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" SAVINGS = BEHAVIOUR

M.A. King

1. "~ Introduction

The determinants of saving, whether individual or
collective, have a major influence on the future welfare of
households. There is a substantial literature both on the
positive and the normative theories of intertemporal allocation
of resources. Enquiries into the nature and causes of the
wealth of nations go back a long way.

It is perhaps surprising that given this tradition
there remain still some fundamental disagreements about the
determinants of household savings and over the circumstances
in which government intervention is desirable. An impression
freguently conveyed in the literature, for example, is that
the empirical status of the life cycle model of savings
behaviour is in doubt. Many studies have claimed to reject
the model and a typical summary of the literature is that
'for all its elegance and rationality, the life cycle model
has not tested out very well... Nor have efforts to test the
life cycle model with cross-section micro data worked out very
well'. . (Courant et al 1982). If there is doubt about the
relevance of the life cycle model, then there is equally sharp
disagreement about the appropriate policy response to private
savings decisions. Few empirical magnitudes can have attracted
so much attention and controversy as the impact of social secur-

ity on the level of private savings and the interest elasticity

of savings. Furthermore, the choice of the tax base has returned to



the forefront of policy discussion, and this issue centres
critically around the 6ptimal tax treatment of savings and
its relationship to the current tax system.

There are, therefore, a number of important
policy problems for which an understanding of individual
sayings behaviour is crucial. I shall not attempt to survey
the policy debate but will focus instead on the underlying
determinants of household consumption and savings decisions.
Recent discussions of savings and taxation (both optimal
and actual) include Atkinson and Sandmo(1980) Auerbach and

Kotlikoff (1981), King (1980) ,King and Fullerton (forthcoming)

Kotlikoff (1983, Sandmo (forthcoming) and Summers (1982). The re-
lationship between pensions and savings is analysed in Aaron (1982),
Blinder (1982) and Dicks-Mireaux and King (forthcoming).

I shall argue below that the major failing of
existing empirical studies is that, by and large, they have
failed to pose the correct questions. There are two reasons
for this. First, there is a tendency to regard the life
cycle model as an all or nothing model which must explain the
behaviour of the entire population or of none of it. It
seems that in fact there is evidence that the life cycle
model, taken in its broadest sense, is consistent with the
observed behaviour of a majority of households, but that
there exists a minority of households for which the model
appears to be inadequate. The important question is, then,
what are the characteristics of those households which appear
to deviate from the life cycle pattern? The second reason

is that empirical studies test a joint hypothesis of the life



cycle model and a particular parameterisation of preferences.
If the model fails then the correct inference is that the joint
hypothesis can be rejected. One cannot infer from this that
the life cycle model is inappropriate. This raises a deeper
question of exactly what it is about the life cycle model
which is distinctive and which separates it from alternative
explanations of savings behaviour. It is immediately clear
that one of the problems in testing the life cycle model
is the absence of a coherent alternative model with which it
can be compared. . An alternative rigorous model is required
from which to develop empirical predictions in order that
we may be able to distinguish one model from the other. I
shall assume below that the distinctive characteristics of the
life cycle model are that individual behaviour is "forward-looking",
that individuals optimise over their expected remaining lifetime,
and that the cost of acquiring information about the future is not
so prohibitive that only current observations are used to determine
current consumption.

The empirical questions which I shall ask will be
the following. First, can the observed data be better
explained by a model of 'myopic' or 'irrational' behaviour
than by the life cycle model? Secondly, is there any
evidence that individual behaviour is influenced more by
constraints (over and above the lifetime budget constraint)
than by preferences? This is a crucial matter for policy
purposes, because the main implication of the life cycle
model is that individuals can separate their consumption
profile from their income profile. Hence government policies
directed at individual welfare, which is normally assumed to be

defined over consumption, can be aimed at influencing life-



time income. This gives great flexibility about the
particular stage in the life cycle at which help can be
directed. If, in contrast, individuals face constraints
such that the separation of consumption from income can no
longer be maintained, then the precise timing of support for
individuals becomes important. These issues clearly lie at
the heart of the debate over unemployment insurance and
social security.

The plan of the paper is as follows. 1In Section 2
we discuss the life cycle model in both deterministic and
stochastic settings. We shall try to derive the empirical
predictions implied by the model. Section 3 discusses
alternative models, and examines constraints in both labour
and capital markets. Section 4 discusses the evidence
from aggregate time-series data and microdata for
individual households. Bequests are the subject of Section

5,-and the conclusions of the survey are summarised in Section 6.



2. The Theory of Household Savings Behaviour

The "life cycle model"” of household savings behaviour
is normally associated with the names of Modigliani (Modigliani
and Brumberg 1954, Modigliani and Ando 1957) and Friedman
(1957). But the analysis of the intertemporal allocation of
consumption by utility-maximising consumers was stated clearly
by Fisher (1907), Ramsey (1928), and Hicks (1939). The
céntribution of Modigliani and Friedman was to translate the
abstract notion of an optimal consumption profile into a model
which could be estimated econometrically. In so doing they
demonstrated the empirical relevance of the principal impli-
cation of the life cycle model, namely the separation of the
consumptidn and income profiles. Current consumption was not
determined primarily by current income. Hence Friedman's
concept of "permanent income" and Modicliani's stress on the
role of wealth in the consumption function.

Duesenberry (1948, 1949), also, demonstrated the weak-
ness of the link between consumption and current income by
noting that in the Depression,cross-section data from the
1935-6 Study of Consumer Purchases showed that a large number
of families reported expenditure in excess of income for the
vear, By contrast, in the 1941 survey there were far fewer deficiencies.
In other words, the consumption function varied over the trade
cycle. Duesenberry attributed this to a relative income
effect, by which consumption was positively related not only
to current income but also to the ratio of current income to
its highest past level. At face value this seems less
convincing than the life-cycle or permanent income hypothesis.

Professional footballers who base their consumption plans on



their highest income ever attained are seen in the bankruptcy
courts from time to time but most of their playing colleagues
are evidently more careful. In fact, Duesenberry argued for a
distributed lag of past incomes (but with a ratchet effect) in
the consumption function. The main difference between this
formulation and the life-cycle model is that the latter is
based on a forward-looking view of behaviour whereas the former
stresses the backward-looking aspect of behaviour.

These models represented a denarture from the Keynesian
consumption function and the empirical work which it spawned.
To this day, however, the majority of econometric studies of
aggregate consumption have taken income as the main exogenous
variable. Yet the theoretical basis for this assumption is
weak. In part it rests on "The fundamental psychological law,
upon which we are entitled to depend with great confidence both
a priori from our knowledge of human nature and from the
detailed facts of experience, is that men are disposed, as a
rule and on the average, to increase their consumption as
their income increases but not by as much as the increase in
their income" (Keynes 1936, p 96). It may be argued that the
assumption that the marginal propensity to consume out of
current income is greater than zero and less than unity is not
strong, and in defending his proposition Keynes wrote sub=
seqmently, "it does seem to me that I have said one of the
simplest and most indisputable things imaginable" (letter to
Mrs. E. Gilboy, 1 Feb. 1939, Keynes (1973 p.276). Yet the
stability of the relationship between consumption and current
income is the cornerstone of the "Keynesian" consumption function,

although Keynes himself viewed it as a short-run relationship
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which, because it was denominated in wage units, shifted with the
real wage. 1Its determinants are usually assumed to be exogenous,
and in econometric models of aggregate consumption are
represented by fixed coefficients. But as Muth (1960) showed

the propensity to consume out of current income depends, in a
life-cycle setting, on the stochastic process generating

incomes. For any given dynamic model of incomes, a life-

cycle theory leads to a particular Keynesian consumption

function. One must be careful, therefore, when using

v

ymong alternative models of the
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aggregate data to discriminate
motives for savings. Schumpeter foresaw the difficulty when,
In dismissing Keynes' use of the phrase "fundamental
psychological law" as an abuse of language he wrote, "Keynes's
well-known psychological law about the propensity to consume...
avers that both individuals and societies will, if they
experience an increase in income, normally increase their
expenditure or consumption but by less than the increase in
income. Whether this is so or not, it is a statement of
statistically observable fact which Keynes raised to the rank
of an assumption. Nothing is gained, except a spurious
dignity, by calling it a psychological law" (1954, fn. pp
1059460);

We shall return to the dynamic structure of the
aggregate consumption function in section 4. In this section
we concentrate on developing the micro-economic implications
of the life-cycle model which may be tested uéing data for
individual households. A nonstochastic model of life-cycle
behayiour is explored first, and then we analyse the
consequences of introducing uncertainty into the model. The role
of constraints (borrowing or liquidity constraints, for example)

will be an important issue in later discussion.



2.1 A Nonstochastic Life-Cycle Model

To illustrate the main issues we consider first a
simple nonstochastic model of an individual making an optimal
consumption plan over the life cycle. No attempt will be made
to provide a complete survey of all of the literature on life
cycle models (a recent bibliography of the literature may be
found in Mann, 1981).

The individual will be assumed to have a well-defined
preference ordering over consumption
period and over the value of gifts and bequests made. We
denote this by
L

U = U(El, ...'_C_ L 4 B) (201)

T, l-oo T

where Et is the vector of consumption of different goods in
period t
L, is labour supply in period t (the length of the
period is normalised to unity)
B 1is the present value at the beginning of period
one of lifetime expenditure on gifts and bequests
T 1is the nonstochastic length of life
Two points may be noted about (2.1). First, concern
about succeeding generations is represented solely in terms of
the appearance of bequests in the utility function. There are
several ways of modelling bequests and these will be discussed
below in section 5. At this stage we assume only that bequests
are set equal to their optimal value, denoted by B*, and then
the allocation of consumption over the life cycle is determined

conditional on this value. Whatever bequests are at the optimum,

consumption will still be allocated optimally across ages.
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Secondly, changes in household composition over the life cycle

mean that in practice the model is usually applied to data for

households rather than individuals. This raises a number of

questions, such as the nature of decision-making within the

household and the variation of "needs" over the life-cycle,

which we shall discuss only where they are germane to specific

aspects of savings behaviour under consideration.l In general,

however, we shall use "individual" and "household" inter-
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esting questions concerning household formation.

The essence of the life-cycle model is that individuals

face only a single constraint, namely the life-time budget

constraint which we may write as

+Bg ) —+1I (2.2)

where ' p, is a vector of current prices of the different

consumption goods in period t

w, is
,d is
r, is
I is

of

the
the
the

the

wage rate in period t
t
discount factor in period t and equals I (L+rj)
j=1
nonstochastic interest rate in period t.

present value at the beginning of period one

inheritances and gifts received.

We shall assume that transactions take place at the

end of each period. All prices are net of tax.

Equation (2.2) states that the present value of life-

time expenditure on consumption, on leisure, and on bequests,

must equal (at most) the present value of an individual's

endowment (or "full wealth") of potential earnings and
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inheritances. The first-order conditions for a maximum of

(2.1) subject to the constraint (2.2) are given by

. Ap
U - —t =0 t=1...T (2.3)
—t d
t
.Awt
ULt + —= =0 t=1...T (2.4)
d
t
B = B¥ (2.5)

where A is the multiplier associated with the lifetime budget
constraint,}{g&t,ULt} is the vector of partial derivatives of

U with respect to gt and L, respectively. There are two ways

t
in which we may use these first-order conditions for empirical
work. The first is to invert the system of equations (2.3) -
C2;5) and solve for the optimal consumption and labour supply
vector in terms of the exogenous prices and endowments.

| ¢
gt_g (wl,._. WT' p_l « o ET, rl P rT, I) (2.6)

- ot ¢
L. =2 (Wl e+ Wpn, Bpoeee BpeTy e Iy 1) (2.7)

The functions C and 2 have period superscripts which
reminds us that the éeriod here represents not clock time but
age. Note also that there will in general be differences in
age-specific wage rates among cohorts reflecting productivity
growth; The difficulty in estimating equations of the form
(2.6) and (2.7) is evident. We require information on prices

and endowments in each period of the life cycle, and even with
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large panel data sets we do not have sufficient observations.
Typically panel data sets contain fewer than ten observations on
each individual. This problem can.be overcome to some extent

by restricting the form in which preferences are specified. A
common restriction is to assume that preferences are additively
Separable over time which implies that (2.1) becomes

T
U= J ug (S, Ly) (2.8)

t=1
It is easy to see that this specification means that the

system of first-order conditions for current consumption and
labour supply may be inverted to yield a demand system which,
conditional upon the value of the multiplier 1, depends only
upon current prices and interest rates. 1In other words, the
influence of exogenous variables for periods other than the
current period comes entirely through their effect on the
multiplier A, the value of which is independent of age. If

the form of u, is independent of age but individuals have a

nonzero rate of time preference we have

u(C,, L,)
oW e B
u = ___—;—_—— (2.9)
t
t
st =.H(l+pt) (2.10)
j=1

where p.is the rate of time preference in period t.

In this special case the functional formof the demand
system is independent of age and the age profiles of consumption
and labour supply depend upon the age profiles of real wages,

interest rates, and rates of time preference. If we treat
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consumption as a single composite good (which assumption we
shall maintain for the sake of convenience) then consumption

and labour supply at age t may be written as

Ct = f(kpt, th) (2.11)
Lt = g(Apt, th) (2.12)
where
St
5t = Pt[fFJ , the effective price of consumption
‘t
[
St
w. =w, |=——| , the effective wage rate
t t dt

In this two-commodity framework, with consumption and
leisure as substitutes, both consumption and labour supply will
be higher in periods with higher "effective" real wages.
Normalising the price of consumption to unity, we may interpret
w as the real wage and r as the real interest rate.2 In the
particular case where preferences are not only additively
separable over time but also the intratemporal . preference
ordering u is weakly separable between consumption and leisure,
the ége profile of consumption depends only upon the "effective"
price of consumption. When the real interest rate equals the
rate of time preference this effective price is constant and
the age profile of consumption is flat. In general, however,
consumption depends upon the profile of wage rates.

It is important to bear this in mind when evaluating
evidence relevant to the life-cycle model. Using US data,
Thurow (1969) found that both income and consumption rose with

age, peaking in the age range 45-54. This might suggest a
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much higher correlation between consumption and current income
than would be implied by a life-cycle model. But, as Heckman
(1974) pointed out, the correlation could be explained by the
age profile of wage rates. This can be seen from equations
(2.11) and (2.12). Consider the special case in which the
interest rate equals the rate of time preference. Normalising
the price of consumption to unity we have

C, = £(), 2w (2.13)

o)
) (2.14)

+

L, = g(k,_lwt

Conditional uron the value of ), these ecuations may

be regarded as compensated demand functions, where compensation

is defined as maintaining constant the value of A. The partial
derivatives of (2.13) and (2.14) with respect to the price of
consumption and the wage rate may be thought of as substitution
effects. Differentiating (2.3) and (2.4) with respect to own
prices, it can be seen that because the direct utility fﬁnction

is quasi-concave in consumption and leisure then the compensated
(in terms of X) own substitution effects are negative. This means
that'the partial derivatives of (2.13) and (2.14) with respect to
the real wage (the only price in the two-commodity case) are

positive.
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Since ) is independent of age it is clear that both éonsumption
and labour supply reach a maximum at the age at which the wage
rate reaches its maximum. Consumption, earnings and the wage
rate will all be positively correlated, and will reach a peak
at the same age. Typical profiles of wage rates reach a
maximum at an age of about fifty, and so this model can provide
an explanation of the empirical findings of Thurow.

In the more general case in which the interest rate
is not equal to the rate of time preference, consumption,
earnings and the wage rate peak at different ages. Their time
paths may be explored by differentiating the "constant marginal
utility of lifetime wealth" demand functions (2.11) and

(2.12). An empirical analysis of labour supply in this framework
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may be found in MaCurdy (1981). We shall return to the general
case later when we shall use empirical evidence on age-earnings
profiles and labour supply functions to generate profiles for
asset holdings over the life-cycle. We shall argue that under
most plausible assumptions savings will generally be low early in
working life, will rise as earnings increase with age, and then
will flatten out becoming negative in retirement. This pattern
implies a "hump-shaped" profile for asset holdings over the
life-cycle. Although unsurprising, it suggests that failure
to observe a hump-shaped age profile for assets might con-
stitute direct evidence against life-cycle savings behaviour.
We assess such evidence in section 3.1. Given the difficulty
of estimating the life-cycle model directly, either in general
form (equations 2.6 and 2.7) because of lack of data on prices
over the life-cycle or in the special case of additive
separability (equations 2.11 and 2;12) because of the endo-
geneity of A, a simple direct test using data on wealth hold-
ings has considerable appeal.

The difficulty of estimating the life-cycle model is
illustrated by the specifications employed in the early studies
by Friedman and Modigliani. Friedman (1957) assumed that (a)
consumption can be regarded as a composite good, (b) labour
supply in each period is exogenous, and (c) preferences defined
over consumption at different ages and bequests’ are homothetic.
With these assumptions the first-order conditions (2.3) imply
that we mav write consumption as

Cp = koW (2.15)
where W is lifetime wealth (the present value of labour earnings
and inheritances), and kt depends upon the interest rate and

household characteristics but is otherwise independent of
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economic variables. If we define "permanent income" as the
annuity value of lifetime wealth, then consumption is
proportional to permanent income. The problem is that permanent
income is generally unobservable. Friedman used a distributed
lag function of current and past incomes with geometrically
declining weights. But there is no reason to suppose that
this will measure the annuity value of W, and, in particular,
given an age profile for earnings, the appropriate weights will
be a function of age. i
cycle model is essentially forward-looking and the use of
distributed lags of past incomes, however general a lag
structure we permit, is backward-looking. To incorporate this
basic insight into an empirical specification requires an
alternative approach. This leads us to the second way in which
we may use the first—-order conditions (2.3)-(2.5).

If we continue to regard consumption as a single
composite good and normalise its price to unity., then bv takina
the ratio of the first-order conditions at successive ages we have

’UC)t‘ o1
Uc,t—l T+r

t=2..T (2.16)
t

The interest rate here is that paid on assets held
at the beginning of period t when consumption and savings deci-
sions in period t-1 have been made. Equation (2.16) is a simple
yet rather powerful result. The marginal (lifetime) utility of
consumption declines with age at the rate of interest. In other
words, for a given interest rate the marginal rate of substitu-
tion between consumption in any two neighboring periods is the

same. For a particular representation of preference (2.16) can
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be solved to generate an age profile for consumption and hence
savings. Since many of the unobservable characteristics of an
individual, such as future earnings, affect current consumption
through the shadow price of lifetime wealth, elimination of the
multiplier X produces a more tractable specification. 1In
terms of econometric terminology, X represents a "fixed
effect"” for the individual and by taking first differences
(or ratios) its influence on the specification may be removed.
Since the unobservable fixed effect is usually correlated with
the observable independent variables, estimation of equations
which include fixed effects ("permanent income", for example)
are likely to yield biassed parameter estimates.3

To illustrate this approach consider the inter-

temporal linear expenditure system with lifetime utility given

by
: T O B
U=1(c, -t @T-1) " (2.17)
t=1
Substituting (2.17) into (2.16) yields
- Oy L _
Ce —c = A ‘(l-+rtHCt_1 - c) (2.18)

If we further assume that the oL coefficients
decline at a constant rate with age, then we obtain the follow-

ing linear regression model for individual consumption

Cy = c + al(l + rt) + a2(1 + rt)ct—l (2.19)

The parameters a; and a, are independent of age and
hence the model could be estimated on aggregate data as well as

panel data for individual households. 1In fact the longer span
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of most time series for aggregate consumption means that the use
of aggregate data might have some advantages because it would
enabhle the variation of real interest rates over time to be
exploited.4

In the light of the attention paid to the problem
of unobservable variables in the early literature on estimation
of the life-cycle consumption function, it is perhaps surprising

that the approach based on (2.16) was not pursued by such

authors. Treatment of the multiplier A as a fixed effect has
been used by Heckman and Macurdy (1980) and MacCurdy (1981) to

analyse labour supply and labour force participation. But it

was not until the analysis of stochastic models of life-cycle

behaviour (Hall 1978, Sargent 1978), which we discuss in section
2.2, that use of a condition equivalent to {2.16) appeared.

This was unfortunate because the use of (2.16) has nothing as
such to do with a stochastic model, and the understandable

focus in recent work on the incorporation of rational expectations
into the life-cycle model has obscured two points which are
crucial if the results of estimating the model are to be inter-
preted as a test of the life-cycle model. The first is that
although (2.16) is a general result, empirical tests employing
this framework have been embedded in models which assume that
preferences are additively separable over time. Without this
assumption it may be difficult to solve (2.16) to find the
implied difference equation for consumption, and in general the
coefficients of the difference equation would be age-dependent.
The resulting nonlinear model would not be easy to estimate and,
if the model were fitted to aggregate time-series data, there

would be insufficient degrees of freedom to identify the model.
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The second point is that even if we assume inter-
temporal separability, there is no reason to impose the further
assumption that preferences for consumption and leisure within
a given period are separable.5 If intratemporal separability
is assumed, then (2.9) and (2.16) lead to a simwple first-order
difference equation for the level (or some transformation of
the level)of consumption, and this is illustrated in the example
given above of the linear expenditure system (see equations 2.17
to 2.19). Even here, however, the coefficients will not be time-
invariant if the real interest rate changes over time. With
a more general representation of preferences the time series
process describing the behaviour of consumption will depend upon
the processes governing the evolution of wage and interest rates.
The reduced form for consumption will not be a simple first-order
difference equation.

The main conclusion from this discussion is that
empirical tests of the life-cycle model based on (2.16),
although attractive in principle because of the elimination of
the unobservable multiplier or fixed effect, are unlikely to be
conclusive because they are tests of the joint hypothesis that
(a) individuals are life-cycle savers, and (b) preferences may
be parameterised in a particular way. 1In a regression of
consumption on its own lagged value, evidence that additional
lagged values of either consumption or other variables are
statistically significant does not in itself constitute
evidence against the life-cycle model. It may equally be
interpreted as a rejection of the assumption that preferences
are both inter- and intra-temporally separable. Since I am

aware of no strong independent evidence for the two separability
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assumptions, and there is evidence against separability of con-
sumption and leisure (Deaton and Muellbauer, 1980, Chapter 5),

it is probably more appropriate to regard (2.16) as a vehicle for
research within the life-cycle framework, and not a test of the
framework as such.

To test the life-cycle hypothesis itself we shall
esamine evidence on the amounts of wealth owned by individuals
at different ages. We shall compare the observed levels of
wealth with the levels which would be predicted by a life-cycle
. \1though there is little evidence on the response of
savings to wage and interest rates, there have been many studies
of the response of labour supply. Using the "stylised facts”
about labour supply behaviour we shall construct an indirect
utility function describing preferences between consumption
and leisure, and compute the implied age profile for wealth.

To do this we shall ignore some of the factors which lead to
diversity in observed wealth-age profiles such as expenses on
child rearing and timing of marriage and birth of children.

The labour supply function we shall use is given by

L, =a - b exp(—ywt) - CY, (2.20)

where the price of consumption has been normalised to unity, and
Yy denotes "full" expenditure in period t on consumption and
leisure (in a static model this is eguivalent to Becker's "full
income"). This form implicitly assumes intertemporal,

though not intratemporal, separability

y, = C, + w (1 = L) (2.21)

The choice of the nonlinear labour supply function (2.20) was
motivated by the desire to produce a model consistent with the

available empirical evidence on 1ife-cycle profiles of hours of
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work and wage rates, and capable of generating endogenous
retirement behaviour. The specification of (2.20) allows
this, as shown below. The indirect utility function corres-
ponding to (2.20) may be derived as follows. Using the
implicit function theorem and Roy's identity for the demand

for leisure we have (omitting age subscripts)6

He1-1=00-2a)+be™ 4oy (2.22)
Integrating we obtain
—ew |1l-a; ~cw b ~(ct+y)w ;
ye === e - e + k (2.23)
c + Y

where k is the constant of integration which we shall take as

the level of indirect utility v. Hence

' -cm 1l - a b _-yw
v(v, y) = e Ay + c o Y" (2.24)
|

{

This indirect utility function is continuous, incre-
asing in income and decreasing in the wage rate (providing L < 1
i.e. a - ¢y ¢ l).7 It defines instantaneous utility and

with intertemporal separability lifetime utility is defined by8

T
U=7J (2.25)

The individual maximizes U subject to the lifetime

budget constraint
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W (2.26)

I

pas
I e~13
H
Qal"<l
ct et

where W is "full wealth". We shall ignore bequests and
inheritances. If the shadow price of full wealth is X then
the evolution of total expenditure (on goods and leisure) over

time is determined by the condition

S
_ X{H.E}' vt (2.27)

{ C

This gives

(2.28)

The value of the multiplier ) may be obtained by substituting
(2.28) into (2.26).

To justify the specification of (2.20) and (2.25),
and also to parameterise the model, we examine evidence on the
age profile of wages, earnings, and hours of work. The main
exogenous influence on the optimal life-cycle plan is the age
profile of wage rates. Maintaining the assumption of perfect
certainty we assume that adult life begins at age 15 and ends
at 75. From entry into the labour market at age 15 until age

60 wage rates are assumed to be given by

- _ 2
lnwt = og + al(t 15) +‘a2(t 15) (2.29)

15 < t € 60



-20-

The starting wage is normalized to unity (ao = 0).
Wage rates typically rise, reach a maximum in middle age, and
then decline. Using data for males from the 1966 Survey of
Economic Opportunity, Heckman (1974) found that the maximum
wage was reached in the age bracket of 48-50, and a similar
result was found by Hurd (1971) using the same data. We
assume that the maximum is at age 48 and that the ratio of peak
wage rates to the initial wage rate is, in real terms, 1.5.
These assumptions define values for 04 and Oy e After the age
of 60, the potential wage rate (net of tax) is assumed to decline
rapidly (at a rate p) toward some minimum level, W according to

-u (t-60)

w, = W + (w t > 60 (2.30)

t - Wm)e

60
This produces a pattern of wage rates which,
together with the labour supply function (2.20), imply a sharply
decreasing labour supply after the age of 60 which is equivalent
to endogenous "retirement", where retirement is defined as a
marked reduction in hours worked rather than a constraint that
hours worked must be zero. The parameters of the labour supply
function are chosen to accord with the following stylized facts.
First, hours worked do not vary significantly over the life-
cycle in the pre-retirement phase even though wages do vary.
Secondly, hours worked peak before the age at which wage rates
attain a maximum. This implies that the rate of time preference
is less than the rate of interest. For the simulation we take
the real interest rate to be 2 per cent per annum, and the rate

of time preference to be 1 per cent. Using SEO data for
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males Heckman (1974) found that hours of work reached a

maximum in the age range 39-44, compared with a maximum for

wage rates in the age bracket 48-50. In the simulation
reported below the wage rate is assumed to reach a maximum at
age 48, and the model predicts a peak for labour supply at

age 40, with a maximum in earnings at age 45. Empirical
studies of earnings have found age profiles for male earnings
which peak in the age range 45-50 (Mincer (1976), Psacharo-
poulos and Layard (1979), Thurow (1969), King and Dicks-Mireaux
(1982)). ©Not all of these studies adjusted for the cohort effect
on earnings-age profiles and so their findings are not strictly
comparable. Panel data show less evidence of a peak in earnings
nrior to retirement (US (1976)).

The third stylised fact is that after some
conventional "retirement" age, taken to be 60 in our simulation,
both potential earnings and hours of work decline quite rapidly:
We do not impose the constraint that after some given age
labour supply and hence earnings are zero. Instead, the model
generates endogenous withdrawal from full-time employment as
the wage rate falls and allows for the aged to supply a small
number of hours worked after the normal retirement age. This
is perhaps more realistic than the assumption that hours of
work fall to zero, although I make no attempt to justify the
wage equation (2.30) on the basis of statistical evidence. The
value of the minimum wage rate in retirement was assumed in
the simulation to be 0.1 which may be compared with the maximum
pre-retirement wage of 1.5 and u was taken to be 0.5. In addition

to any earnings the individual is assumed to receive social secur-
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ity or a private pension after the age of 60 equal to fifty per
cent of the net of tax wage at age 60. The pension remains

constant in real terms until death.

To produce a model capable of simulating life-
cycle behaviour described by these three stylised facts we
choose the following values for the parameters of the

indirect utilitv: function

a=1.0
b = 0.9
c =0.1
Y = 0.65

The life-cycle pattern of labour supply generated
by the model is shown in figure 1. To calibrate the number
of hours worked per week I have assumed that ten hours per
day are devoted to sleep and other necessary activities leaving
98 hours a week available to allocate between work and leisure.
Hours worked rise early in life as the wage rate increases,
remain roughly constant for the bulk of working life (reaching
a maximum at age 40), decline slowly as "retirement" approaches,
and; finally, fall sharply after the age of 60. It should be
emphasised that this pattern is not imposed but is the optimal
repsonse to the assumed age profile of wage rates.

The pattern of asset accumulation over the 1ife

cycle is given by the equation
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A= (l+rt)At_1 +w L o+ X, - Ct t=1l...T (2.31)

where At is the level of assets excluding pension wealth held at

the end of period t (note the distinction between assets, At’ and
full wealth, W), and X is receipts of social security and pen-
sions in period t. If, as before, we ignore inheritances, the

initial condition is A0‘= 0. The age profile of asset holdings is

(U]
==
3

shown by the solid lin
assets to permanent income where the latter measures the
constant annual annuity value of full wealth. It shows the
"hump-shaped"pattern of the life cycle model. Holdings of
assets rise during working life and are consumed in retirement.
Asset holdings reach a maximum before retirement, and in
figure 2 this occurs at age 51.

The simulated age profile shown in figure 2 may be
compared with actual age profiles estimated fron household
data. To do this we require a survey of asset-holdings of a
random sample of the population drawn from all ages.
Unfortunately many of the available surveys (such as
the National Longitudinal Survey of Mature Men used by Diamond
(1977) and Diamond and Hausman (1982), and the Retirement
History Survey used by Blinder et al (1980)) cover only part
of the life-cycle, such as the period immediately prior to.
and after retirement. But the 1977 Survey of Consumer
Finances in Canada collected data on assets and debts for a
sample of 12,734 families of all ages. An analysis of these

data in relation to the life-cycle model may be found in King
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and Dicks-Mireaux (1982). These authors constructed an
estimate of "permanent income" for each household in the
sample, and the average values of the ratio of asset-holdings
(excluding pension wealth) to permanent income for each five-
year age group are plotted on figure 2.

The "hump-shaped" pattern is clearly evident for the
actual and simulated age profiles of asset-holdings. At
first glance, therefore, the data are consistent with the
hypothesis that on average household behaviour can be explained
by the life-cycle model. The major respect in which the
actual deviates from the simulated profile is the low rate at
which wealth is run down after retirement. These observed
low rates of decumulation are inconsistent with a life-cycle
model in which the date of death is known with certainty.
This is hardly surprising. Benjamin Franklin's well-known
observation that "in this world nothing can be said to be
certain, except death and taxes" omits some crucial
considerations of timing. If we assume that (a) the only
uncertainty is that about date of death and (b) preferences

are intertemporally separable with instantaneous utility

given by (2.9), then we may follow Yaari (1965) and Tobin (1967)

and write expected utility over remaining lifespan as

M - ul(c, ,L,)
U= Jp(t,T) ts t (2.32)
t=1 t
where T is current age

M is maximum possible age
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p(t,T) is probability of survival until age t
given that one has survived to age T.
The first-order conditions for the optimal
consumption and labour supply plan may be written as

(eliminating the multiplier on the budget constraint)

(
St _ |l p't] (2.33)
1+x, |

u I r

where Ht is the probability of surviving from age t-1 to age
t (unity minus the mortality rate). Hence we may regard
uncertainty about date of death as equivalent to an age-
specific increase in the rate of time preference. The impact
of this on consumption and asset-holdings is ambiguous. On
the one hand, greater uncertainty about length of life leads
to a desire for certain consumption in the present, and, on
the other hand it results in a desire to save for a
potentially longer future life. The outcome will depend
upon the household's aversion to risk, and its rate of time
preference. For very high rates of risk aversion the wish
to avoid the risk of a low level of utility can clearly
produce an optimal savings plan characterised by low rates
of decumulation of wealth after retirement. In the limiting
case in which the household maximises the minimum value of
(discounted) instantaneous utility, then "full expenditure”
in each period, Y (t = 1...M), will be equal to the annuity
value of full wealth over the maximum lifespan. Hence,

even though survival to great age may be highly improbable,
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the household will retain sufficient wealth to enable it
to maintain its standard of living up to the maximum
possible age. It is immediately apparent that the need
for such savings is greatly diminished by the existence of
insurance against date of death. Purchases of annuities,
especially indexed annuities, would enable households to

decumulate wealth more rapidly. The absence or small size
of markets in such annuities has been used to explain low
rates of decumulation. Davies (1981) used data on life
expectancy at different ages to simulate a life-cycle model
with exogenous labour supply assuming constant relative risk
aversion. For degrees of risk aversion in excess of three
the predicted rates of decumulation were low, and comparable
with the actual rates shown in figure 2(see King and Dicks-
Mireaux op.cit. for further discussion of this point).

The problem with this explanation is that the
results are sensitive to the existence of pensions and social
security. Pensions provide an alternative to annuities and,
indeed, one of the arguments for publicly provided pensions
is that they compensate for the market's failure to provide
indexed annuities (Diamond, 1977). With indexed pensions
or social security the need to maintain asset-holdings
against the eventuality of longevity is much reduced. This
suggests a way of testing the hypothesis that the life cycle
model can explain observed low rates of decumulation. For
a given level of assets, the rate of decumulation in the

later stages of life should be positively correlated with



-31-

the ratio of the pension to permanent income. The level of
assets itself would normally be negatively correlated with
pension and social security wealth. These two aspects of
the impacts of pensions on asset-holdings, the "insurance"

effect and the "wealth" effect respectively, must be

disentangled if the hypothesis that observed low rates of
decumulation can be explained by the life-cycle model is to
be tested empirically. Unfortunately, existing studies do
not separate these two effects (for example, neither Diamond
and Hausman (1982) nor Kinag and Dicks-Mireaux . (19282) test the
hypothesis). For the moment, therefore, the question remains

open,

Another natural question is how sensitive is the
hump-shaped pattern for asset holdings to changes in the assump-
tions made to generate the simulated profile. We shall comment
briefly on four assumptions. First, bequests were omitted from
the model. Detailed discussion of this topic is deferred until
section 5, but if target bequests are equal to some fraction of
permanent income and there are no inter vivos gifts then terminal
wealth tands to this value rather than zero. This does not,
however, explain low rates of decumulation. The main effect
Is to raise the peak value of asset-holdings and shift the
profile upwards. The second assumption is the rate at which
real wages grow over the life-cycle. In the simulation
the ratio of peak wages to starting wages was taken to be
1.5. With a value of 3.0 the maximum value of asset

holdings is little changed, and the main consequence is

that households go into debt in the early years of the life-
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cycle. Thirdly, a higher pension (with unchanged taxes
in working life) lowers the level of household saving. If
the pension is 75 per cent, instead of 50 per cent, of
final earnings then the ratio of assets to permanent income
reaches a maximum of 2.9 at age 45 rather than 4.9 at age
51.

The fourth assumption made was that the rate of
time preference is less than the real interest rate. Some
households may, however, exhibit much higher rates of time
- preference. It seems implausible to suppose that this could
be true of a majority of households, because it would then
be difficult to account for the sustained growth rate in
aggregate per capita consumption in the absence of a very high
rate of technical progress. But it may not be unrelated to the
findings of both Diamond and Hausman (1982) and King and Dicks-
Mireaux (1982) that around 20 per cent of the households in
their samples had very low or negative levels of assets. We
discuss this point below but it is worth pointing out that in
the simulation reported above merely setting the rate of time
preference to 2 per cent (holding all other parameters constant)
is sufficient to ensure that the optimal plan leaves the house-
hold in debt in every period of life except for the initial and
terminal values (this result depends on the peﬁsion to final earnings
ratio). With this rate of time preference (equal:to the .assumed real
interest rate) consumption,labour supply, the wage rate and earnings,
all reach a peak at the same age (see the discussion following 2.14).
Consumption is approximately constant over the life-cycle and house-
holds borrow against future earnings to finance this level of con-

sumption in the early part of life, running down the level of debt
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as they become older but paying off the last instalment of debt
only in the final period. 1In practice, it may be difficult
to borrow against future labour earnings in which case
households may consume all of their income, at least in the
first half of their working life. From this example it

is clear that observed values for asset-holdings which are
either low or negative may be perfectly consistent with
life-cycle behaviour. But for this to be the case, house-
holds with small or negative values for asset-holdings

should exhibit different patterns of labour supply behaviour
from those of households with low rates of time preference. :
Labour supply should peak at a later age for households

with lower ratios of assets to permanent income. If this
correlation is not present then the ability of the life-
cycle model to explain low asset-holdings is much diminished.
To my knowledge this test has not been carried out and the
demands on data are substantial. One would require panel
data covering both labour supply and asset-holdings.

The preceding discussion has ignored the complications
which result from variations in the timing of household formation,
entry into the labour force, iméerfections in the capital market,
marriage, and the birth of offspring, all of which will influence
the age profile of asset holdings. 1In any empirical study these
factors must be modelled explicitly or left to increase the
magnitude of the residual variance. Their omission here is
not intended as a reflection on their quantitative
Significance; Rather, the aim has been to focus on the

empirical implications of forward-looking life-cycle
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behaviour.

Two main conclusions emerge from the above. The
first concerns the nature of the empirical tests which could
be regarded as constituting evidence against the life-cyle
model. There are many policy issues for which we need~to
know whether households are forward rather than backward-
looking, or whether they are likely to face constraints
additional to the lifetime budget constraint. In other words,
is the life-cycle model in its broadest sense, a good
description of household behaviour? As with static
demand analysis tests of the model are in fact tests of
the joint hypothesis of life-cycle behaviour on the one hand
and a particular parameterisation of preferences on the other.
Most empirical findings which claim to reject the life-
Ccycle model could, often more plausibly, be said to reject
the assumptions made about preferences. In particular,

- even if we are prepared to accept the assumption of inter-
temporal separability (which is crucial to empirical tests
of a stochastic life-cyle model as we shall see below), the
assumption of intratemporal separability is very strong

and requires verification.

The two major respects in which observed savings
behaviour might appear to deviate from the life-cycle model
are - (i) low rates of decumulation among the aged, and (ii)
low or negative asset holdings for a sizeable minority of
the population. But, as explained above, there are
circumstances in which these phenomena are consistent with

life-cycle behaviour and we proposed two empirical tests
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which would throw light on the issue. The first was to
estimate the insurance and the wealth effects of pensions
separately. The second was to compare the labour supply
behaviour of small (or negative) asset holders with that
of wealthier individuals. To carry out these tests will
require detailed and high-quality microdata on individual
households. Aggregate data are inadequate for the task.
As in the case of static demand analysis, almost any set
of aggregate observations can be consistent with an under-
lying life-cycle model.

The second conclusion relates to the treatment
of unobservable variables in the consumption function,
a problem of long standing concern. We have seen that
one way to avoid this problem is to take the ratio of
successive first-order conditions as in equations (2.16)
and (2.33). In econometric terminology, taking first
differences eliminates the fixed effect associated with
each observation. The idea behind this is that instead of
solving for the complete consumption profile as a function
of all of the exogenous variables, we simply exploit the
Euler equation for the household's optimal control problem.
In other words, we abandon the econometric specifications
of Friedman and Modigliani, and revert to Frank Ramsey.
This approach has played a central role in recent work on
consumption decisions under uncertainty in which the first-
order conditions are expressed in terms of the stochastic
Euler equation. We now turn, therefore, to an analysis of

the life-cycle model under uncertainty.
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2.2 A Stochastic Life-Cycle Model

We have already discussed the impact of uncertainty
over the length of life on the optimal savings plan. There
is a conflict between the desire to save more for a possibly
longer future life and the desire to enjoy current consumption
which is certain(Yaari 1965, Champernowne 1969 ,Levhari and
Mirman 1977 and Davies 1981 ). More important perhaps is the
uncertainty surrounding future earnings and rates of return,
(as well as future changes in household consumption). Among
those who have investigated the former are Hall (1978),
Sargent (1978) and Eden and Pakes (1981); Sandmo (1970) and
Levhari and Mirman (1977} analyse uncertainty about interest
rates.

It is clear that once we admit uncertainty into
the picture the market structure assumed is of critical
importance. With a complete (but finite) set of Arrow-Debreu
contingent commodity markets the optimal savings plan can be
analysed in the framework of the certainty model of section 2.1
expanded to include all relevant contingent commodities. In
practice not all, or even many, of these markets operate, and
we might consider the opposite extreme case in which in any
period only spot markets exist. The absence of futures markets
means that although the current real wage is nonstochastic,
future wage rates and asset returns are uncertain. The
economy follows a sequence of temporary equilibria, and each
period individuals receive new information which in general
leads them to revise their savings plans. In such a model

expectations are obviously crucial, and an assumption about

how expectations are formed and modified over time is required



-37-

to close the model. This assumption replaces that of a
complete set of Arrow-Debreu markets.

Consider an individual who has reached age t. For
simplicity we maintain the assumption of a composite consumption
good, and for the moment assume a fixed length of life. If we
adopt the axioms required for expected utility maximisation then

the individual's objective function is

-

L eeeLp3B)

U = EtU(Cl, .0 C T,

t C ¥ --CT;Lll-ooL

t-1" 7t t-1' “tf

(2.34)

where the expectations operator E, uses all available
information at age t.

This replaces the nonstochastic objective function
(2.1), and reflects the fact that past levels of consumption and
labour supply are given. The budget constraint is still given
by (2.2) but (a) past levels of consumption and earnings may be
replaced by the scalar value of current assets which captures all
that is relevant about previous periods, (b) the constraint is
defined over stochastic future wage and interest rates.

In the absence of futures markets the only decision
variables are current consumption and labour supply. The first-

order conditions are

(2.35)

tzl
<
i
>
3

(2.36)

-At is the multiplier associated with the budget

constraint defined over the remaining 1ifespan and is the
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shadow price of current assets. Even though the current real
wage is nonstochastic it is not possible in general to express
labour supply conditional on current "full expenditure" as a
deterministic function of parameters and observable variables.
Expectations, as represented by the joint distribution of
future wage and interest rates, will influence labour supply
not only through a wealth effect on current full expenditure
but also through their impact on marginal rates of substitution.
As before we may eliminate the multiplier by writing
down the stochastic Euler equations (normalizing the price of

consumption to unity).

Be Uoe = BelU phye 451 j=1 ... Tt (2.37)
Et ULt = Et{UL,t-I-J. G—g.*.j.dj} J = 1 ... T-t(2.38)

where the real stochastic discount factor is

These equations may be derived from a straightforward
variational argument (note that this ignores the possibility of
corner solutions). The expected utility lost by giving up one
unit of consumption now must be equal to the expected utility
gained by consuming the proceeds of the extra saving at any future
date. Equally, the expected utility gained by taking an extra
unit of leisure now, holding consumption at each date constant,
must be equal to the expected utility lost at any future date from
the sacrifice in leisure required to make up the foregone earnings.
In addition to (2.37) and (2.38) there is a third equation des-
cribing the rate at which current consumption will be substituted

for current leisure which is derived from the ratio of (2.35) to(2.36).
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As with the nonstochastic Euler equation (2.16),
the first-order conditions are of limited use unless the
utility function is restricted. 1In general, it is impossible
to solve for the explicit stochastic time path of consumption
and asset holdings, but it is clear that the past (lagged
values of consumption and labour supply) can affect current
decisions. An obvious restriction to examine is inter-
temporal separability where U is given by equation (2.9). 1In
this case the left-hand side of equations (2.37) and (2.38) is

nonstochastic enabling the conditions to be written as

u R
E | C,tt3 3 .
t - - l = O J = l ’ » e 0 T_t (2 . 39)
uct'sj
I e A 9 .
t . . — =1 =03j=1..,. Tt
. u W, . S
Lt t+3 J (2.40)

where s., the time preference factor, is defined
analogously to dje

These conditions must hold for all individuals,
and since the expectation equals zero it 1is clearly independent
of the information set available to the individual. Hence,
as pointed out by Grossman and Shiller (1981), any specification
based on (2.39) is robust with respect to any asymmetries in
access to information. For additive separability over time
(2;35) and (2;36)'may be written in the conventional non-

stochastic form.
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uct _Y;i
Ure Y

(2.41)

In special cases it may be possible to derivé
explicitly the decision rule which relates consumption and
labour supply to the stochastic processes generating wage and
interest rates (Hansen and Sargent 1980, 1981). But for more
general assumptions about preferences this is not possible,
and empirical work must be based on the estimation of the
Stochastic Euler equations (2.39) and (2.40). These equations
state that the expectation of a given nonlinear function,
conditional on information available at time t, is zero. The
information set at time t includes current and past values of
variables such as wage rates, and, whatever values these
variables may take, the expectation of the nonlinear function
is zero. Hence the value of the function is orthogonal to
any variable that appears in the information set.

This suggests that the appropriate method for
estimating the stochastic Euler equations is a nonlinear
instrumental variables procedure and this was proposed by
Hansen and Singleton (1982). The method minimises the
deviations of the sample values of the orthogonality conditions
from zero, and the metric in which these deviations are
measured is chosen to produce the smallest asymptotic covariance
matrix. The resulting estimates for the parameters of the
direct or indirect utility function are consistent and, under
relatively weak conditions on the underlying stochastic processes,
are also.asymptotically normal (Hansen and Singleton, op.cit).
Since it is possible to imagine a large number of variables

entering the information set at time t, there are likely to
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be more orthogonality conditions than parameters to be
estimated. 1In this sense the model is overidentified. The
overidentifyingvrestrictions can be tested using the distance
of the sample values of the orthogonality conditions from
zero as a test statistic.

An alternative explanation of the estimation. pro-

cedure is as follows. We may rewrite the equations as

d.
E, £°(c., L., C.,., L..., =3) =0 (2.41)
T T T t‘rj_ 'C"'J Sj
e ., L., C L w., w,.. 39) =0 (2.42)
t £’ Tt Tt+3’ e+t ! t+3,§— *
j

The actual values of £°© and‘fL may deviate from
- Zero because new information accrues after time t. If
individuals have expectations such that their revisions are
uncorrelated with their original plans (fér which rational
éXpectations is a sufficient condition) then we may express

(2.41) and(2.42) in terms of the following regression model

with Ct+j and Lt+j as the dependent variables.
c Ei c
E7CL, Dpr Cryyr Lpyye sj) = E3re4] (2.43)
L 9y L
R 1 L i = LA Wt+j:sj) = €5,t41 (2.44)

The error terms have zero mean but the covariance
matrix is a function of the underlying stochastic processes
generating wage and interest rates. This implies cross-
equation restrictions and suggests that the distribution of

the error terms_should be consistent with the observed joint
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distribution of wage and interest rates. Bﬁt if we regard the
elements of the covariance matrix as free parameters, the model
to be estimated consists of a pair of nonlinear simultaneous
equations for each value of j. The inclusion of future wage and
interesf rates in the model necessitates the use of instrumental
variables for consistent estimates.

This model provides a framework for the investigation
of the role of intertemporal substitution in consumption and
labour supply. Recently, much attention has been devoted to
the question of whether such substitution can explain aggregate
fluctuations in employment and consumption. The magnitude of
the substitution effects is relevant to major policy issues
such as the nature of unemployment, the design of the tax
system (income versus expenditure as the tax base), and the
effects of public borrowing. It is important to note, there-
fore, that existing empirical studies have examined only very
Special cases of the model given by equations (2.43) and (2.44).
First, only estimates for the case j = 1 have been reported.

For forecasting purposes higher values of j would be relevant
to a comparison of alternative models. Secondly, except for
the study by Mankiw, Rotemberg and Summers (1982),

it has been assumed that preferences are weakly separable
between consumption and leisure. This implies that the model

for consumption is

g
C
) = €

f C (2.45)

R

*Pes

In other words either the level, or some transform
of the level, of consumption follows a first-order difference
equation, and if real interest rates (and the rate of time

preference) are constant the parameters of this equation are
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time-invariant. This is the "Hall consumption function"

(Hall, 1978). From (2.39) we may write this as
S l+p
u = e—— .U +n (2.46)
c,t+l 141 ct t+1
where E(nt) = 0, but if the error term is introduced as in

(2.39) then there is no reason to suppose that it is homo-
scedastic. If the stochastic shocks are small then we can take
ion to the marginal utility of consumption,
and consumption is related only to its own previous value.

In fact consumption follows a random walk with drift. Given
the assumption of weak separability between consumption and
leisure and the wvalidity of the linear approximation, then

no lagged variables other than last period's consumption itself
will contain any explanatory power in a regressiQn equation

for consumption. This is the analogue to the orthogonality
condition discussed above. Unfortunately, it has been widely
stated in the literature that a test of the life-cycle model

is the significance or otherwise of additional lagged variables
in a regression model for consumption. This is false. If any
relevant explanatory variables are omitted from the model then
additional lagged values of consumption or income may appear

to be significant. Two examples are important. First,
consider the case when interest rates vary over time. If
interest rates are omitted from the estimation of (2.46), as

in Hall's original paper, then the reduced form for consumption
will not follow a random walk‘with drift. Suppose that the
real interest rate itself follows a simple autoregressive

process. Then consumption would follow a higher-order auto-
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regressive process, and the significance of additional
lagged values of consumption would indicate nothing about
the consistency of observed behaviour with a life-cycle
model.

More interesting, verhaps, is the fact that most
of the studies of consumption assume that preferences for
consumption and leisure are separable. To analyse the case
when preferences are not separable it is helpful to use the
indirect rather than the direct utility function. In the
stochastic case the objective function (2.25) becomes

U, = Et§ lnv(wj,yj)

j=t s,
J J

(2.47)

A simple variational argument leads to the following

Euler equation for full expenditure Y

. 1 8vt+l.‘(1+rt+l) ) 1 avt o
£ =
Vel 8yt+l (l+pt+l) , Ve ayt

which may be written as
l+4r
\'4 t+1 _
E, £ [Yt+l’ Yier Wegqr Wy 1+ =0
Pe+1

Within each period labour supply is given by a non

(2.48)

(2.49)

stochastic application of Roy's identity and consumption then

follows from the within-period budget constraint (2.21). The

attraction of this dual approach is that it exploits the two-

stage budgeting structure implied by the assumption that

preferences are intertemporally separable. At the first
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stage full expenditure is given by the stochastic process
implied by (2.48). Then in any period,given the level of
full expenditure,consumption and labour supply are determined
exactly as in the nonstochastic model. Commodity demands,
conditional on the level of full expenditure, are given by
a conventional static model, and the behaviour of full
expenditure is governed by the single stochastic Euler
equation. Given a functional form for the indirect utility
function (for example 2.24 above) this system can be estimated
by instrumental variables procedures, and may well be easier
to implement than instrumental variables estimation of the
equations derived from the direct utility function.ll

For the preferences described by (2.24) used in the

simulation of section 2.1, full expenditure follows the path

| . l-a 1w = Pl 1+rt+1
y o= + —_— Yy, +
B ] 14 1+ t
Pr+1 Pe+1
b 1+r
ttl e e - ™41 -+nz+1 (2.50)
c+y l+pt+l
The time path of consumption is given by
o l-a | Ter1 7P| l+r, 4 .lrcwt+l
c .= + . - C
e+l ¢ l+p 1+p: l-cw t
t+1 t+1 t

(2.51)
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where the function h is given by
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It is clear that bonsumption does not follow a
simple random walk with drift, If we compare (2.51) with
the Hall consumption function (Hall, 1978)
Ceer = g + 210 + 1y (2.53)

we may observe two obvious differences. The first is that

in (2;51) the coefficient on lagged consumption is not time
invariant and will depend on changes in real wage and

interest rates. The second is that the linear specification
(2.53) omits the h function defined over current and lagged

wWage rates. Suppose that the specification (2.51) were

correct; Estimates of the Hall consumption function would then
produce evidence of (a) parameter instability in the coefficient
of lagged consumption, (b) the existence of additional variables
with significant explanatory power in the regression, and (c¢)
serially correlated residuals generated by a stochastic

process the order of which would depend upon the process
generating wage and interest rates. The extra variables

would be correlated with the h function and hence obvious

candidates would be current and lagged labour earnings.
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Alternatively, by substituting out from the process
generating wage and interest rates we could obtain a
reduced form for consumption in terms of its own lagged
values which would involve a nontrivial higher order lag
distribution.

All of this raises the issue of the objectives of
an econometric investigation into savings and consumption
behaviour. If the aim is simply to obtain the best fore-
casting equation for purposes of projecting developments in
the economy then there is no compelling theoretical reason to
restrict the specifications over which we search to models
such as (2.53). A time-series analysis using unrestricted
lags would be the appropriate search procedure. But if we
are interested in predicting the response of consumption to
changes in policy variables (for example, changes in the taxation
of capital income or the introduction of permanent or temporary
taxes on expenditure) then the use of the reduced‘form equation
for consumption is unhelpful (for reasons known as the Lucas
critique). Even if we can model the effect of the policy changes
on the parameters of the Euler equation (as in (2.51) for example)
the resulting model simply tells us the rate at which
consumption changes once we are in the new regime. It does
not tell us how consumption will change as we move from one
regime to another. To examine this we need to solve for
the optimum decision rule which relates consumption and
labour supply to the joint distribution of wage and interest
rates. As mentioned above, only in special cases will it be
possible to find an explicit form for the decision rule, and

the comparative statics of stochastic models of this kind
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is an area requiring further research.

Finally, we might wish to examine the hypothesis
that consumers are forward-looking rational planners
unconstrained in current markets. The main insight in the
Hall model is that in such a world consumers' plans would
change only upon the receipt of new information about the
future; and that new information would by definition be
unpredictable. Hence changes in lifetime wealth would follow
a random w
behind this intuition is that the marginal utility of life-
time wealth follows a random walk. The assumption required.
is that preferences are additively separable over time. With
this assumption then from the objective function (2.47) and
the budget constraint defined over remaining lifetime, at any

time t

oV
= —t = (2.54)
t ayt
where At is the multiplier associated with the budget
constraint and is the marginal utility of wealth. Substituting

into the Euler equation (2.48) yields

t t+1 't

E {|— |2 b =0 (2.55)
1+0, 44 J

The marginal utility of wealth follows a random walk
with drift where the drift parameter depends upon the real
interest rate and the rate of time preference. From (2.35)
it immediately follows that the marginal utility of consumption

follows a random walk with the same drift pafameters. But
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unless preferences between consumption and leisure are
separable it does not follow that consumption itself follows

a random walk (even as a linear approximation). No amount

of sophisticated econometric analysis of the time-series
behaviour of consumption will throw light on the relevance

of the stochastic life-cycle model. We need to examine either
the cross—equation restrictions implied by the model for the
joint behaviour of consumption and labour supply (an investi-
gation for which the data requirements are prodigious) or to
examine the predictions of alternative models. In the
following section we ask, therefore, what are the implicatibns
of a model which allows for the possibility that individuals
may be constrained in either the capital or labour markets?

To conclude the discussion of stochastic life-cycle
models, we may note the following three points. First,
uncertainty about length of life may be analysed, as noted in
section 2.1, by allowing an age-specific rate of time
preference. This means that age will enter into models of
consumption using microdata (whether cross-section or panel
data), and that demographic variables will be relevant to the
aggregate consumption function.

Secondly; in this section we have concentrated on
drawing out the implications of the first-order conditions
for individual optimization. The results are equations for
optimal individual or aggregate consumption and labour
supply conditional upon the joint distribution of wage and
interest rates. But this is only part of the story. As in
static demand analysis, we may aggregate equations (2.39)

and (2.40) across individuals and invert the system to obtain
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a model for equilibrium asset prices. Work along these
lines has been carried out by Lucas (1978), Shiller (1981),
and Grossman and Shiller (1981). The endogenous distribution
of prices is related to the exogenous distribution of shocks
to output (originating with technological or other changes).
Hence just as income in a Keynesian consumption function may
be jointly determined with consumption, so the distribution
of wage and interest rates in a stochastic life-cycle model
may be jointly determined with aggregate consumption and
labour supply. Much more study of these issues is required
if we are to construct models of tax incidence, for example,
in a stochastic setting.

Thirdly, it is apparent that the extension of the
life-cycle model to a stochastic world alters less the
specification of the equations to be estimated than the
methods of estimation. Given the assumption of inter-
temporal separability the dynamic specifications for
consumption and labour supply which follow from the result
that the marginal utility of wealth follows a random walk
are the stochastic analogue of the "constant marginal
utility of wealth" demand functions discussed in section 2.1.
The stochastic Euler equations for consumption and labour
supply can be estimated by a generalised instrumental
variables procedure. Tests of the significance of variables
other than lagged consumption in a regression equation for
consumption tell us more about the appropriate parameter-
isation of preferences than about the relevance of the 1ife-
cycle model. 1In particular, if the intratemporal preference

ordering is not separable then consumption does not follow
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a random walk with drift. A much wider range of models

needs to be tested before we can be confident of robust
results in this area. It is also important not to confuse
the reduced form with the underlying structural model. The
omission of relevant variables can lead to a complicated
distributed lag model for consumption. This is uninformative
about the underlying behavioural model and the lag structure
may exhibit parameter instability (a common feature of

aggregate time-series studies of consumy






