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1 Introduction

In this paper we propose a new asset-pricing test and apply it to a set of leading

linear factor models. Do we need another test, you might ask. Current tests take

the set of test assets as given, although it is well-understood that this decision on

the part of the researcher is critical for test performance. Over time novel expected

return patterns observed in the historical data prompt modifications in the existing

models to account for these patterns. As this process unfolds, viewing the test assets

as “outside” the model, as the tests assume, becomes tenuous.1

We argue that using multi-horizon returns (MHR) offers a useful way to address

these issues. Specifically, we show formally that MHR effectively generate a set of

test assets that are endogenous to the model at hand and that allow for testing

most, if not all, aspects of conditional model misspecification. No matter how much

conditioning information a model already accounts for in the construction of the

model’s factors, the MHR-based test generates new test assets that leverage this

information in an endogenous fashion.

Our test is derived using the standard no-arbitrage condition and by formulating

models in terms of their implications for the stochastic discount factor (SDF). No-

arbitrage implies that the h-period SDF equals the product of the h corresponding

single-period SDFs. It is therefore straightforward to derive a model’s implication for

returns at any horizon. Thus, with MHR we are testing overidentifying restrictions

of the model.

1A classic test evaluates whether test assets have zero “alpha” (Gibbons, Ross, and Shanken,
1989). Lo and MacKinlay (1990) discuss the effects of data snooping. Lewellen, Nagel, and Shanken
(2010) and Daniel and Titman (2012) cover the effects of test asset factor structure.
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In our empirical contribution we show that misspecification of the implicit temporal

dynamics in state-of-the-art models of the SDF, as uncovered by MHR, indeed are

quantitatively large. Specifically, we consider eight linear factor models: the CAPM,

a two-factor model related to Black, Jensen, and Scholes (1972) (the market factor

plus a betting-against-beta factor), the Carhart (1997) four-factor model (the three

Fama and French (1993) factors plus momentum), the Fama and French (2015)

five-factor model, the Daniel, Mota, Rottke, and Santos (2020) five-factor model,

the Stambaugh and Yu (2017) four-factor model, the Hou, Xue, and Zhang (2015)

four-factor model, and the Haddad, Kozak, and Santosh (2020) six-factor model.

These models which are either workhorse or recent cutting-edge models for empirical

risk-return modeling. We test the minimal requirement that a model prices its own

factors at multiple return horizons.

As an example of the test results, consider the market factor in the Fama-French

model. The h-period gross return to this factor is simply the product of the one-

period gross returns from t to t + h. The model trivially prices the one-period

return to this factor, but quickly generates pricing errors when we consider the

model’s implications for longer-period returns. At the four-year horizon, the model’s

annualized pricing error for the market factor is 7% – about the same as the market

risk premium itself.

This example is not unique. The average annualized pricing error across all factors

and models is 4.5% when tested jointly on horizons of 1, 3, 6, 12, 24, and 48 months.

This is about the same magnitude as the average annualized factor risk premiums

the models where designed to explain in the first place. With the exception of the

CAPM, all models are rejected at the 5% level.
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These MHR-test rejections imply that the models fail to price the factors condition-

ally. In order to obtain further intuition, we, as a baseline, note that if factor returns

are i.i.d., a model that prices single-horizon returns will also price MHR. In the data,

the factors in many cases turn out to be surprisingly far from i.i.d. As a simple met-

ric, we compute variance ratios of the log gross return to the mean-variance efficient

(MVE) combination of the factors in each model. Variance ratios measure the cu-

mulative autocorrelations of log returns, where an i.i.d. process has a variance ratio

of one at all horizons. For the market portfolio, there is a well-known slight increase

above one and then a subsequent decline after the 15-month horizon.

Many of the other models, however, have much stronger patterns. For instance, the

Daniel, Mota, Rottke, and Santos (2020) model has a variance ratio that increases to

about three at the four-year horizon. Thus, there are strong persistent components

in the returns to these factor portfolios.

In fact, i.i.d. returns is not the only scenario that delivers unconditional spanning by

the candidate factors. Consider the SDF Mt,t+1 = 1− b>(Ft,t+1 − E(Ft,t+1)), where

F is a vector excess returns on traded portfolios. Under the null of this model, F is

unconditionally mean-variance efficient. This implies that the conditional expected

return to F is proportional to its conditional second moment. Thus, while it is not

true that the variance ratio of an unconditionally MVE portfolio (UMVE) needs to

be one at all horizons, the degree of persistence in returns that we document is much

higher than that typically estimated for conditional second moments of returns.

Since the test assets in our empirical applications are MHR to the factors themselves,

there does exist an SDF using timed versions of the factors that will price these MHR.

The timing strategy is a function of the conditional mean and covariance matrix of
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the factors. We therefore estimate these for each model in-sample. This leads to

models with higher maximal Sharpe ratios, as one would expect. Nevertheless, we

reject the timed versions of the models using our MHR-based test (exceptions are

the CAPM, as well as the the market factor plus a betting-against-beta factor).

In fact, the pricing errors and Information ratios remain economically large, often

larger than in the original versions of the models. This may seem surprising, but

conditional dynamics are notoriously hard to estimate and persistent errors in these

estimates show up as pricing errors in MHR.

As a final step in our empirical analysis, we move outside our own modeling of the

UMVE portfolio and apply state-of-the-art approaches from the literature. Specif-

ically, we consider out-of-sample volatility timing of Moreira and Muir (2017) and

expected return timing using book-to-market ratio of Haddad, Kozak, and Santosh

(2020). We apply their approaches to the Carhart (1997), Fama and French (2015),

and the static version of Haddad, Kozak, and Santosh (2020) models.2 We again re-

ject the models using our test, and the MHR pricing errors are of a similar magnitude

or larger than in the versions of the models without factor timing.

Our rejection of the most advanced models in the literature suggests the extreme

challenge of correctly estimating the conditional factor dynamics. In fact, as the

number of factors in a model increases, so does the complexity of their conditional

dynamics. Simultaneously, those same rejections indicate that our test has good

statistical power properties. Taken together our evidence poses a challenge for future

research in terms of understanding and estimation of the conditional risk-return

trade-off. The MHR-based test that we propose should serve as a useful guidance

2 Nagel, Kozak, and Santosh (2018) is the antecedent to static Haddad, Kozak, and Santosh
(2020). Throughout, we refer to the model as Haddad, Kozak, and Santosh (2020), or HKS for
convinience and because we use the same dataset.
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for this endeavor.

Related literature. There are many papers that test conditional versions of factor

models. For instance, Boguth, Carlson, Fisher, and Simutin (2011), Ferson and

Harvey (1999), Farnsworth, Ferson, Jackson, and Todd (2002), Jagannathan and

Wang (1996), Kelly, Pruitt, and Su (2019), Lettau and Ludvigson (2001), Lewellen

and Nagel (2006), and Moreira and Muir (2017). Our contribution relative to this

literature is to show that MHR in asset pricing tests effectively serve as condition-

ing variables endogenous to the model and that, empirically, multi-horizon factor

returns indeed are informative in terms of uncovering novel conditional dynamics of

prominent factor models.

Our paper makes a connection with a literature that seeks to characterize multi-

horizon properties of “zero-coupon” assets, such as bonds, dividends strips, vari-

ance swaps, and currencies. Such work includes Backus, Boyarchenko, and Chernov

(2018), Belo, Collin-Dufresne, and Goldstein (2015), van Binsbergen, Brandt, and

Koijen (2012), Dahlquist and Hasseltoft (2013), Dew-Becker, Giglio, Le, and Ro-

driguez (2015), Hansen, Heaton, and Li (2008), Koijen, Lustig, and Nieuwerburgh

(2017), Lustig, Stathopoulos, and Verdelhan (2013), and Zviadadze (2017).

A related strand of the literature considers multiple frequencies of observations when

testing models (e.g., Brennan and Zhang, 2018, Daniel and Marshall, 1997, Jagan-

nathan and Wang, 2007, Kamara, Korajczyk, Lou, and Sadka, 2016, Parker and

Julliard, 2005), though none of these consider the implications of a joint test across

horizons.

Baba Yara, Boons, and Tamoni (2020) consider the predictive power of characteris-

tics lagged at different horizons. Favero and Melone (2020) analyze a factor model
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that also incorporates long-run relationships through cointegration. Bessembinder,

Cooper, and Zhang (2020) model and document changes in measures of mutual fund

performance at long horizons.

Notation. We use E for expectations and V for variances (a covariance matrix if

applied to a vector). A t-subscript on these denotes an expectation or variance con-

ditional on information available at time t, whereas no subscript denotes an uncon-

ditional expectation or variance. We use double subscripts for time-series variables,

like returns, to explicitly denote the relevant horizon. Thus, a gross return on an

investment from time t to time t+ h is denoted Rt,t+h.

2 Linear factor models and multi-horizon returns

This section has three main objectives. First, we offer a unified view of model con-

struction in cross-sectional asset pricing. Second, we highlight difficulties in testing

and evaluating progress in improving such models. Third, we introduce a testing ap-

proach that is essentially a dual to the dominant testing paradigm in the literature.

This new approach is attractive because it allows sidestepping many issues that we

describe.

2.1 Conditional MVE portfolio

A long-standing paradigm in asset pricing is that of the construction of the mean-

variance frontier (MVF). Applications include linear beta-pricing models of the cross-

section of expected returns, as well as a more general understanding of the properties
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of the minimum variance stochastic discount factor (see, e.g., Cochrane, 2004). While

the literal construction of MVF is infeasible, it is instructive to start with that

unattainable reference point.

Let Rei
t,t+1 represent a one-period excess return on an asset i. Stack excess returns

on all assets into a Nt × 1 vector Re
t,t+1. Then

RC
t,t+1 = (wCt )>Re

t,t+1, (1)

wCt = k−1t Vt
(
Re
t,t+1

)−1
Et
(
Re
t,t+1

)
(2)

is a conditional MVE (CMVE) portfolio. Here kt is any positive constant known at

time t, governing the leverage of the portfolio. The CMVE “prices” any combination

of these assets. That is, there exists an SDF, M∗
t,t+1, derived from the CMVE that

prices Re
t,t+1 conditionally and unconditionally, E(M∗

t,t+1R
e
t,t+1) = Et(M

∗
t,t+1R

e
t,t+1) =

0. Specifically,

M∗
t,t+1 = 1− kt(RC

t,t+1 − Et(RC
t,t+1)), (3)

kt = V −1t

(
RC
t,t+1

)
Et
(
RC
t,t+1

)
. (4)

2.2 Unconditional MVE portfolio

In practice, researchers are searching for the unconditional MVE (UMVE) portfolio,

which is the portfolio with the highest maximal unconditional Sharpe ratio. This

portfolio is perfectly negatively correlated with the projection of the SDF on the set

of excess returns, and it is also a CMVE (Hansen and Richard, 1987). The reason

for the focus on finding the UMVE is that is easier to test unconditional model
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implications.

UMVE is a timed version of the CMVE in Equation (1),

RU
t,t+1 = δtR

C
t,t+1 = δt(w

C
t )>Re

t,t+1 = (wUt )>Re
t,t+1, (5)

where the timing variable δt is

δt = (1 + θt)
−1kt,

and where θt is the maximal conditional squared Sharpe ratio:

θt = Et
(
Re
t,t+1

)>
Vt
(
Re
t,t+1

)−1
Et
(
Re
t,t+1

)
.

As a by-product, we obtain a particularly transparent expression for the UMVE

portfolio weights

wUt = δtw
C
t = (1 + θt)

−1 · Vt
(
Re
t,t+1

)−1
Et
(
Re
t,t+1

)
. (6)

The corresponding SDF is

Mt,t+1 ≡ 1− (1− E(RU
t,t+1))

−1 · (RU
t,t+1 − E(RU

t,t+1)). (7)

See Appendix A.1.

Mt,t+1 prices all excess returns conditionally by construction (linear transformation of

M∗
t,t+1). It also prices excess returns unconditionally (by the law of iterated expecta-

tions). This SDF is perfectly negatively correlated with the UMVE portfolio, which

implies that the UMVE portfolio indeed has the maximal attainable unconditional
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Sharpe ratio.

2.3 Construction of the unconditional MVE portfolio

Implementation of the expression in Equation (5) faces three major hurdles: han-

dling all assets (stocks) is an intractable problem for a variety of reasons, the full

information set implicit in the subscript t is not known, and computation of correct

conditional mean and variance of returns is not possible without knowing their true

distribution at each point in time t. In response to these challenges, the literature

evaluates portfolios of stocks (Black, Jensen, and Scholes, 1972) and considers var-

ious conditioning variables as explicit proxies for the information set, such as the

cross-section of market-to-book ratios (Fama and French, 1993) or the aggregate

dividend-price ratio (Fama and French, 1988). All of these approaches translate to

the following form of the UMVE weights:

(wUt )> = b>t Ct,

where Ct is a K ×Nt matrix of stock-level characteristics, and bt is a K × 1 timing

vector.

The characteristics define a set of K factors,

Ft,t+1 ≡ CtR
e
t,t+1,

that, if the model is true, conditionally span a CMVE portfolio for the set of assets in

Re
t,t+1. For instance, a row of Ct could be firms’ cross-sectionally demeaned book-to-

market ratios to create a value factor, or the cross-section of value-weights to create
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the market factor. The K × 1 factor timing vector, bt, optimally combines these

factors to get to the UMVE portfolio. If b is constant, the factors defined by the

characteristics Ct unconditionally span the UMVE portfolio.

Factor timing, as studied in the literature, can be generically represented as

bt = D0 +D1zt, (8)

where D0 and D1 are a K×1 vector and a K×L matrix of parameters, respectively,

while zt is a L × 1 vector with observable conditioning variables. Such variables

include the aggregate dividend-price ratio (Fama and French, 1988), the cay-variable

(Lettau and Ludvigson, 2001), the default spread (Keim and Stambaugh, 1986), and

the term spread (Fama and French, 1989). As one example, if the market dividend-

price ratio (dpt) is used as a conditioning variable for each factor, zt = dpt, while D1

is a K × 1 vector. See Ferson and Harvey (1999), Jagannathan and Wang (1996),

and Lettau and Ludvigson (2001). As another example, conditioning variables may

be factor-specific as well. For instance, Moreira and Muir (2017) advocate using the

inverse conditional variance as the timing variable for each factor. In this case, zt

is a K × 1 vector with factor k’s inverse conditional variance in row k, while D1

is a diagonal K × K matrix. Similarly, Haddad, Kozak, and Santosh (2020) use

the book-to-market ratio. Kelly, Pruitt, and Su (2019) offer a systematic approach

towards selecting significant zt out of a large set of candidates.

Given the optimal factor weights, bt, the SDF can now be written as:

Mt+1 = 1−
(
b>t Ft,t+1 − E(b>t Ft,t+1)

)
. (9)
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This matches Equation (7) with RU
t,t+1 = b>t Ft,t+1(1−E(b>t Ft,t+1)/(1 +E(b>t Ft,t+1)).

In summary, a linear factor model consists of several important ingredients: the

initial set of assets, the set of conditioning variables Ct and zt, and how they are

incorporated into the model.

2.4 Testing linear factor models

Consider a version of the SDF in Equation (9) where bt = b is constant, which implies

that the factors span the UMVE portfolio

Mt,t+1 = 1− b>(Ft,t+1 − E(Ft,t+1)). (10)

As a result, any asset’s risk premium is linear in the factor risk premiums, both

conditionally and unconditionally. Thus, with N test assets we have

E(Re
t,t+1) = βE(Ft,t+1), (11)

Et(R
e
t,t+1) = βtEt(Ft,t+1), (12)

where β and βt are N×K matrices.3 The model is commonly tested via a regression

Re
t,t+1 = α + βFt,t+1 + εt+1, (13)

where, cov(εt+1) ≡ Σε. If Equation (11) holds, α = 0. Ferson and Harvey (1999)

and Kelly, Pruitt, and Su (2019) are prominent examples of tests of Equation (12)

3Here we modify our notation from Nt to N in recognition of the fact that test assets are typically
represented by a fixed number of portfolios. This distinction is not material for our analysis.
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with βt posited to be an affine function of conditioning variables zt.

The standard methods in the literature for testing factor models is either a time-series

test such as that above (traded factors; see Gibbons, Ross, and Shanken, 1989) or a

cross-sectional test (necessary for non-traded factors; see Fama and MacBeth, 1973

and Shanken, 1992). In both cases, the tests are asking if it is possible to improve

upon the maximal Sharpe ratio combination of the factors (or factor-mimicking port-

folios for non-traded factors) by forming a portfolio consisting of both the factors

and the test assets. Obviously, this is always possible in-sample and so the tests

account for sampling uncertainty.

The testing challenge is to find a set of test portfolios that would sufficiently infor-

mative about a given model. The ideal test asset is the UMVE portfolio, which is

unattainable (e.g., Barillas and Shanken, 2017). Thus, in practice, researchers in-

stead search for test portfolios that have two properties: (i) large spread in average

returns and (ii) returns that not spanned by the model factors (e.g., Daniel and

Titman, 2012, Lewellen, Nagel, and Shanken, 2010).

If a model is rejected based on a set of test assets, we know how to modify the model

so that it prices the test assets in sample. As explained in MacKinlay (1995), we

need to add a factor with portfolio weights proportional to Σ−1ε α from regression

(13). That is, we tend to use information from the construction of the test assets for

the construction of new factors. This insight informs the search for additional char-

acteristics and timing variables, which refine the conditioning information implicit

in zt and Ct.

This iterative process has led to a number of recent prominent factor models that

improve upon the original Fama and French (1993) model. Examples include Daniel,
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Mota, Rottke, and Santos (2020), Fama and French (2015), Stambaugh and Yu

(2017), among others. A logical conclusion of this process is the explicit data-mining

approach of Nagel, Kozak, and Santosh (2020), which considers all functions of all

characteristics used in prior research in the model test and construction.

Thus, “the model” is in practice the union of the factors and the test assets. In

the next section, we show that MHR provide a way to test this broader notion of

a model that, unlike existing tests, does not rely on specifying further conditioning

information beyond Ct and zt.

2.5 The role of multiple horizons

In this paper we propose using MHR in model tests by making use of the models’

no-arbitrage implications for returns across different horizons. It turns out there

is a tight connection between correct conditional pricing and unconditional pricing

across multiple horizons. In order to describe the connection, we have to extend

factor models to multiple horizons.

As is known from extant literature, see e.g., Grossman, Melino, and Shiller (1987),

Levhari and Levy (1977), and Longstaff (1989), a factor model does not apply across

all horizons. To see this, consider the two-period SDF implied by Equation (10):

Mt,t+2 = Mt,t+1Mt+1,t+2 = (a− b>Ft,t+1)(a− b>Ft+1,t+2)

= a2 − ab>Ft,t+1 − ab>Ft+1,t+2 + b>Ft,t+1F
>
t+1,t+2b,

where a = 1 + b>E(Ft,t+1). This implies that the corresponding regression for the

two-period return Rei
t,t+2 will essentially feature a new set of factors even if the original
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single-horizon model is correctly specified.

The SDF-based approach is a natural way to translate the model in Equation (11)

into its counterpart at any longer horizon h. Denote one-period risk-free rate by

Rf
t,t+1, and the asset’s return by Ri

t,t+1 = Rei
t,t+1 +Rf

t,t+1. The multi-horizon SDF and

returns are simple products of their single-horizon counterparts:

Mt,t+h =
h∏
j=1

Mt+j−1,t+j,

Ri
t,t+h =

h∏
j=1

Ri
t+j−1,t+j.

Thus, we cast analysis in this paper in terms of SDFs. Switching over to the SDF

language means that the focus on the magnitude of α changes to the focus on whether

E(Mt,t+hR
i
t,t+h) = 1. (14)

Simply put, in a correctly specified model the present value of any $1 investment is

indeed $1.

Proposition 1. Consider the Euler equation (14) at the single and h−period hori-

zons.

1. Suppose Et(Mt,t+1R
i
t,t+1) = 1 for any i, then E(Mt,t+hR

i
t,t+h) = 1 for any i, h.

2. Suppose E(Mt,t+hR
i
t,t+h) = 1 for any i and h, then for any i, the conditional

pricing error, Et(Mt,t+1R
i
t,t+1)−1, is zero-mean and uncorrelated with the lagged

“Euler equation errors”, Mt−h,tR
i
t−h,t − 1, for any h.
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We present the proof here because it is helpful in developing intuition about the

meaning of the Proposition.

Proof.

1. By recursively iterating on the following equation for h = 1, 2, . . . , we have:

E[Mt−h,t+1R
i
t−h,t+1] = E[Mt−h,tR

i
t−h,tMt,t+1R

i
t,t+1]

= E[Mt−h,tR
i
t−h,tEt[Mt,t+1R

i
t,t+1]] = E[Mt−h,tR

i
t−h,t] = 1.

2. First note that conditional pricing errors, Et(Mt,t+1R
i
t,t+1)− 1, have zero mean

because E(Mt,t+1R
i
t,t+1)− 1 = 0. Next, consider two-period returns:

1 = E(Mt−1,t+1 ·Ri
t−1,t+1) = E(Mt−1,tMt,t+1 ·Ri

t−1,tR
i
t,t+1)

= E(Mt−1,tR
i
t−1,tEt(Mt,t+1R

i
t,t+1))

= E(Mt−1,tR
i
t−1,t) · E(Mt,t+1R

i
t,t+1) + Cov(Mt−1,tR

i
t−1,t, Et(Mt,t+1R

i
t,t+1)).

If (14) holds at both one- and two-period horizons, then

Cov(Mt−1,tR
i
t−1,t − 1, Et(Mt,t+1R

i
t,t+1)− 1) = 0.

A generalization to (h+ 1)-period returns is

h∑
j=1

Cov(Mt−j,tR
i
t−j,t − 1, Et(Mt,t+1R

i
t,t+1)− 1) = 0. (15)

These equations tell us that conditional pricing errors are uncorrelated with

Euler equation errors for any h.

15



Second part of the Proposition forms the basis for the test of asset-pricing models

that we propose in this paper. Specifically, we advocate testing if E(Mt,t+hR
i
t,t+h) = 1

jointly for a set of different h and i. In order to appreciate what the rejection of this

null tells us, we revisit some elements of the proof.

Express Mt,t+hRt,t+h − 1 as η
(h)
t + νt,t+h, where η

(h)
t is the pricing error, η

(h)
t =

Et(Mt,t+hRt,t+h) − 1, and νt,t+h is the innovation, which is conditionally uncorre-

lated with η
(h)
t by the properties of the conditional expectation. Then, Equation

(15) can be re-written as:

h∑
j=1

Cov(η
(j)
t−j + νt−j,t, η

(1)
t ) = 0. (16)

Thus, rejection of the null implies that either pricing errors are persistent,

Cov(η
(j)
t−j, η

(1)
t ) 6= 0, or errors are contemporaneously correlated with innovations,

Cov(νt−j,t, η
(1)
t ) 6= 0, or both.

Thus, exploring a model’s pricing implications over multiple horizons appears to be

a promising avenue. It allows to test for conditional pricing, Et(Mt,t+1R
i
t,t+1) = 1,

using model-implied conditioning information, without the need to specify auxiliary

conditioning variables from outside the model. Given that the informational variables

zt and Ct are already implicit in the candidate SDF, Mt,t+1, MHR-based testing is

automatically incorporating whatever conditioning is advocated in the literature.

The next section develops our testing methodology which is applicable to any model

that respects the Law of One Price (LOOP) and to any set of test assets. Before we

do so, we offer two examples that illustrate the Proposition further.
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2.6 Examples

Consider two examples to get a sense of what kind of models can be rejected by the

proposed test.

Persistent pricing errors

Suppose that a misspecified one-factor model is

M̃t+1 = 1− (bFt,t+1 − E [bFt,t+1]) , b = V −1 (Ft,t+1) · E (Ft,t+1) , (17)

where the factor is the excess return to a traded portfolio. The correct model,

however, is:

Mt,t+1 = 1− (btFt,t+1 − E [btFt,t+1])

with bt = B0 +B1bt−1 + ut where ut is an error term. That is, Ft,t+1 is only CMVE,

not UMVE. The candidate model prices factor returns unconditionally:

E
[
M̃t,t+1Ft,t+1

]
= 0.

However, due to the misspecification, we have:

Et

[
M̃t,t+1Ft,t+1

]
=

(
1 + bE [Ft,t+1]

1 + E [btFt,t+1]
bt − b

)
Et
[
F 2
t,t+1

]
.

That is, the model does not correctly price the factor conditionally. See Appendix

A.2. The pricing error, η
(1)
t , is persistent since the true bt is persistent. Thus,
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Cov(η
(j)
t−j, η

(1)
t ) 6= 0. This type of misspecification arises when the factors span the

CMVE, but not the UMVE.

Correlated pricing errors and innovations

Another example is short-term dependence in returns, as seen in short-term reversal.

Again, let the proposed model be as the one in Equation (17). What is different is

that now the factor returns are i.i.d. Thus, the model prices the factors both condi-

tionally and unconditionally. However, a test asset’s returns are not. In particular,

consider:

Rie
t,t+1 = βiFt,t+1 + εi,t+1 + θεi,t,

where εi,t+1 is an i.i.d. error term uncorrelated with Ft,t+1 at all leads and lags.

This model represents reversal if θ < 0. The SDF prices Rie
t,t+1 unconditionally. See

Appendix A.3. Thus, a Gibbons, Ross, and Shanken (1989) test with Re
t,t+1 as the

test assets would fail to reject this model because all alphas are equal to zero.

However, the model does not correctly price excess returns conditionally:

Et

[
M̃t,t+1R

ie
t,t+1

]
= θεi,t.

See Appendix A.3.

Using the notation in Equation (16), the pricing error θεi,t = η
(1)
t . Thus, in this

example pricing errors are not persistent, so Cov(η
(j)
t−j, η

(1)
t ) = 0. However, the one-

period pricing error is correlated with the innovation, Cov(νt−1,t, η
(1)
t ) 6= 0. See

Appendix A.3.
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To summarize, failure to reject a model using MHR does not imply that the model

prices assets conditionally. The model could still have errors with two properties: (i)

the errors are not persistent, and (ii) the errors have no contemporaneous correlation

with innovations. While, mathematically, it is possible to have a model that is

misspecified along these lines, we could not think of any model contemplated in the

literature that would match this description. Thus, Proposition 1.2 justifies the use

of MHR to test for many important, although formally not all, conditional pricing

implications.

3 Testing linear factor models using MHR

3.1 Testing general asset pricing models using MHR

In this section, we develop a GMM-based test using MHR that is applicable to any

asset pricing model that satisfies LOOP. As shown in Proposition 1.1, such a model

implies Equation (14) for any asset i, which we repeat here for convenience:

E(Mt,t+hR
i
t,t+h − 1) = 0

for any asset i and horzion h. This condition can be easily tested jointly for multiple

horizons h in a GMM framework.

The proof of the Proposition in section 2.5 demonstrates that these MHR-based

moments are equivalent to Equation (15). The Equation implies moment conditions
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that we ultimately use in our testing. Specifically, for test assets i = 1, ..., I

f it+1 =


Mt,t+1R

i
t,t+1 − 1

z
(h2)
i,t (Mt,t+1R

i
t,t+1 − 1)

...

z
(hn)
i,t (Mt,t+1R

i
t,t+1 − 1)

 , (18)

where the conditioning variable is

z
(h)
i,t =

h−1∑
j=0

Mt−h+j,tR
i
t−h+j,t, (19)

n is the number of horizons used in the test, and {hj}nj=2 are the set of horizons used

in addition to the single-period horizon. The null hypothesis is E(f it+1) = 0 for all i,

and the test is thus an unconditional test of the conditional properties of the asset

pricing model as explained in the second part of the Proposition.

The virtue of the moments in Equation (18) is that the associated residuals are not

serially correlated under the null hypothesis. See Appendix A.4. Imposing this ad-

ditional restriction when estimating the covariance matrix of the moment conditions

improves the small-sample properties of the standard errors and test statistics. See

Hodrick (1992) for a similar argument in the context of overlapping observations in

regressions.
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The test falls into the standard GMM framework, where:

gT (θ) =
1

T

T∑
t=1


f 1
t (θ)

f 2
t (θ)
...

f It (θ)

 ,

where θ are the parameters in the SDF to be estimated. The objective function is

as usual:

argmin
θ

gT (θ)>WgT (θ),

where W is an (I × n) × (I × n) positive definite weighting matrix (e.g., Hansen

and Singleton, 1982). Relevant test statistics and parameter standard errors can be

found using the usual GMM toolkit.

3.2 Adopting the general test to linear models

We slightly re-write the K-factor model in Equation (10) as

Mt,t+1 = 1− b>(Ft,t+1 − µ),

to emphasize the need to estimate µ = E(Ft,t+1). Guaranteeing that this SDF prices

the risk-free rate conditionally requires adding auxiliary assumptions that are not

explicit in the settings that are traditionally used for testing linear factor models.

Because our goal is to assess the original models’ performance, we make a slight

adjustment to the moment conditions to ensure we do not reject the models based on
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mispricing of the multi-period risk-free rates, something that they were not designed

to match.

Specifically, we note that predicting discounted gross returns, MRi, as in the co-

variance condition in Equation (15), is equivalent to predicting discounted excess

returns, M(Ri−Rf ), if the model prices the risk-free asset. We therefore replace the

moment conditions in Equation (18) with the following ones:

f it+1 =


Mt,t+1(R

i
t,t+1 −R

f
t,t+1)

z
(h2)
i,t Mt,t+1(R

i
t,t+1 −R

f
t,t+1)

...

z
(hn)
i,t Mt,t+1(R

i
t,t+1 −R

f
t,t+1)

 .

The resulting K + I × n GMM moments are:

gT (b, µ) =
1

T

T∑
t=1



Ft,t+1 − µ

f 1
t (b, µ)

f 2
t (b, µ)

...

f It (b, µ)


.

Note that the managed portfolio weights z
(h)
i,t in each f i are exactly the same as in

Equation (19), that is, they still depend on gross returns rather then excess ones.
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3.3 Data

We select our models based on their historical importance, recent advancements,

and data availability. Specifically, we include the CAPM, CAPM combined with

the BAB factor (Frazzini and Pedersen, 2014, Black, Jensen, and Scholes, 1972,

Novy-Marx and Velikov, 2016), Fama and French five-factor model, FF5, (Fama and

French, 2015), a version of the FF5 model with hedged unpriced risks (Daniel, Mota,

Rottke, and Santos, 2020), Fama and French three-factor model with momentum

(Carhart, 1997, Fama and French, 1993), the four-factor models of Hou, Xue, and

Zhang (2015) and Stambaugh and Yu (2017), and the six-factor model of Haddad,

Kozak, and Santosh (2020).

The Fama-French five-factor model includes the market factor (MKT), the value

factor (HML), the size factor (SMB), the profitability factor (RMW; see also Novy-

Marx, 2013), and the investment factor (CMA; see also Cooper, Gulen, and Schill,

2008). These data and the momentum factor MOM (Jegadeesh and Titman, 1993)

are provided on Kenneth French’s webpage. The returns are monthly and the sample

is from July 1963 to June 2017.

The hedged versions of these factors studied by Daniel, Mota, Rottke, and Santos

(2020) (DMRS) are available on Kent Daniel’s webpage. The sample period is July

1963 to June 2017. The factors studied by Hou, Xue, and Zhang (2015) (HXZ) are

MKT, SMB, I/A (investment-to-assets) and ROE (return on equity), and are avail-

able on Lu Zhang’s website. The sample is from January 1967 to December 2017.

Stambaugh and Yu (2017) propose two factors intended to capture stock mispricing,

in addition to the existing MKT and SMB factors: PERF and MGMT. We denote

this four-factor model as SY. These data are available on Robert Stambaugh’s web-

23



page. The sample period for these factors starts January 1963 and ends December

2016. Haddad, Kozak, and Santosh (2020) (HKS) propose, in addition to MKT,

factors that are the first five principal components (PC1-5) of fifty anomaly portfo-

lios that are entertained in the literature. Their sample period is January 1974 to

December 2017.

Given the recent critique by Novy-Marx and Velikov (2016), we depart from the

BAB factor construction of Frazzini and Pedersen (2014). We use the value-weighted

beta- and size-sorted portfolios on Kenneth French’s webpage as the building blocks

for constructing this factor, following Fama and French (2015) and Novy-Marx and

Velikov (2016). See Appendix A.5.

Finally, we get the monthly risk-free rate from CRSP and create the real risk-free

rate by subtracting realized monthly inflation from the nominal rate. The inflation

data are from CRSP as well.

3.4 Test assets

We consider the factors themselves as the set of test assets. This choice limits us

to testing only for persistence in pricing errors as in the first example of section 2.6.

The reason for this choice of test assets is three-fold.

First, the factors in these models are created from mechanical trading strategies to

price documented empirical spreads in the cross-section of expected returns. Thus,

a natural and minimal requirement for a well-specified model is that the model can

price these strategies at any horizon. As an example, in a factor model that uses the

Fama and French (1993) HML factor, the present value of a $1 investment in the
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risk-free rate and a position in the HML (value) factor should be $1 regardless of the

holding period.

Second, it is clear that a model can price the single-horizon excess returns associated

with its factors unconditionally. We will in fact estimate b such that the single-

horizon returns to the factors themselves are priced without error and set µ equal

to the factor sample means. We choose the weighting matrix accordingly to ensure

these are the only moments used to identify the parameters. That is in line with

the standard Black, Jensen, and Scholes (1972) regressions in Equation (13), as the

regression imposes the sample mean of the factors in the estimation of αi. Thus, any

rejection is due to the joint test of the models’ pricing of longer-horizon returns.

Third, this choice of test assets implies that there exists an SDF with time-varying

loadings bt as in Equation (9) that does price the factors conditionally and, therefore,

prices these factors unconditionally at any horizon per the first part of the Proposition

in section 2.5. We discuss this alternative hypothesis in more detail in a later section.

3.5 MHR pricing errors and model tests

In the tests we use the horizons 3, 6, 12, 24, and 48 months in addition to the

one-period (monthly) horizon. Because the evaluated factors are designed as zero-

investment long-short portfolios, we construct Ri = Rf + F i for each factor i when

evaluating z
(h)
i,t in Equation (19).

We start by computing pricing errors for each factor in each model across horizons.

The pricing errors should be understood as the net present value of an h-period $1

buy-and-hold investment in the gross factor return. Since the models are estimated
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to match one-period returns unconditionally, non-zero net present values are due to

mispricing of the conditional factor return. To facilitate comparison we annualize er-

rors so that each reported number reflects the same period irrespective of the horizon.

Thus, the pricing error for a factor F i at horizon h is 12/h × ET (z
(h)
i,t Mt,t+1F

i
t,t+1).

The horizons for reported errors range from 1 to 48 months.

Figure 1 displays the pricing errors for the first four factor models. The top left

panel shows that the pricing errors of the CAPM are small across horizons, always

less than 1% annualized. Thus, for the market model, a constant b coefficient in the

SDF works well for pricing market returns at any horizon.

The top right panel shows the MKT+BAB model. In this case, pricing errors are

much larger for both factors. For the BAB factor, the annualized pricing error

increases with horizon (in absolute value) to almost 10% per year at the 48-month

horizon. That is about twice the average annualized monthly returns on this factor.

The bottom left plot shows the Carhart model (FF3+MOM), where the pricing errors

get very large, exceeding 50% p.a. for the 4-year MOM return. The bottom right

panel shows the corresponding pricing errors for the FF5 model. Again pricing errors

increase in absolute value with horizon. Three of the five factors (MKT, RMW, and

CMA) have absolute pricing errors in excess of 5% p.a. at the 4-year horizon.

Panel A of Table 1 gives the p-values of the J-test of each model. With the exception

of the CAPM, the models are rejected (MKT+BAB is marginally rejected with a

p-value of 0.048).4 We calculate the mean absolute pricing error (MAPE) for each

model as the mean of the absolute value of the annualized pricing errors across the

4We would like to emphasize the meaning of failure to reject in this context. The MKT factor is
capable of pricing itself at multiple horizons. That does not imply, however, that the MKT model
is well-specified. As we know, it is easily rejected by a cross-section of equity returns.
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factors and horizons. For the CAPM, the MAPE is only 0.7%, for the CAPM+BAB

it is 3%, for the Carhart model it is 7.6%, and for the FF5 it is 1.9%.

Figure 2 shows the pricing errors for the remaining four models. The top left panel

shows pricing errors for the FF5DMRS model. Its pricing errors exceed 10% p.a. for

two factors (their versions of the MKT and SMB factors) and 5% for their version

of the CMA factor. The remaining plots show the pricing errors for the SY, HXZ,

and HKS models. For these models, pricing errors are even larger, with the largest

pricing error exceeding 100% p.a. (PERF in the SY model). As p-values in Panel B

of Table 1 indicate, all these models are rejected with high levels of confidence.

Overall, Table 1 shows the average MAPE across all eight models is 4.4%, which

is about the same as the annualized factor risk premiums that these models were

originally designed to match. We conclude from this that the current benchmark

models for risk-adjustment do a poor job accounting for MHRs.

Table 1 also displays the annualized maximal Sharpe ratios, [E(F )>V (F )−1E(F )]1/2,

implied by each factor model. A higher Sharpe ratio suggests that the factors are

closer to spanning the unconditional MVE portfolio. As is well-known, the Sharpe

ratio of the MKT factor is much lower than the maximal Sharpe ratios in more recent

multi-factor models. For instance, the SY model has an annualized Sharpe ratio of

1.7 compared to 0.4 for the CAPM.

Figure 3 shows each model’s MAPE plotted against the respective maximal Sharpe

ratios. Interestingly, there is a positive relation. The higher a model’s Sharpe ratio

the closer it should be to spanning the unconditionally mean-variance efficient port-

folio and thus the lower the pricing errors should be. The opposite being the case

indicates that the search for high Sharpe ratio models has increased the complexity
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of the conditional dynamics, consistent with the findings in Haddad, Kozak, and

Santosh (2020). Thus, there is a need for understanding the economic effects and

drivers of these dynamics.

Finally, Table 1 reports the annualized maximal Information ratio for each model as

an alternative economic measure of the mispricing implied by MHR. In particular,

we run regressions as in Equation (13), where the left hand side test assets returns

are z
(h)
i,t × F i

t,t+1 for factor i and horizon h. The reported Information ratio is then√
12α>Σ−1ε α. The models’ information ratios are economically large, ranging from

0.61 to 1.14 for the rejected models, similar in magnitude to the model’s maximal

Sharpe ratios.

In sum, the MHR-based tests indicate that the constant b versions of the models are

not able to price important dynamics in the factor returns.

3.6 Factor dynamics and long-horizon investment

In order to gain more intuition about the rejection results, we evaluate both statistical

and economic metrics that are relevant for long-horizon investors. Because we have

implemented formal inference in the previous section, we no longer test the models.

We rather highlight their properties that are responsible for the reported rejections.

We focus on the in-sample mean-variance efficient combination of each model’s fac-

tors in order to facilitate cross-model comparison and to reduce the overall dimension-

ality of the presentation. In particular, we calculate for each model the unconditional

MVE combination of the factors and scale the positions such that its volatility is the

same as the volatility of market returns. We denote (excess) returns on the MVE
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portfolio by MVEt,t+1. The returns Rt,t+1 are computed by adding the gross-risk free

rate.

Statistical assessment

The null hypothesis that the SDF in Equation (10) is correctly specified tells us

something about dynamics of factors. Specifically, it implies that conditional mean

of factor returns is proportional to their conditional second moment. See Appendix

A.6. That our test rejects the models implies that this requirement does not hold in

the data.

One way to illustrate dynamics of returns is to compare variance ratios of MVE

returns across multiple horizons. We take logs of returns (r = logR). The h-horizon

variance ratio is then calculated as:

V R(h) =
V (rt,t+1 + rt+1,t+2 + ...+ rt+h−1,t+h)

h× V (rt,t+1)
.

For further intuition, note that the variance ratio can be written as a weighted

average of autocorrelations of log returns at lags up to horizon h. One benchmark

for return dynamics is that of i.i.d. In this case, the variance ratio is equal to 1 at

any horizon.

Figure 4 displays the variance ratios for each model. The market factor in the

CAPM displays familiar dynamics where the variance ratio increases slightly from

1 to almost 1.2 at the annual horizon and subsequently decreases towards 1 at the

4-year horizon. The latter decrease is consistent with a long-run mean-reverting

component in market returns.
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All the other models display markedly stronger departures from the i.i.d. baseline.

To start with the most extreme cases, the FF5DMRS and the MKT+BAB models have

strongly increasing variance ratios exceeding 2 at 12 to 24 months. For FF5DMRS,

the 4-year variance ratio is about 3. That is, a 4-year investor holding this portfolio

is subject to, per unit of time, triple the variance of an investor with a monthly

holding period.

The variance ratio of the FF5 model peaks at about 1.8 at the 2-year horizon, while

the SY and HKS models have a variance ratio in excess of 2 at the 4-year horizon.

The Carhart and HXZ models have slowly increasing variance ratios that end up at

about 1.6 at the 4-year horizon.

The finding is suggestive of the potential difficulty of spanning UMVE statically.

Clearly, there are strong persistent components in the factor return dynamics. While,

in theory, conditional volatility of the factors could adjust to compensate for their

persistence to make the constant b assumption valid, it is hard to imagine that the

degree of persistence in returns that we document is matched by that of second

moments of returns. The fact that we reject all models except the CAPM in Section

3.4 implies that indeed it is not the case.

Economic assessment

We offer another perspective on this conclusion by assessing the economic impact of

these dynamics for long-horizon investors. We calculate the annualized Sharpe ratio

by horizon for each of the MVE portfolios. Excess returns at horizon h is the average

h-period gross return minus the h-period gross risk-free rate, where both of these are

calculated by multiplying together h one-period gross returns. The Sharpe ratio is
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then the mean excess return divided by the standard deviation of excess returns. We

annualize by multiplying with
√

12/h.

To obtain a benchmark Sharpe ratio that corresponds to the null hypothesis, we

draw from the original MVE and risk-free returns with replacement 10, 000 artificial

histories of the same length as our sample. This procedure imposes i.i.d. dynamics on

the bootstrapped returns. The procedure retains the same unconditional distribution

of returns and does not impose normality.

Figures 5 and 6 display the Sharpe ratios for each model and their benchmarks

under the null. Across all models Sharpe ratios are declining in the horizon. As the

benchmark Sharpe ratios illustrate, the pattern in of itself is not surprising. What is

different for some models is much steeper decline than in the benchmark. The larger

steepness coincides with instances of strong increases in the variance ratio.

The persistent returns lead to higher long-run variance which depresses long-run

Sharpe ratios. The economic magnitude is particularly large for FF5, FF5DMRS, SY,

and HKS. For these models, the 4-year Sharpe ratio is less than a half of that in the

benchmark.

4 Pricing factor MHR

The model rejections is a consequence of factor dynamics unaccounted for in the

linear SDF specification. In this section, we consider these dynamics. Full accounting

for the uncovered role of dynamics and proposing a convincing alternative to each

model is beyond the scope of this paper. We have a more modest objective of
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providing an illustration of what accounting for these dynamics might entail and to

suggest a path for future research.

4.1 Estimating factor timing

Per part one of Proposition 1, an SDF that prices the factors conditionally also

prices MHR to the factors unconditionally. Following the discussion in Sections 2.1

and 2.2, the UMVE portfolio formed by dynamic trading in the factors prices them

both conditionally and unconditionally. The corresponding constant b SDF is

Mt,t+1 = 1− (1− E(FU
t,t+1))

−1 · (FU
t,t+1 − E(FU

t,t+1)), (20)

where FU
t,t+1 is that UMVE portfolio. We follow the logic of Equations (1) – (6)

to construct FU
t,t+1. We simply replace excess returns on all assets Re

t,t+1 by factors

Ft,t+1. Specifically,

FU
t,t+1 ≡ w>t · Ft,t+1 = (1 + θt)

−1 [Vt (Ft,t+1)
−1Et (Ft,t+1)

]> · Ft,t+1, (21)

θt = Et (Ft,t+1)
> Vt (Ft,t+1)

−1Et (Ft,t+1) .

Under the null of correct conditional pricing of the factors Ft,t+1, the timed com-

bination of the factors that is the UMVE portfolio FU
t,t+1 should be priced as well.

Thus, we include this model-implied timed portfolio into the set of test assets in

our MHR-based test, in addition to the original factors. This is an important step

because in a model with a time-varying bt, the UMVE portfolio embodies conditional

information not captured by the factors themselves.
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In order to obtain wt, we explicitly estimate Et(Ft,t+1) and Vt(Ft,t+1) for each model.

We emphasize that, because of the illustrative nature of our exercise, the estimation

is in-sample. We estimate the conditional monthly variance-covariance matrix of the

factor returns using the multivariate CCC-GARCH method of Bollerslev (1990). We

estimate conditional mean of each element k of the vector of factors F using a simple

regression model that is motivated by the uncovered strong dependencies in factor

returns documented in Section 3.5:

F i
t,t+1 = βi,0 +

n∑
j=1

βi,hjx
(hj)
i,t + εit+1, (22)

where x
(h)
i,t =

∑h
j=1 F

i
t−j,t−j+1. We use the same horizons h as in our GMM tests.

We follow the post LASSO approach of Belloni and Chernozhukov (2013) to estimate

the regression (22) for each factor. That is, we use the LASSO to select strong

predictive variables and, because the LASSO yields biased return estimates, we next

use OLS with these selected regressors to get conditional expectation Et(F
i
t,t+1).

Lastly, because dividing by estimated variance introduces a bias, we rescale each

element i of the estimated version of portfolio weights in (21) by a constant, bi. We

mitigate the bias by ensuring, via bi, for i = 1, ..., K that the unconditional factor

SHRs are priced correctly. That is also consistent with our testing strategy in the

constant b case of the preceding section. Finally, bi absorbs the theoretical scaling

constant in Equation (20). Thereby, this approach connects with factor-timing, bt,

as described in Equation (8), with D0 = 0, diagonal D1 with element i equal to bi,

and zt = wt, where the latter are UMVE portfolio weights as defined in Equation

(21).
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4.2 Estimation results

Table 2 presents test results along with pricing errors and Sharpe ratios. The results

suggest that, overall, we reject the same models as in the case of constant b. There

are some differences. MKT+BAB is marginally rejected when b is constant, while we

fail to reject when it is time-varying. HXZ’s p−value is 0.039, a marginal rejection,

when bt is time-varying.

HKS gives us an opportunity to compare our estimation of bt with an alternative

because they provide their own in-sample estimates of Et and Vt. In particular,

estimation of Et relies on a conceptually different approach by using book-to-market

ratio instead of past returns for timing as the basis for expected returns. The resulting

p−value of 0.030 (not reported in the Table) is lower than 0.049 that is obtained with

our estimates. Our version of in-sample timing of the HKS factors is barely rejected.

To be clear, HKS correctly advocate out-of-sample timing, so this result could be a

manifestation of in-sample overfitting using our method.

Table 2 shows the Sharpe ratio of the additional test asset, which is constructed as

the UMVE portfolios FU
t,t+1 implied from each model’s estimated conditional factor

means and covariance matrices as described in Equation (21). This is the maximal

Sharpe ratio, comparable to that given in Table 1 for the constant b models. As

one would expect, the Sharpe ratio reported for the models with time-varying bt are

generally higher than those from the constant b versions of the models. SY’s maximal

Sharpe ratio decreases, indicating poor estimates of the conditional factor dynamics

for this model.

Table 2 reports MAPE across the original factors and horizons and is, thereby,

comparable to the ones in Table 1. As an example, the constant b MAPE for the
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FF5DMRS model is 3.4%, while it is 19.9% for the time-varying bt case. This occurs

despite the maximal Sharpe ratio increasing from 1.59 to 1.82 with factor timing.

That is the case more generally. Despite the increase in the maximal Sharpe ra-

tios, the MAPEs across models are in many cases higher than those reported for the

constant b case.

While it might seem surprising that pricing errors increase when the model’s maximal

Sharpe ratio increases, thus presumably getting closer to the true UMVE portfolio,

this is a manifestation of the Herculean task of estimating the correct conditional

dynamics. Misspecification in the conditional mean and variance processes likely

results in persistent errors, which in turn show up in MHR per Equation (15).

As in Section 3.5, we report the maximal annualized Information ratio for each model

by running regressions (13). The left hand side test assets returns are z
(h)
i,t × F i

t,t+1

for factor i and horizon h, where we again add the timing UMVE portfolio as a test

asset. In this case, the right-hand side factor is the implied UMVE portfolio. The

Information ratios are similar to those of the constant b models, although these are

not directly comparable due to the addition of the MHR-based return of UMVE

portfolio in each model as a test asset.

4.3 Out-of-sample tests

There are two concerns about our implementation of factor timing. For one, it is clear

that it is misspecified as there does exist portfolio weights that result in correct factor

pricing. Also, an in-sample exercise does not reflect the real-time nature of dynamic

portfolio allocation. While we cannot address these concerns in all generality, we turn
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to most recent research on this topic to evaluate alternative methods. Specifically,

Haddad, Kozak, and Santosh (2020) and Moreira and Muir (2017) propose factor

timing approaches, which are both out-of-sample and rely on estimates of Et(Ft,t+1)

and Vt(Ft,t+1) as prescribed by theory.

As discussed in Section 2.3, both their approaches can be represented in the form of

Equation (8). Moreira and Muir (2017) time volatility via zit = V −1t (F i
t,t+1), which

is estimated using squared realized daily factor returns. HKS use zit = Et(F
i
t,t+1),

where out-of-sample conditional expectations are constructed for their factors using

each factor’s value spread. HKS also contemplate a version with zit = Et(F
i
t,t+1) ·

V −1t (F i
t,t+1) with Vt estimated in-sample.

Table 3 reports testing results. Because of the specifics of the methodologies em-

ployed in these papers, we cannot test all the models that we have considered hereto-

fore. In the case of Volatility Timing, we report FF3+MOM, and FF5. In the case

of HKS, we report two versions of the model: out-of-sample timing with Et only,

and hybrid timing with the same Et and in-sample Vt. All models are rejected with

economically large MAPEs for the MHR to the model factors.

For the Volatility Timing case, the Sharpe ratios of the timing portfolio are lower

and MAPE higher than those in the constant b case. That suggests that volatility

timing is insufficient for spanning the UMVE correctly. For the HKS factor timing

results, we note that the sample is only the last half of the original sample, due

to the estimation of out-of-sample means in HKS. Thus, a direct comparison to

the corresponding model in Table 1 cannot be made. That said, the MAPEs are

economically large, more than 5% annualized on average per factor. For all of these

timing strategies the Information ratios, computed the same way as for Table 2, are
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still large, all above 1.

Overall, the MAPEs and the Information ratios are still large even when considering

models that attempt to account for factor timing. While factor timing does tend

to increase the maximal Sharpe ratio of the model, this is a one-period metric.

Testing the model with MHR, however, brings in moments that are particularly

sensitive to persistent misspecification in the conditional factor dynamics. This new

perspective indicates that there is substantial work to do in improving estimates of

these dynamics.

5 Conclusion

We propose a new unconditional test of conditional asset-pricing models. It is GMM-

based and uses multi-horizon returns (MHR) to evaluate the ability of any model

to price risky cash flows that accrue at different horizons. We argue that MHR are

appealing because they effectively provide a set of test assets that are endogenous to

the model being tested and because these assets identify a broad set of conditional

model misspecification. Thus, the test does not require any conditioning variables

beyond those used in the construction of a model.

Our empirical exercise, involving a number of prominent linear factor models, sug-

gests that our test has statistical power. We reject most of these models under three

variations of the null hypothesis: (i) the model factors span the unconditional mean

variance portfolio (UMVE); (ii) the timed in-sample model factors span UMVE;

and (iii) the timed out-of-sample model factors span UMVE. The associated pricing

errors and Information ratios are economically large.
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The reason the models do a poor job pricing longer-horizon returns is that the model-

implied conditional properties of risk pricing are strongly at odds with dynamic

properties of the factors associated with these models. Because long-run investment

entails exposure to conditional return dynamics even in the absence of factor timing,

these dynamics show up as large mispricing in longer-run returns.

Many economic applications, such as capital budgeting and consumption-savings de-

cisions, require discounting cash flows accruing at multiple horizons. Our evidence

suggests that there is still much to be done to arrive at models that can successfully

be applied to such problems. In particular, correct specification of the joint condi-

tional dynamics of pricing factors appears even more quantitatively important than

previously emphasized in the literature.
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Figure 1
Term structure of annualized factor pricing errors I

(A) MKT (B) MKT+BAB
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(C) FF3+MOM (D) FF5
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The panels show factor pricing errors for various models at horizons 3, 6, 12, 24, and 48 months.

Annualized pricing errors at horizon h are 12/h × ET (z
(h)
i,t Mt,t+1F

i
t,t+1), where ET denotes the

sample average, z
(h)
i,t is the endogenous conditioning variable for factor i at horizon h described in

the main text, and F i
t,t+1 is the return to factor i. The population average of a correctly specified

model is zero. The sample is monthly, from 1963 to 2017.
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Figure 2
Term structure of annualized factor pricing errors II

(A) FF5DMRS (B) SY
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(C) HXZ (D) HKS
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The panels show factor pricing errors for various models at horizons 3, 6, 12, 24, and 48 months.

Annualized pricing errors at horizon h are 12/h × ET (z
(h)
i,t Mt,t+1F

i
t,t+1), where ET denotes the

sample average, z
(h)
i,t is the endogenous conditioning variable for factor i at horizon h described in

the main text, and F i
t,t+1 is the return to factor i. The population average of a correctly specified

model is zero. The sample is monthly, from 1963 to 2017 for FF5DMRS , 1963 to 2016 for SY, 1967
to 2017 for HXZ, and 1974 to 2017 for HKS.
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Figure 3
Max Sharpe ratio of single-horizon factor model vs.
multi-horizon pricing errors
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Max Sharpe Ratio vs. Mean Absolute Pricing Error (MAPE)

The figure plots the annualized maximal in-sample Sharpe ratio combination of the factors in each
model against the annualized mean absolute pricing error (MAPE) of the corresponding model,
when the model is estimated using one-period returns and tested on excess factor returns with
horizons 1, 3, 6, 12, 24, and 48 months. The sample is monthly, from 1963 to 2017 for all models
except SY, which is 1963 to 2016, HXZ, which is 1967 to 2017, and HKS, which is 1974 to 2017.
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Figure 4
Variance Ratios
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The figure plots variance ratios for the MVE portfolio from each factor model. In particular, for
each model we consider the in-sample MVE combination of the factors normalized to have the same
return volatility as the market factor. We then add the gross real risk-free rate to this factor return,
take logs and compute the variance ratio for each model from horizons 1 to 48 months. If the factor
returns are i.i.d., the variance ratio is 1 at all horizons. The variance ratio at horizon h is related
to the cumulative autocorrelations of the return series from horizons 1 through h. The sample is
monthly, from 1963 to 2017 for all models except SY, which is 1963 to 2016, HXZ, which is 1967
to 2017, and HKS, which is from 1974 to 2017.
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Figure 5
Term structure of Sharpe ratios I

(A) MKT (B) MKT+BAB
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(C) FF3+MOM (D) FF5
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The figure plots the annualized Sharpe ratio of each model’s MVE portfolio for different holding
periods. For each model we consider the in-sample MVE combination of the factors normalized to
have the same return volatility as the market factor. We then add the gross real risk-free rate to
this factor return and get h-period returns to this portfolio as Rt,t+h = Rt,t+1 × Rt+1,t+2 × ... ×
Rt+h−1,t+h. The h-period risk-free rate is found in the same way. We then calculate the h-period

annualized Sharpe ratio as
√

12/h × E(Rt,t+h − Rf
t,t+h)/V 1/2(Rt,t+h − Rf

t,t+h) for horizons 1 to
48 months (solid, red line). The dashed, blue line gives the corresponding Sharpe ratios using a
bootstrap approach that creates i.i.d. factor returns. The sample is monthly, from 1963 to 2017 for
all models.
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Figure 6
Term structure of Sharpe ratios II

(A) FF5DMRS (B) SY
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(C) HXZ (D) HKS
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The figure plots the annualized Sharpe ratio of each model’s MVE portfolio for different holding
periods. For each model we consider the in-sample MVE combination of the factors normalized to
have the same return volatility as the market factor. We then add the gross real risk-free rate to
this factor return and get h-period returns to this portfolio as Rt,t+h = Rt,t+1 × Rt+1,t+2 × ... ×
Rt+h−1,t+h. The h-period risk-free rate is found in the same way. We then calculate the h-period

annualized Sharpe ratio as
√

12/h × E(Rt,t+h − Rf
t,t+h)/V 1/2(Rt,t+h − Rf

t,t+h) for horizons 1 to
48 months (solid, red line). The dashed, blue line gives the corresponding Sharpe ratios using a
bootstrap approach that creates i.i.d. factor returns. The sample is monthly, from 1963 to 2017 for
FF5DMRS , from 1963 to 2016 for SY, 1967 to 2017 for HXZ, from 1974 to 2017 for HKS.
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Table 1: MHR tests of linear factor models

Panel A: CAPM MKT+BAB FF3+MOM FF5

p-value 0.191 0.048 0.032 0.013
MAPE 0.007 0.030 0.076 0.019
Sharpe Ratio 0.395 0.701 1.004 1.116
Information Ratio 0.380 0.613 0.909 1.025

Panel B: FF5DMRS SY HXZ HKS

p-value 0.006 0.017 0.007 0.009
MAPE 0.034 0.119 0.061 0.068
Sharpe Ratio 1.588 1.670 1.431 1.308
Information Ratio 1.017 0.939 0.907 1.135

The first row of each panel gives the p-value from the GMM J-test, where the
linear factor models are estimated on the one-period factor returns and tested on
multi-horizon factor returns. The second row displays the annualized mean absolute
price error (MAPE) across the test assets. The returns horizons used are 1, 3,
6, 12, 24, and 48 months. The table also reports the sample Sharpe ratio of the
in-sample MVE combination of each model’s factors, as well as maximal annualized
Information ratio implied by the MHR returns. The sample is monthly, from 1963
to 2017 for all models except SY, which is 1963 to 2016, HXZ, which is 1967 to
2017, and HKS, which 1974 to 2017.
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Table 2: MHR tests of conditional linear factor models

Panel A: CAPM MKT+BAB FF3+MOM FF5

p-value 0.923 0.263 0.021 0.009
MAPE 0.001 0.006 0.021 0.109
Sharpe Ratio 0.396 0.912 1.206 1.372
Information Ratio 0.326 0.633 0.941 1.001

Panel B: FF5DMRS SY HXZ HKS

p-value 0.018 0.000 0.039 0.049
MAPE 0.199 0.126 0.038 0.416
Sharpe Ratio 1.816 1.582 1.581 1.472
Information Ratio 0.985 1.244 0.817 1.205

This table reports test statistics from the factor models with time-varying SDF
loadings bt, as opposed to the constant b model tests given in Table 1. The first
row of each panel gives the p-value from the GMM J-test. The returns horizons
used in the test are 1, 3, 6, 12, 24, and 48 months. The second row gives the mean
absolute pricing errors (MAPE) of the model factors across horizons, excluding the
pricing errors of the timing portfolio so as to be comparable to the MAPEs in Table
1. The third row gives the sample annualized Sharpe ratio of the unconditional
MVE portfolio as implied by the model with time-varying bt, as well as maximal
annualized Information ratio implied by all MHR returns. The sample is monthly,
from 1963 to 2017 for all models except SY, which is 1963 to 2016, HXZ, which is
1967 to 2017, and HKS, which 1974 to 2017.
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Table 3: MHR tests of conditional linear factor models: out-of-sample conditioning

Panel A:
Volatility Timing FF3+MOM FF5

p-value 0.002 0.000
MAPE 0.052 0.517
Sharpe Ratio 0.917 0.967
Information Ratio 1.224 1.302

Panel B:
HKS Factor Timing Et only Et and Vt

p-value 0.002 0.000
MAPE 0.126 0.055
Sharpe Ratio 1.093 1.016
Information Ratio 1.564 1.667

This table reports test statistics from the factor models with time-varying SDF
loadings bt, as opposed to the constant b model tests given in Table 1. In contrast
to Table 2, bt are computed out-of-sample. The exception is HKS, where Et is com-
puted out-of-sample but the conditional covariance Vt is computed in-sample. The
first row of each panel gives the p-value from the GMM J-test. The returns horizons
used in the test are 1, 3, 6, 12, 24, and 48 months. The second row gives the mean
absolute pricing errors (MAPE) of the model factors across horizons, excluding the
pricing errors of the timing portfolio so as to be comparable to the MAPEs in Table
1. The third row gives the sample annualized Sharpe ratio of the unconditional
MVE portfolio as implied by the model with time-varying bt, while the fourth row
gives the maximal Information ratio implied by all MHR returns. The sample
is monthly, from 1963 to 2017 for Volatility Timing, and from 1996 to 2017 for HKS.

54



A Appendix

A.1 UMVE from CMVE

Start with the SDF derived from CMVE:

M∗
t,t+1 = 1 + ktEt

(
RC
t,t+1

)
− ktRC

t,t+1.

Note that if Et(M
∗
t,t+1R

e
t,t+1) = 0, then Et(at ·M∗

t,t+1R
e
t,t+1) = 0, if at is known at

time t. Thus, dividing M∗
t,t+1 by 1 + ktEt(R

C
t,t+1) we obtain another SDF that prices

the same set of assets:

M̃t+1 = 1− kt

1 + ktEt
(
RC
t,t+1

)RC
t,t+1

= 1− kt

1 + Et
(
Re
t,t+1

)>
Vt
(
Re
t,t+1

)−1
Et
(
Re
t,t+1

)RC
t,t+1

= 1− δtRC
t,t+1

= 1− E(RU
t,t+1)−

(
RU
t,t+1 − E(RU

t,t+1)
)
,

where RU
t,t+1 ≡ δtR

C
t,t+1 .

Lastly, divide by the constant 1−E(RU
t,t+1) to get the final version of the SDF that

still prices the same set of assets:

Mt,t+1 = 1− (1− E(RU
t,t+1))

−1 (RU
t,t+1 − E(RU

t,t+1)
)
.

A.2 Misspecified model with persistent errors

We have:

Et

[
M̃t+1Ft+1

]
= Et [(1− b(Ft+1 − E [Ft+1])Ft+1]

= Et [Ft+1] (1 + bE [Ft+1])− bEt
[
F 2
t+1

]
.

The correctly specified model implies that

Et [Ft+1] (1 + E [btFt+1])− btEt
[
F 2
t+1

]
= 0.
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Thus,

Et [Ft+1] =
bt

1 + E [btFt+1]
Et
[
F 2
t+1

]
,

and

Et

[
M̃t+1Ft+1

]
= Et [Ft+1] (1 + bE [Ft+1])− bEt

[
F 2
t+1

]
=

(
1 + bE[Ft+1]

1 + E [btFt+1]
bt − b

)
Et
[
F 2
t+1

]
.

A.3 Misspecified model with i.i.d. errors

The SDF prices Rie
t,t+1 unconditionally:

E
[
M̃t,t+1R

ie
t,t+1

]
= E [(1− b (Ft,t+1 − E [Ft,t+1])) (βiFt,t+1 + εi,t+1 + θεi,t)]

= βiE

[
Ft,t+1 −

E [Ft,t+1]

V ar (Ft,t+1)
(Ft,t+1 − E [Ft,t+1])Ft,t+1

]
= 0.

However, that is not the case conditionally:

Et

[
M̃t,t+1R

ie
t,t+1

]
= Et [(1− b (Ft,t+1 − E [Ft,t+1])) (βiFt,t+1 + εi,t+1 + θεi,t)]

= βiEt

[
Ft,t+1 −

E [Ft,t+1]

V ar (Ft,t+1)
(Ft,t+1 − E [Ft,t+1])Ft,t+1

]
+Et [(1− b (Ft,t+1 − E [Ft,t+1])) θεi,t]

= θεi,t.

Next, we show that Cov
(
νt−1,t, η

(1)
t

)
6= 0. Because

η
(1)
t−1 + νt−1,t = (1− b (Ft−1,t − E [Ft−1,t])) (βiFt−1,t + εi,t + θεi,t−1) ,

we have that:

Cov
(
η
(1)
t−1 + νt−1,t, θεi,t

)
= θV ar (εi,t) .

Because Cov(η
(1)
t−1, θεt,t) = Cov(η

(1)
t−1, η

(1)
t ) = 0, Cov

(
νt−1,t, η

(1)
t

)
= θV ar (εi,t) .
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A.4 No serial correlation in residuals

That residuals are not autocorrelated follows from Equation (14). For simplicity,
consider one horizon, h. We have that

E(f it · f it+1) = E(f it · Et(f it+1)) = E(f it · z
(h)
i,t Et(Mt,t+1R

i
t,t+1 − 1)) = 0,

because, under the null, Et(Mt,t+1R
i
t,t+1 − 1) = 0 for all t.

A.5 Construction of the BAB factor

We construct four value-weighted portfolios: (1) small size, low beta, (2) small size,
high beta, (3) big size, low beta, and (4) big size, high beta. The size cutoffs are
the 40th and 60th NYSE percentiles. For betas, we use the 20th and 80th NYSE
percentiles. Denote these returns as Rs`, Rsh, Rb`, Rbh, respectively, where s denotes
small size, ` denotes low beta, b denotes big size, and h denotes high beta. We also
compute the prior beta for each of the four portfolios and shrink towards 1 with
a value of 0.5 on the historical estimate. We denote these as βs`,t, βb`,t, βsh,t, and
βbh,t. We construct these portfolios using the 25 size and market beta sorted portfolio
returns, as well as the corresponding market values and 60-month historical betas,
given on Kenneth French’s webpage.

The factor return is then constructed as follows:

BABt,t+1 =
1

β`,t

(
1

2
Rs`,t,t+1 +

1

2
Rb`,t,t+1 −Rf,t,t+1

)
− 1

βh,t

(
1

2
Rsh,t,t+1 +

1

2
Rbh,t,t+1 −Rf,t,t+1

)
,

where β`,t = 1
2
βs`,t + 1

2
βb`,t, and βh,t = 1

2
βsh,t + 1

2
βbh,t. As a result, the conditional

market beta of BAB should be close to zero, as in Frazzini and Pedersen (2014).
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A.6 Factor dynamics implied by constant SDF loadings

First, apply the SDF in Equation (10) to unconditional pricing of the factors them-
selves

E(Mt,t+1Ft,t+1) = E((1− b>(Ft,t+1 − µ))F>t,t+1)

= µ> − b>Σ

= 0,

where we denote E(Ft,t+1) = µ and V (Ft,t+1) = Σ. This implies that b = Σ−1µ.
Second, apply the same SDF to conditional pricing of the factors, Et(Mt,t+1Ft,t+1) =
0, using this value for b. This yields:

0 = Et((1 + µ>Σ−1µ− µ>Σ−1 · Ft,t+1)F
>
t,t+1).

Therefore,

Et(F
>
t,t+1) = (1 + µ>Σ−1µ)−1µ>Σ−1 · Et(Ft,t+1F

>
t,t+1).

In words, the conditional mean of the factors that unconditionally span the UMVE
portfolio is proportional to the conditional second moment.
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