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I. Introduction

In October 1979, the Federal Reserve shifted from an interest rate
oriented operating procedure to a reserves oriented procedure. One expected
result of such a policy shift would be an increase in the short-run vola—
tility of market interest rates, and this has occurred. However, the
increase in interest rate fluctuations has been very large, much larger than
was probably anticipated. According to a review of monetary control proce-
dures carried out by the Federal Reserve staff (Tinsley and others [19811);
the standard deviation‘of monthly changes in the Federal funds rate increased
from 0.27 in the year prior to the policy shift to 2.4 in the year following
the shift. A simple theoretical model is used in this paper to argue that
part of this increase may be due to shifts in the>parameters of the money
demand equation, with the parameter changes being due to the adoption of a
reserves oriented operating procedure. This result is derived by comparing
rational expectations equilibria under alternative monetary policy rules.
This allows the variance of interest rates to be explicitly expressed as
a function of the policy rule followed by the monetary authority.

The argument advanced in this paper is motivated by the following
line of reasoning. Models of portfolio choice by risk averse asset holders
imply that the demand for risky assets will depend upon the joint probability
distribution of asset returns. In a mean-variance framework, this implies
that the demand for money (and other assets) will be a function of both

expected rates of return (on money and other assets) and the covariances



among asset returns (Tobin [1958]). If the monetary authority changes the
way in which it adjusts the money supply in response to shocks to the
economy, the covariances between the rate of inflation and the returns on
other assets will be affected. This will resultvin a shift in asset demand
equations. Hence, the money demand function will change if the monetary
authority shifts from an interest rate oriented policy to a money supply
oriented policy. |

The policy induced change in the demand for money function is not
simply a change in the intercept; interest and income elasticities change.
This means that the old money demand function cannot be used to draw
inferences about the variance of interest rates after a change in the
operating procedure. This, of course, is just another example of the
Lucas [1976] policy evaluation critique.

Because variances and covariances become important when the money
demand function is derived from an underlying portfolio choice model, the
assumption of rational expectations imposes nonlinear restrictions on the

parameters of the equilibrium expression for the interest rate. Market

clearing implies a distribution function for the equilibrium rate of interest;

in a rational expectations equilibrium this distribution must be identical

with the one upon which asset demands are based. (See Lucas [1978].)

By utilizing a model which allows the rational expectations equilibrium

solution for the endogenous variables to be explicitly calculated, it is
possible to discover how, for example, the variance of the interest rate
depends upon the policy rule followed by the monetary authority. The

standard approach to evaluating alternative policies, which assumes that-



the parameters of the money demand function are policy invariant, is shown
to produce misleading conclusions.l/ In particular, a switch from a poiicy
of stabilizing interest rates to one focusing on monetary aggregates will
lead to greater interest rate volatility than is implied by the standard
approach.

In order to demonstrate these points, this paper proceeds by first
specifying a simple macroeconomic model in which the parameters of the
money demand function are assumed to be policy invariant. Since expecta-
tions of prices and interest rates appear in the model, the assumption
of rational expectations is used to obtain an equilibrium solution. This
solution corresponds to the standard approach described above, and the
implications derived from it provide a benchmark against which to compare
subsequent results.

The next step is to show how the money demand function used in the
basic model can be derived from a portfolio choice model. This exercise
demonstrates how the parameters of the money demand function are themselves
functions of the stochastic properties of the interest rate and the rate
of inflation. The variance of the nominal price of bonds is, in the model
used in this paper, the crucial variable in solving for the rational
expectations equilibrium. In such an equilibrium, the variance of bond
prices upon which individuals base their portfolio choices must agree with
the bond price variance that is implied by the assumption of market clearing.

This additional equilibrium requirement results in nonlinear restric-
tions on the solution parameters and raises the possibility of multiple

solutions. Nonuniqueness in nonlinear rational expectations models has



been discussed recently by McCafferty and Driskill [1980];2/ Similar
problems arise in Walsh [1982]. In the present model, the variance of
the price of bonds must satisfy a quadratic equation so that, in general,
there are two solutioms.

After deriving the solution for the model subject to the nonlinear
restrictions implied by the rational expectations assumption applied to
variances as well as means (hereafter referred to as the nonlinear model),
the remainder of the paper discusses properties of the solution and com-
pares them to the results derived under the standard approach‘in which the
parameters of the money demand function are assumed to be policy invariant
(hereafter referred to as the linear model). As has already been mentioned,
a shift in policy from a rule which attempts to minimize the variance of
bond prices to one which focuses on a monetary aggregate will lead to a
larger increase in bond price (and hence interest rate) variation according
to the nonlinear model than would be predicted by the linear model. It is
also shown that the policy predicted by the linear model to minimize the
variance of bond prices is, in fact, not the minimum variance policy.—

InAthe next section the basic model is specified; at this stage,
the portfolio balance function is not derived from an underlying portfolio
choice model. Instead, it is simply assumed to be plausible, and its
parameters are taken to be policy invariant;i/ The rational expectations
solution for this, the linear model, is derived in section III, while the
properties of the solution are discussed in section IV. Section V attempts

to show how the portfolio balance equation in the basic model could be

derived from a mean-variance model of portfolio choice. One implication



of this exercise is that the parameters in the portfolio balance equation
are functions of the stochasticAproperties of the price of bonds and the
price of money. The nonlinear restrictions this implies for the rational
expectations solution are discussed in section VI; Section VII compares
the results obtained in the nonlinear model with the predictions of the
linear model. Finally, section VIII provides a summary of the paper's

results.



II. The Basic (Linear) Model

There are four equations in the model to be studied: an aggregate
supply function, an aggregate demand equation, a portfolio balance condi-
tion, and a policy rule describing the actions of‘the monetary authority.

Aggregate supply is assumed to be determined according to a Lucas-
type supply function in which the deviation of output from its "natural”
level (in logs), yt—§, is related to deviations of the log of the price
level, P> from the value of P that was expected at the end of previous

period, . The most reasonable theoretical rationale for this type of

t-1P¢
supply function would seem to be that given by Fischer [1977]; labor contracts
are set at the end of period t-1 on the basis of expectations concerning P,

so that the labor market clears if Pp = 1P¢" As argued by Barro [1977],
contracts of this nature are not Pareto optimal. In addition, there seems

to be no empirical support for the Lucas supply function. Nevertheless,

it has enjoyed wide usage in recent theoretical macroeconomics and does

help to simplify the solution of many rational expectations models. Its

ad hoc nature can only be defended by the lack of any superior alternatives.

The aggregate supply relationship is assumed then to be

V=¥t a(p,~,_1P) + e @0, (1)

where € is a white noise supply shock (Est=0, Ee§=o§, Estss=0, t#s).

Aggregate demand is assumed to depend upon the expected real return
on bonds. If s, denotes the log of the nominal bond price at time t, this
expected real return is given by (tst+l-st) - (tpt+l_pt)' The inclusion of

this variable defers slightly from standard practice. Normally, bonds in



macroeconomic models are assumed to be fixed price, variable rate bonds.
Here, though, bonds are assumed for simplicity to yield only a capital gain.
The expected real rate of interest requires, therefore, expectations both

).

of the future price level (tp ) and the future price of bonds (ts

t+l t+l

In the portfolio problem considered in section Vv, it will be important that
uncertainty about the real return to bonds involves uncertainty about both

s and pt+

e+l and not pt+ alone. Demand is also subject to a mean zero,

1 1

serially independent stochastic shock, ut, with variance cﬁ. Hence,

Y =k F B(tst+l—tpt+l—(st_pt)) +ou; 8<0. (2)

The final equation modeling private sector behavior is a portfolio
balance or money demand equation. If upper case letters denote levels of
variables, W real aggregate wealth and M real money balances, the money

demand equation is assumed to be Mt = (YO+Ylyt+yz( ~-s ))Wt; Yl>0; YZ<O.

s
tt+l 't

Defining m_ as Mt/wt’ this equation can be rewritten as
me = Yo T YV Y Sear7Se) (3)

Three aspects distinguish equation (3) from a standard money demand

equation. First, since the nominal return to bonds depends upon s s an

t+l
expected nominal return variable appears in the demand for money function.
Standard practice includes only an observed actual nominal interest rate
thereby ignoring any expected capital gains or losses on bonds. Second,
on the left-hand side of (3) appears the fraction of total wealth in the

form of money rather than real money balances. This distinction will be

important since it will be assumed that m is the policy variable controlled



by the monetary authority. In other words, monetary policy cqnsists of
open market operations which alter the composition of the private sector's
portfolio of bonds and money. Third, no stochastic disturbance term
appears on the right-hand side of (3). Monetary‘disturbances will arise
on the supply side only (in equation (4) below) through random fluctuations
in m -

All three of these departures from a standard money demand equation
are taken with a specific purpose in mind. In‘section V, I wish to demon-
strate that (3) can be derived as the solution to a portfolio choice problem
in which risk averse individuals maximize expected utility. Equation (3)
is chosén to be so derivable and yet still look as much as possible like a
standard money demand function.

The choice of m_ as the policy variable (rather than the nominal
supply of money) has one very important implication: equations (1) - (3)
cannot determine the absolute levels of either p or s since no one's behavior
depends on the absolute level of either price. Only expected changes or
expectational errors of p and s appear in these equations and both these
types of terms are independent of arbitrary constants added to the solutions
for p and s. The levels of p and s will be determinate if they appear in
the policy rule determining m_ so that the policy authority's behavior
depends upon the absolute level of p or s. For example, if m is based

in part upon P_1 and s this particular nonuniqueness problem disappears.

t-1’

I choose, however, not to include either p or s

t-1 -1 in the policy rule

for two reasons. First, this paper chiefly deals with the behavior of

variables such as 4175 which are unaffected by arbitrary constants added



to s. Second, conditional variances, which also play an important role in

this paper and are of the form Et(s E )2, are independent of any

t+1 e+l

feedback from p

e-1 °F 81 to m - It therefore seems simpler to just ignore

such feedback.
The general class of policy rules which are considered in this paper

take the form

m_ = +u

m
t o t

+ + +
1 Hofe TH3U T Y (4)

-1 2

where ui's are policy parameters, —l<ul<l, and v, is a mean zero, random
disturbance term.éj
The information structure of the model requires some comment in light
of the assumption in (4) that m_ can respond to contemporaneous values of the
aggregate supply and demand disturbances, €, and u, - The sequence in which
information is revealed and decisions are ﬁade is as follows. At the end of
period t-1, wage contracts applicable to period t are written. Wages are
based upon expectations of all variables dated t-1 or earlier. Next, € and
U, the shocks to aggregate supply and demand are revealed. On the basis of
the realized values of €, and u, the monetary authority adjusts its policy
variable (ife., u0+ulmt_l+uzet+u3ut is determined).  Then, vt is observed,
but the monetary authority is not allowed to react to it. This shock repre-
sents, from the policymaker's point of view, uncontrollable random noise
in the policy rule. The private sector, however, observes € ut, and vt
before taking any actiom during period t. On the basis of the observed

contemporaneous shocks, expectations about variables at t+l are formed.

Individuals then allocate their portfolios between bonds and money and
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determine aggregate demand.

This particular information structure is not crucial for the role of
monetary policy which will be discussed in this paper. Alternative monetary
policy rules will lead to shifts in the portfolio‘balance equation and thus
in the behavior of bond prices as long as 1) asset demands depend upon the

distribution of s and Pyl and 2) m depends upon some variable which.

t+l +1

is unobserved at the time the portfolio choice is made. The disturbances

U1 and v are all such variables under the information structure

Ee+1° t+1

assumed in the paper. If € ut, and v, are not observed when the portfolio

allocation is made, then letting m , u_, and vt will produce

depend upon.et t

t+l

results similar to those of this paper. Because individuals pay st when they
purchase bonds, and hence observe at least one piece of current information,
it seemed unreasonable to assume they incorporate no current information into

their forecasts of s and Pt

One could assume that information on
t+1 €e2

1°

u_, and v, is obtained only through observing S, and therefore the realized

t’

2

values of these disturbances must be estimated on the basis of the observed

value of‘st. This, however, leads to severe nonlinearities in solving for
the equilibrium solution (see Barro [1980}). The information structure that
is used in this paper is thus a compromise; it allows perhaps for too much
current information to be available in predicting future prices, but it
leads to a relatively simple solution.

Because aggregate supply depends upon pt—t—lpt and monetary policy

and u_, systematic monetary policy will have real effects;

a a
can react to €, .

the distribution of Y, will depend upon 1, and Ha in (4). Such effects,

however, last for only one period.
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In later sections of this paper, equilibrium solutions for alternative
policy rules will be compared where alternative policy rules are taken to

mean alternative values for the parameters u In particular, two

ERERIPY

alternatives will generally be considered. In the first, u s uz, and

0’ "1
u3 are nonzero and chosen to minimize bond price fluctuations. Such a policy

will often be referred to as an interest rate policy. A money supply policy,

on the other hand, will be one in which uo and u. are nonzero and u2=u3=0.

1

The resulting policy rule, m =uo+p mt_l+vt, can be interpreted as representing

t 1

a policy in which the monetary authority has a desired target value, m*, for

m and adjusts toward m* with speed given by l—ul:

- = (1- *
mo-m o = (l-p)(@*-m ) + v, | (5)
where m* = uo/(l—ul) is a constant. Similarly, the interest rate policy can
be written in the same form as (5) with the target m* equal to (u0+uzet+u3ut)/

(l—ul). In this case, m* is adjusted in response to the observed supply and
demand shocks.

These definitions of what will be called an interest rate and a money
supply policy differ somewhat from standard usage, particularly the interest
rate policy. Usually these alternative policies would be defined in terms
of fixing either (in this model) s, or m, . A fixed st versus a fixed m does
not, however, seem to be a very interesting choice to consider in examin-
ing the effects of the Federal Reserve's>0ctober 1979 policy shift. It would
seem more germane to study policies in which the monetary authority varies
in the extent to which it attempts to reduce fluctuations in either s or m.

In what is here labeled as an interest rate policy, the monetary authority
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"worries'" about bond price volatility, with the money supply rule it "worries"
about volatility in the portfolio composition variable.

There is, in this model, an additional reason for not treating a fixed
s as one alternative policy. In section V the portfolio balance equation (3)
is derived from an underlying model of portfolio choice. It is shown that

the parameters YO’ Y and Yz are functions of the variance of s. If this

1°
variance is zero, these parameters will be undefined. If bonds and money are
only subject to identical price level uncertainty and their yields are not
equal, only one asset will be held. A non-degenerate solution to the port-
fplio choice problem of section V requires that s be stochastic with a nonzero
variance.

There is, of course, no presumption that either of these alternative
policies are in any sense optimal. Given the structure of the model, the
parameters of the policy rule affect the variance of output. Since the mini-
mization of this variance is a conventional objective in analyzing policy,
the values of HgoewesHy could be chosen to achieve this goal. Since the
focus here is only on how the variance of bond prices might be affected by
a change in policy, the issue of optimal policy will not be addressed.

To complete the actﬁal specification of the model, the joint distribu-
tion of the disturbance terms must be defined. It will be assumed that ¢ ,

t

u,» and v, are each independent normal variates with means equal to zero

and variances cz, ci, and c%, respectively. Covariances among the three

disturbances are all zero and each is serially independent.

We now turn to the solution of the basic linear model.
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III. The Solution for the Linear Model

The model consisting of equations (1) - (4) will be solved by the
method of undetermined coefficients. A trial solution is first hypothesized
for S, and P.- This is then used to eliminate thé expectational variables
appearing in (1) - (3) under the assumption of rational expectations. Solving
then for S, and P, yields functions identical in form to the initial triai_
solution; equating coefficients in the two expressions for the endogenous
prices produces values for the coefficients in the trial solution in terms
of the basic parameters of the model.

Trial solutions are given in equations (6) and (7):

P, = at + am,. + aye, + a3ut + aévt; (6)

bt + blm +b €, + b

t-1 2 u b

St 3 4V¢? (7)

l,...,a4, bl,...,b4

undetermined coefficients. Recalling the discussion of the previous section,

where at’bt are functions of time only and a are, as yet,

arbitrary constants ao,bo can be added to (6) and (7) without affecting
the equilibrium. Forvthe reasons discussed in the previous section, this
problem of the indeterminancy of the absolute levels of S, and P, will be
ignored in the remainder of the paper.

Eliminating Ve and m, from (1) - (4) results in the following two

equations for P, and S,
- = .__ - - - -+ -
a(p = 1P) = kv + B(eSea178e) = B(Peyy7Py) e (&)

= -+ v -
Mo T upm g T MpE Fugu v =Yy F Yy + vja(p - P)
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+ Y2(tst+l-st) + Ylst. (9)

Terms involving expectations can be substituted out of (8) and (9) by

using (6) and (7) to conclude that

a +au + a,v-
t 2%t 3t 4t

k=)
1

(3]
1
[

o

m

+
t + b3ut b4vt

t
+
1]
B8

tPe+1  qeh1 1t

£S5e+1 = Ped1 T BT

Using (4) to eliminate m, in these last two expressions and then substituting
them all into (8) and (9) yields, when solved for P, and Sy» expressions for
these two variables which are of the same form as (6) and (7). Equating the
coefficients in these derived expressions for P, and S, with the coefficients
in the trial solutions yields the following values for the parameters in (6),

the solution for pt:

a; = = /(1-u )Y, ' | | (10a)
a, = [BCEE%I =Y )=Y,1/7,h (10b)
a, = [BI;%I +Y2]/Y2h (10¢)
a, = scifiz)/vzh : (104)

where h = o - B + ylaB/YZ > 0. 1In additionm,

a -a_= (k-y)/8 - (y.+ —--EQ—?/ 8/ (10e)
t y YO Yly -ul Yz'

t+l 1
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Using these results, the equilibrium price level is given by

_ it B
P = a

- R L — -
t t (1—141')\(2 el (1—ul)Y2h @t t—lmt)

- (W8v, /1) (/e + (/h)u, (11)

where m = “2€t+u3ut+vt is the unanticipated (as of t-1) component

t t-1"t
of m . Properties of this solution will be discussed in the next section;
equation (11) is simply stated here for later reference.

The parameters for the equilibrium solution for the ‘price of bonds

are given by

b, = -ul/(l—ul)\(2 , (12a)
B-adu, |

b, = I TR O] (l/Yzh) (12b)
Lt J
~(B'G)U3 ]

b3 = BT + Yo (l/Yzh) (12¢)
1 -

. (B-a) '

by = 5 (/1) (12d)
— uo

beyr = By = - Orghryy - T—‘q)/Yz (12e)

These results imply that the equilibrium nominal price of bonds can be

written as

H Y
= 1 (8-a) _ ! )
St - bt - (l—ul)yz mt_l + (l_ul)Yzh (mt t—lmt) {;E(Bet aut). (13)
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Equations (11) and (13) completely characterize the rational expec-
tations equilibrium for this model. The results of this section can now

be used to examine the properties of the equilibrium.
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IV. Properties of the Linear Model

While the main focus of this paper is on the behavior of bond prices
as a function of the policy rule followed by the monetary authority, it
will be useful to begin a discussion of the model}s properties by examining
the equilibrium solutions for the two real variables of the model, the real

rate of return on bonds and the level of output.

The ex-post real return on bonds is defined as (St+l-pt+l) - (st—pt)
E'rt+l' Using the solution equations. (6) and (7) and the fact that a; = bl’
Terr = Ceyr™®) — (@730 +‘(b2-a2)(€t+l—et)
+ (b3—a3)(ut+l—ut) + (b4—a4)(vt+l—vt). (14)

The equality of a; and bl in the gquilibrium solution implies that the real
rate of return is independent of current or past realizations of m . The
reason for this is easy to see. Suppose all disturbances are set equal to
zero. Then, from the aggregate supply relationship, y = ;. With output
determined, the aggregate demand relationship determines the real rate of

return; the current value of m only affects the division of r 1 between

t+l

the capital gain on bonds (st+l-st) and the inflation return —(pt+l—pt).

From (14), the unconditional expectation of the real interest rate,

E b )

e+17P) T (Bema)s
1= (y-k) /8. This is independent of the policy rule.

» is equal to (b which, using (10e) and (12e)

Te+1

1mp11es that Ert+
The solution for real output can be found by using (10b) - (10d) to

evaluate the price level forecast error and substituting the result into

the aggregate supply equation (1):
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Ho
1-u

Ve =¥ = /1) (gt - m)e,

+ (a/Yzh)(Y2 + Bu3/(l-ul))ut
+ (a/Yzh)(B/(l-ul))vt + e,

=7 + (@B/Q-u)v, ) (m - _jm) = (1/h)(Be ~au) (15)

m
t t-1¢t

Because of the specification of the aggregate supply function, yt—§ is
serially uncorrelated, unlike T, - Each of the coefficients on the distur-
bance terms in (15) are functions of the policy rule parameters so that
the monetary authority can affect the variance of Ve around ; by its choice
of His Hos and Hge The results of section VI below suggest, however,
that choosing the policy parameters to minimize E(yt—§)2_as derived from
(15) will not, in fact, minimize the variance of output.

The equilibrium solution for the price of bonds has already been given
in equation (13). As would be expected, an unanticipated increase in mt due
to the random policy rule shock, vt, produces a rise in nominal bond prices

((B—a)/(l—ul)yzh>0). For a given money surprise, m , positive values

- .m
tt-1lt
of the composite disturbance (Bst-aut) will increase bond prices. Since

2>0,8<0, positive supply or positive demand shocks both reduce current bond

prices. The net effects of both €. and u, depend upon the induced effect

each has on m_- via the policy rule. Even though positive realizations

t t-1"t
of both types of shocks tend, for a fixed m = 1P to reduce nominal bond

prices, an examination of equation (14) shows that positive supply shocks

reduce, and demand shocks increase, the expected real return on bonds trt+l'
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There are two alternative ways in which one could define bond price
volatility, corresponding to the variance of S, conditional on information
available at time t-1 or the unconditional variance of st. This latter
measure is obtained by replacing mt—l in the solution for st by po/(l—ul)

[+ ? .
i-1
+ + 9. . . . . .
+ Zul (uzst_l u3ut_l v ) Making this substitution yields

1 t-1

_ ) i-1 1
s, = bt + bluo/(l pl) + (b2+p2bl§l_ul :LL )Et
| i-1.1 i-11
+ (b3+p3bliul LYu, + (b4+bliul L v, (16)

where L is the lag operator (i.e., let=vt—i)' This expression can then be
used to calculate the unconditional variance E(st-Est)2 which would yield a

measure of the gross volatility of bond prices.zj Generally, however, the

conditional variance of s will be used in this paper as a measure of vola-

tilityag/ This is given by
2 = - 2 o 12,2 2 2 2.2
O Et—l(st Et-lst) bZUa + b3cu + b40V (17

which, using the results in (12), is equal to
02 = (1/v5h%) [(u, (B=a)/ (1~u)) = ¥ 8)%0Z + (ug(B-a)/(1-u))
A 2 - 1. 2
+ y,@) %02 + ((8-a)/(1-1;))%02]. (18)

Suppose the monetary authority adopts an interest rate oriented policy
in which it reacts to supply and demand shocks in an attempt to stabilize
bond prices. From (18), it appears that by an appropriate choice of My and

Hy» nominal bond prices can be completely insulated from variations due to ¢
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or u. The required values for the policy parameters are uz/(l-ul)

= YlB/(B—a) >.0 and u3/(l—ul) = —Yla/(B—a) > 0. Interpreting the policy
rule as adjusting m to m* as in (5), m* responds positively to both supply
shocks and demand shocks in order to minimize flﬁctuations in s. Since
positive realizations of either €. or u, lead to higher income and a greater
demand for money, both will tend to depress bond prices. To offset this
effect and stabilize s requires an expansionary monetary policy; m* is
increased. The resulting variance of bond priCes,>for a given adjustment

, 1s

speed l—ul

2 (B-w)2
OS/g = [1-u )2+202 © (19)
s (1 ul) Yzh v
where the new subscript on G: indicates that this is the wvariance of s
under a policy which picks Ho and u3 to minimize cg. It will be shown in
section VI, however, that this policy does not, in fact, minimize cg for
. 9/
a given u..=
1
Instead of attempting to stabilize bond prices, suppose that m* is
not adjusted in light of the realized values of et and ut(u2=u3=0). In
this case, m is adjusted toward a constant target at the rate l—ul.
Equation (18) then implies that

2

y
e 2.2
(B g + a cu) +

52 - (B‘a)z

(1-u)2vZh2 v’ (20)

A comparison of (19) and (20) reveals that for equal values of the adjust-

ment parameter Hys
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2 _ g8

= 2¢(02.2 2.2 =
o/ " 9%/, (v /7,02 (B%02 + a%e?) = ¢c5 > 0. (21)

0

Within the framework of this model, a shift to a monetary aggregates policy
increases the variance of s, a trivial result since the alternative had
been chosen to minimize og. However, equation (21) defining o will be
used later in determining the extent to which oélm in (20) may actuallyr
understate the variance of s when uz = u3 = 0,

The model specified in (1) - (3) is ad hoc, chosen for its plausi-
bility and the ease with which it can be manipulated rather than as the
implication of a model based upon individual maximizing behavior. 1In
pérticular, the portfolio balance equatioﬁ (3) corresponds to what Bryant
and Wallace [1980] have labeled the "starting from curves approach." In
the ne#t section, it will be shown how (3) can be derived from an under-
lying model of portfolio choice. This derivation suggests that the
parameters of the portfolio balance equatiom, (YO,Yl,YZ), will not be

policy invariant. Subsequent sections discuss the implications of this

result.
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V. The Portfolio Choice Model

The results of the previous section imply that both the rate of
inflation and the rate of interest (capital gains on bonds) are stochastic
variables. The real return from holding either ﬁ§ney or bonds is thus
subject to risk. Models of portfolio choice (e.g., Tobin [1958]) suggest
that this risk is important in determining the demand for aséets. One |
would expect, then, that the condition for portfolio balance, equation (3)
in the model of sections II - IV, should depend upon the risk characteristics
of bonds and money. It is this dependency that will be examined in this
section.

Throughout, it will be assumed that all individuals are identical.
This fiction allows the portfolio choice problem to be formulated in terms
of a representative individual. It is also assumed that the representative
individual exhibits constant relative risk aversion. This implies that
the optimal portfolio composition is independent of the level of wealth.
Such an assumption will be necessary if an equation such as (3) is to be
derived since (3) focuses on the equilibrium fraction of wealth held in
the form of money.

The solution equations derived in sectionb3 showed that both bond
prices and the price level‘were linear functions of normally distributed
random variables. Therefore s and p were themselves normally distributed.
In this case the returns to holding bonds and money are completely
characterized by their means, variances, and covariances. Assume then
that the risk averse representative individual's expected utility can

be written as a linear function of the mean and variance of his or her
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portfolio's real rate of return, rp:

U= r - (1/2)eE (r )2, (22)

t pt+l pt+l-trpt+l

The return on the portfolio is defined as rpt+l =TT + rbt+l(l—mt)
where r and r, are the real rates of return on money and bonds,
respectively, and m is the fraction of wealth held in the form of money. 
In previous sectioms, r has been approximated by (s ) - (st—pt).

bt+l t+1 P+l

The real return to money will be assumed to consist of two components: a
return to the transaction services yielded by money and a capital gains

return resulting from price level changes:

Toedl = Wy~ (Pey™Py) (23)

where, for simplicity, the transactions return is taken to be proportional
to real output. One could think of T as a function of the variance of indi-
vidual expenditures within each period. (See Santomero and Seater [1981].)

By rearranging the first order condition for the maximization of (22)

10/

with respect'to_mtgrfﬂuand<def1n1ng GSP*E'Et(st+l—EtSt+l)(pt+letpt+l)’ the
following relationship can be derived:
' GsE T 1
m T (l'_os )+ pcglyt - pog (tst+l-st)' (24)

Equatioﬁ (24) is of exactly the same form as the original portfolio balance
relationship given by equation (3). However, equation (24) allows a

structural interpretation to be given to the parameters of equation (3).
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Comparing the two equations reveals that YO = l—osp/og, Yy = T/poi, and
Y, = —l/pog.

If a requirement for a rational expectations equilibrium is that
the distribution of asset returns implied by the.model be identical to
the distribution upon which asset demands are based, then the value of 02
which appears in (24) must equal the value of oi predicted by the model.
This condition imposes nonlinear restrictions on the model since equation
(24) implies that Y, is a function of og while equation (18) implies that
02 is a function of Y%-

The impiications of this additional restriction are developed in the
next two sections, but one conclusion is immediate. In the previous section
two alternative policies were considered. Each policy led to a different
variance of bond prices (og/s in equation (19) and og/m in equation (20)).
In comparing these two variances, however, Y1 and Y, were treated as fixed
parameters which remained unchanged as og changed. The results of this
section show that this was not a valid assumption. It is necessary to redo
the comparison, taking into account the changes in Y1 and Yoy induced by the

policy shift.
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VI. Equilibrium in the Non-Linear Model

Sections III and IV showed how the actual distribution of bond prices
is a function of the parameters of the portfolio balance equation.
Section V showed how the parameters of the portfélio balance equation
are functions of investors' (homogeneous) beliefs about the distribution
of bond prices. In a rational expectations equilibrium, the subjective
distribution upon which Yo Y1° and Y, are based must equal the actual
distribution determined by Yor Y1° and Yo via the assumption of market
clearing.

In deriving the solution in section III, only the means of the actual
and the subjective distribution of s were required to be equal. The
requirement that the variances also be equal implies that Y, and og are
linked by two relationships. With Y < T/pog and Yl/yz = -1, equation

(18) becomes,

2
2 = 1_(8252+¢252) +
o hz(B oF ou)

2_ 2 :
2(8~0) (BuzoE AU 0°) T 1

(g-y2 (W3ootufolted) )
+
(1-ul)7 h2 ?'g

=c. +c l+ci2 (25)
0 1 Yo 2 Y,

where h = o~ -T1aB. From (24),

Yy = -1/p02 . (26)
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Using the results of section V, the equilibrium functions (11) and (13)
for the log of the price level and the log of the bond price can be re-
written as
2
POZH, pogB

P = 3 + —_—

t t (1—ul) T (1-ul)h (mt_t—lmt)

- (l—BT)(l/h)et + (l/h)ut (11°)
po2y pa2(B-a)
= _ sl -85 " tm -
?’t =b * (-1 Bl (1-u)h (m - _qm)

+ (T/h)(Bet—aut) . (13")

Equilibrium in the non-linear model is a quadruple (pt’st’Yz’ng which
satisfies (11°), (13°), (25), and (26). Because of the structure of the
model, equations (25) and (26) can be first solved for Y, and cg. The
resulting solution value of 02 can then be substituted into (11°) and (13°)

to find the equilibrium values of 18 and S, .

Using (26) to eliminate Y, from (25) yields the following quadratic
equation in 02:

244 2 -
c peod (l+clp)os + <y 0. (27)

Equation (27) admits of three possibilities, corresponding to whether there

2

is no positive solution for o5

a unique solution, or two solutiomns. Which
alternative is relevant depends upon the values of ¢y’ C7p° and Cys of which

¢y and <, depend upon the policy parameters ul, p2,_and Mgy Certain choices



-27-

of the policy rule parametérs can lead to a situation in which no ratiomal
expectations equilibrium exists in this model (see Walsh [1982] for a
similar conclusion in an overlapping generations model).

Figure 1 graphs the two relationships between Y, and 02 that must
simultaneously be satisfied in a rational expectations equilibrium. The
curve PP represents equation (26): Y. = —1/p0§. Curves AA, BB, and CC

2

represent equation (25) for alternative values of 1 and Cye For convenience

in making the comparison, c0 is taken to be the same for each of the curves.
AA has no intersection with PP: there are no (YZ,Og) gombinations
which are simultaneously consistent with the portfolio choice model and
market clearing. BB leads to a unique equilibrium with Y2 and og given by
point EB. Finally, CC has two intersections with PP, both of which are
rational expectations equilibria. At E;, og is small, leading via PP to
a large Y2' A large Y2 implies that random shocks to m require only small
bond price movements to maintain mdney market equilibrium. Hence, bond
prices are relatively stable, thus validating the large Yo- The opposite
story can be told about Eé'. For the case in which there are two solutionmns,
only E;, where CC cuts PP from above, is a stable equilibrium; E;‘ is
unstable. This is illustrated in Figure 2. Suppose initially thap indi-
viduals believe that 02 < Eg so that from PP IY’I > I;ZI' Market clearing

implies that Yé will lead to a variance of bond prices greater than that upon

which Yé was based. This leads to an adjustment in Y, that moves it toward

2
s

;2. Similar reasoning shows that E°” is unstable. Since along PP o< + 0 as
Yy 7%, and, along CC o2 - o and Y2+ -», as long as < > 0 if there are

two equilibria, the one with the smaller 02 will be the stable equilibria.
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Suppose we now reexamine the policy that equation (18) (which ignored
the dependency of Y, on og) implied would minimize bond ﬁrice fluctuations.
This policy involved choosing H, and Ha such that b2 = b3 = 0 in the
solution equation for s.‘ This in turn leads to equation (25) taking the

form

s

—a)2 2 )
w5 @
which is just equation (19). - This relationship between oi and Y, is graphed
in Figure 3 (labeled II) together with the curve PP derived from (26). At
point E, og = (l—ul)zhzl(s—a)zpzos and the slope of II (Z/DY%) is greater
than the slope of PP (1/pY§) so that II éuts PP from below as drawn in
Figure 3. Hence, the equilibrium at E is unstable. The other intersection
between II and PP is at oi = 0, Yy = ™ at which point the equilibrium is
not consistent with 0 < m < 1.

When the dependency of Y, on oz is ignored, thg policy which attempts
to minimize bond price variation is either explosive (if the economy starts
out to the right of E, that is, if initially individuals expect bond prices
to be fairly volatile) or converges to an eduilibrium in which the demand
for money is either zero or equal to total wealth. If points at which the
equilibrium is not defined for 0 < m < 1 are excluded (i.e., if we exclude
oé = 0), it is clear that point E, the nonzero bond price variance associated
with the linear model's minimum variance policy does not, in fact, minimize
the variance of s. Alternative policies, such as the one associated with

the dashed curve in Figure 3 lead to stable equilibria with a variance of

s less than o%l .
s
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VII.  Predicting cg When Policy Changes

Suppose that the monetary authority has been following a policy
designed to lead to relatively stable bond prices. Let the resulting
relationship between Yy and c: implied by market;clearing under this
policy be a locus such as AA in Figure 4.

Now suppose that the monetary authority decides to adopt a policy
under which the target m* is not adjusted in response to the realized

1/

values of either € or u (u2=u3=0).l— Using the linear model solution of

section IV, this policy switch is predicted to lead to greater interest
rate volatility. If the dependency of Y, on oé is ignored, will the
predicted increase in the variance of s exceed or fall short of the actual
increase in the variance? In other words, suppose the model in (1) - (4)
is estimated using data from the policy regime under which Eg was the
variance of s. If the resulting empirically estimated parameters are

used to evaluate the new policy, suppose cétlg/ is predicted as the new

2

S the actual new equilibrium

variance of s. How does ¢ compare with g2
s

N’
variance under the aggregates policy in which Uy, = u3 = 0.

That o2. and cg

L will differ is simply one example of Lucas's [1976]

N
policy evaluation critique. The parameters of empirically estimated
macroeconomic models are not policy invariant. By explicitly deriving
in section V the relationship between the parametefs of the portfolio
balance equation and the underlying stochastic structure of the model,
one can say more about the relationship between OiL and OéN than simply
that they will differ.
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Let ;0, ;l’ ;2 be the estimated parameter values obtained during the

previous policy regime. Estimation error will be ignored so that ;0 =1 -

Ql

G2, v = g2 Y = -1/pg2 P ; ;
sp/cs’ Yl T/pcs, and Y2 l/pcs where csp.ls‘the covariance between s
and p during the previous policy regime. From equation (18), the predicted

variance of s under the new policy is

2 ;]2- 2. 24042+2 | (B—a)zcé
0%, = =575 (B40%+a<0c) + ————=>
sl y2h? (B%agtaty (l—ul)zthg
(B-a)zcé
=c, t == (29)
0 —u Y2n232
Equations (25) and (26), however, imply that the actual variance
under the new policy is given by the solution to
(5‘0)202 254
o2 = IE(3202+a202) + ¥ SN
sN h2 € u (l-—ul)zh2
(B-a)202p20t,
=c, + T (30)
0 (1-u)%h

The first term in both (29) and (30) equals cy Since ?l/;z =

Yl/Y2 = -1, and h iS~pOliCy invariant. Subtracting (29) from (30) yields

2 _ 2y _ (B-a)%03 24 _ L
(oo = (1—;11)‘5?'(p IsN -2)
SR 7 » Y5
(B_a)20292 _
=——Y (6% -g*") >0 ' - (31)

. N2m2 sN “s
(1-u)%h
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since G:N > Eg and (B—a)zcspz/(l-ul)zh2 > 0. Equation (31) shows that

a shift in policy from one which stabilizes (partially) bond prices to

a monetary aggregates policy (as defined in this paper) will result in

a larger increase in the variance of bond pricesxthan would be predicted
from a model estimated under the previous policy regime.

Figure 4»illustrates this result, E. represents the initial equilibrium.

1

The shift to Hy = Mg = 0 results in a new locus of (yz,c:) points consistent

3
with market equilibrium; let this locus be BB. The new rational expecta-
tions equilibrium is at E2.
The standard approach to policy analysis treats Y2~as a policy
invariant parameter, equal to ;2. Given the shift from AA to BB, the
variance of s is predicted to rise to ch given by E3. This will be less

than the actual rise in the variance since the induced fall in the interest

elasticity of the demand for money is ignored.
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VIII. Summary and Conclusions

Previous models in the rational expectations macroeconomic literature
have assumed that the parameters of the equation describing portfolio
balance are policy invariant. Models of portfolio choice, however, imply
that these parameters are functions of the stochastic properties of the
interest rate (bond prices in this model). This leads to two relationships
connecting the bond price elasticity of the demand for money and the
variance of bond prices. First, the assumption of market clearing makes
the variance a function of this elasticity, and, second, the elasticity
is, from the portfolio choice model, a function of the variance of bond
prices. Finding values which simultaneously satisfy both restrictions
leads to the possibility of multiple solutioms.

If monetary policy can react in the future to shocks which are not
observed when individuals choose their portfolios, changes in the policy
rule followed by the monetary authority will affect the stochastic proper-
ties of bond prices. Such a policy change will, therefore, also result
in changes in the parameters of the portfolio balance equation. This is
an example of the Lucas policy evaluation critique: we cannot assume the
parameters of the portfolio balance equation remain constant under alterna-
tive policy regimes.

By linking portfolio balance to a specific model of portfolio choice,
it was possible to determine how parameters such as the bond price elasticity
of the demand for money depended upon the policy rule. It was shown how
ignoring this dependency would lead to an underestimation of the increase

in the variance of bond prices that would result from a shift to a monetary
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aggregates policy.

In focusing on the role of the policy rule in affecting the variance
of bond prices, other properties of the model were not discussed. For
example, the results of the papers cited in footnote 1 are called into
question; attempts to design policies to minimize output fluctuations
which neglect the induced shifts in asset demand equations will fail to

lead to the optimal policy.
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.Footnotes
*Assisant Professor, Princeton University, and Visiting Scholar, Federal
Reserve Bank of Kansas City. I would like to thank members of the research
department of the Federal Reserve Bank of Kansastity for helpful comments.
Any opinions expressed are those of the author and do not necessarily reflect
the views of the Federal Reserve Bank of Kansas City or the Federal Reser&e
System.
1/ The original analysis of interest rate versus money supply policies was
due to Poole [1970]. Other authors utilizing this approach inclﬁde Friedman
[1977], Sargent and Wallace [1975], Flood [1979], Woglom [1979], and Weber
[1981]. The results of all these papers are called into question by the
arguments made in this paper.
2/ Problems of uniqueness in linear rational expectations models are discussed
in Taylor [1977] and Flood and Garber [1980].
3/ The minimum variance policy implied by the linear model has two solutioms.
6ne involves a positive variance for bond prices which is not a minimum (and
is unstable). The other implies a zero variance (which is obviously a mini-
mum) , but, given a money demand function derived from a mean-variance
framework, a nonstochastic return on bonds implies nondiversified portfolios.
Since nominal interest rates appear to be stochastic, the statement in the
text ignores the zero variance solutiomn.
4/ It thus corresponds to what Bryant and Wallace [1980] describe as the
"Starting from Curves" approach common in macroeconomic modeling.
5/ By definition 0 < m < 1. It is assumed that this is never a binding con-

straint.



6/ Since the model can determine rates of inflation and capital gains but

b can be

- a —
t+1 t’

not levels of p and s, only a and similarly b

t+1 t’
determined.
7/ This measure of volatility ignores, however,.the change in s due to

).

the evolution of the deterministic part of s (i.e., bt-bt_l

8/ In Tinsley et al. [1981], E (s ~E )2 is described as "a more

t-1-%t " e-1%
relevant measure of undesirable interest rate volatility than the fluctuations
of total changes" in bond prices.

9/ The policy which from (18) appears to minimize c: is shown in section VI
to be consistent with two equilibria: in one, cg > 0 and is not a minimum;
the other has cg = 0 which is certainly a minimum but implies that the demand
forbeither money or bonds is equal to zero or the optimal portfolié allocation
is indeterminant.r Among "well defined" equilibria, then, the policy does not
minimize c:. This is discussed further in section VI.
10/ Ssince money and bonds in this model are both liabilities of the govern-—
ment, m is constrained to lie between 0 and 1. It is assumed that this is

not a binding constraint.
11/ My is taken tovremain unchanged as a result of the policy shift.

12/ The subscript L denotes that this corresponds to the variance predicted

by the linear model of sections III and IV.
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