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Because the underlying activity of firms is physical, barring money illusion,
one might expect that stocks are a one-for-one hedge against inflation. But, the
data is not consistent with this hypothesis so that an explanation is required.
When one regresses nominal stock returns of a one-year holding period on the
one-year rate of inflation, one typically obtains a slope coefficient that is not far
from zero, which means that stock securities have a strong nominal character.
However, over a five-year holding period, the slope coefficient is closer to 1. We
seek to explain both stylized facts together, by means of an equilibrium model.

We build our model block after block, which means that the successive mod-
els we consider are progressively richer, starting with a simple “cashless” endow-
ment economy (Section 2), turning then to a production economy with flexible
prices (Section 3.1), then adding sticky prices (Section 3.2), collecting the re-
sults in Section 4, and finishing with an economy with demand for cash and a
zero lower bound for the interest rate (Section 5.1).

The analysis suggests that our economic models have the ability to capture
the co-movement between stock returns and inflation, with different elements
of the model changing or amplifying the economic mechanisms behind this co-
movement. The model with flexible prices explains the nominal character of
stocks. The basic mechanism at play is that productivity shocks affect real
stock returns and inflation in offsetting ways, so that nominal stock returns
tend to be unrelated to inflation. The model with sticky prices explains the way
in which the nominal character of stocks slowly vanishes as one lengthens the
holding period. The model with money is developed for the sake of realism; it
shows that our results are essentially unchanged when households hold money
balances.

We underscore our contribution: (i) to our knowledge, there does not exist a
theory of the relation between realized nominal stock returns and inflation, (ii)
the theory we develop is entirely based on received macroeconomic theory, (iii)
the theory matches not just the empirical slope over short holding periods, it
also matches the way the slope changes as one increases the holding period, (iv)
whether nominal government debt is in the form of nominal bonds or money
makes little difference to the explanation.

The models are solved exactly (either analytically or numerically) to cap-
ture the effect of non-linearities. We use a technique developed in Dumas and
Lyasoff (2012), which effectively adopts an event-tree approach with Markovian
probabilities. Here, all of the uncertainty in the model is couched in terms of a
simple binomial structure.

The question of whether stocks provide a one-for-one hedge against inflation
is a long-standing important question in financial economics. We describe in
Section 1 the extensive empirical work that has been done so far and the sur-
prising empirical regularities that have been discovered. We are not aware of
any existing equilibrium model that would have been proposed to account for
the empirical evidence. Because the extant empirical work has also compared
stocks to bonds in regard to inflation, we similarly analyze bonds in Section 5.2.

Following standard Asset Pricing theory with long-lived agents, we impose
the basic “no-bubble” principle that the real value of outstanding nominal gov-



ernment debt is equal to the present discounted value of real primary govern-
ment surpluses. That principle holds whether or not we make any of the three
assumptions we now spell out and comment upon.

The first assumption is that outstanding government debt is contractually
defined as being denominated in purely nominal terms. The nominal unit in
question is only a measurement unit in Sections 2 to 4. It becomes money
physically held in Section 5.1.

The second assumption is that the government (inclusive of the central
bank), whose objective function is not spelled out, implements a mechanical
monetary policy of inflation targeting by fixing the nominal rate of interest as
a function of expected inflation. This form of monetary policy has been prac-
tised explicitly during the last thirty years, and implicitly during the previous
twenty years, as even central banks that were controlling the quantity of money
in circulation were actually using the nominal rate of interest as an intermediate
target.! We show in Section 2.3 below that the inflation-targeting assumption
is not critical to our results.?

The third assumption is about fiscal policy.> We fix a monotonically in-
creasing relation between real primary surplus and real national income. This
assumption is crucial and makes ours a fiscal theory of the nominal character of
stock securities: with some degree of persistence of productivity, a positive pro-
ductivity shock raises real stock prices and simultaneously increases the prospect
of higher government surpluses, thus raising the real value of government debt.
For a given, contractual nominal value, this reduces the price level.*

In our applications, we simply assume that the primary budget surplus is
proportional to national income. Qur proportionality parameter 7 can obviously
be interpreted as a constant rate of income tax, with no government expendi-
tures. Cochrane (2021) postulates a more sophisticated s-shaped process. And
Jiang, Lustig, van Nieuwerburgh and Xiaolan (2019), as well as Kung (2021),
take care to model separately the revenues and the expenditures of the govern-
ment.

As was the case for monetary policy, the objective function of the government
is not spelled out; it does not choose the amount of the primary surplus (taxes
and expenditures), which means that the stochastic process for the surplus is
specified as exogenous. In macroeconomic parlance, an exogenous primary sur-
plus is referred to as a “non Ricardian” or “active” fiscal policy or regime.” The

1See, for instance, Friedman (1975).

2We show that, in the endowment economy or when prices are flexible, our result about the
nominal character of stock returns is materially the same under the alternative assumption of
a quantitative bond-supply policy.

3Following Sargent and Wallace (1975), the literature has stressed the unavoidable finan-
cial linkage between monetary and fiscal policies when the central bank intervenes in the
money market, including the Treasury-bill market, to set the nominal interest rate. A recent,
elaborately argued exposition of that view is to be found in Leeper and Leith (2016).

40ur theory presents some similarity to the line of argument of Geske and Roll (1983) but
does not rely on monetization.

5The label “active” is due to Leeper (1991). The label “non Ricardian,” although com-
monly used, is somewhat misleading because the principle of Ricardian equivalence still holds:
the exogenous stochastic process for the surplus that is postulated is a member of a whole



opposite, a so-called “Ricardian” or “passive” fiscal policy, would let the surplus
be adjusted mechanically to satisfy at least some government budget constraints
in a way that turns them into identities. In that case, an indeterminacy would
open up.® That is the key reason for which we posit a non Ricardian policy.”
The only workable alternative to our assumption would be to specify an objec-
tive function to be maximized by the government; the surplus would then be
endogenous — just like the consumption of households is chosen by them under
their budget constraint —, but not in a way that would leave open any Ricardian
indeterminacy.

We make one more, purely simplifying assumption about the behavior of
output, and later the behavior of productivity, which is the only shock in our
model.® In the endowment-economy model, we assume that the growth rate
of the former is Identically, Independently Distributed (IID) over time. Then,
in the more elaborate production-economy model, we assume that the growth
rate of the latter is IID. That is meant to represent in a simple way a very
persistent productivity level process. That assumption has been validated by
many empirical studies, which we cite in Section 3.1.

A few macroeconomic models have incorporated the stock market: Marshall
(1992), Challe and Giannitsarou (2014) and Swanson (2014). Challe and Gian-
nitsarou (2014) study the response of the stock market to a monetary policy
shock, whereas we focus exclusively on a productivity shock.

Some theoretical contributions that deal with asset prices in New Keynesian
settings — not all of them in a general-equilibrium formulation, but with addi-
tional utility features such as habit formation — include Li and Palomino (2014),

equivalence class of exogenous stochastic processes that are Ricardo equivalent (more tax at
one point in time, less tax at another) in present-value terms and in terms of equilibrium
allocations.

6n the words of Nakajima and Polemarchakis (2005), “a fiscal policy is called ‘Ricardian’ if

it guarantees that the public debt vanishes at each terminal node for all possible, equilibrium
or non-equilibrium, values of price levels and other endogenous variables.” In that case, the
fiscal surplus cannot be exogenous throughout.
Nakajima and Polemarchakis (2005) prove that, as long as fiscal policy is Ricardian, the value
of government debt is indeterminate. See also Niepelt (2019), page 181. This is in conformity
with Woodford (2003, page 125) and Cochrane (2011). As Definition 1 below makes clear, a
zero public debt at each terminal node is part of the definition of equilibrium. There is no
need to require that terminal condition to hold for all possible values of the price levels and
other endogenous variables.

"To dispel a potential misunderstanding, Niepelt (2019, page 180) writes: “That a non-
Ricardian policy regime may determine the initial price level and thereby revalue initially
outstanding nominal debt does not mean that the government can choose primary surpluses
[...] arbitrarily. Standard asset pricing and rational expectations imply that, when nominal
debt is issued for the first time [...], the government cannot raise more resources in present
value terms than it repays in the future.”

8With this single shock, the conditional correlation between all stochastic variables is equal
to 1 and their unconditional correlation is also high. For that reason, the R2 of the relation
between stock return and inflation will be very high, which is not true in the data. When we
succeed in obtaining a slope very much smaller than 1, it will follow mechanically that the
volatility of stock returns will be smaller than the volatility of inflation, which is counterfactual.
Our purpose is singlemindedly to explain the slope, not the R2. Additional shocks could be
added that would reduce the R2.



Wei (2009), Castelnuovo and Nistico (2010), Nistico (2012), Song (2017) and
Campbell, Plueger and Viceira (2019).”

Several recent papers have discussed the relation between productivity, in-
flation and bond pricing and sought to explain exposure of bonds to inflation.
Rudebusch and Swanson (2012) provide a calibration and apply it to bond
prices. De Paoli, Scott and Weeken (2010) includes technology shocks in a nu-
merical study of the influence of real and nominal frictions on risk premia. The
negative correlation between productivity (with it, consumption) and inflation
is at work in much of the production-based asset pricing literature that seeks
to rationalize an upward sloping nominal term structure when the real term
structure is downward sloping. Examples of such models are: De Paoli et al.
(2010), Kung (2015), Hsu and Palomino (2019).

1 Empirical evidence

We refer to the empirical evidence that pertains to the relation between stock
returns and inflation. Lintner (1975), Bodie (1976), Jaffee and Mandelker
(1976), Nelson (1976), Fama and Schwert (1977), Fama (1981), Gultekin (1983),
Boudoukh and Richardson (1993), Erb, Harvey, and Viskanta (1995), Goto and
Valkanov (2000), and Bekaert and Wang (2010) all document on U.S. data —
and Solnik (1983) documents on international data — a low or even negative cor-
relation between nominal stock returns and either realized or expected inflation,
at a monthly or annual frequency.

Boudoukh and Richardson (BR), whose dataset covers close to two hundred
years of annual U.S. (as well as UK) data, introduce a distinction between the
ex ante and the ex post forms of the correlation of stock returns with inflation.
To capture the ex post correlation, BR simply regress one-year holding-period
realized nominal stock returns on one-year realized inflation. They do the same
for five-year holding-period realized nominal stock returns and five-year realized
inflation. In both cases the slope coefficient is found to be significantly positive
but, more importantly, significantly less than 1. Since that regression measures
the exposure of stocks to inflation, it can be concluded that stocks are in large
part “nominal” assets. And the slope is many times larger for the five-year data:
stocks are less nominal for a five-year holding period than for a one-year holding
period.!0>1!

9More recently, Pflueger and Rinaldi (2021).

10Goto and Valkanov (2002) and Hagmann and Lenz (2005), using a vector autoregression,
show an attenuation of the negative relation following the Volcker reform of monetary policy.

11 The ex ante (or “asset-pricing”) relation, otherwise called the “Fisher” hypothesis (applied
to stocks as opposed to bonds or Treasury Bills), relates conditionally expected nominal
stock returns to conditionally expected inflation. Under the null hypothesis, including the
assumption of risk neutrality, the regression slope is expected to be equal to 1, reflecting a
constant real rate of return. When anticipating inflation, agents have available an information
set, which the econometrician treats as instrumental variables. BR use past inflation and past
interest rates as instrumental variables. They do not reject the null hypothesis on five-year
data but reject it on one-year data.



Katz, Lustig and Nielsen (2017) using a panel of countries confirm that stock
markets are slow to incorporate news about future inflation, so that they do not
qualify to be called “real” assets, whereas bond markets are not as slow. Their
empirical investigation entertains three potential explanations of this phenom-
enon, two of which include behavioral features such as misperception of future
inflation and one of which remain within the frame of rational-expectations. Our
theory assumes rational expectations. Section 5.2 below returns to the Katz et
al. evidence.

It would seem useful to start this paper with an update of the empirical work
of BR over the last few decades. However, that is impossible to do. The volatility
of inflation has been very low, making it impossible to estimate with precision
the slope of the ex post relation. Furthermore, the requirement of observing
five-year returns would leave only a small number of effective observations. A
long history is required.

To provide fresh evidence on the relation between stock returns and inflation,
we update to the year 2020 the long-history dataset, extending it as well to the
nineteen countries for which a continuous record of returns exists, from 1900
onwards.'? The database is that of Dimson, Marsh and Staunton (2021a).!? As
in BR, the ex post regression being run is quite simply:!*

Riivi =+ B; X My T &3t € {1,5};t=1,..,117 (1)

where R is the annual, nominal log-rate of return on the equity index and m
is the annual log-rate of inflation, with ¢ = 1 for the one-year time interval
and ¢ = 5 for the five-year time interval. If the real rate of return on stock
were independent of inflation, one would expect 5, = 1. Because the five-year
rates of return are calculated every year, there is overlap in the data and the
Generalized Method of Moments — with Newey-West adjustment over five years
— is used to compute heteroskedasticity-and-autocorrelation consistent (HAC)
standard errors of the estimates.

The results are displayed in Figure 1. The top panel of the figure indicates
that five-year slopes, over the whole panel of countries, tend to be higher than
the one-year slopes. The bottom-left panel shows that many more than 5%
of the countries exhibit slopes that are significantly smaller than 1 at the 5%
level of a one-sided significance test, and more so for one-year slopes than for
five-year slopes. Finally, the bottom-right panel shows that for six countries the
five-year slope is significantly greater than the one-year slope at the 10% level of
significance, the same being true for eight countries at the 20% level, for eleven
countries at the 30% level etc..

In short, the panel broadly confirms the pattern observed by BR on U.S.
and UK data.

12The nineteen countries are: Australia, Austria, Belgium, Canada, Denmark, Finland,
France, Ireland, Italy, Japan, the Netherlands, New Zealand, Norway, Portugal, South Africa,
Spain, Sweden, Switzerland, the United Kingdom and the United States. Germany is not
included because the humungous hyperinflation of 1922-1923 alone drives the result.

13The indices are described in Dimson, Marsh and Staunton (2021b).

14This is a purely descriptive exercise, for comparison later with simulated data. We are
not assuming that inflation is exogenous relative to stock returns.
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Figure 1: Comparing slopes against inflation of one-year holding-
period returns to five-year ones. Numbers of countries (out of 19 countries)
are on the horizontal axes. The paired histograms of the top panel compare the
estimated slopes. The paired histogram of the bottom-left panel indicates to
what extent these slopes are smaller than the number 1. The p-value shown is

1-CDF|N (0,1), (1 - B) /std (B)} The simple histogram of the bottom-right
panel indicates to what extent the five-year slope is larger than the one-year
one. The p-value shown is 1-CDF[N (0,1), (35 — B1> /std(35 — Bl)]



2 A simple endowment-economy model

To make clear the mechanisms at work, we begin with a stripped-down version of
the model. We postulate an endowment economy in which competitive economic
agents need no money to transact and in which prices of goods and services are
fully flexible. This is a “cashless” economy in which money is only a conventional
unit of account in terms of which the contractual face value of the debt of the
government is stipulated (Woodford (1995)).

2.1 Description of the economy

We consider a financial market populated with one (or a continuum of identical)
household(s), for which we use a subscript 1, and one government (inclusive of
the central bank), subscripted 2. A set of exogenous time sequences of individual
income (or output)!® received by households {y; € R, ;t =0,...T'} are placed
on an event tree or lattice, yy being fixed. These are received by the households
only. For simplicity, we consider a binomial tree so that a given node j € {d, u}
at time ¢ is followed by two new nodes {d,u} at time ¢ + 1 at which the two
values of income are denoted {y141,4, Y++1,4}-.'® The transition probabilities are
equal to 1/2. Notice that the tree accommodates the exogenous state variables
only.

There are at least two securities available in the financial market: a claim
on output (called “equity”) and one nominally riskless (which means default-
free) one-period nominal bond (with a face value equal to 1 unit of account).
By contract, the payoff of the bond is set in nominal terms. The household
trades all securities to maximize some lifetime utility. From their standpoint,
the market is effectively complete.!”

The government’s primary surplus (taxes in excess of expenditures) is de-
noted s; in real terms, Sy in nominal terms. The number of units (measured by
the nominal face value of the future payoff) of the one-period bond with which
the private sector exits time ¢ is denoted #;; and its exiting financial wealth,
equity not included, Fy; = 61/ (1+ i), is the market value of the nominally
riskless bond holdings, i; being obviously the nominal rate of interest at time ¢.

Households: we assume that the utility function of the private sector is
time-additive and isoelastic. Let the relative risk aversion of the household be
1 — v and their impatience factor be p < 1 (so that u(c,t) = p'c?/v;v < 1).
The private sector (agent carrying a subscript 1) maximizes:

T
sup EOZu(ct,t) (2)

{et,01,¢} P

subject to:

15We use these two words interchangeably.

16The new nodes {d,u} that succeed state j should really be written {d;, u;}.

1"Households have access to the equity but, being identical, they effectively do not trade it.
The government does not trade equity by assumption.



e terminal conditions:
01,75 =0;j € {d, u} (3)

¢ a sequence of flow budget constraints:'®

014
Pjxeij+—ts;x Py = 01 +Pij Xy
1+ Zt,j
t = 0,.,.T—1;j€{d,u}
e and given initial holdings:
01,1, = 61;5 € {d,u} (4)

The initial condition (4) at ¢t = 0 is given in terms of a nominal outstanding
claim 6; = —605 of the public on the government.

Government: the objective function of the government (agent carrying a
subscript 2) is not spelled out. It trades the one-period nominal bond in a
mechanical way following a Taylor rule specified below. It raises taxes yielding
a primary surplus. It uses the proceeds not to consume goods but to pay back
its initial outstanding debt and, on the way, to trade bonds.

It does this under the budget constraints:'’

02,15
1+ Z’t’j

=041 +815x P jst=0,.,T—1;j € {d,u} (5)

with given initial holdings:
02,1, =025 € {d, u}
and terminal condition:
0215 =05 € {d, u} (6)
We make the following assumptions:
Assumption 1 The growth rate of output is IID over time:*°

Yritw g g ¥ Gy > dit=0,.,T — 155 € {d, u}

Yt,j Yt,j

Assumption 2 The Taylor rule is>!
¢
10 >01¢0# 15t =0,.,T—1;j € {d,u}

(7)

1Pt ut3Pit1a
Py j

1+, =(1+7)x
iy = (1+7) T+ 7

18The node j— of time ¢ — 1 is the node that precedes node j at time ¢.

19Please, bear in mind that 02 ¢+ is a negative number in case of debt.

20For simplicity, the notations u and d are simultaneously subscripts and quantities.
21See also Henderson and McKibbin (1993).



Assumption 3 The real budget surplus is specified to be, at all times and in
all states, proportional to real income:

St =TXy;;t=0,.,T;j € {d, u}

Assumption 1 means that the process {y:} of the level of income is perma-
nent or infinitely persistent. Assumption 2 gives the Taylor rule. It creates an
infinitely elastic supply of bonds at the nominal rate of interest 7,. When setting
the nominal rate of interest, the principal aim of the government is to anchor
inflationary expectations. In this paper, we write the Taylor rule as a forward-
looking formula relating the nominal rate of interest to the rationally-expected
rate of inflation, as in Clarida, Gali and Gertler (2000), Bernanke and Boivin
(2000) and Svensson and Woodford (2009) who refer to this implementation
as “Inflation-Forecast Targeting.” By doing this, the government sets expected
inflation.?? Monetary policy does not respond to realized inflation. As we shall
see, realized inflation will follow from output shocks and fiscal policy.??

Assumption 3 means that the government surplus s; is exogenously fixed in
real terms. It is “non Ricardian.” We have given in the introduction the reasons
for making that assumption: if fiscal policy were “Ricardian,” the equilibrium
would be indeterminate.

2.2 Equilibrium
We are ready to derive the equilibrium behavior of the economy:

Definition 1 An equilibrium is defined as a joint process for the allocation of
consumption c;, the price level Py, the amount of government bonds outstanding
02 and the nominal rate of interest i such that the supremum of the private
sector’s objective function (2), subject to (3) to (4), is reached for all t, the
government abides by its period budget constraints (5) and terminal conditions
(6) and follows the mechanical rule (7), and the market-clearing conditions,

01,65+ 02,15 =0 (3)
are also satisfied with probability 1 at all times t =0,...T — 1 and states j.

Let the government consume no goods. There exists an obvious analytical
equilibrium solution for which

Ct+1l,u = Yt+1,us Ct+1,d = Yt+1,d

and for which, for that reason, the market clears.

22We would call monetary shock a deviation from the exact rule. The specification (7) means
that throughout this paper there are no monetary shocks.

23In most models of monetary economics, the Taylor rule is backward looking in that it
captures the central bank’s reaction to realized inflation. Realized inflation is really a proxy
for rationally expected inflation, a proxy that a central bank would rely on when it has access
to incomplete information. In this paper, we make the assumption that the central bank has
access to the same full information as the private sector.

10



The solution functions for the nominal variables, 01, 02, Fi,.; and
F5 4 ;, are homogeneous of degree 1 with respect to F;, reflecting absence of
money illusion. Once consumption is known, and given that the government
surplus is exogenous, the system determines the real value of government debt
as a discounted present value. The only endogenous state variable is the current
price level P;, which is determined at time zero by the government flow budget
constraint (5) written at t = 0:

fgyo X P() = 92 + So X PO (9)

where f3 o is (minus) the real present value of future real surpluses, 0 is a given
(negative) amount of nominal claim outstanding and so = 7 X yo a given time-0
primary surplus.

In Appendix A we prove by backward induction the following results:

Proposition 1 Under Assumptions 1 to 3, the realized rates of inflation are:

PtJrl u k .
_ru 1 ; 10
Pt7j 1+ U X ( + zta.]) ( )
Piii4 k )
) — 1 3
P, ; 1+dx( i)
where . )
képx[2(1+u)7+2(1+d)7} (11)

The nominal rate of interest is constant:

1
== o)
1+7 \' 77 1 1 11 3
144, = — kx| = - 12
T+t <(1+7-T)¢> X[ X(21+u+21+d)] (12)

The price level at time 0 is equal to

Py =

-0
T (13)
T X Yo X [1+7X(:1fk )}

k < 1 is assumed. Inflation is lower in the u state than in the d state. That
result is very much in line with the Fiscal Theory of the Price Level (FTPL).*
When output growth is higher than expected, the government, because of per-
sistence, runs larger real surpluses in the indefinite future. As a result, for the

given outstanding nominal debt, the price level can readjust to a lower level,
which means lower realized inflation.?”

24See Leeper (1991), Sims (1994), Woodford (1995, 1998, 2001), Cochrane (2005a) and
Niepelt (2004). A recent, comprehensive survey is Leeper and Leith (2016).

25In the remarks that follow Proposition 5 below, we comment on the empirical validity of
a generalized version of Proposition 1.

11



Since the government only trades bonds and private agents are homogeneous,
it is not traded at all and its price is virtual. Since the equity security is defined
— for the time being — as paying the output (revenues), its price z; in real terms
(the current output not included) is equal to?

2 (eer1)” ™ X Wit + Teg10) + 3 (C41.0) 7 X Wegra + Teg1a)

= ()" ’
t

rr = 0 (14)

Proposition 2 Under Assumptions 1 to 3, the real gross rates of return on the
stock market are:

n au state

14+d
Stad i ad state

k

Proof. The stock-market price is proportional to output:

Ttj = .’i‘t X yt,j;t <T

Based on (14), #; (a form of dividend-price ratio) is deterministic:>"+28
.’lATt = kX (1 + Zi’t+1)
. kx (—1+ k1)
Ty =
—1+k

The real gross rate of return is

L+ &1 Y
Ty Yt,j

Hence the result. m

The model generates a positive relation between real returns and output
growth. On a u node, the real stock market return is higher than in the d node
with the same predecessor while inflation is lower but that is just a “proxy”
result of a common cause, namely the output shock, which acts both on the
stock market and on tax collection. The real rate of return on equity being
low in a state in which inflation is high, it is conditionally negatively correlated
with the rate of inflation and the stock market is not a one-for-one hedge against
inflation. In fact, for their product, which is the realized gross nominal rate of
return on stocks, we have:

26 Had we included equity holdings in the budget of the household, this equation would have

been the first-order condition with respect to the number of shares held.

27Not surprisingly, because of the proportional tax, there exists a systematic relation be-
tween the real stock market price per unit of output Z; (the price-dividend ratio) and the
real discounted value of government debt per unit of output fgﬂg (defined in Appendix A):
7]?2’15/7' = &¢. Over time, they both decline deterministically.

281f the horizon were infinite:

Ty = ——
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Parameter Value

P 0.99

7 2% /year

7 (in figures) 1/p—1+7

or 7 (in simulations) “neutral” as per
Footnote 44

1—7v 1

tax rate T 1/3

o 4

n 2

volatility of z growth 1% /year

expected value of z growth 0

probability u and d 1/2

w (price stickiness) 0.6

Table 1: Parameter values for the numerical illustrations; one-year
periods

Proposition 3 Under Assumptions 1 to 3, the realized nominal rate of return
on stocks is equal to the nominal interest rate, which is constant.

Realized, nominal stock market returns are unrelated to realized inflation.

In the current section, the output growth rates u and d are given parameters,
which cannot be varied. To prepare for the situation in which output is endoge-
nous, however, we derive for the two states the aggregate-demand schedules (or
IS curves) that relate the future prices P,, P; to the future outputs y.,, yq. We
draw Figure 2 which shows these relations in the two states at time ¢ + 1 for
the two output shocks at time t + 1 for a fixed level of output and a fixed price
level at time ¢. Proposition 1 shows that, for a given rate of interest, inflation is
decreasing in output. But the relations displayed in the figure also incorporate
the influence of future output on the current rate of interest as per Equation
(12). In that way, the schedules of the left-hand and right-hand panels are in-
terdependent (in a symmetric way, in the sense that Py (yu,yq4) and Py (Yd, Yu)
are the same function).

These schedules satisfy the following property:

Proposition 4 Under Assumptions 1 to 8, as long as ¢ < 1+(1+d)/(1+u),
the aggregate demand schedules (inclusive of policy rule) are increasing functions
of income y when ¢ > 1 and decreasing functions when ¢ < 1.

The proof is in Appendix B.

2.3 Discussion

It is obviously not true empirically that the nominal rate of return on equity
is constant. We have reached that conclusion because the assumptions we have

13
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Figure 2: Aggregate-demand curve (inclusive of policy rule) with fixed
outputs, ¢ = 1.5 (top panels) and ¢ = 0.5 (bottom panels) at t =T — 1.
In each row, the left-hand panel shows P,., plotted against y;+1. for the
given value of y;11,4. The given value of y.y;, is shown as a vertical line.
The right-hand panel shows P; 1,4 plotted against y:11,4 for the given value of
Yt+1,4- The given value of y:11 4 is shown as a vertical line. Parameter values
are as in Table 1. The time-t price level is set at 1. The time-t level of output
Yz is set at 0.92386.
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made are simple. We indicate now to what degree the relation between nominal
stock returns and inflation would have been different if some of the assumptions
made were altered.

In the coming sections, two of the assumptions made so far are changed
or relaxed. First, we modify Assumption 1 in the next section and replace it
with the assumption that the growth rate of productivity is IID. In that case,
the rate of growth of output will no longer be IID so that the (log of) output
will no longer be 100% persistent. Results will be amended accordingly and
we shall cite empirical evidence showing that productivity is, indeed, highly
persistent. For the time being, suffice it to point out that, in the course of
the proof of Proposition 1 in Appendix A, we reach an intermediate and more
general proposition 7 that does not depend on the IID assumption and says
that, if it is true for whatever reason that the real return on debt is higher when
a u shock occurs than when a d one does, then inflation is lower in the u state
than in the d state. And, if the same is true for real returns on equity, then
there will tend to exist an offsetting effect between them and inflation, making
nominal returns less than one-for-one responsive to inflation.

Second, the cashless-economy assumption that we have made is relaxed in
Section 5.1 below. There we show an isomorphy between the cashless economy
and an economy with money, obtained by simply lumping together money bal-
ances and the outstanding amount of government debt. Hence our results will
still hold true.

Finally, we can also explore alternatives to the Taylor-rule policy assumption
(7). Instead of targeting inflation by setting the nominal rate of interest, the
government could follow a quantitative policy. Instead of the supply of bonds
being infinitely elastic at the rate set by the Taylor formula, the supply of bonds
could be infinitely inelastic with respect to the rate of interest, while it could
still be responsive to expected inflation. For the sake of discussion, suppose that
the supply, which is the face value of the debt of the government, is constant in
nominal terms. In that case, the debt is settled in part by the taxes raised and in
part by being inflated away. The inflation is just what is needed to achieve that
balance. In Appendix C, we prove that the expression (10) remains the same
but the nominal rate of interest, while still deterministic, is no longer constant
(unless T' — o00):%*

1 kx (=14 kT71)
L+ip  —14 kTt

The formula for equity prices is unchanged. It follows that the value of the
nominal rate of return on equity in a state w is still equal to its value in a
state d, and equal to the nominal rate of interest, the only difference being that
the rate of interest now gradually rises over time (unless the end date T of
the economy is infinitely far). Our proposition 3 is basically unchanged. The
additional contribution of endogenizing bond supply through the Taylor rule
is only to keep the rate of interest constant over time. Thus the Taylor-rule

2For T — o0, 1/ (1 +it) = k.
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assumption does not play an important role in the explanation of the nominal
character of stock securities.

Given the isomorphy announced above between the cashless economy and
the economy with money, the same result would hold true if monetary policy
were quantitative and fiscal policy non existent, that is, if there were zero debt
and a constant supply of money.

3 Production-economy models

The model of Section 2 combines the policy rule with the aggregate-demand
(or “IS” side) of the economy. The solution obtained is complete when output
is exogenous. We now introduce firms and endogenize output, produced out of
labor only. We develop the aggregate-supply side, productivity z being now the
exogenous state variable, which is assigned to the nodes of the tree.

That is done for the sake of realism. More importantly, that allows us to
show that, when prices at which goods are sold are flexible, there is still no
link over one or several periods between realized nominal stock returns and
realized inflation. Thereafter, we introduce sticky prices to show how nominal
stock returns then react to inflation, and how the nominal character of stocks
disappears gradually over longer holding periods.

3.1 Flexible prices

In this section, we assume that firms are free to adjust their prices.
Households: There exists now a continuum ¢ € [0,1] of differentiated va-
rieties of the good.?? The argument c¢; of the households’ utility is a composite

defined as®! .
1o, 55T
A o
ct = (/ C,§ dL)
0

where o > 1 is the elasticity of substitution between the separate varieties. As
a result, their demand for each separate variety ¢ is

PL,t -7
Cot = | — C
,t Pt t

where P, is the nominal price of variety ¢ and P, is the general price index,
which is defined generally as

1
1 -0
P2 ( / Pjtf’db> (15)
0

but will be particularized below. In addition, the utility function of households
now contains a separate, additive term for the dis-utility of labor. The full utility

30Here, we follow Chapter 8 in Walsh (2010) and Challe (2005).
31'We suppress the subscript j € {d,u} at time ¢ in subsequent equations.
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function that households optimize is

T
sup ]E‘O Zu(ctat) _n(ltat)
(CHAZY S—)

subject to terminal conditions (3), a sequence of flow budget constraints:

0
1_’1_1; +9X7t><Ptxxt+5tXPt = 91)15_1—1-9)(,15_1 XPtX((St +$t)+WtXlt
t

PtXCt+

and given initial holdings:

01,1 = 01
Ox_1 = 1

where W; is the nominal wage rate, I, the number of hours worked, 0x ; equity
holdings, x; the real price of equity and §; real dividends distributed. Since
households alone hold the stock, it will be the case at equilibrium that 0x; =
Ox:—1 = 1. We have in mind, however, that the first-order condition for equity
holdings will serve to price the equity.

We assume an isoelastic dis-utility of work: v (I,t) = p* x I"/n;n > 1. The
households’ first-order condition for hours worked is

wtw,
271 = ?t (16)
¢l (
Firms: The production function for variety ¢ of the good is
Yot = 2t X Ly (17)

where z; is a productivity shock, the same for all firms and [, ; is the amount of
labor utilized for the production of good ¢.

Firms are free to adjust their prices at will. Firms producing variety ¢ that
choose price P, ; sell an amount of goods equal to (P, :/P;)” 7 ¢, for which they
will have to hire an amount of labor equal to (P, +/P;)” 7 ¢t/z. Their profits

are:
P -7 P, _UCt
P, ’ X — Wy x | —== —
’t<Pt> “ k <Pt Z

Optimizing the selling price:

so that:
P:t g
Pt oc—1 e
where W
A t
= 18
gOt 2 % Pt ( )



We interpret ¢, as the real marginal cost of labor. Profits are maximized by
setting a mark up and an optimal price P* related to the price-elasticity of
demand, giving the same value of P} for all varieties.

In the aggregate, firms produce (P;/P;)” 7 x y;. Total labor employed is:

PN
P Zt

Letting [; stand for the labor supplied by households, the clearing of the labor

market requires:
Pr\"° Yt
L= = 19
=(5) (19)

Equilibrium: By Walras’ law, the equilibrium in the financial market and
the equilibrium in the labor market imply the equilibrium in the goods market:
¢t = y¢. Furthermore, since all the firms behave the same way, (15) implies that
P, = P;. Equations (18), (16) and (19) imply that the flexible-price level of

output is:
1
o—1 n—-
= 7 20
Yrt ( pn Zt) (20)

and that the supply price is indeterminate. The determination of the price level
is then left entirely to the aggregate demand side (inclusive of the policy rule)
exactly as in Section 2. Since ¢ > 1, n > 1 and v < 1, output is an increasing
function of productivity.

The IID-growth case described in Section 2 can be recast in terms of produc-
tivity shocks. From this point on, we replace Assumption 1 with the following:

Assumption 4 The growth rate of productivity z is IID.

Equation (20) shows that, since ¢ > 1, n > 1 and v < 1, the resulting
equilibrium diagrams remain identical to Figure 2, reinterpreted as showing
endogenous values of the flexible-price output {yq,yu.}-

Proposition 5 Under Assumptions 2 to 4, and flexible prices, the equilibrium

is unique and Propositions 1 to 3 remain true with 1 + u replaced by 1 + 4 =
n ~ n

(14+u)"™7, 14d replaced by 1 +d = (1 +d)"™ and k replaced by

A 1 1 A\ Y
képx{2(1+a)7+2(1+d)] (21)
(l;: < 1 being now assumed anew). In particular, the nominal rate of return on

stocks remains equal to the nominal interest rate, which is constant.

Proof. The result follows directly from Equation (20). m
The empirical evidence is very much in line with this generalization of Propo-
sition 1.32 Smets and Wouters (2007) fit to seven US macroeconomic time series

32We are very grateful to Rafael Wouters for these references.
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both a DSGE model and a VAR specification, both producing very similar
results with a highly persistent total factor productivity (TFP) shock (our As-
sumption 4). Their Figure 7 indicates clearly that the DSGE model produces a
negative impact response of inflation to a positive TFP shock (our Proposition
1). Altig, Christiano, Eichenbaum and Lindé (2011) after performing a VAR
analysis on US data comment their Figure 2 saying that: “Finally notice that
a neutral technology shock leads to an initial sharp fall in the inflation rate.”
Furthermore, the VAR fit performed by Alves (2004, Figure 2) on six OECD
countries leads uniformly to the same conclusion.

The interpretation often given for these empirical results is that, in pro-
duction economies with sticky prices, positive productivity shocks relax price
pressure. In our paper, however, that negative correlation is present already in
the flexible-price version of the model. The stickiness of prices is not responsible
for the results.

Since in our model productivity is a (geometric) random walk, it is highly
persistent. For that reason the shock is also news about future productivity.
The empirical literature confirms a negative impact of news shocks about TFP
on prices and inflation. See, for instance, Kurmann and Sims (2021), Barsky
and Sims (2011), and Miranda-Agrippino, Hacioglu Hoke and Bluwstein (2019).

Dividends and stock prices: As the firms enjoy market power, they
generate positive profits. We now re-define the aggregate stock security as paying
corporate profits (as opposed to paying output, which it was in Section 2). The
real, future profits, assumed to be distributed as dividends, are:

PENTT_We (BENTL| L
Pt Pt Pt Zt yt_O'yt

The value of the stock market, in real terms, not including current profits, is:

1\ 1
1 1 (0—1 n )"V
€T = p — - ' w
t ((671 7/)#)7 112 ot

(515:

rr = 0
Therefore,

Proposition 6 Under Assumptions 2 to 4 and flexible prices, the stock-market
price (current profits not included) is

1

R oc—1 =
xt:xtx( z?) cxp =0
o
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where 34 is deterministic:??

1 A
Ty = *ka(1+.’f/'t+1);.'f]’]“:0
g
1 ];'X(—l—‘riCT_t)
Ty = — X =
o 1tk

and where k is as defined in (21).

The stock-market price (current profits not included) is proportional to pro-
ductivity taken to a power. It follows that Proposition 3, saying that realized,
nominal stock market returns are unrelated to realized inflation, still holds.

In the next section, we introduce sticky prices. They will explain the next
fact that we are trying to understand, i.e., that the link between inflation and
nominal stock returns varies depending on the length of the holding period.

3.2 Sticky prices

We now develop in standard New Keynesian fashion (see, for instance, Gali
(2008), Walsh (2010) or Challe (2005)), the case in which firms are not free to set
their prices, thus generating the Phillips curve, which endogenizes total income
y.3* The Phillips curve relates the price level to output contemporaneously.
Taking a cue from Dumas and Lyasoff (2012), we later shift it to time ¢ + 1, so
that, in our rendition, it will relate the future price level to future income. Here
again, productivity growth is ITD but income growth, inflation and stock returns
are no longer IID as they depend on an endogenous state variable reflecting path
dependence.

Firms: they are not free to adjust their prices at will. Instead, as in Calvo
(1983), each firm at each point in time is allowed, with a probability 1 — w, to
adjust its price to an optimal level P;* (which will be the same for all firms). By
the Law of Large Numbers, a fraction 1 — w do so, so that the price index, or
general price level, P, particularizes to:*®

1

P, = [(1 —w) X (P77 4w x (Pt_l)l“’} Tt=1,..,T (22)
331f the horizon were infinite,
1 k
Ty = — X =
o 1—k

34Gorodnichenko and Weber (2016) show empirically that, after monetary policy announce-
ments, the conditional volatility of stock market returns rises more for firms with stickier prices
than for firms with more flexible prices and that sticky prices are, indeed, costly for firms.
35This equation should really be:

1 1
p & [(pw)x/ (P;t)I*"dLerx/ (PL,t,l)l—“dL]
0 0

We are going to find that P, is the same for all ¢ but that is not true for P, ;1. The index
of price dispersion across firms should really be present in the derivations below. We ignore
it, as does most of the literature. For more details on this, see the appendix of Challe and
Giannitsarou (2014). We thank Edouard Challe for confirmation.

1—0o
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Firms maximize their market value on the equity market. With regard to setting
the current price P, ; of variety ¢, the part of each firm’s objective function that
depends on it is:36

T—t —1 —0
i(Ct+i)v <PLt ><Pbt>
sup E W) ———— — — i : Y| ;t=1,...,T
P, ; ‘ (p ) (Ct)v ! Pt+i (pt+ Pt—i—i t+

o—1 I
(where: y; = (fol Yy, 7 dL) "), with a solution P, ; = P} which is:*7

E T—t i y—1 Piyy a
i o Bedig (pw) (cows)” yrivrs (5 i

o—1 T—t i -1 P\t
B 15 () (o)™ e (%)

LT (23)

a function of y; for which the numerator and the denominator will be computed
by backward induction. To that aim, we restate Equation (23) in recursive form
(for t =1,...,7):

E — g C’y*lytwt + A(t7yt) (24)
Py o—-1 CvilytJrB(tvyt)
P, 7 _
A(t,yy) = Bipw ( ]t_jl) [(Ctﬂ)7 ! Yer1Ppp1 A+, yt+1)}
t
A (T7 yT) = 0
P L o—1
t —
B(t,y:) = BEypw < P+ > {(Cwl)7 Yy + B(t+ 1,yt+1)}
t
B(T,yr) = 0

Equilibrium in the goods and labor markets: As a result of their
choice of price, a proportion w of firms produce (P;_1/P;)” 7 X y; on an average
and employ (P;_1/P;)”7 X y;/2 units of labor and a proportion 1 — w of firms
produce (P} /P;)”° x y; and employ (P;/P;)” 7 x y;/2; units of labor.*® Total
labor employed is:

P\’ PN we
w X +(1—-—w) x| —= X =
[ < = ( ) P Zt
36 The overall objective function is the maximization of equity value, which includes addi-
tional terms not dependent on P, ;. See the value of the stock market (26) and (27) below.
For this calculation, the price Pp is arbitrary.

37The proof is standard. See Gali (2008), Walsh (2010) or Challe (2005).
38 Because of (22):

o

o—1 a=1y o1
Pt71 —0 o (Pt* -0 o
= X X 1-— X — X
Yt {w ( P ) Yt +(1-w) P, Yt

i.e., the amounts produced by the two categories of firms add up to y;.
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Letting [; stand for the labor supplied by households, the clearing of the labor

market requires:
P\’ A Yt
+(1- — = 2
w><< t) ( w)x(t th (25)

Substitution of Equations (18), (16), (25) and (22) into (24) gives the equi-

librium time-¢ Phillips curve P;/P;_1 = Phill; (y;) in implicit form:3%> 40

1
l1-0o -0
Pi_1

o 1
1-w ~o—1y/ +B(ty)
1—0o 7150 n—1

P;_

n —o 1—wx (=12

Yt P (Pt)

X = X 1-— X

<Zt> (Pt ) +( W) 1—w

where:
P\’
At = pwlE
( 7yt) pw t< Pt )
n —o * —o]n—1
Yt+1 P Pt+1>
w X + (1 —w) x + A(t+1,
<2t+1> [ (1%+1) ( ) (1%+1 ( vet)
and:

P 1 o—1
B (t,y:) = pwk; ( ;;tr ) [yl + B (t+1,y11)]

The shapes of the Phillips curves are illustrated in Figures 3 and 4, along
with the accompanying aggregate-demand curves derived according to Section
3.1.

The time t 4+ 1 Phillips curves and the general-equilibrium system
to be solved: because the time-t aggregate-demand relations established in
Section 3.1 relate time-t+1 prices to time-t41 output, it is convenient to shift the
Phillips curves to time t+1, for both states u and d. In this way, we are left with a
system of four equations in four unknowns: {Pi+1,/Ps, Pit1,a/Pt, Yt+1,us Yt+1,d}

39 As we saw in the previous section, in the case of full price flexibility (w = 0), the Phillips
curve is vertical at the flexible-price level of output: y; = ((o — 1) z?/a)l/(n_W).
40There exists an explicit, approximate form for the Phillips function, as suggested in Gali

(2015).
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Figure 3: Aggregate-demand (inclusive of policy rule) and aggregate-
supply curves with sticky-price equilibrium output and ¢ = 1.5 at
t =T — 1. Top panels: low-output equilibrium. Bottom panels: high-
output equilibrium (leftmost intersection). In each row, left-hand panel:
Piy1,, plotted against ;1. for the equilibrium sticky-price value of y;y1 4.
Right-hand panel: P;;; 4 plotted against y;;1 4 for the equilibrium sticky-price
value of Y41, The lighter (finer) solid line is the Phillips or aggregate-supply
curve; the darker (wider) solid line is the aggregate-demand (inclusive of policy
rule) curve. Parameter values are as in Table 1. The time-t¢ price level is set
at 1. The time-t level of output y; is set at 0.92386, which is 3.551% above the
flexible-price level.
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Figure 4: Aggregate-demand (inclusive of policy rule) and aggregate-
supply curves with sticky-price equilibrium output and ¢ = 0.5 at
t =T —1; single equilibrium. Left-hand panel: P, plotted against y¢11,
for the equilibrium sticky-price value of y¢11,4. Right-hand panel: P;1 4 plotted
against y41 4 for the equilibrium sticky-price value of y411 .. The lighter (finer)
solid line is the Phillips or aggregate-supply curve; the darker (wider) solid line
is the aggregate-demand (inclusive of policy rule) curve. Parameter values are
as in Table 1. The time-t price level is set at 1. The time-t level of output y; is
set at 0.92386, which is 3.551% above the flexible-price level.

which must be solved numerically for each node of the tree (each capturing
exogenous state variable z;) and for each value of the endogenous state variable
yt, recursively for t =T —1,...,0. Equivalently, since productivity is exogenous,
the output gap — defined as the ratio of the actual, sticky-price output y; to the
flexible-price output (20) minus 1 — can be recognized as the endogenous state
variable. The current general price level P; is also an endogenous state variable
but, in the absence of nominal illusion by firms, it can be factored out in this
calculation on grounds of homogeneity.*! 42

The shapes of the aggregate-demand and Phillips curves are such that there
may not exist solutions, that there may be multiple solutions and that gradient-
based solvers do not find them easily. We find our way towards the solutions
by starting with the flexible-price solution (w = 0) and by gradually increasing
w in small increments, and by starting at no price adjustment (w = 1) and by
gradually decreasing w (an approach by so-called homotopy).

When ¢ > 1, there can be two solutions,*> which are shown in the two panels
of Figure 3, for the point in time £ = T — 1. In such a case, it is impossible

41Tn addition, when household utility is isoelastic and the production function satisfies the
property of constant returns ot scale, a scale-invariance property can be exploited: we need
not do the calculation for every node of each point in time ¢, which differ only in the level of
productivity z;. For the several nodes of time ¢, the functions that are carried backward (f1
or fa, A and B) can be deduced from a single one of them.

42To prime a sticky-price path, productivity zg being given, the output gap at time 0 can
be set at 0 and the price Py can be set at a flexible-price level similar to that of Section 3.1
(but with a market value of government debt that reflects the subsequent stickiness of prices).

43 And, for low enough values of current output y; there are no solutions.
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to continue the recursion to earlier points in time. This difficulty would not
have even been spotted by the large number of researchers who work not with
the exact system of equations but with a system that is linearized around the
flexible-price solution.

When ¢ < 1, the equilibrium, if it exists, is surely unique as shown in Figure
4. The reason is that, in that case, as we have seen under Proposition 4, the
aggregate-demand functions (inclusive of the policy rule) are decreasing, while
the Phillips curve, of course, is increasing. In what follows, so that we can obtain
a unique solution at any point in time, we make the following assumption:

Assumption 5 ¢ < 1.

In other words, monetary policy is “passive,” in the terminology of Leeper
(1991). In association with the active (i.e., non Ricardian) fiscal policy already
assumed, we are considering Regime F' in the vocabulary of Leeper and Leith
(2018).

There is evidence in Clarida et al. (2000) that the response to inflation has
been above one after the Volcker reform. This evidence has been questioned
by Cochrane (2011) who shows that the response coefficient is not identified
empirically in the simultaneous equations system. To show that Cochrane’s
argument applies entirely in our context, we use our simulation data (see below)
to run on each of the 10,000 paths a time-series regression of the rate of interest
on realized inflation, as Clarida et al. have done. While the value of the Taylor
coefficient ¢ in our model is 0.5, we find a median regression slope of 0.311, with
an upper quintile of 0.313 and a lower quintile of 0.31. An empirical regression
clearly does not estimate the Taylor coefficient correctly.

Stationary functions: As mentioned, we solve the system for each node
of the tree (each node capturing exogenous state variable z;) and for each value
of the endogenous state variable, recursively for ¢t = T — 1,...,0. With the im-
patience parameter set at p = 0.99, the value T' = 270 years is sufficiently large
for functions carried backward to be unchanging by the time we get to time 0.
The stationary functions capture the equilibrium of an economy with an horizon
that has been increased indefinitely.

Simulation: After solving all the equations of all times in a backward
sequence, we use the stationary functions to simulate the economy, drawing at
random the event of a u or a d productivity shock z over 200 time steps of one
year each. Ten thousand paths are drawn. The behavior of the output gap over
time is described in Figure 5 and formulated in the following**

44We set 7 to be equal to the neutral rate of interest, where we define “neutral” as follows:
Definition 2 Under IID growth of productivity, the neutral rate of interest of an economy
is the value of the interest rate that would prevail in a flexible-price economy when 7 is equal

to the equilibrium interest rate (12) (with 1 +w, 1+ d and k replaced as in Proposition 5).

The value of the neutral rate is

14i=-




time-t+1 gap

0.010

T
™

0.005 |- \

L L L L 1 L L L /.| time-t gap
0.00% 0.010

Figure 5: Relation between output gap at time ¢ and at time-t + 1
conditional on a u productivity shock (lower line) and a d shock (upper
line), across 10,000 paths at a fixed date. The 45° line is also shown. Parameters
are as in Table 1 with 7 set at a neutral rate (see definition in Footnote 44).
A fragment of a sample path is drawn for illustration; it contains two d shocks
followerd by two u shocks. The upper “anchor” point is labelled B, the lower
one A.
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Observation 1 Under Assumptions 2 to 5 and Calvo pricing,

1. The output gap is bounded above and below. When it is at its lower bound,
a u productivity shock leaves it unchanged. When it is at its upper bound,
a d productivity shock leaves it unchanged.

2. Ezcept at the lower bound, a u productivity shock at time t + 1 decreases
the output gap relative to its value at t. Except at the upper bound, a d
shock increases it:

Yu,t+1 < Yt < Yd,t+1

Yfut+1 Yr.t Yf.dt+1

3. The lower the time-t output gap, the smaller (in absolute value) the de-
crease in case of u shock. The higher the time-t output gap, the smaller

the d increase:
d(opn) ) |
() )
yrit Y£t
When prices are flexible (output gap being equal to zero by definition), a
u productivity shock brings the price level down and induces firms to increase
equilibrium output. But, when prices are sticky, firms are not able to increase
prices as much as they would with flexible prices, which means that the output
gap decreases. However, since the gap admits a lower bound, when it is there,
a u shock does not decrease it. Mechanically, the lower bound is an “anchor
point” for the response to u shocks (point A in Figure 5). Furthermore, the
closer the gap is to the lower bound, the smaller is the decrease. Similarly, the

upper bound is an anchor point (point B) for the response to d shocks. These
effects are clearly visible on the figure.

<1;

4 Stock returns and inflation

The real, future profits, assumed to be distributed as dividends, are:*®

(a o) (75) 20
o (P P
P 7 )\ P

P* * —0
+1_wx<t+1_ )(+) <y
( ) Pris Pi+1 Pri1 t+1

With the parameter values of Table 1, the neutral rate is equal to 3.02%. With that value
of 7, the rate of interest that prevails in the sticky-price economy at an output gap equal to
zero is equal to 3.109%.

45 Current profit §; differs from one firm to the other, depending on which firm is allowed cur-
rently to change its price. For future profits, we neglect current price dispersion, as explained
in Footnote 35.

A
Opp1 =
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The value of the stock market, in real terms, current profits not included, is:

y—1
Ty = pEt l(cztl> (6t+1 + .’Et+1)‘| (27)

Numerical illustrations will indicate the responsiveness of the rate of return
on the stock market to inflation. We study the role of productivity shocks over
one vs. several periods. As we saw in Sections 2 and 3.1, if prices set by firms
were fully flexible, there would be no relation whatever between the nominal
return on stocks and the rate of inflation.

When the prices set by firms are sticky, the output depends on the previous-
period output gap, thus generating richer dynamics for stock returns and infla-
tion. There can occur many values for inflation and many values for nominal
stock returns depending on the value of the preexisting output gap. But, over
a single time-step, productivity can only be increased by a factor u or d, obvi-
ously. Figure 6, left-hand panel, displays the two variables in a cross-section of
paths.*® We discover that the cloud of simulated points is organized into rays.
The two rays that appear are segments of increasing, near-straight lines. Of the
two rays, the upper (lower) one portrays the relation conditioning upon produc-
tivity growth being u (d). On a given ray, the points that plot farther from the
origin correspond to higher values of the output gap prior to the shock, as the
labelling of selected points indicates. We observe:

Observation 2 Under Assumptions 2 to 5 and Calvo pricing,

1. Across different values of the time-t output gap, conditional upon produc-
tivity growth being u or d at time t 4+ 1, the time-t + 1 realized inflation
and realized nominal stock returns are near-linearly, positively related.

2. For the same time-t value of the output gap, when productivity is increased
by a factor u, inflation is lower and the nominal stock return is higher than
when the factor is d.

3. Upon a u move, the lowest values of inflation and nominal stock return
are reached when the gap is at its lower bound (anchor point A on the
figure). Upon a d move, the highest values of inflation and nominal stock

return are reached when the gap is at its upper bound (anchor point B on
the figure).

These effects can be understood as follows. When the productivity shock is
u, inflation is lower and the real return on stocks is higher than with a d shock,
just like they were with flexible prices. But, with sticky prices, prices cannot
move as much as they did with flexible ones so that they no longer fully offset
the change in real returns, leaving a higher nominal return. And, as we have

46When drawn along one path, the picture is nearly identical, as it should be under a
stationary-growth equilibrium.
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seen, for any given value of the output gap at time ¢, a u productivity shock
causes the output gap to be down at time ¢ + 1, the more so as the time-¢ gap
is higher, or farther from its lower bound.

Not conditioning on the productivity growth, i.e., across the two rays of the
entire cloud of points, the slope coeflicient of a regression of the nominal stock
return on inflation is as small as 0.0966.

Observation 2 invites empirical tests that would be conducted conditioning
on observed or, at least, estimated productivity shocks.

When measuring returns over a longer holding period, the relation is sim-
ilar but several combinations of v and d productivity moves are possible. For
instance, over five periods, six orderless combinations with repetition are pos-
sible. The six corresponding rays are shown in Figure 6, right-hand panel: the
highest-slope ray reflects realizations in which all five productivity moves are u;
the straight line supporting that ray is identical to that of a single w move in
the left-hand panel. The ray second from the top contains realizations for which
four moves are u and one is d in any order etc.*” The lowest-slope ray reflects
realizations in which all five productivity moves are d; the line supporting that
ray is identical to that of a single d move in the left-hand panel.

Across all the paths, i.e., not conditioning on the productivity growth com-
binations, the slope coefficient of an across-paths regression of the nominal stock
return on inflation is equal to 0.2348, much higher than the single-move number
0.0966.4® This result about the slope is produced by the following:

Observation 3 Under Assumptions 2 to 5 and Calvo pricing,

1. For the same time-t value of the output gap, when productivity is increased
five times by a factor u, inflation per period and the nominal stock return
per period are lower than they would be with a single u productivity move
over one period. That differential effect is strongest when the output gap
18 at its upper bound.

2. If, however, the gap is at its lower bound, inflation per period and the
stock return per period are equal to what they would be with a single u
move (anchor point effect)

3. Symmetric statements are true for d moves.

4. Hybrid combinations of productivity moves have an intermediate effect,
over a wider range of values for inflation and the nominal stock return.

These statements follow from Observation 1 above, which implies that, for
the same time-t value of the output gap, when productivity is increased five

4TExcept for the highest-slope and lowest-slope rays, the rays are actually a set of rays
with very similar supporting straight lines, one for each order in which the productivity
shocks occur. In the 3D space of (inflation, stock return, starting output gap), they would be
separate rays.

48For a ten-year holding period, the slope would be slightly larger: 0.2639.
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a1 e Qs Bs
Statistic
Median 0.029 | 0.091 | 0.14 | 0.233
Upper quintile | 0.03 | 0.127 | 0.142 | 0.242
Lower quintile | 0.028 | 0.048 | 0.139 | 0.22

Std error
Median 0.00 | 0.013 | 0.001 | 0.012
Upper quintile | 0.00 0.016 | 0.002 | 0.014
Lower quintile | 0.00 | 0.011 | 0.001 | 0.01

Table 2: Stock Returns and Contemporaneous Inflation: the regressions
are those of Equation (1). Parameters are as in Table 1 with 7 set at a neutral
level (see Definition 2 in Footnote 44). The table is obtained from 10,000 paths
drawn at random.

times by a factor u, the output gap decreases less per period than it would with
a single u productivity move over one period. Because successive decreases in
the gap decrease in size as each one puts the economy closer to the lower bound,
five moves in the same direction have less effect per period than a single move
over one period. One can also imagine on the basis of the same observation and
Figure 5 that hybrid combinations of productivity moves cause the gap to move
more widely.

The observation implies that the anchor points (at the lower bound for u
moves and at the upper bound for d moves) become more attractive for multiple
moves, and that the unconditional regression slope is higher over five periods
than it is over one period. We stress that the direction of the increase in the
regression slope is not the mechanical result of frictions slowly working them-
selves out, so that one would approach over time the flexible-price outcome.
In fact, the increase is produced by a modification away from the flexible-price
outcome, which, as the reader will recall, was a zero slope.

We ask whether the message conveyed by Figure 6 is confirmed by time-
series regressions. Can the model fit the facts listed in Section 1?7 Having
simulated 10,000, 200-period long paths of the economy of Section 3.2, we run
on each an ex post regression in the manner of BR.*

The results of running on simulated data the same ex post regression as (1)
are shown in Table 2.%°

The results are exactly in conformity with the intuition conveyed above, in
that the five-year regression slope is higher than the one-year slope. The results
are also in close conformity with the empirical results of BR. Recall that both
their slope coefficients were positive, with the exact same disparity between

19We drop the first ten periods of the paths to ensure that statistical results do not depend
on the initial condition, which is just the nominal amount 6 of government debt outstanding
at t =0.

50Here again, because the five-year rates of return are calculated every year, there is overlap
in the data and the Generalized Method of Moments is used to compute heteroskedasticity-
(and autocorrelation-) consistent standard errors.
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them.?!

Basically, therefore, we have discovered the reason for which BR (and we
in Section 1) found very different slopes for different lengths of stock holding
period.

5 Extensions

5.1 Money balances and the zero lower bound

In the interest of simplicity, we have so far considered a cashless economy & la
Woodford (1995). We extend the model to the case in which there exist actual
money balances. Now there is cash explicitly in the economy, side by side with
government bonds. To do that, we build an equilibrium model of money demand
along the lines of Allais (1947), Baumol (1952) and Tobin (1956).°2 We must
observe at the outset that, when the nominal rate of interest approaches zero,
money demand grows towards infinity thereby creating a natural lower bound
on the rate of interest. Meanwhile, the demand of the private sector for the
government bond drops steadily.’® The government cum central bank, as noted
by J. M. Keynes, falls into a “liquidity-trap” regime that is akin to Quantitative
BEasing.”?

Calling M monetary claims, money supply at time ¢ is: My, (a negative
number because, like 05 4, it is a liability of the government cum central bank);
money demand is M ¢; the seignorage, an indirect tax, collected at time ¢ and
measured in nominal terms of that date is: My, x (1 —1/ (1 +4;)). Households
receive an income of a single good and no income in cash. At time ¢, the financial
wealth available for consumption is:

Poxy+01 41 +Myg1—Fip — S

The proceeds P; X y; from the sale of the physical income are in the form of
a deposit at a bank. Cash on hand M;;_; and the other financial items are
assumed to be readily available in cash. Cash can be withdrawn by taking trips
to the bank. Each trip costs a fixed real amount v.>®> The smaller the number
of trips Ni,; the household decides to take to the bank, the more cash the
household holds on an average over the time period [t,¢ + 1):°°

Py x
My = ——
Lt 2XN1’75

51Had we included in our model a monetary shock, we could also have increased both our
simulated slope coefficients at will.

52Please, see Baumol and Tobin (1989).

53The sum of the demands for money and bonds remains determinate and finite.

540n the zero lower bound, a very active topic of research during the Great Recession, see
the following papers: McCallum (2000), Krippner (2012), Wright (2012), Gavin et al. (2013)
Priebsch (2013), Greenwood et al. (2014), Swanson and Williams (2014).

55To preserve scale invariance (see footnote 41), we do not take v to be a constant; we
assume it proportional to output.

56We could have assumed instead that all the financial wealth except cash on hand is
deposited with a bank.
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so that the cost of the trips at current prices is:*”

P x y;

Ux Pyx Niy=vx P, x -2t
’ 2 x M,

At time T, money balances, unlike debt, do not terminate at 0. Even without
a refund, the private sector holds money till the end because it has to. We set
1/(1+ir)=0.

In Appendix D, we derive the set of equations (41) to be solved at each node
of the tree. A change of unknown variables 6:

é1,t £ 01+ P x

along with a change of backward iterates:*®

1 v
. Ptx\/ﬁytxklj. .
A i,
Fiy=F+ ;o Iy

1+

1 v
Py x \/ 2Y X -4
it
Fyy —

1+

transforms the system of equations into one that is identical to the system (29)
of Appendix A, which we solved in the absence of money. We thus demonstrate
that, for a given value of the endogenous variable y;, money is simply added
to government bonds and is otherwise irrelevant. The government surplus being
exogenous anyway, seignorage being refunded and inflation targeting being an
infinitely elastic central-bank reaction function, money demand only serves to
determine money supply, as has been pointed out by many authors.””

We point out that, with M _; # 0, the initial level of government debt 65 _;
could be equal to zero. In the cashless economy, the initial condition of the Fiscal
theory with zero debt would leave the price level of goods indeterminate at all
times. But, in the economy with money, the initial condition does determine the
initial price level even then, the present value of future government surpluses
being compared to the outstanding stock of money My ;. This shows that our
results are not predicated on the validity of the strict, debt-based Fiscal theory.

57"That cost is truly a deadweight loss; no one gets the benefit of it. For the sake of
computational simplicity we imagine that it is refunded to the private sector in the form of a
lumpsum transfer Ci1,e = Pexye xvXx P;/ (2 x My,¢) coming from the outside, thus keeping in
our equation system only the distortionary effect of the cost but not its wealth effect. Without
that assumption, the trips to the bank being deadweight losses, ¢t # yt.

58Note: 81,0/ (1 +4t) = F1 4

59Note, however, that the change of variables is valid only for strictly positive nominal
interest rates. If we used it blindly in the numerical implementation, the nominal rate of
interest could become negative, despite the natural lower bound. To prevent that error in the
computation, we superimpose on the Taylor rule an artificial zero lower bound on the nominal
rate of interest (we actually implement a smooth variant of that relation.):

%Pt+1,u+%Pt+1,d

144 =max |1, (1+7) x li—‘ﬁ (28)
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a1 b1 Qs Bs
Statistic
Median 0.003 | 0.02 0.02 | 0.117
Upper quintile | 0.004 | 0.045 0.02 0.13

Lower quintile | 0.003 | —0.006 | 0.019 | 0.104
Std error
Median 0.00 | 0.009 0.00 | 0.008
Upper quintile | 0.00 | 0.011 0.001 | 0.011
Lower quintile | 0.00 | 0.008 0.00 | 0.006

Table 3: Stock Returns and Contemporaneous Inflation in the presence
of money: the regressions are those of Equation (1). Parameters are as in Table
1 but with 7 set at a neutral level (see Definition 2 in Footnote 44). The table
is obtained from 10,000 paths drawn at random.

We amend the “aggregate demand” subsystem of equations of Section 2 to
reflect the modified policy rule (28) of Footnote 59, leaving intact the “aggregate
supply” subsystem of Section 3.2 and we solve by backward induction exactly
as we did before (with the additional parameter v = 1% of output).®® Under
the parameter and state variable combinations considered so far, the result is
identical to that of the previous Figure 4, simply because the cashless economy
itself never produced a negative value for the rate of interest. In order to make
liquidity-trap episodes possible, the Taylor-rule interest parameter 7 is now set
1.5% below the neutral rate of the flexible-price economy (as defined in Footnote
44). The change of assumption highlights the way in which the Taylor-rule
interest parameter 7 affects the probability of approaching the zero lower bound.

The new version of Figure 6 is Figure 7, which shows that the lower bound
on the rate of interest introduces a support from below for realized nominal
stock returns. For that reason, the relation between inflation and stock returns
described above in Section 4 is no longer nearly linear but is still positive,
contingent on a given sequence of productivity shocks. Not conditioning on the
productivity growth, the coefficient of an across-paths regression of the nominal
stock return on inflation between the two variables is equal to 0.0743 over one
period while it is equal to 0.1950 over five periods. As before, the slope is quite
a bit larger over five periods than it is over one.

The new version of Table 2, which contained the results of ex post regressions
across simulated paths, is Table 3.

The results are again in conformity with the empirical results of BR. Fur-
thermore, we notice that the slope coefficients are lower than in Table 2. This
is because the parameter 7 of the Taylor rule has been set lower than before.

60 Also, since we have assumed that money is not refunded, the terminal conditions, which
were originally Fy 7 ; = Fa 7 ; = 0 must be replaced by: FI,T,]' = 7F2’T7j = Pp X4/ %yT X V.
We study the paths of the economy in a long-horizon situation. For that, the change of terminal
condition is not very important.
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Figure 7: Relation, in the presence of money, between one-period nom-
inal stock return and one-period inflation (left-hand panel) and re-
lation between the same two variables measured over five periods
(right-hand panel), across 10,000 paths at a fixed date. Parameters are as in
Table 1, with 7 set 1.5% below the neutral level (see Definition 2 in Footnote
44).

5.2 Bond returns and inflation

In this section, we examine the relation between bond nominal returns and
inflation to see if it is different from the relation between stock returns and
inflation. We are motivated in doing this by Katz et al. (2017). Using a panel
of countries they have confirmed empirically that stock markets are slow to
incorporate news about future inflation so that they do not qualify to be called
“real” assets, but they have found that the same is not true at all of bond
markets. We now check whether our model can explain that difference between
stocks and bonds. For that we return to the cashless economy and draw Figure
8, which relates the one-year and five-year nominal rates of return on a ten-year
pure-discount nominal bond, across paths at a given point in time. The slope
of an unconditional regression line of one-year returns on inflation is equal to
0.7202 (as opposed to 0.0966 for stocks) while the slope for five-year returns is
equal to 1.1028 (as opposed to 0.2348 for stocks). The difference between long-
term bonds and stocks is in the behavior of the payoff. In our model with sticky
prices but flexible wages, dividends on stocks (Equation (26)) are adversely
affected by inflation.
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Figure 8: Relation in a cashless economy between one-period nominal
10-year bond return and one-period inflation (left-hand panel) and
relation between the same two variables measured over five years
(right-hand panel), across 10,000 paths at a fixed date. Parameters are as in
Table 1, with 7 set at a neutral level (see definition in Footnote 44).

6 Conclusion

Adopting a method that has been used to calculate dynamic financial-market
equilibria, we have constructed the equilibrium of a cashless production economy
with productivity shocks and with three types of agents: (i) household/investors
who supply labor with a finite elasticity, consume a large variety of goods that
are not perfect substitutes and trade government bonds; (ii) firms that produce
those varieties of goods, setting prices in a Calvo manner; (iii) a government that
collects an exogenous fiscal surplus and acts mechanically, buying and selling
bonds in accordance with a Taylor policy rule based on expected inflation.

Merging the consumption-financial behavior of households with the policy
rule, under IID productivity growth and no monetary shock, we have derived
explicitly at each point in time and in each state of nature, aggregate-demand
schedules (inclusive of policy rule) relating, at the next point in time and in
each successor state, the price level to the level of output. We have shown that
these schedules are decreasing if and only if the exponent of the Taylor rule that
falls on expected inflation is less than 1. The aggregate supply schedules (or
Phillips curve) that also apply to the next point in time are always increasing.
The equilibrium is unique if the exponent is less than 1. Otherwise, because of
the non linearities of the two types of schedules, two equilibria can exist.

In this equilibrium, we have priced the stock market, defined as the present
discounted value of firms’ profits and demonstrated that, in a flexible price
version of our economy, the equilibrium nominal return on stocks is just equal to
the riskless interest rate, which is constant, whereas inflation, for fiscal reasons,
is higher when productivity growth is low: when output growth is higher than
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expected, the government runs larger real surpluses in the future and as a result,
the price level can readjust to a lower level, thus generating lower inflation. That
explains a zero-slope relation between these rates and gives stocks a nominal
character.

Moving to a sticky-price version of the economy, we have simulated the
joint behavior of stock returns and inflation. That has allowed us to discover
the reason for which Boudoukh and Richardson (1993) found different slopes for
different holding-period lengths. The reason lies in the succession of productivity
shocks that take place over several periods, and in the path dependence created
by the output gap. We stress that the direction of the increase in the regression
slope is not the mechanical result of frictions slowly working themselves out,
so that one would approach over time the flexible-price outcome. In fact, the
increase is produced by a modification away from the flexible-price outcome,
which was a zero slope. When output growth is higher than expected, the
government runs larger real surpluses in the future but, with sticky prices, the
price level cannot readjust as much as it did with flexible prices. That is the
reason for the positive slope between nominal returns and inflation.

The equilibrium has then been expanded to incorporate an explicit money
demand a la Baumol and Tobin. The only effect of the zero lower bound thus
created as been to support stock returns when they are low.

Finally, we turned to long-term bonds to observe that their behavior vis-a-
vis inflation is more “real” than that of stocks, which explains the surprising
empirical findings of Katz et al. (2017) that bond returns tend to move more
one-for-one with inflation than do stock returns.

All the theoretical results of this paper invite empirical tests that would be
conducted conditioning on observed (or estimated) productivity shocks.
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Appendixess

A Proof of Proposition 1

We write the first-order conditions of dynamic programming for the private
sector. Then in order to “synchronize” the solution algorithm of the equations
and allow recursivity, taking a cue from Dumas and Lyasoff (2012), we first
shift all first-order conditions, except the Euler condition of portfolio choice,
forward in time and, second, we no longer make explicit use of the investor’s
position 6; ;—; held when entering time ¢, focusing instead on the financial
wealth: F} £ 01/ (14 i) held when exiting time ¢ + 1. The existing-wealth
functions are carried backward. Regrouping equations in that way leads to the
equation system

Flow budget constraints of private sector at time ¢ + 1
PiiiuX e+ Fritiu +St41,0 X Ppru =010+ Pepiw X Yerr,05 F1,70 =0
Piyiaxcir1,a+ Frisi1,d + St41,d X Pey1,d =016 + Peg1,a X Yeg1,d5 Fi,ma =0
Flow budget constraints of government at time ¢ + 1
Foirriu =001+ St41,u X Ppru; Foru =0

Foip10 =024+ 5i41,a X Pry1,a; Fo,ra =0

Portfolio-choice, or Euler, or Fisher condition at time ¢ (29)
—1 -1
1 1 % (Cl‘/+1,u)ﬂY Pt«il.u + % (CtJrl,d)A/ Pt-:l,d
—— = L
1+ P (c)” !

Taylor rule at time ¢
2Pii1,utsPit1,a
Py

144, =(147) x
ti=(1+7) 1+7

Market clearing at time t
01402, =0

The exogenous state variable is y;. There is also an endogenous state variable
P; but, in the absence of money illusion, it can be factored out on grounds of
homogeneity. To reflect homogeneity with respect to the price level, let 6; ¢
191,t x Py 92,t = 792,t X Py Fl 410 = f1,t+1,u X Py Foy = f2,t X Py Fo 41,0
f2,t+1,u X Pt+1,u) and postulate: fl,t+1,u = _f2,t+1,u7f1,t+1,d = —fz,t+1,d~ The

61Tn the appendixes, we suppress the subscript j € {d,u} at time ¢.
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system of equations simplifies to

Flow budget constraints of private sector
—fot1,u X Prytu + St41,u X Prg1,u =91 X By
—fa441,d X Pet1,a+ St41,d X Pep1a =010 X Py

Flow budget constraints of government

foirtu X Pyiuw =V24 X Po 45410 X Py (30)
forr1,d X Pey1,d =V2+ X Po+5¢41.d X Peg1,a (31)
Portfolio-choice, or Euler, or Fisher condition
—1 -1
1 1 - % (yt+1’“)v Pt-&l,u + % (yt+1’d)’y Pt,-il,d
1+ P =r (yt)’vfl

Taylor rule

ip +1p

sPtr1,ut5Pt41,d
Py

i = (147
+iu =147 x T 7

Market clearing
Vit +U2: =0

Government debt: Government debt is nominal and can be priced by
means of the Fisher equation, which means that the financial wealth of the
government can be obtained by the following backward induction:

For a1 02+ (32)
P, P 1+
- F. “ - I
% (ctrr,u)” ' (—St+1,u + %) + % (ct1,a)” ' (—3t+1,d + ﬁ)
=p =
()" '

From (32), the backward dynamics of real government financial liabilities are
provided by:

2 W) (st + Foagrw) T 5 Wra1.a)” T (—Sip1a + Frrena)
(%)771
f27T = 0 (33)

I

The current real discounted value f;; of government debt depends only on
future income and future surpluses. It does not depend on interest-rate policy.

But the real face value 92, which is the government’s equilibrium portfolio
choice or issuance decision, depends on the nominal rate of interest, which we
now determine.

Inflation: Solving for inflation from the government flow budget constraints
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(30), (31):

Piy1u Vot

P —Sitiut forriw
Piy1a Vot

P —Siy1.4+ foutid

so that the realized rates of inflation are:

Priru _ for X (1 +1i) (34)
P —St+1,u + foi41,u

Piyria  foue x (141y)
P —Siy14+ forrid

These relate the two levels of future inflation (Py11./P;, Pit1,q4/P:) to calendar
time ¢, to the two levels of future real government debt

(—St41,u + f2,441,u, —St+1,d + f2.4+1,4) and to the current level of real govern-
ment debt fo,. We call fa;/(—si41 + fa41) the “ex post inverse real gross
rates of return on government debt”. It is also the ex post inverse real gross
rates of return on any nominally riskless debt.

Proposition 7 The ex post levels of inflation in the two states of nature are
separately

e increasing functions of the ex post inverse real gross rates of return on
nominally riskless debt

e increasing functions of the (ex ante) nominal gross rate of interest.

To illustrate, assuming that debt returns more in real terms in a u state
than in a d state, which is

—Settu+ fortiu S —St+1,d + foe41,d

f2,t f2,t

then
Piiiu < Pii14

P Py
Inflation is lower in the u state than in the d state.
Making use now of the IID assumption 1 and of the budget surplus assump-
tion 3, the real discounted value of government debt f5; is proportional to the
level of income y; at time ¢:

for = fou Xy (35)

where fg,t approaches zero deterministically as one approaches the terminal

date. Indeed:

7f2’f = kifar=0

—T+ fo441

kx (—14 KT
—1+k

f2,t = —TX
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where we define k as (11), k < 1 being assumed for now.%?

The realized inverse real gross rates of return on government debt are:%3
2,t .
f = n a u state
—St41u T fo041,u 1+u
2.t ko
f2. = in a d state

—St41,d + f2041,d 1+d
Substituting into (34) gives the result (10). Substituting into the Taylor rule (7)
gives the result (12). Substituting into the government budget constraint (5)
written at time 0 gives the result (13).

B Proof of Proposition 4

Combining (34) with (7), we get

¢
1 fa.t 1 fo,t 1—-¢
PtJrLu _ f2,t X(l + 7) —lid) < 2 —stp1,utfot41,u 2 —s¢q1,at+f2,e41,4
P, —St+tu + foir1,u 147
and, therefore
¢
aPt+1,u . % fi} % firf 1-¢
P, N\ T —S u ,u —S s ) )
¢ _ (1 + Z) = t+1, 2,t+1 2 Zser1.atfouiia
fo,t 1+7
—St+1,utf2,t41,u
1
— utf2, u
x |1+ - St1,utf2,041, - % : ¢
—St+1,utSf2,t41,u + —st41,da+f2,641,d ¢
In view of (35),
P
aPt+1,u 1 fae 1 fa,t -4
—p N 2 —s wt w 2 —sty1,atf2,e41,d
Py _ (1+2) 5 x t+1,utf2,e41, E t4+1,d+f2,t41,d
fo.t 1+7
—St41,utf2 41,0
1
% 1+ . 14+u . % : ¢
Tt T THd —¢

62For an infinite horizon, with k < 1, we would get the Gordon formula and a constant real
debt factor:

.
foe =17 T

1 1 1 1
kx| = 4+ -—
21+uw 21+4+d
can be viewed as the expected inverse gross real rate of interest on nominally risk-

less claims, which is not equal to the inverse gross real rate on really riskless claims
(px [ +w) ™ + 1+ /2.

63The quantity:
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And, from (33), (36) and (11)

a# 1 X 1 1+d v
St+1,utfo,t41,u — X —p 2 ( ) + 14 ('7 - 1)

1+u) ' <0
OYt+1,u Yitl,u 1+4+u ( )

DN =

This shows that 83%’“ /O0Yi41,4 1s positive if and only if

The proposition follows.

C Derivation in the case of a quantitative fiscal
policy

Suppose that the nominal supply of bonds (the face value of the debt of the
government, as such written as a negative quantity) is fixed at —B (B > 0).
Then the only equation of the system (29) that is to be changed is the Taylor
rule, which is replaced by:

Fixed supply
020 =—B
With notation: 917t = 1917t><Pt; 92,15 = ﬁQ’tXPt; Fl,t+1,u = fl,t+1,u><Pt+17u; F27t =
Jo,uX Py Fo t11.0 = fo041,u%Piy1,u) and postulating: f1i41.0 = —f2,041,u» f1,041,4 =

—f2,¢+1,4, some of the equations simplify to

Flow budget constraints of government

fortiu X Piy1y = =B+ Ser1,0 X Pryiu (37)
fov1,d X Piy1.g=—B + S¢41,0 X Piyi1.q (38)
Fixed supply
Yot X P =—-DB

Government debt: The backward derivation of the present value of future
surpluses is identical to what it was in Appendix A, leading to the result 36.

Price level: Solving for the price level from the government flow budget
constraints (37), (38):

P -B
t+1l,u —
—St+1u + fotr1,u
-B
Pii1,a=

—Sei1,d + fae41,d
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Using 36, the price levels are:

p.. __ B —1+k
T X e — L+ KT
B —1+k
Pii1,a=

T X Ypy1,d —1+ kTt

At date t — 1, the government will have just enough real debt left that it gets it
paid back with the time-T' tax revenue.
Inflation is:

P11 —14 kT
P 14w —1+4+EkT¢
Pt+l,d o 1 —1 + kT_t+1

P, 14d —1+kT-t

Nominal rate of interest: Given that, by definition:

fobtn = o
Bt = Pt+1,u 1 + 7;t+1,u
it follows that
kx (1471 1
—14+ET=t 14,

or:

kx (-1+kT77) 1
N e

so that inflation is also written as:

Pt+1u k .
i — 1
Pt 1+UX( +Zt)

which is the same result as (10).

D Backward equation system for the Baumol-
Tobin model of Section 5.1

In this appendiz, the symbol W stands for entering (or pre-trade) wealth.

L1 (Wi, t) = sup inf ug (¢, t)

01,0 1t
1
+5 Z Ju (01,6, Mag, -t +1)
j=u,d
VvV X Pt
2 X Ml,t

0
+¢1,t X Wl,t — l’t, — St + Pt X Y X (1

— P, - M
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where: Wi 4 e M +—1 461 —1. The first-order condition with respect to 6; ; is:

1 0 b1y
3 ST (G Myt 1) - =0
9 ‘ 8W17t 1( 1.t 1,6ty + ) 1 +Zt

j=u,d

The first-order condition with respect to M; ; is:

1 0 Vv X Pt
= ——J1 (014, My 4,-,t+ 1)+ X | Py X yp X —————
2j:zu:d (9W1,t 1( 1,t 1,t ) ¢1,t t XYt 9 % (M1,t)2
The envelope condition is:
LJ (0 M t)=¢
8W17t71 1 1,t—1, 1,t—15" 1,t
The Euler conditions are:
1 b1
5 2 ey~ T = %t=0..T -1
Jj=u,d
1 VvV X Pt
Z .= X |1 =P Xyg x —— |t
5 ,42;151’”1’] D1t EX Yy X (L)
Jj=u, ’
The latter is simply:
1 X P
— = 1—-PFP xy X VitQ
1+ 2x (M)
x P, 1
Pt X Yt X Vitz = 1-— "
2 x (M) 1T+
X P
Poxypx 22 = 2 (M)’
T 14
1 v
My = Pox |-y X I
2 1= 1414
except at time ¢t =T where:
P,
1— Pr x yr X L% = 0
2 X (MI,T)
1
Ml,T = PT X QyT XV
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Summing up, the set of equations to be solved at each node of the tree is:

Flow budget constraints of private sector
Pipijxepprj+Frepa,; + Miggr,; + Sty
=014+ M+ P1j X Y155
Fir; =0 =u,d
Flow budget constraints of government cum central bank

Fopp1 +Moypr,j =00+ Moy +Sit1:For; =07 =u,d

Portfolio-choice or Euler conditions (40)
-1 -1
1 1 _ % (CPFLU)’y Pt_:17u + % (CH’I’d)’Y Pt-il,d t=0 T -1
L+iip, " ()T o
v 1
Mlt:Ptx fytx71;t:0,...,T—1;M1T:PT>< —Yyr XV
' 2 I ’ 2

Market clearing
010+ 02 =0, My 1,0+ Moii1,0=0;Myp14+Mori1,0=0;My s+ Moy =0

Eliminating the money terms from this system and taking (39) into account:

1
Piy1j % \/Qyt+1,j X ——1—

_ 1
It+igya,y

Pit1,j X o1y + Frpn, + T + St
Lt+1,5
1 v
=01+ P x QU X T + Piy1j X Yet1,5;
T 1+
Fir;=0j=u,d (41)
Piy1j % \/éytﬂ,j X ——1—
F 1+’Lt+1’]‘
D41,y — .
+h 1+4441,5
1 v .
=03 — P x §yt X ——— + Siy15: For; =0, = u,d
1-— s
(27
—1 —1
1 1 % (ct+1,u)” Pt+11,u + % (ct1,a)” Ptil,d
0 =P —
1+ P (c)” !
01:4+02:=0
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