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When the international financial markets are incomplete, agents in different countries do not
fully share their risks and, as a result, do not equalize their marginal utility growth state by state.
As Backus et al. (2001) show, incomplete markets introduce a wedge n between the exchange
rate movement and the home and foreign agents’ marginal utility growth differential. While this
view has helped the literature make progress in understanding exchange rate puzzles (Brandt et al.,
2006; Lustig and Verdelhan, 2019), it leaves open a question: what drives the n» wedge, and what
is its economic interpretation? Could it be the shocks that also drive the home and foreign agents’
marginal utility growth? Could it be other local shocks that are not necessarily spanned by the
marginal utility growth? What else could it be?

In this paper, I make a case that the incomplete-market 1 wedge in the bilateral exchange rate
between two countries, home and foreign, could come from shocks from a third country. This
happens when home and foreign agents choose different portfolios and bear different exposures to
the third country’s shocks. As a result, a shock in the third country moves the strength of the home
currency differently from that of the foreign currency, generating a movement in their bilateral
exchange rate that is not fully explained by the home and foreign agents’ marginal utility growth.
In comparison, when markets are complete, perfect international risk-sharing implies that home
and foreign agents choose to bear the same amount of risk that comes from any third country. As
a result, the shocks in the third country affect the home and foreign countries equally and have a
symmetric effect on their currency strength.

This international spill-over in exchange rates can help us understand two salient features of
exchange rate dynamics. First, each country’s exchange rate movements appear to be disconnected
from its own economic fundamentals, exhibiting a lack of correlation with macro variables that
should drive marginal utility growth (Meese and Rogoff, 1983; Backus and Smith, 1993; Engel and
West, 2005); second, exchange rate movements are highly correlated across countries, exhibiting
a strong factor structure (Verdelhan, 2018). The international spill-over weakens the link between
exchange rates and local fundamentals on the one hand, and propagates a country’s shocks to

the bilateral exchange rate movements between two other countries and gives rise to additional



exchange rate comovements on the other hand.

This explanation of exchange rate disconnect and comovements complements the prior works,
which largely focus on settings in which agents in different countries are exposed to correlated
latent shocks. For example, if the marginal utilities are driven by long-run consumption risks
that are correlated across countries, then, even in complete markets, the equilibrium exchange
rate movements do not closely follow short-run consumption growth patterns, while they share a
common factor from the correlated long-run risks. On top of the latent marginal utility shocks,
my paper shows that the international spill-over generates an additional layer of exchange rate
disconnect and comovements, even when the marginal utilities happen to be not so correlated
across countries.

To make this argument, this paper proceeds in three steps. First, I present reduced-form ev-
idence that the bilateral exchange rate movements are correlated with the third country’s shocks.
I conduct an exchange rate accounting exercise similar to Verdelhan (2018), who shows that two
common exchange rate factors, dollar and carry, explain a large fraction of variations in the ex-
change rate movements. In my empirical exercise, I focus on financial variables that proxy for
stochastic discount factors (SDFs) as the explanatory variables, and test if the third countries’ SDF
proxies have additional explanatory power for the bilateral exchange rate movements.

A natural question for the implementation of this test is which country to choose as the third
country. In the spirit of letting the data speak for itself, I consider all possible third countries and
focus on their common variations. For example, to study whether the changes in interest rates
explain the bilateral exchange rate movement between the U.S. and the U.K., I first construct the
third-country principal components which describe the common variations in the interest rates
of all other countries such as Australia, Japan, Germany, and so on. Then, I regress the U.S.-
U.K. exchange rate movement on their own interest rate changes and the third-country principal
components. I find that third-country principal components help explain the bilateral exchange rate
movements, even after the local interest rate changes are controlled for. Quantitatively, introducing

the third-country principal components roughly doubles the explanatory power of the interest rate



changes, and similar pattern holds for other financial variables such as stock returns and financial
crisis indicators. When I use stock returns and 3-month and 10-year interest rates as explanatory
variables, the local variables and the third-country principal components together explain 26.39%
of the variations in the exchange rate movements between developed countries.

Moreover, the explanatory power of the third-country variables survives even after controlling
for the common exchange rate factors. On average, the dollar and the carry factors explain 26.73%
of the variations in the exchange rates. If I introduce the third-country principal components of
stock returns and interest rates, the adjusted R? improves to 36.65%. Introducing the local stock
returns and interest rates further improves the adjusted R? to 43.11%. This result is in stark con-
trast to the lack of explanatory power of fundamental variables such as consumption growth for
exchange rate movements, and suggests that maybe the exchange rates are not so disconnected
from the economy after all, if we use financial variables to proxy for the SDFs and pay attention to
the third countries.

Having established the economic significance of the international spill-over in the exchange
rate data, I turn to studying the theoretical mechanism that generates this effect. In the second
part of the paper, I develop a stylized model that instantiates this international spill-over effect and
highlights the role played by market incompleteness. The model is an exchange economy in which
the agents from different countries trade financial assets because of different time preferences.
In this model, there are three countries: home, foreign, and the third country. The only shocks
are endowment shocks, which are transmitted internationally because of cross-country holdings in
financial claims and fluctuations in the terms of trade.

I begin with the complete-market case, in which perfect international risk-sharing implies that
the home and foreign countries’ agents choose the same degree of exposures to the risks from
the third country. As a result, the shocks in the third country affect the home and foreign coun-
tries equally and have a symmetric effect on their currency strength, which insulate the bilateral
exchange rate between the home and foreign countries from the third-country shocks.

The equilibrium outcomes are very different when markets are incomplete. For simplicity, I



assume that the agents in different countries can only trade each other’s risk-free bonds denomi-
nated in the local numéraires. Because of the difference in time preferences, the home and foreign
agents choose to have bond portfolios with different sizes and compositions. In particular, their
portfolios have different exposures to the third country’s endowment shock. As a result, a shock
in the third country could move the strength of the home currency differently from that of the for-
eign currency, generating a movement in their bilateral exchange rate. This is the key mechanism
that generates the international spill-over under incomplete markets, which propagates the third
country’s shock to the bilateral exchange rate between the home and foreign countries.

Interestingly, while the exchange rate spill-over arises when we deviate from the complete-
market benchmark, it disappears again when we approach the most extreme case of market incom-
pleteness: financial autarky. When the agents cannot trade any financial assets across countries,
their consumption is still exposed to foreign endowment shocks due to variations in the terms of
trade. However, the bilateral exchange rate movement is not exposed to the third-country shocks.
As such, the international spill-over effect is a feature of an intermediate degree of market incom-
pleteness, in which case the agents can trade financial assets across countries and bear different
exposures to foreign risks, but the asset space is not complete enough to hedge out these foreign
risks they bear.

This simple model illustrates the economic mechanism that gives rise to the international spill-
over effect in exchange rates through cross-country asset holdings and incomplete risk-sharing. As
with any models, it takes a specific set of assumptions and simplifications. In the third part of the
paper, I develop a more general argument for the international spill-over effect that does not rely
on these specific assumptions. In particular, the Euler equations for cross-country bond holdings
alone are informative about the restrictions that the equilibrium exchange rate movements have to
satisfy in the presence of imperfect international risk-sharing.

My general argument begins with the following observation. The Euler equations for cross-
country bond holdings impose additional restrictions on the exchange rate dynamics when we

consider multiple foreign countries. For example, let us fix the U.S. as the home country, and



consider two foreign countries: U.K. and Japan. On the one hand, Triangular arbitrage rules out
any discrepancies in spot exchange rates: once I know the bilateral exchange rate between the
home and each foreign country (U.S.-U.K. and U.S.-Japan), the bilateral exchange rate between
the two foreign countries (U.K.-Japan) is directly implied.

On the other hand, when markets are incomplete, the Euler equations between the two foreign
countries are not implied from the Euler equations between the home and each foreign country.
As a result, when we extend the analysis from two to three countries, the number of independent
exchange rates increases from 1 to 2 (U.S.-U.K. and U.S.-Japan), while the number of unique
sets of Euler equation restrictions increases from 1 to 3 (U.S.-U.K., U.S.-Japan, and U.K.-Japan).
The Euler equations between the two foreign countries, which are usually ignored in two-country
models, impose an additional constraint on the joint distribution of exchange rate movements and
SDFs. As a result, even if our goal is to understand the bilateral exchange rate between the U.S.
and the U.K., it is no longer sufficient to only study the local shocks in these two countries: the
shocks from Japan could also matter, resulting in an international spill-over of Japanese shocks to
the U.S.-U.K. exchange rate.

To interpret the economic meaning of the additional constraint, I build on the no-arbitrage
approach of Backus, Foresi, and Telmer (2001) and derive a general decomposition of exchange
rate movements. I project any bilateral exchange rate movement (e.g., U.S.-U.K.) on its local (i.e.,
U.S. and U.K.) SDFs and obtain a residual. The international spill-over effect is defined as a non-
zero correlation between this residual and a third country’s SDF (e.g., Japan’s). When markets are
complete, the residual is zero as the exchange rate movement is spanned by the local SDFs, which
guarantees this covariance to be zero.

When markets are incomplete, I ask what the Euler equations’ restriction implies if there is
no spill-over effect. I show that it simplifies to a specific restriction that connects the exchange
rate covariance between the home and any two foreign countries to a linear combination of their
SDF covariances. If we fix a home country and consider N foreign countries, then, we obtain

one such restriction for each pair of foreign countries, which gives us N (/N — 1)/2 restrictions



in total. In comparison, there are only 1 4 NV structural parameters that come from the exchange
rate projection, one for each country. Even if we treat these parameters as free parameters, when
we consider N = 10 foreign developed countries that we tend to think have low-cost access to
international bond markets, we need to fit N(N — 1)/2 = 45 restrictions with only 1 + N = 11
parameters. Therefore, the no-spill-over assumption requires a high degree of coincidence between
the exchange rate covariance and the SDF covariance.

However, the exchange rate covariance and the SDF covariance have weak connections, re-
flecting a general disconnect between exchange rate dynamics and economic fundamentals that
has been noted in the literature. I specifically test if any choice of parameter values can satisfy
these restrictions in the data. To do so, I need to again take a stance on what proxies for the SDFs
and hence the SDF covariance structure. I use the consumption growth, the changes in 10-year and
3-month interest rates, and the stock market return. Using the Generalized Method of Moments
(GMM), I reject the null that all moment restrictions are satisfied in an overidentifying restrictions
test (i.e., the J-test), which suggests that the no-spill-over null imposes too tight and too many
restrictions that are not consistent with the data.

By rejecting this necessary condition of the no-spill-over null, this result makes a general
case for the presence of the international spill-over in exchange rates, which allows the bilateral
exchange rate movement (e.g., U.S.-U.K.) to load on a foreign SDF (e.g., Japan’s), even after
the U.S. and U.K. SDFs are controlled for. Intuitively, this comovement introduces additional
degrees of freedom to satisfy the cross-country restrictions arising from the Euler equations. This
characterization is general and does not rely on specific assumptions about preferences, frictions,
and shocks. It can be applied to a large set of equilibrium international macroeconomic models.
The only economic restriction is imposed by assuming investors in each country can freely trade
domestic and foreign risk-free bonds, which is consistent with the fully specified model I presented
in the second part of the paper. For other contingent claims such as equity and long-term bonds,
the financial markets may or may not be open, which allows me to characterize the exchange rate

dynamics under a flexible degree of market incompleteness.



In conclusion, the results in this paper support a novel channel through which market incom-
pleteness propagates one country’s SDF to other countries’ bilateral exchange rate movements.
This international spill-over effect gives rise to common variations in exchange rates, even when
the SDFs happen to be uncorrelated across countries. By exposing bilateral exchange rate move-
ments to shocks from a third country, this spill-over effect also offers a reason why the link between
exchange rate movements and local fundamentals might be weak. In this way, this effect helps us
tie together the exchange rate comovements and disconnect under one mechanism, which comple-

ments the prior works that rely on complete markets and correlated SDFs.

Literature Review. Market incompleteness is a salient feature of the international financial mar-
kets. Prior works have proposed various models with specific preferences and frictions and shown
how market incompleteness impacts the dynamics of business cycles and exchange rates (see Al-
varez, Atkeson, and Kehoe (2002, 2009); Kehoe and Perri (2002); Chari, Kehoe, and McGrattan
(2002); Corsetti, Dedola, and Leduc (2008); Pavlova and Rigobon (2010, 2012); Hassan (2013);
Bruno and Shin (2015); Favilukis, Garlappi, and Neamati (2015); Maggiori (2017)). Much of the
focus has been given to the two-country setting, in which the bilateral exchange rate movement is
driven by shocks in these two countries. This paper studies the international spill-over effect in a
multi-country setting, which propagates shocks from a third country to the bilateral exchange rate
movement.

The empirical results in this paper build on the “third-country effect” found in the previous lit-
erature. Hodrick and Vassalou (2002); Berg and Mark (2015) show that inflation, output gap, and
interest rates in a third country predict future bilateral exchange rate movements. In comparison,
this paper focuses on the contemporaneous relationship between financial variables and bilateral
exchange rate movements, and shows a significant increase in the explanatory power for concur-
rent exchange rate movements when the third-country variables are introduced. This paper also
proposes a different theoretical mechanism for the spill-over effect based on market incomplete-

ness. !

'More broadly, Miranda-Agrippino and Rey (2022) also identify a global financial cycle that drives foreign exchange



The general characterization of the spill-over effect builds on the preference-free approach to
modeling incomplete-market exchange rate dynamics developed by Backus, Foresi, and Telmer
(2001); Brandt, Cochrane, and Santa-Clara (2006).> The closest paper in this literature is Lustig
and Verdelhan (2019), who characterize the exchange rate volatility, cyclicality and risk premium
in a two-country setting. I further develop this approach in two ways. First, generalizing this ap-
proach to a multi-country setting, I show that incomplete markets give rise to additional constraints
that are not present in the two-country setting, and these constraints are crucial for understanding
the exchange rate spill-over effect. Second, I propose a projection-based exchange rate decomposi-
tion, which is convenient for characterizing exchange rate covariances in this paper, and potentially
for other applications in future works.?

To my best knowledge, this paper is the first to show how market incompleteness can gener-
ate exchange rate comovements in the cross-section of currencies. The prior literature explains
these patterns by various mechanisms that generate common factors in SDFs (Farhi and Gabaix,
2015; Corte, Riddiough, and Sarno, 2016; Colacito, Croce, Gavazzoni, and Ready, 2018; Mueller,
Stathopoulos, and Vedolin, 2017; Jiang and Richmond, 2019). In contrast, this paper shows that
incomplete markets give rise to an international spill-over effect and generate exchange rate co-
movements in exchange rates even when SDFs are uncorrelated.

Finally, in the broader literature, this paper contributes to our understanding of the asset pric-
ing dynamics in incomplete markets. First, my approach is complementary to Bakshi, Cerrato,
and Crosby (2018) and Sandulescu, Trojani, and Vedolin (2021); Korsaye, Trojani, and Vedolin
(2023), who use asset return data to discipline the SDF dynamics and characterize the roles of in-

completeness and segmentation in international asset markets, respectively. Second, my approach

rate comovements. This cycle is related to the U.S. monetary policy and the global financial conditions, which could
directly impact foreign exchange rates through its effects on foreign SDFs. That said, heterogeneous portfolio expo-
sures and imperfect risk-sharing that this paper studies provide an additional reason why different foreign currencies
can have different exposures to the global financial cycle.

20ther works based on this approach include Maurer and Tran (2021); Sandulescu et al. (2021); Lewis and Liu (2022);
Chernov et al. (2023).

3For example, Appendix B.7 uses this decomposition to characterize the exchange rate volatility and risk premium,
which replicates the dilemma in Lustig and Verdelhan (2019) in a more transparent way. In concurrent work, Jiang,
Krishnamurthy, Lustig, and Sun (2021) also apply a similar approach to study the Euler equation wedges in a two-
country setting.



also builds on a large literature including Hansen and Jagannathan (1991); Alvarez and Jermann
(2005) that uses asset price data to understand the properties of SDFs through the lens of the Euler
equations. In a multi-country economy, Euler equations impose joint restrictions on the proper-
ties of the SDFs and exchange rates, and my results suggest that these restrictions are useful for
understanding exchange rate disconnect and comovements.

The rest of this paper is organized as follows. Section 1 presents empirical evidence for the
international spill-over effect in exchange rates. Section 2 presents a simple model that instantiates
the international spill-over effect and highlights the role played by market incompleteness. Section
3 further develops a general theoretical argument for its presence. Section 4 concludes. Appendices

contain the proof and data sources.

1 Reduced-Form Evidence of Exchange Rate Spill-Over

In the main empirical analysis, the sample contains 11 developed countries: Australia, Canada,
Switzerland, Germany, Denmark, the U.K., Japan, Norway, New Zealand, Sweden, and the U.S.

Data are quarterly, 1988Q1 to 2023Q4. Appendix A provides details of data construction.

1.1 Third-Country Variables in Bilateral Exchange Rates

To begin with, I examine whether the international spill-over is an economically important feature
of the exchange rate data. In an ideal world, if the SDFs are observable, we can directly test
the presence of the spill-over by regressing the bilateral exchange rate movement Aei/ 7 between

countries ¢ and j on the SDFs of these countries and the SDF of a third country k:

This exchange rate accounting exercise is similar to Verdelhan (2018), except we use SDFs instead

of common exchange rate factors as explanatory variables. The coefficient 5(*) captures the extent



to which the third country’s SDF explains the bilateral exchange rate movement between countries
17 and j, even after their own SDFs are controlled for. In this way, we can ensure that the correlation
between the bilateral exchange rate and the third country’s SDF is not driven by the correlations in
the SDFs.

Unfortunately, the SDFs are not directly observable, and their estimation is in general a difficult
task especially in the presence of incomplete markets. In this paper, I pursue a much more modest
objective: I use observable variables as proxies for the SDFs, and test whether bilateral exchange
rates comove with these proxies from third countries. More precisely, I extract common variations
in third countries using the principal component analysis (PCA) and test whether the bilateral
exchange rates comove with these common variations.

For example, let us consider the change in the 10-year interest rate Art(i) as a plausible proxy
for the SDFs. For any country pair (4, j), I construct the first three principal components of the
changes in the 10-year interest rates in all other countries except ¢ and j, which I denote as PC'} Z =,
PCy, Z ", and PCy. Z "7, Then, I regress the bilateral exchange rate movement between countries i

and j on their local interest rate changes as well as the third-country principal components:
Aell) = ol 4 AOArHD 4 DAY - O PO 4+ BOPCy ™ + BOPC T +ull?. (2)

For example, if 7 is the U.S. and j is the U.K., then, the principal components describe the common
variations in other countries such as Australia, Japan, Germany, and so on. We are interested in
knowing whether these foreign variations explain the bilateral exchange rate movement between
the U.S. and the U.K. after controlling for their own interest rate changes.

I run this regression for each unique country pair (4, j), and report the average adjusted R?
across all country pairs in Table (1). Column (1) reports the average adjusted R? of the regression
with only the local variables in countries i and j. Column (2) reports the average R? with only the
third-country principal components. Column (3) reports the average R? with both the local and

the third-country variables, and Column (4) reports the increase in the adjusted R from (1) to (3).
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The first row shows that the local changes in 10-year yields in countries ¢ and j explain 6.46%
of the variations in their bilateral exchange rate movements. When we introduce the principal
components of the interest rate changes in other countries, the adjusted R? roughly doubles to
12.44%. In other words, the third-country variations in the 10-year interest rates contain additional
information that helps explain the bilateral exchange rate movements.

I also consider other variables to proxy for the SDFs. In addition to the change in the 10-
year bond yield, I also use the change in the 3-month bond yield, the cum-dividend national stock
market return, the change in Jorda et al. (2017)’s financial crisis indicator, and the real consumption
growth. Table (1) shows that the third-country principal components based on these variables help
explain the bilateral exchange rate movements, and in some cases have greater explanatory power
than the local variables. Introducing the third-country principal components in addition to the local
variables also improves the adjusted 2. In particular, the row “Stock+Bond” includes both stock
returns and the changes in 10-year and 3-month yields. In this case, 26.39% of the variations in
exchange rate movements between developed countries can be explained by the local and third-
country variables.

The only exception is the consumption growth, which has low explanatory power in general.

Table 1: Adjusted R? of the Third-Country Principal Components.

ey 2 3) “)
Variable Local Variables Only = Third-Country PCs Only Both Improvement from (1)
Change in 10Y Bond Yield 6.46 10.38 12.44 5.98
Change in 3M Bond Yield 6.84 8.09 11.94 5.09
Stock Return 12.86 11.20 18.03 5.17
Stock+Bond 20.05 17.86 26.39 6.34
JST Financial Crisis 8.77 14.77 18.36 9.58
Consumption Growth -0.54 -0.49 -0.81 -0.26

Notes: The regression equation is Eq. (2). Column (1) reports the mean adjusted R? of the regression
without controlling for the third-country principal components. Column (2) reports the mean adjusted R?
with only the third-country principal components. Column (3) reports the mean adjusted R? with both the
local variables and the third-country principal components. Column (4) reports the increase in the adjusted
R? between Columns (3) and (1). Data are quarterly, 1988Q1-2023Q4; except for JST Financial Crisis,
which is annual, 1988-2020.

11



As such, perhaps the bilateral exchange rates are not so disconnected from the economy after all,

if we use financial variables to proxy for the SDFs and pay attention to other foreign countries.

1.2 Horse Race with Common Exchange Rate Factors

We can further put this result in the context of the factor structure in exchange rate movements. A
salient fact about exchange rate movements is that the correlation structure of bilateral exchange
rates can be summarized by a small number of factors, and by the dollar factor and the carry factor
in particular (Lustig et al., 2011; Verdelhan, 2018). Certainly, these common exchange rate factors
could be themselves driven by the common variations in SDFs and by the international spill-over
effect. That said, it would be interesting to know whether the third-country variables explain
exchange rate variations after controlling for the common exchange rate factors. For example,

using the interest rate changes as SDF proxies, I run the following regression:

Aey” = o' 4+ W™ fugry + WY foarry ;
+ADAFD 4 4DArD 1 O PO 4 O PCIT + O PCTTT )
which additionally controls for the dollar factor f;, ; and the carry factor f.;,, .. The dollar factor
is constructed as the equal-weighted average of foreign currency returns against the dollar, and the
carry factor is constructed as the return differential between high-interest rate and low-interest rate
foreign currencies.

Table (2) reports the average adjusted R? of the regression Eq. (3). Column (1) reports the
average adjusted RR? of the regression with only the common exchange rate factors. Consistent with
the literature, the dollar and carry factors explain a large fraction of the exchange rate movements.
Column (2) additionally includes the local variables, and Column (3) includes the third-country
principal components. Column (4) includes the exchange rate factors, the local variables, and the
third-country principal components.

The table shows that both the local variables and the third-country principal components im-

prove the explanatory power, and their information contents are different so that the adjusted R>

12



Table 2: Adjusted R? of the Third-Country Principal Components, with Common
Exchange Rate Factors

) 2) 3) “)
Variable Exchange Rate Factors Factors+Local Factors+Third-Country ~ All
Change in 10Y Bond Yield 26.73 30.13 32.63 34.42
Change in 3M Bond Yield 26.73 31.47 32.46 35.71
Stock Return 26.73 33.43 33.13 36.21
Stock+Bond 26.73 38.27 36.65 43.11
JST Financial Crisis 33.95 37.37 39.47 41.72
Consumption Growth 26.73 26.44 26.22 26.07

Notes: The regression equation is Eq. (3). Column (1) reports the mean adjusted R? of the regression with
the common exchange rate factors dollar and carry. Column (2) reports the mean adjusted R? with both the
common factors and the local variables. Column (3) reports the mean adjusted R? with both the common
factors and the third-country principal components. Column (4) reports the adjusted R? with the common
factors, the local variables and the third-country principal components. Data are quarterly, 1988Q1-2023Q4;
except for JST Financial Crisis, which is annual, 1988-2020.

increases when we include both. In the case in which we use equity returns and bond yields, the
adjusted R? increases from 26.73% as explained by the common exchange rate factors alone to
43.11%. As such, the third-country variables can account for a significant fraction of the exchange
rate movements, even after the common exchange rate factors are controlled for.

In the remainder of this paper, I will provide a theoretical explanation for this international
spill-over effect. Having said that, a conclusive empirical test of Eq. (1) is left for future work,
which requires a full-scale estimation of the SDF dynamics across countries, and should be ideally

connected to the agents’ preferences and consumption processes.

1.3 Statistical Significance

To assess the statistical significance of the coefficients associated with the third-country principal
components, I conduct two Wald tests. First, in the horse-race regression (2) between the local
variables and the third-country principal components, I jointly test the null hypothesis that the
coefficients (1) = 3 = gB) = 0. Second, in the horse-race regression (3) with the common

exchange rate factors, I jointly test the null hypothesis that the coefficients 3 = 2 = 3G = (.
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I conduct these Wald tests for each country pair (7, j), and report the fraction of the country
pairs for which the null hypothesis is rejected at the 5% level in Table (3). If I use stock returns,
interest rate changes, or both, the third-country principal components are statistically significant
for at least half of the observations. In other words, the third-country principal components contain
information that helps explain the bilateral exchange rate movements, even after the local variables
and the common exchange rate factors are controlled for. The statistical significance of the JST

Financial Crisis is lower, as this variable is annual and has a much smaller sample size.

1.4 More Countries

Moreover, I expand the sample to include 25 economies: Argentina, Australia, Brazil, Bulgaria,
Canada, Chile, China, Croatia, Czech Republic, Denmark, Germany, Hong Kong, Hungary, India,
Indonesia, Japan, Korea, Malaysia, Mexico, New Zealand, Norway, Philippines, Poland, Romania,
Russia, Singapore, South Africa, Sweden, Switzerland, Taiwan, Thailand, Turkey, United King-
dom, United States. The sample is shorter, 1998Q1 to 2023Q4.

Appendix A.l reports the results of regressions (2) and (3) for this extended sample. The
results are similar. The third-country variables help explain the bilateral exchange rate movements,

and their explanatory power is robust to the inclusion of the common exchange rate factors.

Table 3: Wald Tests for the Third-Country Principal Components

() (2)
Regression Eq. (2), Local+Third-Country  Eq. (3), Factors+Local+Third-Country
Change in 10Y Bond Yield 58.18 61.82
Change in 3M Bond Yield 49.09 58.18
Stock Return 61.82 47.27
Stock+Bond 56.36 47.27
JST Financial Crisis 28.89 20.00
Consumption Growth 5.45 1.82

Notes: We report the fraction of country pairs for which the null hypothesis that the coefficients associated
with the third-country principal components are all zero, i.e., B = g = B =0, is rejected at the
5% level. Column (1) reports the result for Eq. (2), and Column (2) reports the result for Eq. (3). Data are
quarterly, 1988Q1-2023Q4; except for JST Financial Crisis, which is annual, 1988-2020.
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2 A Motivating Example

Next, I develop a concrete example to illustrate the international spill-over effect in the currency
market. We consider a model with two periods, 7 € {t,¢ + 1}, and three countries, i € {0, 1,2}.

Each country 7 has a unique variety of local consumption goods, and a representative agent. In
period 7, the agent in country 7 receives an endowment which is equal to yg) units of the local

consumption goods. The endowment in period ¢ is yt(i) = 1. The endowment in period ¢ + 1 is

stochastic.

The representative agent in country ¢ has a log preference over consumption A

log cgi) + pE [log cg } ,

and the time preference p(¥ can be heterogeneous across countries. The aggregate consumption

W is a Cobb-Douglas aggregate of the three countries’ local goods. Let cﬁ denote country ¢’s

agent’s consumption of country j’s goods in period 7, then,

; ; -« ;
log ¢ = alog ! + E = Zlog .
ogc,’ =aloge; L 2 5 108¢;

Reflecting home bias towards domestic goods, ov > 1/3.

Tuse mgl to denote the log marginal utility growth of country 7’s agent from period ¢ to period

t + 1, which also coincides with the agent’s SDF. The agent’s first-order condition implies that

(1) -1
i\ def iy (Cii1)
el & 0

(c;”)

Let /7 denote the log bilateral exchange rate between countries ¢ and j, which is the relative

price between the consumption baskets in these two countries. Our convention is that 7 takes a

higher value if the consumption basket in country i is more expensive.*

4This model does not have a nominal layer, and the SDFs, exchange rates, and bonds are defined in real terms. Cur-
rency appreciation means an increase in the price of the local consumption basket relative to the foreign consumption
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2.1 The Complete-Market Case

When markets are complete, I obtain the standard international risk-sharing condition. For exam-

ple, between countries 1 and 2,
1/2 1 2
Aetil = ngr)l - mEJr)1 4)

In this case, I can solve the equilibrium exchange rate and SDFs based on the social planner’s

optimization problem. Let 7(Y) denote country i’s Pareto weight. I obtain the following result.

Proposition 1. The SDF of country i’s agent can be expressed as

- 1 -« l -«
mgl =m — aA log yf& - TA log yﬁ)l - TAIOg ng?r)l’ )

and the bilateral exchange rate between countries 1 and 2 can be expressed as

3a — 1
——

Aepl? = g% 4+ Alogy?, — Alogy})), ©6)

where the constants ") and [i*/* are independent of the endowment shocks ygl.

The proof and the expressions of the constants are presented in Appendix B.1. Eq. (5) shows
that the equilibrium SDF in each country loads on all three countries’ endowment shocks. In com-
plete markets, perfect international risk-sharing implies that the representative agents in countries
1 and 2 choose to bear the same amount of country 0’s endowment risk. Then, Eq. (4) implies
that country 0’s endowment risk cancels out in the bilateral exchange rate between countries 1 and
2, which is confirmed by Eq. (6): the bilateral exchange rate between countries 1 and 2 is only a

function of the local endowments yt(}r)l and yﬁ)l. A shock to country 0’s endowment yt@l has no

. 1/2
mmpact on e, .

basket.
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2.2 The Incomplete-Market Case

Next, we consider a setting with incomplete financial markets, in which agents can only trade the
risk-free bonds in different countries. The risk-free bond in country ¢ pays 1 unit of the local
consumption basket in period ¢ + 1, which in period ¢ has a log interest rate of (*) and a price of
exp(—r®) in the unit of the local consumption basket.

Let p(f) denote the price of country ¢’s local goods in the unit of country i’s consumption
basket. Let bg-i) denote country ¢’s agent’s holding of country j’s bond. The budget constraints of

country ¢’s agent are

OO = S0 4l

J

P+ 370D exp(r) + Acifi) = ),
J

The market clearing conditions for goods are

(i) (7)
The bonds are in zero net supply. The market clearing conditions for bonds are

Z b;i) exp(ei/j) = 0.

While the model has no simple closed-form solution in the presence of stochastic endowments,
it can be solved numerically. To illustrate the international spill-over effect, I consider a simple case
in which each country’s endowment in period ¢ + 1 has two possible values, yt(i)l € {0.95,1.05},
with equal probability. The endowment shocks are also i.i.d. across countries. To motivate in-
ternational trade in the bond market, we assume that the agents have different time preferences:
p® =1, pM =2 and p® = 0.5, so that the agent in country 1 is more patient while the agent in

country 2 is less patient. I assume a consumption home bias of o = 0.8.

17



Table (4) reports the equilibrium outcomes. As country 1’s agent is more patient, it is a net
saver. It takes long positions on all three countries’ bonds to benefit from diversification. Con-
versely, as country 2’s agent is less patient, it is a net borrower and takes short positions on all
three countries’ bonds. The consumption allocations and the equilibria exchange rates are also
consistent with the agents’ time preferences: country 1’s agent consumes less in period 1 and more
in period 2, while country 2’s agent consumes more in period 1 and less in period 2. Moreover,
in period 1, since there is a weaker demand for country 1’s goods from its own agent who has the
strongest demand, the price of country 1’s goods is lower and weakens its exchange rate relative to
country 0’s goods. In period 2, there is a stronger demand for country 1’s goods, which strengthens
its exchange rate relative to country 0.

Motivated by the empirical exercise, I regress the bilateral exchange rate movement Aetl fl

between countries 1 and 2 on the three countries’ SDFs:

1/2 m m__ (0 m, (1 m, (2
Aetil =a™ + [ m§+)1 + By m§+)1 + 03 m£+)1 + Et41.

Table 4: Model Solution

Country 0 Country 1 Country 2

Bond Portfolio

by -0.00 0.02 -0.01
b\ -0.00 0.01 -0.01
by -0.00 0.03 -0.02
Consumption

el 0.53 0.43 0.61
Elc{),] 0.53 0.61 0.43
Exchange Rates

e/t 0.00 0.19 -0.15
E[Ael ] 0.00 -0.33 0.33
Regression Coefficients

B 0.20 1.15 -0.71
BY -0.10 -0.78 0.57

Notes: This table reports the equilibrium outcomes of the incomplete-market model.
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I find a non-zero 3 coefficient, which means that country 0’s SDF explains the bilateral exchange
rate between countries 1 and 2, even after their own SDFs are controlled for. This result exem-
plifies the international spill-over effect in the currency market, as well as the deviation from the
international risk-sharing condition Aei fl = mgl — mfﬁl. Specifically, the positive sign of 3"
indicates that country 1’s currency appreciates against country 2’s currency when country 0’s SDF
increases, or, equivalently, when country 0’s consumption declines. To understand this result, note
that country 1’s agent is a net saver, and country 2’s agent is a net borrower. When country 0’s
endowment declines, its currency appreciates and increases the value of country 1’s holdings of
country 0’s bond. This wealth effect further increases country 1’s consumption relative to country
2. Given the home bias in consumption, country 1’s agent bids up the price of their own local
consumption goods, which leads to an appreciation of country 1’s currency against country 2’s
currency.

I also regress the bilateral exchange rate movement Aetl fl between countries 1 and 2 on the

three countries’ log endowment growth rates:
Aeyl] = ¥ + BiAlogyy + BIAlogyts + B Alog y + cvan.

I obtain a negative 3 coefficient, which is consistent with a positive ;" given the inverse relation-
ship between local endowment and marginal utility growth. Moreover, the magnitude of the 5§
coefficient associated with the third country’s endowment shock is a non-trivial fraction of the 3§
coefficient associated with the local endowment shock, even when the bond positions are relatively
small compared to consumption. While this setting is stylized, it suggests that the exchange rate
spill-over effect could be economically significant in the real world, especially when the agents’
foreign bond positions are substantial.

In this way, this example illustrates a stark difference between the complete-market case and
the incomplete-market case: when markets are complete, Proposition 1 shows that the third coun-

try’s endowment shock has no impact on the bilateral exchange rate. When markets are incomplete,
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it has a significant impact.

2.3 The Financial Autarky Case

It is also interesting to consider the other extreme case of asset space specification: financial au-
tarky. In this case, agents from different countries cannot trade any financial assets with each other.
In each period, they receive their endowments and trade consumption goods. I obtain the following

characterization of the equilibrium SDFs and exchange rates.

Proposition 2. The SDF of country i’s agent can be expressed as
mgll = log pV + aAlog yt(ﬁl + TA log yfi)l + TAIog yt(+)1,
and the bilateral exchange rate between countries 1 and 2 can be expressed as

1/2 3a—1
AetJ/rl T

(Alogy?, — AlogyD)).

The proof is presented in Appendix B.2. In this financial autarky case, we again obtain a
clear separation between the bilateral exchange rate movement between countries 1 and 2 and
country 0’s endowment shock as in the complete-market case. If we think of this financial autarky
case and the complete-market case as two ends of a continuum in the asset space specification,
the incomplete-market model is somewhere in between. However, the incomplete-market model
generates an international spill-over effect between the bilateral exchange rate movement and the
third country’s fundamental shock, which is absent in both ends of the continuum. The intuition
is that the spill-over effect requires international trading in the asset markets to pass shocks from
one country to other countries through financial profits and losses, while the asset markets are not
complete enough to hedge out these shocks.

A natural question is whether this international spill-over effect transcends the specific setting

considered in this example. In the next section, I develop a framework to characterize this spill-
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over effect, and show it is not only possible but also general. However, multi-country models with
incomplete markets are generally difficult to solve in closed form, which motivates a different,

no-arbitrage approach.

3 Exchange Rate Spill-Over in a General Economy

In this section, I derive the main theoretical results in a general setting. It suffices to consider any
given period. I use the subscript ¢ to denote the variables known before the shocks in the period are
realized, and I use the subscript £ + 1 to denote the variables known after the shocks are realized. I
assume all shocks are drawn from a multivariate normal distribution. The results hold much more

generally in a dynamic, infinite-horizon, continuous-time setting (see Appendix B.8).

3.1 More Is Different: from Two to Three Countries

Exchange rate models predominantly feature two countries. Implicitly, we regard adding a third
country as a natural but trivial extension. This intuition is straightforward when markets are com-
plete. For example, consider three countries denoted as 0, 1,2. I refer to country 0 as the home
country, and countries 1 and 2 as the two foreign countries. Each country is populated with a rep-
resentative agent, who derives utility from consumption. Let mgl denote the log marginal utility
growth of country 7’s agent, which also coincides with its stochastic discount factor (SDF).

Let Ae?fl denote the log bilateral exchange rate movement, which takes a higher value if the
currency in country 0 is stronger. When markets are complete, the SDF in each country is unique,

and the bilateral log exchange rate movement between any two countries is equal to the differential

between their SDFs:

0/1 0 1
Aet-{-l = szJr)l - m§+)17

0/2 0 2
Aetil = szJr)l - m§+)1-

(7
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By Triangular arbitrage,
1/2 0/2 0/1 0 2 0 1 1 2
AetJ/A = Aet—{-l - Aet—{-l = (m§+)1 - m£+)1) - (m§+)1 - ml(f-i-)l) = ml(H-)l - m§+)1,

which means that, once we know the SDF differential between the home country and each foreign
country, we can directly pin down the bilateral exchange rate movement between any two countries.
As such, it suffices to study the bilateral dynamics from the perspective of the home country.
Now, let us consider the case of incomplete markets. I assume that investors can freely trade
both home and foreign risk-free bonds. Let rt ) denote the risk-free rate in country 7. Between

countries 0 and 1, opening these basic markets implies the following four Euler equations:

1 = Efexp(miy + )] = Efexp(m}; + i),

®)

1= Eyfexp(m(}) — Aefly + )] = Eifexp(miy; + Aelly + ().

In this setting, the financial markets for other contingent claims, such as equities and long-term
bonds, may or may not open, which allows me to characterize the exchange rate dynamics under
a flexible degree of market incompleteness. If other contingent claims are tradable, they impose
additional restrictions on the equilibrium exchange rate dynamics.

Assuming all shocks are jointly normal, the Euler equations imply the following restrictions

on the equilibrium exchange rate movement:
1 1
—COUt(mﬁ)p —Ae?ﬁ) - §Uart(A€%11) = COUt(ml(t}r)lﬂ Ae?ﬁ) + §W7”t(A6%11)7

which has a simple interpretation: the log currency risk premium from the home country’s perspec-
tive (i.e., cov, (mt 1 —Aey +1)) should match the inverse of the log currency risk premium from the

foreign country’s perspective (i.e., covt(mgl, Aeg J/rll)), after adjusting for second-order Jensen’s
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terms. Rearranging terms, this restriction can be expressed as

covn(miy = mith — Aelly Acly) = 0. ©)
Similarly, between countries 0 and 2, the Euler equations for risk-free bonds imply

covt(ml(t?r)l mtJrl Ae?ﬁ,A Sﬁ) = 0. (10)

The key point in this section is that, while the bilateral exchange rate movements Ae? 411 and
Ae? J/j between the home country and each foreign country directly imply the bilateral exchange
rate movement Ae?ﬁ between the two foreign countries by Triangular arbitrage, the Euler equa-
tions (9) and (10) between the home country and each foreign country do not imply the Euler
equations between the two foreign countries. Specifically, the Euler equations between the two

foreign countries additionally imply the following restriction.

Proposition 3. When agents can freely trade risk-free bonds, the Euler equations imply
0 0/1 0/2 0 0/2 0/1
COUt<m§+)1 mt+1 Aet—{-l? Aet—{-l) + COUt(ngr)l mt+1 Aetﬁ/ulv Aetﬁ/ul) 0. (an

The proof is presented in Appendix B.3. This proposition shows that, when we extend our
analysis from two to three countries, the number of independent exchange rate movements in-
creases from 1 to 2, while the number of unique sets of Euler equations for cross-country bond
holdings increases from 1 to 3. The additional Euler equations impose an additional restriction on
the exchange rate dynamics that are absent in the two-country setting.

The complete-market case is an exception: Eq. (7) implies mg?gl mt +1 Ae%l = 0, which
satisfies conditions (9), (10), and (11) trivially. Perhaps this is why we are used to studying only the
bilateral dynamics in the complete-market setting. When markets are incomplete, this is no longer

sufficient, as the Euler equations between the foreign countries impose an additional restriction on

the exchange rate dynamics.
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What does this additional restriction (11) imply for the exchange rate dynamics? As we saw
in the motivating example in Section 2, international bond investments give rise to a novel in-
ternational spill-over effect in the currency market, defined as one country’s SDF shock directly
affecting the bilateral exchange rate between two other countries, even after the covariances be-
tween their SDF's are accounted for. We can already see some hints of this effect by rearranging

Eq. (11):

QCO’Ut(AG?_{_ll, Aegﬁ) = covt(mgl — ml(t_li_)l, Aegﬁ) + covt(mﬁ)l — mﬁ)l, Ae?ﬁ), (12)

which relates the exchange rate covariance covt(Aegfl, Aegﬁ) on the left-hand side to the covari-

ances between each foreign SDF (e.g., mgr)l) and the home exchange rate movement against the
other foreign country (e.g., Ae?ﬁ). For a given exchange rate covariance covt(Ae?ﬁ, Ae?ﬁ), the
exchange rate movement Ae?ﬁ might need to comove with the other foreign country’s SDF mgi)l
in a particular fashion to satisfy this restriction.

To derive a more precise characterization of the exchange rate spill-over effect, I next introduce

a decomposition of the exchange rate movement that helps isolate the spill-over effect and derive

its economic interpretation.

3.2 Exchange Rate Decomposition and the Exchange Rate Spill-Over

Next, let us formally define the exchange rate spill-over in this setting. A given exchange rate

0/1
movement Ae, J/rl can be decomposed as

0/1 1 1 0 1 1 1) (1
Ac)y = a +ym b 2w+ e, (13)
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such that the last term egl is orthogonal to the SDFs mi?r)l and m&)l, and has an expectation of

zero. This decomposition is unique with the coefficients satisfying

0/1 0/1 1 0 1
y(l) B covt(Aetj/Ll,th)vart ) — covt(AetJ/rl, mgﬁl)covt(mgﬁl, m§+)1)
t 0 1 )
wMW+anmo—wmwﬁmﬁn

0 0 1
& CO“t(AetH? mt+1)vart(mt+1> - COUt(AetHa mEJr)l)COUt(ngr)la m£+)1>

= 1 0 1 )
var (m{$) yvard(m{y) — cove(m{Sy, miy; )2

= EJA)N] =y B m ] — 2B m ),

D1 0/1 1 1) (0 INe!
wzg )5§+)1 = Aew/ﬂ - ng, - yzg )m§+)1 - ZtF )m£+)1‘

The derivation is presented in Appendix B.4. Intuitively, the terms yﬁl)mgr)l and zf )mgl

describe how the bilateral exchange rate movement loads on the SDFs in the two countries, with the

coefficients yt(l) and zt(l) interpreted as the SDF-FX pass-through. When the markets are complete,

the exchange rate movement comoves with the SDFs one-for-one (i.e., Ae?ﬁ = m§0+)1 m, +1)

implying a full pass-through of ylg ) = 1and z(l)

—1. As we will see later, when the markets are
incomplete, |yt(1)| and |zt(1)| can take values lower than 1, reflecting a partial pass-through from the
SDFs to the exchange rate.

The last term w§1)5§_121 captures the residual in the bilateral exchange rate movement that is not
explained by the two countries’ SDFs. Given the unique mapping, we can also define the operator
RO [Ae?ﬁ] < wﬁl)egl, which projects Ae?ﬁ on the SDFs of countries 0 and 1 and extracts the
residual.

This decomposition allows us to derive an economic interpretation for the effect that market in-
completeness has on the pass-through from SDFs to exchange rates in subsequent analysis. Under
L @) (1) (1)).5

joint normality, the exchange rate dynamics can be represented by (z, ', vy, ', 2; *, w,

Now, consider another foreign country 2. The international spill-over effect with respect to the

3 Alternatively, they can also be represented by the expected exchange rate movement E, [Aet1 ﬁ], the bilateral exchange
rate movement’s variance var(Ae, fl), and its covariances with the two countries’ SDFs covt(Aet1 J/rl, mg)l) and

2
covt(Aet_{l, mg_s_)l)
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bilateral exchange rate movement Ae?fl and the foreign SDF mﬁ)l is defined as

0/1 2 1 1 2
cov(ROMA ], mi) = cov(wVel, miP)) # 0.

In other words, the bilateral exchange rate movement between countries 0 and 1 comoves with the
SDF of country 2, even after we account for the correlation between the SDFs.
Let us consider the complete-market case as a benchmark. The bilateral exchange rate move-

ment satisfies Ae?fl = m,S‘fl — m&)l, which implies that egl = 0, and there is no spill-over effect

from any third-country SDF: covt(egr)l, mg)l) = 0.

In contrast, when markets are incomplete, covt(agfl, mg)l) could be non-zero. If so, the co-

variance between the bilateral exchange rate and the third country’s SDF can be expressed as

cov(myh, Aclly) = covy(mih, g miy + 2V mi) + cov(miBy wiVely), (4
which can be non-zero for two separate reasons: (i) if the SDFs are correlated, the first term on
the right-hand side can be non-zero; (ii) in addition, a non-zero correlation between the exchange
rate residual 5821 and the third-country SDF mﬁ)l can also generate a non-zero second term on the
right-hand side.

I am interested in understanding whether the latter term covt(mﬁ)l, wt(l)egfl) capturing the
international spill-over effect has a non-trivial contribution. If so, market incompleteness gives rise
to an additional channel that generates exchange rate comovements, even when the SDFs happen
to be uncorrelated. This new channel could generate additional exchange rate comovements in the
cross-section, while disentangling bilateral exchange rate movements from the local SDFs. The
motivating model in the previous Section 2 suggests that this is possible, as the third country’s
SDF shock directly enters the bilateral exchange rate movement.

This exchange rate decomposition so far is just accounting. Eq. (13) remains a general de-

scription of the exchange rate dynamics. Economic restrictions are imposed by the Euler equations

(8) arising from cross-country bond holdings, which we next study in a multi-currency setting.
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3.3 Three Countries and the Main Result

Next, I consider three countries. Applying the exchange rate decomposition to country pairs (0, 1)

and (0, 2), I obtain

0/1 1 1) (0 H 1) _(1

Aet/l = %(t ) —|—y§ )mg )1 + zt( )mi )1 + wt( )55 )1, (15)
0/2 2 2) (0 2) (2 2) (2

Aet/l = xl(t ) +y§ )mg )1 + zt( )mg )1 + wt( )5§ )1, (16)

where 5%21 is orthogonal to mgi)l and mgil by construction. Like the two-country case, the ex-

change rate dynamics are mapped uniquely to these expressions, and the coefficients xii), yt(i), zt(i),

)

and wy are uniquely defined by the exchange rate moments.

To understand the constraints that the cross-country Euler equations impose on the exchange

rate movements, I analyze what happens if there is no international spill-over effect, that is

Condition NS. For any countries i, j, k, the residual term in the bilateral exchange rate movement

Aeifl is not correlated with the third country’s SDF:
covy(R™ [Aeiijl]a mi@l) = 0.

Under this condition, the cross-country Euler equations that we characterize in Section 3.1

imply the following results.

Proposition 4. The no-spill-over Condition NS together with the cross-country Euler equations

9), (10), (11) imply

1 2) def
yzg):yt():yn
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and

1 (0 (2) (0) 2 ()

(1)

(0) 1) (2)
COUt(ytmt+1 + 2 My, My — mt+1) + covt(ytth T2 My, My — My

)

covt(Ae?fl, Ae?fl) = 5

7

The proof is given in Appendix B.5. Eq. (17) imposes a restriction on the joint distribution
of the exchange rate covariances and the SDF covariances under Condition NS. It connects the
exchange rate covariance on the left-hand side to a linear combination of SDF covariances on the
right-hand side.

For a given home country 0, this restriction applies to any foreign country pair (i, 7). If we
have N foreign countries, then, we have N(N — 1)/2 unique foreign country pairs and hence

N(N — 1)/2 such moment restrictions. Even if we take 29

and y; as free parameters, we only
have N +1 parameters to fit these N (/N —1)/2 moment restrictions. For N = 10 foreign developed
countries who can pairwise trade risk-free bonds, we have N (/N — 1)/2 = 45 moment restrictions

and only N + 1 = 11 parameters. As a result, these conditions based on the cross-country Euler

equations imply tight constraints between the exchange rate covariances and the SDF covariances.

3.4 A Case for International Spill-Over

Ultimately, whether Eq. (17), a necessary condition for the no-spill-over Condition NS, holds or
not is an empirical question. To evaluate this condition empirically, I first offer a broad discussion
of the recent literature, and then conduct a more formal test under specific assumptions.

First, the literature has noted a general disconnect between exchange rate movements and
local fundamental variables that proxy for the SDFs (Meese and Rogoff, 1983; Backus and Smith,
1993; Engel and West, 2005). More recently, Chernov et al. (2023) find weak correlations between
exchange rates and local financial market variables such as bond returns, which they frame as the
financial exchange rate disconnect. Given these results, it is not surprising that the covariance

structure of exchange rate movements is also disconnected from the covariance structure of the
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SDFs.

Moreover, international portfolio holdings exhibit large home bias, another major puzzle in
international macroeconomics (Lewis, 1995). For example, in 2019 among developed countries,
the share of domestic assets is 70% in equity portfolio and 71% in bond portfolio (Jiang et al.,
2022). In models with standard preferences and heterogeneous country-level income processes,
the high degree of home bias implies poor international risk-sharing through holdings of external
financial assets and therefore a low correlation in the marginal utility growth across countries. This
different approach of assessing international risk-sharing also suggests that the SDF correlations
could be lower than the observed exchange rate correlations. In the extreme case of uncorrelated
SDFs, the right-hand side of Eq. (17) is zero regardless of the values of ¥, and zt(i), which will fail
to match the exchange rate covariance on the left-hand side.

These empirical observations suggest that the SDFs might not have a corresponding covariance
structure that matches the exchange rate covariances in Eq. (17). To test this condition formally, I
need to take a stance on what the SDFs are. For example, the SDFs could be driven by consumption
growth: mgl = fyAcﬁzl. Using this SDF proxy, I can test whether Eq. (17) holds for all foreign
country pairs (4, j) and for arbitrary choices of y; and zt(i).

Specifically, I evaluate this condition using the Generalized Method of Moments (GMM). The

moment condition for the foreign country pair (7, j) is

2
0= %Covt(ytAng?r)l + Zgl)ACzE-lr)lv Aclg?‘r)l - Acgl)

2

+ eou(ydedy + 27 Ac, Acls — Actl)) — con(Aell], AcLY),

with the following empirical counterpart:

o A (0 ~(1) A ~(1 (0 (2
0= (ytACEJr)l + Zg )ACEJr)l)(ACEQI - ACIEJr)l) (18)
o A ~(0 A(2) A ~(2 (0 (1 ~0/1 A ~0/2
+ (ytAcng)l + Zt( )Acgjl)(Acng)l - AC§+)1) - AetJ/rlAetip

where the variables with tilde denote their demeaned values in the data, and ¢, and ét(i) denote
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and 2" scaled by 2 /2.% This equation system has N(N — 1)/2 = 45 moment conditions, one
for each unique foreign country pair, and N + 1 = 11 parameters for the home and each foreign
country.

I run both the first-stage and the two-stage GMM tests, and report the p-values of the overi-
dentifying restrictions test (the J-test) in Table (5). A small p-value rejects the null hypothesis
that there exist some parameter values for y; and zf@ such that all moment conditions are satisfied.
Appendix A.2 presents more details. In our context, this means that no matter how we specify
the structural parameters (7, y;, zii)), we can never satisfy all the 45 moment conditions under the
no-spill-over Condition NS.

I also consider other SDF proxies such as the stock market return and the 3-month and 10-
year interest rate changes. The p-values in the .J-test using these alternative SDF proxies are also
reported in Table (5). The results are similar, which suggest that the no-spill-over Condition NS
imposes too many and too strict restrictions on the cross-country covariances between the exchange
rates and the SDFs, and these restrictions are not consistent with the data. If these SDF proxies are

valid, we can reject the no-spill-over condition and conclude that the international spill-over effect

is a general phenomenon in the incomplete-market world we live in.

®Our moment conditions cannot separately identify y and the magnitudes of (y;, zt(i) ), but this is not a problem for our
purpose of testing whether any choice of the parameter values can fit the moment conditions.

Table 5: J-Test Statistics of GMM.

Variable p-Value, 1st-Stage GMM  p-Value, Two-Stage GMM
Change in 10Y Bond Yield 0.00 0.00
Change in 3M Bond Yield 0.00 0.00
Stock Return 0.00 0.00
Consumption Growth 0.00 0.00

Notes: The table reports the p-value of the J-test against the null that all moment conditions are satisfied.
The GMM moment conditions are given in Eq. (18). The sample includes 11 developed countries listed in
Appendix A. Data are quarterly, 1988Q1-2023Q4.
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3.5 Discussions

In this last subsection, I offer some discussions to further clarify the interpretation of the results.

(a) Do we need representative agents? It is not necessary to assume that each country has a
representative agent. As long as each country has some investors who can trade home and foreign
risk-free bonds with negligible transaction costs, which is a reasonable assumption for developed
countries, then, their Euler equations will hold and comprise the main object that this paper studies.

In comparison, the theoretical results do not apply to the case in which cross-country trade in
risk-free bonds has to be intermediated by a common financier, as in Gabaix and Maggiori (2015);
Itskhoki and Mukhin (2021). In this case, the home and foreign agents’ SDFs do not price each
other’s risk-free bonds, which gives rise to additional wedges in the Euler equations. That said,
in this case, it is very plausible that shocks from third countries can affect the common financier’s
risk-taking capacity and hence impact the bilateral exchange rates, which could give rise to a

similar international spill-over effect that I characterize in this paper.

(b) Relationship between the international spill-over effect and global factors? While my
characterization of the international spill-over effect shows that shocks to a country’s SDF appear
in the bilateral exchange rate movement between two other countries, it does not restrict the spilled-
over shocks to be global or idiosyncratic, which describe the factor structure in exchange rates.
The U.S. is a good example: we tend to think that the U.S. SDF is a global factor that affects
foreign exchange rates and asset prices. As such, the presence of the U.S. SDF in the bilateral
exchange rate between two foreign countries gives rise to additional loadings on a global factor.
Alternatively, if we consider a peripheral country whose SDF is unlikely to covary with global
factors, then, the spill-over effect could pass its idiosyncratic shock to foreign exchange rates.
That said, the international spill-over result suggests that exchange rates can be more correlated
than the economic fundamentals, which could contribute to the strong common factor structure in

exchange rates.
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(¢) Ae = m — m* in incomplete markets? When markets are incomplete, the SDFs are not
unique. For any given home SDF mg)l, mgl’* o m,@l — Ae%ll is always a valid foreign SDF
that correctly prices all asset returns. Moreover, Sandulescu et al. (2021) show that the minimum-

dispersion SDFs constructed from asset returns always satisfy the relationship Ae%ll = mgi)l —

m§1+)1. Therefore, if we only focus on the asset market equilibrium, we can always find the ideal
case with full pass-through and zero residual.

The decomposition proposed in this paper takes a different perspective. To the extent that
we are interested in understanding the relationship between the exchange rate dynamics and the
underlying economy, we would like to focus on the home and foreign SDFs that reflect the agents’
marginal utility growth. These consumption-based SDFs are uniquely defined, and they do not

necessarily satisfy Aeg J/rll = mgl — mﬁfl For example, in the fully specified model we considered

in Section 2, Ae?ﬁ # mﬁi)l — mifl which makes it economically meaningful to study the nonzero

residual from the exchange rate decomposition.

(d) Generality. I considered a discrete-time setting for expositional clarity. The results hold
more generally in an infinite-horizon economy with general diffusion processes in continuous time.

Appendix B.8 provides a brief discussion.

(1)

(e) The magnitude of the pass-through coefficients. The pass-through coefficients y, ’ and zt(l)

are important equilibrium objects that describe exchange rate dynamics. The Euler equations from
cross-country bond holdings also have important implications for their magnitude. The following
result characterizes the bounds on the pass-through coefficients imposed by the volatility of the

bilateral exchange rate movement.

Proposition 5. The Euler equations impose the following constraints on the pass-through coeffi-
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cients y§” and zfl):

1 1 0 1 1 1
o (") = Doar (i) + 7 (2" + Dvar(mi)+

" (= + 1)+ 20 (0 = Dleov (miy, mizh) <0, (19)
i ver,(m) — {Vvar,(ml) + (£ — s eou(m®ymily) = var(ALL). @0

The proof is presented in Appendix B.6. This result shows that, for given SDF variances and
covariances, we can reject some values of the pass-through coefficients by noting that they generate
too much exchange rate volatility. For example, if yS) = 1 and zt(l) = —1 as in the complete-
market case, Eq. (19) becomes 0 > 0 and Eq. (20) becomes vart(mg?l - mg)l) = vart(Aegﬁ),
which recovers the key result in Brandt et al. (2006). If the cross-country correlation between
the SDFs is low, the exchange rate variance has to be in the same order of magnitude as the SDF
variance, which is not consistent with the empirical evidence.

This result generalizes Brandt et al. (2006) by asking how much lower the pass-through coef-
ficients yﬁl) and zfl) have to be in order to match the observed exchange rate volatility. Quantita-
tively, at annual frequency, the exchange rate volatility between developed countries is in the order
of 10%, implying var, (Ae? ﬁ) = 1%. In comparison, given the existence of financial assets with

Sharpe ratios above 0.6, the Hansen and Jagannathan (1991) bound implies vart(m,g?r)l) > 0.6%

Together, these empirical observations imply the following restriction:

1
vary (Ae?ﬁ) < % vart(mggr)l). (21

If we additionally assume that the home and foreign SDFs have the same variance, i.e., af =

vart(mg)l) = vart(mgl), and that the cross-country SDF correlation is corrt(mgi)l, mgl) = 0.3,
which is close to the average cross-country correlation in consumption growth among developed
countries, then, we can graphically represent the two equations in Proposition 5 in Figure (1): Eq.

(19) requires the coefficients to lie within the red ellipse, and Eq. (20) requires the coefficients

to lie above the blue line. The intersection of these two regions is very small and close to (0, 0),
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Figure 1: Bounds on the Magnitude of the Pass-Through Coefficients

Notes: This figure shows the bounds on the pass-through coefficients y,gl) and z§1) imposed by Proposition

5.

which implies that the pass-through coefficients yt(l) and zgl) have to be very close to zero in order

to produce an empirically plausible exchange rate volatility. In this numerical example, the greatest
possible magnitude of either coefficient is 0.09, which is much smaller than the complete-market
benchmark of 1.

Appendix B.6 plots this figure using different SDF correlations. The results are similar: the
pass-through coefficients have to be very small in order to match the exchange rate volatility, unless
the SDF correlation is as high as 0.99. The pass-through coefficients are also related to the currency

risk premium. Appendix B.7 provides a more detailed discussion.

4 Conclusion

In this paper, I show that cross-country bond investments give rise to a new channel of exchange
rate spill-over effect when markets are incomplete. I develop a fully specified general equilibrium
model to illustrate this channel, as well as a general argument for its existence. These results offer a

new way of understanding the exchange rates’ disconnect and comovement patterns. Empirically,
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third countries’ financial variables indeed have economically meaningful explanatory power for
the bilateral exchange rate movements, even after the local variables and the common exchange
rate factors are controlled for. As a result of this international spill-over effect, even when we study
the bilateral exchange rate between two countries, we need to pay attention to shocks from other

countries as well.
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Appendix

A Empirical Appendix

The sample contains 11 developed countries: Australia, Canada, Switzerland, Germany, Denmark,
the U.K., Japan, Norway, New Zealand, Sweden, and the U.S. The exchange rates are from Datas-
tream, the interest rates are government debt yields from Global Financial Database. The real
consumption data are from Oxford Economics. The cum-dividend equity returns are from MSCI.
These data are quarterly, 1988Q1 to 2023Q4.

The financial crisis indicator is from Jorda et al. (2017). The sample is annual, 1988 to 2020,

and does not contain data for New Zealand. It is merged with the end-of-year exchange rate data.

A.1 Exchange Rate Accounting in the Extended Sample

I also broaden the sample to include developing countries. The extended sample includes 25
economies: Argentina, Australia, Brazil, Bulgaria, Canada, Chile, China, Croatia, Czech Repub-
lic, Denmark, Germany, Hong Kong, Hungary, India, Indonesia, Japan, Korea, Malaysia, Mexico,
New Zealand, Norway, Philippines, Poland, Romania, Russia, Singapore, South Africa, Sweden,
Switzerland, Taiwan, Thailand, Turkey, United Kingdom, United States. Given the relatively poor
coverage of short-term sovereign yield data in this sample, I construct the foreign 3-month interest
rates from the U.S. 3-month interest rates and the currency spot and 3-month forward rates based
on the covered interest rate parity.

The sample is quarterly. For regressions using stock returns, 3-month interest rates, and con-
sumption growth, the sample is 1998Q1 to 2023Q4. For regressions using 10-year bond returns,

5 countries (Czech Republic, Indonesia, Mexico, Poland, and Turkey) are dropped due to limited

39



data availability, and the sample is shorter, 1999Q2 to 2023Q2. I drop the financial crisis indicator
as an explanatory variable because it is not available for many countries in the extended sample.

Table (A.1) repeats the regression in Table (1) in the extended sample. Similar to the results
in the developed country sample, introducing the third-country principal components improves the
explanatory power for the bilateral exchange rate movements.

Table (A.2) repeats the regression in Table (2) in the extended sample. Similarly, introducing
the third-country principal components improves the explanatory power for the bilateral exchange
rate movements, even after controlling for the common exchange rate factors. For example, when
we use stock returns and 3-month and 10-year bond yields as SDF proxies, the adjusted R? in-
creases from 27.81% to 36.33% when we introduce the third-country principal components. The
adjusted R? further increases to 46.20% when we include both the local variables and the third-
country principal components.

Finally, Table (A.3) reports the Wald tests for the extended sample of economies. Again, the
null that the 3() coefficients associated with the third-country principal components are jointly

zero is rejected for a non-trivial fraction of country pairs.

Table A.1: Adjusted R? of the Third-Country Principal Components.

ey 2 3) “)
Variable Local Variables Only = Third-Country PCs Only Both Improvement from (1)
Change in 10Y Bond Yield 9.82 7.40 14.41 4.59
Change in 3M Bond Yield 8.08 5.90 13.88 5.80
Stock Return 11.49 12.66 16.81 5.33
Stock+Bond 23.03 16.10 30.19 7.16
Consumption Growth -0.21 -0.03 -0.02 0.19

Notes: The regression equation is Eq. (2). Column (1) reports the mean adjusted R? of the regression
without controlling for the third-country principal components. Column (2) reports the mean adjusted R?
with only the third-country principal components. Column (3) reports the mean adjusted R? with both the
local variables and the third-country principal components. Column (4) reports the increase in the adjusted
R? between Columns (3) and (1). Data are quarterly, 1988Q1-2023Q4; except for the 10-year bond, which
is 1999Q2-2023Q2.
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Table A.2: Adjusted R? of the Third-Country Principal Components, with Com-
mon Exchange Rate Factors

) 2) 3) “)
Variable Exchange Rate Factors Factors+Local Factors+Third-Country ~ All
Change in 10Y Bond Yield 27.81 33.76 30.96 35.24
Change in 3M Bond Yield 22.40 29.50 27.22 34.51
Stock Return 22.40 28.92 30.33 33.67
Stock+Bond 27.81 41.99 36.33 46.20
Consumption Growth 22.40 22.31 23.07 22.99

Notes: The regression equation is Eq. (3). Column (1) reports the mean adjusted R? of the regression with
the common exchange rate factors dollar and carry. Column (2) reports the mean adjusted R? with both the
common factors and the local variables. Column (3) reports the mean adjusted R? with both the common
factors and the third-country principal components. Column (4) reports the adjusted R? with the common
factors, the local variables and the third-country principal components. Data are quarterly, 1988Q1-2023Q4;
except for the 10-year bond, which is 1999Q2-2023Q2.

Table A.3: Wald Tests for the Third-Country Principal Components

ey (2)
Regression Eq. (2), Local4Third-Country  Eq. (3), Factors+Local+Third-Country
Change in 10Y Bond Yield 37.89 22.63
Change in 3M Bond Yield 43.33 43.67
Stock Return 36.00 41.33
Stock+Bond 47.89 37.89
Consumption Growth 9.33 11.00

Notes: We report the fraction of country pairs for which the null hypothesis that the coefficients associated
with the third-country principal components are all zero, i.e., () = 3(2) = gB) = 0, is rejected at the
5% level. Column (1) reports the result for Eq. (2), and Column (2) reports the result for Eq. (3). Data are
quarterly, 1988Q1-2023Q4; except for the 10-year bond, which is 1999Q2-2023Q2.

A.2 GMM Moment Conditions

In Table (5), the first-stage GMM uses the identity weighting matrix, and the two-stage GMM uses
the optimal weighting matrix. The optimal weighting matrix is based on a heteroscedasticity and
autocorrelation consistent (HAC) estimation of the covariance matrix. The J-test tests the null
hypothesis that all moment conditions are zero. Let g denote the sample average of the moment

conditions, and let V denote the sample covariance matrix of the moment conditions. The .J-test
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statistic is 7'’ vl g, and has an asymptotic y? distribution under the null.

B Proof

B.1 Proposition 1

Proof. Denote the Pareto weights for country 7 as 7(”). The Lagrangian for social planner’s prob-

lem is

L=E, { > [Z ot (a log e + 37+ % log cﬁ-fl) )¢ (yﬁ“ - c§72)] }

r=tt+1l | i J#i j

where ,09) =1ifr =t¢,and pg) = p if 7 = ¢ 4+ 1. The consumption allocation rule is given by

l -« ,097?@ ()

@ _ ( j
Cir = | La=jya + Liizj) ) k Y=
! 2 ) (Tpmyo + Ly 152) 0 ®)

which gives the aggregated consumption as

) — H(cg.?)l{a'zl}ﬁl{#l}l%a
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1—a\'"™ 1-a 1-a
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2

" (apgyr(l) PO MONE Sl WO
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The SDF of country 1 is given by

(1) (1)
1 pe
mi(t—i-)l = log ( C(1>t )
t+1
(1)

= log pM + log c,gl) —log e,y

1— 1—
= —allogy}) — —Al gy — —Alog Y

(1) (1) 1_04 0)7(0) 4 L=a ,(2) (2)
ap /T + T+ T
—i—alog( P 2 P 2 P )

ar+ a0+ Lot

4 1l—« o O[p(O),n.(O) + 1_Tap(1)ﬂ-(1) + 1—T06p(2)ﬂ.(2)
B\ ar® ¢ GEa ¢ g
I 1l—« o ap(2)7r(2) + 1—Tap(1)7-((1) + 1—Tap(0)ﬂ.(0)
& ar®@ + 1_Ta7r(1) + 1—Ta7r(0)
_ 11—«
= m" —alAlog ?Jt+)1 @ _ TAlog yt(-?-)l'

Similarly, we obtain the SDF for country 2, hence the log exchange rate change, which is given by

the difference of the SDFs

1/2 1 2
Aet—{-l ml(f-i-)l - m§+)1

(2)

3a—1
= a2 Alog y‘z’f)l
Y11

2 ar® + 1_Ta7r(0) + 1—Tayr(2)

2 ar®@) + 1_70‘71'(1) + 1—70‘7-((0)

_ 3a
= ,u1/2 + T(AlogytJrl Alogyt 1)
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B.2 Proposition 2

Proof. The Lagrangian for households’ problem in country ¢ is

L= Et{ > [pi") (alogcw +Z “log ! ) + A0 (pT D = " pY exp(—ell?) 53)”

T=t,t+1 e J

The within-period solution implies

pS_J) eXp( Z/J) () (1{1 ]}Of + 1{17&]}

On the other hand, since agents can not trade financial assets, the following budget constraint must

hold
S exp(—e)el) = 0l

which, together with the within-period solutions, implies

(A.1)

The goods market clearing conditions require that

> i = v,

i

which yields the following equations

11—«
exp(qf/o (2) (0)

)y =

11—«
oy + ——exp(q; )y +

1-a 1 -
ay) + — = exp(g? )y + 5 S exp(@ )y =y,

( 1 — 0/2

u! + —— Lexp(g??)y” =

)Yr

® 42 — L exp(q!/?)
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The equations can be restated as

1/0

exp(q;")y!

Jyy + exp(q;

2exp(qi/ ")yt — exp(¢2/0)yl? =y,

2/0)/(2) _ 90

2/0

2exp(g? 1/0)y0) = O

)yt — exp(q/ )yt =y,

which imply
()
i/j Yr
eXp(Q’T/]) Ok
Yr
Plug in Eq. (A.1) to obtain
i l—a
¢t = —5 ¥

Hence,

i o l -« e i)\ )y i loa
0 —ar (B3] OO T )T
The intertemporal marginal rate of substitution is

mgl = log p¥ + log cg — log cgi)

, i 1 -« ; 11—«
= log p'” + aAlog yt(ﬁl + TA log yfi)l + TAIog yﬁ)l.

The exchange rate is

t 2 F7
12 Ba—1 yﬁ)l
Aet—l—l = 5 A IOg y(_l)
t+1
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B.3 Proposition 3

Recast the third euler equation to obtain

1/2 1/2 1 2
0= Covt[AetJ/rla AetJ/rl - (mEJr)l - mEJr)l)]
0/2 0/1 0/2 0 2 0/1 0 1
= con[Ael] — Aelly, (Ae)] — (m% — mi))) = (Aell] — (m%) — mi))]
)] + covy [Ae?ﬁ, Aed?

0 2
t+1 (m§+)1 - ml(tJr)l)]

0/1 A 0/1 0 1

= Covt [AetJ/rl’ AetJ/rl - (m§+)1 - ml(f+)1
0/2 A 0/1 0 1 0/1 A 0/2 0 2

- Covt[Aet—{-h Aet—{-l - (m§+)1 - m£+)1)] - Covt[Aet—{—h Aet—{—l - (m( : 7

t+1 mt+1)}7

where the first two terms are zero from the Euler equations (9) and (10). Hence,

0/2 A 0/1 0 1 0/1 0/2 0 2
0= Covt[Aet-{-h Aet-{-l - (m§+)1 - ml(f-l—)l)] + Covt[Aet-{-h Aet-{-l — " o

My — Myyy)]-
B.4 Decomposition of exchange rate movement

Since covt(mgl, wgl)agr)l) = covt(mgl, wﬁ”eﬁfl) = 0, we obtain

0/1 (0 (1 0
cov( Ayt — gt mih — 2 iy i)

t+17mt+1) =0,
0/1 1) (0 1) (1 1

covy(Aely —ymi% — 2P mi mi) =0,

1.e.,

0 1 0 1 1 0/1 0
vart(mgﬁl)yf ) + Covt(m§<|*)17 mwng)l)Zt( )= COUt(AetJ/m m§431)7
con i 34"+ vor 24" = con el mi?

t+1> mt+1)7

My
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which imply

0 1 0/t (1 0 1
1 _ Covt(Aet—Hv mz(f-&-)l)vart(mi(i—l-)l) - Covt(Aet—/H7 m§+)1)00vt<m1(t+)1» m§+)1)
0 1 0 1 ’
vary(mi3y yvar, (mi'}y) — cov (i), mi2) )2
1 0 0
o _ conells, m your (%) — con( AL, meonmy mily)
Lt 0 0
vary(mihJvar,(mih) — covy(m;y, mi3),)?
Then, z!" and w! )sg +)1 are derived from E, [w§ )5§ Jr)l] = 0.
B.S Proposition 4
Plug the exchange rate decomposition into Proposition 3. We obtain
0/2 0/1 0 1 0/1 0/2 0 2
0= _Covt[AetJ/rla Aet—{-l (ml(f-i-)l mi—&—)l)] - COUt[Aet—{-D Aet—{-l - (m§+)1 m£+)1)]

0/1 0/2 0 0 1
Zcovt(AetJ/m Aet—{-l) = covt[AetH, (m§+)1 - m§+)1)] + covt[AetH, (m £+)1 - m§+)1)]

1 1) (0 . a (1 0 2
= COUt[iﬁg )+ yt( )ml(f-i-)l + Zt( )m£+)1 + w§ )5§+)17 (m£+)1 - mg+)1)]

2 0 2 2) (2 0 1
+covfa? + ymiy + 2P midh +welD), (mi —mi))]
0 1 0 2 2 2) (2 0 1
= COUt(?J]E )m§+)1 + Z( ) (-1—)1a m§+)1 - m,§+)1) + COUt(yzg )m§+)1 + Zt( )m§+)1a m§+)1 - m§+)1)

1 (1 2 2) (2 1
— COUt(wt( )5§431>m§+)1) - COUt(“hE )5g+)1am§+)1)a

where the last equality comes from the fact that by construction, cov; [wt(l)eg)l, mﬁ‘i)l] = covy [w?)gﬁ)l, mgr)l] =

0.

Rearranging terms,

0 2 2) (0 2 1
COUt(yzS )m§+)1 + Zt( )m§+)1a m§+)1 m§+)1) + COUt(yt( )m§+)1 + Zt( )m§+)1>m§+)1 m§+)1)

2

(1 2 2) (2 1
covt(wt( )5§+)17 mEJr)l) + COUt(wt( )ggjlvmér)l)

2

cov (Aellh, Aeil]) =

(A.2)
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Then, by plugging in (7, j, k) = (0,1,2) and (0, 2, 1), Condition NS directly implies

1) (1 2 0/1 2
COUt(wt( )5§+)1a m§+)1) = covt(ROJ[Aetil], m§+)1) =0,

2) (2 1 0/2 1
covt(wt( )6£+)1,m§+)1) = covt(RO’Q[Aetil],ngr)l) = 0.

Therefore, Eq. (A.2) simplifies to

1) (0 (1 0 2 2) (0 2) (2 0 1
0/1 A 0/2y covy(y} )ml(H—)l + 2| )m§+)1a ml(f-i—)l - m§+)1) + covy(y, )m§+)1 + 2| )m£+)1>m§+)1 - m§+)1)
cove(Ae, 7, Ael ) = 5 .

Next, by plugging in (7, j, k) = (1,2,0), Condition NS implies that ygl) = yt@). To see this

result, note that if yt(l) #* yf), then, by Triangular arbitrage,

2/1 0/1 0/2 1 2 1 2 0 1) (1 2) (2 1) (1 2) (2
Aet—{-l = Aet—{-l - Aet—{-l = (ffg ) - l"g )) + (?Jt( - yt( ))miﬁ + Zi )ml(f—i-)l - Zt( )m§+)1 + (wzg )5§+)1 - wzg )515421)'

Note that 5&)1 is not only orthogonal to mgi)l and mﬁﬁl, but also orthogonal to mg)l under

Condition NS. Similarly, gﬁ’l is also orthogonal to all three SDFs. Therefore,

2/1 1 2 0 D (1 2) (2
Rl’z[AetJ/rl] = Rm[(@/t( - yf )>m§+)1 + (wzg )5§+)1 - wt( )5§Jr)1)]

1 2 0 1 1 2 2
= (" — y )R] + (wMel — wPel).

As long as mi?r)l is not fully spanned by the foreign SDFs of countries 1 and 2, the residual

RY2[m\Y,] is non-zero, implying that
2/17 (0 1 2 0 0
con(RM A ] mih) = (") =y eou R i), milh) # 0,

which generates spill-over from country 0’s SDF to the bilateral exchange rate between countries

1 and 2 and thus violates Condition NS. To see why cov,(R*2[m{?,],m\7,) # 0, note that by

construction, R-2[m\7,] is orthogonal to m{", and m\?,. Therefore, cov,(R-2[m\",],m%,) =

vary(R"? [m§°+>1]) which is non-zero as long as mi?r)l is not fully spanned by the foreign SDFs.
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Finally, we plug in ; & y{" = y* into Eq. (A.2) and obtain

(0) M, 1) (0) (2) (0) 2,2 (0) (1)
covs(Ae) Ael?) = covy(yemyy + 2 myyy, s — myty) + cov(yemg )y + 27 myy, myn — myyy)

2

B.6 Proposition 5

The Euler equation Eq. (9) implies

0/1 0/1 0 1
0= COUt(Aet-{-la Aet-{-l - (m£+)1 - ml(t+)1))
1) (0 INe! INe! 1 0 1 1 1) (1
— oy, + 50D + el (6 — )+ GV 4y, 4 iVl

=4, (") — Doardm ) + 2,7 (2" + Dvary(my))

1 1 1 1 0 1 1
o 1)+ 2 () = D)]eov (miy, mi) + (wiV)?,

where we use the fact that by construction, covt(wt(l)eg)l, mg?r)l) = covt(wgl)sg_lgl, mgl) = 0.

(wi")2 > 0 leads to constraint (a).

The Euler equation Eq. (9) also implies

0/1 0/1 (0 1
Uart<AetJ/rl) = Covt(AetJ/m szJr)l - m§+)1)

1) (0 1 (1 1) (1 0 1
= covt(yg )mgfl + Zg )ml(tJr)l + wi )5154317 mEJr)l - m§+)1)

(1)

0 1
= yvar(m{3y) — 2"

— zvar(my) + (27 =y )covi (miy mi})),
which leads to constraint (b).

I also repeat the exercise in Figure (1) with different assumptions of the correlation between
the home and foreign SDFs. Figure (A.1) plots the results. We can see that a very high SDF
correlation, such as 0.99, is required to allow the pass-through coefficients to take values close to
+1. Even when the SDF correlation is 0.9, the pass-through coefficients are bounded in a region

very close to zero.
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Figure A.1: Bounds on the Magnitude of the Pass-Through Coefficients

Notes: This figure shows the bounds on the pass-through coefficients yt(l) and 2251) imposed by Proposition

S.
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B.7 Characterization of Exchange Rate Variance and Risk Premium

The exchange rate decomposition formula presented in the paper also provides an intuitive charac-

terization of other exchange rate moments. For example, given Eq. (13), reproduced below,
0/1 1 1) (0 H (@ 1 _(1
A =0+ yPmiD+ Ol + el

the exchange rate movement variance can be expressed as

vary(Aell) = vary(y ' mi + 2V mi)) + vary (wVel)), (A3)

and the currency risk premium can be expressed as

def 0/1 0 1 1 0 1 0 0
rpy = By AetJ/rl + 7“12 - 7’151)] = —ECOUt(mEJF)h Aet-{-ll) - écovt(mﬁﬁl, AetJ/rll)

(A.4)
1 M, © , (1) (1) (0 (1)

= —500%(% Myr + 20 My, Myyy + Mgy
Note that the currency risk premium formula does not contain the residual term wgl)gﬁ)l. In this
sense, the exchange rate residual is “not priced”: a volatile residual increases the exchange rate
variance, but it has no effect on the currency risk premium.
As a special case, when markets are complete, yfl) =1, zt(l) = —1 and 8&)1 = 0. The

exchange rate moments become

0/1 0 1
vary(Ae))) = vary(m%, —m)),

1 1
Py = §vart(m£_131) — §va7"t(m§9r)1).

The key argument in Lustig et al. (2011) is that, when there is a strong degree of market incom-

pleteness which lowers the exchange rate variance, it also shrinks the risk premium towards zero.

So it is difficult to find a calibration that simultaneously replicates both exchange rate variance and

risk premium.
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We can see this argument very clearly using our exchange rate decomposition: low SDF-FX

pass-through coefficients yt( ) and z( ) are required to reduce the variance of yt(l)mg)l + zt( )mﬁ)l

and hence the exchange rate variance in Eq. (A.3). At the same time, a small variance of yfl)mg +)1 +

(l)mg Jr)l also shrinks the currency risk premium in Eq. (A.4) to zero. By teasing out the SDF term

yt(l)mg +)1 + zf )mg +)1 from the residual wt( )gg +)1 in the exchange rate movement, our decomposition
formula above shows how this SDF term ties together the exchange rate variance and the currency

risk premium in the general case.

B.8 Exchange Rate Dynamics in Continuous Time

The results in this paper hold more generally in the following dynamic, infinite-horizon, and
continuous-time economy. I fix a probability space (£2, F,P) and a given filtration {F; : t > 0}
satisfying the usual conditions. I assume that all stochastic processes are adapted to this filtration.

Let A[X;] denote the drift of the process X;; the operator A is also known as the generator.
With slight abuse of notation, let [dX;, dY;] denote the instantaneous conditional covariance be-
tween two diffusion processes X; and Y;. Formally, it is defined as [dX;, dY;| = d[X,Y];/dt where
[X, Y], is the standard quadratic covariation process between X; and Y;.

Countries are indexed by 7 € {0,1,..., N}. Let Mt(i) and mgi) denote country 7’s cumulative

SDF and its log. The log SDF follows a diffusion process:
dm) = —pdt — oV dz”,

and let p; j, = [dZt ) dZ ] denote the correlation between two countries’ SDFs.

The mean, volatility and correlation parameters pgi), at(i), and p; ;; can be time-varying. I
assume they follow do'” = 4! dt + ! dW(Zt, A = afi)tdt + b dW b dpige = aptj)dt +
b Z% OZW(Z . All stochastic processes are adapted to the filtration F; and the Brownian motions
W i g W[Ezt) U) are allowed to be correlated with each other.

Without loss of generality, I fix country 0 as the base country. Let Eto /" denote the exchange
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rate between country 0 and country ¢, which increases when the currency in country 0 appreciates.
Let e?/ " denote the log exchange rate.
Following my derivation in the log-normal case, I can without loss of generality express the

bilateral exchange rate movement as
deg/i = xgi)dt + yt(i)dmgo) + zti)dmgi) + wii)dYt(i),

where yf) and zﬁi) describe the SDF-FX pass-through, and dYt(i) is the residual. By construction,
the residual is uncorrelated with the SDFs, i.e., [dZt(O), dYt(i)] = [dZt(i), dYt(i)] = 0.
I assume that investors can still trade both home and foreign risk-free bonds. Their risk-free

bond prices follow
dP? =+ PPt
As investors can hold domestic and foreign bonds, I have the following sets of Euler equations:

0 =AM P,

0=AMOEN TP = AP E PO

Using these Euler equations, we can replicate all results in the main text. In fact, the continuous-
time model bears strong similarity to the discrete-time, log-normal benchmark, so that the proof
is almost identical. So, the results about the international spill-over effect also hold in this more

general set-up with time-varying drifts, volatilities, and correlations.
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