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1. Introduction

The field of international trade has made great strides in recent years by “mapping the-
ory to data” in the new quantitative trade models (or so-called “gravity models”). This
has led to important insights into the consequences of globalization. But a fundamen-
tal issue has been missing from these models: the role of localized and industry-specific
external economies of scale. These externalities played a large role in the world econ-
omy at the time of Marshall (1890, 1930), and recent anecdotal and empirical evidence
suggests that they play, if anything, an even larger role in the global economy today:.!
There is good reason for this oversight. Early models yielded some discomforting re-
sults, including “a bewildering variety of [multiple] equilibria” (Krugman, 1995) so that
trade patterns need not conform to comparative advantage, along with the “paradoxi-
cal implication that trade motivated by the gains from concentrating production need
not benefit the participating countries” (Grossman and Rossi-Hansberg, 2010). At the
heart of these “pathologies” seemed to lay the compatibility assumption of increasing
returns and perfect competition (see Chipman, 1965), namely that firms take produc-
tivity as given even though productivity depends on total industry output. This leads to
a circularity whereby the scale of an industry affects its productivity, while an industry’s
productivity affects its scale through the impact on the pattern of comparative advan-
tage and specialization. In the standard analysis, this leads to multiple equilibria.?
Grossman and Rossi-Hansberg (2010, henceforth GRH) recently proposed a two-
country Ricardian model with national industry-level external economies of scale (or
Marshallian externalities), which attacks this compatibility assumption head-on. In-
stead of perfect competition, GRH assume Bertrand competition so that firms in each
industry understand the implications of their decisions on industry output and pro-
ductivity, ensuring that in equilibrium we have the “right” allocation of industries across
countries in a similar fashion to that of the constant returns to scale framework of Dorn-
busch, Fischer and Samuelson (1977). While the framework successfully eliminates the
“pathologies” in a world free of trade costs, Lyn and Rodriguez-Clare (2013a,b) illus-
trate circumstances under which multiple equilibria arise in the presence of trade costs.
Coupled with the fact that the equilibrium has mixed strategies for some levels of trade

ISee Krugman (2011) for a nice exposition of recent anecdotal evidence. For empirical evidence see,
for instance, Caballero and Lyons (1989, 1990, 1992), Chan, Chen and Cheung (1995), Segoura (1998), and
Henriksen, Steen and Ulltveit-Moe (2001).

2See early work exploring this by Graham (1923), Ohlin (1933), Matthews (1949), Kemp (1964), Melvin
(1969), Markusen and Melvin (1981), and Ethier (1982a,b).
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costs, the framework quickly becomes intractable, with little hope of extending it to a
multi-country setting with trade frictions.

In this paper we present a Ricardian model with Marshallian externalities that admits
a unique equilibrium under intuitive parameter restrictions. Unlike GRH, we leave the
compatibility assumption intact and approach the problem from a different angle by
relaxing the implicit assumption in the standard framework (and in GRH) that firms
within each industry are producing a homogeneous good. In particular, we allow for
intra-industry heterogeneity as in Eaton and Kortum (2002, henceforth EK) and find
that this adds some “curvature” that helps in establishing uniqueness of equilibrium as
long as the strength of Marshallian externalities is “not too high”. The framework yields
the standard gravity-type equation and so provides a platform to assess quantitatively
the importance of these externalities for the welfare effects of trade.?

The system of equations that characterizes the equilibrium of the Ricardian multi-
industry model with Marshallian externalities turns out to be isomorphic to the equi-
librium system of a more general version of the multi-industry Krugman (1980) model
of product differentiation with internal economies of scale.* The existence and unique-
ness result that we prove for our Ricardian setting can then be seamlessly applied to the
multi-industry Krugman model. As far as we know, we are the first to establish unique-
ness of equilibrium for this general case. Not surprisingly, the isomorphism extends also
to the multi-industry Melitz (2003) model if the productivity distribution is Pareto as in
Chaney (2008) and the fixed exporting costs are paid in units of labor of the destination
country.®

The common mathematical structure that characterizes the equilibrium in all these
multi-industry gravity models is governed by two elasticities that can vary across indus-
tries: the trade elasticity and the elasticity of productivity with respect to industry size,
which we will refer to as the scale elasticity. The condition for uniqueness is that (in all
industries) the product of these two elasticities is not higher than one. In the Ricardian

30ur analysis restricts to the case of Marshallian externalities, which operate inside each industry.
An alternative case is the one in which some of the externalities operate across industries. Yatsynovich
(2014) has recently shown conditions under which a model with such cross-industry externalities exhibits
a unique equilibrium for the case with frictionless trade.

“Abdel-Rahman and Fujita (1990), Allen et al. (2015) and Redding (2016) explore similar isomorphisms
for spatial equilibrium models in the economic geography literature.

5Somale (2014) introduces sector-specific innovation into a multi-sector Eaton and Kortum (2002)
model (via mechanisms from Eaton and Kortum, 2001) to quantify its implications for welfare. Inter-
estingly, although the model in Somale (2014) is dynamic, the balanced growth path is also characterized
by the same system of equations as all the models that we consider in this paper, and so our results extend
to this case as well.
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model the scale elasticity is given directly by the strength of Marshallian externalities,
so the condition for uniqueness is that the strength of these externalities is not higher
than the inverse of the trade elasticity. In the Krugman or Melitz-Pareto models the
scale elasticity is given by the inverse of the trade elasticity, hence we are always at the
edge of the region of uniqueness. One can easily add flexibility to the Krugman and
Melitz-Pareto models to break the tight link between the two elasticities. For example, if
we allow the elasticity of substitution across varieties from different countries to differ
from the elasticity of substitution across varieties from the same country (with nested
CES preferences) then the product of the scale and trade elasticities can be different
than one.®

When formulating the equilibrium conditions in our model, we explicitly allow for
corner equilibria in which industries shut down in some countries. We show that if the
product of trade and scale elasticities is less than one then every country is active in all
industries, while if the product is one then the equilibrium may exhibit corners. In par-
ticular, as is known in the literature, the multi-industry Krugman model can have coun-
tries completely specialized in some subset of industries as an equilibrium outcome.
Remarkably, however, the existing literature lacks a proof of uniqueness of equilibria in
the multi-industry Krugman model while appropriately dealing with the complemen-
tarly slackness conditions relevant for this case.

The two papers that address the issues of existence and uniqueness in the context
of the usual multi-industry Krugman model (in which the product of trade and scale
elasticities is exactly one) are Hanson and Xiang (2004) and Behrens, Lamorgese, Otta-
viano and Tabuchi (2009). Hanson and Xiang (2004) show existence and uniqueness for
the case of two countries and a continuum of industries under the explicit assumption
that both countries produce in all industries (i.e., no corner allocations). Behrens et al.
(2009) consider the case of many countries and two industries — one industry being
the usual “outside good” industry that pins down wages — and show existence of equi-
librium while allowing the equilibrium to exhibit corner allocations. Their uniqueness
proof, however, relies on the assumption that there are no corner allocations. Note also
that since one industry is modeled as an “outside good”, the framework can essentially

be viewed as one with exogenous wages, multiple countries, and one increasing returns

SAlternatively, one can allow for heterogeneity in worker ability across industries as in Galle,
Rodriguez-Clare and Yi (2015). This introduces “inter-industry curvature” into the model and reduces the
scale elasticity in all industries below the inverse of the trade elasticity, thereby helping ensure unique-
ness.
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industry.

In this paper we show existence and uniqueness of equilibrium in a setting with mul-
tiple industries and two countries while allowing for complete specialization and for en-
dogenous wages. Our existence result is valid for more than two countries, while for now
we have only been able to extend the uniqueness results to more than two countries un-
der frictionless trade or with exogeneous wages. While numerical simulations indicate
that the equilibrium is also unique in the context of endogenous wages and multiple
countries, the theoretical difficulty lies in the fact that the labor excess demand system
does not satisfy the gross substitutes property — a sufficient condition for unique wages
which is often satisfied in similar environments. Proving uniqueness in this setting may
require applying more powerful techniques that we are currently studying.”

In the final section we use the unified framework to study the implications of scale
economies for the welfare effects of trade. We first establish that as long as we are in
the region of uniqueness then all countries gain from trade. This is so even if the scale
elasticity differs across industries, for example because of cross-industry variation in
the strength of Marshallian externalities in the Ricardian model. This is noteworthy in
light of previous results with this type of model where countries could lose from trade.

We extend the “sufficient statistics approach” to the quantification of the gains from
trade in Arkolakis et al. (2012) to multi-industry models with scale economies. The
isomorphism across models still applies in this setting in the sense that, for the same
industry-level trade and scale elasticities, the different models we consider deliver the
same gains from trade and the same counterfactual implications given industry-level
data on trade, expenditure and revenue shares.

We next show that, perhaps surprisingly, if the scale elasticity is the same across in-
dustries, the gains from trade are lower with scale economies than without. In contrast,
for a simple case that we can solve analytically, the gains from trade liberalization are
higher with scale economies than without. The opposite consequences of scale effects
on the gains from trade and on the gains from trade liberalization come from the fact
that when we compute gains from trade we take trade shares (from the data) as given,
while when we compute gains from trade liberalization we allow trade shares to endoge-
nously respond to the decline in trade costs.?

"The existence and uniqueness result for a multi-sector gravity model in Corollary 1 of Allen et al.
(2014) does not apply to our setting because the conditions they impose on their multi-sector gravity
model rule out sector-level economies of scale.

8Something similar happens in the standard one-industry gravity model, where a higher trade elastic-
ity leads to lower gains from trade and higher gains from trade liberalization. As explained by Costinot
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We next revisit a classical result due to Venables (1987) that, if wages are pinned down
by an “outside good,” countries lose from unilateral trade liberalization and from a for-
eign technological improvement in a monopolistically competitive sector modeled as in
Krugman (1980). We show that this result generalizes to any source of scale economies
(e.g., Marshallian externalities) as long as the product of the trade and scale elasticities
is above a threshold value that is a function of sector-level import and export shares.

We complement our exploration of the effect of scale economies on the gains from
trade by applying our framework to data on 31 industries from the World Input Output
Database (WIOD, Timmer ef al., 2015) in 2008. We start by focusing on the case with
common trade and scale elasticities across industries. As explained above, the presence
of scale economies leads to a decline in the gains from trade, but now we also see that
this decline is more pronounced in countries that have a higher degree of specialization
across industries. Thus, for example, for the country with the highest degree of industry
specialization, Korea, the gains from trade decrease from 6.6% to 4.1%, while they barely
decrease for the country with the lowest degree of industry specialization, Brazil.

We then study how the gains from trade are affected by scale economies when the
scale elasticity varies across industries. We consider two possibilities. The first is that
scale economies are present only in manufacturing industries — a typical case con-
sidered in the literature (see, for instance, Ethier, 1982a,b). Not surprisingly, relative
to the case with no scale economies, gains from trade increase for countries that spe-
cialize in manufacturing and the opposite happens for countries that specialize away
from manufacturing. For example, gains from trade increase from 3 to 3.5% for China,
while they decrease from 5.7 to 3.5% for Greece. The second possibility we consider is
that scale elasticities are inversely proportional to trade elasticities (as in the standard
multi-industry Krugman or Melitz-Pareto models), with trade elasticities varying across
industries and calibrated to those estimated by Caliendo and Parro (2015). We find that
countries that specialize in industries with lower than average scale economies gain less
from trade with scale economies than without, but the opposite may happen for coun-
tries that specialize in industries with higher than average scale economies. Thus, for
example, moving from a model without scale economies to one with scale economies

leads to a decline in the gains from trade in Greece from 14.5% to 5.5% but an increase

and Rodriguez-Clare (2014), gains from trade are lower when the trade elasticity is higher since this makes
it easier to substitute foreign for domestic goods when we move to autarky. In contrast, gains from trade
liberalization are higher when the trade elasticity is higher since this allows for a stronger response of
trade shares to the decline in trade costs.



6 KUCHERYAVYY-LYN-RODRIGUEZ-CLARE

in the gains from trade in Japan from 2.4% to 6.1%.

We use the model to quantify the welfare implications of unilateral trade liberaliza-
tion and foreign productivity gains in an environment with economies of scale, com-
paring to the results to those in an environment without economies of scale. To link this
exercise to the theoretical analysis inspired by Venables (1987) we assume again that
the manufacturing sector exhibits scale economies while all other sectors do not. We
find that gains from unilateral trade liberalization in manufacturing decrease as we al-
low for scale economies in that sector, but (in the region of uniqueness) the gains are
always positive. We show that this arises because of wage adjustments that are ruled
out in the Venables (1987) type analysis. On the other hand, we find that most countries
experience loses from an improvement in Chinese manufacturing productivity.

Finally, we explore the role of economies of scale in explaining trade flows and industry-
level specialization in the data. We find that if scale economies are as strong as those in
the Krugman model then most of the industry-level specialization that we see in the
data is due to economies of scale rather than pure Ricardian comparative advantage.

Costinot and Rodriguez-Clare (2014) compute gains from trade and gains from the
decline in trade costs for economies with and without scale economies. Compared to
that paper, we further establish analytically that all countries gain from trade as long
as the conditions for equilibrium uniqueness are satisfied, we connect a country’s de-
cline in the gains from trade to its degree of industry specialization, and we analyze how
varying scale elasticities across industries interact with a country’s inter-industry trade
pattern to affect its gains from trade. Somale (2014) also analyzes how economies of
scale matter for industry-level specialization. The difference is that whereas he focuses
on the the way in which economies of scale affect the variance of comparative advan-
tage, we compare measures of trade and specialization between the data and those that
would arise in a counterfactual world where everything is the same except that there are
no economies of scale.

2. A Multi-Industry Gravity Model with Scale Economies

We first present the key equilibrium equations of the model and then discuss how these
equations arise in three different settings: (i) our multi-industry Ricardian model with
Marshallian externalities; (ii) the multi-industry Krugman (1980) model with possibly

different elasticities of substitution between varieties from the same and different coun-
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tries; and (iii) the multi-industry Melitz (2003) model with Pareto-distributed productiv-
ity as in Chaney (2008) and also allowing for different elasticities of substitution between
varieties from the same and different countries.

There are N countries indexed by n, i and /, and K industries or sectors indexed
by k. The only factor of production is labor, which is immobile across countries and
perfectly mobile across industries within a country. We use L; and w; to denote the
inelastic labor supply and the wage level in country i, respectively. Each country has a
representative consumer with upper-tier Cobb-Douglas preferences with industry-level
expenditure shares 3, € (0,1) for all (¢, k) with Zszl Bir = 1for all i. Trade costs are of
the standard iceberg type, so that delivering a unit of any industry-4-good from country
i to country n requires shipping 7,,; , > 1 units of the good, with 7;; , = 1 for alli and all &
and 7, x < Thi ki foralln, [, i and .

Let X, ; denote country-n’s total expenditure on industry £ and let \,; , denote the
share of this expenditure devoted to imports from country i. Balanced trade implies
Xnk = Bn,kwnﬁn.

We focus on models that generate industry-level economies of scale and a log-linear
gravity equation for industry-level trade shares. Below we show that our Ricardian model
with industry-level external economies of scale as well as Krugman (1980) and Melitz
(2003) satisfy this criteria. Economies of scale are captured by an industry-level produc-
tivity shifter that can vary with total industry employment according to §i,kL;f,’;, where
§Z~7,€ is a constant, L, denotes total employment in industry (¢, k), and ¢, is the scale
elasticity in industry k, which is assumed to be common across countries. Industry-

level trade shares are given by

<wz7'mk/§zklz%> )
Anik = e
’ Q Vi k
> <wl7—nl,k/sl,kLl7k>
where ¢, is the trade elasticity in industry k, defined formally by ¢, = — Wik Ann) 1 .

8Tni,k
ting oy, = 49 and S, . = S;%, we rewrite trade shares more conveniently as

M (w0. L) — Si,k:Lion (wiTm,kerk 0
ni,k s Lk Zl S“CLSZ (wﬂ—nl,k)_gk 3

where w = (wy, ..., wy) is the vector of wages and L, = (L1, ..., Lyy) is the vector of
labor allocations to industry & across all countries. In turn, the price index for industry
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k in country n is

—1/eg
Py = tnk <Z StrLiy (wlTnl,kz)Ek) , 2)
]

and the aggregate price index is P, = En H,ﬁil Pﬁ};”“, where p, , and ﬁn are some con-
stants.’

We now introduce industry and labor market clearing conditions. In contrast to
multi-industry gravity models without scale economies (e.g., Donaldson (2016), Costinot
et al. (2012)), here we can have equilibria with corner allocations (i.e., L; ; = 0 for some
k and for some, but not all, ), so we need to be careful when formulating the market
clearing conditions. With this in mind, we specify the market clearing condition for any

industry (i, k) as a set of complementary slackness conditions,

Li,k Z 07 Gi,k (w7 Lk) Z 07 Li,kGi,k ('UJ, Lk) - 07 (3)
where .
Gy (w, L) = w; — Tor zn: M (W, L) By gywn Ly, (4)

is the excess of the wage over revenue per worker in industry (i, k). Note that for positive
labor allocations equation (3) implies G, (w, L) = 0, which can be reformulated as
w;Lix = >, MikBnrwn Ly, a standard industry clearing condition.!°

Finally, the labor-market clearing condition for any country i is simply

> Lix = L. (5)
k

Denote by L = (Ly,..., L) the vector of labor allocations across industries. The

equilibrium of the economy is a wage vector and labor allocation (w, L) € RY, x (RYX \ Z{'K)

9The constant u,, ; will be specified below for each model, while En is the standard Cobb-Douglas term
B =T B
19A subtle issue arises here with the evaluation of G, (w, Ly) and L; G, ; (w, Ly) at points with
L;; = 0. If we think of the codomain of these functions as the set of real numbers then L, with L; , = 0
(for at least some, but not all 7) is not in their domain. To avoid this, we define the codomain as the
extended real number line R U {—o0, +oc0} and we define G, (w, L) and L; G, i, (w,Ly) for L; ), =
1 _ 1 _
0 bY hInan—>L;v |:wz - Zn )\ni,k(wa m)ﬂn,kwnLn and hmm—)Lk Ti |W; — — Zn )\ni,k(wa x)ﬂn,kwnLn] , Ie-
Z; Z;
spectively. (Of course, for any point with L; ;, > 0 these alternative definitions are perfectly consistent
with the ones in the text.) For each k, we still leave the point L with L, ;, = 0 for all i outside the domain.
The formal definitions are in Appendix A.
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such that (3) holds for all (i, ) and (5) holds for all i, where
Zy" ={(21,...,zx) € RY* : @), = 0 for some k }

is the set of labor allocations with zero total labor (across countries) devoted to some

industries.

2.1. A Ricardian Model with Marshallian Externalities

We now show how the multi-industry Eaton and Kortum (2002, henceforth EK) model
as developed by Costinot, Donaldson and Komunjer (2012, henceforth CDK), but ex-
tended to allow for Marshallian externalities leads to the equilibrium conditions pre-
sented above.

Each industry is composed of a continuum of goods w € [0, 1]. Preferences are Cobb-
Douglas across industries with weights ; ;, and CES across goods within each industry
k with elasticity of substitution oy.

The production technology exhibits constant or increasing returns to scale due to
national external economies of scale at the industry level (i.e., Marshallian externali-
ties). In particular, labor productivity for good w in industry (i, k) is Zi,k(w)LfZ, where
2z r(w) is an exogenous productivity parameter, L,  is the total labor allocated to indus-
try (i,k), and ¢y is the industry specific parameter that governs the strength of Mar-
shallian externalities. We model z; ;(w) as in EK: z; x(w) is independently drawn from a
Fréchet distribution with shape parameter ¢, and scale parameter 7; ;, and we assume
that 0, > o, — 1.

There is perfect competition, and the positive effect of industry size on productiv-

ity, Lf”“, is external to the firm. Thus, firms take as given both prices and unit costs,
Tni, kWi

Zi,k(w)Li]]z '

consumers can shop for the best deal around the world, prices must satisfy p,, ; (w) =

which are given by ¢, ; (w) = This implies that p,,;; (w) = cuix (w). Since
miny<;<n {pnix (w)}. Following the same procedure as in EK, trade shares can be shown
to satisfy

E,kL?f?fk (wﬂm,kz)iek

> ﬂ,kL?ﬁfk (wWiTie)

ni,k
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with price indices given by
~1/0%
Pyg = i (ZTsz (Wit k)~ k) :

where pffc =T (%) ﬁ, with I" being the Gamma function which typically arises in
this Ricardian setting. These two equations collapse to the expressions for trade shares
and industry price indexes in equations (1) and (2) by setting with S; , = T}, ex = Ok,
Uy = ¢ and p,, ;= pitc. See the first row of Table 1.

Finally, the equilibrium condition (3) can be seen as capturing the standard com-
plementary slackness condition in the Ricardian model requiring the price to be weakly
lower than the unit cost, with equality if there is positive production in the industry.
Multiplying both the price and the unit cost by labor productivity (adjusted by trade
costs), this is the same as requiring that revenue per worker be weakly lower than the
wage, with equality if there is positive employment in the industry.

Table 1: Mapping to Different Models

Model Trade elasticity, €, Scale elasticity, v oy

CDK with ME 0y bk Ok O
Multi-Sector Krugman op — 1 akl—l 1
Multi-Sector Melitz- 0 1 1
Pareto Model g O

Generalized Multi-Sector 1 ! a1
Krugman Tk op—1 71
Generalized Multi-Sector 0, 1 1
Melitz-Pareto 146 (nkl_l — o ) O 1+ (nkl— . )

2.2. A Krugman Model with Two-Tier CES preferences

Here we present a multi-industry Krugman model with an added layer of product differ-
entiation so that the elasticity of substitution across varieties from different countries is
allowed to differ from the elasticity of substitution across varieties from the same coun-
try (with nested CES preferences). We again show that this model leads to the equilib-
rium conditions in equations (3) and (5).
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There is a continuum of differentiated varieties within each industry. Preferences
are multi-tiered: Cobb-Douglas across industries with weights g, ;, CES across country
bundles within an industry with elasticity 7, and CES across varieties within a country
bundle with elasticity of substitution o;, > 1.

Let A; ;. be the exogenous productivity in (7, k) which is common across firms in that
industry, let F; ;, denote the fixed cost (in terms of labor) associated with the production
of any variety in (i, k), and let M, the measure of goods produced in (i, k). There is

monopolistic competition and trade shares are \,;;, = (Prix/ Pn,k)l_’”“, where P, =

M;,é(l_a’“) (Grw;Thi/A; ) is the price index in country n of country : varieties of industry £,
o1, = ox/ (ox — 1) is the mark-up, and P, , = (3, P;ggk)”“‘”“.

We now solve for equilibrium variety M, ; as a function of industry employment L,
and then use the result to derive an expression for trade shares for this model. Variable
profitsin (¢, k) are simply total industry revenues divided by ;.. Letting I1, ;, be total prof-
its net of fixed costs in industry (¢, k), we then have IT; , = > A\ e Xoi/ok — wiM; 1 F 1.
If L; . > 0 then free entry implies zero profits so total revenues must equal total wage
payments in industry (¢, k), >, AnixXnk = w;L; . Combined with II,; , = 0 we then have
M, = L; /o F; . Trade shares are then

_mp=l =l
AT TTLIT (witie)
=

ng—1 g

M=l op—1 7 op—1 —(m—1)
ZzAz,k Flk Ll,k; (Wi T k)

L
k- e—1)
k

An@k -

with price indices given by

K | T (me—1) ey
_ , Krug ie— o1 J op— —(me—
FPox = . E :Al,kz Fl,k Lz,k (01Tt k) )
!

1
op—1 —

where ,uf " = o.*" 5;,. These two equations collapse to the expressions for trade shares
nE—1

and industry price indexes in equations (1) and (2) by setting S, = Azz_lF;k"’“_l, Yy =

(0p — 1) er = (e — 1) and pn = pi 9. Note also that if we set o), = 1, for all k

then this is just the standard multi-industry Krugman model, while if 0, — oo, then
(me — 1)/(ox — 1) — 0 and we obtain the multi-industry Armington model. See rows 2
and 4 of Table 1.!!

s straightforward to incorporate Marshallian externalities into the multi-industry Krugman model
presented above. For instance, letting A4; ;, = Ai,k’L?ﬁ; yields a setting with scale and trade elasticities

v = (o) — 1)_1 + ¢ and e, = n, — 1, respectively.
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To deal with the possibility of corner labor allocations under monopolistic compe-
tition, we require that profits per firm in industry (i, k) be weakly lower than zero, with
strict equality if L, , > 0, exactly as captured by the complementary slackness condi-
tions in (3).

2.3. A Melitz-Pareto Model with Two-Tier Preferences

We now briefly present a model a la Melitz (2003) with Pareto distributed productivity
and the same preferences as in the Krugman model above and show that it leads to the
same equilibrium conditions (3) and (5).12

After paying a fixed “entry” cost F; in units of labor in country ¢, firms are able to
produce a variety in industry (¢, k) with labor productivity drawn from a Pareto distri-
bution with shape parameter 6, > o, — 1 and location parameter b; ;. Firms from i can
then pay a fixed “marketing” cost f, ; in units of labor of n to serve that market.!*:!* In
Appendix B we show that this leads to trade shares

0 - —0
DR F S LSS (wiin) F

9 _ 9
Zl bl,];koz,lfk Lz&% (wlTnLk) Kk

>\ni,k’ =

and price indices

—1/0k&k

Ontr - 9

Pk = fin (Z Dy L (i ) kgk)
l

1 1

_ on—1 0 _ .

where & = - ol — )’ et = ( ﬁf’;zn>< ) and ¢ is some constant
ng—1 op—1 ’

defined in Appendix B. These two equations collapse to the expressions for trade shares

and industry price indexes in equations (1) and (2), respectively, by setting S; , = bff;fk Fi;f’“,
Yk = 1/03, e = Ok and pi, . = p)'c". Note also that if we set o}, = 7, for all & then &, = 1

12Feenstra et al. (2014) also consider a multi-industry Melitz-Pareto model with possibly different elas-
ticities of substitution across varieties from different countries and across varieties from the same coun-
try.

13To simplify the analysis, we assume that the fixed marketing cost to serve destination n does not vary
across origins i. Allowing these fixed costs to vary across country pairs would imply that instead of a term
S;.r we would have a term S, ; that varies across country pairs, but this would not change any of our
main conclusions below.

1The assumption that fixed marketing costs are paid in units of labor of the destination country is
critical for the result that this model collapses to the general structure introduced above. This is related
to the discussion in ACR about how their macro-level restriction R3’ obtains in the Melitz-Pareto model if
and only if the fixed cost is paid in units of labor of the destination country.
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and this model is just a multi-industry version of the Melitz-Pareto model in Arkolakis
et al. (2008). See rows 3 and 5 in Table 1.

3. Characterizing Equilibrium

To characterize the equilibrium we proceed in two steps: we first characterize the equi-
librium labor allocations given wages, and then we characterize wages that satisfy labor

market clearing given the corresponding equilibrium labor allocations.

Two-Step Equilibrium Definition. The equilibrium labor allocations for some wage
vector w € RY, are given by L € RYX \ Z{'" that satisty (3) for all (¢, k). Let £(w) be
the set of such equilibrium allocations. A wage vector w € RY, is an equilibrium wage
vector if there exists an element L € £(w) such that L also satisfies (5) for all i.

Note that given wages, for each industry £ we have a system of N nonlinear comple-
mentary slackness conditions in L, for i = 1,..., N specified by (3). For the first step
we exploit the fact that this system is independent across k. We now introduce some

additional notation and definitions.

Interior, Corner and Complete Specialization Allocations. An allocation L is an
interior allocation if L, ;, > 0 for all 5; an allocation L is a corner allocation if L, ;, = 0
for at least one i; and an allocation Ly, is a complete specialization allocation if there is a
unique i* (k) such that L, , = 0 for all i # i*(k)."

Industry-Level Equilibrium Labor Allocations. Given wage w, £;(w) denotes the
set of equilibrium labor allocations in industry %, i.e., for any L, € L(w), L, satisfies

complementary slackness conditions (3) for industry k.

3.1. Step 1: Equilibrium Labor Allocations

Before we proceed, let us introduce an additional assumption on the matrix of trade

costs which we employ to prove our results in the case of o, = 1 for some &:

Assumption 1. Matrix
—Ek —Ek
Tk - TiNk

—€k —€k
™1k -+ TNNE

15Note that there are many complete specialization allocations. For instance, it could be the case that
production in industry 1 is concentrated solely in country 1 (:*(1) = 1) or in country 2 (:*(1) = 2), and so
on.
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is non-singular.

We will be explicit about where this assumption is used in the results below. For now,
note that this assumption is violated if trade is free (i.e., 7,,; , = 1 for all » and 7).
Given the previous definitions, we are now ready to state our first Proposition.

Proposition 1. Ifeither (a)0 < oy, < 1, or (b) o, = 1 and Assumption 1 holds, then the set
Ly (w) is a singleton; ifay, > 1, then the set L, (w) contains multiple allocations, including
(but not necessarily limited to) one for each complete specialization allocation. Moreover,
the unique allocation in L, (w) is an interior allocation if 0 < oy < 1, while it may be an
interior or a corner allocation if oy, = 1.

This proposition states conditions under which, given any vector of positive wages
and any industry k, the system (3) of N non-linear complementary slackness conditions
in L;;, fori = 1,..., N has a unique solution, with L, > Oforalliif 0 < o < 1. The
case with oy, = 0 is trivial: given wages, labor allocations are explicitly obtained from the
conditions L; ;G x(w, L) = 0. Below we focus on the case with «;, > 0.

Before proving the proposition, we simplify notation by suppressing the sub-index
k and by transforming variables with z; = w;L;, * = (21, ...,xn), an; = Si (wiTn;) " w; %,
and b, = B,w,L,. For future purposes, note that Assumption 1 guarantees that matrix
A = (ay;) is non-singular. With a slight abuse of notation, we now rewrite the function

Gi,k (w, Lk) as

a—1
Apid;

We are dividing the original G, function by w; and then suppressing w as a separate
argument — none of this matters here since we are treating wages as given for now.!®
The system in (3) can now be written as a non-linear complementarity problem (NCP)
in x:

x; >0, Gi(x)>0, =zGi(x)=0, i=1,...,N. (6)

Note that if « solves (6) then ) . z;G;(x) = 0 and hence ), z; = > . b,. This implies that
the solution to (6) satisfiesz e ' = {w € RV |2, >0, i =1,...,N; >z =, b;}.
To prove Proposition 1 we follow a popular approach in the economics literature

that consists of characterizing equilibria of general equilibrium models as solutions to

6Analogously to our treatment of the original functions G; ;. (w, Li,) and L; ,G;(wLy) at L; , = 0 (see
footnote 10), we define values of G;(x) and z;G;(x) at x; = 0 by their limits.
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optimization problems.!” Doing this is possible if, for example, the function G(z) =
(G1(x),...,Gn(x)) has a Jacobian that is symmetric at all points in its domain, since in
this case the function G is the gradient of some other function F' that we can use in the
optimization problem.!® Fortunately, our function G satisfies this symmetry condition.
In fact, it is easy to see that G is the gradient of function F' : RY \ {0} — R defined by

F(x) =« Z Ty, — Z b, In (Z am-x?> . (7)

i

As we establish formally below, this makes it possible to solve the NCP in (6) by way of
solving arg minger F(x).1

We now focus on the characterization of the optimization problem arg ming,cr F'(x)
and then establish formally the connection between this problem and the NCP in (6).

Existence of a solution to arg mingcr F(x) follows immediately from the fact that I'
is a compact set and F(-) is continuous on I'. To establish uniqueness, we show in Ap-
pendix C that under the conditions of Proposition 1 function F(-) is strictly convex on
I'. Thus, since I' is a convex set, F'(-) has at most one global minimum on I'. This estab-

lishes the following result:

Lemma 1. Ifeither (a)0 < a < 1, or (b) « = 1 and Assumption 1 holds, then F(-) has a
unique global minimum onT.

Let us denote the unique global minimum of F'(-) onI" by *. In Appendix C we prove
the following result:

Lemma2. If 0 <a<1lthenz; >0 foralli=1,... N.

Finally, we prove the part of Proposition 1 concerning the case of « < 1 by combining

the two previous lemmas with the following equivalence result:

Lemma 3. Ifeither (a)0 < a < 1, or (b) « = 1 and Assumption 1 holds, then x is a global
minimum of I (-) on T ifand only if x is a solution to (6).

7Negishi (1960) is probably the most well-known example of this approach in which market equilibria
are characterized as solutions to a social planner’s problem. Kehoe, Levine and Romer (1992) describe
a more general framework in which the optimization problem does not necessarily have an economic
interpretation. Our case fits into their general framework.

18A classical result in mathematics states that a vector function is a gradient map if and only if its Jaco-
bian is symmetric in the domain of the function (see, for example, Theorem 4.1.16 on page 95 in Ortega
and Rheinboldt, 2000).

19We thank Anca Ciurte and Ioan Rasa for pointing us in this direction.
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The proof of this result is almost trivial, because the conditions in (6) are just the
first-order conditions for the minimization of F'(-) on I'. The only complication is that
to invoke the first-order conditions, we need to have differentiability of F'(-) on I' which
is understood as differentiability of F'(-) on some open set containing I'. In case of o < 1
any such open set necessarily includes points « with z; < 0, at which F(-) is not differ-
entiable. We deal formally with this complication in Appendix C.

One might wonder if the equilibrium labor allocation is continuous in « as we ap-
proach a = 1 from below. Economically speaking, one would expect this to be the case,
so that if at « = 1 we have a corner allocation with z; = 0 for some country i then
z;(o) > 0 for all &« < 1 but lim,4; z;(a) — 0. Mathematically, however, this result is not
trivial because the function G is not jointly continuous in « and « for « = 1 and points
x with z; = 0 for some . Still, thanks to the optimization approach followed in the pre-
vious lemmas, we can establish the left continuity of «(«) by invoking the Theorem of
the Maximum (see Theorem 3.6 in Stokey, Lucas and Prescott, 1989) (see Appendix C for
details).

Lemma 4. [f Assumption 1 holds, then x(«) is continuous as a function of « for all o« €

(0,1]. In particular, lim,4 z(a) = x(1).

Consider now the case with « > 1. We can easily show that there are many solutions
to (6). To see this, choose some i* and set ;- = )b, and x; = 0 for i # ¢*. Itis easy to
check that this satisfies G;-(x) = 0 and G;(x) = 1 > 0 for all i # i*, so that all conditions
in (6) are satisfied. Of course, this is only one example and there are many other pos-
sible equilibrium allocations for this case. However, characterizing the complete set of
equilibria is not the focus of our analysis.

We finish this subsection by commenting on the role of Assumption 1 in Proposi-
tion 1. While this assumption plays no role in the proof of uniqueness when o, < 1,
we cannot rule out multiplicity of equilibria if it is violated when «;, = 1. As mentioned
above, Assumption 1 is violated if trade is frictionless. In fact, it is enough that trade be
frictionless between any set of countries for multiplicity to arise in the case with a;, = 1.
Suppose, for instance, that there were no trade costs between two countries i and j. The
triangular inequality implies the trade costs between i and j and all other countries are
the same (i.e., 7,1, = 7njx and 7, = 7, for all n # ¢, j). It then follows that the i and
j row in the matrix of Assumption 1 are the same, so the non-singularity requirement is
violated. Notice, however, that the multiplicity that arises in this case is that at most the

overall labor allocation L, ;, + L; is determined, but not L, ; or L, ;. This type of non-
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uniqueness is irrelevant for welfare: real wages are the same across any two equilibria
in this set. Moreover, with any small trade costs between i and j the non-uniqueness
disappears, rendering these cases non-generic.

3.2. Step 2: Equilibrium Wages

In what follows, we restrict the analysis to the case 0 < «; < 1. For this case, Propo-
sition 1 establishes that the solution of the system of complementary slackness condi-
tions (3) determines a function from wages to labor allocations, L(w), for w € RY,.

Letting
Zi(w) = Lip(w) - L; (8)
k

be the excess labor demand in country i defined for all w € RY, and letting Z(w) =
(Z1(w), ..., Zy(w)), the labor-market clearing conditions for all countries can be written
simply as

Z(w) = 0. 9)

To establish existence of a solution to this system of equations, we will invoke conti-
nuity of L, (w). We again exploit the equivalence between the system in (3) and a con-
strained optimization problem and invoke Theorem of the Maximum from Stokey, Lu-
cas and Prescott (1989) to establish that L, (w) is a continuous function for all w € Rﬁ L

(see Appendix C for details).

Lemma 5. If either (@) 0 < oy < 1, or (b) ap, = 1 and Assumption 1 holds, then the

function L (w) is continuous for allw € RY ..
We now state our result for existence of equilibrium.

Proposition 2. Assume that for all k either (a)0 < oy < 1, or (b) oy, = 1 and Assumption 1
holds. Then there exists a vector of wages w € RY, that satisfies (9).

Proof. The case with o, = 0 is a simple extension of the existence proof by Alvarez and
Lucas (2007) to the case of multiple industries. Here we focus on the case with 0 <
ar < 1. To establish existence of a solution to (9), it suffices to show that the following
properties as outlined in Proposition 17.B.2 in Mas-Colell, Whinston and Green (1995,
MWG) are satisfied: (i) Z(w) is continuous; (ii) Z(w) is homogeneous of degree zero;
(iii) w - Z(w) = 0 for all w (Walras’ law); (iv) there is an A > 0 such that Z;(w) > —A

for all 7 and w; (v) if w® — w as s — oo, where w # 0 and w; = 0 for some i, then
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Mazx{Z;(w?), ..., Zny(w*)} — oo as s — oo. Property (i) follows from Lemma 5, while

properties (ii)-(iv) are immediate. The proof of (v) is in Appendix C. O

In what follows, we first provide sufficient conditions for a unique equilibrium in the
case of two countries (/N = 2), and in the case of multiple countries with free trade. After
that we discuss additional complexities that arise in the general setting with multiple

countries and costly trade.

Proposition 3. Assume that N = 2 and that for all k. either (a)0 < o < 1, 0r (b) o, = 1
and Assumption 1 holds. Then there exists a unique (normalized) vector of wages w €
RY. that satisfies (9).

Proposition 4. Assume that0 < oy, < 1 for all k and trade is frictionless in all industries,
i.e, that ., = 1 for alln, i, and k. Then there exists a unique (normalized) vector of
wages w € RY, that satisfies (9).

We prove both Propositions 3 and 4 by showing that the labor excess demand func-
tion Z(w) has the gross substitutes property under the assumptions of these proposi-
tions. Uniqueness of solution then follows from Proposition 17.E3 from MWG.

The previous results establish that if there are two countries, or if there are many
countries but no trade costs, or if there are many countries and positive trade costs but
wages are pinned down by an outside good, then the equilibrium exists and is unique.?°
With positive trade costs and more than two countries, our excess labor demand sys-
tem does not, in general, satisfy the gross-substitutes property, and so this property can
no longer be invoked for establishing a unique vector of wages for N > 2 and costly
trade. With industry-level externalities and trade costs one has to contend with addi-
tional complications that arise when there are more than two countries. In particular,
while these externalities act to reinforce the gross substitutes property when there are
two countries, the same is not necessarily true for three or more countries. For instance,

arise in the wage in one country, say country 1, may reduce the demand for labor there,

201f we assume that there is a freely traded “outside good” industry in which production exhibits con-
stant returns to scale and assume that all countries produce a positive amount of this good, as is typically
done in the literature, then wages are exogenous and the proof from Proposition 1 — which is valid for
any finite N — implies a unique allocation of labor across industries. Note, however, that we need to
assume that all countries produce the outside good - if some countries do not produce that good then
wages are not pinned down and we don’t have a proof of uniqueness for more than two countries for this
case.
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while at the same time raising the demand for labor in another country, say country 2,
which is so far consistent with the gross substitutes property. The complexities arise
from the fact that the increased labor demand in country 2 can generate productivity
effects that can lead to increased exports to a third country, say country 3, which can,
in turn, result in a fall in the demand for labor there. In other words, a rise in wages in
country 1 can result in a fall in the demand for labor in country 3, thereby, violating the
gross substitutes property.

While we have not yet been able to prove our uniqueness result in Proposition 3 for
the case N > 2, extensive numerical simulations indicate that the determinant of the
negative of the Jacobian of the normalized excess labor demand system (i.e., the Jaco-
bian of —Z(w) after removing the last column and the last row) is always positive, so that
one could invoke the Index Theorem to show uniqueness of equilibrium (Kehoe, 1980).
The challenge here is that the Jacobian of the aggregate labor demand is the sum of the
Jacobians of the labor demand coming from each sector (i.e., DZ(w) = ), DL;(w)),
and establishing conditions on the determinant of a sum of matrices is extremely dif-
ficult. The advantage of the gross-substitutes property is that it implies that the nega-
tive of the Jacobian of the labor demand in each sector has all diagonal terms positive
and all off-diagonal terms negative, and hence a positive determinant. Since the gross-
substitutes property survives under summation, the determinant of the negative of the
Jacobian of the aggregate labor demand is positive as well. Without the gross-substitutes
property, we need an alternative approach.?!: 22

3.3. Computation of Equilibrium

The preceding analysis suggests two alternative approaches to numerically compute
the equilibrium. First, one can use an algorithm that properly deals with the comple-

mentary slackness conditions in the system of Equations (3) and (5) for (w, L). This re-

211n Appendix C we explore whether the techniques developed in Allen, Arkolakis and Li (2015) can be
applied to establish uniqueness for our system. Unfortunately, we find that the sufficient condition for
uniqueness in their Theorem 1 does not hold in our economy.

22We have also explored the question of uniqueness numerically. Focusing on the case of N = 3 and
K = 2, we simulated more than a million economies with « = 0.9 and randomly chosen values for all
other parameters and then computed the equilibrium for each economy, starting at 400 initial points.
We never found an instance of multiple equilibria. In contrast, using the same code for a = 2 leads to
multiple equilibria for randomly generated parameters. For the case with a = 0.9 we also computed the
sign of the determinant of the (negative of the) excess labor demand. By the Index Theorem, a negative
value would imply multiplicity, while uniqueness would imply a positive value. We always found this sign
to be positive.
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quires an algorithm for non-linear complementarity problems, such as the PATH solver
(Ferris and Munson, 1999). Second, one can follow the approach used above to prove
existence and uniqueness of equilibrium and break the problem in two steps: first, for
each wage vector w find L;(w) for each £ by solving the optimization problem asso-
ciated with (7), and second, find the wage vector such that the excess labor demand
Z(w) = 3, Ly(w) — L is zero using the tatonnement iterative procedure proposed by
Alvarez and Lucas (2007).

It turns out, however, that a third approach does best. Consider the function w(T)
that one would get simply by solving for wages in the standard multi-sector model with
no scale economies and technology parameters T = {T;}, and let L, (T, w) be labor
demand as a function of technology parameters and wages also in that model. Let T'(L)
be defined by T; (L) = SiL;} and let H(L) = LYT(L),w(T(L))). By definition of
w(T)wemusthave )", L¢, (T(L),w(T(L))) = L; for all, and hence if L* is a fixed point
of the mapping H(L) then (w*, L") = (w(T (L"), L") is an equilibrium of our economy
with economies of scale. Note that H (L) is a continuous mapping from the compact set
A ={L|Y, Lix = L;} toitself, and we know from Proposition 2 that an interior solution
exists if o, < 1 for all k. We can then use the iterative procedure given by L, = H(L;)
to compute the equilibrium points. In using this algorithm for the quantitative analysis
in the following section we find that it can easily handle corners and that it is very robust.

4. Scale Economies and the Welfare Effects of Trade

In this section we explore the implications of scale economies for the welfare effects
of trade. We restrict the analysis to the case in which 0 < a4 < 1 for all k. We first
study how scale economies affect the gains from trade and the welfare effects from trade
liberalization, and we conclude by quantifying the different effects using counterfactual
analysis when the model is made to be perfectly consistent with the data.

4.1. Gains from Trade

In principle, countries that specialize in industries with weak economies of scale could
even lose from trade — the premise of Frank Graham’s argument for protection. It turns
out, however, that this cannot happen if 0 < «;, < 1 for all k. The formal proof is in the

Appendix D.1, but the basic idea can be understood by the following simple argument.
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Setting w; = 1 by choice of numeraire, industry level price indices can be written as

Pt =, Sin Ly N k- (10)
Without scale economies, gains from trade are assured by the fact that \;; ; < 1 implies
Py < S, kl/ ¥, where the RHS term is the price index under autarky. Scale economies
imply that L, could fall with trade, and so now from Equation (10) we see that P,
could be higher with trade relative to autarky. But note that in equilibrium we must
have L, ;. > N xfixLi, since the RHS is just the total labor cost associated with domestic
sales. Combining this with Equation (10) yields P > i, Six (8ixLi)™ A% ' Thus, if
0 < ap < 1then Py, < ukS;kl/s’“ (5i,kii)_o““/5‘“, which is the price under autarky when
there are scale economies. As we can also see, if o, > 1 then one could have higher
prices in some industries with trade than without, leading to the possibility of losses

from trade. This argument establishes the following Proposition.

Proposition 5. If0 < o < 1 then all countries gain from trade.

Proof. See Appendix D.1. O

This result can be seen as a generalization of Proposition 1 in Venables (1987), which
states that in a Krugman (1980) model with an “outside good” all countries gain from
trade. Formally, the model in Venables (1987) is isomorphic to ours when we consider
two countries and two industries, one having no trade costs, no scale economies, and
an infinite trade elasticity (the “outside good”), and the other having trade costs, scale
economies, and a finite trade elasticity, with o, = 1. Proposition 5 shows that this gen-
eralizes to a case without an “outside good”, with multiple sectors and arbitrary scale
economies as long as «, < 1 for all .

To further explore the implications of scale economies for the magnitude of the gains
from trade, we assume that the equilibrium is interior so that all trade shares and labor
allocations are strictly positive. This allows us to derive an expression for the gains from
trade as a function of industry-level data and the trade and scale elasticities that extend
the multi-sector expressions in Arkolakis ef al. (2012) (henceforth ACR). 23

Real wages in the model with scale economies can be written as
) Brk/€k

wa/ P = o [T (Sur L Ak
k

Y

Z3Given Proposition 1, the assumption that labor allocations are strictly positive is not restrictive for the
case with 0 < ay, < 1 for all k.
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where p,, = [], u;}ﬂ. Using the hat notation & = 2’/z, given some foreign shock (i.e., a
shock that does not affect the exogenous variables in country n), the change in welfare
in country n is
W/ By = T A= - T Lo, (11)
k k
The first term on the RHS of this expression is the standard multi-industry formula for
gains from trade (with upper-tier Cobb-Douglas preferences), while the second term is
an adjustment for scale economies.
Following ACR, we define the gains from trade as the negative of the value of the

percentage change in real income as we move from the observed equilibrium to autarky,

wA/PA
T, =—(1—-— 22,
L ( wn/Pn)

We compute GT,, by applying (11) and noting that for the move back to autarky we have
Xnn,k = 1/A\n i, and [A/mk = Buk/Tni where r,, = L, /L, denotes the industry revenue
(or employment) shares in the observed equilibrium. Usinge, , = X, /X, for observed
industry expenditure shares, this leads to a formula for the gains from trade that de-
pends only on the country’s observables \,,,, , e, » and r,, ; as well as the trade and scale
elasticities, ¢, and 1,

nn,k

GT,=1-A,]] Ao/ Sk (12)
k

where

A, = H (en7k/rn7k)e"*w’“ )

k

The expression for the gains from trade in the standard perfectly competitive model
with no scale economies obtains from (12) by setting ¢, = 0 for all &, thereby implying
A, = 1. The implication of scale economies for the gains from trade then depends on
whether A, = 1.

Consider first the case in which the scale elasticity is the same across industries (¢, =
1 for all k) and note that

AYY = exp Dir (e, || ),

where 7, = (1, ..., "nk ), €0 = (€n1, -, €nx ), and

Dir(en || 70) =) engIn(enn/rnn) (13)
k
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is the Kullback-Leibler divergence of r, from e,. We can think of Dk, (e, || r,.) as a
measure of industry specialization in country n — in autarky we would have r,, = e,
and Dk (e, || 7,) = 0, while if r,, # e, then Dk, (e, || 7,) > 0. This implies that A,, > 1
(except if r,, = e,, in which case A, = 1) so that, given trade shares, scale economies
actually reduce the gains from trade, with a larger decline for higher values of ¢) and for
countries that exhibit higher levels of specialization.?*

To gain some intuition about this result, note that we can think about the move to
autarky as taking place in two steps: first, shutting down trade with unchanged indus-
try productivities (i.e., ignoring the changes in Lfk), and second, the change in indus-

try productivities caused by labor reallocation in the presence of scale economies. The

en,lc/ak
nn,k

first step decreases welfare proportionally by [ ], A < 1 (implying gains from trade),
while the second step increases welfare proportionally by A,, > 1 (implying losses from
trade).® The positive and negative productivity changes caused by labor reallocation
necessarily have a positive net welfare effect because labor is moving towards industries
in which the labor allocation is small relative to the expenditure share (i.e., r, ;. < Snx),
and with Cobb-Douglas preferences the utility gain from an additional unit of labor al-

located to industry (n, k) is proportional to f3,, /7 1.2

24The opposite result would hold if instead of economies of scale we had diseconomies of scale. For
example, in a setting with ¢y = 0 and worker-level heterogeneity, Galle et al. (2015) show that GT,, =
1-1T1I, )\fL’;‘L"‘}C/ * (enk /rn’k)fe”*"'/ ", where « is a parameter that determines the degree of heterogeneity.
The argument above now implies that the gains from trade are higher than in the case with no scale
economies, which obtains here in the limit as x — oo, and corresponds to the case in which workers are
homogeneous.

25To see this more formally, note that setting w,, as numeraire then dln W,, = — 5 i En,kd1n Py, 1. Totally

log-differentiating A, 1 = (L, lﬁ" )~¢* P-* and substituting into the previous equation, we get

d1n A
dnW, = - emk% + 3 enpthedln Ly .
% k 2

The first term captures the welfare effect of a foreign shock taking home productivity as given, while
the second term captures the welfare effect of that shock through home productivity changes caused by
changing industry employment levels in the presence of scale effects. Integrating the first term as we
move to autarky yields [], )\f[;;’“k/ “*, the ACR term in Equation (12), while integrating the second term
yields A,,. ’

26At the risk of belaboring this point, note that if there is some industry k for which Tnk < Bk then
there must be some industry £’ for which r, - > B, . If we take one unit of labor from industry &’
and move it to industry k, the welfare gain from the productivity increase in industry k is proportional to
Bn.k/7n,, While the welfare loss from the productivity decrease in industry &’ is proportional to 3, i/ /7 k'
The net effect on welfare is obviously positive. One can see this formally using the displayed equation in
footnote 25. If ¢, = ¢ for all k, then the sign of the second term is the same as the sign of ), Busk dLy, .

Tn,k
Take any two sectors with 8, < r,; and 5, > - (they must exist as long as it is not the case that
Bn.kx = T for all k), then setting dL,, , = —dL, ; > 0 and dL,,, = 0 for all other k necessarily makes

Dok ’B"*? dL,, i, positive.

Tn,k
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In the more general case in which v, varies across k, A,, can be rewritten as

€nk

A, =expt | Dxr(e, || mn) — Z wkqg ¥ In <rn’k)emk] , (14)
%

where ¢ = (1/K) Y, .. Notice that there are now two (possibly competing) forces: the
first measures the degree of specialization (DS) in country n as represented by Dg (e, ||
r,), while the second measures the pattern of specialization (PS), i.e., the tendency
of country n to specialize in industries with either higher or lower than average scale
economies as represented by >, ’Z”CT’& In (rpx/en,) . Since DS always pushes towards
lower gains relative to the case with no scale economies, the overall effect of scale eco-
nomies on gains from trade depends on the direction and extent of PS. Countries that
tend to specialize in industries with lower than average scale economies — so that PS is
negative — gain less from trade with scale economies than without. However, in coun-
tries that tend to specialize in industries with higher than average scale economies — so
that PS is positive — the effect of scale economies on the gains from trade is ambiguous.
If for a country’s PS is strong enough to overcome its DS, then such a country could have
higher gains with than without scale economies (we explore a decomposition of these

effects in the quantitative section below).

4.2. Welfare Effects from Trade Liberalization: Two Cases

In this section we consider two simple cases for which we can derive analytical results
for the welfare gains from a decline in trade costs. The goal is to understand how the
presence of scale economies affects the gains from trade liberalization.

4.2.1. Mirror-Image Countries

Our first example entails two industries and two mirror-image countries. Of course, for
mirror-image countries we know that wages will be the same, so we can just normalize
wages to one (w = 1) in both countries. For ease of exposition we index countries i =
H, F,where H and F represent Home and Foreign, respectively. Let L = 2, 3;;, = 1/2 for
all (4,k), and let Sy; = Spo = Sand Syo = Sr1 = 1, for S > 1. Hence, Home has the
comparative advantage in industry 1, and Foreign in industry 2. We assume thate, = ¢
and ¢, = ¢ fork =1,2.

To establish a link with the results in the previous subsection, we first illustrate that
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the gains from trade are decreasing in ). We then show that the conclusion is reversed
once we consider a trade liberalization exercise in which trade shares respond endoge-
nously as we lower trade costs. There we find that the gains from trade liberalization are
increasing in 1.

Home’s gains from trade are simply

12 1/2 \Y?/, . 1
GTy =1 (L : #> (A;;HJ : A}’;HQ) . (15)

TH1 1—7"H,1

/2
The term (% . %) corresponds to Ay in Equation (12) and is higher than one as
long as there is industry-level specialization.?” Thus, given trade shares, gains are lower
with scale effects (1) > 0) than without (¢ = 0). It is also easy to see that these gains are

decreasing in .
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Figure 1: Industry specialization and economies of scale

Next we study the gains from trade liberalization, allowing for endogenous responses
of trade shares to trade costs.”® We sete = 5 and ¢ = {0,0.1,0.2}. The case ¢ = 0.2 im-

2TThe term /2 . /2 js minimized atry ; = 1 /2, and specialization according to comparative advan-
rH1 1—=TH} ) )
/2
/2 _1/2 ) 1

tage implies 7y ;1 > 1/2, hence we must have (

rg1 1-TH}

28In the terminology of ACR, this corresponds to an “ex-ante analysis” whereas the results for the gains
from trade above correspond to an “ex-post analysis.”
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Figure 2: Gains from trade liberalization

plies @ = 1, as in the standard multi-industry Krugman or Melitz-Pareto models whereas
the case i) = 0 corresponds to the standard multi-industry gravity model without scale
economies. Setting ¢ = 0.1 allows for an intermediate case with 0 < o < 1. Note that
in all these cases L, = 1 for all (4, k) under autarky (i.e., when 7 = oc0). As 7 falls from
oo, country H specializes in industry 1 and country F' specializes in industry 2, but the
extent of specialization will be stronger with ) = 0.2 than ¢ = 0.1, and with ¢) = 0.1 than
1 = 0, as illustrated in Figure 1. Figure 2 shows the implications for the gains from trade
liberalization for each of these three cases. We see that the gains from trade liberaliza-
tion increase with . The intuition is simple: countries gain by specializing according
to comparative advantage, and the concentration of production also allows for a greater

exploitation of scale economies, which, in turn, generates additional efficiency gains.?

4.2.2. Outside Good

The fact that, in the region of uniqueness, countries always gain from trade (relative
to autarky) does not necessarily imply that there are always gains from further trade

YThe gains from trade liberalization in Home can be seen as the increase in GT} in (15) as 7 falls. The
decline in 7 leads to deeper industry-level specialization, as captured by a higher 1, and thus increases

/2 1
(£ : i) and lowers GTy. But there is also a change in trade shares, and this decreases A7, -

rH1  l-TH;

1
Afi i 2> Which more than offsets the previous effect.
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liberalization. In fact, our model nests the model considered by Venables (1987) and so
we know that a decline in inward trade costs may decrease welfare. To see this more
explicitly, consider a case with two countries and two industries, with ¢; = c© > &5,
1 =0 < 1Py < 1/e9 (sothata, < 1), and with no trade costs inindustry 1, 7101 = 7211 = 1.
If we start with an interior equilibrium (i.e., L; , > 0 fori = 1,2 and k£ = 1, 2) then wages
are pinned down by (exogenous) productivities in industry 1 (the outside good), and
— suppressing the industry sub-index — the labor allocation in industry 2 is given by
(L1, Ly) that solves

szz - Z SzL? (wiTni>_£ P;annl_/m (16)

fori = 1,2, with P, = 37, S;L% (w;7,;)"". The case considered by Venables (1987) en-

tails & = 1, in which case the previous system can be rewritten as a system in (P, P),

It is then easy to see that a decline in 75 leads to an increase in P, and a decrease in P,
exactly as in Venables (1987). Of course, if « = 0 then P, = 3, 5% (w;7,;) " and so P,
would decrease while there would be no change in P,.

We can understand these results by noting that w, /P, = S&/*LYAm/c. If ¢ = 0 then
a decline in inward trade costs decreases the domestic trade share )\,,, and increases
the real wage. But with ¢ > 0 there is an offsetting productivity effect arising from the
decline in L,,. If o = 1 then the net effect is negative.

More generally, we can use Equation (16) to show that 0P, /07,; < 0, as with o = 1,
if and only if @ € (a], 1], where a] € (0,1) is a function of import and export shares in
industry 2 — see Appendix D.2. A similar result holds for the effect of a foreign produc-
tivity increase in industry 2: this lowers welfare (i.e., 0P, /0S; > 0 for n # ) if and only if
a € (a2, 1], where a2 is different from a7 because of additional effects associated with a

productivity increase. We summarize these arguments in the following Proposition.

Proposition 6. Assume N = K =2,61 =00 > e9, 1 =0 < ¢y < 1/eg and oy = 7011 = 1,
and assume that the initial equilibrium is interior (i.e., L, > 0 fori = 1,2 and k = 1,2).
There exists a threshold &, € (0, 1) such that countryn loses from a small unilateral trade
liberalization in industry 2 if and only if « € (a],1]. Similarly, there exists a threshold
as € (0,1) such that country n loses from a small foreign productivity improvement in
industry?2 if and only ifa € (a3, 1].
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Proof. See Appendix D.2. O

These results generalize the propositions of immiserizing inward trade liberalization
and foreign productivity improvements in (16) in two ways. First, the result holds as long
as scale economies are strong enough, with the threshold for & depending on import
and export shares in the industry with scale economies. Second, and more broadly, the
result is shown to be a manifestation of the more general idea that a shock that pushes
a country to specialize in an industry with weak economies of scale (here the outside
good) may lower the gains from trade.

4.3. Gains from Trade: Numbers Using Data

In this subsection we continue our exploration of the gains from trade using actual data.
Using (12) as our reference point, we follow CR and compute measures of A\, 1, €k,
and r,; using data on 31 sectors from the WIOD in 2008.3° We start by assuming a
common trade elasticity of 5 for all industries (i.e., ¢, = 5 for all £) and consider two
cases for the scale elasticity.3! For the first case we assume a common scale elasticity
across all industries and consider three subcases: (i) no scale economies, ¢, = 0 for all
k; (ii) intermediate scale economies, ¢, = 0.1 for all k; and (iii) strong scale economies,
¥ = 0.2 for all k. Note that these three subcases correspond to assuming «;, = 0 for all
k, o, = 0.5 for all k, and o, = 1 for all £, respectively. For the second case we assume
no scale economies for all non-manufacturing industries and strong scale economies
for all manufacturing industries, i.e., ¢, = 0 for all ¥ ¢ M and ¢, = 0.2 forall £ € M,
where M is the set of manufacturing industries. This case is used below to understand
how specialization in industries with weak or strong scale economies affects the gains
from trade.

Columns 1, 2 and 3 in Table 2 report the gains from trade for the first case with scale
elasticities as in subcases (i), (ii) and (iii), respectively, while column 5 reports the de-
gree of industry specialization as represented by the term Dy (e, || r,). Consistent with
Proposition 5, gains from trade decrease as we allow for stronger scale economies, and
this decline is stronger for countries that have a higher degree of industry specializa-

tion. This is illustrated in Figure 3, which plots the gains from trade net of the standard

30Equation (12) ignores trade deficits. As discussed in CR, this implies that our results in this subsection
capture the change in real income rather than the change in real expenditure caused by shutting down
trade and to closing any trade deficit that exists in the data.

31We choose a value of 5 for the trade elasticity as this is a typical value used in the literature — see
Head and Mayer (2014).
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Figure 3: Degree of specialization and gains from trade

ACR gains (i.e., the gains that would arise in the absence of scale economies) for each
subcase.

Turning to the second case, note that here we have

GT,=1-— (H (Anng) ™" exp [Z enk In (%,k/%,k)]) .

k keM

The term ), s €nk I (€n,/7n ) is N0 longer the Kullback-Leibler divergence because we
are only adding across k € M, soboth >, ., e,rand >, ,, 7., can be lower than 1. This
implies that this term can be negative (capturing specialization in manufacturing) and
exert a positive effect on the gains from trade. Column 4 in Table 2 reports the gains from
trade associated with this case, while column 6 reports the term  , /€, In (en5/7n ).
As expected, countries that specialize in manufacturing industries have higher gains
from trade than in the case without scale economies. Figure 4 illustrates this by plotting
the pattern of specialization (PS) — measuring in this case the tendency to specialize in
manufacturing — against the the degree of specialization (DS) for selected countries as
defined in (14). For each point we also report the name of the country, the standard ACR

gains and the gains with «; = 1 in all manufacturing industries, respectively.
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Figure 4: Pattern of specialization and gains from trade

Next, we allow for heterogeneous trade elasticities across industries. Trade elastic-
ities for agriculture and manufacturing industries are from Caliendo and Parro (2015),
while for service industries we assume a trade elasticity of 5.3> For each industry we
maintain the assumption that the scale elasticity is inversely proportional to the trade
elasticity and, consistent with our first exercise, separately consider three cases: (i) ¥y =
0 for all &, (ii) ¥ = 0.5/¢;, for all k, and (iii) ¢y, = 1/¢; for all .

The gains corresponding to these three cases are reported in columns 1, 2 and 3 of
Table 3. While cross-country average gains from trade are not very different across the
three cases, we do see that for some countries the gains can be substantially larger with
economies of scale, while for others these gains are much smaller. For example, relative
to the case with no scale economies, Japan’s gains almost double in the intermediate
case, and almost triple in the case with the highest scale elasticity (to be precise, gains
are 2.4%, 4.3% and 6.1%, respectively), whereas for Greece the reverse is true (gains are
14.5%, 10.1% and 5.5%, respectively). Still for other countries these gains do not change
much. For example, in Austria’s case gains are 29.1%, 29.3% and 29.4%.

To better understand these results, Table 3 reports the DS, PS and overall effect on

32Since there is little trade in services the value of that elasticity has negligible effects.
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gains (i.e., the term inside the square parenthesis on the RHS of Equation (14)) in columns
4, 5 and 6, respectively. On closer examination we now see that Japan’s tendency to spe-
cialize in industries with higher than average scale economies (PS is positive) is domi-
nant enough to overpower DS, thereby implying larger gains from trade relative to the
standard framework without scale economies. In contrast, for Greece the tendency to
specialize in industries with lower than average scale economies (PS is negative) rein-
forces DS, implying lower gains from trade. Interestingly, while the results also reveal
China’s tendency to specialize in industries with higher than average scale economies
(PSis higher than zero), the extent of this pattern of specialization is not sufficient to im-
ply larger overall gains from trade. Finally, notice that these results generalize insights
from the previous case in which scale economies are assumed only in manufacturing

industries.

4.4. Gains from Trade Liberalization and Foreign Productivity Gains

We now use the exact hat algebra approach popularized by Dekle, Eaton and Kortum
(2008) to explore the implications of a decline in inward trade costs or productivity gains
abroad. This technique works as long as we start from an equilibrium that does not have
corners, which is the case in our data as there are no (i, k) pairs with L, , = 0. As we show
in Appendix D.3, the system to compute the hat changes in labor allocations and wages
is

Lix>0, G, <w i;k) >0, LixGl, <w i;k) —0, forall (i,k),

Zﬁikai,k =Y;, forall i,
%
where Y; = w;L; and Y;;, = w;L,, and

L ) 1 gzkf/az (WiTnik) " ik .
/i,k <’UJ, Lk) =W — = ~ llak R en Bn,k(wnyn + Dn)a
Li,kY;',k n Zz Sl,kLl,k (wlTnz,k) )\nl,kz

where D, are trade imbalances in the data.?® Note that this still allows the counterfactual
equilibrium to exhibit corner allocations. Therefore, we need to calculate changes in

welfare explicitly by using the formula 1, / P,, where changes in price indices are given

33 Note that for each exercise, we first modify the WIOD data such that overall trade is balanced country-
by-country. More specifically, we compute counterfactual changes associated with setting D; = 0 for all
i, and use the resulting dataset without trade imbalances to conduct the counterfactual analyses.
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7ﬁn,k/5k
Pn=H(2sl,kLz;; - A) |
l

k

We use the algorithm outlined in Section 3.3 to compute @ and L given some ex-
ogenous shock to trade costs or technology levels. A detailed description of the algo-
rithm is in Appendix D.4. Theoretical results from Section 4.2.2 suggest that there might
be losses from unilateral trade liberalization or foreign productivity improvements. To
explore these theoretical results quantitatively, we again divide all sectors into manu-
facturing (M) and non-manufacturing. We assume that non-manufacturing sectors do
not exhibit economies of scale (o, = 0 for these sectors), while for the manufactur-
ing sectors we consider three possible scenarios: “low” a (a) = 0), “intermediate” «
(aps = 1/2), and “high” a (apr = 1).

In the first three columns of Table 4 we present results of the exercise where a coun-
try unilaterally lowers trade costs with all other countries by 10% in manufacturing in-
dustries. Each row in these columns presents welfare implications of this exercise for
a particular country. For example, the row corresponding to the United States presents
welfare changes for that country given with 7,;, = 0.9 forn = US and all £ € M and
with all other parameters unchanged. In the last three columns of Table 4 we present
the welfare implications of productivity increase of 1% in all manufacturing sectors in
China, S;; = 1.01°* for i = China and all k¥ € M.34

The results in Table 4 reveal that the gains from unilateral trade liberalization in the
sectors with scale economies get smaller as we consider a higher scale elasticity. For
example, the gains for the United States decline from 0.37% when a,, = 0 to 0.2% for
ap = 1. Still, in contrast to the results of Section 4.2.2, even for a;; = 1 the gains
are positive for all countries. One key difference between the theoretical exercise in
Section 4.2.2 and the quantitative exercise in Table 4 is that in the theoretical exercise
we have an outside good that pins down wages, whereas in the quantitative exercise
wages fully adjust in response to the shock. In Table 5 we considered the same change in
trade costs as in the first three columns of Table 4 but holding wages fixed. As we see in
the last column of Table 5, now Japan and Korea experience losses from unilateral trade

34Note that, except for terms of trade effects and holding wages fixed, the hat change in the price index
of country i in sector k given some S;;, is Sj{fk That is why, to think of an x% productivity increase in
China’s sector k, we set S’M = (1 + x)*.
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liberalization in manufacturing if «); = 1. To get even closer to the theoretical exercise
in Section 4.2.2, we aggregated all sectors into manufacturing and non-manufacturing
and all countries into the liberalizing country and the rest of the world. Columns 4-6
of Table 5 report the results associated with a shock 7,; ,; = 0.9, whereas columns 1-3
report those associated with a smaller shock 7,; ,;, = 0.99. Column 6 shows that now
most countries lose from unilateral trade liberalization when «,; = 1, while in column
3 we see that all countries lose. The reason that some countries still gain in the case of
the larger shock is that the shock pushes them to a corner equilibrium in which they no
longer allocate any labor to manufacturing.

Turning to the gains from foreign productivity improvements in the industries with
scale economies, the last three columns of Table 4 show that some countries lose when
China’s productivity increases in manufacturing. Negative values in column 4 simply re-
flect terms of trade effects, which worsen for countries that compete more directly with
China. Columns 5 and 6 show additional effects arising from the mechanism outlined
in Section 4.2.2. In particular, China’s productivity increase in manufacturing implies a
contraction in manufacturing employment in other countries, which in turn leads to a
decline in productivity given the presence of scale economies in that sector. Thus, we
see more and more countries losing from China’s productivity increase as the strength
of scale economies increases to o, = 1/2 and then to a;; = 1.

We explore these findings further in Table 6, where (as in Table 5) we fix wages to
the baseline equilibrium (i.e., w; = 1). With no terms of trade changes, now all coun-
tries gain from China’s productivity increase if there are no scale economies (column 7),
and more and more countries lose as scale economies become stronger. To link these
findings with the theoretical results in Section 4.2.2, the first three columns of Table 6
show analogous results but after aggregating to two sectors (manufacturing and non-
manufacturing) and two countries (the country in each row and the rest of the world).
Columns 1 and 2 show that almost all countries gain from a productivity increase in
manufacturing in the rest of the world if a;; < 1/2 but all countries lose when o, = 1, a
reflection of the fact that in most cases the actual threshold a° derived in Section 4.2.2
is high and close to 1. A final set of results is presented in columns 4-6, which show
analogous results to those in columns 1-3 but for a doubling of foreign productivity. In-
terestingly, this now leads to gains in all countries. The reason is that the shock is so
large that manufacturing employment falls to zero in all countries, thus truncating the

mechanism in Section 4.2.2 since a sector cannot keep shrinking after it vanishes.
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5. Scale Economies and Trade Flows

In this subsection we quantify the role of scale economies in determining industry-level

specialization and trade flows. In particular, we ask how these variables would change

if we shut down scale economies but leave all other exogenous variables unchanged.
We rely on the fact that if L is an equilibrium of the actual economy with scale eco-

nomies then it is also an equilibrium of the economy with no scale economies given

by
N T (i)
ik ilnik
;Zz Tk (Wi )"
and

K
Z Li,k = Eh

k=1

where T}, = S, L;; and where D,, are trade deficits satistying ) D, = 0. Thus, if we
want to know the counterfactual allocation for the economy with «; = 0 for all £ but
everything else equal, we can use the exact hat algebra approach in the economy with
no scale effects subjected to a shock to productivities 7 , given by le =S/ (SlkL?,’;) =
S; kL, ak.35 To focus on the interaction between specialization and scale economies, we
assume that S; ; is such that if country i was in autarky then the shock would have no ef-
fect on productivity — since in autarky L;; = f3; x L, this requires Szk = (B;xL;)**. Using
Ly = 7:xL; and measuring 3; ;. by e, , this implies that le = (e;x/1:)**. Combining
the two previous equations and using Y; = w; L;, we get a system in wage changes given
by

ak (a0:) kN
wz}/; Z Z €z k’/Tz k (’U} ) ni,k Cnk (UA)nYn + Dn> '

=1 n—1 Zz Lewk/riR) @ (W)™ Ak

The solution for w; can then be used to get the implied hat change in the labor allocation

from N
. 1 i/ Tik) " (W;) ™" Mg .
fip = L Z ](V,k/ 1) ( )A A ke (@Yo + D),
Wiy 2= > 7 (err/Tiw) ™ (W) Anpg

35We can ignore corner solutions because the data has no zeros at the industry level (i.e., 7; , > 0 for all
1, k) and the shock that we consider moves us away from corners.
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where Y ;, = w; L, ;. Finally, we can get the implied change in trade flows from

X, in = L (ean/Tip)™ (05) ™ Ak
nik — ——
Kide S0 (erw/rim) ™ (1)~ At

enk (WnYy + Dy) .

Table 7 presents the results of this exercise for each of the countries in our sam-
ple. Column 1 reports the degree of specialization (DS) in the data as defined in (13).
Columns 2 and 3 report, respectively, the implied percentage change in DS and in total
exports for each country when o, = 1/2 and ¢, = 5 for all £&. Columns 4 and 5 do the
same but for o, = 1.

As expected, the removal of economies of scale implies a decline in the degree of
specialization and total trade. Column 2 shows that the decline in DS is quite strong
even in the case in which the initial economies of scale are given by o, = 1/2 for all %,
with DS falling by more than 50% in almost all cases. Column 4 shows that this decline
is much sharper in the case of a;, = 1 for all k£, with DS falling by more than 90% in well
over half of all cases. Columns 3 and 5 show that total exports fall but less dramatically:
the decline in total world exports corresponding to these two columns is 5.4% and 10%.

These results imply that if the data is generated by a gravity model with scale eco-
nomies as strong as in the Krugman model (i.e., oy, = 1 for all k), then most of the
industry-level specialization that we observe is due to scale economies rather than Ri-
cardian comparative advantage. In other words, without scale economies amplifying Ri-
cardian productivity differences, industry-level specialization would be more than 90%
less than what we see in the data. In contrast, since most of world trade is intra-industry
trade, scale economies as strong as in the Krugman model would be responsible for only
around 10% of total world trade.

6. Concluding Remarks

For over a century since Alfred Marshall’s initial exposition, economists have been in-
trigued with the implications of industry-level external economies of scale for trading
economies. Despite such interest, however, the discomfort with the plethora of equilib-
ria and counter-intuitive implications in early work relegated Marshallian externalities
to the “back-burner” of the recent trade literature. In this paper we show how one can
add Marshallian externalities to the Eaton and Kortum (2002) framework while retain-

ing the property that the equilibrium is unique. The resulting model has exactly the
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same mathematical structure as generalized versions of the multi-industry Krugman
and Melitz-Pareto models and so our uniqueness result applies to these well-known
models as well. The key condition for uniqueness is simple and intuitive: the scale elas-
ticity must be weakly lower than the inverse of the trade elasticity for all industries.

Remarkably, if parameters are in the region of uniqueness then all countries gain
from trade. Economies of scale tend to make gains from trade lower relative to models
without scale economies, although the opposite may happen for countries that hap-
pen to specialize in industries with stronger than average scale economies. In turn, the
welfare effects of unilateral trade liberalization are more subtle than in gravity models
without scale economies: beyond standard terms of trade effects, the reallocation of
labor caused by changes in trade costs lead to endogenous productivity changes with
additional welfare implications.

Finally, our exploration of the role of economies of scale in explaining trade flows and
industry-level specialization in the data yields very definitive results: if scale economies
are as strong as those in the Krugman model then most of the industry-level special-
ization that we see in the data is due to economies of scale rather than pure Ricardian
comparative advantage.

Many questions remain open for future research. How can we extend our unique-
ness results for endogenous wages beyond the cases of N = 2, or frictionless trade?
How can we robustly estimate the strength of industry-level scale economies? Is the
condition necessary for uniqueness likely to be satisfied? Are scale economies stronger
in some industries than others? If so, which ones? How does the presence of industry-
level scale economies affect country-level and world-level optimal trade policies?
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Table 2: Gains from Trade, Common Elasticities

Degree of

Gains from Trade O
specialization

V=0 Ypr=0.1 ¢ =02 ¢, =0.2 All Manuf.
common common common manuf. industries only

Country 1 2 3 4 5 6

AUS 3.0% 2.7% 23% 2.1% 0.036 0.048
AUT 8.7% 8.6% 85%  9.0% 0.015 -0.012
BEL 13.8% 13.2% 12.5% 14.0% 0.072 -0.012
BRA 1.6% 1.6% 1.5%  1.5% 0.004 0.004
CAN 5.2% 5.0% 4.7%  4.5% 0.024 0.037
CHN 3.0% 2.8% 27%  3.5% 0.016 -0.025
CZE 8.0% 7.8% 77%  8.4% 0.014 -0.022
DEU 6.0% 5.7% 54%  6.9% 0.033 -0.046
DNK 9.5% 8.6% 78%  9.3% 0.090 0.009
ESP 4.1% 3.8% 3.6% 3.8% 0.023 0.011
FIN 5.5% 5.1% 48%  6.3% 0.036 -0.042
FRA 4.0% 3.8% 37%  4.2% 0.020 -0.006
GBR 4.6% 4.5% 45%  4.2% 0.008 0.022
GRC 5.7% 4.6% 3.6% 3.5% 0.110 0.114
HUN 12.3%  12.0% 11.8% 11.9% 0.027 0.018
IDN 3.5% 3.4% 33% 3.2% 0.013 0.018
IND 3.1% 3.0% 29% 2.8% 0.013 0.014
IRL 10.1% 9.5% 8.8% 10.6% 0.069 -0.027
ITA 3.7% 3.4% 32%  3.9% 0.026 -0.015
JPN 2.4% 2.0% 1.6%  2.9% 0.041 -0.023
KOR 6.6% 5.3% 41%  7.3% 0.133 -0.037
MEX 4.5% 4.3% 41%  3.8% 0.018 0.038
NLD 9.4% 9.3% 9.1% 9.8% 0.020 -0.018
POL 6.0% 5.9% 58% 5.9% 0.009 0.006
PRT 6.3% 6.0% 57%  5.7% 0.032 0.032
ROM 6.2% 6.0% 58% 5.1% 0.020 0.059
RUS 3.2% 2.5% 1.7%  0.8% 0.076 0.123
SVK 11.5% 11.2%  10.9% 11.7% 0.038 -0.011
SVN 13.3% 123% 11.3% 13.4% 0.112 -0.008
SWE 6.7% 6.5% 6.4% 7.2% 0.019 -0.026
TUR 4.0% 3.9% 37%  4.1% 0.018 -0.004
TWN 9.6% 8.6% 7.5% 10.2% 0.112 -0.036
USA 2.1% 2.0% 1.9% 1.7% 0.007  0.020
RoW 6.9% 6.4% 6.0% 5.8% 0.050 0.061

Average 6.3% 5.9% 5.6% 6.1% 0.040 0.008
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Table 3: Gains from Trade, Caliendo-Parro elasticities

Gains from Trade

Degree and Pattern

of Specialization

wk =0 Q/Jk = 2—5 wk = i DS PS Overall
Country 1 2 3 4 5 6
AUS 7.6% 5.5% 3.5% 0.036 -0.111 0.147
AUT 29.1% 293% 29.4% 0.015 0.027 -0.012
BEL 29.8% 29.6% 29.3% 0.072 0.051  0.021
BRA 3.4% 3.6% 3.9% 0.004 0.019 -0.015
CAN 16.7%  15.7% 14.7% 0.024 -0.056  0.081
CHN 4.1% 4.0% 4.0% 0.016 0.013  0.003
CZE 16.6% 18.4% 20.2% 0.014 0.166 -0.151
DEU 129% 15.1% 17.2% 0.033 0.204 -0.171
DNK 24.6% 224% 20.1% 0.090 -0.104  0.194
ESP 9.4% 9.7% 10.0% 0.023 0.047 -0.025
FIN 10.3% 9.9% 9.5% 0.036 0.007  0.029
FRA 9.8% 10.5% 11.3% 0.020 0.076 -0.056
GBR 11.7% 11.4% 11.1% 0.008 -0.018  0.025
GRC 145% 10.1% 55% 0.110 -0.230  0.340
HUN 31.1% 31.9% 32.7% 0.027 0.103 -0.076
IDN 6.3% 5.3% 4.3% 0.013 -0.058  0.070
IND 4.6% 4.5% 4.4% 0.013 0.006 0.008
IRL 18.3% 154% 125% 0.069 -0.163  0.232
ITA 8.3% 8.4% 85% 0.026 0.036 -0.010
JPN 2.4% 4.3% 6.1% 0.041 0.173 -0.133
KOR 6.2% 87% 11.2% 0.133 0.318 -0.185
MEX 11.5% 12.0% 12.5% 0.018 0.057 -0.039
NLD 22.7%  22.0% 21.2% 0.020 -0.044  0.064
POL 18.0% 18.6% 19.3% 0.009 0.064 -0.055
PRT 19.0% 18.1% 17.1% 0.032 -0.050  0.081
ROM 13.8% 12.4% 11.0% 0.020 -0.089  0.110
RUS 15.9% 9.0% 1.6% 0.076 -0.457  0.534
SVK 30.3% 31.7% 33.1% 0.038 0.176 -0.138
SVN 33.1% 33.2% 33.3% 0.112 0.120 -0.008
SWE 13.7%  14.5% 15.4% 0.019 0.084 -0.065
TUR 11.3% 11.9% 12.5% 0.018 0.064 -0.047
TWN 10.2% 9.8% 9.5% 0.112 0.084 0.028
USA 4.5% 4.4% 4.3% 0.007 0.000 0.007
RoW 14.8% 11.1% 72% 0.050 -0.241  0.290
Average 14.6% 14.2% 13.7% 0.040 0.008  0.032
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Table 4: Inward Trade Liberalization and Foreign Productivity Improvement

T =09 VEEM |Sopng=1.01% VkeM

an =0 ay =05 ay =1ay =0ay =05ay =1
Country (1) (2) @ | @* (5)* O

AUS 0.65% 0.51% 0.23% 0.98% 0.38% -0.67%
AUT 1.60% 1.50% 0.98% 0.21% -0.13% -0.24%
BEL 1.89% 1.81% 1.44% 0.16% -0.09% -0.45%
BRA 0.35% 0.26% 0.15% 0.32% 0.11% -0.12%
CAN 1.18% 1.05% 0.68% 0.51% 0.16% -0.22%
CHN 0.63%  0.53% 0.38% 48.77% 51.06% 53.40%
CZE 1.85% 1.75% 1.50% 0.31% 0.21% 0.39%
DEU 1.27% 1.18% 0.81% 0.09% -0.10% -0.24%
DNK 1.31% 1.20% 0.82% 0.34% -0.04% -0.48%
ESP 0.68%  0.59% 0.45% -0.01% -0.19% -0.35%
FIN 0.98% 0.88% 0.74% -0.09% -0.27% -0.22%
FRA 0.81% 0.74% 0.64% 0.07% -0.08% -0.18%
GBR 0.84%  0.74% 0.57% 0.23%  0.03% -0.13%
GRC 0.86%  0.64% 0.17% 0.49%  0.17% -0.22%
HUN 247%  2.34% 1.89% 0.33%  0.16% -0.03%
IDN 0.77%  0.63% 0.46% 0.51% 0.10% -0.12%
IND 0.60% 0.49% 0.29% 0.32% 0.13% 0.21%

IRL 1.18% 1.04% 0.71% -0.14% -0.41% -0.54%
ITA 0.68% 0.60% 0.52% -0.05% -0.17% -0.18%
JPN 0.30%  0.25% 0.20% -0.03% -0.17% -0.13%

KOR 0.79%  0.67% 0.52% -0.03% -0.54% -0.87%
MEX 1.11% 0.98% 0.73% 0.35%  0.26% 0.24%
NLD 1.32% 1.22% 0.80% 0.19% -0.17% -0.75%
POL 1.31% 1.21% 0.87% 0.31% 0.17% 0.07%
PRT 1.13% 1.02% 0.59% 0.33% -0.03% -0.40%
ROM 1.24% 1.11% 0.81% 0.05% -0.14% -0.19%
RUS 0.88% 0.64% 0.21% 0.71%  0.34% -0.20%
SVK 232% 2.22% 1.72% 0.11% -0.04% -0.15%
SVN 2.10% 2.01% 1.38% 0.05% -0.10% -0.28%
SWE 1.22%  1.09% 0.79% -0.04% -0.42% -0.72%
TUR 0.71%  0.65% 0.26% 0.00% -0.04% -0.06%
TWN 1.68%  1.52% 0.74% -0.27% -0.46% -0.84%
USA 0.37%  0.30% 0.20% 0.23%  0.04% -0.11%
RoW 1.12%  0.93% 0.50% 0.93% 0.21% -0.95%

* The numbers mentioned in the column have been multiplied by 100.
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Table 5: Unilateral Trade Liberalization with Fixed Wages

Toik =099 VkeM | Toie =09 VkeM
2x2 \ N xS

ay =0ay =05 oy =1ay =0ay =050y =1ay =0ay =05ay =1
Country (1) (2) 3 | @ (5) ® | @ (8) 9)

AUS 0.07%  0.05% -0.00% 0.90% 0.68% -0.00% 0.91% 0.73% 0.23%
AUT 0.17%  0.15% -0.00% 191% 1.77% 0.30% 1.95% 1.82% 1.14%
BEL 0.19% 0.18% -0.01% 2.07%  2.03% 1.42% 2.11% 2.05% 1.75%
BRA 0.05%  0.03% -0.00% 0.60% 0.36% -0.00% 0.60%  0.38% 0.03%
CAN 0.13%  0.10% -0.00% 1.51% 1.29% -0.03% 1.53% 1.36% 0.70%
CHN 0.08%  0.05% -0.01% 1.00% 0.65% -0.09% 1.10% 0.85% 1.06%
CZE 0.20% 0.17% -0.00% 2.34%  2.10% -0.02% 2.38% 2.17% 1.11%
DEU 0.14% 0.11% -0.01% 1.62% 1.43% -0.17% 1.76% 1.61% 1.59%
DNK 0.13% 0.12% -0.00% 1.52%  1.44% 0.60% 1.55% 1.46% 0.90%
ESP 0.10% 0.07% -0.00% 1.17%  0.88% -0.01% 1.02%  0.82% 0.15%
FIN 0.11%  0.09% -0.00% 1.33% 1.10% -0.01% 1.36% 1.17% 0.23%
FRA 0.10%  0.08% -0.00% 1.19%  0.99% -0.04% 1.15% 0.99% 0.69%
GBR 0.09%  0.08% -0.00% 1.10% 0.97% -0.03% 1.07% 0.97% 0.67%
GRC 0.13%  0.09% -0.00% 1.54% 1.19% -0.00% 1.19% 0.96% 0.35%
HUN 0.26%  0.24% -0.00% 2.93% 2.78% 127% 2.88% 2.72% 2.06%
IDN 0.09%  0.06% -0.00% 1.14% 0.79% -0.00% 1.13%  0.88% 0.52%
IND 0.08%  0.05% -0.00% 1.03% 0.68% -0.01% 0.93% 0.70% 0.45%

IRL 0.12% 0.11% -0.00% 1.42% 1.31% -0.01% 1.50% 1.39% 0.80%
ITA 0.09%  0.06% -0.00% 1.11% 0.82% -0.03% 1.07%  0.84% 0.20%
JPN 0.04%  0.03% -0.00% 0.55% 0.34% -0.02% 0.56%  0.37% -0.01%

KOR 0.11%  0.07% -0.00% 1.34% 0.96% -0.02% 1.35%  0.99% -0.06%
MEX 0.13% 0.10% -0.00% 1.62% 1.27% -0.02% 1.54% 1.29% 0.35%
NLD 0.13% 0.12% -0.00% 1.45% 1.39% 0.63% 1.55% 1.48% 1.16%
POL 0.15% 0.12% -0.00% 1.78% 1.51% -0.02% 1.70% 1.51% 0.78%
PRT 0.14%  0.12% -0.00% 1.70%  1.44% -0.01% 1.50% 1.31% 0.44%
ROM 0.16%  0.12% -0.00% 1.94%  1.56% -0.00% 1.65% 1.43% 0.97%
RUS 0.10%  0.06% -0.00% 1.18%  0.81% -0.00% 1.24%  0.96% 0.74%
SVK 0.24% 0.23% -0.00% 2.74%  2.62% 1.23% 2.73% 2.61% 1.72%
SVN 0.23% 0.21% -0.00% 2.60% 2.47% 1.10% 2.50% 2.36% 1.37%
SWE 0.13% 0.11% -0.00% 1.51% 1.34% -0.02% 1.58%  1.42% 0.93%
TUR 0.09%  0.06% -0.00% 1.18% 0.84% -0.01% 1.00%  0.82% 0.37%
TWN 0.18%  0.15% -0.00% 2.14%  1.89% -0.04% 2.23% 1.93% 1.00%
USA 0.06%  0.04% -0.00% 0.71%  0.49% -0.04% 0.61% 0.49% 0.37%
RoW 0.14% 0.11% -0.02% 1.70% 1.44% -0.21% 1.56% 1.38% 1.06%




GROUNDED BY GRAVITY

Table 6: Foreign Productivity Improvement with Fixed Wages

41

Srows = 1015 Yk € ML | Spowy = 2° Vk € M

N = 1.01% VE € M

2 X2

N x S

OéM:OOéMZO.5

OéM—l‘Oé]\/[—OOéM—OESOéM—lOé]\/[—OOéM—O5 Oé]\/[—l

| S
|
|
)|

Country (1)* 2)* 3 | @ (5) ()* 8)* 9)*

AUS 739%  3.17% -6.83% 10.19% 13.58% 14.01% 1.53% 1.01% -0.65%
AUT 16.51%  9.45% -46.15% 17.26% 19.81% 20.12% 0.74% -0.26% 1.00%
BEL 18.58% 14.62% -78.26% 16.44% 17.60% 17.69% 0.95%  0.23% -2.94%
BRA 4.58%  0.55% -5.15% 11.02% 19.31% 23.14% 0.80% 0.30% 0.25%
CAN 12.72%  6.32% -20.65% 14.79% 17.95% 18.32% 1.60% 1.03% -3.12%
CHN 7.67% -0.52% -15.33% 18.22% 30.68% 37.67% 40.22% 46.41% 70.71%
CZE 19.85%  9.63% -50.07% 22.79% 26.73% 27.68% 2.31% 1.73% 7.61%
DEU 13.54%  5.17% -38.71% 16.91% 20.74% 21.72% 1.45%  0.54% -3.84%
DNK 13.34%  8.80% -41.70% 12.78% 14.26% 14.37% 0.90% 0.20% 1.59%
ESP 9.50%  3.33% -11.38% 13.97% 18.75% 19.87% 0.79% 0.31% 0.31%
FIN 10.88%  2.49% -27.40% 14.88% 19.22% 20.21% 1.20%  0.34% -0.19%
FRA 9.89%  3.72% -18.05% 12.71% 15.91% 16.69% 0.76% 0.21% 0.62%
GBR 9.39%  5.01% -16.00% 10.34% 12.33% 12.52% 0.94%  0.53% 0.34%
GRC 12.93%  7.88% -4.70% 15.79% 19.70% 20.08% 0.67%  0.14% 0.72%
HUN  25.61% 17.27% -76.65% 25.57% 28.40% 28.75% 2.29%  1.52% 17.02%
IDN 9.04%  2.14% -10.91% 15.95% 23.73% 25.69% 2.05% 1.03% -0.31%
IND 8.07%  2.08% -8.00% 15.43% 23.44% 26.39% 1.68% 1.11% 2.75%
IRL 12.09%  5.54% -43.21% 13.28% 15.77% 15.99% 1.26% 0.47% 1.88%
ITA 8.87%  1.82% -14.95% 14.21% 19.47% 21.35% 0.68% -0.09% 0.11%
JPN 4.19% -0.59% -8.07% 10.29% 17.30% 21.92% 1.38% 0.17% -3.24%
KOR 10.55%  0.64% -20.34% 19.44% 28.79% 32.22% 3.18%  0.49% -11.44%
MEX 13.29%  5.19% -16.82% 18.39% 23.76% 25.06% 1.81% 1.34% -1.67%
NLD 12.79%  8.51% -49.62% 12.14% 13.51% 13.61% 1.17%  0.79% -0.52%
POL 14.92%  6.42% -27.14% 18.35% 22.44% 23.33% 1.50% 1.03% 0.61%
PRT 14.34%  7.26% -20.47% 16.76% 20.21% 20.75% 0.35% -0.39% 1.18%
ROM 16.18%  8.00% -16.30% 20.55% 25.67% 26.54% 0.69% -0.05% 2.14%
RUS 9.53%  4.72% -4.01% 14.98% 21.39% 22.27% 1.58% 1.02% 0.01%
SVK 24.01% 16.22% -80.60% 23.66% 26.13% 26.50% 1.71%  0.61% -4.25%
SVN 22.73% 15.15% -70.63% 22.45% 24.82% 25.23% 1.16%  0.19% 12.59%
SWE 12.73%  5.39% -33.25% 14.83% 17.97% 18.38% 0.65% -0.32% 1.06%
TUR 9.38%  2.14% -12.75% 15.76% 21.02% 24.34% 1.02%  0.35% 2.21%
TWN  17.95%  6.95% -48.39% 22.09% 26.58% 27.93% 3.61%  0.79% -21.83%
USA 5.66%  2.13% -4.81% 9.59% 13.96% 15.07% 1.11%  0.60% -0.04%
RoW 14.24%  8.00% -18.33% 17.23% 21.38% 21.76% 2.65% 1.78% -8.04%

* The numbers mentioned in the column have been multiplied by 100.
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Table 7: Scale and Trade Flows

a=05 | a=1

DS, DS; EX, | DS; EX,

Country (1) (2) (3) 4) (5)

AUS 0.04 -60.19% -9.90% -92.61% -17.53%
AUT 0.02 -63.01% -0.91% -86.23% -1.51%
BEL 0.07 -63.66% -0.99% -97.99% -0.67%
BRA 0.00 -27.80% -4.17% -48.75% -8.13%
CAN 0.02 -63.92% -2.13% -94.05% -3.07%
CHN 0.01 -55.47% -6.79% -81.58% -12.21%
CZE 0.01 -66.51% -2.40% -91.71% -4.39%
DEU 0.03 -62.50% -3.92% -92.66% -7.41%
DNK 0.08 -73.00% -7.69% -97.20% -10.82%
ESP 0.02 -66.99% -2.17% -95.08% -4.11%
FIN 0.03 -59.29% -5.59% -86.76% -10.02%
FRA 0.02 -65.68% -2.63% -94.47% -5.46%
GBR 0.01 -53.52% -2.12% -82.08% -4.06%
GRC 0.11 -89.61% -27.28% -97.24% -30.13%
HUN  0.03 -61.28% -2.54% -84.95% -4.35%
IDN 0.01 -39.29% -3.17% -73.36% -7.18%
IND 0.01 -58.27% -3.25% -80.51% -4.72%
IRL 0.07 -64.63% -4.47% -95.27% -7.16%
ITA 0.03 -66.70% -3.72% -95.10% -7.10%
JPN 0.04 -63.76% -7.88% -92.14% -16.54%
KOR 0.13 -64.65% -7.20% -94.48% -17.23%
MEX 0.02 -48.30% -3.58% -76.78% -6.52%
NLD 0.02 -66.32% -3.18% -93.19% -5.99%
POL 0.01 -65.43% -2.12% -90.23% -3.73%
PRT 0.03 -68.84% -1.74% -94.10% -2.82%
ROM  0.01 -56.74% -1.76% -79.96% -2.48%
RUS 0.07 -51.63% -15.69% -80.82% -28.89%
SVK 0.04 -68.73% -2.64% -95.21% -4.87%
SVN 0.11 -59.57% -1.35% -97.65% -0.76%
SWE 0.02 -59.98% -3.02% -88.66% -5.78%
TUR 0.02 -58.50% -6.79% -85.35% -11.92%
TWN  0.11 -65.18% -8.95% -94.49% -17.84%
USA 0.01 -54.16% -4.39% -81.94% -7.80%
RoW 0.05 -54.59% -7.37% -85.09% -14.04%
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A. Definitions

It is clear that both functions G, ; (w, L) and L, G, . (w, L;) which appear in the non-
linear complementarity problem (3) are well-defined for all positive wages and positive
labor allocations, i.e., for all w € Rf Land L; € ]R{f 4. We are interested in extending
the definitions of G, ;, (w, L) and L; G, . (w, Ly,) to the set of all non-negative labor al-
locations excluding the point with L;, = 0 for all 4, i.e., to the set RY \ {0}. To this
end, we allow for function G, ; (w, Ly,) to take infinite values. Formally, we consider the
function G;, : RY, x RY \ {0} — R U {—o0, +00},* and for each given vector of wages
w € RY, and vector of labor allocations L, € RY \ {0} we formally define G, , (w, Ly)
and L, G, ;. (w, L) by the limits

a:t—>Lk.

| 1 _
Gi,k (’lU, Lk:) = lim [wz - flf_f Z )\ni,k(wy wt)ﬁn,kwn[/n]

and

Zl}t—)Lk

1 _
LixGip (w, L) = lim o [w@- = =D Auinlw, wt)ﬁn,kwnLn] ,

where {z'},” is any sequence converging to L; such that ' € RY, for¢t=1,2,....

Let us verify that functions G, ; (w, L) and L; G, x (w, L) are well-defined. Since for
all L, € RY, functions G, (w, Ly) and L, G, (w, L) are well-defined and continuous,
the above limits coincide with the values of these functions in the corresponding points.

Next, consider any sequence {z'},°, with ' € RY, for¢ =1,2,... and converging to
L;. We have

1 “k

; . - Sk (U)‘T 'k)_ —
lim = S Ap(w, @) = lim [2] 7Y 2k Wi ;-
oLy i 4 k{0, ) oo, =] >0 S [ (wrme) Pin L

n

Then, since, L; # 0,

lim Z S”C [l’ﬂ o (’U)ﬂ'nl’k)isk = ZSUCLZLE (wﬂ'nl,k)iek >0 for all n.
l l

Q:t—>Lk

36Here the set R U {—o0, +00} is the extended real number system with symbols —oo and +oo following
the standard conventions (see, for example, p. 11-12 in Rudin, 1976). In particular, for any z € R, —o0 <
r < +o00.
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1 .
Hence, limg: .z, — >, Anik(w, x") = c0if L;;, = 0and 0 < a; < 1, and
xt

limgtp, o >0 Anig(w, ') is a positive number if Z;, > 0 or if o, > 1. This, in turn,

2

implies that

:I:t—>Lk

. 1 -
G (w,L;) = lim [wi — x_f Z Ani (W, :ct)ﬁn,kwnLn]

—0Q, lfLLk =0and0 < <1,

finite number, ifL;; > 0ora; > 1.

So, the limit always exists and is either —oo or a finite number. Hence, function G, is

well-defined with its codomain given by the extended real line R U {—o0, +00}.

. . . . 1
Similarly, it is easy to verify that limg:,z, ] w; — — >, Ani(w, x') Bn pwn Ly, | always
xt

exists. Moreover, this limit is always a finite number. Hence, function L, G, is also
well-defined.

B. Linking Melitz and Marshall

We consider a generalized Melitz-Pareto framework, in which the elasticity of substi-
tution between varieties from different countries, 7, is different from the elasticity of
substitution between varieties from the same country, oy.

Let us ignore the industry subscript for a moment. Let 2,; denote the set of varieties

1
that i sells to n. The price index of these goods is P,; = <fw€Q _pm<w)1—odw> 7 Let M,
denote total entry in country i and ¢, denote the cutoff productivity such that i exports

to n all goods with productivity higher than ¢?,. We have

o0

PLo=M; [ [pu(e)]7dG;(v)

*
Pri

1-0o o0
= 0b] M; L i 1wi7_m':| / @2 dy
©h
—c % o—0
0—(c—1)"

Y [L B

W;iTns
oc—1
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The condition that determines the cutoff }; is
l1-0o 1-—n
1 g Wi Tni 1 Pm
- : P Xn = Wy fo.
o (0 -1 " P, " nfn

« _ WiTpi (O wnfn ﬁ P, %

where 7 = (ﬁ)k”. Plugging this expression into the expression for the price index

This implies that

yields
1 1ony\ sl
P — it Wi Ty Xn 1= Pm 1= ﬁko
ni ilng Pnz wnfn Pn 7 i,k
where )
] e\
0 o ‘lo

o—10—-(c—-1)

Bringing back the £ subindex and using the well known result that in this model equi-

op—1 Lik

o T We then have

librium entry in each industry must satisfy M, , =

1 Ok -1
1 Mk op—1 1
P o Wi T,k Xn,k 1ok Pni,k 1=k Ll—ak P
nik = WiTpik P — P ik Fike
TLZ,k) wnfn n7k

1

_ _ l—op _ . b=
where ¢, = <”k 1Fikl> * R, Using X, = Bypw, Ly, we get

(2

1—ng akfl_l
— 1
p.. WiTnik [ Prig\ 7k [Tk 0
nik = WiThik D p ik Bk
ni,k n,k

)

where )
_ 1
d |:/67L kLn:| 1=k <"’v5171)
K = |— )
n,k fn,k

Solving for P,; , we get

&k

LUk (0 —op+1)
1-mp _ —0k 1*%( Kk d o \l—oy
Pni,k - |:(wi7—m,k) Pn,k Li7k<’€n,k"€i,k)
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N1k
where &, is as defined in the text. Using P} = 3=, P,/ and A, = (%) wet get
the expression for trade shares in the text. Finally, the expression for the price index in

the text is obtained by combining Pi’;”k = 3. P!~ with the result above for P, ;, with

ni,k
0 1
Yk 6
%k 1 (% Top—1 k
“Mel — (Uk*1> O 9, \ 7%

H Ok O —(o—1)

C. Existence and Uniqueness

C.1. Proof of Proposition 1

Proof of Lemma 1. Here we prove that function () defined in (7) is strictly convex on
I'. The uniqueness of solution of the minimization problem min,cr F'(z) then follows
from the fact that I is a convex set, and a strictly convex function can have at most one
global minimum on a convex set.

If 0 < a < 1, then for any n function ), a,;z$ is a strictly concave function. And
since the logarithm is a strictly concave function, F(-) is strictly convex.

If « = 1, then we need to make sure that for any two vectors * # y we cannot
have that ) . a,;x; = ), a,y; for all n. Otherwise, we would have F (yx + (1 —v)y) =
vF (z) + (1 —v)F (y) for any v € [0, 1] and strict convexity would be violated. Assump-
tion 1 guarantees that matrix A = (a,;) is non-singular. Hence, for any = # y we have
> s anim; # Y, any; for atleast one n. Hence, in case of o = 1, F(+) is also strictly convex

under Assumption 1.

Proof of Lemma 2. Suppose, without loss of generality, that 27 = 0. Since )z} =
>, b, > 0, we can also suppose without loss of generality that =5 # 0. Consider the

vector x(g) = (¢, —e,z%,...,2%), where ¢ € [0, z3]. Clearly, z(¢) € I'. Define

F(s) = —aZaj —Zb ln(anle + apa (s — €) —|—Zam x; )

We now show that F' (¢) < F(0) for small enough ¢ > 0. We have

0 (ae™ + ajo(zh —€)®)
Oe

_ ea—1 ) * _ \a—1
= aaji€ aajo(xy —e)*
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which, given a € (0, 1), is positive for small enough . This implies that a;1e* + a;2(z5 —
&) + N ag [3] > ajo[v3]* + o8, a; [3]* for small enough ¢. Since In(-) is a strictly
increasing function, we then get that F' (¢) < F (0) for small enough ¢, a contradiction.
This implies that * cannot be a global minimum of F () on I". Hence, in the case of

a € (0,1) we must have 2} > 0 for all 7.

Proof of Lemma 3. Let us start with the simpler case of « = 1. We can take the set
D ={x eR"| Y, anz; > 0foralln} as the domain of F(-) and use I" as the constraint
set. Clearly, ' ¢ DN {x € RV | Y, z; =, b;} and F(-) is differentiable on D for a = 1.
Consider the minimization problem

min F(x)

S.t.

. (18)
x; >0, 1=1,...,N;

Its first-order conditions, after some manipulations, can be written as

OF (@) L)

8:@-

z; > 0, >0

(%ci ’

These conditions are also sufficient, because F'(-) is strictly convex and the set that sat-
isfies the constraints of the minimization problem is a convex set. Then, since G; (z) =
81;_5:)’ we get that any solution of the minimization problem (18) is also a solution of
the NCP in (6) and vice versa.

Let us now turn to the case with 0 < o < 1. Let * be a minimum of F(-) on I'.
By Lemma 2, z7 > 0 for alli. Let § > 0 be some number such that § < z} forall i =
1,...,N. Define the domain of F by D = {:c eERN|z; >6/2,i=1,... ,N}. Consider the
minimization problem:

min F'(x)
xeD

s.t (19)
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Since DN {x e RN | >, 2; =>_,b;} T, if z* minimizes F on T, it also solves the min-
imization problem (19). Since = > ¢§/2 for all ¢, the first-order conditions for (19) are
given by

7. =0,i=1,...,N, and ;xz—;bz (20)

Hence, =* solves NCP in (6). Conversely, if * solves NCP, then z; > 0 for all ¢ because
the condition G; (z*) > 0 cannot be satisfied for z; = 0if 0 < a < 1. Hence, «* satisfies
conditions (20), which are the first order conditions for an interior solution of (19) with
an appropriately chosen § > 0. Since these first-order conditions are also sufficient,
x* solves (19). Now, suppose by contradiction that the minimum of F(-) on I is some
x** # x*. Then, by Lemma 2, z* > 0 for all i. Therefore we can extend the open set on
which F(+) is differentiable to include both * and «**. Then both z* and «** satisfy the
first-order conditions (20), which gives a contradiction given that F'(-) is strictly convex
and the constraint set is convex. Hence, «* is the minimum of F(-) on T

Proof of Lemma 4. Let us formally bring argument « into the notation of function ¥
defined in (7), i.e., consider the function F(x;«). Lemma 1 establishes that under As-
sumption 1 the solution to the optimization problem min,.r F'(x; «) defines a function
z : (0,1] — RY \ {0}. Clearly, F (x; «) is continuous forall z € RY \ {0} and o € (0,1]. T
is a compact set which is the same for all « € (0, 1]. Thus, all conditions for Theorem of
the Maximum (Theorem 3.6) from Stokey, Lucas and Prescott (1989) are statisfied, and

x(«) is continuous for all « € (0, 1].

C.2. Proof of Proposition 2

Proof of Lemma 5. The case with a;, = 0 is trivial because labor allocations are ex-
plicitly obtained from the goods market clearing conditions L; G, x (w, L) = 0, and the
resulting expression for L; ,(w) are obviously continuous. Below we focus on the case
with a4, € (0, 1].

Define a multi-valued correspondence I'; : RY, — RY \ {0} by

Iy (w) = {Lk eRY| Ly >0, ZwiLi,k = Zﬁi,kwizi} :
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Define function Fj, : (R} \ {0}) x RY, — R by

Fi(Ly;w —akan ik — ZﬁnkwnL In <ZSZ;€L”€ (WiTwin)~ k>

First, Lemma 1 establishes that under conditions (a) or (b) the solution of the optimiza-
tion problem ming, crw) Fx(Lk; w) determines a function from wages to labor alloca-
tions, Lj(w), for any w € RY,

Next, it is straightforward to show that I';(w) is both lower hemi-continuous and up-
per hemi-continuous for allw € RY, (see the corresponding definitions in Stokey, Lucas
and Prescott, 1989). Hence, I';(w) is continuous for all w € RY, . Clearly, I'; (w) is also
compact-valued for all w € RY, . Finally, F};, (Ls; w) is continuous for all L, € RY \ {0}
and w € Rf +- Thus, all conditions for Theorem 3.6 (Theorem of the Maximum) from
Stokey, Lucas and Prescott (1989) are statisfied, and L, (w) is a continuous function for
allw e RY..

Proof of Proposition 2, property (v). Consider any wages sequence {w*} - such that
w® — w as s — oo, where w # 0 is a finite vector of wages such that w; = 0 for some
i. If there exists some industry (i, k) such that L, ,(w®) — oo, then Z;(w®) — oo and so
Mazx {Z;(w?), ..., Zny(w®)} — oo. Now suppose that there is no such industry and that for
anly industry (7, k) the limit lim L, ;(w?) is a finite (non-negative) number.

Consider index j such tli;toixvage w; converges to 0 weakly “faster” than other wages.
Formally, index j is such that for any j* # j the limit Sli_glo w? /w? is finite. Such index
always exists because there is a finite number of indices. We have that, for any s, L; ,(w?)
satisfies the nonlinear complementary slackness condition (3). In particular, L;;(w?)
satisfies the inequality

L S)ﬂk—l ]

kL g ( &

j > 2 : ] Js [ ]STLJ }_ekﬁn,kwnLn-
E S kLl k “ [wy Tnl,k]

This inequality can be equivalently rewritten as

N -1
Sjk njijk<ws)ak
w; > §

=1 SjnLje(w?)orT, +ZSZkle w) 7 [w) /]
I#j

w? L. (21)
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Clearly, the denominator of any term in the above summation (21) converges to a finite
number (which can be either positive or zero). The numerator of any term in the sum-
mation (21) converges to either a finite positive number or to infinity. Also, there exists
at least one index n such that lim w;, > 0. Then, for this index n the corresponding term
in the summation (21) conve?g?s to either a finite positive number or to co. This, in
turn, implies that the whole sum in (21) converges to either a finite positive number
or to co. At the same time, the left-hand side of inequality (21) converges to 0. A con-
tradiction. Hence, there is at least one industry (i, k) such that L, ,(w®) — oo, and so

max {Z;(w?), ..., Zy(w®)} — oc.

C.3. Proof of Proposition 3

This proof proceeds by showing that Z(w) satisfies the gross substitutes property (GSP).
Uniqueness of wages then follows from Proposition 17.E3 from MWG.

Consider any particular industry k. Let us separately analyze the two possibilities
0<a,<landa,=1.

If 0 < ay < 1, then for any ¢ we have that L, ;(w) > 0 for any wage vector w € RY_,

and L; ;(w) solves:
szz,k(w) - Z /\ni,k(wa Lk(w))ﬁn,kwnf/n

By differentiating both sides of this expression w.r.t. wages, we can get a linear system of

equations which determines the effect of wages on labor allocations. Let us introduce
dln L@ k ('lU)
B dInw;

w; L; x(w), and b; ;. = B; yw; L,. Let By, denote the diagonal matrix with elements b, ; along

additional notation to write in matrix form this effect. Denote z;;, = ik =
the diagonal, @, the diagonal matrix with elements ¢; ,, along the diagonal, A, the matrix
of sector level expenditure shares \;; ;, and X, the matrix of partials z;; ;. Finally, let U, =
((1 — Oék) Qk + OékAgBkAk) and Vk = (A{Bk + SkAgBkAk — (1 + €k) Qk) In this notation
the effect of wages on labor allocations is obtained from the system:

U X = Vj.

It straightforward to check that matrix Uy is a positive definite matrix with all posi-
tive elements, and matrix Vj, has negative diagonal and positive off-diagonal elements.

Since Uy, is positive definite, the inverse exists and its determinant is positive. Moreover,
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U, ' = ——CF, where C{ is the transpose of the matrix of cofactors C}, of Uy. Since all

det(T

the eleme(nkt)s of Uy, are positive, then for N = 2, C; is a 2 x 2 matrix consisting of positive
diagonal elements and negative off-diagonal elements.>” Therefore, U, ' has this prop-
erty as well. One can then readily verify that U, 'V}, is a matrix with the same properties
as V, — it has negative diagonal and positive off diagonal elements. Thus the Jacobian
matrix of wages effects on labor allocations in industry £ with 0 < «;, < 1 satisfies the
GSP.

If oy = 1, then L, ,(w) can be equal to 0 for some ¢, and we cannot establish differen-
tiability of labor allocations in that region. We are going to check directly what happens
to labor allocations as wages change. To that end, assume without loss of generality that
w’ and w” are such that w{ > w| and wj = w), = 1. Let us show that L, (w") > Lo x(w’)
for all k and there is some industry & such that Ly p(w”) > Ly j(w').

In general, given wage w’ there are three cases: (a) L;x(w') = 0 and Lyy(w') =

_ _ ) 1 _ _
Bl,kwiLl"i_BQ,kLQ; (b) LZ‘JC(’lU/) > OfOIZ = 1, 2; (C) LQJC(w/) =0 and LLk('lU/) = (ﬁLkw/lLl + 62,1@112)-

w)
Let us consider these different cases.
Case (a). In this case we have G, ,(w’) > 0 and G, ,(w’) simplifies to:
S1.k [w/]_gk = S1k (w/7'21 k>_8k =
Gip(w) =w, — vl wh [, — —f L= Lo.
o) = wy So e Lo (W) 7o Pt So. L k(W) Prila

After substituting Lo j,(w') = S 4w} L1 + B2 1. L into the above expression for G, ,(w'), and
dividing both sides of this expression by w}, we get:

Gyx(w') 1 S1k [wi] ™ Bixla B S1kTork _ [wi] ™ 7 Bos Lo

/ —en I'T T I'T T
wy SokTiok Brgwi Ly + BorLo So Brewi Ly + Bop Lo

Clearly, the right-hand side of this expression is increasing in w}. Hence, G ;(w")/w{ >
G1x(w')/wy > 0, which in turn implies that G, ,(w”) > 0. Therefore, L, ;(w") = 0 and
Loy (w") = Byw! Ly + Ba4Lo solve the complementary slackness problem (3). In other
words, we still remain in case (a) after we increase the wage of the country 1 from w
to wf. Clearly, in this case L, (-) is a strictly increasing function of the wage of the first
country, Lo p(w") > Lo (w’).

Case (b). We know that, as long as we are in case (b), L; x(-) is a decreasing function
and L, ;(-) is an increasing function of w,. Therefore, starting in case (b) with w’ and

gradually increasing w; from w) to w{, we either remain in case (b) or switch to case (a)

37This is no longer true with N > 2.
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at some point. The above argument for case (a) implies that, once we switch to case (a),
we will remain in case (a) as we keep increasing w;. Thus, for w” we can either be in case
(a) orin case (b), but not in case (c), and since in both cases (a) and (b) L. x(-) is a strictly
increasing function of w,, we must have Lo ,(w”) > Lo (w').

Case (c). In this case, we can be in any of the cases (a)-(c) for w”. If we are in cases
(a) or (b) for w”, then Ly, (w") > Ly (w’) = 0. If we are in case (c) for w”, then L, ,(w") =
Lo (w') = 0, but there must exist some industry k, for which we are in case (a) or (b) for
w'’ (regardless of the value of o, in this industry). Applying the arguments above, for any

such industry we have L, ;(w") > L, ;(w’).

Since the effect of changes in wages on Z(w) consists of the sum (across industries)

of effects on industry-level labor allocations, we conclude that Z(w) satisfies the GSP. B

C.4. Proof of Proposition 4

In this proof we will use matrices By, Q, Ak, Uy, and V; defined in the proof of Proposi-
tion 3 in Appendix C.3. In addition to that, let L, be a diagonal matrix with elements L, ;,
along the diagonal; IV be a diagonal matrix with elements w; along the diagonal; D Z (w)
be the Jacobian matrix of the excess demand system, Z(w), with elements 0Z;(w)/0w;;
and DL, (w) be the Jacobian matrix of industry-level labor allocations with elements
OL; ), (w) /Ow.

We have

DZ(w) =) DL;(w)=> LU ' ViW
k k

Matrix V;, has the following properties: (i) entries in each row add up to 0; (ii) diagonal
entries are negative; (iii) off-diagonal entries are positive. For all industries k£ with o, = 0
matrix U, reduces to diagonal matrix @), with positive diagonal elements. Therefore, we
can immediately conclude that for all such industries DL, (w) has properties (i)-(iii) as
well. The rest of this appendix section is devoted to proving that for all industries k with
0 < ar < 1 matrix DL, (w) also has properties (i)-(iii) under free trade. Since sum-
mation of matrices with properties (i)-(iii) again gives a matrix with these properties,
the whole Jacobian of the excess demand system, D Z(w), has properties (i)-(iii) under
free trade. This means that the excess demand system Z(w) has the gross substitutes

property. Hence, there is at most one normalized vector of wages such that Z(w) = 0.
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Consider any industry £ with 0 < oy, < 1. For brevity of notation we drop the indus-
try index % in the rest of this proof. According to Proposition 1 all industry-level labor
allocations are interior, and so, L; > 0, \;; > 0, ¢; > 0 for all .. We start with three lemmas
which apply to the general case of costly trade.

Lemma6. Let i, ..., uy be eigenvalues of matrix Q=*AT BA. Then y; is real and 0 < p; <
1 foreach .

Proof. Consider matrix Q~'/2A” BAQ~'/2, and let 1 be any eigenvalue of this matrix with
the corresponding eigenvector v. By definition of an eigenvalue, Q~'/?A” BAQ~/?v =
pv. This is equivalent to Q@ 'A”BA (Q~'/?v) = p(Q'/?v). Hence, p is an eigenvalue
of Q~'A” BA with the corresponding eigenvector Q~'/?v. Therefore, matrices Q~'ATBA
and Q~'?AT BAQ~'/? have the same eigenvalues, and so 1, ..., uy are eigenvalues of
Q-12AT BAQ-/2.

Clearly, matrix Q~/2AT BAQ~'/? is positive semi-definite. Hence, all its eigenvalues
are real and nonnegative, i.e., y; is real and u; > 0 for each i. Next, matrix QAT BA is
a positive stochastic matrix (its entries in each row add up to 1). Therefore, the Perron-
Frobenius theorem implies that 1 is its eigenvalue with algebraic multiplicity one and
|p;] < 1forany |u;| # 1. Since p; > 0 for all ¢, we have the statement of the lemma. O

Lemma 7. lim;_, o' (Iy — QflATBA)t =0

Proof. Eigenvalues of matrix Iy — Q 'ATBA are 1 — uq,...,1 — uy, where pq,. .., uy
are eigenvalues of Q 'ATBA. Lemma 6 implies that 0 < 1 — y; < 1 for all . Then,
since eigenvalues of matrix o (Iy — Q'ATBA) are o (1 —11),...,a (1 — 1), we have
that p (o [Iy — Q7'ATBA]) < 1, where p(-) is the spectral radius of a matrix. There-
fore, of (Iy — Q"'ATBA)" — 0ast — oo (see, for example, Theorem 5.6.12 in Horn and
Johnson, 2013). O]
Lemma8. U™ 'V =eca 'y — > 2o (In — Q‘lATBA)t [(1+ea™) Iy — Q'ATB].
Proof. Consider U~

Ul =[1—a)Q+aA"BA] ™ = [(1—a) Iy +aQ 'ATBA]
= [In —a(Iy —Q'ATBA)] ' QL.

Qfl

Lemma 7 implies that we can write

[In —a (In — Q 'ATBA)] Za Iy — Q'ATBA)
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(see, for example, Corollary 5.6.15 in Horn and Johnson, 2013). Then

UV == 0" (In—Q'ATBA) [(1+¢) Iy — QT'A"B — cQ ' AT BA]
t=0

=Y o' (Iy—Q'ATBA)" =Y a! (Iy — Q'ATBA) [Iy — Q'ATB]
t=0 t=0
=ca”ly =Y o' (Iy = Q'ATBA)' [(1+ea™") Iy — Q7'ATB].

O

Let us now consider the case of frictionless trade. In this case the matrix of trade

shares, A, has the same entries in each column:

)\11 )\NN

)\11 )\NN

So, it can be represented (with a slight abuse of notation) as OA where O isan N x N

matrix of ones (i.e., O = ¢ - T with /" = (1,...,1)) and
A1 0
A= .
0 AN

Then, in this notation
U=(1-a)Q+aAOBOA and V =AOB+cAOBOA - (1+¢)Q.

Denote b = ) b, and observe that OBO = bO. Also, since L; satisfies the goods market
clearing condition, w;L; = Y A\ib, = \; >, b, = bA;. Then, since in our notation ¢; =
w; L;, we have that Q = WL = bA. These equalities together with Lemma 8 allow us to

write:
U™V =ea' Iy =Y o (In — QT'AOBOA)' [(1+ea™!) Iy — Q7'AOB]
t=0

= 80(_1]]\[ — Z Oét (IN - OA)t [(1 + EOé_l) ]N — b_lOB} .

t=0
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Using the fact that ) _, \; = 1 and, hence, OAO = O, we get:

(In —OA) [(14ea,") Iy —b7'OB] = (1+ea™') Iy —b"'OB
—(1+ea ') OA+b'ONOB
= (1+ea™') (In — ON),

and
(In — OA) (In —OA) = Iy — OAN — OA + OAOA = Iy — OA.

Therefore,
U’l\/:ea’lIN—[(l—l—aa )IN—b 1OB 1+€a Z& [N—OA
—(In=b'OB) = (14+ea™") (Iy — OA) ) o
t=1

= (b70B — Iy) + T

(OA = Iy).

Observe that both matrices (b~'OB — Iy) and (OA — Iy) have properties (i)-(iii) listed
at the beginning of this appendix section. Hence, matrix U~V has properties (i)-(iii)
as well. This, in turn, implies that matrix AU~V W~! also has properties (i)-(iii). This

concludes our proof.

C.5. Applying Uniqueness Results in Allen, Arkolakis and Li (2015)

With a slight change of notation, the equilibrium system in {w;}, {Li}, {Pix} can be

written as

wz ik — Z VnikW; skLakPEkﬁnk:wnL (22)
P = vpjpw; Lo Ly = Ly (23)
J k

L= Ly 24)
k
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Let x > 1be some parameter and let &), = "% Changing variables to w;, = w; (Li/L;) Lk
and y; = w; the whole system (22)- (24) now becomes

— — \—fkyg, (5=L c _
—Ek _ £k ' VT —Zhtap(t) K 26
Zymk% wyk/%> J) Yi = sz’k (26)

= wj, 27)
k

This is a system in {y;}, {wi}, {Pix}. Itis clear that the system (22)-(24) has a unique
solution if and only if the system (25)-(27) with x > 1 and &, = %™ has a unique
solution. So we can do the analysis of uniqueness of our equilibrium system with the
transformed system (25)-(27). Also note that this transformed system corresponds to
the equilibrium system of equations for an economy where labor is heterogeneous as in
a Roy-Frechet model as in Galle er al. (2015), with scale elasticity a.

If we assume that &, = @ and ¢;, = ¢, then we can map the transformed system (25)-
(27) into the system in Equation (1) in Allen et al. (2015) (henceforth AAL) and explore if
their Theorem 1 can be invoked to establish uniqueness. Without risk of confusion, we
now use notation & rather than «. Letting z, = w;,, 72, = P, and 23, = y;, the system

can be rewritten as

1\ l+e+(1-a)(k—1) 3 (1-a)(s—1) 2 3
('ris) (mis E is ]k ]k?

Z zsjk —e+a(k—1) (I?k) —a(k— 1)7
Z is ]k

This maps into Equation (1) in AAL with each “location” being an (i, s) pair. Following
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AALs notation, we have

l4et(1-a@)k-1) 0 —(1-a)(k—1)

I'= 0 —€ 0
0 0 K
and
0 € 1
B=|—-<+a(k-1) 0 —a(k—1)
K 0 0

Assuming that & is in between 0 and 1 and that x > 1 + ¢/a then

0 1 —
. a(k—1)—¢ . | & ak—1)—¢
A= B =\ Ao ret1 ) o 1—a)(k—1)+e+1
K 0 (1—a)(k—1)
(1—-a)(k—1)+e+1 (l-—a)(k—1)4+ec+1

In simulations we see that the spectral radius p(A) is always higher than one, which
implies that we cannot invoke AALs Theorem 1 to establish uniqueness.

There are parameter restrictions under which we can show that p(A) < 1. In partic-
ular, in simulations we always find that if « < 1 + ¢/a then p(A) < 1. Unfortunately,
however, the case x < 1+ ¢/a corresponds to one in which a = —£ + a(%1) < 0, so this
does not correspond to our system with scale economies. Our interpretation of these
results is that the sufficiency condition for uniqueness in AAL is itself sufficient for the
mapping (C.5)-(C.5).

Finally, it is interesting to explore how the AAL approach can be used to establish
uniqueness for labor allocations given wages. That would correspond to the case in
which we take y; as given and ignore equation (27) in the system (25)- (27). Then the

system can be written as
—erptag(k—1 e
wh = Y praawtwys Y (Bp)
n

and
(Po) " = Z nnjkwj—kak-&-ak(ﬁ—l)
J

for some positive parameters f,;;, and 7,,;,. With ¢, = ¢ and &, = @, this maps into
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Equation (1) in AAL as

and

This entails

and

B:(—s—l—&o(/@—l) g)

Fora € [0,1] and x > 1 + ¢/a we have

1 0 1
A= }BF ‘ = —e+a(k—1) B

T+e+(1—a)(r—1)

- 1/2
We have p(A) = <$(§)‘(i)_l)) , which is lower than one if 14+2¢+(1 — 2&) (k — 1) > 0.

If @ < 1/2 then AALs Theorem 1 implies uniqueness for all x > 1 + ¢/a. If this latter

condition is not satisfied then for & € [0,1] and k < 1 4 ¢/& we have

0 1
A= e—a(r—1) 0|
Ttet(1—a)(r—1)

e—a(k—1)
T+et+(1—a)(k—1)

1+¢e+ (1 —a)(k—1)which is always true. We conclude thatif 0 < a < 1/2 (and x > 1)

1/2
The spectral radius of this is < ) . This is lower than one ife — a(k — 1) <

then there is uniqueness. This translates into the condition that a;, = o« < 1/2 for all £ for

a unique labor allocation given wages in the original model with homogeneous labor.

This condition is more stringent condition than the one we found in Proposition 1.

D. Gains from Trade
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D.1. Proof of Proposition 5

It is sufficient to show that for any industry & the price index is lower with trade. We
need to consider two cases: (a) a; € [0,1) and (b) a;, = 1. Suppressing subindex k, first

note that for case (a) we have

where 5.1 )
L (W) ~°
)\m L) = L .
)= S S ma) -
The expression for the price index, P, = 1, (>, SZL?(wlTnl)*E)_I/ °, implies

Z SZL?(wZTm)_EM;EPiﬁnwnLn = wiLi7

%_ » SZL? 1/e
BTG

Using labor in country ¢ as numeraire (w; = 1), we can rewrite the above two expressions

and

as
/‘LSZM;g‘P’],s/B'LLZ + Z Szﬂz_fﬂgspiﬂnwnffn = L}—a’
and
S; LS
P& = —e VT .
i Hy N

These two equations further imply

/o (1 N A))\(l—a)/a

0

e/
P. :M —
S8, Ly

7 K3

where A = &1 Dot Syt 11 PE By, L,
Since with trade we have 0 < A < 1 and )\; < 1, while with autarky we have A = 0
and \; = 1, it follows P; (welfare) is lower (higher) under trade than in autarky.

For case (b), the complementary slackness condition implies that (recall for this case
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a corner equilibrium is a possibility)

Setting w; = 1 by choice of numeraire, this implies

1—A
SibiLi’

Pr <y

where A= %", Si7,f " P Bnw, L,. With trade we have 0 < A’ < 1, whereas in autarky
we have A’ = 0. Moreover, in autarky the above inequality turns into an equality. Hence
P; is lower with trade than in autarky.

D.2. Derivation of Threshold for Outside Good

Letting v; = w;L;, y; = P%, a,; = Siw; * °7.5, by, = Baw, L, and log-differentiating the

ni ’

system in (16) around an equilibrium point for some change in a,,; we get

1
dlnz; = E;Xm (dlnap; +dlny,) for i=1,.. N,

dlny, = —> X\j(dlna; +adlnz;) for n=1,..N,
J
az‘ﬂ?yibz‘

Zn anjm?‘ynbn
is the share of total country j exports directed to country 7).

where \,; = a,;2}'y, are import shares and y;; = are export shares (i.e. y;;

Let X be the matrix of export shares with elements y,;, A4 be the matrix of import
shares with elements ),;, let X and Y be column vectors with elements d In x; and d In y;,
let A be the matrix with typical element d1lna,;, and let matrix 1 be a column vector

whose entries are all ones. We can rewrite the system in matrix form as

1
X =
11—«

Y =—[AoA]l - aAX,

([xT o AT] 1+ X7Y),

“w_»”

where the symbol “o” denotes the Hadamard product. Substituting the first equation

into the second and rearranging we get

(V+AXT)Y = — (y[Ao A1+ A[xT 0 AT] 1), (28)
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1 —
where v = a

Since ) \.;b, = x; implies x;; = %, we can write X = BAL~! and by extension
AXT = AL7'AT B, where L is a diagonal rilatrix with elements x; on the diagonal and B is
a diagonal matrix with elements b; on the diagonal. Observe that matrices AL~'A” B and
(B%A> L=t <B§A>T have the same eigenvalues, and that matrix (B%A) Lt (B§A>T is
positive semidefinite. It then follows that all eigenvalues of AL~'A” B are real and non-
negative, which, in turn, implies that eigenvalues of vI + AX7 are real and positive for
any~y > 0, and so det (v + AX”) > 0 for v > 0. Since we are interested only in the signs

of entries of Y in expression (28), we can then focus on
—det (v + AXT)Y =adj (7 + AX") (v[Ao A1+ A[XT 0 AT] 1), (29)

where adj (-) is the adjugate of a matrix.

Consider now the case N = 2 and without loss of generality consider a unilateral
trade liberalization for country 1. We are then interested in the sign of 0Iny;/01na;s,
and so for this case we have dlnay; = dlnayy = dlnay; = 0 and dlna;, # 0. Using the
facts adj (v + AXT) = I + adj (AXT) (this is true only in the case of 2 x 2 matrices),
adj (AXT) = adj (X") adj (A) and adj (A) A = det (A), and applying the result in (29)
together with some manipulation we have

A + A +
det (vI + AX 21X21 22X22 T X12 _
— © ('7 + )Y = 72 (1> —|—fy )\22 + —X12 det (A) ( le) .
AiedInagy 0 —A21X11 — A22X12 + N X A2 X11
12

Using the expression above together with some algebra one can then show that there
exists 77 > 0 such that for any v € (0, c0) we have that 01ny;/01n a;, is negative if and
only ify > 47, with 47 given by

57 = VDT — (Aa1x21 + A22X22 + X12)
no 2

> 0,

where

D" = (Aa1xa1 + Asaxa2 + X12)2 + 4 (X11X22 — X12X21) A21
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is always positive.® Since v > 77 < o < a’ = 1/(1 +47) and since
—0In P /0InTs =0In P{/0InTy" = dlny;/01lnay,,

the result in the text immediately follows.

Consider now a productivity increase in country 2. Here we are interested in the sign
of dlny,/01nay, and so for this case we have dlna;; = dlnay; = 0 and dlnagyy # 0.
Note also that we have dlna;; = dln7y + dlnayy = dlnag since dlnr; = 0. Analo-
gous to the trade liberalization exercise above one can readily show that91In P, /01n S, =

Oln P /0nag < 0ifand only if ¥7 < o < a® = 1/(1 +47), with 4 given by

s VDY — ()\21X21 + X12—)\11>\22)\1_21X21)

>0
2

where

_ 2
DS = ()\21X21 + X12 — >\11/\22)\121X21) + 4 (X11x22 — X12X21) A2t
+ 4 (M1 Aoz AT Xa1 + Aaax2z) Xoo-

The result in the text then immediately follows.

D.3. Derivation of Algebra in Section 4.5

To derive the system of equations in Section 4.4, we start by writing down the system of

equations for the counterfactual equilibrium:

;,k >0, ;k (w', L) >0, L;,kG;,kz (w', L'},) =0,

ZL;,k = [_Jiv
k

with

1 -
;,k (wla L,k) = w; - Z )‘:u',k(w/a L,k)ﬁn,k (w;Lﬂ + Dn) )

and .
—&k
z/ku/zk)ak (w;Trlnk)

> S (L) (wfﬂu,k) -

;m',k (w,7 le)

38In particular, it is straigforward to verify that 71575 > 1 implies x11x22 — X12X21 > 0.
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This can be rewritten in hat notation as

A G, (i, Ly ) A e (w, Iy
Linlig >0, —"2 >0, LyanLig————L =0

w; - ’ w;

with

A 1 ~ _
;Jf <ﬁ)’ Lk) = wlwz - z/@kLi,k Z A;n,k (ﬁ), Lk) /Bn,k (wnwnLn + Dn) 5

n

and

A Tag [~ A —€k
, - SikLyk (WiTnik) ™" Anik
ni,k w Lk -

> SiaLit (k)™ Aui

Substitutions then yield the system in the text.

D.4. Algorithm for Counterfactuals in Subsection 4.5 and Section 5

We now proceed to describe the algorithm used in the quantitative analyses in Subsec-
tion 4.4 and Section 5.3 For some given L= {sz}, we can use the Tatonnement pro-
cess proposed by Alvarez and Lucas (2007) to find the wages that clear labor markets.

This entails*°

(t) 7
WD = ® 4 ka XikL— w; Li’

where v is an arbitrary constant satisfying v € (0,1], X Z(,? => )\ffgkﬁnkwg)in and

—e
Sik Lyt (wz(t)) ) ik

ap t &k —€L '
Zj SjkLﬂ? (wg( )> Tnjk:k

(t

By Walras Law we can show that this is a mapping that takes wages satisfying the restric-
(t)

tion Y, w;L; = 1 to this same set. Using hat notation @;” = w” /uw!” with the superindex

(0) denoting variables in the baseline equilibrium (corresponding by assumption to the

39Note that for Section 5 we only need to work with the model for o, = 0 for all k (the standard multi-
sector Eaton and Kortum (2002)), and so for this case the algorithm is more straightforward.
“0For the exercises with fixed wages we simply set v = 0.
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data), the algorithm can be written as

Zk ik Xz(lg) - Az(t)wgo)Li

BV = 50 4y _

)
)

where nowX =>. )\mk mkﬁn wPw” L, and

Sukp () r )
a Ek 0)
Z S]kLgli€ < ]( )> nﬁck)\gzgk

50,0 _

nik ‘nik —

Finally, using ¥, = w("’ L;, this can be rewritten as

0 NOMEQ
St — A(t Zk ik X@(k) E)Y;( )

i YO

9

For given L we can implement this algorithm to find @;(L).
Now we iterate on L (outer loop) using labor demand (in value) for sector ik. More

explicitly, the algorithm is as follows. Define

~A—EL

ak ~ sk
1kL Tnzk

5\nik‘ (llj); E) = ~
AL —Ek ~—EL
Z S ij Tn]kz )\n]k

and

% ~p) - L \ A AR ~ 17(0)
K (@, L) = ~® > At (@, L) A Bt )

ik n
First, for a given f}(l), get u“z(f}(l)) using the following iterative procedure (inner loop):
> X (w(t), EU)) Xy — v

v ©

()

w?*” = "J)i(t) +v

Then, use the following iterative procedure (outer loop) to get L:

Fu Z Ak ( L(l)) )‘S)Z')kﬁnkwn (f;(l)) Yn(O)'
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