NBER WORKING PAPER SERIES

THEORY FOR EXTENDING SINGLE-PRODUCT PRODUCTION FUNCTION
ESTIMATION TO MULTI-PRODUCT SETTINGS

Emmanuel Dhyne
Amil Petrin
Valerie Smeets
Frederic Warzynski

Working Paper 30784
http://www.nber.org/papers/w30784

NATIONAL BUREAU OF ECONOMIC RESEARCH
1050 Massachusetts Avenue
Cambridge, MA 02138
December 2022

We thank several very helpful referees, Andrew Bernard, Steve Berry, Jan De Loecker, Swati
Dhingra, Penni Goldberg, John Haltiwanger, Phil Haile, Marc Muendler, Ariel Pakes, Peter
Schott, Chad Syverson, Dan Trefler, and seminar participants at the 2014 NBB Conference,
Riksbank, the 11th International Conference, Monash University, Mannheim, EITI2015,
110C2015, ATW2015, Rice University, Texas A&M, DIEW2015, NOITS2015, Uppsala, the final
COMPNET conference, ESWC2015, LSE, Hong Kong University, UCD, Lund, Toronto,
UCLouvain, Chicago Fed, RIDGE, AEA2017, Bundesbank, SED2017, Oxford, NBER I0Winter
meeting 2020 and Yale. Petrin, Smeets andWarzynski thank the National Bank of Belgium for its
financial support. The authors are also extremely grateful for the data support provided by the
NBB Statistical department. All presented results respect the all confidentiality restrictions
associated with the data sources. The views expressed are those of the authors and do not
necessarily reflect the views of the NBB or the National Bureau of Economic Research. All errors
are ours.

NBER working papers are circulated for discussion and comment purposes. They have not been
peer-reviewed or been subject to the review by the NBER Board of Directors that accompanies
official NBER publications.

© 2022 by Emmanuel Dhyne, Amil Petrin, Valerie Smeets, and Frederic Warzynski. All rights
reserved. Short sections of text, not to exceed two paragraphs, may be quoted without explicit
permission provided that full credit, including © notice, is given to the source.



Theory for Extending Single-Product Production Function Estimation to Multi-Product Settings
Emmanuel Dhyne, Amil Petrin, Valerie Smeets, and Frederic Warzynski

NBER Working Paper No. 30784

December 2022

JEL No. LO

ABSTRACT

We introduce a new methodology for estimating multi-product production functions. It embeds
the seminal contributions of Diewert (1973) and Lau (1976) in our extended version of the semi-
parametric econometric framework of Olley and Pakes (1996), where we address the simultaneity
of inputs and outputs by allowing for the possibility of a possible vector of unobserved
”productivities,” all of which may be freely correlated with inputs and outputs. We show how to
use the multi-product production function to recover estimates of firm-product marginal costs
using the input and output elasticities by extending Hall’s (1988) single-product result to our
multi-product setting using McFadden (1978). We focus on six 6-digit Belgian ”industries” that
produce two products, finding all but five of the forty-eight input coefficients are positive and
thirty eight are strongly significant. We find outputs are substitutes as the coefficients on “other
good output” is always negative and highly significant. 100% of marginal cost estimates are
positive and close to 80% of markups are estimated to be greater than 1. We find very similar
results when we move to 4-digit industries, when we use similar multi-product data from France,
and when we use the trans-log approximation.

Emmanuel Dhyne Valerie Smeets
National Bank of Belgium Aarhus University
Boulevard de Berlaimont, 14 Hermodsvej 22
1000 Brussels 8230 Arhus
Belgium Denmark
emmanuel.dhyne@nbb.be vas@ash.dk

Amil Petrin Frederic Warzynski
Department of Economics Aarhus University
University of Minnesota fwa@ash.dk

4-101 Hanson Hall
Minneapolis, MN 55455
and NBER
petrin@umn.edu



1 Introduction

A well-known anecdotal fact is that most firms that produce one good also produce at
least one or more other similar goods. This fact has been confirmed in recent micro-level
production data across several countries.! Prior to these micro-level data being available,
most micro-level data sets on production only included total revenue generated by all of
a firm’s products, in addition to measurements on categories of input expenditures like
the wage bill, spending on capital or intermediate inputs. In these new data - in addition
to the same input measurements - product-level quantities and revenues are reported
separately for each product. In this paper we show how this kind of data can be used to
improve upon previous estimation of production functions and the implied estimates of
marginal costs and markups.

We introduce a new methodology for estimating multi-product production functions.
It embeds the seminal contributions of Diewert (1973) and Lau (1976) in the semi-
parametric econometric framework following Olley and Pakes (1996) and the ensuing
literature. The intuition behind the approach is straightforward. The standard single
product production function gives the maximal output for any combination of inputs
(e.g. labor, capital, and intermediate inputs). A multi-product production function ex-
tends the single product setting by giving the maximal output achievable of any one good
holding inputs levels and the levels of other output goods produced constant. This ap-
proach allows for the possibility that any one output can be a substitute or a complement
with any other output conditional on inputs.

We (re-)derive several testable conditions that must hold for the estimated input and
output elasticities to be consistent with multi-product production. We also extend results
from Petropoulos (2001) and Ackerberg, Benkard, Berry, and Pakes (2007) to address
the simultaneity of inputs and outputs. Our approach allows for the possibility of many
"unobserved” production factors that shift the production frontier in separate directions,
each one of which may be freely correlated with inputs and outputs.

We focus on five 6-digit Belgian "industries” that produce two products. Consistent
with multi-product production theory, in the Belgian data all but two of the thirty input
coefficients are positive, and all but one of these twenty-eight positive input coefficient
estimates are strongly statistically significant. The coefficient on ”other good output”
is always negative and highly significant suggesting quantities are substitutes for one
another holding inputs constant. Returns to scale range from 0.94 to 1.13 for 9 of 10
estimated specifications with several constant returns technologies. We find very similar

results when we move to 4-digit industries, when we use similar multi-product data from

1See e.g. Bernard, Redding and Schott (2010, 2011) and Mayer, Melitz and Ottaviano (2014, 2018).



France, and when we use the trans-log approximation.

Hall (1986, 1988) shows in the case of single-product production, minimization of the
variable cost function yields a relationship between the markup and the elasticities of out-
put with respect to an input and observed input expenditures. We derive the multivariate
analog where we express marginal costs as a function of output-input elasticities, individ-
ual input expenditures, and output quantities. De Loecker and Warzynski (2012) assume
single-product production and recover firm-specific markups by applying Hall’s insights
to standard micro-level production data where only total revenue is recorded. Using this
new micro-level data on individual output quantities and revenues we show how one can
allow for and estimate one unobserved marginal cost term for each firm-product using the
multi-product variable cost minimization problem.

The method delivers sensible estimates of the marginal costs and markups. 100%
of marginal cost estimates are positive and close to 80% of markups are estimated to
be greater than 1. Using our estimates, we also find that marginal costs are lower for
multi-product firms and larger firms, suggesting the existence of economies of scope and
scale.

Using Indian manufacturing data, De Loecker et al. (2016) is the first paper to tackle
these questions since the availability of this kind of data. They impose two key assump-
tions in their representation of multi-product production. Assumption A1 maintains that
all production is single-product production. They estimate production function parame-
ters using only the observations on single-product firms. Assumption A4 maintains that it
is possible to partition inputs across these different single-product production functions.
They then show that cost minimization - under A1 and A4 - provides for a rule for par-
titioning inputs across the different single-product production technologies, and they use
this rule for identifying firm-product estimates of marginal costs.

Several follow-up papers using multi-product data extend the De Loecker et al. (2016)
methodology on important economic dimensions. Valmari (2016) extends the cost min-
imization conditions to profit maximization conditions by adding a demand side to the
model. Gong and Sickles (2018) show how to allow for different production functions for
multi-product firms versus single-product firms in a setting where stochastic frontier anal-
ysis is the maintained production model. Orr (2019) provides alternatives to assumptions
Al and Aj and Itoga (2019) follows Orr’s extension. De Loecker et al. (2016) and all
of the papers that have followed are complementary to our approach in the sense that
they provide several restrictions that may be useful for improving the precision of our

parameter estimates.?

2There is also an interest among practitioners in extending the Directional Distance Function to allow
for multi-product production (see e.g. Fare, Martins-Filho, and Vardanyan (2009) or Kuosmanen and



The rest of the paper is structured as follows. In Sections 2 and 3 we cover the
theory and the data. Section 4 discusses estimation of marginal costs. Section 5 discusses

estimation. Section 6 has the results and Section 7 concludes.

2 Multi-Product Production

Using Diewert (1973) and Lau (1976) we review the theoretical conditions under which

single- and multi-product production functions exist and their testable implications.

2.1 Single Product Firms

The primitive of production analysis is the firm’s production possibilities set 7. In the
single-product setting 7T lives in the non-negative orthant of R'*" and contains all values
of the single output ¢ that can be produced by using N inputs = = (x1, 2o, ..., zx), so if
(G1,7) € T, then ¢ is producible given Z, The single-product production function F(z) -

the production frontier - is defined as:
¢ = F(x) =max{q| (¢, x) € T}.

F(z) admits some well-known testable properties. If inputs are freely disposable then
an output level achieved with the vector of inputs ' can always be achieved with a vector
of inputs z” where x” > 2’. This implies the production function is weakly increasing
in inputs (Diewert (1973)). The production function F'(z) should also be concave in the
freely variable inputs holding fixed inputs constant and it should be quasi-concave in the

fixed inputs holding the freely variable inputs constant (Lau (1976)).

2.2 Multi-Product Firms

With M outputs and N inputs the firm’s production possibilities set 7' lives on the
non-negative orthant of RM+¥_ It contains all of the combinations of M non-negative
outputs ¢ = (q1, 42, - -.,qn) that can be produced by using N non-negative inputs = =
(x1,22,...,xN) s0if (§,Z) € T then ¢ = (¢, ...,qy) is achievable using & = (21, ..., 2n).
For good j produced by the firm let the output production of other goods be denoted by

q—j. For any (q_;, z) Diewert (1973) defines the transformation function as
Q; = F}(q—%x) = maI{Qj | <Qj7Q—j7x) S T}
If no positive output of g; is possible given (g_;, ) then he assigns

F}(q*jv .I’) = —0Q.

Johnson (2019).)



We develop the properties of Fj(g_;, ) under a mix of assumptions from Diewert (1973)
and Lau (1976).

We follow Lau (1976) and divide outputs and inputs (¢_;, ) into those that are variable
v in the short-run and those that are not, denoted by K. Alternatively, we could do all of
our analysis conditional on ¢_;, with (v, K) partitioning only the variable from the fixed
inputs. We sometimes abuse notation by expressing (¢_;,x) as (v, K) and by writing
Fi(v, K).

We assume the production possibilities set T" satisfies the following four Conditions P:

(i) P.1 T is a non-empty subset of the non-negative orthant of RM*V
(ii) P.2 T is closed and bounded,
(i) P.3 If (¢, 2k, x—x) € T then (q, 2}, x_x) € T V| > wf.

(iv) P4 The sets T® = {v|(v,K) € T} are convex for every K; the sets T' =
{K|(v,K) € T} are convex in K for every v.

Conditions P.1 and P.2 are weak regularity conditions on 7" that require the production
set to be non-empty, closed, and bounded. Condition P.3 is a free disposal condition on
inputs; if you can produce ¢; given (¢_;, ), then you can produce ¢; with any r > .
Diewert (1973) uses these free disposal conditions to prove that output is weakly increasing
in any input holding all other inputs and outputs constant. Diewert (1973) then shows
if we add the condition that T is convex, there exists a well-defined production function
that is concave in the inputs, ensuring decreasing marginal rates of substitution among
inputs. The standard concavity tests in a single product setting can be directly extended
to test whether the multi-product theory holds.

Convexity on T rules out the possibility of increasing returns to scale. Condition P.4
extends the convexity on T assumption from Diewert (1973) to the disjoint biconvexity
assumption of Lau (1976). Under disjoint biconvexity we have convexity of the freely
variable inputs and outputs v holding fixed inputs and outputs K constant, and convexity
in the fixed variables K holding the freely variable v constant. This setup allows for the
possibility of overall increasing returns to scale - non-convexities in 7' - while maintaining
decreasing marginal rates of substitution between elements in v and similarly for the
elements in K. The analysis can be done unconditionally or conditional on outputs g_;.

The following theorem formalizes the above claims.

Theorem 2.1 (Transformation Function ) Under P.1-P.j the function F;(q_;,x) is

an extended real-valued function defined for each (q_;,x) > (0p—1,0x) and is non-negative



on the set where it is finite. Fj(q_j,z) is non-decreasing in x holding q_; constant,

Fi(v, K) is concave in v for all K, and F;(v, K) and quasi-concave in K for all v.

Proof: See Appendix A.

The empirical implication of disjoint convexity is as follows. Convexity in the elements of
v (conditional on any K) results in a production function that is concave in v holding K
constant. For the elements in K convexity in K given v results in the production function

being quasi-concave in K given v.

2.3 7”Unobserved” Inputs

Historically, in the single-product production literature it is common to allow for a com-
ponent of the error to affect output and be observed by the firm when it is making its
input decisions (Griliches and Mairesse (1995)). This factor is an "unobserved” technical
efficiency term that is unobserved to the researcher and is allowed to be freely correlated
with input choices. In our setting with multiple products we want to allow for one possible
"unobserved” technical efficiency term for each output produced, with the entire vector

of these unobserved shocks denoted
W = ((,L)l,CUQ, Ce ,wM).

In this section we briefly outline how to incorporate these factors into our theory frame-
work. The main result is all of the components of the theorem continue to hold with the
caveat now that everything is conditional on w.

We extend the production possibilities set to the case where - in addition to containing
observed M outputs q and observed N inputs x - we now add the "unobserved” M inputs
w, 50 (q,,w) € RMINEM (g 2 w) € T if (e.g.) the vector of outputs ¢ can be produced

with observed and unobserved inputs x and w respectively. Define
q*] = F}(q*jv xZ, ,(.U) = max(Qj|qJ7 qu? xZ, (.U) eT

and let it equal —oo if there is no non-negative g; such that (g;,q_;,z,w) € T'.

Now we restate what the production possibilities set 7" must satisfy Conditions P’:

(i) P.1 T is a non-empty subset of the non-negative orthant of RM*+V
(ii) P’.2 T is closed and bounded,

(iii) P'.3 If (¢, zx, v, w) € T then (¢, 2}, v, w) € T V| > x).



(iv) P’.4 The sets T = {v| (v, K,w) € T} are convex for every K given w; the sets

T" ={K|(v,K,w) € T} are convex in K for every v given w.

All of the results for the transformation function hold but now they are conditional on w.

Theorem 2.2 (Transformation Function with Unobserved Inputs) Under P’.1-P’.4
the function Fj(q_;,x,w) is an extended real-valued function defined for each (q_;,x) >
(Orr—1,0n) and is non-negative on the set where it is finite. Fj(q_;, x,w) is non-decreasing
in & holding q_; and w constant. Given w, Fj(v, K,w) is concave in v for all K quasi-

concave in K for all v.

Proof: See Appendix A.

Convexity in the elements of v conditional on any K and w results in a production function
that is concave in v holding K and w constant. For the elements in K convexity in K
given v and w results in the production function being quasi-concave in K given v and w.

All previously discussed tests are available in this setting after conditioning on w.

2.4 Returns to Scale

In the single-product case we normalize the output coefficient to be one to achieve identifi-
cation and estimate the coefficients associated with each of the inputs. With the log-linear

functional form we write:
Ing; = Bo + Bilnly + Brlnk, + Bnlnmy, (1)

and in this setting the standard definition of returns to scale asks what the percentage
change in output is if we increase each input level by one percent. Returns to scale is thus
a directional derivative taken in the ”percentage change” direction of the current level of
inputs.

We follow Caves, Christensen, and Diewert (1982) who extend this definition to the
multi-product setting. In the multi-product case where we normalize to output 7 and use

the log-linear functional form we write:
Ing;, = B+ Bljlnlt + ﬁilnkt + B Inmy + fyfjllnq,jt. (2)

Caves, Christensen, and Diewert (1982) definition of returns to scale is the percentage
change in (the normalized) output j given a one percent increase in both inputs and
outputs in the current ”direction” of inputs and outputs. It is thus the natural analog to

the standard single-product case definition of returns to scale.



Following the discussion in Sickles and Zelenyuk (2019), we can define returns to scale
as the directional derivative given by

B olnA
~ Olnb

RTS(q,z, K,w) (3)

evaluated at 8 = A = 1 such that
fi(Alng_;, 0z, 0K, w) — Alng; = 0.

Alternatively, what is the common percentage increase across outputs in the current
direction of output if one increases all inputs in their current direction by one percent,
with the constraint that these movements take place satisfying the constraints of the
transformation frontier. It is straightforward to show returns to scale is equal to
B + 8L+ B,
1+7{+...+7ﬁ4_1'

In the case of single product production this reduces to the standard definition:
Bl + B+ B,
1

As this definition of RTS is the total derivative evaluated in the current direction of
outputs and inputs, we note that there are an infinite set of directions one could evaluate
"returns to scale” in the multi-product case, just as there are in the single product case.
The transformation function is a scalar field and thus can be evaluated in any direction of
outputs and inputs. For example, Cobb-Douglas, trans-log, and quadratic approximations
to production the total derivative exists so there exists a Taylor-series approximation in

any direction of inputs and outputs at any level of input use and output production.

3 Data

3.1 The Belgian PRODCOM survey

Statistical offices around the world are running production surveys through which they
collect precise information about the products made by firms that are intended for use in
industrial statistics. These datasets cover a large subset of mostly manufacturing firms
and typically contain both values and quantities for each good produced by firms.

In this paper, we use the firm-product level production data based on a production

survey (PRODCOM) collected by Statistics Belgium.?> The survey is designed to cover

3See http://statbel.fgov.be/fr/statistiques/collecte_donnees/enquetes/prodcom/ and
http://statbel.fgov.be/nl/statisticken/gegevensinzameling /enquetes/prodcom/ for more details in
French and Dutch, or Eurostat in English (http://ec.europa.eu/eurostat/web/prodcom). This dataset
was previously used in Bernard et al., 2019 and Amiti et al., forthcoming.



at least 90% of production value in each NACE 4-digit industry by including all Belgium
firms with a minimum of 10 employees or total revenue above 2.5 million Euros.* The
sampled firms are required to disclose monthly product-specific revenues and quantities
sold of all products at the PRODCOM 8 digit level (e.g. 11.05.10.00 for ” Beer made from
malt”, 23.51.11.00 for ”Cement clinkers” in the PRODCOM 2008-2017 classification).

Our analysis covers the entire period through which the data is available, 1996-2017.
This creates two difficulties: in 2008, PRODCOM both significantly reduced its sample
size to administrative costs and changed its classification system (the first 4 digits of
a PRODCOM code refer to a NACE 4 digit sector and the NACE classification has
been revised in 2008 implying a complete redefinition of the PRODCOM codes). In
addition to that major revision, PRODCOM codes are marginally revised on a yearly
basis. We therefore use annual concordance tables provided by Eurostat to follow the
specific products over our sample period and use only those products with no confusion
regarding the concordance.

In our empirical analysis, we perform several cleaning procedures to avoid outliers.
First, we only keep firms that have their principal business activities in manufacturing
as classified by NACE. First, for each 4-digit industry we compute the median ratios of
total revenue over employment, capital over employment, total revenue over materials
and wage bill over labor (average wage), and we exclude those observations more than
five times the interquartile range below or above the median. Second, we only keep firm-
product observations where the share of the product’s revenue in the firm’s total revenue
is at least 5%. Third, we use the Value Added Tax revenue data that provides us with
a separate check against the revenue numbers firms report to PRODCOM. Comparing
the tax administrative data revenue numbers with the revenue numbers reported in the
PRODCOM data, we find that between 85% and 90% of firms report similar values for
both. We exclude firms if they do not report a total value of production to PRODCOM
that is at least 90% of the revenue they report to the tax authorities.

We aggregate monthly revenues and quantities to the quarterly level and calculate the
associated quarterly unit price. Table 1 shows the average revenue share of products in
firms’ portfolios when they are producing a different number of products at two levels
of aggregation (8-digit and 2-digit PRODCOM). We observe 204,130 firm-product yearly
observations between 1996 and 2017. As has been noted in other product-level data sets,
the majority of firms produce multiple products.> At the 8-digit level of disaggregation,
multi-product firms are responsible for 75.3% of total value of manufacturing output.

Most firms produce between one and five products and these firms account for 67% of the

4NACE is a French acronym for the European Statistical Classification of Economic Activities.
®See e.g. Bernard et. al (2010) or Goldberg et. al (2010).



Table 1: Average share of a firm’s revenue derived by its individual products, 1996 to
2017

Product ranking within a firm determined by its share of the firm’s total revenue.

Number of products produced by the firm at the Prodcom 8-digit level

1 2 3 4 5 More than 5 N

Product rank

1 100 78.1 69.9 64.8 60.0 50.5

2 21.9 22.9 23.2 22.5 21.7

3 7.2 9.0 10.6 11.6

4 3.0 5.0 6.5

5 1.9 3.8

6+ 5.9
Share of manufacturing output  24.7 17.8 114 9.4 3.7 33.0 100
# observations 37,284 34,068 22875 18,324 12,380 79,199 204,130

Note: For any product rank i each column j reports the average share (in %) of the i-th product
in total output for firms producing j products.

value of manufacturing output. For firms producing two goods the core good accounts for
78.1% of revenue. Similarly for firms producing three goods 69.9% of revenue comes from
the core product. Even for firms producing six or more goods the core good is responsible
for 50.5% of revenue.

To test the pure Diewert-Lau framework, our analysis requires the identification of
firms producing the same subset of products. For this purpose, we identified a few specific
industries where firms producing two goods were a commonly observed form of produc-
tion. We identified five 2-product environment (combos) providing enough observations®:
bread (107111) and cake (107112); doors of plastic (222314) and doors of metal (251210);
chocolate (108222) and sugar confectionery (108223); structures of iron, steel and alu-
minium (251123), and doors of metal (251210); and bricks (236111), and prefabricated
structures of cement (236112).

Table 2 shows the product portfolio description for those five environments. The
main message that this table conveys is that, for these 6 economic environments that we
identified, either the most observed form of production is when firms produce these two
exact products associated to a combination, or at least a common form of production. The
more obvious example is bread and cake: out of 9,621 observations of firms producing
bread, 7,855 also produce cake (and symmetrically, these cake producers also produce
bread). As we go down the list, the number of observations becomes lower and the share

of producing these exact two goods also goes down.

6See Appendix B for the full product description
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Table 2: Number of observations by product and product scope, selected combinations of
products

# obs.  # obs. w/ # obs. used in our others
1 product 2-product specification

107111 | 9,621 721 7,855 1,045
107112 | 10,020 761 7,855 1,404
222314 | 4,539 1,345 1,766 1,428
251210 | 6,780 2,757 1,766 2,257
108222 | 4,641 1,694 1,126 1,821
108223 | 3,019 614 1,126 1,279
251123 | 13,892 8,895 892 4,105
251210 | 6,780 2,757 892 3,131
236111 | 3,048 1,413 464 1,171
236112 | 5,163 3,008 464 1,691

Table 3: Switching patterns: share of firms switching from single to multi product status
and from multi to single by combo

Switch from single Switch from multi Switching
to multi product  to single product both ways

107111-107112 17.12% 13.81% 12.31%
222314-251210 20.34% 21.19% 13.56%
108222-108223 40.35% 31.58% 21.05%
251123-251210 29.20% 32.74% 23.89%
236111-236112 27.08% 29.17% 16.67%
All combos 23.40% 22.63% 16.95%

11



Over our period of analysis, we also observe firms changing their production portfolio
and switching from single to multi product of vice versa. Table 3 shows the share of firms
changing status by combo and for all 5 combos we selected. We observe that around a
quarter of all firms change status either in one of the other direction. We also notice
that the behavior is combo specific: there appears to be less switching in bread and cake
than in chocolate and confectionery for example. Another stylized fact in our data is
that reverse switching is quite common: around 17% of firms on average move back and
forth from multi to single or vice versa. Intuitively, firms could temporarily interrupt
production of one of their products and then restart production at a later stage. Some
moves however are also permanent.

Later in our analysis, when we will look at differences in marginal costs between single
and multi product firms, we will be measuring the effect of both short term and long term

decisions.

3.2 Firm Input Measurements

Quarterly measurements of firms inputs from 1997 to 2016 are obtained from the VAT
fiscal declarations of firm revenue, the National Social Security database, and the Central
Balance Sheet Office database. For tax liability purposes, Belgian firms have to report
in their VAT fiscal declarations both their sales revenues and their purchases. Purchases
are reported into three separate categories: material inputs and services directly used for
production, other inputs and services used for supporting activities, and acquisition of
capital goods. Using this information, we construct quarterly measures for both types of
intermediate inputs and for investments. For measures of firm employment, we use data
from the National Social Security declarations, where firms report on a quarterly basis
their level of employment and their total wage bill. To construct a quarterly measure of
capital we start with data from the Central Balance Sheet Office, which records annual
measures of firm assets for all Belgian firms. For the first year a firm is in our data, we
take the total fixed assets as reported in the annual account as their starting capital stock.
We then use standard perpetual inventory methods to build out a capital stock for each

firm-quarter.”

"In order to build the capital stock, we assume a constant depreciation rate of 8% per year for all
firms. Real capital stock is computed using the quarterly deflator of fixed capital gross accumulation. The
initial capital stock in t = ty, where period ty represents the 4th quarter of the first year of observation
of the firm, is given by
K, = Total fzxed assetsfirst year of observation

0

PK;to

12



4 Identification of Marginal Costs

Hall (1986, 1988) shows in the case of single-product production cost minimization iden-
tifies the markup as a function of the observed elasticities of revenue with respect to an
input and the observed firm expenditures on that input. Using McFadden (1978) we
derive the multivariate analog using the variable cost function to show how to express
marginal costs as a function of output-input elasticities, individual input expenditures,
and output quantities. We show how/when we can identify one unobserved marginal cost
term for each firm-product. In this section we use x to exclusively denote the N freely
variable inputs and K to exclusively denote the remaining N — N; fixed inputs.

Minimization of the variable cost function given the desired output vector of ¢* =

(q7,45,-..,q5) is given by

Min, Pxx s.t. fj(qij,$7KaW)_Q;>0

where P = [P, - -+ Py,|" denotes the input prices for the variable inputs. The Lagrangian

1S
L= Pxz—XN(fi(¢" 2, K,w)—q),

which yields the first-order conditions of which optimal input choice x* is the solution:

ofi(qr ., o* K,w
P = file; i1 N,

(91:2- ’

The marginal cost for the "normalized” output is given by );, the derivative of the to-
tal cost function with respect to ¢; evaluated at the desired output level ¢*, when the
normalization on the transformation function is with respect to good j.

With ﬁf denote the elasticity of the output of good j with respect to input ¢ and we

solve for \; we have

A = b _ By N
T 0f (g et Kw) |l t=1,..., V1.
]q7‘77 IR ﬁ*q*
811' ¢ J

so marginal cost is equal to the expenditure on input ¢ divided by the output elasticity of
input ¢ times the quantity of output j that is produced. The derivative of total costs with

respect to ¢; is then —\; * 3—5 evaluated at ¢*. So given \; we can use the transformation

The capital stock in the subsequent periods is given by

I
Ky =(1-0.0194) K;_y + —*
PK;t

We assume that the new investment is not readily available for production and that it takes one year
from the time of investment for a new unit of capital to be fully operational.
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function estimates with good j as the normalized good to recover an estimate of marginal

cost for all other goods [ # j given by

1+ .
9 |

A=)\

Thus we have N; estimates for the marginal cost for each output good, one for each freely
variable input.
For the purposes of illustration we use the Cobb-Douglas log-linear production function

described earlier:
Ing; = B+ ﬁljlnlt + ﬁilnkt + B Inmy + ij/lnq,jt. (4)

which yields

*

)\l:_>\j*%%7 L#j

J
for the Cobb-Douglas log-linear approximation. Note that when outputs are substitutes

marginal costs are always positive.

In the single-product case it simplifies down to
R
Bi x q*
which is the result from Hall (1986, 1988). Letting p,- denote the price of output and

multiplying this formula through by 1% and inverting we have the markup given as
q

*
g

—Pq " * f3;
L

where p = pf\—*. This is the approach proposed in De Loecker and Warzynski (2012)
to invert out markups in standard plant-level data where only input expenditures and
revenue are observed, and where one has an estimate of the elasticity of output with
respect to input i. The difference between these last two expressions illustrates the value
of observing quantities of outputs (or, alternatively, individual prices of outputs); without
them, one can estimate markups using observed revenue shares and estimated elasticities,

but one cannot separate price from marginal cost.

5 Estimation

We review the standard proxy approach in the single-product production setup and then

turn to our multi-product extension.
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5.1 Single-product production setting

We have for ¢;:
G = Bily + Brke + Brmy + wy + € (5)

where the error has two components. ¢; is assumed to be i.i.d. error upon which the firm
does not act (like measurement error or specification error). w; is the technical efficiency
shock, a state variable observed by the firm but unobserved to the econometrician. w;
is assumed to be first-order Markov and is the source of the simultaneity problem as
firm observe their shock before choosing their freely variable inputs [, and m,. k; also
responds to w; but with a lag as investments made in period ¢ — 1 come online in period
t. This assumption allows k; to be correlated with expected value of w, given w; 1 -
denoted FE[wi|w;_1] - but maintains that the innovation in the productivity shock, & =
w; — Elwi|w;_1], is unknown at the time the investment decision was made in ¢t — 1 and is
therefore uncorrelated with current k;.

The control function approaches of Olley and Pakes (1996) and Levinsohn and Petrin
(2003) both provide conditions uner which there exists a proxy variable h(k;,w;) that is
a function of both state variables and that is monotonic in w; given k;,. The variables
may include either investment (OP) or materials, fuels, electricity, or services (LP) (e.g.).

Given the monotonicity there exists some function g(-),

Wy = g(knht)

allowing w; to be written as a function of k; and h,. Kim, Petrin, and Song (2016) extend
Hu and Schennach (2008) to allow for measurement error in all of the variables in the
proxy function.

For estimation Wooldridge (2009) uses a single index restriction to approximate un-

observed productivity, writing

Wy = g(kb ht) = C<kt7 ht)lﬁw

where c(k¢, hy) is a known vector function of (ky, hy) chosen by researchers with parameter

vector (3, to be estimated. The conditional expectation E|w;|w;_1] can then be written as

E[wtlwtfl] = f(c<kt717 htfl)lﬁw)

for some unknown function f(-), which Wooldridge (2009) approximates using a polyno-
mial.

Replacing w; with its expectation and innovation, the estimating equation becomes
gt = Bily + Brke + By + Elww 1] + & + € (6)
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For expositional transparency we use only the first-order approximation term for f(-),

which yields our error term

&+ €](0) = ¢ — Bils — Brke — Bme — c(hy—1, ki—1)'Bo, (7)

with the parameters to 8 = (8, Bk, Om, Bu)-
Let 6y denote the true parameter value. Wooldridge shows that the conditional mo-

ment restriction
s(xy;0) = E[[& + €](0)|x] and s(xy;65) = 0

is sufficient for identification of 5 in the single product case (up to a rank condition on
the instruments).In equation (5) a function of m,;_; and k;_; conditions out Efw|w;_1].
& is not correlated with k;, so k; can serve as an instrument for itself. Lagged labor [;_;

and twice lagged materials m;_o serve as instruments for [, and m;.

5.2 Multivariate Control Functions

We denote the vector of technical efficiency shocks as wy = (wys, wat, . . ., way, ) and assume
Elwi|wi—1] = wi—1. Choices of inputs will now generally be based not only on w;; but also
on all of the other technical efficiency shocks w_j;. This frustrates the ”"inverting out” of
wy that allows one to express w; as a function of k; and a single proxy h; as is done in the
single product case.

We extend suggestions from Petropoulos (2001) and Ackerberg, Benkard, Berry, and
Pakes (2007) to allow for these multiple unobserved factors that shift production. Sup-
pose we observe (at least) one proxy variable for every unobserved factor. Let h;, =
(hit, ..., hrt) denote the 1X L vector of available proxies. Each of these variables will
generally be a function of k; and (wys,way, ..., wn,) and we write the vector of proxies
as hy(k;,w;). Conditional on k&, if hy(k;, w;) is one-to-one with w, then we can invert the
proxy variables to get the 1X L vector of functions w; = g(k;, hy). Included in this vector
of functions is

wjr = gj(ki,hy), j=1---M

which then motivates including a function of (k;, h;) in the estimation to control for wj.
To prove global invertibility we first show local invertibility holds for observed input
levels using cost minimization. Using the first-order conditions from cost minimization

we have the following expression when evaluated at the optimal x:

0*q;(z*, K, w) . ox*  9%qi(z*, K,w)
Ox 0x' ow'’ Ox Ow'

=0.
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Using the implicit function theorem we see invertibility of w and full rank of
82(1]'(33*,K,w)

b are the conditions required to solve for 97" as

ow’
oxr* (82qj(x*,K,w))_1 . 0*q;(z*, K, w)
ow' Ox Ox' Oxr Ow'

This invertibility result is a local result but it can be extended to be global using

Hadamard’s global inverse function theorem as long as % is a proper function, that is,
if the set R is compact then %_1(13) is compact. This condition requires that 8—95 be

bounded locally everywhere, and this condition coupled with local invertibility is sufficient
for global invertibility; as long as the use of any input does not ”jump” in an unbounded
way in response to any local change in any of the unobserved factors, the local invertibility

result extends directly to global invertibility.

5.3 Multi-product production setting

The estimation routine proceeds in a manner similar to the single-product case. We use
the same single index restriction to control for the unobserved productivity terms, with

one possible for each product, so we have
Wit = gj(kt, h,) = Cj<kt7 ht)lﬁwj

where c;(kt, hy) is a known vector function of (k¢ h;) chosen by researchers. Elw;i|w;_1]

is now given as
Blwji|wi1] = fi(cj(ki—1,hi1) b))
for some unknown function f;(-). Again we use only the first-order approximation term

for f;(-) to keep exposition to a minimum.

Re-expressing in terms of firm’s expectations we have
it = Bl + Bk + Bhmy + v 1 + Elwjilwi] + &i + e (8)
with &j; = wj; — Ewji|wi—1]. The error is
[gjt + Ejt](e) =gt — ljlt - ;‘ikt - B;igmt - 'VZj/Q—jt - Cj(k?t—h ht—l)/ﬂwj

with the new parameters ”yij added to 57 = (6,81, 87, vfj, Basy)-
An additional key difference from the single product case is the need for instruments
for q_j;, which might either be lagged values of g_;; or inputs lagged even further back.

Let 6y denote the true parameter value. The conditional moment restriction
s(zji;0) = Bl + €5](0)]zje] and s(xj;60) = 0

continues to be sufficient for identification of 3 as long as a rank condition holds.
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5.4 Returns to Scale

Following the discussion in Sickles and Zelenyuk (2019), we write the transformation
function with two new parameters A, the proportional change across outputs, and 6, the

proportional change across inputs. The transformation constraint is then given by x
Alng; = f;(Alng_;, 0z, w).

Returns to scale is then directional derivative given by

OlnA

RTS(q,z,w) = Sind (9)

evaluated at 8 = A = 1 such that
fi(Alng_;, 0z, w) — Alng; = 0.

Alternatively, what is the common percentage increase across outputs in the current
direction of output if one increases all inputs in their current direction by one percent,
with the constraint that these movements take place along the transformation frontier.
In the single-product case we normalize the output coefficient to be one to achieve
identification and estimate the coefficients associated with each of the inputs. With the

log-linear functional form we write:
Ing; = Bo + Bilnly + Brlnk; + Blnmy, (10)

and in this setting the standard definition of returns to scale asks what the percentage
change in output is if we increase each input level by one percent. Returns to scale is thus
a directional derivative taken in the direction of the current level of inputs; the direction
of output does not matter as the coefficient on output is normalized to 1. In the case of
single product production this reduces to the standard definition:
Bl + B+ B
1

As this definition of RTS is the total derivative evaluated in the current direction of
outputs and inputs, we note that there are an infinite set of directions one could evaluate
"returns to scale” in the multi-product case, just as there are in the single product case.
The transformation function is a scalar field and thus can be evaluated in any direction of
outputs and inputs. For example, Cobb-Douglas, trans-log, and quadratic approximations
to production the total derivative exists so there exists a Taylor-series approximation in

any direction of inputs and outputs at any level of input use and output production.
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We follow Caves, Christensen, and Diewert (1982) who extend this definition to the
multi-product setting. In the multi-product case where we normalize to output 7 and use

the log-linear functional form we write:
Ing; = Bé + ﬁljlnlt + ﬁilnkt + B Inmy + Wj;j/lnq_jt. (11)

Caves, Christensen, and Diewert (1982) definition of returns to scale is the proportional
change of all outputs - in the "direction” of current outputs - given a one percent increase
in all inputs in their current direction, under the constraint of the transformation function.
It is thus the natural analog to the standard single-product case definition of returns to
scale. In the case of the Cobb-Douglas specification considered above it is straightforward

to show returns to scale is equal to

Bl + B+ B3,
1+’y{+...+7§,1’

where the 1 is the normalized output coefficient necessary for identification of the trans-

formation surface (some output or input coefficient must be normalized to one).

5.5 Differences in Marginal Cost

One natural question that one might ask is how do marginal costs of multi product
firms differ from those of single product firms. Several papers in the trade literature
have suggested that multi product firms self select based on their superior efficiency (see
e.g. Eckel and Neary, 2010; Bernard, Redding and Schott, 2010, 2011; Mayer, Melitz and
Ottaviano, 2014; see also the discussion in Dhyne et al., 2021). We would therefore expect
that their measure of marginal costs, controlling for the volume of production, would be
lower than those of single product firms.

This simple approach complements an old literature on the measurement of economies
of scope. An alternative method to test for the presence of economies of scope suggested
in this literature is to use a cost function approach and compare the total costs estimates
of multiproduct firms producing two goods with the sum of the estimated costs of two
single product firms producing separately the same quantities of the same good (see e.g.

the discussion in Panzar, 1989 or Fuss and Waverman, (2002)).®

8Using this approach, Dhyne, Petrin and Warzynski (2021) show significant cost gains for multiproduct
firms in the Belgian bread and cake industry.
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Consider a variable cost function similar to Panzar (1989) p. 6 or Fuss and Waverman
(2002) p.152:

Fio+ cjl‘/[ql + 0346]2 for ¢ > 0 and ¢ > 0
Clqr,q2) = § Fi +cfq for ¢ >0 and ¢, =0
F, + cQng for ¢ =0 and ¢ > 0

The test for the presence of returns to scope consists in comparing, for a given output
set (q1, g2) the variable cost of a multi product firm (Fys + ¢Mq + ¢} q2) to the sum of
the production of two single product firms producing good 1 and good 2 respectively at
the same quantity level (F} + ¢{q + Fy + c5qo).

In our setting, we recover ¢; and ¢y from our production setting separately for single
product firms and multi product firms, and we then run a simple regression where marginal

cost is a function of size and a multi product dummy:

{01:a0+a1*logq1+a2*MP
cy = Bo + B1 *loggs + B2 x M P

We expect aq, as, 81, P2 to be negative as firms producing higher quantities and firms

producing more than one product should have lower marginal costs.

6 Results

6.1 6-digit analysis

Table 4 shows the coefficients of our generalized transformation function for the 6 selected
combinations of two goods assuming a Cobb-Douglas specification (we discuss later the
robistness with translog specification instead). The top panel shows the results when the
log of quantity of the first good (bread in the first example) is considered as left hand side
variable and regressed on aggregate firm-level inputs and the log of quantity of the second
good (cake in the first column). The bottom panel shows a similar regressions when log
of quantity of the second good (cake in column 1’) is regressed on inputs and the log of
quantity of the first good (bread in column 1°).°

The first row of each panel shows the coefficient of the log of production of the other
good conditional on input use. The coefficient is always negative and highly significant

suggesting quantities are substitutes for one another holding inputs constant.

9See Dhyne, Petrin and Warzynski (2016) for a joint estimation of production function, demand
function and cost function for the Belgian bread and cake industry.

20



Table 4: Multi-product production function estimates at 6-digit Prodcom level, Belgian
data

Dependent variable ¢;;; is log of the quantity sold in physical units at the 6-digit product
level of good j by firm ¢ at time ¢

(1) (2) (3) (4) (5)
Bread on Doors of plastic on Chocolate on Structures on Bricks on
cake doors of metal  sugar confectionery  doors of metal  prefabricated
q—j  -0.246%** -0.670%** -0.273%** -0.317k* -0.367***
(0.007) (0.023) (0.015) (0.020) (0.018)
l 0.338*** 0.006 0.774%** 0.863*** 0.372%**
(0.012) (0.048) (0.044) (0.050) (0.051)
k 0.105%** 0.157#** 0.204%** 0.287+** 0.346***
(0.007) (0.017) (0.036) (0.025) (0.029)
m 0.811%** 1.633*** 0.340%** 0.232%** 0.737+**
(0.009) (0.046) (0.040) (0.054) (0.047)
(17) (2) (3) (47) (57)
Cake on  Doors of metal on Sugar confectionery Doors of metal on Prefabricated
bread doors of plastic on chocolate structures on bricks
q—j  -0.405%** -0.434%+** -0.433%** -0.598*** -0.124%**
(0.009) (0.018) (0.022) (0.049) (0.009)
l 0.622%** 0.170%** 0.599%** -0.043 0.392%**
(0.015) (0.048) (0.048) (0.162) (0.047)
k 0.153%** 0.044** 0.157%** -0.037 0.163***
(0.008) (0.019) (0.035) (0.059) (0.030)
m 0.653*** 1,177 0.670%** 1.523%** 0.691%**
(0.013) (0.048) (0.038) (0.125) (0.030)

Correlation between w; and wy
0.81 0.92 0.92 0.84 0.95

# obs. 7,262 895 726 596 360

Note: Each column reports the estimated coefficients using a modified variant of the GMM
Wooldrige estimator. Explanatory variables are in logs and include firm-level labor, the standard
real indices for materials and for capital - i.e. the dollar value of each - and the physical quantity
of the other good produced by the firm. We include the product’s price as an additional control.
Robust standard errors in parentheses. *** p<0.01, ** p<0.05, * p<0.1
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Table 5: Multi-product production function estimates at 6-digit Prodcom level, Belgian
data

Implied Returns to Scale
6-digit Prodcom level, Belgian data

(1) (2) (3) (4) (5)

107111-107112 222314-251210 108222-108223 251123-251210 236111-236112

ReturnsToScale 1.022 1.126 1.096 0.936 1.059

(1) (2) (3) (4) (57)

107112-107111 251210-222314 108223-108222 251210-251123 236112-236111

ReturnsToScale 1.007 1.052 1.015 0.780 1.112

# obs. 7,262 895 726 596 360

Consistent with multi-product production theory, in the Belgian data all but two of
the thirty input coefficients are positive, and all but one of these twenty-eight positive
input coefficient estimates are strongly statistically significant. These findings are based
on relatively small sample sizes for each industry which, except for Bread and Cakes,
ranges from between 360 to 895 observations.

Table 5 reports the estimated returns to scale using estimates from Table 4. We cal-
culate returns to scale for both quantity normalizations leading to 10 estimates of returns
to scale. Returns to scale range from 0.94 to 1.13 for 9 of 10 estimated specifications with

several constant returns technologies.

6.2 Marginal costs and markups

Using the theory from section 4, we can derive estimates of marginal costs. We apply the
formulas on our subsample of bread and cake producers where the number of observations
is the largest. All marginal cost estimates are positive. We use our marginal cost estimates
to compute markups. Summary statistics are shown in table 6.°

We find an average markup of around 1.10 for bread and 2.13 for cake. This could
be interpreted by the fact that bread can be considered as more homogeneous than cake,
where there is more scope for quality differentiation. These estimates are also very sim-

ilar to those in Dhyne, Petrin and Warzynski (2017) who estimate a multi product cost

10Table C1 shows the average and mean markups for all five combos used in table 4, and we notice
that they are all in a relatively reasonable range.
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function instead of a multi product production function.!* The distribution of markups
for bread and cake is shown in figure 1. We observe for both products a concentration

around one, and a fat tail on the right of 1, especially for cake.

Table 6: Summary statistics on marginal costs, prices and markups.
Bread and cake producers, Belgium

Marginal cost Price Markup
Bread Cake | Bread Cake ‘ Bread Cake

mean | 1.616  3.004 | 1.465 5.029 | 1.099 2.128

10% 0.755  1.064 | 1.128 3.426 | 0.518 0.808
25% 0.968  1.459 | 1.167 3.567 | 0.731 1.255
50% 1.377 2295 | 1.260 3.673 | 1.051 1.976
75% 1.985  3.791 | 1.673 5.014 | 1.411 2.825
90% 2817 6.156 | 2.010 8.680 | 1.746 3.653

std dev | 0.90 2.153 | 0461 3.085 | 0471 1.104

1n Appendix table C2, we show some correlations between price, marginal costs and markup measures
for bread and cake producers. Not surprisingly, for both products, prices are positively correlated to
marginal costs and markups, while markups are negatively correlated with marginal costs. Prices reflect
efficiency and more efficient firms are able to charge lower prices and enjoy larger markups. Prices
and marginal costs between products are also positively correlated, but markups are actually negatively
correlated. This could reflect patterns of specialization in one product or the other. These results are
in line with previous research using product level information and estimation markups and productivity
(see e.g. Foster, Haltiwanger and Syverson, 2008 and De Loecker et al., 2016).
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Figure 1: Distribution of markups for bread (mk;) and cake (mks)
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6.3 Comparing marginal costs for single product and 2-product
firms

We now perform the analysis described in subsection 5.5, i.e. looking at the determinants
of marginal costs with a specific focus on product portfolio choice and size. We run a
simple regression with the log of marginal cost as dependent variable. On the right hand
side, we include a multiproduct firm dummy (mp), the log of the output volume (Ing),
as well as time fixed effects. This specification provides a simple way to disentangle the
effects of scale and scope on marginal costs We run the regression for each of our 5 subsets
of 2-product firms, and show the results when we pool all five in the appendix (table C3).
We use both standard OLS and a firm fixed effect specifications.

Results are shown in table 7. Looking first at the OLS results, we find as expected that
2-product firms appear to have lower marginal costs than single product firms in seven
out of nine products, the exception being chocolate and structures. Firms producing more

output also display lower marginal costs.
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Table 7: Comparing marginal costs between single and multi product firms, OLS and FE

results. 6-digit Prodcom level, Belgian data

OLS FE # obs.
MP logq MP logq

107111 Bread -0.535%*FF  _0.065*** | -0.480*** -1.237*F* | 8973
(0.020  (0.004)) | (0.008)  (0.021)

107112 Cake S0.TTRFRE 0. 191°FFF | _0.540%FF  _1.214%F* | 8,684
(0.024)  (0.006) | (0.008)  (0.032)

221314 Doors of plastic -0.068  -0.537*F** | .0.898*** -0.306*** | 2,062
(0.036)  (0.010) | (0.010)  (0.034)

251210 Doors of metal -0.743*FF  -0.601*** | -0.775**F*F  -0.941*** | 3,355
(0.029)  (0.009) | (0.010)  (0.062)

108222 Chocolate 0.214%*% 0. 178*** | _0.465***  0.095%** | 2515
(0.021)  (0.007) | (0.012)  (0.029)

108223 Sugar confectionery | -0.233*** -0.189*** | -0.440*** -1.431*** | 1,664
(0.051)  (0.013) | (0.015)  (0.068)

251123 Structures 0.383***  _(0.539*** | _0.716*** 0.015 8,582
(0.028)  (0.005) | (0.007)  (0.044)

236111 Bricks -0.937FFF  _0.263%FFF | _0.487FF*  _1.380%*F* | 1,994
(0.023)  (0.012) | (0.014)  (0.255)

236112 Prefabricated -0.860***  _0.335*** | -0.569*** _1.321*** | 3915
(0.020)  (0.008) | (0.013)  (0.052)

Turning to the fixed effects results, all coefficients of the multi product dummy are
now negative and highly significant. This suggests that switching from single to multi
product setting is associated with an increase in efficiency. The coefficient of log output
remains also negative and significant for most products, except chocolate and structures.

Altogether, these results tend to suggest that multiproduct firms benefit from en-
hanced productive capability, possibly generated by economies of scope. Firms that pro-
duce higher volumes also enjoy lower marginal costs and higher markups, suggesting the

presence of gains from economies of scale.
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6.4 4-digit analysis

We next try to adopt several aggregation strategies to consider different product markets
and possibly increase our sample size. Our first approach aggregates physical output
within a 4-digit PRODCOM code for firms operating in two 4-digit environments. We
estimate this framework for a subset of firms in the furniture industry.

Table 8 shows the results are largely consistent with the findings from the 6-digit
industries with quantities being substitutes and input coefficients being positive. Columns
1 and 3 and columns 2 and 4 are the different normalizations of the same transformation

function and they yield similar returns to scale.

Table 8: Multi-product production function estimates at 4-digit Prodcom level, Belgian
data

Dependent variable ¢;;; is log of the quantity sold in physical units at the 4-digit product
level of good j by firm 7 at time ¢

(1) (2) (1) (2)

3100-3109 3102-3109  3109-3100 3109-3102

Q) -0.261%% _0.262%0%  -0.732%kx -0, 79THex

(0.021)  (0.027) (0.061)  (0.075)
l 0.416%%F  (.6H2%** 0.638%F*F  1.693**
(0.049)  (0.117) (0.088)  (0.167)
k 0.156 0.152 0.860**  -0.134
(0.200)  (0.262) (0.352)  (0.407)
m 0.910%%F (.44 7%** 0.631*** 0.125
(0.048)  (0.090) (0.103)  (0.144)
RTS 1.166 0.984 1.225 0.938
# obs. 1,205 885 1,205 885

Note: Each column reports the estimated coefficients using a modified variant of the GMM
Wooldrige estimator. Explanatory variables are in logs and include firm-level labor, the standard
real indices for materials and for capital - i.e. the dollar value of each - and the physical quantity
of the other good produced by the firm We include the product’s price as an additional control.
Robust standard errors in parentheses. *** p<0.01, ** p<0.05, * p<0.1
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6.5 Robustness with French data

We replicate the analysis using a sample of French firms (see Smeets and Warzynski (2019)
for more information about the dataset). Data are collected annually for the period 2009-
2017. They record only one aggregate measure of materials but otherwise the estimation
is similar to the Belgian case. Table 9 shows the results at the 6-digit level and table 10
at the 4-digit level.

The number of observations is a bit lower because of the relatively shorter panel and
the annual dimension of the data, but results again are largely consistent with our findings

from the Belgian data.

6.6 Translog specification

In this subsection, we show the results when we instead adopt a translog specification.
The translog provides a more flexible way to estimate the production function, allowing
for complementarities or substituabilities between inputs. It also leads to output elas-
ticities that vary at the firm-product level, therefore bringing more heterogeneity in the
distribution of markups (see also the discussion in De Loecker and Warzynski, 2012).

Table 11 shows the average and median elasticities for the bread and cake producers.
These figures are comparable to those obtained with the Cobb Douglas but the elasticities
are now firm-product specific (Table C4 shows the mean and median elasticities for all
the combos we considered previously).

Table 12 shows the distribution of the computed marginal costs and markups using the
estimates from the translog specification, similar to what we showed for the Cobb Douglas
specification in table 5.1 Average and median marginal costs appear to be slightly higher

but otherwise very similar to those of the CD specification and are in a reasonable range.

12Table C5 shows the average and mean markups for all five combos used in table 4, as in the Cobb-
Douglas case in table C1.
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Table 9: Multi-product production function estimates at 6-digit Prodcom level, French

data

Dependent variable ¢;;; is log of the quantity sold in physical units at the 6-digit product

level of good j by firm 7 at time ¢

# obs.

(1) (2) (3) (4) (5) (6)
181212-181219 162311-162319 310912-310913 237011-237012 310210-310913 251123-251210
-0.652%** -0.301*** -0.074 -0.561** -0.212%*x* -0.464***
(0.110) (0.049) (0.048) (0.241) (0.047) (0.079)
0.340%** 0.714 %% 0.311%k* 0.633*** 0.235%** 0.312%%*
(0.077) (0.117) (0.106) (0.190) (0.084) (0.154)
0.073** 0.142%* 0.045 0.052 0.298*** 0.334**x*
(0.036) (0.052) (0.052) (0.062) (0.056) (0.084)
1.200%+ 0.464 %%+ 0.652+%+ 0.8567+* 0.696+* 0.838%++
(0.094) (0.114) (0.093) (0.231) (0.071) (0.115)
(1) 2) (3) (4) (5) (©)
181219-181212 162319-162311 310913-310912 237012-237011 310913-310210 251210-251123
-0.541%** -0.601*** -0.224* -0.410%** -0.532%** -0.399%**
(0.081) (0.087) (0.086) (0.087) (0.130) (0.071)
0.334**x* 0.585*** 0.011 0.547+** 0.076 0.066
(0.074) (0.172) (0.169) (0.191) (0.161) (0.147)
-0.009 0.186** 0.118 0.113 0.145%* 0.230%%*
(0.034) (0.074) (0.077) (0.083) (0.074) (0.070)
1.092%*x* 0.513%** 0.986*** (0.818%** 1.148%** 1.098***
(0.075) (0.150) (0.141) (0.170) (0.122) (0.123)
569 349 380 359 334 312

Note: Each column reports the estimated coefficients using a modified variant of the GMM
Wooldrige estimator. Explanatory variables are in logs and include firm-level labor, the standard
real indices for materials and for capital - i.e. the dollar value of each - and the physical quantity
of the other good produced by the firm We include the product’s price as an additional control.
Robust standard errors in parentheses. *** p<0.01, ** p<0.05, * p<0.1
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Table 10: Multi-product production function estimates at 4-digit Prodcom level, French
data

Dependent variable g;;; is log of the quantity sold in physical units at the 4-digit product
level of good j by firm ¢ at time ¢

(1) (2) (1) (2)

3102-3109 3101-3109  3109-3102 3109-3101

q—j  -0.153%*% 0297+ -0.239%F*F -(.492%**

(0.024)  (0.043) (0.061)  (0.094)
l 0.244***  (.285** 0.350***  (0.393**
(0.059)  (0.129) (0.076)  (0.157)
k 0.192%%¢  (0.160** 0.112*%  0.322%*x*
(0.033)  (0.063) (0.045)  (0.101)
m 0.750%**  0.726%** 0.702%%x  1.021%**
(0.049)  (0.146) (0.084)  (0.183)
# obs. 1,078 342 1,079 342

Note: Each column reports the estimated coefficients using a modified variant of the GMM
Wooldrige estimator. Explanatory variables are in logs and include firm-level labor, the standard
real indices for materials and for capital - i.e. the dollar value of each - and the physical quantity
of the other good produced by the firm We include the product’s price as an additional control.
Robust standard errors in parentheses. *** p<0.01, ** p<0.05, * p<0.1
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Table 11: Multi-product production function estimation with translog specification for
bread producers: median and mean elasticities

mean median

gy 0315 -0.326
l 0.330 0.331
k 0.121  0.129
m 0.900 0.913

4 obs. 7.391

Note: This table reports the mean and median output elasticities with respect to each factor of
production and the output of cake. See table 3 for a description of the variables.

Table 12: Summary statistics on marginal costs and markups using translog estimates
and elasticities. Bread and cake producers, Belgium

Marginal cost Markup
Bread Cake | Bread Cake

mean | 1.365  2.661 | 1.449 2.547

10% 0.572  0.968 | 0.579 0.837
25% 0.745  1.309 | 0.910 1.353
50% 1.090  2.008 | 1.342 2.289
75% 1.647  3.420 | 1.910 3.429
90% 2576 5409 | 2431 4.574

std dev | 0.897  1.898 | 0.711 1.523

7 Conclusion

We introduce a new methodology for estimating multi-product production functions. It
embeds the seminal contributions of Diewert (1973) and Lau (1976) in the semi-parametric
econometric framework following Olley and Pakes (1996). We show how to use these
estimates to recover estimates of firm-product marginal costs by extending the Hall (1988)
single-product result to our multi-product setting. The main advantage of our framework
is that it does not require multi-product production to be a collection of single-product
production functions. Our empirical results using panel multi-production production data

are largely consistent with our derived necessary conditions from the theory.
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Appendix

The first result is from Diewert (1973) and the last two results are from Lau (1976).
The results below when we classify outputs and inputs into flexible (a v) ones and fixed
ones (a K).

Proof of Theorem 2.1

Under P.1-P.4 F;(q_;, ) is

(1) non-decreasing in x

Let (¢-g,7) > (Op—1,0x) and suppose q; = F(q_4,7) is finite. Then (g, q-4,2') €
T Va' > x by free disposal. But F(q_g,2") > q; = F(q_g, ).

Under P.1-P.4 F;(v, K) is

(2a) concave in vV K
Suppose ¢; = F(v;, K) j=1,2. Then (¢j,v;, K) €T j=1,2.
By convexity (Aq} + (1 = AN)gs, Aoy + (1= XNwvy, K) €T 0 <A< 1.

Then ¢¢ = F(Avi+ (1 —Nvg, K)

max(q| (g, Av1 + (1 = XNvg, K) € T)
Agi+ (1= Ng

ANF (v, K) 4+ (1 = X\)F(vq, K)

v

(2b) quasi-concave in K ¥ v
Suppose ¢; = F(v,Kj) forj = 1,2. Then (¢;,v,K;) € T forj = 1,2. Let ¢ =
min(q;, ¢3). Then (¢,v,K;) € T forj = 1,2. Then convexity of T" in K Vv implies
(G, v, \K1 + (1 = N)K3) € T for0 < X <1 With K, = AK; + (1 — \) K, we have

o = F(v,Ky) > ¢G=min(F(v,K;), F(v, K3).

Theorem 2.2 follows immediately after conditioning on w.
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Appendix B: choice of 6-digit combinations
Specification 1

10.71.11 Fresh bread
10.71.12 Fresh pastry goods and cakes

Specification 2

10.82.22 Chocolate and food preparations containing cocoa (except sweetened cocoa
powder), other than in bulk forms

10.82.23 Sugar confectionery (including white chocolate), not containing cocoa
Specification 3

22.23.14 Doors, windows and frames and thresholds for doors; shutters, blinds and
similar articles and parts thereof, of plastics

25.12.10 Doors, windows and their frames and thresholds for doors, of metal
Specification 4

25.11.23 Other structures and parts of structures, plates, rods, angles, shapes and the
like, of iron, steel or aluminium

25.12.10 Doors, windows and their frames and thresholds for doors, of metal
Specification 5

23.61.11 Tiles, flagstones, bricks and similar articles, of cement, concrete or artificial
stone
23.61.12 Prefabricated structural components for building or civil engineering, of ce-

ment, concrete or artificial stone
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Table C1: Mean and median markups for subset of 2-product combos, using material as
freely variable input, Cobb-Douglas specification

good 1 good 2
mean median % obs. with mean median % obs. with
markup < 1 markup < 1

107111-107112 1.099 1.051 45.68%  2.128 1.976 17.17%
108222-108223 1.178 0.988 50.71%  1.662 1.305 40.53%
222314-251210 1.203 1.141 42.36%  1.657 1.447 28.77%
251123-251210 0.601 0.401 83.76%  1.737 1.660 23.19%

236111-236112 0.615 0.491 88.89%  1.888 1.626 32.63%
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Table C2: Cross-correlation table

Variables Price Marginal cost, Markup Price Marginal cost, Markup

bread bread bread  cake cake cake

Price, bread 1.000

Marginal cost, bread 0.289 1.000

Markup, bread 0.188 -0.737 1.000

Price, cake 0.391 0.207 -0.027  1.000

Marginal cost, cake  0.259 0.057 0.119  0.523 1.000

Markup, cake 0.071 0.170 -0.164  0.162 -0.589 1.000

Table C3: Comparing marginal costs and markups between single and multi product firms

logmc markup
mp -0.158%FF  ().338%**
(0.013)  (0.028)
Ing -0.582%F* (. 121%**
(0.003)  (0.006)
constant ~ 8.300%*F*  -0.351%**
(0.033)  (0.071)
7 obs. 51,086 51,086

Note: Standard errors in parentheses; both specifications include product and time fixed
effects; *** p<0.01, ** p<0.05, * p<0.1
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Table C4: Multi-product production function estimation with translog specification: median and mean elasticities

107111-107112 108222-108223 222314-251210 251123-251210 236111-236112

mean median mean median mean median mean median mean median
q—-; -0.315 -0.326 -0.709 -0.613 -0.463 -0.457 -0.290 -0.319 -0.590 -0.482
l 0.330 0.331 0.812 0.859 0.387 0.380 0.271  0.217 0.118 0.376
k 0.121  0.129 0.160 0.163 0.242  0.267 0.408 0.416 1.025 1.144
m 0.900 0913 0.981 0.933 1.326 1.322 0.813 0.801 0.397 0.168
# obs. 7,391 731 1,003 551 628




Table C5: Mean and median markups for subset of 2-product combos, using material as
freely variable input, translog specification

good 1 good 2
mean median % obs. with mean median % obs. with
markup < 1 markup < 1

107111-107112 1.449 1.342 30.09%  2.547 2.289 14.42%
108222-108223 0.918 0.825 62.55%  1.608 1.318 35.37%
222314-251210 1.703 1.244 43.68%  2.568 1.704 27.01%
251123-251210 1.792 1.112 47.45%  2.098 1.806 12.32%

236111-236112 1.488 1.210 37.56%  4.549 3.954 13.97%
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