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1 Introduction

It is common in economic modeling to assume that, when presented with a choice set, a
decision maker (DM) will choose the option that is ranked highest according to a coherent
preference ordering. However, observed choices in experimental settings often appear to
be random, and while this could reflect random variation in preferences, it is often more
sensible to view choice as imprecise. Models of rational inattention (such as Matéjka et al.
[2015]) formalize this idea by assuming that the DM chooses her action based on a signal
that provides only an imperfect indication of the true state. The information structure that
generates this signal is optimal, in the sense of allowing the best possible joint distribution
of states and actions, net of a cost of information. In the terminology of Caplin and Dean
[2015], models of rational inattention make predictions about patterns of state-dependent
stochastic choice. These predictions will depend in part on the nature of the information
cost, and several recent papers have attempted to recover information costs from observed
behavior in laboratory experiments (Caplin and Dean [2015], Dean and Neligh [2019]).

However, in both laboratory experiments and real-world economic settings, decisions
take time, and the time required to make a decision is likely to be informative about the
nature of information costs.! In this paper, we develop a framework to study rational inat-
tention problems in which decisions take time, providing a means of connecting decision
times to information costs and state-dependent stochastic choice.

There is an extensive literature in mathematical psychology that focuses on these is-
sues. Variants of the drift-diffusion model (DDM, Ratcliff [1985], Ratcliff and Rouder
[1998], Wagenmakers et al. [2007]) also make predictions about stopping times and state-
dependent stochastic choice.> In particular, these models are designed to match the em-
pirical observation that hasty decisions are likely to be of lower quality.> However, these
models are not based on optimizing behavior, and this raises a question as to the extent

to which they can be regarded as structural; it is unclear how the parameters of the DDM

!On the usefulness more generally of data on response times for drawing inferences about the nature of
the random error involved in choices, see Alés-Ferrer et al. [2021].

DDM models were originally developed to explain imprecise perceptual classifications. See Woodford
[2020] for a more general discussion of the usefulness of the analogy between perceptual classification errors
and imprecision in economic decisions.

3The existence of a speed-accuracy trade-off is well-documented in perceptual classification experiments
(e.g., Schouten and Bekker [1967]). Variants of the DDM that have been fit to stochastic choice data include
Busemeyer and Townsend [1993] and more recently Krajbich et al. [2014] and Clithero [2018]; see Fehr
and Rangel [2011] for a review of other early work. Shadlen and Shohamy [2016] provide a neural-process
interpretation of sequential-sampling models of choice.



model should be expected to change when incentives or the costs of delay change, and
this limits the use of the model for making counter-factual predictions. The framework
we develop includes as a special case variants of the DDM model, while at the same time
making predictions about state-dependent stochastic choice that match those of a static ra-
tional inattention (RI) model. Consequently, our framework is able to both speak to the
relationship between stopping times and state-dependent stochastic choice (unlike standard
RI models) and make counter-factual predictions (unlike standard DDM models).

We propose a class of rational inattention models in which the DM’s imprecise percep-
tion of the decision problem evolves over time, and an optimization problem determines
a joint probability distribution over stopping times and choices. We then demonstrate that
the resulting state-dependent stochastic choice probabilities of our continuous-time model
are equivalent to those of a static RI model. Any cost function for a static Rl model in the
uniformly posterior-separable family (in the terminology of Caplin et al. [2019]) can be
interpreted using our framework. This result offers both a justification for using such cost
functions in static RI problems and a means of connecting those cost functions to dynamic
processes for beliefs, and in particular to data on decision times.

We focus our analysis on a limit in which decision times are short relative to the rate
of time preference. In this case, beliefs follow a Markov process and move in a space
whose dimensionality is one less than the number of actions (e.g. a line in the case of a
binary decision problem, as assumed in the DDM). We also give conditions under which
the dynamics of the belief state prior to stopping will be a pure diffusion (as assumed
in the DDM), or alternatively will be a pure jump process (as in the models of Che and
Mierendorff [2019] and Zhong [2019]). Our results therefore contribute to the literature
on DDM-style models by presenting a model with many features of the DDM, but that —
because it is developed as an optimizing model — makes predictions about how decision
boundaries and choice probabilities should change in response to changes in incentives.

We also characterize the boundaries of the stopping regions and the predicted ex ante
probabilities of different actions, as functions of model parameters including the opportu-
nity cost of time. The key to this characterization is a demonstration that in a broad class
of cases, both the stopping regions and the ex ante choice probabilities for any given initial
prior are the same as in a static RI problem with an appropriately chosen static information
cost function. Thus in addition to providing foundations for interest in DDM-like models
of the decision process, our paper provides novel foundations for interest in static RI prob-

lems of particular types. For example, we provide conditions under which the predictions



of our model will be equivalent to those of a static RI model with the mutual-information
cost function proposed by Sims [2010]) — and thus equivalent to the model of stochastic
choice analyzed by Matéjka et al. [2015] — but the foundations that we provide for this
model do not rely on an analogy with rate-distortion theory in communications engineering
(the original motivation for the proposal of Sims).

More generally, as noted above, we show that any cost function for a static RI model
in the uniformly posterior-separable family studied by Caplin et al. [2019] can be justified
by the process of sequential evidence accumulation that we describe. This includes the
neighborhood-based cost functions discussed in Hébert and Woodford [forthcoming], that
lead to predictions that differ from those of the mutual-information cost function in ways
that arguably better resemble the behavior observed in experiments such as those of Dean
and Neligh [2019]. Our result provides both a justification for using such cost functions in
static RI problems, and an answer (not given by static RI theory alone) to the question of
how the cost function should change as the opportunity cost of time changes.

The connection that we establish between the choice probabilities implied by a dynamic
model of optimal evidence accumulation and those implied by an equivalent static Rl model
holds both in the case that the belief dynamics in the dynamic model are described by a pure
diffusion process and in the case that they are described by a jump process; thus we also
show that with regard to these particular predictions, these two types of dynamic models
are equivalent. However, the predictions of the two types of model differ with regard to the
distribution of decision times, so that it is possible in principle to use empirical evidence to
determine which better describes actual decision making.

The key to our analysis is a continuous-time model of optimal evidence accumulation,
in which beliefs are martingales (as implied by Bayes’ rule). The evolution of beliefs in
our model is limited only by a constraint on the rate of information arrival, specified in
terms of a posterior-separable cost function. This flexibility is consistent with the spirit of
the literature on rational inattention, but with some noteworthy differences. Much of the
previous literature considers a static problem, in which a decision is made after a single
noisy signal is obtained by the DM. This allows the set of possible signals to be identified
with the set of possible decisions, which is no longer true in our dynamic setting.

Steiner et al. [2017] also discuss a dynamic model of rational inattention. In their
model, because of the assumed information cost, it is never optimal to acquire information
other than what is required for the current action. As a result, in each period of their

discrete-time model, the set of possible signals can again be identified with the possible



actions at that time. We instead consider situations in which evidence is accumulated over
time before any action is taken, as in the DDM; this requires us to model the stochastic
evolution of a belief state that is not simply an element of the set of possible actions.*
Our central concerns are to study the conditions under which the resulting continuous-
time model of optimal information sampling gives rise to belief dynamics and stochastic
choices similar to those implied by a DDM-like model, and to study how variations in the
opportunity cost of time or the payoffs of actions should affect stochastic choice.

A number of prior papers have endogenized aspects of a DDM-like process. Moscarini
and Smith [2001] consider both the optimal intensity of information sampling per unit of
time and the optimal stopping problem, when the only possible kind of information is given
by the sample path of a Brownian motion with a drift that depends on the unknown state,
as assumed in the DDM.> Fudenberg et al. [2018] consider a variant of this problem with
a continuum of possible states, and an exogenously fixed sampling intensity.® Woodford
[2014] takes as given the kind of stopping rule posited by the DDM, but allows a very
flexible choice of the information sampling process, as in theories of rational inattention.
Our approach differs from these earlier efforts in seeking to endogenize both the nature of
the information that is sampled at each stage of the evidence accumulation process and the
stopping rule that determines how much evidence is collected before a decision is made.’

Section 2 introduces our continuous-time evidence-accumulation problem, and presents
some preliminary results. In section 3, we define two special conditions that information
costs may satisfy: a “preference for gradual learning” or a “preference for discrete learn-
ing.” These properties represent the conditions under which we can show that the optimal
belief dynamics will evolve either as a diffusion (in the former case) or a pure jump pro-

cess (in the latter). In section 4 we demonstrate that the state-dependent choice probabili-

4Our model differs from the one analyzed by Steiner et al. [2017] in several respects. First, as just noted,
we study a setting in which the DM takes an action only once, and chooses when to stop and take an action.
Second, we consider a much more general class of information costs, as opposed to assuming the mutual
information cost. And third, we assume that the DM has a motive to smooth her information gathering over
time, rather than learn all of the relevant information at a single point in time.

SMoscarini and Smith [2001] allow the instantaneous variance of the observation process to be freely
chosen (subject to a cost), but this is equivalent to changing how much of the sample path of a given Brownian
motion can be observed by the DM within a given amount of clock time.

6See also Tajima et al. [2016] for analysis of a related class of models, and Tajima et al. [2019] for an
extension to the case of more than two alternatives.

"Both Morris and Strack [2019] and Zhong [2019] adopt our approach, and obtain special cases of the
relationship between static and dynamic models of optimal information choice that we present below. Che
and Mierendorff [2019] and Zhong [2019] both differ from our treatment in not considering conditions under
which beliefs will evolve as a diffusion process.



ties predicted by our continuous-time model (in both the diffusion case and the jump case)
are equivalent to those predicted by a static rational inattention model with a uniformly
posterior-separable cost function. In section 5 we discuss how the diffusion and jump cases

can nonetheless be distinguished using data on response times. Section 6 concludes.

2 Dynamic Models of Rational Inattention

Let X be a finite set of possible states of nature. The state of nature is determined ex-ante,
does not change over time, but is not known to the DM. Let ¢, € &?(X) denote the DM’s
beliefs at time ¢ € [0,o), where (X)) is the probability simplex defined on X. We will
represent g; as vector in ]R'j_(l whose elements sum to one, each of which corresponds to the
likelihood of a particular element of X, and use the notation ¢, to denote the likelihood
under the DM’s beliefs at time ¢ over the true state being x € X.

At each time ¢, the DM can either stop and choose an action from a finite set A, or
continue to acquire information. Let T denote the time at which the DM stops and makes a
decision, with T = 0 corresponding to making a decision without acquiring any information.
The DM receives utility u, . if she takes action a and the true state of the world is x, and
pays a flow cost of delay per unit time, k¥ > 0, until an action is taken. Let #i(g;) be the

payoff (not including the cost of delay) of taking an optimal action under beliefs g:

a(gr) = r;lg}xg G xllax-

We assume u, . is strictly positive, and discuss the implications of this assumption below.

If the DM does not stop and act, she can gather information. We adopt the rational
inattention approach to information acquisition and assume that the DM can choose any
process for beliefs satisfying “Bayes-consistency,” subject to a further constraint (specified
below) on the rate of information acquisition. In a single-period model, Bayes-consistency
requires that the expectation of the posterior beliefs be equal to the prior beliefs. The
continuous-time analog of this requirement is that beliefs must be a martingale.

Let the DM’s initial beliefs be gy € #2(X). We allow the DM to choose any filtered
probability space (Q,.%,{.%}icr, ,P) and stochastic process g : @ x R — Z(X), such
that g, is a cadlag {.%; }-martingale and go = o, subject the constraint specified below.



Example. A Markovian diffusion: The DM could choose
dq; = Diag(q,-)o(q,-) - dB; (D

where Diag(q,-) is a diagonal matrix with ¢,- on the diagonal, ¢ is an |X| x (|X|—1)
matrix-valued function and B, is an (|X| — 1)-dimensional Brownian motion. To ensure

that g, remains in the simplex, we must have ¢” - 6(¢) = 0 for all g € 2(X).

Example. K Markovian jump processes: The DM could choose, for some integer K > 0,

K K
dg; ==Y wilg, )a(ge )dt+ Y zlq,-)dIy, @
& &

where each J¥ is an independent Poisson process with intensity y;(g,~). To ensure that
beliefs remain in the simplex and satisfy Bayes-consistency, the z; must be such that, for

all g € Z(X), g+ z(q) is also in the simplex and absolutely continuous with respect to g.

These two examples could also be combined, to generate a jump-diffusion process. And
the quantities 6; and z;, can be allowed to vary with time in a more complex way, rather
than having to be functions of the current belief ¢, as specified above.?

We assume that DM is subject to a constraint on how fast her beliefs can evolve,
specified in terms of a “posterior-separable” cost function (as in the static rational inat-
tention problems considered by Caplin et al. [2019]). Posterior-separable cost functions
are defined in terms of a divergence, D : &(X) x &(X) — R, which is defined for all
(d,q) € P(X) x P(X) such that ¢ < ¢q.° By the definition of a divergence, D(¢||q) is
zero if and only if ¢ = g, and strictly positive otherwise. We extend D to le_(‘ x Z(X) by
assuming the function to be homogenous of degree one. We also assume that it is strongly
convex in its first argument and twice continuously-differentiable in both arguments.!?

We require the DM’s belief process to satisfy

. 1
timsup —E”[D(q:|1g(—n)F -1 < X, 3)
o h

8We show, however, that Markovian optimal policies exist.

9We assume here that D is finite for ¢, ¢ on the boundary of the simplex, provided that ¢’ < ¢, as is true
for example of the widely-used Kullback-Leibler divergence. But our results could readily be extended to
cover the case in which D is infinite for such values.

10Strong convexity, in this context, implies that D(¢’||q) > m|q’ — g|? for some constant m > 0.
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where ¥ > 0 is a finite constant. This constraint can be understood as the continuous-time
analog of requiring that E,_,[D(q;||q;—n)] < xh in a discrete time model with time interval
h. Note also that in what follows, we will use the notation E;[-] to indicate E”[-|.%;]. We il-
lustrate the implications of this constraint in the context of our examples; these implications

follow from Ito’s lemma (for a proof, see Lemma 6 in the appendix).!!

Example. A Markovian diffusion: in the context of the diffusion process (1), the constraint

(3) requires that o (g) satisfy the additional condition

1

5trlo(9)" Diag(q)k(q)Diag(q)a(q)] < x (4)

for all g € 22 (X), where k(q) is an |X| x |X| matrix defined on the interior of the simplex,

_ 9?D(qlq,-)

]_€x7x’(qt’) - aqxaq , ’q:q,— ’ (5)

and extended to the boundary by continuity.

Example. K Markovian jump processes: in the context of the jump process (2), the con-
straint (3) requires that, for all ¢ € Z(X),

K
Y wi(g)D(g+z(q)llg) < x. (6)
k=1

We have specified the possible belief processes in this way to emphasize the connec-
tion between our approach in continuous time and the standard, discrete-time approach to
rational inattention.!? The constraint (3) implies a tradeoff between more frequent but less
informative movements in beliefs and rarer but larger movements in beliefs. Suppose that
the DM would like her beliefs to follow a jump process of the kind specified in (2). The
DM can choose rare but informative signals (small y;(g), large D(g+ zx(q)||q)) or more
frequent but less informative signals (larger Wi (g), smaller D(q+zx(¢q)||¢)). In fact, there
exists a limit in which jumps become very likely and very small (|zx| — O, W} — o) and

the stochastic process of beliefs and the information constraint for the jump process (2)

HTechnical footnote: we require only that (3) hold for all (®@,7) € Q x RT outside of an evanescent set i.e.
that the process ¢, is indistinguishable from a process for which the constraint holds everywhere.

12The working paper version of this paper (Hébert and Woodford [2019]) derives a version of our
continuous-time problem by considering the limit of a sequence of discrete-time problems.



converge to the stochastic process and constraint for a diffusion process (1). That is, the
constraint (3) ensures continuity between the cost of a continuous belief process and the
cost of a belief process with very small jumps.

Let .o/ denote the set of feasible policies (i.e. filtered probability spaces, stochastic
processes for beliefs consistent with (3), and stopping times), and let p > 0 denote the
DM’s rate of time preference. We will assume that at least one of p or « is strictly positive,

so that the DM faces some cost of delay.

Definition 1. The DM’s problem given initial belief Gy € Z(X) is

T
V(qo) = sup Eole P%a(qz) — K / e Pids].
(QF {F}.P).qr)ed 0

We next discuss in more detail several features of our modeling approach.

2.1 Remarks on the Model

Generality of the Beliefs Process. Our model allows the DM to choose from large space
of possible beliefs processes, which we view as consistent with the spirit of the rational
inattention paradigm. However, as we will show in our preliminary analysis below, the
DM’s problem can be restricted to a smaller and more tractable set of beliefs processes

without reducing the utility achieved in the DM’s problem.

Discounting and Strictly Positive Utility. Much of our analysis will focus on the case
without discounting (p = 0), or on the limiting case in which p — 0%. Many decisions
are made over short periods of time (seconds or minutes). With conventional rates of time
preference, p7 should be extremely close to zero. As we will demonstrate, in the p = 0,
Kk > 0 case, the model is tractable and we are able (under certain additional assumptions)
to characterize the value function. Consequently, provided that behavior is continuous in
the limit as p approaches zero, holding fixed k¥ > 0 (and we will show that it is), we believe
that it is reasonable to focus on the predictions when p = 0.

We assume in our model (following Zhong [2019]) that the utility function is strictly
positive. In the p =0, Kk > 0 case, this assumption is unnecessary, and considering negative
utilities would not change any results. In the p > 0, k¥ = 0 case, the value of never making

a decision is zero. The economic implication of the assumption of strictly positive utility



is that any action taken in finite time dominates never making a decision. This condition,

which is stronger than necessary, ensures that optimal stopping times are well-behaved.

Information Constraints vs. Information Costs. We have described our model in terms
of a constraint on rate at which information can be acquired. However, we would have
reached identical results had we instead treated the cost of information as entering the utility
function. Both approaches are common in the rational inattention literature, and equivalent
for our purposes, although they make different predictions in certain settings (e.g. with
respect to the effect of “scaling up” the utility function u on behavior). In the working paper
version of this paper (Hébert and Woodford [2019]), we discussed both primal (constraints)
and dual (utility costs) problems, and provided some equivalence results.

In the case of no discounting (p = 0), whether the information cost is treated as a utility
cost or constraint is irrelevant: the optimal policies are identical across the two cases. This
property comes from the fact that the cost of delay is constant. In the case with discounting
(p > 0), the cost of delay depends in part on the current level of the value function, which
generates variation in the amount of information acquired when information costs are utility
costs, but not when information costs are constraints. Our results, however, are not sensitive

to the differences between the optimal policies in these two cases.

Conditional vs. Unconditional Dynamics and the DDM Model. The continuous time
problem just described uses the “unconditional” dynamics for the beliefs ¢;, meaning that
beliefs are martingales. That is, by the usual Bayesian logic, the DM can never expect to
revise her beliefs in any particular direction. In contrast, DDM models (see, e.g., Fudenberg
et al. [2018]) are usually expressed in terms of the conditional dynamics of beliefs. A

“decision variable” z; is assumed to follow a process
dz; = 6),dt + oudByy, (7)

where 5‘x is a drift that depends on x € X, and By|, is a Brownian motion conditional on
x € X. In the classic DDM, the decision variable z; is assumed to be one-dimensional, and
the DM is assumed to stop and choose from a set of two possible actions when z; reaches
one of the two ends of a line segment (each corresponding to one of the available actions).

To understand the relationship between our optimizing model and DDM-style models,

suppose that the DM chooses a diffusion process for beliefs, as in (1). (We establish con-



ditions below under which this will be optimal.) Conditional on the true state being x € X,

the DM’s beliefs ¢, follow a diffusion of the form the process'?

dg; = Diag(q,-)o(q,-)0(q,-)" exdt + Diag(q,-)o(q,-)dBy,, (8)

where e, is a vector equal to one in the element corresponding to x and zero otherwise.

Note that this implies that, if we write l;,-, for the drift rate of g, x in (8),

Ml=|x = e){Diag(qf)G(qf)G(qf)Tex > 0.

Thus, the DM will tend to assign more probability to the true state as evidence accumulates.

Thus if the DM chooses the kind of gradual evidence accumulation described by (1),
the belief process g; in our model has properties similar to those posited for the “decision
variable” z; in the DDM model: it is a diffusion process with a drift that depends on the true
state x, and an instantaneous variance that is independent of the state. Below, we establish
conditions under which it will be optimal for the belief process to be a diffusion of this
kind. Moreover, we establish conditions under which, in the case of a choice between only
two possible actions, it is optimal for the DM in our model to choose a belief process that

diffuses on a line until it reaches one of two stopping boundaries, as posited by the DDM. 4

2.2 Preliminary Analysis

We begin by showing that optimal policies exist. A key concern is the possibility of se-
quences of policies that involve increasingly frequent but small jumps and converge in the
limit to diffusions. In this case, the stochastic processes for beliefs will converge to a con-
tinuous martingale, even though no martingale in the sequence is continuous. Nevertheless,

the constraint in (3) is continuous in this limit, and the limiting policy is feasible.
Lemma 1. There exists a set of optimal policies in the DM’s problem.

Proof. See the appendix, section A.1. 0

3This expression follows from Bayes’ rule and the Girsanov theorem.

141t is well known that optimal Bayesian decision making would imply a process of this kind in the special
case that (i) there are only two possible states x, so that the posterior necessarily moves on a line, and
(i1) the only possible kind of information sampling is observation of a particular Brownian motion with
state-contingent drift, so that the DM’s only decision is when to stop observing and choose an action, as in
Fudenberg et al. [2018]. The novelty of our result is that we allow a flexible choice of the kind of information
that is sampled, subject to (3), and that our result applies regardless of the number of states in X.

10



This result ensures that the questions we hope to address, such as when optimal policies
involve jumps or diffusions, in fact have answers.

Next we show that the value function for our problem must satisfy a Hamilton-Jacobi-
Bellman (HJB) equation. This is not trivial, because in our context, the value function
need not be twice continuously-differentiable, and consequently the HIB equation cannot
be derived in the usual fashion. We take an alternative approach using viscosity techniques
to show that the value function is once continuously-differentiable, and that it is a solution
to an HJB equation of a simpler problem.

To simplify our notation, we extend the definition of V to the set of positive measures
(le‘) by assuming homogeneity of degree one, and define the gradient of V, VV, in the
usual way. Also, for any belief g € Z2(X), let Q(g) be the subset of & (X) consisting of all
beliefs ¢’ such that ¢’ # q,q4 < g (the set for which D(q'||¢) is defined and non-zero).

Proposition 1. Let V(q) be the value function that solves the DM’s problem (Definition 1).

This value function is continuously differentiable on the interior of &?(X) and the interior
of each face of (X)), and satisfies, for all ¢ € P (X),

max{ sup V(g)=V(g)—(qd—q)" - VV(q)

<ol D(¢l0) PVl —x &g -Vigh =0

Proof. See the appendix, section A.3 [

This is the HIB equation of a restricted version of our problem in which the DM is
constrained not to diffuse and to jump to only one destination (a process of the form (2)
with K = 1). That is, imposing such a restriction on the belief dynamics does not reduce the
DM’s value function. Note that optimal policies may not exist in this restricted problem, if
it is in fact strictly optimal to diffuse in the original problem; in such a case, a sequence of
“pure jump” policies involving ever-smaller and more frequent jumps achieves the supre-
mum. The useful general characterization of the value function in Proposition 1 allows us

to establish further properties of optimal belief dynamics in a variety of special cases.

3 Preferences for Gradual and Discrete Learning

We next study the relationship between properties of the divergence D and properties of
beliefs under optimal policies. We consider two cases: when there is a “preference for

gradual learning” and when there is a “preference for discrete learning,” terms we define

11



below. These two classes of divergences lead, respectively, to beliefs that move in small
increments and beliefs that move in large increments. In the case of zero discounting, a

preference for gradual learning leads to beliefs that diffuse, as in the DDM model.

3.1 Gradual Learning

2

We begin by defining what we call a “preference for gradual learning.” This condition
describes the relative costs of learning via jumps in beliefs vs. continuously diffusing

beliefs, which are governed by the properties of the divergence D.

Definition 2. The divergence D exhibits a “preference for gradual learning” if, for all
q,9' € Z(X) with ¢’ < g,

1
D({|lg) > (¢ —q)" - (/0 (1 —9)k(sq'+ (1 —s)q)ds)- (' —q). ©)

This preference is “strict” if the inequality is strict for all ¢’ # g, and is “strong” if, for some
0 > 0 and some m > 0,

1
D(d|lq) = (1+m|d —q°)(¢' —q)" - (/0 (1—s)k(sq'+(1—s)q)ds)- (' —q). (10)

Note that, to second order, D(¢||q) = (¢’ —q)Tk(q) (¢’ — q) +0(|¢' — q|*). A preference
for gradual learning requires that the higher-than-second-order terms be positive, a strict
preference requires that they be strictly positive as ¢’ approaches ¢, and a strong preference
requires that they be of order |¢' — q|2+5.

One special case of particular interest involves Bregman divergences (such as the Kullback-
Leibler divergence commonly used in the rational inattention literature). A Bregman diver-

gence can be written, using some convex function H : #(X) — R, as

Du(d|lq)=H(q")—H(q)— (4 —q)" - VH(q), (11)

where VH (g) denotes the gradient. For a Bregman divergence, k(q) is the Hessian of H(q),
and (9) is an equality for all ¢,¢' € Z(X).

Divergences exhibiting a (strict or strong) preference for gradual learning can be easily
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constructed from Bregman divergences. Suppose that

D(q'llq) = f(Du(4'|l9)),

where f: R, — R, is a twice continuously-differentiable, strictly increasing, convex func-
tion with £(0) =0, f'(0) = 1, and Dy is a Bregman divergence. The Hessian of D evaluated
at ¢’ = g is the same as that of Dy, and by convexity

D(q'|lg) > Du(d'|lg),

implying that D also exhibits a preference for gradual learning. This preference is strict if
f(-) and H(-) are strictly convex, and strong if H(-) and f(-) are strongly convex.

We begin our analysis with a lemma, showing that the value function’s curvature is
limited by the possibility of diffusing along a line. Note that this lemma holds regardless
of whether D exhibits a preference for gradual learning.

Lemma 2. Forall q,q' € 2 (X) such that ¢ < q and q' # q,

V(g)=V(g)—(d'—q)-VV(g) <

1
d—q)"- (/0 (1=s5)x" " (pV(sq' + (1 —5)q) + k) (k(sq' + (1 —s)q)ds) - (4 —q).

Proof. See the appendix, section A.4. [

Lemma 2 and the HIB equation in Proposition 1 together show that the curvature of
the value function (V(¢') —V(q) — (¢ —¢q) - VV(q)) is limited by both the possibility of
directly jumping from g to ¢’ and the possibility of attempting to diffuse from ¢ to ¢’. In
the case of a strong preference for gradual learning, the bound arising from the possibility
of diffusing is tighter for sufficiently large values of |¢’ — g|. The intuition behind this result
comes from a “race” between the strong preference for gradual learning of the divergence,
which makes jumping as opposed to diffusing increasingly costly as |¢’ — g| becomes large,
and the potentially increasing cost of delay under a diffusion policy (pV (sq' + (1 —s5)q)
vs. pV(q)). Because the value function is bounded, the cost of delay can increase only so
much, and consequently for |¢ — g| sufficiently large, the diffusion bound must be tighter

than the direct jump bound.
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Lemma 3. Let uyax = max e p(x) 0(q) and umin = minge p(x) 4(q). If D exhibits a strong

preference for gradual learning, then

V(g)—V(g)—(d —q)"-VV(q)

~1
D(dla) <21 (pPV(g) +x) (12)

forall q,q' € P(X) suchthat ¢ < q, ¢ # q, and

‘q/ B q|5 > p(umax - umin) .

m( K+p umin)

Proof. By contradiction: suppose the reverse inequality holds for some ¢’ satisfying this
condition. Then by Lemma 2 and the definition of a strong preference for gradual learning,

D(d||q - -
Hn’(WJ—ll—)QI‘S(pumaﬁr K2 2V(d) V@)~ (d —a)VV(a) 2 x " (Pumin+K)D(d]|4),
which yields 2Umer—tnin) > 10— 418 4 contradiction. O

K+PUmin

A consequence of this result is that when D exhibits a strong preference for gradual
learning, there exists an optimal policy such that the probability of a jump of size greater

p(”maxfumin) 571 : 15
than <—m(1<+pumm) ) is zero.

Proposition 2. Define Aq; = q; —limgy, g5 and AV; =V (q;) — limg, V(qs). If D exhibits a

strong preference for gradual learning, then there exists an optimal policy such that

p(umax - umin) §-1
Pri{sup |Ag;| > (———mMmMm= =0,
(s Jag > (Bl oy

and such that all jumps increase the value function (AV; > 0, almost surely strictly wherever

Proof. See the appendix, section A.S5. [

The optimal policy in this case features upward (in the sense of the value function)
jumps and downward drift. The fact that jumps only increase and never decrease the value

function is a consequence of the exponential discounting. Exponential discounting can be

I5We conjecture that a stronger result here is possible (at the expense of additional technicalities)— that the
probability of such large jumps is zero under any optimal policy.
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thought of as a penalty for delay that is increasing in the current level of the value function.
For this reason, drifting upward and jumping downward is sub-optimal, because the former
causes information to be acquired at a time when the cost of delay is high, and the latter
acquires information at a time when the cost of delay is high rather than waiting for the
cost of delay to decrease.'®

In the particular case of no discounting (p = 0,k > 0), we can reach stronger con-
clusions. The sub-optimality of a jump, (12), must hold for all ¢ # q. Consequently, an
optimal diffusion policy exists. The following proposition extends this result to the case
of a (possibly non-strong or non-strict) preference for gradual learning.!” Recall that the

matrix-valued function k(g) is defined in (5).

Proposition 3. If p = 0 and D exhibits a preference for gradual learning, then V is a
viscosity solution (see e.g. Crandall et al. [1992]) to the HIB equation

max { sup tr(6” Diag(q)(V?V (q) — k(q))Diag(q)o],i(g) —V(q)} =0,
ocRXIxRIXI-1:4T 6=0 X
(13)

where V2V denotes the Hessian of V, and there exists an optimal policy such that q; is a

diffusion without jumps.
Proof. See the appendix, section A.6. [

Under an additional assumption (described in the next section), a preference for gradual
learning is not only sufficient but necessary for beliefs to follow a diffusion process in the
p = 0 case. In particular, we will demonstrate that if, for all utility functions, an optimal
belief process in the continuous time limit is a diffusion, then the divergence must exhibit
a preference for gradual learning. However, to make this statement, we must be able to
characterize the belief dynamics, which we are able to do given an additional assumption.
We therefore postpone our proof of necessity to the next section.!®
Lastly, let us note that there is a kind of continuity between the p > 0 but small and

p =0 cases (assuming K > 0). As p converges towards zero, with a strong preference for

16This intuition is reminiscent of a related result in Zhong [2019], discussed below.

17 As before, to avoid technicalities, we do not prove a stronger claim that we conjecture holds: that in the
case of a strict preference for gradual learning and p = 0, all policies involve diffusions.

18The difficulty of extending this result (without our additional assumption, or with p > 0) is as follows.
We know in these cases that if beliefs always diffuse or jump in small increments, then such behavior must be
preferable to larger jumps within the continuation region of a given problem. But because we cannot construct
explicit solutions in these cases, we cannot be certain that this preference holds on the entire simplex.

15



gradual learning, the magnitude of jumps becomes increasingly small, and in the limit no
jumps occur. Let us note also a remarkable result from Zhong [2019], which shows that
with p > 0, the optimal policy involves jumps outside of a nowhere-dense set. These two
results are compatible: the jumps in this case are small but not infinitesimal.

Zhong [2019] also shows, in the particular case of p > 0 and Bregman divergence costs
(equality in (9)), that the beliefs jump all the way to stopping points, a result we restate
below. This is striking in light of proposition 3, which shows that with these same costs
and p = 0, beliefs can follow a diffusion process. These results can be reconciled using
results we will present in the next section: with Bregman divergence costs and p = 0, there

are optimal policies that generate both pure diffusion and pure-jump belief processes.

3.2 Discrete Learning

We next provide conditions under which the DM jumps immediately to stopping beliefs,
as a contrast to our previous gradual learning results. We define what we call a “preference

for discrete learning” if the divergence D satisfies a kind of “chain rule” inequality.'”

Definition 3. The divergence D exhibits a “preference for discrete learning” if it satisfies,
for all finite sets S, @y, € Z2(S) and q,q',{gs}ses € Z(X) such that ¥ mgs = ¢’ and
q<q

D*(d'llg)+ Y, mD*(gslld') > Y. mD* (gs]lq). (14)
seS seS

Here, S is an arbitrary a finite set; it is useful to think of each s € § as a signal realization,
and to interpret {¢s} as a set of posteriors consistent with a prior ¢’. If (14) holds, it is
preferable to jump from ¢ directly to the posteriors {g,} instead to the prior ¢'.

Bregman divergences satisfy (14) with equality (a result that follows from the definition
(11)). One might expect that other classes of cost functions also exhibit a preference for
discrete learning. However, as the following lemma demonstrates, under our regularity

assumptions,? only the Bregman divergences exhibit a preference for discrete learning.

Lemma 4. The divergence D exhibits a preference for discrete learning if and only if D is

a Bregman divergence.

19When this inequality holds with equality, the divergence is said to satisfy the chain rule property (Cover
and Thomas [2012]).

200ur regularity assumptions are important here; it is possible that non-differentiable, non-Bregman diver-
gences exhibiting a preference for discrete learning exist.
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Proof. See the appendix, section A.7. The proof builds on Banerjee et al. [2005]. [l

Consequently, if D exhibits a preference for discrete learning, it also exhibits a (non-
strict) preference for gradual learning. In contrast, many cost functions exhibit a strict or
strong preference for gradual learning and therefore do not exhibit a preference for discrete
learning, and many others fall into neither category (e.g. if they have a strict preference for
gradual learning in some parts of the parameter space and discrete learning in others).

If the cost function satisfies a preference for discrete learning, it its cheaper for the
DM to jump to beliefs {g} rather than visit the beliefs ¢’. Unsurprisingly, if this holds
everywhere, it leads to optimal policies that stop immediately after jumping. We first show

in the case of p = 0 that an optimal policy always involves jumping into the stopping region.

Proposition 4. Define Aq, = q; — limgy, g5, and assume p = 0. If D exhibits a preference
for discrete learning, then there exists an optimal policy that does not diffuse and such that

if |Aq;| > O, then t = T (the DM stops immediately after any jump).
Proof. See the appendix, section A.8. This is proven using Proposition 7 below. U

The statement of Proposition 4 shows that if D is a Bregman divergence, is without loss
of generality to assume that the DM stops immediately after a jump in beliefs. But in this
case, there is also an optimal policy that diffuses (Proposition 3). This observation implies
that the solutions to the HIB equations in Propositions 1 and 3 must be identical, despite
one being written as controlling a diffusion process and the other a pure jump process. We
revisit this observation in the next section.

We next restate a result of Zhong [2019] (see appendix A.3 of that paper) that covers
the p > 0 case.?! With a preference for discrete learning, as with a preference for gradual
learning, jumps will increase the value function. The intuition is essentially the same as
the gradual learning case, and comes from the observation that with discounting, delay is
particularly costly when the value function is high. However, unlike the gradual learning
case, in which jumps are of bounded size, with a preference for discrete learning jumps are
always immediately following by stopping. Zhong [2019] also shows that optimal policies

do not involve diffusion (subject to some technical caveats).

Proposition 5. (Zhong [2019]) Define Aq; = q; — limgy, g5 and AV; =V (q;) —limgy, V(gy)

and assume p > 0. If D exhibits a preference for discrete learning, then in any optimal

2IThe result from Zhong [2019] applies when k = 0; but with p > 0, the k > 0 problem is equivalent to a
problem in which the utility function is shifted upwards by kp~! and « is set to zero (by Proposition 1).

17



policy, if |Ag;| > 0, then t = T (the DM stops after jumping) and AV, > 0 (jumps increase

the value function). In any optimal policy, diffusion occurs only on a nowhere-dense set.

Moving beyond the results of Zhong [2019], we provide the “only-if” result: if a diver-
gence always results in large jumps and immediate stopping, then it must satisfy a prefer-
ence for discrete learning. The intuition is that if it is always optimal to jump outside the
continuation region, it cannot be less costly under the divergence D to jump to an inter-
mediate point. Otherwise, there would be some utility function for which such behavior is
optimal. To formalize this result, we say that the beliefs process ¢g; “does not diffuse” if the

continuous part of the martingale g; has zero quadratic variation.??

Proposition 6. Define Aq, = q; — limgy; 5. Suppose the divergence D is such that, for all
action spaces A, strictly positive utility functions ug , and priors go € & (X), there exists
an optimal policy that does not diffuse on the interior of the continuation region outside of
a nowhere-dense set and such that |Ag;| > 0 implies t = T (the DM stops after jumping).

Then D exhibits a preference for discrete learning (i.e. is a Bregman divergence).
Proof. See the appendix, section A.9. [

Combining this result with Theorem 6, we have demonstrated that the jump-and-immediately-
stop result of Zhong [2019] holds for all utility functions if and only if D is a Bregman
divergence. Such cases are knife-edge, in that if one uses instead any strongly convex
transformation of the Bregman divergence, then the optimal policy will involve bounded

jumps (by Proposition 2) that converge to diffusion processes as p becomes close to zero.

3.3 Gradual vs. Discrete Learning

We summarize the differences between gradual and discrete learning before proceeding.
With p > 0 and a strong preference for gradual learning, the DM will optimally choose
to have beliefs that jump in small increments. In the limit as p — 07, these jumps will
become infinitesimal, and the DM will optimally choose to have beliefs that diffuse. In
contrast, with p > 0 and a preference for discrete learning, the DM will optimally choose
have beliefs that jump immediately into the stopping region. In the limit as p — 07, this
will continue to be case; however, when p = 0 and the DM has a preference for discrete

learning, an optimal policy involving only diffusions also exists.

22See e.g. theorem 4.18 of chapter I of Jacod and Shiryaev [2013] on the decomposition of martingales
into a continuous martingale and discontinuous martingale.
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We interpret these results as follow. In the p — 0 limit, which we view as empirically
relevant (as most decision-making experiments involve small time periods), beliefs will
either jump or diffuse, depending on whether the divergence D exhibits a strong preference
for gradual learning or a preference for discrete learning. However, the value functions in
these two cases might be identical. These results naturally lead to the question of whether
these differences in belief dynamics lead to different predictions about the DM’s behavior.

We explore this question in the next two sections.

4 The Equivalence of Static and Dynamic Models

In this section, we analyze the p = 0 continuous time model under a preference for gradual
learning and a preference for discrete learning. The main result of this section is that,
both with a preference for gradual learning and a preference for discrete learning (under
an integrability assumption in the case of a preference for gradual learning), the value
function with p = 0 is equivalent to a static rational inattention problem with a uniformly
posterior-separable cost function (i.e. a cost function defined from a Bregman divergence,
see Caplin et al. [2019] or (16) below). Moreover, any twice continuously-differentiable
uniformly posterior-separable cost function can be justified through either of these routes.
Our equivalence result extends to policies as well, in the sense that the joint distribution of
actions and states induced by optimal policies in the continuous time model is also optimal
in the static model, and vice-versa.

This result has several implications. First, it demonstrates that both jump and diffusion-
based models are tractable and that the value functions can be characterized without directly
solving the associated partial differential equation. Second, it provides a micro-foundation
for the uniformly posterior-separable cost functions that have been emphasized in the liter-
ature. Third, it proves that the two approaches are equivalent in terms of the predicted joint
distribution of states x € X and actions a € A. That is, any joint distribution of (x,a) that
could be observed under discrete learning could be observed under gradual learning.

On this last point, however, we do not mean to imply that the diffusion and jump pro-
cesses are equivalent. Both of them endogenously will result in the same joint distribution
of actions and states, but will have different predictions about the joint distribution of ac-
tions, states, and stopping times. As a consequence, considering stopping times can help
differentiate the two models, and we consider this in the next section.

Our results in the case of gradual learning depend on an additional integrability assump-
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tion that does not hold generically. Consequently, equivalence with static models holds for
all cost functions with a preference for discrete learning but only some cost functions for a
preference for gradual learning, and all cost functions with a preference for discrete learn-
ing generate the same joint distribution of actions and states as some cost function with a

preference for gradual learning, but the reverse is not true.

4.1 Gradual Learning

To prove our equivalence result, we restrict our attention to information-cost matrix func-

tions that are “integrable,” in the sense described by the following assumption.?>

Assumption 1. There exists a twice continuously-differentiable function H : le‘ — R such

that, for all q in the interior of the simplex,
k(q) = V*H(q), (15)

where V2H (q) denotes the Hessian of H evaluated at q and k(q) is define as in (5).

Any Bregman divergence has this property; as a result, the class of divergences sat-
isfying this property includes the standard KL divergence and the “neighborhood-based”
function that we introduce in Hébert and Woodford [forthcoming]. Our earlier examples
of divergences with a strong preference for gradual learning, which are not Bregman di-
vergences themselves but were constructed by applying a convex function to a Bregman
divergence, also satisfy this property. In these cases, the H function is the function used
to define the Bregman divergence. This assumption is also automatically satisfied in the
two state case, |X| = 2. However, this assumption imposes some restrictions if |X| > 2.
It rules out, for example, the prior-invariant LLR cost functions of Pomatto et al. [2018]
(a hypothetical H would have asymmetric third-derivative cross-partials). We refer to the
function H as the “entropy function,” for reasons that will become clear below. Note that
H(q) is convex, by the positive semi-definiteness of k(g), and homogenous of degree one.

The problem we are analyzing is the HJB equation of Proposition 3 (the problem with

p = 0 and a diffusion process for beliefs). We describe our equivalence result below.

23Mathematically, this assumption ensures that the integral jol (g —y(s)T -k(y(s))- dz;—i”ds is the same for

all differentiable paths of integration y: [0, 1] — Z2(X) with ¥(0) = g and y(1) = ¢’. That is, the straight-line
path of integration used to define a preference for gradual learning (Definition 2) is without loss of generality.
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Proposition 7. If p = 0, D exhibits a preference for gradual learning, and Assumption 1

holds, the value function is

V(go) = max TaGaxtax— = ) ®(@)Du(qallqo),
ne@(Ax{que@(x»aeAagxg e 2 ‘

subject to the constraint that Y ,c 4 T(a)qq = qo, where Dy is the Bregman divergence asso-
ciated with the entropy function H that is defined by Assumption 1, and this value function
can be achieved by a pure diffusion process.

There exist maximizers m* and g, such that T is the unconditional probability, in
the continuous time problem, of choosing a particular action, and g, for all a such that

n*(a) > 0, is the unique belief the DM will hold when stopping and choosing that action.
Proof. See the appendix, Section section A.10. [

Let S be a set of possible signal realizations, and let p : X — Z2(S) be a “signal struc-
ture” that defines the conditional distribution of signal realizations in each state x € X.
Taken as given a prior g9 € Z?(X), and let 7;(p, o) and gs(p,qo) denote the unconditional
signal probabilities and posteriors, respectively, given the prior and signal structure. Our
continuous time problem is equivalent to a static rational inattention problem in which the
DM chooses S and p, given a prior gp € &?(X), with a particular uniformly posterior-

separable (UPS) cost function,

ClpaoiS) = = ¥ Ap.a0)Pu(ds(p.ao) lao). (16)
x ses

and with the signal space S identified with the set of possible actions A. The equivalence
between our (seemingly complex) continuous time model and this static model renders the
former tractable, both in the special cases in which analytic solutions to the static model
are available and computationally (because the static model is straightforward to study
numerically). The cost scalar % parametrizes the tradeoff between stopping and acquiring
more information, which is governed by the rate at which information can be acquired ()
and the cost of delay (k).

The mutual information cost function proposed by Sims is one example of a UPS cost
function. In this case, the entropy function H is the negative of Shannon’s entropy, the
corresponding Bregman divergence is the Kullback-Leibler divergence, and the informa-

tion cost defined by (16) is mutual information. Thus Proposition 7 provides a foundation
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for the standard static rational inattention model, and hence for the same predictions re-
garding stochastic choice as are obtained by Matéjka et al. [2015]. On the other hand,
Proposition 7 also implies that other cost functions can also be justified. Indeed, any (twice
continuously-differentiable) uniformly posterior-separable cost function (16) can be given
such a justification, by choosing the k function defined by equation (15).

We conclude that all continuous time models with gradual learning that also satisfy our
integrability condition are equivalent to a static model with a uniformly posterior-separable
cost function, and that any such static model can be justified from some model with gradual
learning. We next show that the same set of static models can be justified from a model
with discrete learning. Before proceeding, however, we observe that this result allows us to
demonstrate that a preference for gradual learning is necessary for beliefs to always result

in a diffusion process, provided that Assumption 1 holds.

Corollary 1. Assume p = 0. If, given a divergence D, Assumption 1 is satisfied and, for all
strictly positive utility functions u, y, there exists an optimal policy such that beliefs follow

a diffusion process, then D exhibits a preference for gradual learning.

Proof. See the appendix, section A.11. [

4.2 Discrete Learning

The result with a preference for discrete learning is an immediate corollary of Lemma 4

and the preceding Proposition 7 (the result with gradual learning).

Corollary 2. Assume p = 0 and that D exhibits and preference for discrete learning (i.e.
is a Bregman divergence). Then the value function that solves the continuous time prob-
lem is the value function that solves the static rational inattention problem described in

Proposition 7, with D in the place of Dy.
Proof. Immediate from Lemma 4, Proposition 3, and Proposition 7. O]

Given any uniformly posterior-separable cost function in a static rational inattention
model, by setting D equal to the Bregman divergence associated with that cost function,
we can justify that static model as the result of a dynamic model with a preference for
discrete learning. We therefore conclude that models with a preference for gradual learning
satisfying our integrability condition and models with a preference for discrete learning

are indistinguishable from the perspective of their predictions about the joint distribution
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of states and actions.>* In the next section, we begin to explore how information about

stopping times can be used to distinguish the models.

S Implications for Response Times

Because our model is dynamic, it makes predictions not only about the joint distribution of
actions and states, but also the length of time that should be taken to reach a decision, and
how this may vary depending on the action and the state. In the experimental literature on
the accuracy of perceptual judgments, it is common to record the time taken for a subject to
respond along with the response, as this is considered to give important information about
the nature of the decision process (e.g., Ratcliff and Rouder [1998]).

Here we propose that data on response times can in principle be used to discriminate
between alternative information-cost specifications. We will show that divergences that
are equivalent in the sense of implying the same state-contingent choice probabilities —
and hence the same value function in the case that discounting is negligible — nevertheless
make different predictions about the stopping time conditional on taking a particular action.
Consequently, data on response times can inform us about whether there is a preference for
gradual learning or for learning through discrete jumps. Interestingly, it is possible to
distinguish between these two hypotheses even when (as in the problems considered here)

actions are taken only infrequently.?

5.1 The Two-Action Case

To illustrate this possibility, we consider a simple example, in which there are two possible
actions (A = {L,R}). We will consider the p — 0" limit and impose Assumption 1. We
compare behavior with a divergence D exhibiting a strict preference for gradual learning to
the behavior generated by the Bregman divergence Dy (as defined in Proposition 7), which
exhibits a preference for discrete learning. By Proposition 7, these two divergences will
generate identical value functions V (g); but with a strict preference for gradual learning,

beliefs will diffuse, whereas with a preference for discrete learning beliefs will jump.

2*In situations in which the static rational inattention problem does not itself have a unique solution, we
have not ruled out the possibility that the models with discrete and gradual learning will make different
predictions. However, we have no reason to believe this is the case.

231t would obviously be easier to tell whether beliefs evolve continuously or in discrete jumps in a case
where the DM is required to continuously adjust some response variable that can provide an indicator of her
current state of belief.
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With both of these divergences, by Proposition 7, beliefs will move on a line; this is
a consequence of the “locally invariant posteriors” property of Caplin et al. [2019] and
the fact that there are only two actions. Let g; and g be the optimal posteriors given the
prior o in the static rational inattention problem described in Proposition 7, and let 7}
be the optimal unconditional probability of action L. We will assume some information is
acquired, which is to say ¢q; # gr # Go, and that all of these beliefs are on the interior of
the simplex (to avoid technicalities). Under the optimal policy, beliefs will move (either
diffusing or jumping/drifting) on the line segment connecting g; and g in the simplex,
which necessarily runs through gp.

For this reason, it is convenient in the two-action case to express the dynamics of beliefs

in terms of the state variable 7z, € [0, 1], which corresponds to the beliefs

a = q(7Ls) = qr+7L:(q; — qg), (17)

with 77 o = ;. When 77, reaches one, the DM chooses L; when 77, reaches zero, the
DM chooses R. Our interest is in characterizing the conditional (on the true state x € X)
likelihood of stopping and choosing L or R at each time ¢.

Before proceeding, let us observe from Proposition 7 that the value function (in terms

of the state variable 77 ;) can be written as
K
V(rL,) = Vo + (1 — 7)) Ve + EH(Q(ELJ))»

with VL =Y ex gf ,urx— %H(qz) and Vg = Yxex Gk 4R x — %H(q}g) It follows by the strict
convexity of H(g) and the linearity of (7 ) that V(7 ;) is strictly convex on 77 ; € [0, 1].
As a consequence of this convexity, there are three possible shapes of the value function
V(mr,): it could be increasing on [0, 1], decreasing on [0, 1], or decreasing on [0, 7f;) and
increasing on (7, 1] for some 77, € (0, 1). In the first two of these cases, we will say &, =0
and 7y = 1, respectively; thus in each case, 7 is the value of 7 at which V(77 ) reaches its
minimum. We will show below that the shape of the value function is closely related to the

properties of the stopping time distribution in the case of a preference for discrete learning.

5.2 Distributions of Stopping Times

We begin by introducing some notation with which to describe our models’ predictions

regarding the distribution of observed response times. For any time 7, let F(7) be the
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cumulative probability of a decision a by time 7, conditional on the state being x. For
the state x, and either action a, this is a right-continuous non-decreasing function, with
a maximum equal to the overall probability of choosing a in state x. The sum F*(7) =
Ff*(t) + F;(7) is the cumulative distribution function of decision times when the state is x.

It will be useful to state our theoretical predictions, not in terms of these distributions
for the decision time 7, but rather in terms of corresponding distributions for the response-
time quantile 7. (The quantile 7 of the response time 7 is the fraction of all responses in
that state for which the response time is no greater than 7.) This has two key advantages.
First, it allows us to state predictions that are independent of time units. The state- and
response-contingent distributions for 7 depend on the values of both k and y; instead, the
predicted distributions for 7 depend only on their ratio.

Second, the response time observed in a laboratory experiment should not be identified
with the decision time 7 in our theoretical model. Instead, empirical estimation of stochas-
tic models like the DDM always interprets the measured response time as an observation
of ty + 7, where 7 (the “non-decision time,” NDT) is a positive constant to be estimated.20
The NDT may represent an unavoidable time lag between the experimenter’s presentation
of a stimulus to the subject and the beginning of the evidence-accumulation process, or a
lag between the time 7 at which the latent decision variable first reaches a stopping region
and the subject’s overt response. Predictions for the distributions of response-time quan-
tiles 7 are instead independent of the value of #, as long as we assume that the NDT is a
constant (or more precisely, that its variance is vanishingly small, as discussed below).

For any quantile 0 < 7 < 1, let G%(%) be the fraction of all decisions in state x for which
the decision is a and the response-time quantile is no greater than 7. In the case of any ©

such that T = F*(1) for some 7, we define, for either action q,
Go(t) = K (7). (18)

In some cases, however, the theoretical distribution of decision times 7 has an atom at
some particular decision time 7. In this case, there is a jump in the c.d.f. at this point,
F*(T—) = 1 < 1, = F*(7), which raises a question as to how G (%) should be defined
for quantiles 7] < 7 < 1.

Let us suppose that, rather than a constant, the NDT on each trial is an independent

26For example, in Ratcliff and Rouder [1998] and Wagenmakers et al. [2007] this parameter is denoted T,
while in Clithero [2018] it is written as ndt.
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draw from a distribution with mean 7y, and a continuous distribution (albeit one with a
vanishingly small variance).?’ The c.d.f. of the distribution of observed response times
(counting the NDT) will then be continuous but steep around the value 7y + 7. We can then

define G (%) for all 7 using (18), and define, in the case of an atom at 7,

Gi(#) = F(e-)+ (£ ) (E(D) = FE(E-) (19)

for all quantiles 7, < 7 < %,. This definition preserves the property that each G¥(7) is a
non-decreasing function and that ' ,c4 G5(%) = 7.

The empirical correlate of the functions G (%) can be computed using an experimental
dataset in which on each trial, the true state x, the response a, and the response time have
been recorded. An especially interesting feature of these functions is what they imply
about how the relative probability of an L response as opposed to an R response varies
with the rapidity of the decision (early decisions versus late decisions, as measured by the
response-time quantile 7). For each state-response pair (x,a), let us define g4(7) as the
right derivative of the function G}(%); we must have

g(?) =20, gr(1)+gg(t) =1

for each quantile 7. The relative probability of an L response, conditional on state x, is then
given by gj (7). In the discussion below, we focus on the predicted shapes of g7 (7).

5.3 Response Times with a Preference for Discrete Learning

In the case of a preference for discrete learning, the functions gj (%) are simple to describe.
In the previous sections, we have presented two relevant theoretical results. First, as dis-
cussed above, beliefs will drift on a line segment in the simplex, until jJumping to either
q; or qx. Second, as emphasized by Zhong [2019], jumps must always increase the value
function, and the drift of beliefs will reduce the value function.2®

Suppose, to simplify the exposition, that the minimum of the value function on the line

segment, V (77,), occurs at some 77, < 7;. For any 77, > 7z, the optimal policy is to jump

2TWe assume that the random NDT on any given experimental trial is independent of both the true state x
and the sequence of evidence collected on that trial, and hence also independent of the decision that is made.

28The fact that the drift of beliefs will reduce the value function follows by applying the envelope theorem
to the HIB equation of Proposition 1; see Zhong [2019].
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towards 7, = 1 with the maximum possible intensity and drift downwards. Eventually,
7ty ; will drift downwards and equal 7;, at which point the DM will randomize between
jumping to 77, = 1 and 77 ; = 0 with unconditional probabilities 77, and (1 — 7z). In the
particular case of an upward-sloping value function (77 = 0), the DM will choose R with
certainty after reaching 7y .

Regardless of the state, in the absence of a jump, 77, will reach 7 at a predictable

time, as beliefs drift downwards at a rate determined by the constraint (6),

 x(—my)
Du(q;|lg(mre))

p(m,) =

Let 7 be the time at which 7 ; = 7; in the absence of a jump.

The unconditional likelihood of a jump prior to that time is determined by the constraint
(6); the conditional likelihood is then pinned down by Bayes’ rule. Suppose that the true
state is x, and let § = g(71) be the beliefs the DM will hold if there has been no jump before
the time 7. By Bayes’ rule, if her posterior must be g7 conditional on jumping before time

7, the probability of such a jump must satisfy

Pr{sup,cpo s [ATLs| >0 lx} g7,
Pr{sup,c( 7 |ATL| > O} ox

Moreover, by the martingale property of the unconditional belief process,

Pr{ sup |Amr,| > O}Q}:X + (1—Pr{ sup |Am ;| >0})Gx = Go.x,
t€[0,7) 1€[0,%)

which yields

. ~ * ~
# = Pr{ sup Ay ] >0} = Lx By i T o T
1€[0,%) q40.x drx—9x qu(mp) 1—7

Intuitively, the likelihood of a jump conditional on x increases as the relative likelihood of
L given x increases. We can now observe that Pr{sup,c(y 7 |A% ;| > O[x} = 2% is also the
likelihood of a decision before time . Consequently, the quantile at which 77 ; = 7z, is 4,
and g} (%) = 1 for all T < £*.

After time 7, 77 ; = 77, until a jump occurs, and the relative likelihoods of jumping to

L and R are constant over time. Consequently, g7 (?) is constant on £ > £*, and determined
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again by Bayes’ rule:

L4y
%c(ﬁL

o 9Ly, 9x— 4R,
gi(f) = S (——=
4x qL,x - qR,x

) =

~—

We thus obtain strong predictions about the functional form for gj (7): it is equal to

L
Tix
feature larger quantiles * and higher values of gj (7) for © > 7*. Note that if we had instead

one for all £ < 7* and constant for £ > £*. States in which L is more likely (=== larger)
assumed 7; < 77, we would reach similar conclusions with the roles of R and L reversed.

Figure 1 below illustrates these results. The first row considers the case of a symmetric
value function, 7; = %, the second an asymmetric case in which 7, € (0, %), and the third
the case of a monotonically increasing value function (77, = 0). The first column plots the
value function. The second column considers g% (%) for a state G with q1.G > qr.c- and the
third column considers g7 (%) for a state B with g} g < g p.

We obtain even stronger predictions in the case that H is the Shannon entropy func-
tion, H(q) = Y., qxInqy, as assumed in many models of rational inattention following Sims
[2010]. In this case, it is well-known that in the solution to the static rational inattention
problem, the optimal information structure does not distinguish between states except to
the extent that the difference between them is payoff-relevant.>® For example, suppose
that, as in many perceptual experiments, the reward u, , for a particular response a in a
state x (say, when a stimulus of type x is presented) depends only on whether a was the
“correct” or “incorrect” response in that state, and let X, be the subset of states for which
a is the correct response. Then because the utility differential u; , — ug x is the same for all
states x € Xy, it follows that g7 , / qg  Will be the same for every state x € X;; and similarly
for every state x € Xg. It then follows from our formulas above that both 7* and g7 (the
constant value for all 7 > 1) will be the same quantities for all x € X; (“G states”), and
will similarly be the same quantities for all x € Xz (“B states”). Thus there will only be two
functions g} (%), the two functions shown as g% (%) and g#(%) in Figure 1.

The numerical examples shown in Figure 1 are calculated for an example of this kind.
H(qg) is Shannon entropy, and u, , depends only on whether x belongs to X;, or X (so that
we can write u, ¢ in the case of a “G state” and u, g in the case of a “B state”). In the top row
(Case 1), we further assume that the reward depends only on whether a response is correct
or not (so that uy g = ug p > ug g = ur g). In this case, the symmetry of the problem results

in a symmetric value function, as shown, with & = 1/2. If we write g} ; = ¥ ex, g for

29This follows from the property that Caplin et al. [2019] call “invariance under compression.”
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Figure 1: Predicted response-time distributions with a preference for discrete learning.
Each row shows the value function V(7z), the function gj (7) for states x in which L is the
correct response (“G states”), and the function gj (%) for states x in which R is the correct
response (“B states”), under a particular assumption about the relative payoffs in G and B
states. In the first row (Case I), the rewards for correct or incorrect responses are the same
in G and B states; in the lower rows, the utilities associated with B states are made progres-
sively lower relative those associated with G states. In all numerical calculations shown in
this figure, H(g) is assumed to be the Shannon entropy function. Information costs are pa-
rameterized so that the predicted accuracy rate (Pr{L|G} = Pr{R|B}) is a = 0.84, and the
figures are drawn for the case of a prior gy g = 0.75. These parameter choices are match
the experimental data in Figure 3, but are also arbitrary, in the sense that the qualitative
relationships illustrated in the graph will hold regardless of these choices, provided that the
prior implies that 77 < 7} < 1.
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the probability of a G state under the posterior ¢, and similarly qz’ p for the probability of
a B state, then the symmetry of the problem also implies that g; , = q}‘}? p» @ quantity that
we denote a (the predicted overall fraction of correct responses). Then since we must have

* * * *
q 1—
qr.x _ 96 _ _a Vx € X, qr x _ qr.B _ a Vx € Xg,

* * * *
dR x dr.G l—a qR x dr.B a

the gradient of H (and hence the derivative of V(7)) at each of the stopping posteriors is
completely determined by the value of a. Thus the value of a determines the value function
V(mz), up to an additive constant. The value functions shown in Figure 1 assume that
a = 0.84, the average accuracy rate in the experimental data shown in Figure 3.

In the second and third rows, we continue to assume the same utility differential be-
tween the correct and incorrect responses in any state as in the top rTow: u; G —uUg G =
ug g —urp = A > 0. However, we no longer assume that the reward for a correct response
is the same in G and B states. If we let u; ¢ —ugpp = upG —urp = 0, then 6 = 0 cor-
responds to Case I, shown in the top row. If instead 0 < & < A, we have an asymmetric
value function and 0 < 7y < 1/2 (Case II), as shown in the second row of the figure. (The
numerical solution shown in the second row is for 8 = A/2.) Finally, if § > A, the value
function is monotonically increasing and #; = 0 (Case III), as shown in the bottom row.
(The numerical solution shown is for § = A.) We obtain similarly asymmetric solutions if
0 < 0, but with the roles of states G and B reversed.

The functions gj (%) shown in the other two panels of each row depend only on the
accuracy rate a and the values of 7z, and 7; (which depends on the prior). In the cases
shown in Figure 1, we assume a prior under which G states are more likely than B states,
and let the prior probability of some G state be go g = 0.75 (matching the experiment of
Kelly et al. [2021], discussed below); this corresponds to 7} =~ 0.87.3

The result that the function gj (%) for any state x is necessarily one of the two functions
shown in Figure 1 depends on the special assumption that H(q) corresponds to Shannon
entropy. However, if we assume that there are only two states (that is, that it is possible to
collect information directly about whether L or R is the correct response), then the numeri-
cal solution for the functions gj (7) for the two states x = G, B does not depend on any de-

tails of the function H(q), apart from a symmetry assumption: that H(q¢,q5) = H(¢B,9:)-

30Tf instead we were to assume that B states were more likely ex ante and that gy g = 0.75, the function
¢%(%) would look like the function g¥(%) shown in Figure 1, and the function g%(%) would look like the
function gf (%) shown in Figure 1; hence we do not display additional figures for this case.
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Under this assumption, the numerical values assumed for a, 77, and go ¢ again completely
determine the numerical specification of the functions g% (%) and g2(%), and will exactly

match the ones shown in Figure 1.

5.4 Response Times with Gradual Learning and the DDM Model

Let us now consider instead the dynamics of the belief state 7 ;, conditional on the true
state being x € X, under a strict preference for gradual learning. Note first that the constraint
for a diffusion process, (4), will bind in any solution to the HJB equation (13). Because

diffusion takes place on a line (17), the unconditional belief dynamics are of the form

dq: = (g1 —qg)6 (7L, )dB;,

where G(m;) is scalar-valued and dB; is a one-dimensional Brownian motion. The con-

straint (4) implies that

2x
(a7 — )" -V2H(q(mLs)) - (g — )

6(m)? =

It then follows from (8) that the conditional dynamics of beliefs will be given by

)qi,x - q;k?,x _

dgr = (91— qr G(”L,t)zdt + (g1 _Clj})é(ﬁL,t)dBﬂxa

tx
conditional on any true state x. From this, we can derive the conditional dynamics for the
univariate belief state 77 ;:
‘Ii,x - q;},x — 2 _
drp, = ————-6(m,)°dt + 6(7;)dBy. (20)
%C(TCLJ)

This process resembles the conditional beliefs process of a DDM in several respects.
The state variable 7y ; diffuses until reaching one of two fixed boundaries (zero or one),
which correspond to the two action choices. States for which L is relatively more likely
(QZ,X

qR.x

which the relatively probability of choosing L is higher. The only difference between these

positive) feature upward drift, and the strength of this drift is stronger in states for

dynamics and those of the standard DDM is that in general, neither the drift term nor the
variance term in (20) is constant.

However, under a particular assumption about information costs, the belief dynamics
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implied by our model with a strict preference for gradual learning are exactly like those
assumed in the standard DDM. Let us suppose that there are only two states, G and B, so
that the posterior can be represented by a single real number, ¢; ¢, and the unconditional
belief dynamics (until a decision is made) are of the form dq; ¢ = 6(g; G)dB;, where 6(q¢)
is a scalar. And suppose that instead of the Shannon entropy function, H(g) is what Bloedel
and Zhong [2020] call a “total information” (TT) cost function:?!

H(q) = (96 —qB)(In(qc) —In(gp))-

The maximum rate of information accumulation consistent with (4) is then given by

6(q6) = V2xa6(1—qc),

from which it follows, using (8), that the state-contingent belief dynamics are of the form

dg;c = W(qig)dt + G(Clt,G)dBt\x (21)

for x = G, B, where

tc(g6) = 2xq96(1 —q6)?, us(qc) = —2xq95(1 —qc).

Since 7y ; is a linear transformation of ¢; g, the dynamics of the belief state 7y, still
have a non-constant drift and instantaneous variance in this case. But suppose that we
instead parameterize the belief state by the posterior log odds, z; = In(g; /¢:,8). The is
just a smooth nonlinear transformation z; = Z(g; ) of the posterior probability of state G;
we can then use Ito’s lemma together with (21) to show that the state-contingent dynamics

of this variable are given by

dz = xdt +/2xdByG,  dz = —xdt +/2xdBys.

These are just the kind of dynamics postulated in the standard DDM, with the difference
between the drifts associated with the two states determined by the information bound
X. A decision will be made when the variable z; first reaches one or the other of two

stopping values z;;, which are just the log-odds transformations of the stopping posteriors

31Desirable properties of this alternative to the Shannon measure of information costs are also discussed in
Hébert and Woodford [forthcoming].
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q;, determined by the solution to the static rational inattention problem associated with the
TI cost function.

We turn now to the implications of a strict preference for gradual learning for the pre-
dicted distribution of stopping times. These can be derived via standard dynamic program-
ming arguments. Let ¢} (7z,s) be the probability of hitting 77 ; = 1 or at or before time s
(and before reaching the other decision boundary), if at time ¢ no decision has been made
and 7 o = 7;. Note that this function has the same form regardless of the time ¢ ow-
ing to the Markovian property of the optimal belief dynamics, and must satisfy the partial
differential equation

% %

STt ) = TG (9 + 01 (), 22)
where ¢7 , ¢; ;. and ¢; ;. are the first and second-order partial derivatives with respect to
s, m, and 7-twice. The associated boundary conditions are ¢;(1,s) = 1, ¢;(0,s) =0, and
07 (7,0) =0 forall mw € (0,1).

By definition, F}*(7) = ¢;' (7}, 7), and consequently solving this PDE allows us to com-
pute Fj'. The same PDE, with different boundary conditions, can be used to compute Fy,

and from these we can compute the slope as a function of the quantile, g7 (7).

V(mp) 9% (7) gz (7)

1 \ 1 S

Shannon

= = = Total Info

Figure 2: Predicted response-time distributions with a preference for gradual learning. The
panels correspond to the same three columns as in Figure 1. Each of the functions is shown
for two alternative choices for the entropy function H(g): Shannon entropy (as in Figure 1,
solid lines), and the entropy that results in a total information cost function (dashed lines).
The accuracy rate a and prior probability of a G state are parameterized as in Figure 1; the
value functions are drawn for the case of symmetric payoffs (Case I in Figure 1).

Figure 2 plots the recovered value of gj (%) for two cases with a strict preference for

gradual learning. In one of these (shown by the solid lines), our numerical assumptions
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are the same as in the first row of Figure 1, except that we now assume a strict preference
for gradual learning. In particular, we again assume a function H(g) given by Shannon
entropy; we assume that rewards depend only on whether the DM’s response is correct (so
that the value function is symmetric); and we assume the same numerical values for a and
do,c as in Figure 1. We show the figures only for the symmetric case (Case I) from Figure
1, because as just explained, the utilities enter into the calculation of the functions gj (%) in
the case of a strict preference for gradual learning only through their effect on the values
of the stopping posteriors ¢. Since the stopping posteriors are unaffected by a change in
the value of § (holding fixed the utility differential A), the predicted functions g (£) under
a strict preference for gradual learning will be the same in all three of the cases shown in
Figure 1; hence we show only a single row in Figure 2.

As explained earlier, in the limit as p — 0™, the value function is the same in the case of
a preference for gradual learning (PGL) as in the case of a preference for discrete learning
(PDL); hence in the case of the cost function based on Shannon entropy (shown by the
solid line), the value function shown in Figure 2 is identical to the one shown in the upper
left panel of Figure 1. The dashed line shows the corresponding value function in the case
of a two-state model with the “total information” cost function discussed above. In this
alternative case, the model is again parameterized so as to imply the same values for a and
do,c as in the Shannon case (and as in Figure 1), and the value function is again shown
for the symmetric case (Case I in Figure 1). In the PDL model, the functions gj (%) would
continue in this alternative case to be the ones shown in the top row of Figure 1, as discussed
above. In the case of a strict preference for gradual learning, instead, the functions g7 ()
are slightly different in the case of the total information cost function than in the case of
the Shannon cost function. This is because in the PGL case the local curvature of the
value function matters for the belief dynamics, and this is slightly different for the two cost
functions, as shown in the left panel of Figure 2.

Nonetheless, there are not large quantitative differences between the distributions of
response times implied by the two alternative cost functions, when these are parameterized
to imply the same accuracy rate a. Since the belief dynamics and stopping times implied
by the PGL model with the total information cost are identical to those of a particular
parameterization of the DDM, we see that the distributions of response times implied by
the PGL model in either case are similar to those implied by the DDM. The differences
between the predictions of either version of the PGL model and the predictions for the

PDL case are instead more notable.
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5.5 Discriminating Between Discrete and Gradual Learning

A first important difference between the predictions of the discrete learning model and
those of the gradual learning model concerns the effects of varying the parameter & in
Figure 1. In the gradual learning model, transformations of the utility function that shift
utilities in a state contingent (but not action-contingent) fashion have no effect on behavior.
To see this, suppose we shift the utility function u, , to some ufm = Ugx +Vy. It is im-
mediately, from Proposition 7, that the value function will be shifted by ),y gV, for any
q € Z(X). However, this will have no effect on behavior, as the level and slope of the value
function did not enter our analysis above of the case of gradual learning; only the second
derivatives of the value function at each point matter. In contrast, in the case of discrete
learning, changes in the level and slope of the value function determine the location of the
minimum, 77, and hence influence predicted behavior, as shown by a comparison of the
different rows of Figure 1. This generates a testable difference between the two models:
changes in payoffs conditional on states by not actions should affect behavior in the dis-
crete learning case but not the gradual learning case. At present, however, we are not aware
of any experiments that would test this proposition.

A second difference, of course, is that the response-time densities in the discrete learn-
ing case are step functions (as shown in Figure 1), whereas in the gradual learning case
(and the DDM) they are sigmoid curves (as shown in Figure 2). This is also a difference
in the models’ predictions that should be testable. In fact, many experimental studies in
the perceptual literature record distributions of response times, and these are often argued
to be at least roughly consistent with the predictions of some version of the DDM (the pa-
rameters of which are estimated from such distributions). Figure 3 shows an example of
the kind of data obtained in such studies, reported in Kelly et al. [2021]. This perceptual
experiment is of particular interest for purposes of the present discussion, because the au-
thors provide subjects with an informative cue which ought to give rise to an asymmetric
prior of the kind assumed in Figures 1 and 2 (the case in which the PDL model, but not the
PGL model, predicts that there should be a discontinuity in the function gj (7) at a critical
quantile 2" for each state).

In the experiment of Kelly et al. [2021], subjects view a visual image of moving dots,
and must decide whether the dominant direction of motion is leftward or rightward. Thus,
as in the situation analyzed above, there are thus two possible responses L or R (indicating
that the motion is leftward or rightward). Subjects’ rewards in the experiment (and most

likely any “psychic rewards” that they receive as well) depend only on whether a response
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is correct or not, and not on whether the true direction was left or right; hence the utilities
should satisfy the symmetry property assumed in “Case I” above. In the trials of interest
to us here, the subject also observes a color cue on each trial, before presentation of the
visual image, which indicates that one direction of motion is more likely than the other.
Depending which cue is received on a given trial, the subject’s prior should therefore be
either o, = 0.75 or go g = 0.75. (The cue is said to have a “75 percent validity” in either

case.) Each type of cue is presented equally often.
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Figure 3: The relative frequency of cue-consistent and cue-inconsistent responses, as a
function of the speed of the response, in the experiment of Kelly et al. [2021]. The curves
shown in the left panels represent empirical versions of the function gf(%) shown in the
middle column in Figures 1 and 2, while those in the right panel represent empirical ver-
sions of the function gf(f) shown in the right columns of the earlier figures. The top row
presents estimates of the two curves obtained by pooling the data of all 20 subjects, while
the bottom row shows the estimated curves for each of the individual subjects.

The data shown in Figure 3 indicate subjects’ responses under what the authors call

the “deadline” condition, which is the one under which subjects are under the greatest
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time pressure; this is the condition of most interest for our purposes, because the limited
evidentiary basis for subjects’ decisions is clearest in this case. (Under the “deadline”
condition, subjects’ responses are correct only 84 percent of the time; average accuracy is
much higher in the other experimental conditions.)

The PDL model makes sharp predictions about how the functions gj (%) should look in
such an experiment, under the assumption of a cost function based on Shannon entropy, as
proposed by Sims [2010] and Matéjka et al. [2015]. Because of the symmetry of the exper-
imental setting as between the two possible directions of motion, the predictions should be
those of Case I in Figure 1. As explained above, the predicted functions gj (%) then depend
solely on the numerical values of two parameters, the accuracy rate a and the prior proba-
bility of a G state, go . If we assume equal information costs for all of the experimental
subjects (and hence a common value for a), then a should correspond to the overall accu-
racy rate observed on trials with informative cues (the value a = 0.84 assumed in Figure 1),
while if we assume that subjects correctly understand the implications of the cues, on each
trial go,c should be either 0.25 or 0.75 (the latter case being the one assumed in Figure 1).

Furthermore, for all trials on which the cue indicates that G states are more likely (as
assumed in Figure 1), the function g7 should be the same for all G states (i.e., all trials
on which the correct response would be L), and equal to the function shown in the middle
panel of the top row of Figure 1. Moreover, this same function is what g should be
like for all B states (all trials on which the correct response would be R), on trials on
which the cue indicates that B states are more likely. In other words the function shown
in the top middle panel is what g}, should be like whenever x is a cue-consistent state
(the correct answer is in fact the one indicated by the cue as more likely to be correct)
and a is the cue-consistent response. Hence we should be able to pool all of the trials
on which the state is cue-consistent,3? classifying them according to whether the response
is cue-consistent on each trial, and estimate a single joint distribution of responses and
response times, which should correspond to the function in the top middle panel of Figure
1. (Pooling the trials in this class, despite their differing priors and other differences in the
exact stimuli presented, has the advantage of allowing a larger sample to be used to estimate
the conditional probabilities of the two responses at different quantiles of the response-time
distribution.) Similarly, we should be able to pool all of the trials on which the state is cue-
inconsistent, classifying them according to whether the response is cue-consistent on each

trial. The predicted conditional probability of a cue-consistent response on all such trials is

$Kelly et al. [2021] call these the “valid cue” trials, and pool their experimental data in exactly this way.
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given by the function shown in the upper right panel of Figure 1.

The top row of Figure 3 (reproduced from Figure 3a of Kelly et al. [2021]) shows the
empirical correlates of the two functions g¥ (%) and g?(%) in the top row of Figure 1, when
we pool the data of all 20 experimental subjects. Even when we pool the data of all subjects
and sort the trials only on the basis of cue-consistency, we still have only a finite number
of responses, each with a specific response time; in order to estimate the conditional prob-
ability of a cue-consistent response, it is necessary to average over sufficiently wide ranges
of quantiles. Thus in Figure 3 we group the responses into seven bins of approximately
equal size: the 1/7 fastest responses, the 1/7 next-fastest, and so on. In the top row, the
dot for each bin indicates the overall fraction of cue-consistent responses in that bin, as
an estimate of the probability of a cue-consistent response; the vertical line indicates a
range of estimates corresponding to this mean estimate plus or minus one standard error of
measurement. 3

The resulting estimates of the functions g%(%) and g#(%) do not look at all like the
step functions shown in Figure 1. In particular, under the parameter values appropriate to
the experiment, the discontinuity in the cue-inconsistent case (the right panel of Figure 3)
should fall within the middle range of quantiles: one should observe a constant probability
of cue-consistent responses (100 percent) in each of the first three bins, and another (much
lower) constant probability in each of the last three bins, with an intermediate average
probability in the central bin. Instead one sees what looks more like a steadily decreasing
probability of cue-consistent responses the slower the response, as predicted by the PGL
model (even under the Shannon entropy cost function) and the DDM.

While it is common to fit pooled data of this kind to some version of the DDM, we
cannot necessarily reject the PDL model simply on the basis of the curves shown in the
top row of Figure 3. It is possible that the appearance of a gradually declining curve in the
top right panel of the figure could reflect pooling of the data of individual subjects, each
of whose response-time distribution was a step function of the kind predicted by the PDL
model, but with very different values of the critical quantile 2B because of their differing
information costs. In the second row of the figure, we consider this possibility by separately
plotting the response frequencies by quantile for each of the 20 subjects. We do indeed

observe in the lower right panel that there are significant differences across subjects with

3Here (following Kelly et al. [2021]) we treat the fraction of cue-consistent responses for each of the 20
subjects as an independent noisy observation of their common probability of giving a cue-consistent response,
allowing a standard error to be computed for the estimate of that common probability.
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regard to the fraction of responses on cue-inconsistent trials that are made too soon for the
subject’s response to be more likely to be correct than incorrect. Nonetheless, even when
we disaggregate the data by subject, and allow for the possibility that the discontinuity in
the response probability might occur earlier than the middle range of quantiles, it does not
appear that a subject’s probability of a cue-consistent response is constant once it drops
below some very high value, as predicted by the PDL model. Instead, cue-inconsistent
(i.e., correct) responses are more frequent in the case of the slowest responses, as predicted
by the PGL model or the DDM.3*

Nonetheless, a subtle issue remains with regard to testing for the discontinuity predicted
by the PDL model. In the case of the Shannon cost function, our model of optimal evidence
accumulation implies that the fraction of correct responses at any time delay 7 should be
the same in any state x for which the cue-consistent response is incorrect; hence we should
be able to estimate the function g(%), and observe the predicted discontinuity, using data
that pool all cue-inconsistent states x, as is done in Figure 3. This would also be true, even
under a different cost function (such as the total information cost function), if we suppose
that it is possible to obtain signals conditioned only upon payoff-relevant information —
so that in an experiment where the subject’s reward depends only on whether a response L
or R is correct, there are only two states (G or B). But one might well assume a different
kind of information costs, in which the cost of discriminating between two states x,x;
depends on their perceptual similarity — which may correspond to their proximity in some
“psychological space,” as in the “neighborhood-based cost functions” discussed in Hébert
and Woodford [forthcoming] — as a result of which states x with the same implications
for payoffs may nonetheless result in different conditional distributions for responses and
response times.> In the context of the Kelly et al. [2021] experiment, the states x € X can
be distinguished not only based on the dominant direction of motion for the moving dots

but also based on the nature of the randomly moving dots overlaid on top.

34For each subject, we let n be the largest quantity (less than or equal to 4) such that cue-consistent re-
sponses are more frequent than cue-inconsistent choices in each of the bins prior to bin #; thus if the subject’s
relative-frequency curve is a step function, the discontinuity may be inferred to occur in bin n. We find that
for 15 of the subjects, the fraction of cue-consistent choices is lower on average in the last two bins (the slow-
est 2/7 of the subject’s choices) than in bin n+ 1 (the first one in which all choices should be at percentiles
greater than the one at which the discontinuity occurs). There are instead only two subjects for whom the
inequality is reversed, making it unlikely that the difference between earlier and later decisions (among all
those later than bin n) is due merely to random sampling from the same probability distribution in each bin.

35For evidence that this is the case, and hence that the Shannon cost function is empirically implausible,
at least for perceptual tasks like those in the study of Kelly et al. [2021], see discussions in Dean and Neligh
[2019] and Hébert and Woodford [forthcoming].
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If we assume that the sets X7 and Xg each consist of many states, and that the entropy
function H(g) is not Shannon entropy, then the PDL model continues to predict that for
each state x, the function gj (%) should be a step function of the form shown in Figure
1. However the critical stopping time at which the discontinuity occurs will in general
differ for different states x that are perceptually distinct though payoff-equivalent. Hence
if we pool the states for which a given response is correct, we could obtain an estimated
relative-frequency curve that is progressively decreasing over some significant range of
quantiles. In the absence of additional data — differentiated according to each of the per-
ceptually distinguishable states x, and with a sufficient quantity of data for each x to allow
a clear conclusion about how g7 varies with the quantile ¥ — we cannot reach a conclusive
judgment about whether response times in experiments like that of Kelly et al. [2021] are
inconsistent with discrete learning. We can however with greater confidence rule out the

joint hypothesis of a preference for discrete learning and Shannon information costs.

6 Discussion and Conclusion

We have proposed a continuous-time model of optimal evidence accumulation, and estab-
lished conditions under which the state-contingent stochastic choices predicted by such a
model coincide with those of a static rational inattention model. Our result provides both
a potential interpretation for the use of certain types of information-cost functions in static
rational inattention models, and a useful approach to solving for the predictions (including
predictions about response times) of the dynamic model.

Our general framework is flexible enough to allow beliefs to evolve either as a continu-
ous diffusion or in discrete jumps. We establish conditions under which beliefs necessarily
evolve in only one of these ways. In particular, we establish conditions under which both
the evolution of beliefs prior to a decision, and the stopping rule that determines the time
taken for a decision and its accuracy, are similar to the assumptions of the drift-diffusion
model in mathematical psychology. In this case, the DM’s belief state can be represented
as a diffusion on a line, the drift of which depends on the external state, and a decision
is made at whatever time the belief state first reaches one of two time-invariant bound-
aries. Whether the conditions under which beliefs should evolve in this way are in fact
characteristic of actual decision situations deserves further study; we show that at least in
principle, it is possible to determine this on the basis of a study of the state-contingent joint

distributions of responses and response times.
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A Proofs

A.1 Proof of Lemma 1

We will prove that from any sequence of policies achieving the value function in the limit,
we can construct a feasible policy that achieves the value function. Consequently, because
a sequence achieving the supremum exists (by definition), an optimal policy exists. We
phrase the main result in terms of the lemma below to facilitate re-using the result in the

proof of Proposition 2 below.

Lemma 5. For all n € N, let q;,, be a martingale and 7, be a stopping time defined on
(R, Fn,{Fn},Pn), such that qo, = Go and the constraint (3) is satisfied, and suppose
that .

V(o) = lim EP e P™a(gys,) — K /0 ¢ P5ds| Fo),

n—oo

where V(qo) is the value function of the DM’s problem. Then there exists a stochastic basis
(Q*, 7" {F}, P), martingale qf, and stopping time ©* such that q; = §, the constraint
(3) is satisfied, and

*

Vi) =B e algn) - [ e Pasl )
Moreover, there exists a sub-sequence such that the laws of (q; n,T,) converge in law to the
law of (g}, 7).
Proof. See the technical appendix, section B.1. [
We outline the steps of the proof of this lemma below.
1. Define a variable x, = f(7,), and show it is integrable (p = 0) or bounded (p > 0)
2. Show the processes ¢; , and x,, are tight, and converge in law to some (g; ,x*).

3. Construct a stochastic basis such that 7% = f~!(x*) is a stopping time and ¢ is a

martingale
4. Show that (g;, T*) achieves the value function V(go).

5. Show that ¢g; is feasible.
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The proof itself is quite technical and contains almost no economics. Interested readers are
advised to have copies of Jacod and Shiryaev [2013] and Silvestrov [2012] at hand.

We should also point out that our results could be reformulated to avoid assuming the
existence of optimal policies. Proposition 2 could be modified to claim that there exists
a sequence of policies satisfying the stated conditions and achieving the value function
in the limit, as opposed to stating that an optimal policy satisfies the stated conditions.
Likewise, our proof that the value function must be a viscosity sub-solution to the asso-
ciated HJB equation (Lemma 10) could be reformulated to avoid assuming the existence
of maximizing policies (as in, for example, the proof in Pham [2009]). Of course, it is
more straightforward, in light of the existence of optimal policies, to simplify the matters
by referring to such policies.

In our proof and in the proof of Lemma 10 below, we rely on the following lemma,

which translates the constraint (3) into a constraint on the characteristics of the martingale.

Lemma 6. Suppose a beliefs process is a quasi-left-continuous martingale. Then the pro-

cess is a semi-martingale with characteristics (B,C,V), where B, = 0,

t
C,:/ 0,0/ ds
0
and
v(w;dt,dz) = y;(dz; w)dt,

where 00! is a predictable, symmetric positive-definite matrix-valued process and y, (dz; ®)
is a predictable positive measure on RIXI for each (w,t) € Q X R. If the beliefs process
satisfies (3), then

1 _
srioolia )+ [ Dlay +ella wildn) < x.
R\ (0}

Proof. By proposition 2.9 of chapter II of Jacod and Shiryaev [2013], there exists charac-
teristics (B,C, V) such that
t
B[ — / bSdAs,
0

t
C = / 6,67 dA,
0
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and
v(w;dt,dz) = K (dz; ®)dA;,

for predictable processes by, 05 and a transition kernel K, and an increasing, predictable
process A that is continuous with respect to the Lebesgue measure on R;. Because A is

continuous with respect to the Lebesgue measure, we can define

. ~7dA

0,0, = 6,6] dss
and A
v, (dz; 0) = K (dz; a))d—st.

By theorem 2.21 of chapter II of Jacod and Shiryaev [2013], because g; — qo is a martingale,
B=0.

Lastly, let us prove that the stated constraint is satisfied if (3) is satisfied. Applying Ito’s
lemma (see theorem 2.42 of chapter II of Jacod and Shiryaev [2013]), for any & > h,

1 t
E—ny-1D(arllau-n-)] = 5Equ—n- [/thtr[GsGsTV%D(%HQ(t—h)—)dS]
1
FE(—n)-| / / - (D(qs +2llgg—n-) —D(gs-lae—n-) —2" - ViD(qy-|lg—n)-)) ws(dz)ds].
t—h JRIXI\{0}

By the predictability of the characteristics (which ensures left-continuity), the twice continuous-

differentiability of D in its first argument, and the mean-value theorem,

. _ 1
lim 7~ E_p-[D(alaq-—n-)] = 517100 ViD(gr-|lg,-)]

h—0+t

4 / (Dlg +7llar) —Dia-llgr ) — " -V1Dlg,- |l ) wa(dz),
R\ {0}

where V| and V% denote the gradient and Hessian with respect to the first argument. By

the definition of k and the divergence,

D(‘]t‘”%‘) =z VlD(‘Iz—HQt—) =0

and
V%D(‘]r* | |Qt* ) = ]_‘(%* )
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which is the result. ]

A.2 A useful lemma

As preparation for the proof of Proposition 1, we first derive a lemma that is useful in
simplifying the optimization problem stated in Definition 1. Starting from any belief g €
P (X), consider a deviation from the optimal policy that involves either jumping in one
direction or in exactly the opposite direction, with the intensities of the two possible jumps
balanced so as to imply that beliefs will be a martingale even if they do not change in the
absence of a jump; the policy is maintained until a jump occurs, or some fixed amount of
time passes. (Suppose that the jumps in each direction are small enough to be feasible, and
that the intensities with which they occur are chosen so that (6) binds. Then this represents
a feasible policy.) If no jump has occurred by the fixed time, one then follows the optimal
policy starting from beliefs g from then onward. Such a deviation from the optimal policy
cannot possibly increase the value function relative to the one achieved by the optimal

policy. This allows us to establish the following result.

Lemma 7. Forany g € Z(X), a € (0,1), and z € RX| such that gz € P (X) and g+z <
q,

%' (pV(q) + k) (aD(q+ (1 - a)zllq) + (1 — a)D(q — azllq)) >
oV(g+(l—a)?)+(1—a)V(g—az) —V(q).

Proof. The result holds trivially for z = 0. Suppose z # 0.
Consider a K = 2 Poisson process, with jump directions z; = (1 — &)z and zp = —az
and intensities y; = ay and Y, = (1 — @)y, where

X
aD(q+ (1 —a)z|lg) + (1 —a)D(g— azl|q)

V=

By assumption, y is strictly positive and finite. Observe by construction under this policy
that g; does not drift and this this policy is feasible.

Suppose the DM chooses this policy starting from beliefs g until 4 units of time have
passed or a jump occurs. If a jump occurs before 4 time has passed, suppose the DM
gathers no information until 4 time has passed, and that after time /4 the DM resumes her

optimal policies.
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The discounted expected utility of such a strategy must be less than the utility achieve

by an optimal strategy, which yields

Vig) = e P {av(g+(1—a)z)(1—e ")+ (1—a)V(g—az)(1—e V") +e V'V (q)}

h
—K‘/ e Psds.
0

We can rewrite this as
(5 V{@)(e”” = De? > (exp(h) — 1)@V (g-+(1 — @)+ (1-e)V (g — a2) ~V/(g)).
Taking the limit as &7 — o,
(x+pV 9) > @V g+ (1 = @)2) + (1~ o)V (g~ @) V().
We can write the expression as
X~ (k+pV () (@D(q+ (1 - a)zllg) + (1 — a)D(g — azl|q)) >
aV(g+(1—a)z)+ (1 -a)V(g—az) —V(q),

which is the result. [

A.3 Proof of Proposition 1

We begin by proving, using Lemma 7, that the value function is locally Lipschitz-continuous.

Lemma 8. The value function V(q) is locally Lipschitz-continuous on the interior of the

simplex and the interior of each face of the simplex.
Proof. See the technical appendix, section B.2. [

We next prove that V(g) is continuously differentiable on the interior of the simplex.
The argument adapts lemma 1 of Benveniste and Scheinkman [1979] to the Lipschitz-

continuous setting using the generalized derivatives approach of Clarke [1990].

Lemma 9. The value function V(q) is continuously differentiable on the interior of the

simplex and the interior of each face of the simplex.
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Proof. See the technical appendix, section B.3. [l

Armed with this differentiability result, let us revisit Lemma 7. Defining z = ﬁz and

o

€= 11—’

x ' (pV(g)+Kk)(D(g+2llg) +& 'D(g—€zl|q)) >
V(g+2) —V(g)+& ' (V(g—€2) —V(q)).

Note that this holds for all g in the interior of the simplex, Z € R'X‘, and € > 0 such that
g+7< gand g— €7 < q. Considering the limit as € — 0", and assuming 7 # 0 and hence
that D(q +2||q) > 0,

V(g+2)—V(g)—2z" - VV(q)
D(q+7llq)

x (pV(g) +x) >

This result can be rephrased as: for all g in the interior of the simplex,

sup V(g)=V(g)—(d—q)" - VV(q)

<x 'pV(g)+x). (23)
7eP(X)\{qh:d<q D(q'||q)

We next argue, via a viscosity solution approach, that

up V(g)=V(g)—(d—q)" - VV(q)

-1
=X (pV(g)+x) (24)
F7eP(X)\{qh:d<q D(q'||q)

on the intersection of the interior of the simplex and the continuation region. We begin by
proving that V is a viscosity sub-solution of the HIB associated with the original problem.
The proof adapts the approach of Pham [2009] to our setting; that textbook is also a useful
reference on viscosity solutions in an HIB context. Let Six| (x|—1) be the set of [X| x (|X]—

1) matrices and .#, (RX|) be the space of positive measures on RX.

Lemma 10. Let ¢ : le‘ — R be a function that is homogenous of degree one, twice
continuously-differentiable on the interior of the simplex, and satisfies ¢(q) > V(q) for
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all g € Z(X) and ¢(qo) =V (qo) for some qq on the interior of the simplex. Then

max{  sup  ~erlonad V(o) + / (9(q0+2) — d(q0) —z" - Vo (q0)) Wo(dz)
00, Y€ (qo) RIXI\{0}

—pV(qo) — K,i(q0) —V(qo)} > 0,
(25)

where A(qo) is the set of (0,¥) € Six| (x|-1) X My (RXDY satisfying

1 )
Etr[GOG()Tk(CIO)] +/ D(qo0 +z||g0)Wo(dz) < x
RX1\ {0}

and such that go+z € P(X) for all z € supp(y).

Proof. See the technical appendix, section B.4. Analogous results can be derived for each

face of the simplex. [

Now define the test function

¢ (q:q0, ) = aD(ql|q0) +V (q0) + (4 — q0)" - VV (q0)

for some a € (0,x~!(pV(qo) + k), given any go on the relative interior of the simplex
such that V(go) > ii(qo). By the twice continuously-differentiability of D, this test function
is twice continuously-differentiable in ¢, and by construction, it satisfies ¢(go;qo, ) =
V(qo). Noting, by the homogeneity of degree one of V and of D in its first argument, that
V(qo) = q& - VV(qo), this function is homogenous of degree one.

It also satisfies

sirionat Voa)l+ [ (0(g+2) - 6(a) - Vola)dvals) -

RN\ {0}

o _
Etr[coffoTk(q)] +06/ D(q+zllq)dwo(z),
RIYI\ {0}

and therefore

1
sup  Lerlonad V26 (go)] + / (0(q+2) - 0(q) — Vo(@))dvo(z) = ax
60, Vo< (qo) RIXI\ {0}
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and thus (25) cannot hold as
oy <pV(go)+ k.

We therefore conclude that there exists some go € Z(X)\ {qo} with go < g (because ¢,
being in the interior, has full support) such that

aD(qal|q0) +V (q0) + (g —q0)" - VV(q0) < V(ga).

Considering a sequence of o converging to ¥ ~!pV(go) + k from below yields

sup V(g)=V(g)—(d —q)" - VV(q)

> x HpV(g) +x).
7eP(X)\{qh:d<q D(q'||q)

Combining this with (23) proves that (24) holds for all gg in the interior of the simplex such

that V(qo) > ii(qo).
Repeating the argument for each face extends the result to the interior of each face of

the simplex. At the extreme points of the simplex, V(g) = #i(q) (as it is impossible for
beliefs to move away from the extreme points, and hence stopping is optimal), and the
result extends vacuously. It follows that for all g € Z?(X) , either V(qo) = éi(qo) or (24)

holds, proving the result.

A.4 Proof of Lemma 2

Assume ¢ and ¢’ are in the interior of the simplex.

By Proposition 1,
V(g2) = V(a1) — (a2 —q1)" -VV(q1) <27 (pV(q1) +x)D(q2llg1)
for any g1, g, on the line segment connecting ¢ and ¢’. Applying this in reverse,

(q2—41)" - (VV(q2) = VV (1)) < (pV(q1) + K)D(q2]lq1) + (pV (42) + K)D(q1lg2).

m+1
n

Letg; =g+ 2s(¢'—q) and g2 = g+ "= 5(¢' — q) for some integers m,n such that 0 <m <n
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and s € [0, 1]. It follows that

s(g—q)" - (VV(g+s(d —q)—VV(g) =

n—1 m+1

sid—q)" - Y, (VV(g+

m=0

—s(d —q) = VV(g+s(d —q)) <

n—1

ng 'Y {(pV(g+ %S(q’ —q))+x)D(q+

m=0

m—+1

—s(d —q)llg+ s —a)}+

n—1

ng ' Y {(pV(g+

m=0 n

m-+1 m—+1

s(d' —q))}-

s(d' ~ )+ x)D(g+ (¢ —q)llq +

Apply Taylor’s theorem (a first-order Taylor expansion, using the Lagrange form of the

remainder):

m—+1

(n)*D(q +

s e
n

s ~qlla+"s(d' ~q) =

1 m

55 —9)" - ViD(g+ s(d' —a)lla+—s(d — ) (4 —9)

for some ¢y 5 € [0, 1], where V% denotes the Hessian with respect to the first argument.
Define, for r € [0, 1),

1 n
fulrs) = X (ovig+ g — g + 0082

r
n
LI/H’J + Clnr|,n,s
n

x(d' —q)" - (V1)’D(q+ s(qd' —q)llg+—s(4'—q))-(d' —q).

]
n
By the continuity of the second derivative of D, and the boundedness of the value function,

fu(r,s) is bounded uniformly on (n,r). We have

n—1

_ 1
lim inf n )" {(pV(g+ %S(q’ —9))+1)D(g+ "
T m=0

- S(q’—CI)Iqur%S(q’—q))} =

n—oo

n—1
lim inf n~ '} fn(%,s) =
m=0

1
lim inf/ Sn(rys)dr,
0

n—oo
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and by the dominated convergence theorem,

n—oo

1!
lim inf / Fars)dr="—(d—q) {/ (P (q-+r5(d' )+ k(g rs(d —@))dr} - (¢ —a).

Similarly, define, for r € [0, 1),

-1 nr
0(rn9) =XV + P (- ) 109
S (¢ ~4))(d ~a)

s(d —a)llg+

<(d —~a) - (ViDlg+ ]

for some ¢, 5 € [0, 1].

By an identical argument,

1 -1 |
lim inf /O anlrs)dr="%_(¢ )T { /O 2(pV(q+rs(d —a))+ R(g+rs(d —q))dr}-(d —a).

n—soo 2

Therefore,

(d—q)" - (VV(g+s(d —q)—VV(g)) <

1
x 'd -9 {/O s(pV(g+rs(q —q))+ k(g +rs(d —q))dr}- (4 —q).

Integrating,

V(d)=V(g)—(d~a)" V()= ~qa)- /Ol(Vv(qus(q’ —q))—VV(q))ds.
(¢ —q) {// YpV(g+rs(d —q)) +x)k(g+rs(d —q))drds}- (¢ —q)
and
/ol/ols(pv(q+rs(q/_‘1))+’<)’_‘(4+FS(4’—q))drds:
/OI/OS(”W“(Q’—q)HK)l'c(q+l(q’—q))d1ds:

1
/0 (= 1)(pV(g+1(d —q) + k(g +1(d —g))dl.
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which is the result.
This result extends immediately to ¢’ on the boundary of the simplex by continuity, and

to each face of the simplex by repeating the argument on each face.

A.5 Proof of Proposition 2

This proof is essentially a “verification” proof. We construct a sequence of sub-optimal
policies that converge to the optimal policy, and then shows that such a sequence does not
involve large jumps.

We being by constructing an €-sub-optimal policy. Suppose the DM chooses a K = 1

jump process of the form

X
D(q,- +7:(q-)llg:-)

dg, = — ze(q,-)dt + 2 (q,-)dy,

where J; is a poisson process with intensity e +Z*7(Cq M) and 7} : Z(X) — RIX \{6}
T €\t~ [
is a feasible optimal policy constructed in the following manner.

1). Anywhere a maximizer of

V(g)=V(g)—(qd—q)" - VV(q)
D(q'||q)

on ¢’ € Q(q) exists, z5(q) is a maximizer. By Proposition 1, in this case,

Vig+z:(q) —V(q) —z:(q) - VV(q)
D(q+z¢(q)llq)

=2 '(PV(g)+ 1K),
and by Lemma 3,

% S < p(umax_umin)
il P < Bl tii]

Note that we must have, for any o € (0, 1],

V(g+azi(q) —V(q) — azi(q)- VV(g) < D(g+ azi(9)llg)x " (pV(q) + )

and consequently (by the strict convexity of D)

(V(g+azz(q) —V(g) < a(V(g+z:(9) —V(q))-
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It follows that if V(g +2z5(q)) < V(q), then V(g + azi(q)) < V(q) for all a € [0,1]. Ap-

plying Lemma 2 and a strong preference for gradual learning in this case,

V(gd)=V(g)—(d' —q)-VV(q) < (pV(q)+K)D(q+z¢(q)ll9),

a contradiction. We conclude that V(¢ +z:(q)) > V(q).
2). Anywhere no such maximizer exists (diffusing is optimal), by Proposition 1 there

must exist a sequence ¢, converging to ¢ and such that

i V@) =V(a) — (4, —9)" -VV(q)

a1
lim D) =x  (pPV(g) +x).

Choose any z}:(g) such that |z}:(g)| < min{e, (W)‘W} and

Vig+z:(q)) —V(q) —z:(q) - VV(q)
D(q+z¢(q)|lq)

> ' (pV(g) +x—e).

Assume the stopping policy is to stop immediately upon exiting the region V (¢) > ii(q).
<d(qr)}-

Let 7¢ be the associated stopping time under these policies, e = inf{t > 0:V (q;)

Under such policies,

d(e 'V (q) = —pe PV (q)di+
Xeipt * T
— " 7 (q,-)" -VV(q,-)dt
Dlg +e(a)a )" @) VW)

+€7pt(v(%* +27 (q-)) —V(g-))dJs,

and consequently

Ele PTV (g0 - V() = E / ds|

e efp(sft)x V(Qs* +z (QS*)) _ V(Qs*> -z (qs* )T ) VV(QS*)
D(qy +2*(¢5-)llgs-)

Ts
_E| / ¢ P pV (g, )ds],
t

which is
Ele PV (gs,)] — V(q)) > <$>Et[l — P, (26)
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Now observe that

X
D(q;- +2z*(q:-)llg:-)

+ V(g +7"(q-)) = V(g,-))dJs,

dv(q) = — Zq-)" - VV (g )dt

and therefore by

Vig+z:(q)) —V(q) —z:(q) - VV(q)

D(g+2(q)][9) > (pV(a) + K —e)

we have
E; [V(qu)] - V(qle) 2 (pumm +K— E)Et [7:6 - t]-

Consequently, for € € (0, puyin + K), we must have

u — Umi,
E[[Tg_t] < max min_
PUmin+K—E€

The utility under this sub-optimal policy is
Ve (@) = Bl PV (gs)) - K1 e Pl

By (26), 8
VE(q:) >V(q) — EEt[l _ e—p(re—t)]7

and by the inequality
l—e*<x

for x > 0, it follows by (27) that

Umax — Umin

VE(q) > V(g) —e—2ex_—min_
(q:) = V(ar) I

27)

Hence in the the limit as € — 07, the sequence of policies just constructed achieves the

value function.

By Lemma 5, there exists a subsequence of these policies that converges in law to the

law of an optimal policy. Let gy, denote the stochastic process for beliefs along this sub-

sequence, and let ¢* denote the limit. Define g(Agy) = max{|Ag;| — (

p (“max _umin)
m(K+pPumin)

)3 0L

By proposition 3.16 of section VI of Jacod and Shiryaev [2013], the law of &, = g(Ags)
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converges to the law of §; = g(Ag; ), and by construction g , is everywhere zero. It follows
immediately that g, is zero P-almost-everywhere.

We prove the second claim by a similar argument. By essentially the same argument,
for any @ > 0, lyn.0 = ho (9, AGin) = V(G- 0+ Ag.n) =V (41~ ) max{|Ag; n| — ©,0}
converges in law to k7 o, = hey (), Aqy ). Because the A ,  are everywhere positive for suf-
ficiently large n (as the jumps approximating the diffusion become smaller than ), strictly
so wherever |Aq; »| > o, it follows that & ,, shares these properties P-almost-everywhere,
for all @ > 0.

A.6 Proof of Proposition 3

We first prove the claim concerning the HJB equation (which involves proving the viscosity
sub- and super- solution properties) and then argue for the existence of an optimal diffusion

process.

Viscosity Sub-Solution By Proposition 1, anywhere V (go) > ii(qo) there exists a vector
{v e RXI: |y| = 1&v gy = 0} such that either, for some & > 0 with g+ £Diag(qo)v €
Z(X),
V(qo + €Diag(qo)v) —V(qo) — ev" - Diag(qo) - VV(qo0) _
D(qo +€Diag(qo)v||q0) B

or

lim sup V(g0 + €Diag(qo)v) — V(q0) — €v" - Diag(go) - VV (o)

=x k.
e—0t D(qo + €Diag(q0)v||q0)

We begin by proving that the latter must in fact hold under a preference for gradual learning.

Suppose not; then for some & > 0, € > 0 and all @ € (0, ),

a(V (g0 + eDiag(qo)v) — V(qo0)) — otx ' kD(qo + €Diag(qo)v||qo) >
(V(go + ateDiag(qo)v) — V(q0)) — x ' kD(qo + oteDiag(qo)v||qo) + &

This can be written as

V (do-+ €Diag(ao)v) — V (do) — — (V4o + @eDiag(ao)) ~V (q0)) =

_ . | )
X 1KD(qoJrf:‘Dmg(qo)VIMo)—5% 'kD(qo + aeDiag(qo)v||qo) + 5.
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Considering the limit as o« — 0", and applying Lemma 2 and a preference for gradual

learning,

x "' kD(qo + eDiag(qo)v||q0) > V(qo + €Diag(qo)v) — V(qo) — ev’ Diag(qo)VV (qo)
> %~ '%D(qo + €Diag(qo0)v||q0) + &

a contradiction. We must therefore have

lim sup 8_2(V(q0 + eDiag(qo)v) —V(qo) — evl -Diag(qo)-VV(qo)) =

e—0t

1k } = .
EEvTDzag (q0)k(qo)Diag(qo)v.

for some v € RIXI ; lv| = 1&vT g = 0. Consequently, any twice continuously-differentiable

test function satisfying
¢(q0) =V (qo)

and ¢(gq) > V(g) must satisfy V@(qo) = V(qo) and
. K- .
v Diag(qo) (V> (qo0) — o (0))Diag(qo)y 2 0
which is the viscosity sub-solution property, as we must have

max{  max v" Diag(g0) (V*6 (qo) — ~k(qo))Diag(qo)v, (o) — 9 (o)} > 0.
{veRKl:|v|=1&vT g=0} X

Viscosity Super-Solution By Proposition 1, for any vector {v € RX| : |y| = 1&vTgg =

0},
lim V(qo+eDiag(CIo)V)—V(qp)—8vT~Diag(qo)~VV(qo) <y 'k,
£—0+ D(qo + €Diag(q0)v||q0)

and therefore for all such v,

lim S_Z(V(qo + eDiag(qo)v) —V(qo) — evl -Diag(qo)-VV(qo)) <

e—0T

1x . - .
5EvTDlag(qo)k(CIo)Dlag(cm)V-
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Consequently, any twice continuously-differentiable test function satisfying

¢(q0) = V(qo)

and ¢(g) < V(g) must satisfy
. K- ‘
V' Diag(q0) (V"6 (q0) — - k(a0))Diag(qo)v < 0.
and by V(qo) > ii(qo) we must have

max{  max v" Diag(g0) (V?6 (q0) — ~k(qo))Diag(qo)v, (o) — 9 (go)} < 0.
{veRX|:jv|=1 & T ¢=0} X

Diffusion Process Consider a version of the DM’s problem in which the DM is restricted

to choose processes of the form
dq, = Diag(q,)0,dBy,

subject to the constraint

1 _ o
Etr[G,TDlag(qt)k(%)Dlag(%)Gr] <x,

as in the example given in the text. Call the associated value function VR, By standard
arguments (see, e.g., Pham [2009]), VX is the unique viscosity solution to the HIB equation
described in this proposition, and hence V¥ =V and the optimal policies implementing V¥

also implement V.

A.7 Proof of Lemma 4

Recall the definition of a preference for discrete learning: for all ¢,¢’, {gs}ses With ¢’ < ¢
and Y5 5qs = ¢,

D(q'lq)+ Y. mD(qsllq) > Y :D(gs]lq)
seS seS
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Therefore, for all z € RX| with support on the support of ¢’ and € sufficiently small,

D(q'lld +€2) + ) mD(qsllg') > Y mD(gsllq’ + &z)-
ses seS
At € = 0, this inequality is satisfied by construction. Differentiating the left-hand side
(using the assumption that D is differentiable),

0
55 P(d]ld' +e2) + Y 7D(gsllg")]le=0 = 0,
seS

because D(q'||¢’ + €z) is minimized at € = 0. It follows that the inequality requires that

d
Y. ,=—D(q;||q’ + €2)|¢—0 =0,
sES 88

as otherwise the inequality would be violated for some sufficiently small €.
By step 1 in the proof of theorem 4 of Banerjee et al. [2005], it follows immediately
that

D(q'|lq) =H(d)—H(q)— (¢ —q)" - VH(q)

for some convex function H, where VH denotes the gradient. Note that theorem 4 of

Banerjee et al. [2005] is stated as requiring that

Y mD(qsllq + €2)

seS
be minimized at € = 0 for all z, but step 1 of the proof in fact only requires that € =0
correspond to a critical value for all z. Step 2 of that proof relaxes slightly the regularity
conditions, but we have simply assumed these. Minimization is only required to establish
the last step of the proof, step 3, which proves strict convexity of H. Strict convexity of

H (q) on the support of g follows in our setting immediately from our assumptions on D.

A.8 Proof of Theorem 4

Because D is a Bregman divergence, it satisfies a preference for gradual learning, and the
value function described in Proposition 7 is the value function for the DM’s problem.
That value function can be implemented in the following way. Let n* € ?(A) and

{¢; e 2(X)} l.ill be optimal policies in the static problem described in Proposition 7, given
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some arbitrary assignment of the actions to the numbers {1,2,...,]|A|}. Consider the dy-

namic K jumps example policy, with K = |A|, zx = ¢; — qo, and

X
—H(qo) + X, mH (g7)

*
V=T

Observing that Zszl 2k W = 0, under such a policy beliefs do not drift, and that the policy
is feasible, as
k
Y wiD(q;lq0) = x.
k=1

Assume the DM immediately stops after the first jump. The utility achieved is

I

M=
ol
=
AN

bt

Eoli(gs) — 7] Dk / T Mgy
0

§ 4]
) E(—H(%) + ; ™ H(q;)),

T
I

Il
~
™=
S,
x>
—
Q9
=

which is the value function of Proposition 7. It follows that this policy is an optimal policy.

A.9 Proof of Theorem 6

We divide this proof into three steps. First, we establish necessary optimality conditions.
Second, we construct a utility function for which a particular set of policies is optimal.
Third, we show that the optimality of this set of policies implies a preference for discrete

learning.

Step 1: Necessary Optimality Conditions Under the assumption that there is no
continuous martingale component of g; (note that ¢, is equivalent to a purely discontinuous
martingale by the assumption that it does not diffuse outside of a nowhere-dense set), by

Lemma 6, we can characterize the martingale g; entirely by the predictable compensator
v(w;dt,dz) = y(dz; o)dt

such that
/ D(g +2lla ) wildz) < 1.
RIXI\ (0}
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Because the martingale g; is of finite variation, we have, for any stopping time 7,
T
Bl Vg —eVia) B[ [ W ia 40 Vige) ~ Wizl
t 0
T
~E([ e P'pVig

t

T
= E[x / e Pldl]
t

and consequently by Proposition 1,
Jo Ve +9 =Vl )~ V(a2 @Vl )+ IDlar + el )il =0

By assumption, this must hold from any initial g, in the continuation region.
It follows that there must exist some z*(g;- ) € RIXI\ {0} such that

Vigr +7(ar-)) = Vi) =2 (@) -VV(a-) =2 (pV (g )+ €)D(qr- +2"(q1-)llar-),
(28)
and moreover that by the immediate stopping result that

Vigi- +2"(q;-)) = (q;- +2"(q;-)),
and for all feasible z,
Vg +2)—V(g-)—2"-VV(g-) <2 ' (pV(gr-) + €)D(g- +2llg-).  (29)

To facilitate what follows, we write these conditions in the following manner, akin to a

static rational inattention problem:

0= sup (30)
ueint(2({1,2.3}){6i€ P (X)}ic1 23y L1 Hidi=4;-
tii(qr) + oV (g2) + 1aV(gs) = Vig-) —x ' (pV(g-) + €)X wiD(qillqr-)
M1

Choosing Uz = lp = %(1 —w)and g3 =q2 = q- — 15;“ Z"(g;-) is feasible for m; suffi-

ciently small and achieves (28) in the limit as tt; — 0. The numerator is always weakly
negative by (29), and hence (30) must hold.
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Step 2: Construct a utility function with certain optimal policies Let us take as

given any interior ¢,q’,q1,q2> € Z(X) and € (0, 1) such that
ng1+(1-7m)q2 =4,

and construct a utility function such that z = g; — ¢ and z = g — g are both optimal policies

from ¢, meaning that
“HpV (@) +x)D(q1]la);
“HpV (@) +x)D(q2]a);

< <
—~ —~
Q Q
o —_
SN— SN—
| |
< <
—~~
Q Q
| |
—~~
Q Q
[\o) —
| |
Q Q
N~— S~—
~ ~
< <
< <
—~ —~
Q Q
SN— N—
I
xR R

and for which V(g) > ii(g) and
V(g) <V(q).

The basic idea behind this proof is to construct the utility function in such a way as to
ensure that the value function is the solution to a static rational inattention problem, in that
the optimal policy is to jump to one of three beliefs with intensities such that beliefs do not

drift.
Define, for some & = (0, 1), an interior g3 € £ (X) such that

Epz+(1-8)d =q.

Note that such a g3 exists by the assumption that ¢ is in the interior of the simplex.
Let v € Rl be a vector and let ki,ky, k3, K be constants. Define

0 =x""(pK +K).
Suppose there are three actions, and let their utilities satisfy, fora € A = {1,2,3},
g = OV1D(qa||q) +v+|X| kg,

where u, € RX| are the payoffs associated with action a, V1D(q,||q) is the gradient with
respect to the first argument and 1 € R is a vector of ones. This gradient exists by the

differentiability of D in its first argument and the assumption that g, is interior. Define

ke = 0D(q4||q) — 04% - V1D(q4|lq) + K —q"v
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so that
0D(qallq) = gt -ua— K — (qa—q)" .

Note that, to satisfy the requirement that u, , be positive, we will require that K be suffi-
ciently large given v (we provide an explicit expression below).

Observe that, for any a,d’, that

g4 (Ua—uy) = 0D(qallq) + K — (g —qa)"v
—0D(qy|lq) —K+(g—qu)"v
- <Qa _qa’>T U,

and by the convexity of D that
a4 (g —ug) > 0,

and therefore i(q,) = g u,.

By the convexity of D, for any ¢ < g and any a € {1,2,3},

0D(q"||q) > 6D(qullq) + (¢" — qa)” - 0V1D(q4l|q),

which is

0D(q"|lq) > max (¢") us—(¢"—q)" -v—K. 31)
ac{1,2,3}

By the strict convexity of D, this inequality must be strict for all ¢” € {q1,92,¢3}, and must
be an equality for ¢ € {q1,42,93}. Note that this implies K > #(q).

Let us now consider the “static rational inattention problem”

max i i Ai —6D Al'
“GW(A%{@Z-E{@(X)}%A;{”{ (9i) (Gilla)}

subject to Y ;c4 Migi = q. By the “Lagrangian lemma” of Caplin et al. [2019] applied to the
vector v, the above conditions show that u* = (n(1 —&),(1 —x)(1—¢&),&) and ¢ = qa
are optimal, noting by construction that

r(1-8)q1+(1-m)(1-8)q2+Eq3 = ¢q.

Note by construction that the maximized value is K = Y ,ca 4 {i1(qs) — 0D(qal|q)}. Note

also that the optimal policy is unique (up to a permutation of the assignment of i to A) by
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the strictness of (31) for ¢” ¢ {q1,42,q3} and the uniqueness of the weights u* satisfying

Yicaliqa = q.
Consider the value function associated with this utility function, V(¢";v,K). We must
have, by sub-optimality, for any ¢" < g,

V(g") = V(gvK)— (" —q)" - VV(g:v.K) < x ' (pV(g;v,K) +x)D(q"|lg).  (32)
Applying this to ¢” € {q1,92,93} and using V(¢") > i(q"),
K—V(g:v,K)—(qa—q)" - (VV(g:v,K) —v) < x 'p(V(;v,K) —K)D(qdllq).  (33)

Summing by p*, we find that V(g;v,K) > K, and consequently V(q;v,K) > ii(q).
Now consider any policy in the static problem, (u € int(2(A)),{G;i € P (X)}ica)-
Observe that, by (31) and (32),

Y wi(V(g) —a(g:)+K—V(g:vK) <Y wix ' p(V(g:v,K) — K)D(4i|q)-
icA icA

strictly if g; ¢ {%#]2#]3} for any i € A.
Using this equation and #(§;) < V(§1), we have

wi(g1) + 1wV (G2:v, K) + 13V (4330, K) — V(g v, K) — x "' (pV (q) + ) L3y :D(Gillq) <

M1
L1 wi{V (@, K) — (@) + K =V (g:.K) = x~'p(V(a:v, K) — K)D(@illa)}
Hi
—K+Y}  w{a(g:) — 0D (gi|lq)}

)

M1

and therefore by u; € (0,1] and —K + Y3, wi{i(g;) — 6D(Gillq)} <0,

wa(G1) + 1V (42:v, K) + 1V (43:v,K) = V(q:v,K) — x ' (pV(q) + K) ¥ 1:D(gil|q) <
Hy o

3
—K+ ; witi(gi) — 0D(gillq)} < 0.
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Consequently, the sequence of policies (U, € int(F(A)),{Gin € Z(X)}ica) achieving

lim .ul,nﬁ<é1,n) + .u2,nv(é2,n;v7 K) + .u3,nv(é3,n;vy K) - V(q;va K) .
n—yoo ;u]
1 (pV(gv,K)+K) B winD (i,
M1

):O

(which exists by (30)) must achieve
3

Jim K+ 32 i {(dia) ~ 0D(dial9)} =0
1=

By the boundedness of the simplex, this sequence has a convergent subsequence, and by
the uniqueness (up to a permutation) of the optimal policy in the “static problem,” this
convergent subsequence must converge to some permutation of u*,{qi,q2,¢3}. Supposing

without loss of generality that lim,, ;. g1, = q1,

3
wi(q1) +paV (q2: v, K) + usV (g3:v, K) =V (g:v, K) — x ' (pV (g:v, K) + ) Y 147 D(qil|q) =0
i=1

and that 4(q;) = V(q1;v,K). Tt follows immediately that jumping to z, = g, — ¢ with

probability p is an optimal policy of the dynamic problem, and by the uniqueness of

the optimal policy in the “static problem,” this must be the only optimal policy. By the

assumption of immediate stopping, i(g2) = V(q2;v,K) and i#(q3) = V(g3;v,K).
Therefore,

K—V(g:v,K)—x 'p(V(g:iv,K Zul (gillq) =
which yields V(g;v,K) = K. Plugging this into (33),
(ga—a)" - (VV(g;v,K) —v) >0,
implying that g is a local minima of V (g;v,K) —v' - g over the set

{Ge 2(X): e P(A)s.t. Zﬂaqa

acA
and thus that (g, —q)7 - (VV(g;v,K) —v) = 0.
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This result holds regardless of the values of v, K. Choose
v=—-6ViD(q'l|q),
and by sub-optimality of jumping to ¢’ from ¢ we have
V(q'v,K) <V(gv,K) +(mgi+ (1= 7)q2 —q)" - VV(q:v.K) +6D(||q),
recalling that 711 + (1 — 7)qa. Using (¢a —q)7 - (VV(g;v,K) —v) = 0, this is
V(q':v,K) <V(q:v,K) = 0(¢d —q)ViD(q'llq) + 6D(q||q).

By the convexity of D,
V(q'iv,K) <V(g:v,K),

as required.

To establish positive utilities, choose for some € > 0
~K= min__ el (8V1D(qallq) — 6ViD(¢'||q)) + 6D(qallq)
xeX,ac{1,2,3}

—0g. -V1D(qall9) — 84" - ViD(q||q) — €,

which ensures that

min u, = €.
xeX,acA

Step 3: Prove the inequality We begin by proving that a preference for discrete

learning exists for two-signal alphabets, and assuming that all of the relevant elements of

the simplex are interior. We then extend the result to prove the full preference for discrete

learning.

Proof by contradiction: suppose there exists an interior ¢,q’,q1,q2 € P(X) and 7 €

(0, 1) such that

/

nq1+(1-7)g2=q

and
D(q'|q) +7D(q1lq') + (1 — 7)D(q2|l¢") < 7D(q1]q) + (1 — 7)D(q2]|q).

By the results of the previous step, there exists an action space A and utility function u
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such that z = g; — g and z = g» — g are both optimal policies from ¢, and for which

V(q') <V(qg),

where V denotes the value function given those utilities (i.e. the V(g;v,K) in step 2 above,
for the particular values of v, K chosen above).

Then we must have, for a € {1,2},

V(ga) = V(q) = (qa—a)" - VV(q) = (pV(q) + €)D(qallq),

V(gd)=V(g)—(d —q)"-VV(q) < (pV(q) +x)D(d|lq),
V(ga) =V ()= (qa—4q")" - VV(d") < (pV(d) + ¥)D(qalld’) < 0(pV(q) + K)D(qallq’),
Putting these together,

(pV(q) + k) (D(q'||9) + D(qalld’) — D(qallq)) = —(qa— )" - [VV(d') — VV(q)].

Summing over a € {1,2} weighted by 7 and (1 — x), and using (pV(g) + k) > 0,

D(q'|q) +7D(q1lq') + (1 —m)D(q2|lq") > nD(q1]9) + (1 — ®)D(q2||q),

a contradiction.

We conclude that for all interior ¢,¢’,q1,q2 € 2(X) and @ € (0, 1),

D(q'|q) +D(q1lq") + (1 — m)D(q2|lq") > ®D(q1|q) + (1 — m)D(q2||q).

The result extends immediately to more than two {g,} by adding this expression for differ-

ent pairs. The result extends to the boundary of the simplex by continuity.

A.10 Proof of Theorem 7

Define ¢(g;) as the static value function in the statement of the theorem (we will prove
that it is equal to V(g;), the value function of the dynamic problem). We first show that
any strategy for the DM achieves weakly less utility than ¢(gp). We then show that ¢(g;)
satisfies the HIB equation of Proposition 3 (at least in a viscosity sense), and construct a

diffusion strategy with the properties described that achieves the value ¢(go)-
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Step 1: Show that all other feasible policies achieve a lower utility First, we verify that
alternative policies achieve less utility than ¢(gg). Observe that for any feasible process,

by the definition of gradual learning and Assumption 1, we must have

lim h_lEt—h[H(%) —H(gi-n)] < hlif(r)lJr h_lEt—h[D(QtHCIt—h>] <X

h—07*

and consequently
R R K K
Eola(g7) — x7] < Eola(gr) — ;H(qf) + ;H(qo)]-
Let a*(g) be a selection from argmax,ca ¥ vcx Uaxgx. We can write this as

Eola(ge) —x7) < ¥ TaEolg! - ua— ~H(qz) +  H(go)la" (¢z) = al,
acA X X

where 7, = Eg[1{a"(¢:) = a}|. By the convexity of H,
K K . K K
Eolgs -tta— EH(CIT) + EH(CIO)W (9e) = a) < qg ua— EH(%) + EH(QO)a

where

da = Eo[q:|a* (qc) = al.

By the martingale property of beliefs, we must have Y ,c4 T,q, = qo. We conclude that

K K
Eylit —k7| < max T, Z-ua——H o) +—H ,
olé(az) | EEW(A),{anW(X)}aeAaZ@'; ta X (42) X (@)}

which is the result.

Step 2: ¢(q;) satisfies the HJB equation in a viscosity sense We begin by observing,

by the homogeneity of degree one of D in its first argument, that
(¢)"-ViD(d'llg) =0,

and consequently

q"-V*H(q) = q" -k(q) =0,
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and therefore converse of Euler’s homogenous function theorem applies. That is, VH(q;)
is homogenous of degree zero, and H(g,) is homogeneous of degree one.
We start by showing that the function ¢ (g;) is twice-differentiable in certain directions.

Substituting the definition of a Bregman divergence into the statement of theorem,

¢(q0) = max Z Z T(a)ug xGax~+ EH(QO) -= Z n(a)H(qa),

e P (A){4a€ P (X)}ach gen xex 4 X ach

subject to the constraint (¥ ,c4 T.q4s = qo). Define a new choice variable, §, = w(a)q,. By
definition, g, € R‘f', and the constraint is ) ,c4 §o = go. By the homogeneity of H, the
objective is
r . K K R

Z Uy 'Qa"’_H(QO)—_ ZH(Qa)7

acA X X acA
where u, € RIX is the vector of {ugx}xex. Any choice of g, satisfying the constraint can
be implemented by some choice of 7 and ¢, in the following way: set 7(a) = 17 §,, and (if
m(a) > 0) set

A

qa
n(a)

da =

If m(a) =0, set g, = qo. By construction, the constraint will require that 7(a) < 1,
Y sca ®(a) = 1, and the fact that the elements of g, are weakly positive will ensure 7(a) > 0.
Similarly, 17g, = 1 for all a € A, and the elements of g, are weakly greater than zero.
Therefore, we can implement any set of g, satisfying the constraint ) ,c4 §u = qo-

Rewriting the problem in Lagrangian form,

. A K
d(go) = max min Z uZ “Ga+—H(qo)
{3a€RX }aen EeRI {v,eR¥Y e s ach X

-5 Y H@) +E @0~ ¥ d)+ X Vi
% acA acA acA
Observe that ¢(qp) is convex in gg. Suppose not: for some g = Ago + (1 — A)q;, with
A €(0,1), ¢(q) <Ad(qo)+ (1 —A)d(q1). Consider a relaxed version of the problem in
which the DM is allowed to choose two different g, for each a. Because of the convexity of
H, even with this option, the DM will set both of the g, to the same value, and therefore the
relaxed problem reaches the same value as the original problem. However, in the relaxed

problem, choosing the optimal policies for gg and g; in the original problem, scaled by
A and (1 — A) respectively, is feasible. It follows that ¢(g) > A9 (qo) + (1 — A)d(q1).
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Note also that ¢(gop) is bounded on the interior of the simplex. It follows by Alexandrov’s
theorem that is is twice-differentiable almost everywhere on the interior of the simplex.
By the convexity of H, the objective function is concave, and the constraints are affine
and a feasible point exists. Therefore, the KKT conditions are necessary. The objective
function is continuously differentiable in the choice variables and in gq, and therefore the

envelope theorem applies. We have, by the envelope theorem,
K
Vo(q0) = EVH@]O) +&,

and the first-order conditions (for all a € A with g, # 0),

o — %VH(%) —E+v,=0. (34)

If §, = 0, we must have g7 (u, — &) < %H(q) for all ¢, meaning that u, — K is a sub-
gradient of H(q) at ¢ = 0. In this case, we can define v, = 0 and observe that the first-order
condition holds. Define §,(qo), &(qo), and v,(qo) as functions that are solutions to the
first-order conditions and constraints.

We next prove the “locally invariant posteriors” property described by Caplin et al.
[2019]. Consider an alternative prior, o € Z(X), such that

Go =Y a(a)da(qo)

acA

for some o¢(a) > 0. Conjecture that §,(Go) = a(a)ga(qo), E(Go) = E(q0), and v,(Go) =
Va(qo). By the homogeneity property,

VH(o(a)da(q0)) = VH(4a(40)),

and therefore the first-order conditions are satisfied. By construction, the constraint is
satisfied, the complementary slackness conditions are satisfied, and ¢, and v, are weakly
positive. Therefore, all necessary conditions are satisfied, and by the concavity of the
problem, this is sufficient. It follows that the locally invariant posteriors property is verified.
Consider a perturbation
q0(€;2) = qo0 + €2,

with z € RIXI, such that go(&;z) remains in 22 (X) for some € > 0. If z is in the span of
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da(qo), then there exists a sufficiently small € > 0 such that the above conjecture applies. In
this case that & is constant, and therefore V¢ (go(€;z)) is directionally differentiable with
respect to €. If go(—¢€;z) € Z(X) for some € > 0, then V¢ is differentiable (let V, denote
the gradient with respect to z), with

V.V (g0) = §V2H<qo> 2,

proving twice-differentiability in this direction. This perturbation exists anywhere the span
of 4u(qo) is strictly larger than the line segment connecting zero and ¢ (in other words, all
da(qo) are not proportional to go). Within this region, the strict convexity of H(gqg) in all

directions orthogonal to g implies that, as required of the continuation region,
¢ (qo) > maxu’ - qo.
acA
Outside of this region, all §,(qo) are proportional to go, implying that

¢(q0) = rggguﬁ-qo,

as required for the stopping region.
Now consider an arbitrary perturbation z such that go(€;z) € ]le_(‘ and go(—¢€;z) € R'j_(l
for some € > 0. Observe that, by the constraint,

e2=")" (4a(€:2) — ga(q0))-

acA

It follows that

(E"(qo(€:2)) —ET(q0))ez =Y (" (q0(€52)) — ET(90))(da(€:2) — dalq0))-

acA

By the first-order condition,

(E"(q0(€52)) — &7 (90)) (Ga(€52) — dalqo)) =
[;VH(%(CIO)) - %VH(%(&Z)) + Vg (qo(€:2)) — Vi (90))(da(€:2) — Ga(q0))-
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Consider the term

(Va (q0(£:2)) = Vi (90))(Ga(€:2) = Ga(q0)) = Y. (Va (q0(£:2)) = Vi (q0))exey (Ga(€32) = Galq0))-

By the complementary slackness condition,

(V2 (qo(&:2)) = v (90))(da(€:2) — Galqo)) = — V4 (q0(€:2))da(g0) — Vi (90)da(€:2) <O.

By the convexity of H,
K A A A A
E(VH(%{(QO)) — VH(§a(&:2)))(4a(€:2) — dalqo)) < 0.

Therefore,
(&7 (qo(g:2)) — &7 (q0))e2 <0,

Thus, anywhere ¢ is twice differentiable (almost everywhere on the interior of the simplex),
2 K2 7
Vao(q) = 7 H(q) = k(q),

with equality in certain directions. Therefore, it satisfies the HIB equation almost every-
where in the continuation region. Moreover, by the convexity of ¢,
K
7 (VH(ao(e:2)) - VH(q0))" ez > (Vo(q0(€:2)) — V9 (q0)) €2 > 0,

implying that the “Hessian measure” (see Villani [2003]) associated with V2¢ has no pure

point component. This implies that ¢ is continuously differentiable.

Step 2: Show this value function can be achieved Next, we show that there is a strategy
for the DM in the dynamic problem which can implement this value function. Suppose
the DM starts with beliefs gg, and generates some §,(go) as described above. As shown

previously, this can be mapped into a policy 7(a,qo) and g,(qo), with the property that

Y. 7(a,90)44(q0) = qo-

acA

Claim: it is without loss of generality to assume that the set A* = {a € A : (a,qp) > 0}
satisfies |A*| < |X|. To see this, note that if |[A*| > |X|, there must exist some ap € A* such
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that, for some weights w, € RIAI—1,

(gap—q0) = Y,  wa(ga—q0),
a€A\ (a0}

as either {q, — q0}4c A*\{qo} forms a basis on the tangent space of the simplex or itself

contains a redundant basis vector. By optimality, we must have

K K
ugoqdo_EH(qao): ) Wa{ugqa—EH(qa)}-

acA*\{ao}
If g4, = qo, the policy
#aq0) 0 ad¢ A*\{ap}
40y —
sl g e A*\ {ag}

is also optimal (with the same choices of {g,}aca}). If not, we must have w # 0.

Now consider a policy that sets, for some € > 0,

0 a¢A*
(a,q0} = { m(a,q0) — €Y aca"\{ag} Wa @ =ap
7(a,q0) + €wa a€A"\{ao}

The maximum feasible €, & must set 7(a,qo) = 0 for some a € A* and achieve the same
utility (again with the same choices of {q,}.ca}). Repeating this argument, it is without
loss of generality to suppose |A*| < |X].

We will construct a policy such that, for all times ¢,

g =Y m(a)qa(qo)

acA*

for some m;(a) € Z(A*). Let € (which will be the continuation region) be the set of ¢,
such that a I, € &?(A*) satisfying the above property exists and m(a) < 1 for all a € A*.
The associated stopping rule will be the stop whenever 7;(a) = 1 for some a € A*.

For all g; € €, there is a linear map from &?(A*) to €, which we will denote Q(qo):
O(q0)m = gs-
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Let us suppose the DM chooses a process such that
0Q(qo)dm; = Diag(q;)0:dB;.
By the assumption that |X| > |A*|, there exists a |A*| x |X| matrix oy, such that
0(q0)0Ox,s = Diag(q;) o
and dm; = 0y dB;. Define o (m) = ¢(Q(q0)m). As shown above,

0" (q0)V*¢(q:)Q(q0)

exists everywhere in €, and therefore

(m) - H(Olqo)m)
is a martingale. We scale oy, to respect the constraint,

1 T - .

Etr[Gth Diag(q;)k(g;)Diag(q,)] = x > 0.
This can be rewritten as

317(07,05,0" (40)K(Q(a0)m))0la0)] = 1.

Note that we will always have tr[oz, 01 ,] > 0.
By the positive-definiteness of & in all directions except those constant in the support of
Q(qo)m, Under the stopping rule described previously, the boundary will be hit a.s. as the

horizon goes to infinity. As aresult, by the martingale property described above, initializing
7o (a) = 7(a,qo),

§ (7o) = Eo[§ (xc) - §H<Q<qo>m> + §H<Q<qo>no>1.

By Ito’s lemma,

*H(Q()m) ~ S H(Qlaw)m) = [ i = k.
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By the value-matching property of ¢, ¢(7;) = &i(Q(qo)7;). It follows that, as required,
9(q0) = ¢(mo) = Eolii(gz) — k7).

A.11 Proof of Corollary 1

We begin by observing that Proposition 7 characterizes the solution to the HIB equation of
Proposition 3 (irrespective of whether D exhibits a preference for gradual learning or not).

The only place gradual learning is used in the proof of Proposition 7 is to show that

lim h™'E;_[H(q:) — H(gi—p)] < Jim, h™ E_n[D(qi]|gi-n)]

h—0t

for any feasible policy; but if policies are restricted to continuous martingales, this equation
holds (with equality) by Ito’s lemma and Assumption 1.

Now consider in particular utility functions with only two actions, L and R (all other
action in A are dominated by those two and hence will never occur with positive proba-
bility). Using the first-order conditions for the static problem, we have, assuming interior

solutions,
K * K *
uy, — EVH(QL(CIO)) = UR — EVH(qR(qO))

and
77.(90)q1.(q0) + (1 — 77(90) )9k (q0) = qo-

Now pick any qo,qr,qr such that go = wqr + (1 — w)gg for some m € (0,1). Set
K K
up, = EVH(QL)) - EVH(QO) +K1

and

K K
ugr = —H — =H,(q0) + K1
R=> 4(qr)) p’ 4(q0)

for some K such that both u; and ug are strictly positive, where 1 is a vector of ones.

Observe that if the solution is interior, gz, gr, and 7 are optimal policies.
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If the solution is not interior, stopping must be optimal. By the convexity of H,

i

K K
qr -ur — EH(qL) - }H(CIO) o —q0) Hy(q0)) — qf -ur =

K K K
E((]L —q0) Hy(qL) — EH((]L) + EH(QO) >0,

and likewise for gg. It follows that the ¢gq is in the continuation region, and therefore that
(qL,qr, ™) are indeed optimal policies in the static problem.

By the “locally invariant posteriors” property described by Caplin et al. [2019], it fol-
lows that for any ¢ = aqr, + (1 — a)qg with o € [0, 1], (g1, qr, ¢t) are optimal policies given
initial prior gg.

As in the proof of Theorem 7, this implies that the value function is twice-differentiable

on the line segment between gy and gg, with
K —
(g —q0)" - V?V(q)- (g —q0) = (4= a0) K@) (gL —av)

for all ¢ on that line segment (this is a slight abuse of notation, as V(g) may not be twice-
differentiable in all directions, but is guaranteed to be twice-differentiable in the relevant

direction). Integrating,

V(g)—V(q0) — (gL —q0)" - VV(q0) =

1
a0 /0 (1— )R(sq+ (1 — $)go)ds) - (gL — qo) =
’§H<qL> - ’§H<qo> - ’g(qL —g0)" - VH(q0)).

By the sub-optimality of jumping directly from gq to g1, it must be the case that
K
V(gr) =V (g0) — (qr—q0)" - VV(qo) < ED(CIL\ |90)

and therefore a preference for gradual learning holds between the points g and gy .
This argument can be repeated for all (go,qz) in the relative interior of the simplex.
By the convexity of D and H, we can extend the result to the entirety of the simplex by

continuity, proving that a preference for gradual learning must hold.
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B Technical Appendix

B.1 Proof of Lemma 5

Recall the outline of the proof steps:
1. Define a variable x, = f(7,), and show it is integrable (p = 0) or bounded (p > 0)
2. Show the processes g; , and x,, are tight, and converge in law to some (g; ,x*).

3. Construct a stochastic basis such that 7% = f~!(x*) is a stopping time and ¢ is a

martingale
4. Show that (g;, T*) achieves the value function V(go).

5. Show that g; is feasible.

Step 1: Define the variable x, = f(7,), and show it is integrable/bounded. The pur-
pose of this step is to deal with the following issue: when p > 0, it is not immediate that
Efn 1,0 ] < oo.

Define

Umax = MaX Ug yx,
acAxeX

and define the random variable x, : Q, — R by x, = f(1,),

flr)=4" p=0

(I1—e Py p>0
and observe that it is .%,-measurable, and x € [0, t;4] if p > 0. We have

rw=1" Py
—p 'In(1--2) p>0

Umax

and by convention define f -1 (thmax) = o0 if p > 0.
If p = 0, by the definition of limits, for any € > 0, there exists an ne € N such that, for
all n > ng,
E"'[i(qz,n) — KTa| Fo.u] >V (q0) — €.
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Consequently, we must have (for all n > n¢), by V(q0) > Umin = Mingea xex Ua x,

EPi[5,| Fo ] < 2max Z”“” : (35)

In the p > 0 case, x, is bounded.

Step 2: The processes g; , and x, are tight By theorem 4.13 of chapter VI of Jacod
and Shiryaev [2013], it is sufficient to show that the predictable quadratic variation of g,  ;
(forsome j € {1,...,|X|}, < qinj,qinj >, is C-tight (tightness as defined for a continuous
process, see definition 3.25 of chapter VI of Jacod and Shiryaev [2013]). By the constraint

(3) and the strong convexity of D, we must have, for some m > 0,

tim mh ™ E |, — g, n)*Fnnl < X,
h—0t

which implies
|X]+1

m gt — Y <dinjiGin;>
j=1
is an increasing process. Trivially, the sequence of processes y,; = m~ !yt is C-tight (see
Proposition 3.26 of chapter VI of Jacod and Shiryaev [2013]), and therefore by Proposition

335 0!

also demonstrates that the processes g; , are quasi-left-continuous.

< G1n,j>q1,n,j > 1s C-tight, and consequently ¢, ,, is tight. Note that this result

Let us now show that the x,, variables are tight. If p > 1, this is immediate by x, €
[0, tmax]. If p =0 (and thus k > 0), we show tightness via integrability. Recall the definition
of tightness: the laws of 1, are tight if, for any & > 0, there is a compact set Kz C R such
that, for all n, Ef*[1{x, € Kz}] > 1 — &. In the p = 0 case, by (35) above, for some € > 0

and all n > ng,

l{xn > Umax glrzm + }|90,n]a

Umax — Umin + 2€
K_l(umax—umin+28) > EP"[Tn|yO.,n] ZEPn[ max Amm +

which proves tightness for K; = [0, M] on the subsequence n > ng.

Let D(Z(X)) be the space of all cadlag functions Ry — Z(X), endowed with the
Skorokhod topology; we have shown that a subsequence of (g; »,X,) is tight on D(Z (X)) x
R endowed with the product topology. It follows by Prokhorov’s theorem that there exists
a subsequence of this subsequence such that the laws of (g; »,x,), £, € Z(D(Z(X)) %
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R4 ) converge weakly to some .£* € Z(D(Z(X)) x R4 ). In what follows, consider only

this subsequence of the subsequence.

Step 3: Construct the stochastic basis, martingale, and stopping time By the Sko-
rokhod representation theorem, there exists an (Q*,.%*, P*) and random variables (g; ,, x;,)
and (¢;,x*) with laws %, and .£* such that, P*-almost-surely, (¢*,x*) = lim,_,(g};, X;).

Define 7% : Q* — R, U {e} by t*(@) = f~ ! (x*(®)), recalling that f~! was defined
above in step 1, and let the process y/ be defined by y; (@) = 1{7*(®) < ¢}, adopting
the convention that y; (@) = 0 if 7%(@) = . Define {.%,"} as the natural filtration of the
process (g/,y;). Applying proposition 1.10 of section IX of Jacod and Shiryaev [2013],
the process ¢; is a martingale adapted to this filtration, and by construction 7* is a stopping
time (as y; is .%#, -measurable).

Thus constructed, the collection ((Q*,.7*,{.%, '}, P*),q;,7*) is our candidate optimal

policy.

Step 4: The process (¢, 7*) achieves the value function The key step here is proving
that the law of gz, , converges to the law of g;.. For this purpose, we rely on results from
Silvestrov [2012]. We first consider the p > O case, which is more complex due to the

possibility of not stopping, and then consider the p = 0 case.

Step 4a: the p >0 case We start by proving that gyin(s, 7}, cOnverges inlaw to gy . (o7}
for any T > 0. It is immediate, from the boundedness and continuity of min{ f~!(x), T} and
the continuous mapping theorem, that (g,,, min{f~!(x,), T}) converges in law to (g,, min{f ' (x*),T}).
In the the context of Silvestrov [2012], condition 2% holds.

By Definition 1.6.7 and Theorem 1.6.6 of Silvestrov [2012], the Skorokhod topology
compactness condition _Z4 of Silvestrov [2012] must hold (this is essentially the tight-
ness condition shown above). By the quasi-left-continuity of the g; ,, for any 6 > 0 and
t €[0,7T), Ef[max{|Ag, »| — 8,0}|F0.,] = 0, and by weak convergence EX [max{|Ag}| —
3,0}| %0 ] = 0. It follows that g; is quasi-left-continuous, and consequently that condition
%4 of Silvestrov [2012] holds. By theorem 2.3.2 and lemma 2.3.1 of Silvestrov [2012],
(4min{z,,7} 0, min{ Ty, T'}) converges in law to (g min{t*,T}).

Define

*
min{t*,T}’

K

Var(qo) = EP [e*Pmin{Tn,T}ﬁ(qn?min{TmT}) 5 (1 _e—pmin{rn,T})‘gZM]_
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By the definition of convergence in law and the continuity of i,

r}l_ISonT(‘]O) =

EP [ P T g e ) — = (1= e PTET) 7]

Note that

T

Vor(qo) = EP e P™i(qpr,) —/ e P xds| F )
0

Tl‘l
—e PTER{1, > THe P Di(gns,) — il(gnr) — K / e PET)ds)| P ).
T
By i(q) € [Umin, Umax] TOT tmax as defined above and upi, = mingea vex tqx > 0, and K > 0,
we have

T
Vor(qo) > EP e P™i(g, ) —/ e P xds|F ]
0

— (Umax — umin)e*pTEP” {7, > T}|F0.4)-

Recall (by assumption) that

Tn
lim P[P %i(gy ) — / P kds| Fon] = V(q0),
0

n—yoo

and consequently

K

EP* [e—P min{r*7T}ﬁ(Qmin{r*,T}) - E (1

_e—pmin{f*,T})‘yg] >
V(QO) - (”max - ”min)e_pT-

Taking the limit as 7" — oo,

ook K —oT* * 5
I I u(Qr*)_E(l_e PENF5] =V (o),

and hence this policy must be optimal if feasible.

Step 4b: the p = 0 case In this case we don’t need to worry about never stopping, and

hence don’t need the previous limit approach. By step 2, (g, T,) converges in law to
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(¢*,7*), which implies that Silvestrov [2012] condition 2% holds. By Definition 1.6.7 and
Theorem 1.6.6 of Silvestrov [2012], the Skorokhod topology compactness condition _Zy4
of Silvestrov [2012] must hold. By the quasi-left-continuity of the ¢; ,, for any 6 > 0 and
t € Ry, Ef[max{|Ag, .| — 8,0}|.F ] = 0, and by weak convergence E* [max{|Aq}| —
0,0}|-Z0.0] = 0. It follows that g; is quasi-left-continuous, and consequently that condition
%4 of Silvestrov [2012] holds. By theorem 2.3.2 and lemma 2.3.1 of Silvestrov [2012],
(gx,, Tn) converges in law to (g;., T*). It is immediate that
lim E"[i(gs,) — k%] Fo.) = V(d0) = E” [a(gs) — k7. 75].
Step S: prove feasibility Here we rely on the following lemma:
Using this lemma, define for any 42 > 0

F,(t,h) = EP [D(QI,nH(I(t—h)_,n>’y(t—h)_ﬂ]’

and observe that F,(z,h) = 0 be the quasi-left-continuity of g, .
By Ito’s lemma (see theorem 2.42 of chapter II of Jacod and Shiryaev [2013]), for any
h>h,

1 t
EME )\ Z, ) = 5EP [ 10,0l 9300l a5l 7, )
t—n

t
+EPn [/ / R {D(CIS_,n +ZHC[(1‘—h)*,n) _D(qAY—.,nHCI(t—h)*,n)_
t—h JRXI\ {0}

|‘](z—h)1n)}‘/’S,n (a’z)ds],%f;m] )

ZT ’ VlD(Qs‘,n

where V| and V% denote the gradient and hessian with respect to the first argument. By the

predictability of Oy s, Wi, and q_p)- 4>

d ! k
EPﬂ[%Fn(l‘,l’l)’glf}_z,n] = EP”[Elr[cl—hanGl]lhﬂ’lk(q(t*h)i’n)]

[ Dyt V(@I F ) < 2
R\ {0}
where we have used the definition

VEID(q(—ny- allG—n)-n) = k(q(—1)- 1)
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and that

—

D(q(e—n)- nlla—ny-n) = 0, ViD(q(—ny- ullg(—n)-n) = O
Considering the limit as h— h,
iF (t h)—ltr[c ol , k )]+/ D( +2z]| )d (z) <
on M) = S O=hn O —hn q(t—h)~n R\(0) A(t—h)~n T2 (t—n)~n)EWt—nn(Z) = X-

It follows that
Fu(t,h) < xh.

By the continuity of D and the convergence in law of g; , to ¢/, forany r € Ry and 4 > 0,

lim Ef (B, (1,h)| .o .0] = ET [F(t,h)| %)

n—soo

where
F(t,h) = E” [D(q g}, )Ty,

and therefore, P*-a.s. and for all & > 0,
hil(F(tvh) _F(tv())) < X

Because F(t,h) is left-continuous by construction, this property must hold outside of an
evanescent set (see the remark after 1.10 of chapter I of Jacod and Shiryaev [2013]). It
follows immediately that

lim sup A~ '(F(t,h) — F(£,0)) < g,
h—0t
which is the result.
Combining steps 4 and 5, the candidate optimal policy achieves a utility greater than or

equal to V(go) and is feasible, and therefore optimal.

B.2 Proof of Lemma 8

Let g; be any point on the interior of &(X), and let Bs = {¢' € Z(X) : | — q:| < 6}
a & > 0 ball around ¢;. Choose some & > 0 such that B, is contained in interior of the
simplex. We will prove that V' is Lipschitz-continuous on By.

Choose z € RXI\ {0} such that |z| < §, and apply Lemma 7, defining z = 17 and
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x '(pV(q)+x)(e ' D(g +€Z||g;) +D(gqr —Z||gr)) >
e (V(g+€2)—V(g)+ V(g —2)—V(a). (36)

forall € € (0,1).
Define & = maX,ea vex Ua,x and note that 0 < V(g) < i for all g. Note also that D is
(twice) continuously-differentiable in its first argument and D(g||g) = 0. Taking limits,

lim sup e (Vg +€2)—V(q)) <a+x "(pa+x)D(g —7lq)
£—0

Now apply Lemma 7 at g = g; + €Z, defining z = —éz and € = ]_TO‘,

x '(k+pV(g+€2)(e ' D(gi|lg +€2) +D(gr + (1 +€)Z|q, + €2)) >
e (V(g)) = V(g +€2) + V(g + (1+€)2) — V(g +e2),

for all € € (0,1). By the convexity of D,
™' D(qillg: +€2) +2-ViD(qllq: +€2) < ™' D(q, + 2l|q + €2),

where V| denotes the gradient with respect to the first argument, and the inequality can be

written as

x (k4 pV(g—€2))(D(gr + (1+€)Z|g; + €2) —2- ViD(q1||g: + €2)) >
e (Vig) = V(g +€2)+ V(g +(1+€)2) — V(g +€2),

By the continuity of the gradient and the arguments above,

lim inf e '(V(g +€2)—V(q)) > —ii—x ' (pia+x)D(q +7l|q:).

e—07T

Define

K = max LH—)(I(PLH‘ K)D(q|lg:),
q'€Bj

noting that D is finite on the interior of the simplex and hence by the compactness of By, a
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finite maximum exists. We conclude that the Dini derivatives in the direction Z are bounded
by K. It follows (see, e.g., Royden and Fitzpatrick [2010] section 6.2) that V is locally
Lipschitz continuous on Bg.

Repeating the argument for each face of the simplex, using balls defined only the sup-

port of g;, extends the result to all non-extreme points of the simplex.

B.3 Proof of Lemma 9

Note: this proof refers heavily to results from Clarke [1990].

By Lemma 8, V is locally Lipschitz on the interior of the simplex and on the interior of
each face.

Let g, be any point on the interior of #(X), and let Bs ={q¢' € Z(X): | —q:| < 6}
a & > 0 ball around ¢;. Choose some & > 0 such that B,s is contained in interior of the
simplex. We will prove that V is continuously differentiable on Bj.

Choose z € RXI\ {0} such that |z| < §, and apply Lemma 7, defining z = 27 and
e=1%t0g=q +zforsomeze RIXI such that |2] < §,

2 oV (g) + ) (e ' D(gi +2+€2l|gr +2) + D(gr +2—2l|g: +2)) >
e V(g +2+€)—V(g+2)+V(g+5—2) — V(g +2).

for all € € (0,1) (which ensures that g; +Z+ €Z € By3).
By the convexity of D,

e 'D(qr+2+¢€|q+2)—2-ViD(q +2+€2l|g +2) < e 'D(q +2||g: +2),

where V| denotes the gradient with respect to the first argument, and the inequality can be

written as

2 NV (g) +6)(Z-ViD(q+2+€3l|gi +2) +D(qr +2—7|g +2) >
e V(g +2+€0) V(g +2)+V(g+2-2) = V(g +2).
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Considering the limits

lim sup 2 (PV(g) +x)(Z-ViD(q: +2+€Z||q: +2)+

+
V0T seRIXL 2| <v,e€(0,v)

D(q:+2—17|lg: +32)) —sil(V(q,+2_|_gZ) —V(g:+2)—-V(g+2—-2)+V(g: +2) >0,

we have
x HpV(a)+x)D(g —2Zllar) > V(g —2) —V(a) +V°(ar:2),
where
V°(g:;Z) = lim sup e V(g +2+€7)—V(g+32)
V=0T scRIXL |2 <v.,e€(0,v)

is the Clarke generalized derivative in the direction Z, which exists by proposition 2.1.1 of
Clarke [1990] and the local Lipschitz property.

By proposition 2.1.2 of Clarke [1990], a generalized gradient exists; let x(¢) € dV(q) C
RIXI denote a selection of such gradients with the property that

x(q) —x(qr)| < Klg — g

for some K > 0 and all g € B, which is possible by proposition 2.1.5 of Clarke [1990]. By
proposition 2.1.2 of Clarke [1990],

Vo(g:2) > 7" - x(qr),
and therefore
x ' (pV(a)+x)D(g —Z|lg:) > V(g —2) = V(gr) +2" -x(qy)-

Apply this equation in the opposite direction of Z, scaled by some € € (0, 1), for some
point g; + 2, again for some 2 € RX! such that |2| < §. We have

X (pV(g) +x)e” ' Digi+2+ezllg+2)+ 2 x(q +2) > e (Vg +2+€2) = V(g +2)),
and by the convexity of D as above,

x ' (pV(g)+x)ZT-ViD(g+2+€2l|qi+2)+ 7 x(qi+2) > e (V(g+2+€2) — V(g +2))
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It follows, taking the limit superior as above, that
2 x(ar) > V°(952).

This can only hold if V°(g;;Z) = z' x(q;), and as this must hold for all Z, dV (g,) is a single-
ton. Applying this argument to all g € By, it follows by proposition 2.2.4 of Clarke [1990]
and the unnumbered corollary following that proposition that V is continuously differen-
tiable on Bg. Repeating this argument for all g, on the interior of the simplex, it follows
that V' is continuously differentiable on the interior of the simplex. By identical arguments,

V is continuously differentiable on each face of the simplex.

B.4 Proof of Lemma 10

Proof by contradiction: suppose

sup  ~1r[G00d V29 (q0)] + / (9(q0+2)—(q0) —2" -VP(q0))Wo(dz) < pd(qo)+ &
00, Vo< (q0) RIXI\ {0}

and V(qo) > #(qo).

Step 1: Prove this inequality must hold in some neighborhood around g;. We must

have, for some € > 0,
1
sup  ~tr[oo0g V29 (q0)] + / (¢(q0+2) — 9(q0) — 2" - V(40)) Wo(dz) <
00, Yo (qo) RIXI\ {0}
pP(qo0) +K—¢
and
V(q0) > i(qo) +&.
Consider diffusion-only policies of the form
T

12%

T
ool =——
om0 X1 5vTk(go)v
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for some vector v € RX| with [v| = 1. We must have

Tv2
max —V (P (qO)v

-1
veRIXL:|v|=1 VTI_C((])V <X (p¢(q0)+K—8).

Now consider policies without diffusion and for which yj is a point mass on av, where
v e RXl with [v| =1 and a € (0, |X|%] Note that |¢’ — go| < |X|% for any ¢’ € #(X). For
such policies,

sup F(qo0,a,v) <2 (p9(qo0) +x — &)
ave(0,|X|3]xRIXI: [v|=1 & go+ave 2(X)
where o (a0 +av) ~ §(a0) — av- V(a0
o+av)— 0)—av- 0
F(qo,a,v) = 4 4 )
D(qo +av||qo)
Define ren (@)
. viV=9(qo)v
F 707 =1 F s Uy = T 77,
(40,0,v) = lim F(qo,a,v) = —7 k(g
to combine these two conditions, which yields
max F(CIO%V)SX_I(P‘P(CIO)JFK—S)-

1
a,ve[0,)X|2]xRIX: |v|=1 & gg+ave 2 (X)

Now observe that F(go,a,v) is continuous in its arguments, and that the correspondence
[(qo) = {a,v € [0, [X |7 x R¥: |v] = 1&go+av e 2(X)}

is a closed and bounded subset of R¥I*! (and hence compact-valued), and is upper hemi-
continuous.

It follows by the theorem of the maximum that

F*(qo0) = 1 max F(qo,a,v)
a,ve[0,1X| 2] xR [v|=1 & gp+-ave 2 (X)

is continuous in ¢g.
Hence, there exists some § > 0 such that for all ¢ € Z(X) with |g —qo| < 6,

F'(@) <2 (p0(g0) + = 3).
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It follows that for all such ¢ and all (o, y) € <7 (q),
1
Efr[GoG()TV%(CI)H
Lo 0la+2) - 6@~ Vo@)wo(d) <
RIXI\ {0}

0ol x Dl a+ [ Dlazllgvelds) < pola) +x

By the continuity of V' and i, there exists a 8, > 0 such that for all |g — go| < 2,

SR,

Vig) —i(q) =

Consequently, for |g — go| < min{J, &, }, both inequalities hold.

Step 2: Apply Ito’s Lemma Suppose the DM initially holds beliefs ¢, = go. Let 7, =
min{{inf,c; ;1 : [gs — qo| > min{3, 8, }},h}, which is to say the stopping time associated
with & > 0 units of time passing or exiting the region just described, whichever comes
first. Note that this region lies within the continuation region under the optimal policy, by
construction.

Under the optimal policy,
T
V(g:) = Ele PV (gq,) - K/ e P ds],
t
and therefore by ¢(q) > V(q) and ¢(qo) =V (qo),

T'l
#(qo0) < Et[e_P(Th_t)(P(th) _ K/ } e_p(s_t)ds].
t

Recall by Lemma 6 that for any feasible beliefs process (and hence for any optimal
policy), the beliefs process is a (semi-)martingale described by the o, and y; defined in

that lemma. The following essentially restates Ito’s lemma for (semi-)martingales.
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Lemma 11. For any twice continuously-differentiable function ¢ : RXI 5 R,

b= P0(a) ~e 0(a) +5 [ < P{polar) - yirloro] Vol )l

t

_ / ! / (g +2) - )~ Vo(gr)) wilda)dl
t RIXI\ {0}

is a martingale.
Proof. See theorem 2.42 of chapter II of Jacod and Shiryaev [2013]. 0

Note by the quasi-left-continuity of ¢, that beliefs cannot jump by |z| > & with positive
probability at any time ¢, and hence Pr{t, >t} > 0.
By the martingale property of ¢ defined in the above lemma,

Ee P"¢(gq,)] —e P o(q) = Et[% /trhe_pl’r[alczTVZ‘P(CIl)]dl]
A [ 8lar 2= 0lar )~ -Volar Dwi(dad
t RIXI\{0}

—Et[/rheplpfb(qz)dl]a

t

which yields, by the fact that |g; — go| < 6 forall [ € [t, 1),

T, T,
([P < Ele P (g5)) - e Po(a) < (k- DEL[ e ds),
t t

a contradiction by the observation that Pr{t, >t} > 0.
We conclude that

sup  ~1rlonai V26 (o) + / (0(d0-+2)— d(q0) " -V (q0)) vo(dz) = po(go) + k.
00, Vo€ (q0) RIXI\ {0}
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