baseline DiD frameworks, but has also been used in canonical
DiD settings where trends appear to be non-parallel in a plausibly systematic way. We
provide the first formal characterization of this popular estimator and its corresponding
estimand, and show that this approach indeed can work well if differences in baseline
period trends are constant over time (or zero). In such settings, the linear trend term
serves both as a “test” of the parallel trends assumption, and as a correction, thus
allowing to recover the ATT. We demonstrate how the estimates change with the
choice of the linear trend estimation window, thus providing practical guidance on its
implementation.

However, we also show that inclusion of a linear trend is not a cure-all: if differences
in trends are not constant over time, then estimates are inconsistent, and it is generally
not possible to determine which asymptotic bias is larger — when using a simple event
study design or one with a linear trend. We show that in some cases, simple event
studies perform better than event studies with a linear trend, and sometimes vice
versa. Therefore, the choice of specification should be guided by economic theory,
prior empirical evidence, or direct observation of long pre-reform trends, if the data
series are sufficiently long.

Our paper contributes to a growing literature analyzing identification and estima-
tion of treatment effects using DiD methods under different scenarios (de Chaisemartin
and D’Haultfeeuille, 2020; Sant’Anna and Zhao, 2020; Callaway and Sant’Anna, 2021;
Goodman-Bacon, 2021; Sun and Abraham, 2021; Borusyak et al., 2021; Roth and
Sant’Anna, 2021; de Chaisemartin et al., 2022). These papers consider the canonical
case in which all units start from the same treatment level and then diverge in later
period(s) (see Steigerwald et al., 2021; de Chaisemartin and D’Haultfeeuille, 2022; Roth
et al., 2022, for recent surveys). In contrast, our paper analyzes settings where units
start at different baseline levels and then the treatment changes discretely and by the
same magnitude for all switchers. We allow for continuous treatment and characterize

3 Our framework is most closely

estimators in a two-way fixed effects specification.
related to de Chaisemartin and D’Haultfoeuille (2018) and Kim and Lee (2019), who

consider a DiD setting where the stayers remain treated while the switchers move from

3In recent work, de Chaisemartin et al. (2022) and Callaway et al. (2021) consider DiD with
continuous treatments where units can start from different treatment levels. However, these papers
focus on other estimands, such as average derivatives or response functions that require more variation
in the treatment, different estimation methods and different parallel trends assumptions.



untreated to treated, a scenario that we refer to as “universal adoption” (see Section
2.2). Within a fuzzy DiD setup, de Chaisemartin and D’Haultfoeuille (2018) provide
identification conditions for causal effects under a parallel trends assumption that is
analogous to our Assumption 5 and requires that the outcome trends for the switchers
and stayers are the same under their respective pre-policy change status (see Section
3.4.2 and the supplemental appendix in their paper). Kim and Lee (2019) provide
conditions to identify the effect of a binary treatment in the pre-policy change period
using a “reverse DiD” strategy in a two period DiD. Our analysis adds to these results
in multiple dimensions. First, we consider a more general setting with both converging
and diverging treatment status, of which universal policy adoption is a particular case,
and discuss different versions (and implications) of the parallel trends assumption. We
also allow potential outcomes to depend on past treatment status, and our results show
that the strategy in Kim and Lee (2019) requires the (often restrictive) assumption that
potential outcomes only depend on current treatment status (see Section 3.2). Finally,
we consider multiple periods and different estimation strategies including event study
designs, which are one of the most commonly used empirical tools for estimation in
DiD, and a linear trend adjustment, and characterize the behavior of the lead coefficient
estimators typically used to test for pre-trends in outcomes.

Our paper is also related to the literature that focuses more directly on the parallel
trends assumption. In particular, our results show that DiD designs with unequal
baseline treatment status may often suffer from non-parallel trends, a topic that has
received increased attention in recent years (Manski and Pepper, 2018; Kahn-Lang
and Lang, 2019; Bilinski and Hatfield, 2018; Rambachan and Roth, 2023; Roth and
Sant’Anna, 2023; Roth, 2022). To the best of our knowledge, while other studies
have analyzed similar forms of adjustments (Bilinski and Hatfield, 2018; Borusyak et
al., 2021), to our knowledge we are the first to derive a closed-form characterization
of the OLS estimators and estimands from an event-study specification with a linear
adjustment for the differences in trends. We formally show that while this approach
leads to consistent estimates of causal effects when differences in trends are constant
(including zero), the inclusion of a linear trend could result in more biased estimates

when the differences in trends are non-constant.



1 Setup and Main Results

We consider balanced panel data with units ¢ = 1,...,n and time periods t =
1,...,T. There is a treatment of interest D;;, not necessarily binary,* taking values in
a set D. The population consists of two groups. The first group, the stayers, starts at
treatment level dy, which we refer to as the “baseline treatment status”, and remains
at that treatment level throughout the observed period. The second group in the
population, the switchers, starts at a treatment level dy. and switches to treatment
level dpost # dpre in period ¢*, where 1 < ¢t* < T, and stays in treatment status dpost
for the remaining periods. We refer to ¢* as the policy change period. We define the
variable S; which is equal to one if unit ¢ switches treatment status in period ¢* (the
switchers) and zero if unit ¢ remains at treatment level dy for the whole period (the
stayers). The observed outcome of interest of unit ¢ in period ¢ is denoted by Y. We
will assume our observed data follows the following sampling scheme, which is standard

in panel data settings.

Assumption 1 (Sampling and moments)

1. Observations (Yi1,Yia, ..., Yir, Dit, Dio, ..., D)l are iid draws from an infinite

superpopulation of units.
2.0<P[S;=1]<1and foralld € D and t =1,...T, E[Y;(d)?] < .

To define causal parameters, we now introduce the potential outcomes which we
view as random. In general, the potential outcome for unit ¢ in period ¢ can depend
on the path of treatments from period 1 up to period t, (dy,ds,...,d;). Because we
consider a simultaneous adoption design in which stayers remain at the same treatment
level and all the switchers change status in the same time period, we can represent
potential outcomes as follows. For any period ¢ < t*, we write the potential outcome
as Yj(dpre), which is shorthand notation for a path of treatments where treatment status
remains at dpre, (d1, da, ..., dt) = (dpre, dpre, - - - » dpre). For any period t > t*, we write the
potential outcome as Yi;(dpost, dpre ), which is shorthand notation for a path of treatment

that starts at dy. over the pre-policy change period and then switches to d,es in period

4While our results allow for a multivalued or even continuous treatment (e.g. marginal tax rates),
we only consider cases in which the treatment switches discretely from one value to another one. We
do not consider identification and estimation of average derivatives or other more general estimands.
See de Chaisemartin et al. (2022) and Callaway et al. (2021) for studies focusing specifically on DiD
with continuous treatments.



t*, that is, (dq,ds, ..., dp—1,dp, dpesr, ... di) = (dpre, dpres - - -, Apres Apost, Apost, - - - 5 Apost ) -
In our notation, the first argument indicates current treatment status and the second
argument indicates past treatment status.

In this setup, the potential outcomes for a stayer are Y;(dy) for t < t* and Y;;(do, do)
for ¢ > ¢*. On the other hand, the potential outcomes for a switcher are Yj;(dyr) for
t < t* and Yii(dpost, dpre) for t > t*. The individual-specific treatment effect of treatment
status d over treatment status d’ in the pre-policy change period is Yj;(d) — Y (d'), and
the treatment effect of treatment status d over treatment status d’ in the post-policy
change period given pre-policy change treatment status dpre is Yii(d, dpre) — Yit(d', dpre)-
Notice that this allows for effect heterogeneity both across units over time. That is,
we allow, for example, for Y (d, dpe) — Yit(d', dore) # Yitr1(d, dpre) — Yitr1(d', dore) and
Yit<d> dpre) - Y;t(d/a dpre> 7£ Y;‘t(dv dpre) - Y}'t(dla dpre)-

Researchers relying on DiD strategies commonly assume, often implicitly, that
potential outcomes do not depend on previous treatments. We refer to this assumption

as the static potential outcomes assumption.

Assumption 2 (Static potential outcomes) For all i, t > t* and dpost,; dpre € D,
}/it(dposta dpre) - Y;t(dpost)-

This assumption states that potential outcomes in the post-policy periods do not de-
pend on their second argument, which is pre-policy change treatment status. This
assumption is strong, as it implies, for example, that if a unit is subject to the policy
in periods ¢ < t* and the policy is removed in period t*, the outcomes would switch
immediately to the value that would have been observed had the policy never been
in place (see Figure 1 for examples). Our results in upcoming sections do not rely on
this assumption, but we discuss how identified parameters change if one is willing to
impose it.

Empirical researchers commonly estimate the effect of the policy change by com-
paring the evolution of outcomes between switchers and stayers before and after the

policy change. We consider the following event study specification:

Ya=oi+0+ Y 0S1t=10+) BSil(t=10)+cu, (1)

0<t* WA 2>t*

We set period £ < t* as the baseline (omitted) period. A common choice for ¢ in

empirical studies is £ = t* — 1, the last pre-policy change period. We refer to the



estimated coefficients Bg as the “lag coefficients”, and the estimated coefficients ég as
the “lead coefficients”. We view the regression coefficients in Equation (1) as linear
projection coefficients, and we do not make any assumptions on the shape of the
conditional expectation of the observed outcome.

The following results characterizes the coefficients and OLS estimators from the
event study design in Equation (1). Our results are based on an asymptotic panel

2

data setting where n — oo with T" fixed and we let “—p” represent convergence in

probability.

Lemma 1 Let {Bi}se-y and {0¢} - o<ty be the linear projection coefficients from
Equation (1) and {B@}{gzt*} and {ég}{g#t*’g<t*} be the corresponding OLS estimators.
Under Assumption 1, as n — oo with T fized, for any £ > t*,

By = E[Y;; — Y;7|Si = 1] — E[Y; — Y;]S; = 0],
Gy = Yo Y =Yig) S 3L, (Y —Yi)) (1= 85))
iz Si S-S

and for any 0 < t*, { #t,

—p By

0p = B[Ya — Y| S; = 1] = E[Y; — Y;gl Si = 0],

éz _ Z?:l (Yif - Yzf) Si B Z?:l (Yif - Yzf) (1 - Si) —p O,
Z?:l Si Z?:l(l - Si)

Lemma 1 shows that the coefficient estimators from the event-study specification in

Equation (1) are DiD estimators between periods ¢ and the baseline period # and
converge in probability to their population counterparts. Our next result links the

event study coefficients to potential outcomes.

Proposition 1 Let {0} 1>y and {0} oz 1<y be the linear projection coefficients
from Equation (1). For ¢ > t*,

BZ =E [Yiﬁ(dposta dpre) - Y;£<dprea dpre)| Sz = 1]
+E [Y;E(dprev dpre) - Y;Ji(dpre” S = 1] —E [Y;'é(doa do) - Y;E(doﬂ S; = O]

and for 0 < t*, 0 #t,
Op =B [Yie(dpre) — Yig(dpre)| Si = 1] — E [Yie(do) — Yiz(do)| S5 = 0].

10



If, in addition, Assumption 2 holds,

BE =K [}/M(dpost) - Y;E(dpre)| Sz = 1]
+E [n@(dpre> - Y;{(dpre” Sz = 1] -E [Y;g(d(]) - Y;{(do)’ SZ = 0] :

Proposition 1 shows that the lead coefficients 6, recover the pre-policy change difference
in trends had the switchers remained at treatment status dy. and stayers remained at
treatment level dy. The lag coefficients 5, equal the ATT in period /¢, plus the difference
in trends that would be observed between switchers and stayers, again keeping their

corresponding baseline statuses fixed.

1.1 Parallel Trends Assumptions and Pre-Trends Tests

Proposition 1 shows that the lag coefficients converge to the sum of the ATT plus
the difference in trends between switchers and stayers. A parallel trends assumption is
typically invoked to “erase” differences in trends and thus recover a consistent estimate
of the ATT. A traditional DiD parallel trends assumption states that the evolution of
outcomes is expected to be similar for the two groups at the stayers’ treatment status
dy, that is:

Assumption 3 (Parallel trends - PT(dy)) For any £ > t* and t < t*,
E[Yie(do, do) — Yig(do)|Si = 1] = E[Yie(do, do) — Yiz(do)|.S; = 0].

In canonical DiD settings, the baseline status of treated and comparison group is the
same, and therefore the parallel trends Assumption 3 is natural. However, in settings
with unequal baseline status, the parallel trends assumption is less obvious. One may
assume that outcomes would exhibit the same trajectory across groups at the pre-policy

status of the stayers (as in Assumption 3) or at the pre-policy status of the switchers:

Assumption 4 (Parallel trends - PT(dye)) For any £ > t* and t < t*,
E[Yz (dprea dpre) - Yif(dpreﬂsi = 1] = E[Yié(dprev dpre) - EE(dpre)‘Si = 0]'

An alternative assumption and one that appears most intuitive in unequal baseline
settings is to require that outcomes would exhibit the same trajectory at each group’s

pre-policy status, that is:

11



Assumption 5 (Parallel trends - PT(dy, dpe)) For any £ > t* and t < t*,
E[Yie(dpre, dpre) = Yig(dpre) |5i = 1] = E[Yie(do, do) — Yiz(do)[ S = 0].

Which assumption is appropriate depends on the studied setting, and economic
reasoning. For example, if researchers study the roll out of some new policy, then
requiring parallel trends in absence of the policy may seem more reasonable than in
presence of the policy. The reverse appears more appropriate if one studies changes to
a policy that has been in place for a long time.

It can be readily seen, that besides being intuitive, Assumption 5 also ensures that
the lag coefficients By of Proposition 1 recover an ATT. However, while Assumption 5
is appealing at first sight, it is actually highly restrictive. To see this, note that we can

rewrite Assumption 5 as follows:

E[Yie(do, do) — Yii(do)|Si = 1] — E[Yie(do, do) — Yiz(do)|S; = 0]
+ E[Yii(do) — Yii(dpre)|Si = 1] — E[Yie(do, do) — Yie(dpre, dpre)|Si = 1] = 0.

In other words, Assumption 5 holds if Assumption 3 holds and the treatment effect
of switching from status d,. to status dy for the switchers is constant over time.?
Alternatively, Assumption 5 holds if Assumption 4 holds and the effect of treatment

status dy compared to dy. for the stayers is constant over time:

E [Yie(des dpre) — Yildore)| S = 1] = E [ Yie(dpres dore) — Yie(dpe)| Si = 0

B [Yildo) — Yig(dee) | Si = 0] — B [Yie(do, do) — Yie(dve, )| S5 = 0] = 0.
Therefore, researchers cannot simultaneously presume that Assumption 5 holds and
expect to recover (possibly) nonconstant treatment effects of the policy in question.
For this reason, we consider Assumption 5 as stronger requirement that adds a treat-
ment effect homogeneity restriction on top of Assumptions 3 or 4. This combination
of parallel trends and constant treatment effects assumptions is also considered in
de Chaisemartin and D’Haultfceuille (2018) for identification in a fuzzy DiD setup (see
their assumptions 4 and 5).

Assessing the validity of parallel trends assumptions based on pre-trends differ-

5 Alternatively, the treatment effect could be such that it offsets the difference in trends between
stayers and switchers precisely — intuitively, a knife-edge scenario that is hard to defend in practice.

12



ences, both visually — by plotting the evolution of outcomes for switchers and stayers,
or formally with t- or F-tests for lead coefficients, has become standard practice in em-
pirical work. It is well known, however, that the absence of differences in trends before
the policy change does not imply that trends would have been the same in the post
period in the absence of the policy change. Furthermore, recent literature has pointed
out that pre-trends tests often have limited statistical power to detect violations of
parallel trends (Bilinski and Hatfield, 2018; Freyaldenhoven et al., 2019; Kahn-Lang
and Lang, 2019; Roth, 2022).

These issues are particularly important in an unequal baseline DiD, where dif-
ferent pre-policy statuses may lead to different dynamics for switchers and stayers,
making interpretation of the pre-trends test difficult. For this reason, it is important
to distinguish between testing for pre-trends, which is based on observable data, and
assessing the validity of the parallel trends assumption, which involves counterfactual
unobserved magnitudes.

Consider the following example. Suppose the data contains four time periods,
t =1,2,3,4 and the policy change occurs in period t* = 3. Suppose the stayers and
switchers are truly comparable in that their outcomes would have exhibited the same
trend in the absence of the treatment, but stayers are always treated whereas the
switchers only receive treatment in period ¢t = 3. Finally, suppose the treatment leads
to doubling of the outcome in each subsequent period, but may start with a delay.®
If the treatment effect is not delayed, then the event study lead coefficients will show
significant differences in trends even though the groups are comparable (because the
stayers’ outputs are doubling while switchers’ outputs are not). On the other hand, if
the treatment effect is delayed and does not appear until the unit is treated for three
or more years, then the lead coefficients will show no significant differences between
switchers and stayers in periods 1 and 2. Yet, the lag coefficients will show a non-
zero effect even though the true treatment effect is zero (because the stayers start to
experience the effect of the treatment while for switchers the effect does not kick in
until the third year of treatment). This example demonstrates why the validity of
the parallel trends assumption cannot be assessed solely on statistical grounds, and
why empirical evidence needs to be complemented with institutional knowledge and
economic theory.

Proposition 1 applies to the most general case where groups start at different

6These patterns are common, for example, in agricultural or environmental programs (see e.g.
Maffioli et al., 2011; Barreca et al., 2021).
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treatment statuses in the pre-period and never converge, i.e. dpe # dy # dpost. We
now apply Proposition 1 to two special cases. First, to settings with equal baseline
status, i.e. where dye = dop. And then to settings with converging post-status, i.e.

where dpost = do.

1.2 Canonical DiD: Equal Baseline Status

In the canonical DiD setting, both groups start at the same treatment level and
then diverge, i.e. dye = dy and dpest # do. In such settings, it is common to assume
that, had all units remained at the pre-policy change treatment status dy, the average
outcomes would have followed the same evolution over time, i.e. Assumption 3 holds.

The next result follows directly from Proposition 1.

Corollary 1 (Equal baseline treatment status) When dye = do and dyost # do,
under Assumption 3, for { > t*

Be =E [Yie(dpost, do) — Yie(do, do)| S; = 1],
and for 0 < t*, { #t,
0c =E[Yi(do) — Yi(do)| Si = 1] — E[Yie(do) — Yiz(do)| Si = 0].

Corollary 1 shows that if the parallel trends Assumption 3 is satisfied, then the lag
coefficients equal the average effect on the switchers of moving from treatment status
dy to dpost in each post-policy change period ¢ > t*. At the same time, the lead
coefficients ég equal the difference in pre-policy change trends between groups for the
same treatment level. Notice that in general, the parallel trends Assumption 3 does not
necessitate that the lead coefficients 6, equal zero. However, because lag coefficients
mimic the parallel trends equation (which cannot be observed directly), researchers
typically provide evidence in support of Assumption 3 by showing that 6, are close to

zero and statistically insignificant.

1.3 DiD with Converging Treatment Status

Now consider DiD settings in which groups start from different treatment levels
and then converge to the same treatment. In other words, suppose dye # dy and

dpost = dp. Applying Assumption 3 to Proposition 1 generates the following result.
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Corollary 2 (Convergent treatment status under PT(dy)) When dye # do and
dpost = do, under Assumption 3, for € > t*,

B =E[Yi(do) — Yiz(dpre)| Si = 1] + E [Yi(do, dpre) — Yie(do, do)| S; = 1],
and for 0 < t*, 0 # 1,
0, =E[Y;;(do) — Yiz(dpre)|Si = 1] — E[Yie(do, do) — Yie(dpre, dpre)|:S; = 1].
If, in addition, Assumption 2 holds,
Be = E[Yii(do) — Yii(dpre)| Si = 1].

Corollary 2 demonstrates that the lead coefficients 6, equal the difference in treatment
effect on the switchers from switching from treatment status dpe to dy in period ¢
versus in period t. Therefore, even if Assumption 3 holds, lead coefficients will not
converge to zero unless the treatment effect on the switchers is constant over time. At
the same time, the lag coefficients do not recover an ATT unless such treatment effect
is constant over time.” Under the additional assumption of static potential outcomes,
which can be seen as a best-case scenario, all the lag coefficients {Bg}g estimate the
same parameter, namely, the average effect of status dy versus d,. at the baseline
period ¢, and are not able to recover the dynamic effect of policy change.

Applying Assumption 4 to Proposition 1 generates the following result:

Corollary 3 (Converging treatment status under PT(dp.)) When dye # do and
dpost = do, under Assumption 4, for £ > t*,

6@ =K [}/;Z(d07 dpre) - Y; (dpre7 dpre)‘ Sz = 1]
+E [Y;g(do) - }/;f(dpre)’ Si = O] —E [Y;AdOv dO) - 1/M(dprev dpre)‘ Si = O] )

and for < t*, 1 #t,

0 =E [Kf(d()) - Y;E(dpreﬂ S; = 0] —E Dfie(do, do) — Y;Z(dpre; dpre)| S; = O] .

"To see this note that Corollary 2 implies that By —p E [Yie(do, dpre) — Yie(dpre, dpre)| Si = 1] +
E[Y;;(do) — Y;i(dpre)|S: = 1] — E[Yie(do, do) — Yie(dpre, dpre)|S: = 1]. Here the first term measures
an ATT while the second two terms measure the difference in treatment effects on the switchers,
comparing status dyre to status dy between periods £ and t.
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If, in addition, Assumption 2 holds,

B@ =K [Y;Z(dO) - K@(dpre)l Sz = 1]
—{E[Yie(do) = Yie(dpre)| Si = 0] = E[Yii(do) — Yii(dpre)| Si = O]} .

Corollary 3 demonstrates that the lead coefficients equal the difference in treatment
effect of switching from status dy. to status dy on the stayers in period ¢ versus in
period . Therefore, even if Assumption 4 holds, lead coefficients will not equal zero
unless the treatment effect on the stayers is constant over time. At the same time, the
lag coefficients do not recover the ATT unless such treatment effect is constant over

time.

2 Empirical Applications

In this section we apply our results to two common empirical settings: policy rever-
sals and universal policy adoptions. Finally, we discuss settings with non-convergent
treatment status, where individuals experience different treatment status both in pre-

and post periods.

2.1 Policy Reversal

In policy reversal studies, in the baseline period, the policy applies to the treatment
group but not to the comparison group, before being cancelled in the post period.®
This type of research design is common. For example, Bleemer (2022) studies the
effects of race-based affirmative action bans on student outcomes. This study compares
outcomes of the underrepresented minority (URM) applicants to the outcomes of non-
URM students with similar prior academic opportunity and preparation, before and
after the 1998 affirmative action ban at California public universities, which removed
preferential treatment for URMs. Slattery et al. (2023) study how the cancellation of
independent campaign contribution bans due to Citizens United ruling affected state
tax policies, by comparing tax policies in states that had bans to states that did
not. Cao and Chen (2022) study the abandonment of the Grand Canal in China on

8Settings where the policy is first applied to all individuals but then is cancelled for a subgroup
of people fall under the canonical DiD framework, summarized in Section 1.2, since in the baseline
period both treatment and control group are subject to the same status.
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rebellions. Their treatment group consists of counties through which the canal ran
before it was abandoned while the control group includes distant counties. Gronqgvist
et al. (2020) study the effects of leaded gasoline phaseout by comparing life outcomes
of children born in Swedish neighborhoods with high vs low lead exposures, before and
after 1981, when lead levels per liter of gasoline were rapidly reduced in all areas of
Sweden. Relatedly, Bleakley (2010), Cutler et al. (2010), Lucas (2010), and Rossi and
Villar (2020) study malaria eradication campaigns, and exploit variation in malaria
prevalence prior to anti-malaria programs as a measure of intensity of treatment.

In the policy reversal settings, d identifies episodes when the policy applies and
dy when the policy does not apply. In this setting, it seems natural to assume that the
parallel trends assumption holds at the comparison group’s treatment status dy (i.e.
Assumption 3), since all groups eventually revert to this status. Figure 1 illustrates
the potential empirical challenges under a variety of assumptions, for a policy that is
initially introduced in period ¢_; and then cancelled in period ¢*. Panel A considers
truly comparable treatment and control groups, i.e. groups that show parallel trends
prior to t_;, while Panel B assumes groups are not comparable.

Figure 1 illustrates why the parallel trend test over the baseline period may fail:
in the baseline period, i.e. after ¢_; but before t*, one may find pre-trends even if the
groups are truly comparable — e.g. in (b) and (c), or may fail to detect differences in
pre-trends because these differences cancel out with the policy treatment effect — e.g.
in (¢) and approximately (f). Figure 1 also illustrates why the lag coefficients 3 do not
identify the ATT when the policy leads to non-constant treatment effects as in (b)-(c)
and (e)-(f). Note that in the hypothetical scenarios of Figure 1, the potential outcomes
do not depend on previous treatments, i.e. Assumption 2 holds. In such cases Corollary
i(do) = Yii(dpre)| Si = 1]. In other words,

all lag coefficients estimate the same parameter — the effect of removing the policy in

2 shows that lag coefficients converge to E[Y;
period t. Hence, even under a stronger assumption, the lag coefficients do not allow
the researcher to estimate how the effect of interest varies over time and thus recover
dynamic ATT.

Jakobsen et al. (2020) provide a compelling illustration of these issues in an em-
pirical setting. This study explores how wealthy individuals respond to wealth taxes
in Denmark using two approaches. Their first approach exploits a 1989 reform that
increased the wealth tax exemption threshold for couples relative to singles. As a re-

sult of the reform, some married individuals who were previously subject to wealth
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taxation became exempt from it. The authors estimate causal effects of this change
by comparing couples in the affected wealth range to two plausible comparison groups:
(a) single individuals in the same wealth range who were always subject to wealth tax
(their preferred specification) and (b) couples in a lower wealth range who were always
exempt from wealth tax.’

Figure 2 reproduces Jakobsen et al. (2020) findings. Note that comparing treated
couples to untreated singles in Figure 2(a) follows the canonical DiD framework: both
groups experience the same treatment status (a positive wealth tax) in the baseline
period. Therefore, Corollary 1 applies and the DiD approach recovers the ATT as
long as the parallel trends assumption holds. However, comparing treated couples to
couples who were not subject to wealth tax in the first period in Figure 2(b) violates
the canonical assumptions because treatment and control experience unequal status
in the first period, necessitating the application of Corollary 2 (or Corollary 3). Thus
this approach identifies the ATT on the switchers if and only if the wealth tax results
in a constant treatment effect. This is unlikely in this setting because wealth taxes
lead to mechanical changes in wealth: even if individuals choose not to respond to
tax incentives, their wealth accumulates slower (faster) in presence of higher (lower)
wealth tax rates. Indeed, as Figure 2 shows, the first control group appears to provide
a better comparison than the second, with the raw data showing parallel trends in (a)
but divergent trends in (b). The divergent trends observed in Figure 2(b) could either
be due to continuous treatment effect of wealth taxation (similar to Figures 1(b)-(c)),
or because groups are actually not comparable (similar to Figure 1(d)), with no way
of telling these apart. The authors assume the former is true, and account for the
differential trends by including a linear trend term in their specification. We evaluate

the validity of this approach in Section 3.3.

2.2 Universal Adoption

Corollaries 2 and 3 can also be applied to studies that explore universal adoptions
of policies that were previously applied only to a subset of the population. In these
settings, the comparison group consists of individuals that are subject to some policy

in both periods, while the treatment group adopts the policy in the post period only.

9For simplicity and lack of relevance, our discussion abstracts away from other practical issues that
may affect individuals’ treatment status, e.g. fluctuations of wealth and changes of marital status.
Authors address these separately.
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This setting has been explored in environmental economics to study energy effects of
daylight savings time (DST) by Kotchen and Grant (2011), who exploit a 2006 reform
that resulted in a universal adoption of DST in Indiana. Prior to the studied policy
change, 77 counties did not practice DST while 15 did. In the post-treatment period,
all counties switched to DST. Sawada et al. (2022) study introduction of a formal,
democratic local school-based management (SBM) institution in rural Burkina Faso.
This study compares schools that implemented SBM in the first period to schools that
implement SBM in the second period. In labor economics, Chemin and Wasmer (2009)
study the employment effects of working hour reductions. They exploit a change in
working hours laws in France that resulted in a switch from a 39 hours per week to 35
in all areas of France except for Alsace-Moselle where working hours decreased from a
lower starting point.

In settings with universal policy adoptions, dyr represents episodes when the policy
does not apply, while status dy when the policy does apply. In these settings, Assump-
tion 3 implies that the trends would be parallel if the policy applied to both groups.
One can interpret Assumption 3 as restricting the evolution of the treatment effect over
time, since it requires the group of switchers and stayers to evolve in the same way
under the policy. In fact, a sufficient condition for this version of the parallel trends
assumption is that (i) the outcomes of both groups in the absence of treatment evolves
in the same way over time and (ii) the average treatment effects for both groups exhibit
the same trend. In this sense, Assumption 4 is more in line with the usual parallel
trends assumption employed in the DiD literature. Nonetheless, Assumption 3 may be
an intuitive choice in some settings, e.g. in the case of Chemin and Wasmer (2009),
while Assumption 4 may be better suited for other settings, e.g. Kotchen and Grant
(2011) and Sawada et al. (2022).

Figure 3 illustrates the issues for a policy that is adopted by the stayers in period
t_; and by the switchers in period t*. Panel A considers truly comparable treatment
and control groups under Assumption 4, i.e. groups that show parallel trends prior
to t_1, while Panel B assumes groups are not comparable. As Figures 3 (b) and (c)
demonstrate, even if groups are truly comparable, the lead coefficients will not be zero
unless the policy effect on the stayers/switchers is constant over time. Alternatively, the
change in treatment for the stayers/switchers may offset differences in trends, resulting
in incorrect conclusion that groups are indeed similar, as in 3(e).

Under Assumption 4, Corollary 3 shows that the lag coefficients converge to the
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sum of the average effect on the switchers of adopting the policy after being untreated,
and the difference in treatment effect of switching from status d,. to status dy on
the stayers in period ¢ versus in period ¢. This latter term is non-zero when treatment
effects are non-constant, as in Figures 3 (b) and (c), irrespective of whether Assumption
2 holds in addition or not.

If Assumption 3 is more appropriate in the studied setting, then the results of
Section 2.1 apply: the lag coefficients are biased unless the policy results in constant
treatment effects, while the lead coefficients do not provide suggestive evidence for or

against Assumption 3.

2.3 DiD with Non-converging Treatment Status

Finally, Proposition 1 applies to the most general case, where treatment and control
groups experience differential treatment statuses in both periods. This version of DiD
is ubiquitously used by empirical tax economists to measure causal effects of taxes.
For example, Kleven and Schultz (2014) measure causal effects of income taxes while
Jakobsen et al. (2020) measure effects of wealth taxes by comparing individuals in
different income tax brackets who experience differential changes in relative MTRs.
Yagan (2015) studies the effect of dividend taxes on investment by comparing firms that
are subject to dividend taxes (C-corporations) to firms that are not (S-corporations).
Zwick and Mahon (2017) study the effects of bonus depreciation scheme on investment
by exploiting differences in relative magnitude of incentives, while Fuest et al. (2018)
study the effect of corporate taxes on wages using variation in local corporate rates.
In all these studies, treatment and control groups experience different levels of taxes
in the baseline period and in the post-period.

Proposition 1 applies to these settings. As discussed in Section 1, the lead co-
efficients estimate difference in trends between switchers and stayers keeping their
corresponding different pre-policy change status fixed, and therefore not providing an
evaluation of Assumption 3 nor Assumption 4. The lag coefficients estimate the ATT
plus the difference in trends that would be observed between switchers and stayers,
had the switchers remained at treatment status dp.. Again, neither Assumption 3 nor
Assumption 4 alone can guarantee that this latter term is zero. In addition to one of
the parallel trend assumptions, one must assume that the treatment effect is constant
over time in order to recover the unbiased ATT.

Jakobsen et al. (2020) provide an empirical illustration of this case. Their second
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set of analysis exploits a 1989 reform that reduced the wealth tax rate from 2.2% to 1%
on the very wealthy. To estimate the causal effect of this change, the authors compare
wealthy individuals to a group subject to zero marginal tax rate because of a tax
ceiling provision. This approach does not conform to the classical DiD setup because
the treatment and control group experience differential wealth tax treatment in the
pre-period, and in contrast to the analysis discussed in Section 2.1, groups’ statuses
do not converge in a post-policy period. Again, unless we expect treatment effect of
wealth taxes to be constant over time, this approach would not recover the ATT and
the parallel trend test would fail. Figure 4 confirms our expectations: again, the raw
wealth series show differential trends which authors adjust for with a linear trend. We

discuss the validity of such linear trend adjustment in Section 3.3.

3 Practical Recommendations

The inability of researchers to verify the validity of parallel trends assumption and
thus establish to what extent treatment and control groups are actually comparable is
a well-known shortcoming of the DiD approach is. A growing literature has pointed
out the limitations of pre-trends tests in canonical DiD settings (e.g., Roth, 2022;
Rambachan and Roth, 2023; Kahn-Lang and Lang, 2019; Bilinski and Hatfield, 2018;
Freyaldenhoven et al., 2019), but it is particularly troublesome in settings with unequal
baseline DiD.

Sections 1 and 2 demonstrate that the ability of DiD approach to recover the
true ATT in such settings depends on the nature of treatment effects. The unequal
baseline DiD is best applied to settings where treatment effects are expected to be
fairly immediate and constant in nature. Having data that covers pre-baseline period
in which groups experience equal treatment status can be useful to establish the nature
of treatment effects in the specific setting studied. Alternatively, economic reasoning
and prior research on the topic can be used to form expectations about treatment
effects, and any frictions that may delay effects.

In some settings, researchers would naturally expect a constant treatment effect,
perhaps, once allowed for a short adjustment period. For example, an increase in
marginal income tax is expected to permanently decrease individual’s labor supply.
With the exception of a plausibly short adjustment period (e.g. due to information

and labor market frictions), the treatment effect should be constant in nature. In
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these cases, the approach will correctly estimate the ATT as long as sufficient time has
passed from the initial treatment to allow for the treatment effect to apply.

On the other hand, in other settings we would expect non-constant treatment ef-
fects. For example, a wealth tax should plausibly lead to a continuous treatment effect
through tax’s mechanical effect on wealth accumulation. Therefore, even in absence
of individuals’ responses, one would expect a divergence of wealth outcomes among
individuals subject to different levels of wealth tax. Generally speaking, non-constant
treatment effects are expected in settings where treatment effects tend to accumulate
or dissipate over time, or where adjustment frictions are particularly large and lead
to delayed responses. For example, non-constant treatment effects have been observed
10 years after policy changes in studies of knowledge production and invention (e.g.
Furman and Stern, 2011; Moser and Voena, 2012; Akcigit et al., 2022), international
migration (Kleven et al., 2013), labor outcomes (e.g. Walker, 2013), and health out-
comes (e.g. Greenstone and Hanna, 2014; Alsan and Goldin, 2019).

In what follows, we discuss a few alternatives for analyzing unequal baseline DiD.

3.1 Additional Data on Pre-Baseline Periods

The most straightforward, although often infeasible, solution to the limitations of
unequal baseline DiD is to obtain more data on earlier periods where both groups had
a common treatment status, as in the periods before t_; in Figure 1. Because groups
start from the same treatment status in this pre-baseline periods, this can be seen as a
canonical DiD, and all the standard results apply. In this case, it is possible to split the
time periods into three groups: one initial period in which both groups share the same
treatment status, one intermediate period in which they diverge, and a final period
in which they converge. This allows the researcher to estimate both the effects of the
policy change and its reversion, and also test whether outcomes immediately revert
back to their initial trend.

For example, Namen (2021) studies an education reform in Colombia that capped
schools’ grade retention rates at 5 percent. The policy was implemented in 2002 and
later removed in 2009. By exploiting the extent to which schools where affected by
this policy, this study compares the periods 2002-2008 and 2009-2012 to the period
1998-2001 to estimate the effects of implementing and removing the grade retention

cap on students’ outcomes.
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3.2 Estimation in Reverse for DiD with Converging Treat-

ment Status

In settings where treatment status converges after policy change, visual exami-
nation of Figures 1 and 3 suggests an alternative estimation approach: perhaps, it is
possible to estimate ATT “in reverse”, simply by re-ordering time periods. Intuitively,
if one designates the reference period £ to be some period after the policy change, then
pre-policy change coefficients 0, may estimate the ATT of the policy change. In this
section we discuss the validity of this approach.

Consider a setting where groups start from different treatment levels and then
converge to the same treatment status, i.e. suppose dy. 7# dyp and d = dy as in Section
1.3. Let the baseline period ¢ be some post-policy change period, i.e. let £ > ¢*. The
following proposition is equivalent to Proposition 1 applied to convergent treatment

status cases.

Proposition 2 (Reverse DiD) Let {8} s>y and {0} o4+ 4<1+y e the linear projec-
tion coefficients from Equation (1). When dpe # do and dpost = do, t > t*, for £ > t*,
0+t

B =E [Yi(do, do) — Yie(do, do)| Si = 0] — E[Y;7(do, dore) — Yie(do, dpre)| Si = 1]
and for ¢ < t*,

9( =K [Yz (dpre) - Yzﬁ(d0)| Sz - 1]
+ E [Yii(do, do) — Yie(do)| Si = 0] — E [Yiz(do, dpre) — Yie(do)| Si = 1]
If, in addition, Assumption 2 holds, for € > t*, { #t,
B = E [Yldo) — Yie(do)| S5 = 0] — E[Yis(do) — Yie(do)] S: = 1]

and for 0 < t*,

0y —p E[Yie(dpre) — Yie(do)| S; = 1]
+ E[Y;i(do) — Yie(do)| Si = 0] — E [Yiz(do) — Yie(do)| Si = 1].

(2

Proposition 2 demonstrates that the pre-policy change coefficients 6, equal the ATT
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of the policy change, E [Yi/(dpre) — Yie(do)| S; = 1], if the parallel trends Assumption 3
holds and if we are willing to assume that potential outcomes are static (i.e. Assump-
tion 2 holds). Therefore, for settings demonstrated in Panel A of Figures 1 and 3, one
can indeed recover the ATT by choosing an alternative reference point.

However, the result does not hold when potential outcomes are dynamic. If
switching treatment status leads to different outcome trends compared to the case
in which treatment status remains constant throughout the period, then Yj;(dy, dpre) #
Yi;(do,dy), and therefore 0, will not recover the ATT.

The assumption of static potential outcomes is very strong, as it requires, for
instance, that average potential outcomes immediately return to their pre-treatment
trend once the treatment is removed. Therefore, the reverse estimation strategy is hard

to justify, unless researchers have prior knowledge on the nature of outcome dynamics.

3.3 Linear Trend Adjustment

An appealing and frequently used solution to account for differential trends in the
baseline period is to include a linear trend term in the usual event study specification.
For example, Jakobsen et al. (2020) account for differential trends in Figures 2(b) and
4 by including “a linear differential pretrend identified based on n prereform years (i.e.
the omitted years in the first term on the right-hand side).” Intuitively, the goal of the
linear trends adjustment is to relax a parallel trends assumption such as Assumption
5 from requiring no differences in trends to allowing for differences that are constant

over time, that is:

Assumption 6 (Constant Differences in Trends) For any { > t* andt < t*, and

for some constant k that does not depend on { or t,
E[Yie(dpre; dpre) — Yig(dpre) [Si = 1] — E[Yie(do, do) — Yig(do)|Si = 0] = &.

Note that the parallel trends Assumption 5 amounts to setting x = 0.

Let Tia € {1,...,t* — 1} be the subset of periods used to estimate the linear
trend adjustment and let Tin > 2 be the number of elements in 7 . We assume
that 7 a consists of consecutive periods, Tia = {tm,tm + 1,...,tar — 1,0}, where
1 <t, <ty <t*—1. Define the average and the variance of time periods in set
Tia as tia = doerat/Tia, Via = D cq (t — tia)?/Tia, and let AY; = Y — Yy
denote one-period differences. We now consider the following extension of the basic
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event-study specification from Equation (1):
Yi=oai+0+7St+ Y. OASt=0+> FASIt=0+us  (2)
L<t* LZT A 0>t

where we refer to v as the linear adjustment coefficient. The following result charac-

terizes the OLS estimators from this equation and is similar to Lemma 1.

Lemma 2 Lety, {B:"}, and {05}, be the linear projection coefficients from Equation
(2) and 4, {*}, and {0}, be the corresponding OLS estimators. Then,

tm

v= ) ol (E[AYa]S = 1] - E[AY]S; = 0]),

t=tm+1
for any ¢ > t*,
t t
LA P . — . p— ]\/I . K P p— . p— . — M . Z P
P =E | Yie— Vi, — > AYiw[[Si=1| —E | Yy —Yi, — Y AViw(| S8 =0
t=tm+1 t=tm+1
and for any £ < t*,0 & Tia,
tm 2%
O =E |Yi— Y, — Y AYawf|Si=1| —E|Yi—Ya, — > AV 51:01
t=tm+1 t=tm+1
where

o (=)t 1 1) E:<tM+1—t (t—tw)(tur +1-1)

. w + (¢ — ¢
2T aViA ! Tia ) ( La) 2T aVia

Under Assumption 1, as n — oo with T fized,

ta n n
. Z Do AYiS; YL AYy(1 - 5i)>
Y= iy <: . n - . n —P 7,
Zi:l Si Zi:l(l - Si) ’

. S, — 3§ el

t=tm+1

. Si— S —

t:t7n+1

The proof in the appendix shows that wf > 0 and Ziftm +1 wf =€ — t,,, while wj >0
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and thm 1w/ = 1. Also notice that the weights are non-random and observable,
since they are functions of the time periods only.
Next, we link the coefficients from Equation (2) to potential outcomes, similarly

to Proposition 1.

Proposition 3 (Linear trend adjustment) Let v, {8}, and {05}, be the linear

projection coefficients from Equation (2). Then,

= i w] (E[AY;(dpe)|S: = 1] — E[AY;(do)|S; = 0]),

t=tm+1

for € > t*,

[lﬁ_A =E [Y;Z(dposty dpre) - }/;Z(dprea dpre)' Sz = 1]
+E [Kf(dprea dpre) - Y;tm (dpre” Sz = 1] —E [Y;E(d(b dO) - Y;tm (d0)| Sz = 0]

C S W (E[AY(dpe)] S, = 1] — E[AYi(do)] S: = 0])

t=tm+1

and for 0 < t* 0 & T_a,

07" = E[Yie(dpre) — Yit,, (dpre)|Si = 1] — E[Yie(do) — Yi,, (do)|S; = 0]

tm
tm
o Z wté (E[A}/Zt(dpreﬂsz = 1] - E[AY;t(dO)’SZ = O]) )
b=ty +1

with weights w] and wf defined in Lemma 2. If, in addition, Assumption 6 holds, then
for 0 > t*,

é_A =E [Y;'é(dposh dpre) - Y;E(dprea dpre)‘ Sz = 1] .

Proposition 3 shows that the linear trend coefficient v equals a weighted average of
pre-policy differences in trends between switchers and non-switchers. These weights w;’
are non-negative, sum up to one, and are quadratic in nature, with the largest weight
given to the middle of the estimation period Tia (specifically, period ¢ + 0.5), and are
decreasing towards early and late periods t,, and t,;, respectively.

The coefficient 7 is equal to zero if the pre-trends are parallel, that is, E[AY;,(dy)|S; =
1] = E[AY;(dpre)|Si = 0], in the chosen estimation period 7 a. Therefore, the inclusion
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of a linear trend helps evaluate the validity of Assumption 5: a non-zero and statis-
tically significant estimate of v would imply that this assumption is unlikely to hold.
As discussed previously, this assumption imposes restrictions on both the evolution of
outcomes under the baseline treatment status and on the evolution of treatment effects.

However, the test may fail in two circumstances. First, if differences in trends
are volatile over time, the negative differences may cancel out with positive differences
resulting in an approximately zero estimate of 4 even though pre-trends are not parallel.
Similarly, the quadratic nature of weights w; implies that the test may fail to detect
differences in trends if these differences are small in the vicinity of period t + 0.5 but
large otherwise. Visual examination of the data is useful to rule out such possibilities.

Proposition 3 further shows that the event study coefficients S5 and 0;* equal
the same estimand as the event-study coefficients 5, and 6, from Proposition 1 with
t = t,,, minus an adjustment term consisting of a linear combination of differences in
pre-policy trends between switchers and non-switchers.

Most importantly, Bt* recovers the ATT if the parallel trends assumption (As-
sumption 5) holds in all periods or if the differences in trends are constant over time,
that is, Assumption 6 holds. Practically this means that including a linear adjustment
factor will not bias estimates in settings where the parallel trend assumption actually
holds (although doing so may reduce the precision of the estimates). The upside of
including a linear trend term is that it will eliminate the asymptotic bias in settings
with constant differences in trends, e.g. in settings with unequal baseline status and
linear treatment effects (illustrated in Figure 1(b) and 3(b)).

However, inclusion of a linear trend adjustment is no panacea: if the differences in
trends between the switchers and non-switchers are not constant over time, then both
estimates 3, and 6, from Equation (1) and estimates G- and 5* from Equation (2)
are inconsistent, and it is not possible in general to determine which asymptotic bias
is larger. Appendix A illustrates this fact by considering a simple three-period setting.
Under one assumption simple event study produces estimates with smaller bias while
under a different assumption the bias is smaller for a specification with a linear term
trend.

To conclude, inclusion of a linear trend in event study specification will result in
consistent estimates in settings where the parallel trend assumption holds or where the
differences in trends are constant over time. However, if the differences in trends are

non-constant, using specification (2) instead of (1) may increase the bias. Therefore,
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the choice of specification should be guided by economic theory or prior empirical
evidence, or direct observation of pre-reform trends, if the data series are sufficiently
long.

How many periods should one use to estimate the linear adjustment term, in
other words, what periods should be included in the set 7 o7 Unfortunately, it is not
possible to provide a precise recommendation without making further assumptions on
the evolution of potential outcomes and treatment effects. It is worth emphasizing,
however, that the larger the number of periods used to estimate 4, the more the
strategy relies on the validity of the linearity assumption. On the other hand, when
only two periods are used to estimate the difference in trends, this approach can be
thought of as a “non-parametric” adjustment that subtracts an additional difference

term from the DiD estimand (see Appendix A for details).

3.4 Sensitivity Analysis

In the context of canonical DiDs, recent studies by Manski and Pepper (2018) and
Rambachan and Roth (2023) have proposed that researchers evaluate the sensitivity
of treatment effect estimates to deviations from traditional parallel trends assumption,
instead of imposing such an assumption outright. This type of sensitivity analysis may
be particularly useful in unequal baseline DiD settings because of the likely violations
of the parallel trends assumption. For example, researchers may wish to assess the
sensitivity of the estimates to different treatment effect dynamics, instead of assuming
that treatment effects are constant over time. We refer the reader to the aforementioned

papers for further details on this type of sensitivity analysis.

4 Conclusion

In this paper we consider DiD settings in which treatment and control group ex-
perience unequal treatment statuses in the baseline period. Our analysis demonstrates
that the usual event study estimation approach will not recover the ATT unless the
treatment effect is constant over time. Furthermore, we show that the traditional par-
allel trend test is inappropriate and cannot provide adequate support for or against
the parallel trends assumption.

We evaluate two intuitive solutions. First, we show that in settings with conver-

gent treatment status, estimation in reverse will recover the ATT, but only when the
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outcomes are static. Second, correcting for divergent trends by including a linear term
trend works but only in settings where differences in trends are constant over time.
Otherwise, event studies with a linear trend may lead to more biased estimates than

event studies without a linear trend.
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Figure 1: Policy Reversal: Examples of Possible Outcome Paths

Panel A: Comparable Groups, Immediate Treatment Effect

(a) Constant Effect (b) Linear Effect (c) Nonlinear Effect

Panel B: Not Comparable Groups, Immediate Treatment Effect

(d) Constant Effect (e) Linear Effect (f) Nonlinear Effect

Notes: This figure illustrates the possible evolution of outcomes for treatment (solid line) and con-
trol (dashed line) groups under different scenarios, in a setting where a policy is adopted for some
individuals in period ¢_; and then is cancelled in period t*. Panel A assumes that groups are truly
comparable and therefore satisfy the “parallel trends” assumption in the pre-baseline period under
Assumption 3, while Panel B assumes the opposite. All figures assume that potential outcomes are
static, i.e. Assumption 2 holds. Three general types of treatment effects are considered: an immediate
constant effect in Figures (a) and (d), a persistent linear effect in Figures (b) and (e), and a nonlinear
effect in Figures (c¢) and (f). For simplicity, all figures assume that treatment leads to an increase in

outcome, and that treatment effects are homogenous across groups.
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Figure 2: Empirical Illustration — Convergent Treatment Status: Jakobsen et al. (2020)

(a) Equal baseline status: (b) Unequal baseline status:
both control and treated are taxed treated are taxed but control are not
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Notes: This figure reproduces (a) Figure IV and (b) Appendix Figure A.VII from Jakobsen et al.
(2020). These figures show evolution of taxable wealth and difference between treatment and control
groups before and after 1989 reform that increased the exemption threshold for couples but not for
single individuals. Loosely speaking, in both figures, treatment group consists of couples who were
subject to wealth tax before 1989 but not after 1989. In (a), the control group consists of single
individuals who were subject to wealth tax before and after 1989 — “Singles” group, while in (b), the
control group consists of couples who were exempt from wealth tax both before and after 1989 — the
“Below Range” group. In all figures, the treatment group is shown in red dots, while the control
group in black squares.
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Figure 3: Universal Adoption: Examples of Possible Outcome Paths

Panel A: Comparable Groups, Immediate Treatment Effect

(b) Linear Effect (c) Nonlinear Effect

(a) Constant Effect

Panel B: Not Comparable Groups, Immediate Treatment Effect

(d) Constant Effect (e) Linear Effect (f) Nonlinear Effect

Notes: This figure illustrates the possible evolution of outcomes for treatment (solid line) and control
(dashed line) groups under different scenarios, in a setting where a policy is adopted for some individ-
uals in period ¢t_; and then is adopted for all individuals in period t*. Panel A assumes that groups
are truly comparable and therefore satisfy the “parallel trends” under Assumption 4, while Panel B
assumes the opposite. All figures assume that potential outcomes are static, i.e. Assumption 2 holds.
Three general types of treatment effects are considered: an immediate constant effect in Figures (a)
and (d), a persistent linear effect in Figures (b) and (e), and a nonlinear effect in Figures (c¢) and ().
For simplicity, all figures assume that treatment leads to an increase in outcome, and that treatment

effects are homogenous across groups.
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Figure 4: Empirical Illustration — Non-Convergent Treatment Status: Jakobsen et al.
(2020)
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FiGure VI

Difference-in-Differences Comparing Households Unbound and Bound
by Tax Ceiling

Notes: This figure reproduces Figure VI from Jakobsen et al. (2020). This figures show evolution
of taxable wealth and difference between treatment and control groups before and after 1989 reform
that reduced the wealth tax rate from 2.2% to 1% on the very wealthy — “the Unbound” group. The
authors compare wealthy individuals to a control group subject to 0% marginal tax rate because of a
tax ceiling provision (“Det Vandrette Skatteloft”), both before and after 1989 — the “Bound” group.
The treatment group is shown in red dots, while the control group in black squares.
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APPENDIX

A  Event Studies With or Without Linear Trend

Assumption — Illustration

If the there are non-linear trends between switchers and non-switchers, then both
the event study estimator and the linear adjustment estimator are inconsistent. Im-
portantly, it is not possible to determine which asymptotic bias is larger in general.

To see this, consider the following simple example. Suppose there are two pre-
change periods, and one post-change period, i.e. t = 1,2,3 and t* =T = 3. Consider
a policy reversal setting where the switchers are treated in periods 2 and 3 and then
the treatment is removed in period 3 while the stayers remain untreated, i.e. d = dj.
Also suppose that the parallel trends Assumption 3 holds.

We will use the first two periods to estimate the linear trend, so that 7 a = {1, 2}.
The effect of the policy is then estimated in period ¢ = 3. Applying Proposition 3, we

find that the event-study and linear-adjusted estimators converge to:

B —e BF> = E[YVis(do, dyre) — Yis(dpre, dpre)| S5 = 1]
+ E [Yis(dpre, dpre) — Yiz(do, do)| Si = 1] — E[Yia(dpre) — Yia(do)| Si = 1],
and
3" —p B = E[Yis(do, dore) — Yis(dore, dire)| Si = 1]
+ E [Yis(dpre, dpre) — Yiz(do, do)| Si = 1] — E[Yia(dpre) — Yia(do)| S; = 1]
— (E[Yia(dpre) — Yia(do)| Si = 1] — E [Yi1(dpre) — Yir(do)| S = 1))

Then the bias of event-study estimator equals to the change in the ATT between
periods 2 and 3, whereas the bias of the linear-adjusted estimator is the difference in
changes of the ATT between periods 2 and 3 and periods 1 and 2.

We now consider the following four cases, each resulting in an asymptotic bias

summarized in Table 1.

Case 1: constant TE. Suppose that

0=E [Yi2(dpre) - Yi2(d0)| S; = 1] —E [Yil(dpre) - Yil(do)| Si = 1]
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0=E [ES(dprea dpre) - Y:L'B(d07 dO)‘ Sz - 1] -E [Y; (dpre) - Y;Q(dO)‘ Sz = 1] .
so that the biases are zero for both estimators.

Case 2: linear TE. Suppose that for some constant k

k= E[Yi(dye) — Yia(do)| Si = 1] — E [Yir(dpre) — Yir (do)| Si = 1]
k= E[Yis(dpre, dpre) — Yis(do, do)| Si = 1] — E[Yia(dpre) — Yia(do)| S; = 1].

Case 3: nonlinear decreasing TE. Suppose that for some constant x

3k = E [Yip(dpre) — Yia(do)| S = 1] — E[Yi1(dpre) — Yir(do)| Si = 1]
k = E[Yis(dpre, dore) — Yiz(do, do)| Si = 1] — E[Yia(dpre) — Yia(do)| S; = 1].

Case 4: nonlinear increasing TE. Suppose that for some constant x

k= E[Yia(dpre) — Yia(do)| Si = 1] = E[Yia(dpre) — Yir(do)| Si = 1]
k=K [Yi3(dpreadpre) - Y;g(d(),doﬂ Sz = 1} —E [Y; (dpre) - Y;z(doﬂ Sz - 1] .

~

ES estimator | LA estimator
Case 1: constant TE 0 0
Case 2: linear TE K 0
Case 3: nonlinear decreasing TE K —2K
Case 4: nonlinear increasing TE 3K 2K

Table 1: Asymptotic bias - ES vs LA estimators

B Proofs

Setup. For any variable A; and any subset 7 C {1,2,...,T} of cardinality |7/,
define A;(T) = >,c7 Au/|T], A, = S A/, A(T) = 3,5 cr Au/(n|T]) and
Ay(T) = Ay — A(T) — A, + A(T). We also denote the population counterpart of

the double-demeaned Ay (T) as Ay(T) = Yy — Af(T) — E[Ay] + E[A;(T)]. Also let
XL =1(t = 0)S; and Z;; = tS;. To reduce notation we will not distinguish between lead
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and lag coefficients. As discussed in the paper, we consider the event-study regression:

Yii=0o; + 6+ ZﬁeXit + €t
047

where

RulT) = (5~ 8) (1=~ 77

and the event-study regression with a linear adjustment

Yii=o; + 06+ Z 52_AXit + 7L+ uy
LETiA

where

and where 7| a is the subset of periods used to estimate the linear trend and Tia = |7(a]
(see Section 3.3 for details).

Proof of Lemma 1. The population coefficients {5}, are characterized by the sys-

tem of equations:
0= "E|(Ya—D_ BXi)X
t AL

whereas the estimators {Bg}#g are characterized by the sample analog:
0= Z Z =Y BXi)X = Z(Yw —BeXiy = D BuXi)S
oAt m#e,i

We show the derivation for the OLS estimators, as the one for the population coef-
ficients follows an identical reasoning replacing sample averages by expectations. We
have that:

0="> YuS;— BmS(1-5) (1——) > BunS(1-S

m#Lt

40



from which

A ZlY'MSZ l 3

Summing over ¢ #

£t e

and thus

using that -, ; Yie =3, Y — Vi = =Y. Plugging back into (3),

B _ Zz Ygfsi Zz S, - ZZ<Y;€ —Yif)si
‘T uS(1-5) aS(- 5) ~ aS(1-5)

Finally, use that Yi, — Vi; = Yie — Yi — 3,(Yie — Yi7)/n to get

b, - YYu =Y (Si—=8)  Y(Yu-Yy)Si 3,V —Yi)(l =S
R D O¥= S-S

and by the law of large numbers, as n — oo, 3 —p E[Yi—Y;|S: = 1]-E[Y;,—Y;|S;: = 0]
which gives the desired result. [J

Proof of Proposition 1. If ¢ > t*,

E[Yie — Yi|Si = 1] = E[Yir — Yl Si = 0] = E[Yie(dpost, dpre) — Yig(dpre)[Si = 1]
— E[Yiu(do, do) — Yiz(do)]S; = 0]
= E[Y;Z( post) pre) - K[(dpreu dpre>|Si = 1]

+

E[}/M(dprea pre) - }/if(dpre”‘si - 1]
— E[Yie(do, do) — Yii(do)|Si = 0].

On the other hand, when ¢ < t*,
ElYi — Yigl Si = 1] — E[Yir — Y[ S; = 0] = E[Ye(dpre) — Yig(dpre)[Si = 1]
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— E[Yi(do) — Yii(do)|Si = 0].

Finally, when Assumption 2 holds, Yi/(dpost,dpre) = Yie(dpost) and Yie(dpre, dpre) =
Yie(dyre) which completes the proof. [

Proof of Corollary 1. Follows from Proposition 1 under Assumption 3. [J
Proof of Corollary 2. Follows from Proposition 1 under Assumption 3. [J
Proof of Corollary 3. Follows from Proposition 1 under Assumption 4. [J

Proof of Proposition 2. The proof is analogous to that of Proposition 1 using

Lemma 1. OJ

Proof of Lemma 2. As before, we only show the proof for the OLS estimators,
since the proof for the linear projection coefficients is analogous after replacing sample
averages by expectations. The estimators {B}A}g@—m and 4 are characterized by the

system of equations:

0= >3 (Vu- Y BAXl, —4Zi)X}, = Z Z W= BPAXL - Y B —AZy) X,
7 t

22T A m#ALMET A

0= Z Z(Yit — Z BEAXY, — 4 Zu) Zy
7 t

£ETiA
From the first equation,

0= Z(Yw - BAXG - Y BXE —AZu X,
J m#ALMET A

= Z YaSi — B Z XpXig— D B XRXG—4) ZuX)

mALmETiA i

:ZYMS,-—nS‘(l—S”)}A(l—%>+M S B4 HnS( - 9)

m5££7m¢7|~_A

where t = >, t/T = (T + 1)/2, from which

i = ZY“ Ry =SB,

S €¢7'LA
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Summing over ¢ ¢ T a,

S - szs R )

LET A LET A LET A LETA
so that
Ly g 5051 (Sremy Vil Tin) . — >
T £ nS(1—S)
24T A 1gTia

and thus letting QLA = teTin Yi/Tia,

> Y0 DS <ZeeTLA Yie/TLA> 5

=SS w9 _TLA%A“_Q_W_B
- 2l -
- 2l S -t

where t o = ZteTLA t/Tia and YA = deTLA Yie/Tia. Next, plugging this expression

into the first order condition for 7,

O_ZiZtné(gz 5) )(t—1) ZBLA 5—72@—%
L& T t
_ i Ya(Si—9)(E - 3 Ll - V(S8 = 8) (¢ — 1)
nS(1—S) e nS(1—8)
+AD (=T (=1 =4 (t—D)t
LETiA t
_an— {Zthtf) S (Y = V(e j}
tE€Tia
+?{Z(ttLA)(tﬂZ(tﬂt}
tETiA t
20— 8) Yeq, Yault —tia)
= n5(1 _Tg) —Y1iaVia
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where Vi p = ZteTLA (t — tLa)?/Tia and where the last equality uses that:

D t—ta)(t—D = (t—Dt= Y (t—1fn) t—i)—Zt—ﬂ(t—fLA)

tETiA t tE¢TiA
t€7T_A
= — Z t—tia)t =—TiaViA
teTia
and
STt = 0= T = X Talt =0+ 4 -
t¢TiA teTiA t¢TiA
- zm—a—wz@
teTA teTiA
= ZYit(t—ﬂ_ =D Ya ) (t=1)
teTiA tETLA teT A
= Z Yie(t — tia).
teTA

Finally, recall that T/ a = {t;y, tm + 1,...,tx — 1,t5} and note that for ¢, <t < tyy,
Vi =Yy, +1(t > t) S AY;, where AY;, = Y;, — Yj,_1, and thus

s=tm+1
tar tav
ZY;‘t(t_ELA —Z<ztm+ﬂt>t Z AY;S> t—lTLA)
teﬁA t=tm s=tm+1
ty ty

Z Z AY(t —tia)

t=tm+1 s=tm-+1

ta tu

Z Z AYig(t — tia)
s=tm+1 t=s

137 137

Z AY, Z (t —tia)
s=tm+1
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where the order of summation is reversed using that {t,, +1 <t <ty t,, +1 < s <t}
is equivalent to {t,, + 1 < s <tp,s <t <tp}. Now,

ty

_ ta(ty +1 s(s—1 _
d (t—ta) = M(]‘; ) _ (2 )—tLA(tM—s—I—l)
t=s
tM(tM+1) S(S—l) tM+tm
— _ _ t 1 —
2 2 5wt 1=s)
2 2 2 55—t l=s)

= s~ tw)(tw + 1 5).

Collecting these results,

'AY:Z 5 g, Z AY;t

t t’l’L+1

where

w

tav
- 2w (B

DAYy (1 — Si))
>i(1—=5%)

t=tm+1

Lttt + 1 1)

2T AV

which is non-negative for ¢,, <t < tj;. To see that the weights sum to one, first consider

tav

lt:th(t—tm)(lfM—l—l—t). Define u = t—t,, sothat t,,+1 <t <ty <1< u<ty—tn,

or equivalently 1 < u < Tia—1 where T a = t)y —t,, + 1. Next, noting that u =t —1,,

implies tM +1—t= TLA —u,

tm

S (t—tw)tu+1-t)=

t=tm+1

_ TE(Tia—1)

Tia—1
U(TLA — u)
—1
~ (Tia = DTia(2Tia — 1)
2 6

_ (Tia — 1)TiA (T 2T A — 1)
VAT Ay ZTAT

2 3

_ (Tin — 1)Tia(Tin + 1)

6

 (Tia+1
= 5 _
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By a similar argument,

ty

D (t—ta)? =D tt—1) =D (t—tn)l — (fa — tm))

teTA teT t=tm
! ( Tia — 1)
S
2
u=0
! ( Tia — 1)
S (-
u=1 2
_ (A —DTia(Tia+1)  Tia(Tia — 1)°
6 4
_ (Tia — 1)Tia(Tia + 1)
12

1 (Tia+1
2 3

which gives the first result. Next, for B}A

aa _ (Y = ViH)(Si - 5)

: nS(1 — ) —Y(E-ta)
tar
nS 1_ ( o _ELA>t:%:+1 AY%MZ)
but
i LShy, LY AY, | = S~ Ay, t1-9)
SO

LA S;— S il tar +1 N
oS (e 3 o (M e

t= tm+1 LA

_ (Si —5)
- m( TS AYM)

t=tm+1

where
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which is non-negative for t,, <t < t;; and where

ty

ty
tyy+1—t _ ta +1 _ tm _
wa:ZM‘FK—ISLA:(tM—tm)w—tLA—i‘——i—g—tLA
Tia

¢ " Tia Tia
m—+41 m—+41
Tia—1 _ tm ty+1—1t,
= t 1) — 2t — 4+l =t l1—-— — bty —t,, + /¢
Tin (ty + 1) LA + Tin + Mt TiA M +
=/ —1,

and a standard application of the law or large numbers completes the proof. [J

Proof of Proposition 3. Plugging in the potential outcomes,

v= ) W (E[AYii(dpe)|S: = 1] — E[AY(do)|S; = 0])

t=tm+1
where the equality uses that ¢, < ¢*. Similarly,

tyv
A = E[Yy — Yy, |S; = 1] — E[Yie — Yi,,|S: = 0] — Z w! (E[AYy|S; = 1] — E[AYy|S; = 0]).

t=tm+1

Then for ¢ < t*, 0 & Tia,

¢ = E[Yie(dpre) = Yit, (dpre) 1S5 = 1] = E[Yie(do) — Yis,, (do)|Si = 0]
= ) Wl (B[AY(dpe)|S: = 1] — E[AY;(dy)|Si = 0]) .

t=tm+1

and for ¢ > t*,

;A — E[Y; (dposta dpre) - Y;‘tm (dpre)|SfL’ = 1] — E[Y;‘é(do, dO) — letm(do)|sz — 0]
tv
— ) wf (B[AY;(dpe)|S: = 1] — E[AY;(dp)|S; = 0])
t=t 41
= E[Kf(dposta dpre) - Y;é(dpre, dpre)|Si = 1]
+ E[}/M(dpre: dpre) - )/;tm (dpre>’Si = 1] — E[Ef(dov dO) _ }/;.tm (dO)’S'L —_ O]
2%

t=tm+1
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Finally note that when the difference in trends is constant,

é_A = E[Y; (dposta dpre) - Y:M(dprea dpre)"s’i = 1]
+ E[Y;Z(dpre; dpre) - }/;tm (dpre)’Si = 1] - E[mé(d07 dO) - }/:itm (d0>|S’L = O]

— Y W] (B[AYi(dpe)|S: = 1] — E[AY;(do)|S; = 0])

t=tm—+1

tv
= E[Y; (dposta dpre) - Y;Z(dprea dpre)’Si - 1] + 'Li(g - tm) — K Z Wf

t=tm+1

= ]E[Y; (dpost7 dpre) - Y; (dpre; dpre>|Si = 1]

using that Ziftm 1 wi = —ty,, which completes the proof. [
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