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Introduction

Recent empirical studies of labor supply have their foundations
in the statistical theory of "index functions.”™ This th;ory offers a general
methodology to correct for sample selection biases gnd provides a concep-
tually simple fraﬁework fq; modeling corner solutions to the coﬁsumer's
utility maximizacion problem. In this survey we show how recent studies on
labor supply dealing with the topics of labor force participation, fixed
costs of work, and taxes can all be fit within a general "index éunction
framework.,"

The statistical theory of index functions has its foundation in the
literature on dummy endogenous variables in a system of simultaneous equations.
This literature is based on the notion that discrete endoggnous variables
are generated by continuous latent variables crossing thrasholds. Tobin's

{1958) seminal paper on estimating the demand for consumer durables is

the first application of index function theory in economics. In Tobin's
model, the intensity of demand for the durable good is the index function.
Due to population variation in reservation prices, many consumers are at
corner sclutions. Only if the intensity of demand axceeds some minimum
level (the threshold) does the individual purchase the durable goed.

Over the past decade, the "index functiom framework'' has been used
i extensively to analyze many problems in the area of consumer choice, includ-
ing the analysis of quantal (i.e., discrete) choice (McFadden, 1974, 1976
and Domencich and McFadden, 1976). This framework also forms the basis
for recent work dealing with problems arising from the use of nonrandom
samples and sample selection biases. A general discussion of index functions

and their relacionship to simultaneous equation models which incorporate




both continuous and discrete variables appears in Heckman (1978).

This survey begins with a discussion of the basic statistical
framework found in many recent labor supply studies., In Section II we
interpret Heckman's (1974a) model of joint labor supply, participation, and
wage rates within this framework. Sectien III c¢onsiders extensicns of this
model te incorporate fixed costs associated with labor supply, and it inter-
prets the studies of Cogan (1976, 1973), Hanoch (1976, 1979), and Hausman
(1979). Section IV develops a basic model for analyzing progressive tax
schemes and labor supply. In Section V we generalize this model to allow
for regressive as well as progressive taxes #long the lines proposed by
Burtless and Hausman (1978), Hausman (1979), and Wales and Woodland (1979).

Discussion of specific methods of estimation is deferred to an appendix.



1. The Basic Index Model

The prototype for all of the models considered in this paper is a simple

binary choice model. Let V(l) (RI, v) be the best attainable utility for a
consumer wﬁo does not work. Rl is unearned incoms ;nd v is an unobserved
“"tagte" component. Let V(Z) (Rz, W, v) be his best attainable utility given
that he works. His net wage is W and Rz is his unearned income measured net
of money costs of work (and other money transactions costs), Rz may differ
from R1 due to the presence of work-related fixed costs, The net wage is
irrelevant in evaluating the utility of the no work state.

If ch) > V(l). the consumer works. Otherwise, he does not. Write

Yl = VCZ) - V(l), then'if
(1) Y

the consumer works. This condition, and closely related conditioms, underlie

much recent work in labor supply.

If the consumer works, one may define an hours of work equacion for
the consumer, ILf equilibrium hours of work are determined by equating
marginal benefits of work with marginal costs, cne may use Roy's identity

to derive the equation governing hours of work as

av(z) BV(Z)
W 3R2

The hours of work equation may be writtem as




Yz = E(Rz, W, V).

In the ensuing analysis, we use this notation for the hours of work equation
even when the conditions required for the application of Roy's theorem no
longer apply.

Condi;ion (1) is a prototype of a class of sample selection conditions
that has received comsiderable attention in the recent econometric literature.
In order to focus on the essential statistical issues inveolved, consider two
linear functicus

1 1 1

(3) T, = 2,8, + &,.

sl and ez are mean zero random variables with finite second moments which are

distributed independently of the vectors Zl and 22. Suppose we seek to

estimate Bz. However, we only have data on individuals in a sample for which

Yl > Q.

The regression for Y, given 2, and Yl >0 is

I
(4) «  E(T,{z,, Y, >0) = 7,8, + E(szlYl > 0)

>=-Z. 8

= 2,8, + E(gyle, 18

If €, and €, are independent, E(ez|e1 > - 2151) = (), OQOtherwlse, the condi-
tional mean of EZ depends on Z1 and, in particular, on the probability that
an observation with characteristics Z1 is observed.

Write the joint density of €y €, 8S f(el, ez|8) where 8 is a vector of

parameters that generate the demsity. The probability that Yl > 0 is simply




1~ Fl(_zlalle) - r r f(Elg Ezlﬂ')deldiz
= 1B

whersa F1 is the marginal distribution function of El' The conditional density

. of €y given Yl >0 is

[iz . f(e), ezle)ds1
171
1~ FL('ZJ,BLIG)

k(ezlal > =2 §) =

171

Thus

E(eple) > ~Z)8)) = ji_ e, kieyley > =28, 8)de,
and, so,
(5) E(YZIZZ, T, > 0) = 2,8, + g(-Z,8;, 8).

A regression of ¥, an 22 that ignores the sample selection rule

2
omits the term g(+) from the regression and standard specification error

arguments appiy.
For example, consider a variable sz that appears in both Z1 and Zz.
Let Y2 be hours of work. A regression of Yz on Z2 that does not correct for

the sample selection term g esrimates to a first order of approximatioen,

instead of SZj’




The estimated value of sz differs from the true value by the second term on
the right-hand side. )

The essential point is that as we change sz we alter the effective
composition of the sample of workers. Computed partial derivatives with
respect to_Z2j combine the ceteris pari?us“effect of changing sz holding
tastes fixed with the effect of changes in zzj on altering the-samgle
distribution of tastes for work. The sample distribution of tastes for wotk
1s the distribution of ¢ conditional onm condition (1) being met. This final
effect 1s a consequence of entry and exit of observations from the sample due
to the fact that condition (1) must be satisfied.

Condition (1} encompasses two distinct ideas which are sometimes
confused in the literature. The first idea is that of self-selection, An
individual chooses either to work or not to work. From an initial random
sample of consumers, a sample of workers is not random in view of condition
(1)}. The sacond idea is a more general coucept--that of sample selection~—
which includes the first idea as a special case. From an "ideal” random
sample, some rule is used to generate an observed sample of individualé,
These rules may or may nct be the consequences of choices made
by the consumers being studied. For example, in the negative income tax
experiments, decisions were made to I7'e:xr.per:Lr:maut" on low income ﬁopulations.
The effect of this restriction is that a decision rule generates the observed

samples of workers and nomworkers. Since earmings are generated, in part, by

tastes for work, these restrictions on sample membership operate on labor




supply estimates based on selected samples in much the same way as condition
(1). Econmometric solutions to the general sample selection bias problem and
the self-selection bias problem are identiczl. Much of the modern work on
female labor supply and the analysis of experimental data, to be discussed
below, is designed to eliminate the effects of sample selection bias om
estimated structural labor supply functioms.

The index function model given by equations (2) —(5) underlies all of
the recent work on trumcation and sample selection. For example, Cain and
Waets (1973, p. 343) and Hausman and Wise (1977) consider a censoring problem
that arises in analyzing data from the Negative Income Tax experiments.
Labor supply funﬁtions are fit for experimental participants. However, to
be an experimental particilpant, earnings, E, are required to be below a
certain cutoff level E. We thus obsexrve individuals in the experiment ouly

1if E < E. In terms of the index function models, we may write

?rite labor supply as YZ = 2262 + €ye We observe Yz only if Y1_3 0.
Since it is plausible that the disturbances of the earmings function are not
distributed independently of the disturbances of the hours of work fumction,
the analysis of equations (2) —(5) applies with full force to this case.

The index function model can readily be generalized to encompass 2
multiplicity of sample éeneration rules and a multiplicity of behavioral
functions. Yl and Yz may be vectors, and the simultaneous satisfaction of

a set of sample gemeration rules can be characterized by the requirement that

Yl lies in some subset of the feasible range of Yi.




A version of the index model that will occupy our attention below is
one in which individuals may be in any one of m states of the world where
the value of the random variable Yl determines the state. In particular,

a consumer is in state i if ¥ lies in a set 8, which is some prespecified

i
subset of the sample space of Yl. The lébor supply of a consumer occupying

state 1 is determined by a function Y, = H(i)(Ri’ W;» v). Thus, the function

relevant for determining a consumer's hours of work is state dependent in

the sense that its form and/or its arguments differ across the various states.

In the simple binary indai model given by equatioms (1) - (3), there are two

states of the wurid {i.e., m = 2), and the sample space of Yl is divided into two sets:
8 = {Y;:¥, <0} and @, = (¥

:Yl > 0}, When in state 1 (i.e., Y, € 61), a

1 2 1 1
consumer's hours of work is given by Yz = H1 = (0; and when in state 2 (i.e.,
YI e 82), Yz = Hz - 2252 + e,

All of the statistical models of labor supply %o be considered below are
speclal cases of this simple index function model. In the Heckman (1974a)
model, there is a "work"™ and a "mo work" state. ¥, is the difference between
the market wage and the reservation wage at zero hours of work. If Yl > Q,
the consumer works. Given that he works, labor supply is defined as
Y2 = % Yl whefe v is a substifqtion parameter. The Cogap (1979) model of
fixed costs iz also a two-stare model. Yl here is the differance betwean

hours of work if the consumer is constrained teo work and incur fixed costs,

on the ope hand, and "reservation hours" of work, on the other hand. If

*> 0, the consumer chooses to work, and YZ is the hours of work chosen by

the consumer. In the analysis of labor supply under progressive taxes

Y

.

where the budget constraint is composed of linear segments (due to discrete
jumps in the marginal tax rate), each segment and kink corresponds to a

different state of the world. Thus, in




contrast to the Heckman and Cogan models, there is more than one state

associated with "work."

Yl is the marginal rate of substitution function,
and as it takes values in various intervals, the consumer's labor supply
equilibrium occurs on different branches of the budget constraint. While
the hours of work function has the same form for each of the work states,
the arguments of the function are appropriately modified to reflect the
different tax parvameters facing consumers on the different branches and
kinks of their budget constrain;s. The Burtless and Hausman (1978) model:

of labor supply and taxes is general enoﬁgh to deal with both regressive

and prograssive taxes. Their basic framework is the same as the one for

the progressive tax case previously mentioned, except Yl in their model is
an unobserved random "taste" component of the preference fumction, As Yl
falls in various regions, equilibrium occurs on different segments of the
budget constraint, The index function models can accomodate a wide variety

of errors in the variables, including errors that arise from the inability

ta observe directly the particular state of the world a consumer occupies.
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II. The Elementary Model of Labor Supply without Fixed Costs and Taxes

Consider a simple model of labor supply that neglects fixed costs of
work and taxes. A consumer faces parametric wage ﬁ.l Let X be a Hiéks
composite éommodity of goods and L a Hicks composite commodity of nonmarket
time. The consumer's strictly quasiconcave preference function may be written
as U(X, L, v) where v is a "taste shifter." For the population of consumers,
the density of v is written as f(v). This function induces a distribution on
U. The maXimum amount of leisure is T. Income in the absence of work is R.

A consumer works oniy if his best work alternati?e is better than his
best nonwork alternative (i.e., full leisure). 1In the‘elementary model, z global
comparison be:ﬁeen the best attainable utilities in the work amd no work
states can be reduced to a local comparison between the marginal value of
leisure at the no work position (the slope of the consumer's highest attainable
indifference curve at zerc hours of work) and the wage rate.

The marginal rate of substitution is defined as

UZ(R+W'E, T-H, v)
Ul(R+WH, T-H, v)

(6) M(R, H, V) =

where H is hours of work and X = R+WH. The reservation wage is M(R, 0, v).

The consumer works if
(7Y - M(R, 0, v} < W;

otherwise; he does not. If condition (1) is satisfied, the labor supply

function is determined by solving the equationm M(R, H, v) = W for H to obtain




(8) H = H(R, W, v).

There are three distinect concepts of labor supply or expected hours of
work that are often confused in the literature. Consider a population of
conéumers who all face offer wage W and receive unearned income R but who
have different v's. The density £(v) determines the distribution of "tastes
for work" over the pepulation. One measure of labor supply is the fraction
of the population that works. Letting € dencte the set of v such that

M(R, 0, v) < W, this fraction is

(9) P(W, R) = Ie £(v)dv = Prob(M(R, 0, v) < W)

where fe denotes integrating over the set 8. The mean hours worked for those

ewployed is
[o H(R, W, V}E(v)dv
(0) E{E[M®, 0, v) < W) = P(W, R)

Yet a third measure of labor supply is the mean hours worked in the entire

population which iﬁ given by
(1) E(H) = je_a(a, W, WE(vdv

(remember H(R, W, v) = 0 for v & 8). The three measures of labor supply

depend on some of the same parameters, but they are clearly distinct.




There is also some confusion in the literature concerning the appropriate
interpretation of the partial derivatives of these different measures of
labor supply. The partial derivatives of the hours of work function given by
8, Hw and Hp, produce the textbook uncompensated wage and income effects.
It is crucial to note that these derivatives of P(W, R) with respect to
W and R deo not correspond to HW and HR {Lewls, 1967; Ben Porath, 1973). PW
must be positive, and EW need not be. The partial derivatives of (10) or (11)
with respect to W and R do not correspond to the Hicks-Slutsky terms HW
(-3 4 HR unless condition (7) is satisfled for everyone in the population. These
simple points have been ignored in much of the literature. For example, Hall
(1973) and Boskin (1973) interpret the partial derivatives of estimates of
equation (11} with respect to W and R as estimates of Hw and HR raspectively.
Others interpret partial derivatives of (10) (estimated from labor supply
functions fit on samples of working individuals) as estimates of the Hicks=~
Slutsky parameters. If nonparticipation 1s a significant phenomenon in the
population being sampled, estimates of (10) or (11) do not generate meaningful

structural labor supply parama:ers.z

The model of Heckman (1974a) can be written within the index function

framework. Write the marginal rate of substitution function given by (6 )

in semilog form as

(12) in MR, H, v) = ay +a;R + ayZ, + vH + v

where y is a mean zero,normally distributed error term.© Market wage rates

are written as
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(13 in W= So + slzl + Vv

where V is a normally distribuced error term with mean zero. Solving equatisns {12;
and (13) for hours of work for those observations satisfying 2n W > 1a M4(2, Q, 7,
one cbtains

" =7§- (20 W - 2n M(R, 0, V)]

1
(14) = » (BO + 8121 + V- 35 = alR - QZZZ - )
-1 (By = aq + 8,2, = a.R - 3,2,) + L (v - V)
Y 0 0 171 1 272 v ’

In terms of the two=equation index model,

Y, =in W - in M(R, 0, ») = (B, = 25 + 8,2, = 3R = 1,2,) + (7 = 3}

(13)

so that the parameters of the sample selection rule (Yl > 3) are intcimately
related to the labor supply function. Assuming that v and 7 are igint
normally distributed, egquations (13) and (14) gzeneralize the "Topi:" model
proposed by Tobin (1958). Provided that one variable appears iIa (12, zhat
does not appear in (13), y can be identified >v 2 zaxi-um likellzood procedurs
or a two-stage procedure.

We note, parenthetifcally, that iz zJost data sets on labor supply, the
condition that Yl > 0 must alsc be sacisfiad ia order 5 sSbsarve zhe wags
rate. Zstimates of wage funcctions Zit on samples cI workars are sud

the same sort of sample selection bias thar contamizactzs Zabor supply Iumciicas
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fit on subsamples of workers (Gronau, 1373). Assuming normally distributed
error components, Heckman (1974a) builds a model that incorporates an hours
of work equation (14) and a wage equation (13) that explicitly corrects for
the effect of the condition [1n W > in M(R, O, v}} on geqerating observations

on workers.




-] 5=

III. Labor Supply Models with Fixed Costs

Cogan (1976, 1979) and Hanoch (1976, 1979) extend the simple model of
the previoqs section bi allowing for a nonconvex choice set arising from
fixed costs of work such as commuting costs, expenditures on clothes needed
for work, ete, The motivation for introducing fixed costs is to account
for the small number of observations near zero in the hours of work distri-
butions computad for workers. Cur exposition follows more closely the
work of Cogan.

Consider Figure 1. A consumer's no work indifference curve is given by
RA., For the simple model described above, if the wage rate is given by the
slope of RC, the consumer works, and a standard interior solution labor supply
function is generated., If the wage rate is given by the slope of line RB,
the consumer does not work. The introduction of fi%ed money costs of work
means that the consumer must pay fixed money cost F in order to work. The

breskeven wage, which causes the

consumer to be indifferent between work (with the fixed cost) and no work,
is given by the slope of the line comnecting points R=F and D. If the consumer
is given a wage with this slope, and works Hd hours, he is indifferent betwaen

work and nonwork. At any higher wage rate, he will work. As money costs are

increased, so are reservation wage rates and the mintmum number of hours that

tﬁe consumer works if he works at all. The relevant reservation wage for labor

‘sﬁpﬁly is the slope of indifference curve RA at position D.

The labor supply curve thus has a discontinuity. The consumer either
does not work at all or works at least H; hours. "Hd" is called "reservation
hours" in the literature. The slﬁpe of the no work indifference curve at H;
) hours, Wd’ is termed the reservation wage. The labor supply function for
those who work is essentially a standard labor supply curve with unearned

income R reduced by amount F, the fixed momey costs of work.
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Goods

Leisure

Figure 1

The asnalysis of fixed time costs of work parallels our discussion of
fixed money costs of work except that time costs reduce hours worked by
wo;king individuals while money costs increase hours worked by working
individuals (assuming leisure is a normal good). No new idea is involved.

The most direct way to solve for LA and H, is to use the indirect

utility function. "Wd" 13 defined as that value of W such that

(16) V(R-F, W,> v) = U(R, T, v)

{.e., that value of W, such that given the fixed costs of work, ¥, the

d

consumer is indifferent between working at wage W, and not working at all.

d
This is the procedures used by Cogan (197%).

From equation (16) onme can solve for Wd and by Roy's Identity one

can solve for Hd.
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ﬁqléq

Thus one can write

Hd = Hd(R, F, v)

wd - wd(R: F, v)

B = H(R=F, W,v).

Since the Hd’ wd, and H functions are derived from a common utility functiom,
cross—equation regtrictions connect these three functions. Without assuming
explicit functional forms for the utility function it is difficult to impose
these restrictions., Cogan does not impose a specific functiomal form and so
does not exploit all the available information in the system. In practice,

one does not have data on fixed costs. F is assumed to depend on a large

set of ohserved variables, some of which do not enter the labor supply equa-
tion in their owm right.
The consumer works provided that

H>H..

In terms of the index function model, we may write
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Thus we obgerve YZ only when Yl > 0.

Using standard sample selection bias correction procedures it is possible

to obtain estimates of the parameters of the B function. Assuming a functional

form for HAand Hd’ writing H - Hd in reduced form, and assuming that one
variable appears in H that does not appear in Hd {(e.g., the wage rate),l it

is possible to estimate the Hd function from the reduced form probability

that the consumer works if the sample at hand contains both workers and nonworkers.

Thus, if

H=2Z2B } Wy + €

Hd = Z¢ + €5

=Z(5"¢)+W7+E -

where Z is a set of exogenous variables, we have H - H 1

d

€ Assuming that ¢

N 17 &2 is normally distributed, the probability that

H - Hd > 0 is a probit probability, From probit analysis it is possible to
(8 -~ ¢) s Y
— L an _ L.
[Var(e1 Ez)] [Var(sl 52)]

estimates with those of B and vy from the hours of work function, one can

estimate Combining these

estimate ¢.

All of the tests for the presence or absence of fixed costs that have been
conducted within the Cogan framework have taken the Heckmn (1974a) specifi-
cation given by equations (13) and (}4}.35 the baseline model of labor supply
without fixed costs. This model assumes a strict proportionality relationship
between the H and the H = Hd equatjons (i.e., between the Yl and the Y2 indices).

The simple Heckman specification of the labor supply curve may be drawn as

BB' in Figure 2. The intercept of the function is the log of the reservation
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wage. The key point of Cogan's analysis is that with fixed money costs of
work, the labor supply function looks like CC'C". The log reservation wage
is higher than B, a working consumer works at least Hd hours, and the labor
supply function is above the Heckman function (because leisure is assumed to
be a2 normal geod). If CC'C" is the true laber supply functiom, and the linear
Heckman function is-fi: to the data, labor supply elasticities will be
overstated because the intercept in the linear Heckman labor supply curve
is the reservation wage. Cogan's test for the presence of fixed costs amounts
to determining whgther the curve CC'C" explains the data significantly better
than the curve BB'; if it does, then there are fixed costs associated with
working.
Cogan's test érucially depends on an assumed functional

form for the labor supply equatlon given by {14). If one permits nonlinearities
in the log wage rate variable in this equatiom, them a nonlinear curve like BD in
Figure 2 is alsc consistent with the proportionality assumption (see Heckman (1974b)
for such an amalysis)., For all ﬁractical purposes this nonlinearity captures the
essential features of Cogan's  specification; namely, most consumers work a
large number of hours if they work at all. Fixed costs may make a linear
model ofrlabor supply into a nonlinear model, but there are many reasouns for
nonlinearity. Tests for propcrtidnality are more appropriately interpreted
as tests for the presence or absence of nonligearity in labor supply functionms.
Fixed costs are a source of nonlinearities, but evidence for or against
nonlinearity is certainly not evidence for or against fixed costs.

Hausman {(1979) extends Cogan's analysis of fixed costs by utilizing cross-

_equation restrictions on the H and Hd equations, and by utilizing another piece

of information thac Cogan neglects: that the position of the indifference
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Hd et o 8 o —— -

in W

Figure 2

curve for nonworkers does not depend on fixed costs. Utilizing this informa-
tion, he is able to estimate income and substitution effects of laber supply
using only participation data. The price of these échievements is the
imposition of stringent functiomal forms for preferences and assumptions
about the way uncbservables enter the model.

The utility of the consumer in the no work position is U(R, T, v).
Using the indirect utility function V(R-F, W, v), Hausman is able to locate
the best work alternative. It is possible that the indireect utility function
is not defined for certain values of R, F, W and v, but for such a case, the
consumer does not work.-

Hausman's specification of uncbserved heterogeneity v is strong but
leads to econometrically useful results. Under his assumptioms, U, V, and
their difference, U - V, are monotonic functioms of v, a scalar random

variable. Given W, R and an exact function for F (so that fixed costs are
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a function sclely of observed variables)? Hausman can divide the domain of v
into two regions: a work region and a no work region. The boundary point for

the region is given by v* which satisfies

V(R-F, W, v*¥) = U(R, T, ux).
Preferences are defined so that for v > v* the consumer works (i.e.,
V(R-F, W, v} > U(R, T, v})), and for v < v* the consumer does not work (i.e.,
V(R-F, W, v) < U(R, T, v)).
For each set of parameters (of V and U) and given R, W, and his assumed

funetion for F, Hausman writes

where Yl corresponds to the index function of equation (2 ). The probability

of participation is simply the probability that Yl > 0. Given a distributiomn

of "tastes,'" £(v), the probability of working is
J f(u)dv = Prob(Y1 > 0),
u¥

A common set of parameters generate U and V. BHausman is able to estimate
all of the parameters cf the functions; and hence can generate all of the
labor supply parameterg, including income and substitution parameters, using
only participation data. He is able to extract as much information as Cﬁgan
using less data because he assumes that the same linear labor supply function

applies to the entire preference map, whereas Cogan uses a linear specification
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only as an approximation for the labor supply function for workers. Howaver,
given hours of work data, his procedure produces no more information than the
Cogan procedure,

Two key assumptions in Hausman's model not neaded in Cogan's, are:
(1) fixed costs components are perfectly predicte& by measured variablés, and
{(2) data ou wage rates are available for all indi#iduals in the sample
(including nonworkers)., -If either of these assumptions is violated, 2 more
invalved procedure is.requiFed which amounts to solwving for v* given the
unobserved components ﬁf F and of W and integrating over both these uncbserved
components. Whilé it is congeivable that Hausman's first assumption concernming
the perfect measurability of F is true, his second requirement concerning the
availability of data on offer wages for nouworkers 13 surely vialated for
most data sets., We defer discussion of the consequences of not being able
to cbserve wages for some individuals until Section V, where we develop a

general framework for dealing with such uncbservables.
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IV. Labor Supply Models with Progressive Taxes

In this section we extend the simple model of hours of werk without

~

fixed costs outlined in Section II to incorporate progressive taxes. In
contrast tﬁ the models of labor supply discussed above where there are two
possible states of the world (i.e., work or no work), here we consider a
multistate model. Although this extended model canmot be teadily applied
to the regressive tax case, it provides the essential ingredients required
to analyze the general case.

Provided that the tﬁx function facing the consumer generates a
continuously differentiable strictly convex constraint set, the introduction
of taxes into the wodel poses few amalytical difficulties.l Define after-tax

income as
E=E(WH + R; v), E' >0, E" <0,

where ¢ is a vector of parameters of the tax function {including exemption

parameters and the like). The marginal wage rate at zerc hours of work is

E  aee;w.
H=0

Replacing E'(R; ¢) for W im conditiom (7 ), the analysis of labor force
participation is the same as that given before. If the modified participatibn
condition is met, one can linearize the budget constraint around the
equilibrium hours of work positicn and solve for the structural labor supply

equation in terms of the equilibrium marginal wage E'(WH + R; ¢) and the
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intercept of the linearized budget constraint at the zero hours of work
position, E(WH + R; ) - E'(WH + R; ¢)H. The marginal wage replaces the

gross wage in equgtion (8 ), and the intercept term replaces R in the

equation.
We may write the structural labor supply equation as

H = H(E', E - E'H, v).

If labor supply is measured with error, or there are disturbances in the

labor supply equation, one must instrument the marginal wage and intercept

2,3

terms of the linearized budget constraint to achieve consistent estimates,
This analysis carries over fully to estimation of labor supply functioms
in the presence of an equilibrium wage-hours locus (or hedomic line) of the
sort considered by Lewis (1969) and Rosen (1974) provided that the constraint
set facing the consumer is continuous and convex.4

The institutional features of the U.S. tax system are such that the
assumption of smooth, continuously differentiable constraint sets for after-
tax income is counterfactual. The U.S. tax system induces kinks and flats
in the post-tax income function. A progressive tax system generates a convex
budget set with linear segments and kinks such as the one depicted in Figure 3.
To simplify the exposition, we consider only a two=-flat function. The
ensuing analysis may easily be extended to a multiple kink constraint. Given
initial income (after tax) of RZ, and a2 gross wage rate W, after-tax incomel
in the presence of a kinked tax schedule may be characterized by a marginal
tax rate of £, on the first segment, (0, ﬁ), and a higher marginal tax rate

A

tB on the sacond segment, (ﬁ, T).
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Figure 3

A consumer nmay occupy any one of four states of the world in this model
of taxes. Each state corresponds to a different kink or segment of the
budget comstraint. A consumer who does not work is at kink point R2 which
constitutes state l. A consumer who chocses to work, om the other hand, may

be on segment R, Z, or at kink point Z, or on segment ZN, which constitute

2
states 2, 3, and 4, respectively. A consumer in state 2 faces a net marginal
wage rate equal to Wz =EW(l - tA) and receives unearned income RZ' A consumer
in state 4, on the other hand, faces an after-tax wage rate equal to W, =
W({1 - tB) and can be viewed as receiving the equivalent of R, = Ry + W, - Wa)ﬁ -
R2 + W(tB - tA)E-as unegrned income.

As a consequence of convexity of preferences and the comstraint set, a
local comparison of the marginal rate of substitution functiom given by (6)

and the after-tax wage rate at the kink points determines the location of an

individual on the budget set. The consumer chooses not to work if
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(n M(R,, 0, v) > W, = W(1 - £, -

2’ 2

The consumer works in the interval (0, H) if-

{18y n(az, 0, v) <w2 and M(R,, H, v) > W

4 2°

The congumer is in corner solution equilibrium at the kink Z provided thact

(19) W, > M(R,, H, v) > W, = W(l - tg) -

4

Finally, the consumer is at an interior solution in the interval (H, T) if

(20) M(R,, H, v) < W

4°? 4°
It is straightforward to derive the implied labor supply functiom

associated with each state of the world. To simplify the following exposition

denote this functiom by H(i) for state i. In state 1, the no work state,

obviously H(l) =2 0, At interior equilibrium om branch RIZ, the labor supply

function is determined by solwving the equation M(Rz, H(Z)‘ v) = W, = W(l - tA)

for H ); so, in state 2 hours of work 1s givenm by

(2

(21) H(z) = H(Rz, Wz' v).

In state 3, the cormer equilibrium at Z, H H. Finally, in state

(3
4 (an interior equilibrium along branch ZN), solving M(Ré, H(#)’ V) = W4 =

w(l - tB) for H(h) implies a labor supply function of the form
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(22) H(A) a H(RA’ W,s V).

While the functional form of the labor supply fumctions in states 2 and 4

is the same, the arguments of these functions differ‘as a consequence of the
different tax rates facing consumers on the different branchas of the budget
éonstraint. |

To set up this model as ar index function model, the '"taste shifter”
component,. v, i1s a natural candidate for the index Yl to determine which

state of the world the consumer occupies. For given values of R W,'E, t,s

1’
and tB’ the consumer chooses one of the four possible states depending on the

region in which v lies. The conditions relating M(R,, 0, v) and M(R,, E; v)
to after-tax wage rates listed above define these regions, Let 61,
62, 63 and 94 denote the subsets of the sample space of v that satisfy
conditions (17) —(20), respectively. If v E 61 (1.e., v is an element of

the set 61), the consumer chooses state i.

If we assume that the marginal rate of substitution function, M(R, H, V),
is monotonically increasing in v, we obtain simple expressions for these sets.
Each ei is a single interval in the real line. Define v;, v;, and v; as
those wvalues of v satisfying

M(Rz, 0, ug) a wz,s Ww(l - :A)
(23) M(R,, H, v’;) - ¥,

. - & _

H(Ra, ", vl) -V, = Ww(l - :B).

Convexity of preferences implies that M(R&’ H, v) > M(Rz, 09, v). Hence the

monotonicity assumption implies that vf < v§ < v, Conditions (17) - (20},

then, define the regions as




{viv < v;}.
Choosing a specification for the marginal rate of substitution function
and a distribution for "tastes" in the population, f(v), yields a complete

- statistical characterization of labor supply behavior. The probability that

a consumer is in state 1 is

(24 Prob(v 8 9)) = [, £(v)dv.
' i

The expected hours of work of a consumer who is known to be in state 1 is

(25) E(H [v e 8,) = E(H(i)lv €8,)

f. H,  E(v)dv
e, "(1)

Prob(v € Gi)

The expected hours of work for a randomly chosen individual is

.4 )
(26) E(E) = 121 E(H,y|v 6 6,) Prob(v € 6).
Estimation of structural labor supply parameters involves the same set
of issues considered in the simple Heckman model except that instead of the
single cormer and single interior sclution segments as in the Heckman model,

there are two corners and two interior segments in the model with kinked

progressive taxes congidered here. In order to avoid sample selection bias




in estimating structural labor supply functions, one must account for the
conditioning that generate;—the observations (i.e., one must account for the
particular branch or cormer om which an ohggryat;on_is situated). It is
obvious that, in this case, correcting for potential sample selection bias
automatically corracts for the endogeneity in tax rates and unearned income
levels. Indeed, in this model, endogeneity of taxes and sample selection
blas come to the same thing.

To illustrate the procedure involved, consider the following empiri;al

specification. Write M(R, H, v) as

(27) M(R, H, v) = m, + R+ WE + V.

Since M i{s monotonically increasing in v, the formulas for v?, v;, and v;

given by (23) provide a simple method for dividing the sample space of v into

the sets 8,. We obtain

i
* o - - - T
VI T W, Tyt mRy o (
ad E - - - 3 - * -
(28) vs Wz By 1:|11I'L‘![L mzH. vi + W(tB tA)

* -
v, = WZ - my - mle = v, + ml(Rh - RZ) + m2H

L ¥

The probability that the consumer does not work is

(29) ‘Prob(v > v}) = r* £(v)dv = 1 - r(u‘;)
v
3
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where F is the cumulative distribution function of wv. The probability that

the consumer is at interior equilibrium on the first segment, RZ, is

: v
(30) Prob(v; <y < vg) = j
v

£(u)dv = F(u;) - F(v;).

N Wit

The probability of kink equilibrium at Z is

v
(3L Prob(utﬁg v < v;) = I £(v)dv = F(u;) - F(ut).
v

- ¥ M

The probability of interior equilibrium along branch ZN is

*
¥
(32) Prob(v < vt) - J L e(vydy = s(v;).

—r

An important gssumptian of this version of the model is that one can
directly observe the state of tLe world each counsumer occupies. Knowledge
of a consumer's hours of work is all the information requirad. If K = O,
the consumer is in state 1; if H ¢ (0, H), he is in state 2; if H = H, he is in state

3; and if H ¢ (B, T), the consumer occupies state 4. By choosing a density function

f(v), it 1is possible to astimate directly the structural parameters deter-
mining the probabilities of each state of the world givenm by (29) - (32).

If we choose £(Vv) as the normal demsity, this statistical model is an '
ordered probit scheme (see Johnson (1972) and Rossett-Nelson (1975)). TForming

the sample likelihood, onme can estimate all the parameters of the marginal
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rate of substitution functiom, and the variance of v.. (The variance of v,
2

o, is estimated by normalizing by the standard deviation within each

probability statement, and noting that the coefficient on (1 - t)W is

l/c. The parameter m, is identified if the kink point in the after-

2
tax income function comes at different hours of work for different consumers—-
which, plausibly, is the case.)

Since the parameters of the M function generate all of the parameters’

of the labor supply function, the ordered probit analysis suffices to

determine the parameters of the labor supply function without using any data

on hours of work. Given these probabilities, ome can compute the conditiomal

means of the interior solution of the hours of work function for each branch
of the budget constraint and, by following a straightforward generalization
of equation { 5), achieve more efficient estimates of the labor supply
parametars. However, no new parameter is estimated by this procedure. It
is straightforward to write down the likelihood function for the full model
and sc achieve full efficiency in deriving the estimates.

The labor supply function implied by the linear specification for M

associated with equilibrium on segment RZZ is

Y
(33) H(Z) = H(Rz, Wz. v) = a4 + ale + azwz - 2,
Ty Ty 1 .
where 8y == 4 = - —= _ and Gy = - For branch ZN, it is
e % e
' . g
(34) H(ﬁ) = H(R&, W&' v) = %y + °1Ra + u2N4 - a, .
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Thus, expected hours of work of a consumer whose equilibrium i1s on interval

RZZ is

* * V| *
(35) E(H(z)lvz < v < u3) = a, +aR, W, + E[— ;Tz-lvz <y < ua],

and expected hours of work of a consumer who is koown to be on segment ZN is

(36 _E(H(“]v < u’{) =gy * @R, +a,W, + E[- ;?Jz-lv < vﬂ

3 272 1 474
implies that expected hours of work is -

Writing E[— T:';“’; <y < \a*] as b,A, and E[- j:—z'iv < v*} as b,A,, equation (26)

G7)  E@) = (o + aRy + ey +byh) (FO%) - Fv)) + H(FQ®) - FOOD))

%
+ (ao + R, +a,W, + bakd)F(vl)

= ﬁ[F(ug) - F(ui)) + aO(F(ug) - F(v¥) + FOP) +a RZ(F(vg) - F(va)} + Raycui)}

1

+ a2£WZCF(v§) - F(uﬁ)] + HAF(vi)] + bzAz(F(ug) - FOp)) + b A FOOD).

The empirical specification for hours of work implied by this analysis is
(33) H= E(E_) + €
where E(H) is given by (37) and ¢ is a randomly distributed heteroscedastic -

error term with mean zero. This regression equation is estimated using a

random sample of consumers; nonworkers are assigned H = 0.




One does not necessarily require complicated nonlinear methods to

estimate the parameters of (37). Assuming that v is normally distributed,

it i3 possible to estimate each of the F(v) functions by ordered probit analysis.

Then one can form the product of the estimated F(v) and the wage, tax, and income

variables. Following a straightforward modification of the procedure of
Heckman (1379), one can estimate Az and K& up to a factor of proportionality.
Then regression of H on these variables will yield estimates of Ggr @15 B9,

and the factors of proportiomality om X, and l4 (bz and ba).5

2
There is a crucial implicit assumprion in the preceding estimation
procedures: hours of work are not measured with error, so measured hours
reflact true or desired hours. If this is not so, data on hours of werk do
not suffice to allocate individuals to tﬁe correct branch of the bﬁdget
constraint. The state of the world a consumer sccupies can no longer be
directly observed, and we confront a discrete data version of an errors in
variables problem. If we use datz on H to assign individuals to various
statas of the world,-the ordered probit estimates the wrong F(v) functious.
Suppose that true hours of work, H, and measured hours, which we denote by
H*, are relatad by the equétion H* = H + e where e is a disturbance repre-
senting measurement error which is distributed independently of H and all

*
the explanatory variables. Then che probability that one observes H in

a given interval is not the same as the probability that H falls in that
interval.5 For example, the probability that H = H is positive, but the
probability that 8* = H is zero assuming e follows a continuous density

function. Since we estimate the wrong F(v) functions (by using ordered probit

analysis) when assigning consumers tc various states on the basis of their

B*, the variables formed by multiplying estimated F(v) functions with W, tA’
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tB’ Rz, R&’ E;and l in equation (37) are measured with error which produces
inconsistent parameter estimates.

This measuyrement error problem only affects the proposed two-stage
estimation technique. It does not lead to any saricus complications in the
above theory and empirical specificatioms. The expression for E(H) given
by (37) is unchanged. Nowhere in its derivation do we require states of
the world to be correctly ohserved. The equation for H¥* can always be

written as
(39) H* = E(H) + ¢

where e* = g + a,

This observation immediately suggests how to avoid the errors in
variables problem discussed above in the two-stage procedure based on ordered
probit analysis. Instead of using a two-stage procedure of the sort proposed
above to estimatae the hours of work function (by first predicting the F(v) terms
in equation (37) and forming variables using F(v) for the second stage regression),
one should estimate equation (37) directly by nonlinear least squares,
exploiting all of the restrictions of the model, to generate parameter

Xk . ;
g+ Vg terms contain parameters of the marginal rate

estimates. The vt, v
of substitution function which are intimately linked with the parameters of
the labor supply equation (see equation (28)).7 As we will see in the next
section, this priuciple-is the technique used by Burtless-#Hausman in their
analysis of labor supply and taxes.

Allowing for measurement error in hours of work causes no

essential change in the general formulas describing labor



supply presented above. As previously noted, the formulas for the probabilities
of occupying each state are exactly the same. The formula for the uncondi-
tional-expected value of measured hours of work is the same as for true
hours given by (37) except that g replaces H. Expected values in this
instance are computed by integfa:ing H(i) over the set Gi and the sample
space of the measurement error compomnent of hours using the joint density
of v and the measurement error component.

Two important assumptions maintained in this section are that data on
potential wage rates are available for all individuals including nonworkers
and that wage rates are exogenous variables., Relaxing these assumptions does

not introduce major complications in the previous amalysis,

Suppose that true market wage rates are generated by the function
%0) W=uQ, n

where Q includes a consumer's measured characteristics, and n is an error
term representing the contribution of unmeasured characteristics. Conditions
{17) — (20) still determine the state of the world a comsumer occupies.
Replacing W by W(Q, n), we see that these conditions divide the sample space
of (v, n) into subsets associated with each state of the world; they define

the sets ei such that (v, n) & ei implies the consumer is in state 1, and

the probability of such an event is
(41) Prob ((v, n) € 6,) = [f; k(v, n)dvdn
i

where k(v, n) is the joint density of v and n, and integratiom is carried

out aover the set ei.
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The labor supply functions associated with each state are unchanged
except that W(Q, n) replaces W in constructing the arguments of the
functions for states 2 and 4 given by (21} and (22).8 The expression for

expected hours of work given by (26) becomes

4
(42) E(H) = 121 E[H(i)l(u, n) € e,) Prob((v, n) € 8,)
_ where
”ei Hegyk(v, n)dvdn
(43)

E(H(i)[(\’) n) e ei] = Prob[(y, n) s ei] .

To illustrate the problems that arise when ome introduces a wage

function, consider combining a wage function of the form

(44) W =By +B,Q+n
with the linear specification of the marginal rate of substitution function
used above to develop the empirical model of labor supply given by {37) and
(38). Even if we assume that v and n follow a joint normal distributiom,
an crdered.probit analysis which allocates individuals to different states of
the ﬁorld no longer applies. While the conditions defining states given by
(17)-(20) imply restrictions oo linear combinations of v and n, it is not
possible to construct a single linear combination of v and n whose value
completely determines which state a consumer occupies.

In particular, define W as E(W) (i.e.,'ﬁ = BO + BlQ), and Eﬁ = E(Ra).

" Replacing W with W and R4 with Eﬁ in equations (28), WwWe see that




three randomly distributed error terms w, ¢A’ and ¢B defiped by w =

v_-n(l-tA), ¢A=V-n(l-tA)+m1(R4~E¢) and.¢B=u-n(1-t +

B

1111(114 - i;) determine a consumer's state of the world. According to condi-

tions (17) - (20), a consumer is in state 1 if w z_ﬁfl - tA) - my - m132 = w*;

% - —
in state 2 if w < w” and ¢A > W({l - tA) - o, - mlR4 - mzﬂ

¢:; in state 3

. * = = - . .
if ¢A'i ¢A and ¢B‘1 W(l - tB) - my - mlR& - mZH £ ¢,; and in state 4 if

B
' ¢B < ¢;. We see then, thét the values of three different random variables
(i.e., w, ¢A and ¢B) determine occupancy of a state. Also, occupancy of
either state 2 or 3 requires the simultaneous satisfaction of two conditionms.
Thus, while univariate probit anmalysis can be used to predict the probability
of state 1 or 4, bivariate probit analysis is needed to specify the probability -
of state 2 or 3.

Modifying the expregsions for expected hours ¢f work to account for the
linear wage function 1s straightforward using the notation of the previous
paragraph. The labor supply functions for state 2 and for state 4 given by

(33) and (34) become B = ay * ok, * uzﬁ(l - tA) - % and

2)

H =qa. + a.R, + aiﬁ(l -ty - —E-. Thus, expected hours conditional on

(%) 0 1% B
being in state 2 and in state 4 given by (35) and (36) become

* o W(l -
E(H(2)|u < u and ¢A > ¢A) = g, + ule + BZW(l tA)

+ E[- %2[(1: < m* and ¢A>¢:.]

and

* -
E(E{4)|¢3<¢B) = a; + ok, + aZW(l - :B) + E

¢
B *
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The labor supply functions associated with states 1 and 3 are

unchanged. Given these new expressions for expected hours and the proba-
bilities of occupylng each state, one can easily modify expression (37) for
the uncondi;ional expected value of hours of work by making the appropriate
substitutions.

Substituting this.new expression for E(H) into the regression equation
given by (;B) ¢creates an estimating equation for labor supply which allows
wages to be endogenous and which does not require that wage offer data be
available for all observations. This new specification can be estimated
using the morlinear least-squares procedure described above. To identify
all the pafametars, one must also estimate tha wage equation using data on
workers, a&justing for sample selecticn bias. This is acecmplished by

Tegressing W on E(W|consumer works) = By + B,Q + E(n|w > w¥) where E(njuw > w*)
. can be ccmputéd using techniques proposad by Heckman (1979). It is also
possible to estimates hours and wage equations jointly.

It is significant to note that n here represents the contribution of
unobserved variableg affecting true wages; it does mot include a measure—
ment error component for wages. Allowing for measurement errors iIn wages
requires exactly the same type of adjustment in the formmlas for probabili-~
ties and expected values as is required in treating measurement errors in
hours. The formulas for probabilities and expected values givem by (41),

:(42), and (43) remain valid when measurement srror in wages is present,

except that expected values are now computed by integrating E(i) times the
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joint densgity functionm of v, n, and the measurement error compounents over

the set Gi and the sample space of the measurement error components.
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V. A General Treatment of Taxes and Labor Supplv

This section fﬁrmulates a model of hours of work that allows for
regressive as well as progressive taxes. Here we develop a methodology to
handle cases where local marginal comparisbns do not fully characterize
labor supply behavior following suggestions by Burtless and Hausman (1978),

Bausman (1979), and Wales and Woodland (1979).

A regressive tax scheme leads to a budget set that is not convex.

Figyre 4 displays the case we comsider here}' A marginal tax rate of ¢

A

applies to the branch R,5, and a lower marginal rate t, applies to the
B

2

branch SN.

Consumption
!
t
! A
i
1
State 3 | ~ RZ
™ | ~
= = = <5 1
T E\ ~ — |0 tata
Hours Worked State 2 ™
RN
-,
~
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Figure & R




A consumer facing this budget set may choose any one of three possible
states of the world: the no work position at kink point R2 (i.e., state 1),

or an interior equilibrium om either segment RZS or segment SN (i.e., states

2
2 and 3)." . A consumer in state 1 receives initial after-tax income R In

2
state 2, a consumer recelves unearned income RZ and works at an after-tax

wage rate equal to Wz = Wl - tA) where W is the gross wage. Finally, a con-

sumer in state 3] earms after-tax wage rate "3

ag receiving the equivalent of R.3 as unearned income.

The analysis of kinked-nonconvex budget constraints involves an idea

EW(l - tB} and can be viewed

already considered in the anmalysis of fixed costs: a local comparison
between the reseryaticn wage and the market wage does not adequately char-
acterize the work-no work decision. Due o the nonconvexity of constraints,
existence of an interior solution on a branch does not imply that equilibrium
will occur on the branch. Thus in Figure 4, point B assoicated with indiff-
erence map AA' 1s a possible interior equilibrium on branch R,S that is
clearly not the glocbal optimuﬁ. Since local c¢omparisons of the marginal
rates of substituéion function and after-tax wage rates cannot be used to
determine the state of the world a consumer occupies, some features of the
model developed in the previous sectiom no longer apply.

An alternative strategy for determining the portion of the budget
constraint on which a consumer decides to locate is the following, Write
the direct preference function as U(X, L, Za, v) where the exogenous variable
Z represents the measuréd characteristics of a consumer, a is an unknown
vector of parameters, and v represents the unmeasured characteristics of a
conaumer that affect preferences. Using well-known methods, ome may form

~ the indirect preference function V(R, W, Za , v). For interior solutious,

labor supply functions may be written as
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VW
B=g = H(R, W, Za, V).
R

While the arguments of the functioms U(-), V(+), and H{-) may differ across
consumers, the functional forms are assumed to be the same for each consumer.
If a consumer 1s at an interior equilibrium on eitﬁer segment'RZS or
SN, then the equilibrium is defined by a tangemcy of the indifference curve
and the budget constraint. Since thia tangency indicates a point of maximum
attalnable utility, the indifference curve at this point fepresents a level

of utility given by V(Ri, Wi, Za, v) where R, and Wi are respectively the after-
tax wnearned income and wage rate associated with segment i. Thus, hours
of work at such a point must be given by VW/VR evaluated at Ri and'wi. For
this point to be an admissible solution, the implied hours of work must lie
between the two endpoints of the interval (i.e., equilibrium.must occur on
the budget segment). A congumer chooses not to work if utility at kink Rz,
U(Rz, T, Za, V), is greater than both V(Rz, WZ’ Za, v) and V(R3, W3, Za, V),
provided that these latter utility values represent solutiouns located oun the
budget comstraint.

We have, them, a gemeral technique for dividing the sample space of the

"eagte" compoment v into the different regions representing the various states,

Define the laber supply functions H(l)’ E(Z) and 3(3) as H(l) = 0 and '

VW(Ri’ Wi. Za, v)

- 3 za, U)l i = 2!3;
@) T VR, W, Za, V)

(45) H = H(R

T,
i Ji’

and def?ne the admissible utility levels V(l), V(Z? and V(S) as v(l) =

U(Rz, T, 2a, V), assumed to be greater than zero, and
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(46) Vigy = { e Ty B W) 3E 0 <Hegy <
( 0 otherwise

and

“n . { YRy, Wy, Za, v)  if H<Hg <7
(3) 0 otherwise,

A consumer whose v lies in the sat

(48) o, = {“_’__Y(l_) > y(z)_ and V) _>'_v(3)}

will not work and occupies state 1. If v lies im the set

(49) e, = {vlévcz) > V(l)-“ and _V(z)_> ?q;)},

a consumer 13 at an interior solution on segment st and occuples state 2.
Finally, a consumer is at equilibrium in state 3 on segment SN if v is an
element of the set

-(50) 8, = {v:v and ¥

v .

@ > Yol

The sets 61, Gz, and ea'do not intersect, and their union ig the sample

space of v; thus, these sets are mutually exclusive and exhaustive. The

functions ﬂ(i) determine the hours of work of an individual whose v & Gi.
Given these definitions of the sets ei and the labor supply functions

H(i)' the apalysis of the previous section applies with full force. Assuming




bl

f(v) represents the distribution of tastes in the population, the
formula for the probability of 3 consumer
occupying state i given by (24) and the formulas for the conditicnal and
the unconditional expected values of labor supply given by (25) and (26)
all remain valid. While the sets Gi may be difficult to specify in
analytical form, the general theory and estimation procedures discussed in
the previous section can be applied to analyze the models considered in
this section as well. This includes the theory and the estimation
procedures relating to the introduction of a wage function or arbitrary
forms of measurement error in hours of work and wages.

If wége rates are determined by the function given by (44), whera n
reflects a randomly distributed error tarm affe;ting true market wages, .
then the definitions

(51) 8 = {v,m iVeyy 2 Vqyy forally, §# i}

i)
replace the characterization of the sets 9, given by 48)—(50). A consumer

whose (v, n) € 8 chooses to occupy state i. Given these new

i
definitions of ei, the formulas for probabilities of occupying various

states given by (41), aund the formulas for expected values of labor supply
given by (42) and (43) all apply without modification. If an errors in the

variables problem exists for hours of work and wages, these formulas still

apply except in computing the_appropriate expacted valuas it is alsc necessary to

include integration over the measurement error components of hours and wages.

Burtless and Hausman (1978), Hausman (1979), and Wales and Woodland

(1979) in their work om labor supply and taxes each use a variant of the
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general framework described above. All of these studies assume that hours
of work are measured with error, amd none of them treat wages as endogencus

or measured with error.3

Burtless and Hausman assume a specific utility function that is momotonic in
the unobserved component v, and for which all consumers are guaranteed to work.

In terms of the above model, a consumer occupies asither state 2 or state 3 {i.e.,
the probability of occupying state 1 is zero). For their preference functiom,
there exists a critical value vf such that at that value, given the wage rate,
tax rate, and intercept income compoments, the consumer is in equilibrium on
both branches. Working with the indirect utility function, V, v* is defined
such that

(52) Vg = ¥Ry, W,, Za, v¥) = V(R,, vy, Za, i v,

(2) 3)

and for their special functional form a unique solution for v¥ 1s guaranteed
to exist. For values of v less than v* the consumer is in equilibrium on
branch one. For values of v greater than v*, the consumey is on branch two.
Thus, v* defines the sets 62 and 63, and in this instance these sets are

intervals of the real line.

Given their fumctional form for V, hours of work equations are defined

by Roy's identity (see equatior (45)). In the Burtless and Hausman
world of two working states, the formula for expected labor supply given by

(26) may be written as

*
v

E(H) = [-a H(z)f(u)dv + [:* H(3)f(v)dv.
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Burtless and Hausman estimate the parameters of their model using
maximum likelihood procedures. Allowing for measurement error im hours of
work, they assume that this measurement error and v are independently
distributed normal random variables. Theilr procedure, however, may be
interpreted as employing the nonlinear least squares method described in
the previous section. In particular, letting H* denote measured hours of

work, the criterion
% 2
t(B* - (@)

is minimized with respect to the parameters of f£(v) and the parameters of
the utility function (;hich, of course, are alsoc parameters of the labor
supply function). Notice that the value of v changes with values of wages,
taxes, unearned income, a2 consumer's measurea characteristics, and the
parameters of the preference function. Thus v* must be updated in any
computational algorithm that determines the parameters of the model.
Assuming normally distributed optimization error, this criterion is also a
maximum likelihced criterion.

Hausman {1979) extends this procedure to allow for cormer equilibrium
at zerc hours of work. Since we have already discussed the essential
features of Hausman's model in Section III on fixed costs, we will not
repeat that discussion here. As noted in that section, there is a serious
problem with Hausman's ﬁnalysis concerning his traatment of unobserved wages,
To deal with the problem of missing wage rates for nonworkers, Hausman introduces

a wage function of the sort considered above. He fails, however, to account

properly for the presence of unobserved components of wages when constructing
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the sets 8, which define states of the world (see formulas (51)).

Hausman estimates parameters of a wage equation corrected for censoring,
and then treats the predictgd values from this equation as if they were the
true valuas of wages., This procedure is equivalent to assuming that the
uncbserved components of wages denoted above by n (see equation (44)) are
identically equal to zero for all individuals in the sample. Thus, he
defines the Gi sets only over the sample space of v, the random component
reflecting differences in comnsumer's "tastes.” This leads to improper
definitions of thgse sets if there are any uncbserved random components
determining wage rates, and this is true even if v and n are independently
distributed. The result is inconsistent estimates of the parameters of the

preference and the labor supply functions.

The apalyses of Burtless~Hausman and Hausman depend crucially on

particular functional forms for preferences. For a general specification

of preferences, and unobserved components, the indirect utility fumction, V,
need not be monotonic in v. More crucially, we are not guaranteed that a v*
satisiying equation (52) exists, or if one does exist, that it is unique;

in this case the sample space of v cannot be simply partitioned into regions

associated with equilibrium along differant branches.

In contrast to the above studies, ﬁales and Woodland (1979) do not allow
for unmeasured random differences in consumer's ""tastes.”" In particular, the
distribution of:v is assumed to be degenerate at a single point. This implies
that the direct and the indirect preference functions and the labor supply .
function no longer depend on v; they reduce to U(X, L, Za), V(R, W, Za), and
H(R, W, Za). Thus, preferences and labor supply behavior differ across

consumers only to the extent that there are differences in measured charac-

teristics.
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In terms of the general framework described above, the Wales=-Woodland
model can be interpreted as one ip which the probability of occupying one
of the states is one and is zero for all other states. In fact, once a
consumer's_mgasured characteristics, wage rate, and unearned income are
known, there is no uncertainty.regarding his exact location onm the.budget '
constraint. Since the variables R, W, and Za exactly determine a consumer's

state of the world, the expression for the unconditional expectation for

hours of work given by (37) becomes .

H(I) if (R, W, Za) imply state 1
(53) E(R) = H(Z) if (R, W, Zo) imply state 2
3(3) if (R, W, Za) imply state 3.

Each H(i)’ then, is a nonstochastic function of R, W, and Za that is valid
for only certain combinations of these variables. For other combinations,
E(H) shifts to a different H(j) function associated with the state implied
by the new combinations of observed variables.

The Wales-Woodland estimation procedure is to choose the parameters of

the praeference function to minimize
r(®* - e@)?

: *
where the summation is over consumers, and H is measured hours of work
(which need not be the same as true hours of work, H). By searching over
potential values of the parameters of the preference function, one chooses

the set of values that minimizes the above leagt squares criterion. In
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computing the value of this eriterion (for a Biven set of parameter values),
;ha following procedure is used to choose the labor supply funetion (i.e.,
E(H)) raelevant for each consumer.

Given the functional form for preferences, the exogenous variables of
the mndgl (1.e., a consumer's measurasd characteristics), and values for the
parameters of the preference function, one can compute the utility of the
consumer at each point of the budget constraint--in particular, along each
branch and at each kink point (including the no-work point Rz). By checking
utility on each branch and verifying the existence of an interier solution,
and by checking ﬁtility at each kink, one can literally solve the consumer's
maximization problem by choosing that labor supply function associated with
the highest utility. For each get of values for the parameters of the
utility function, it is possible to calculate the unique equilibrium
| position, either interlor or cormer, for each consumer. As the parameter
values change, the computed equilibrium hours of work changes.

When taxes are progressive (the only case Walas-Woodland consider),
this procedure boils down to the following algorithm. For each value of a,
one can compute the hours of work implied for each branqh using the labor
supply function associated with that branch implied by Roy's Identity.

Thus, for the first branch (i.e., state 2} hours of work are given by H(z).
If the predicted H(Z) lies in the interval (0, H], the consumer’'s equilibrium
position is assumed to lie along the first branch and E(H) is set equal to
3(2)'
Suppose that for the particular value of a under comsideration, E(Z) lies
outside the interval (0,'E], then the equilibrium position is not on the

first branch; so, one checks the second branch. For the same o, one can
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compute the implied hours of work for this branch, H If the H lies

(3’ (3)

in the interval (H, T], the consumer is assumed to be in equilibrium at an
interior point on the second branch, and E(H) = H(B)' Otherwise he is not.
The same procedure can be used for a problem with more than two

branches. From convexity of preferences and coanstraints, for each o,
equilibrium can occur on only one branch at most.

Suppose that we never predict an H that ljes in the correct interval,
This can happen if there is a corner equilibrium. Each cormer should then be
checked including the no-work cormer, Evaluate U at each cornmer. Pick the
corner with the highest utility. This is the equilibrium value, and E(H) is
set equal to that labor supply function associated with the kink. This
procedure s guaranteed to locate the consumer’'s optimum for each value of a.

This procedure is immodest im that it assumes that given a, the
econometrician can sclve the consumer's problem as well as the consumer can.
There 1s no information the consumer has that is relavant to selecting his desired
hours of work that the econometrician does not know as well. Thers are no
omitted variables in the model. Moreover, the mode]l assumes that all
consumers have the same a.

These are strong assumptions. If there are such omitted variables, or
if a differs across congumers, the Wales-Woodland procedure generates
inconsistent parameter estimates because their procedure can allocate
consumers to the wrong branch of the budget constraint. Surprisingly, less
restrictive assumptions that allow fo; random differences in unmeasured
traits affecting “tastes” may lead to a simpler estimation scheme, such as '

the one proposed by Burtless and Hausman outlined above.




Vi. Conclusion

The index function framework forms the basis for

wuch of the recent work on labor supply. The use of this framework provides
a2 couvenient approach for the estimation of hours of work fumctions when
budget constraints consist of several segments and kinks. The methodology
presented in the last section is the most gemeral. It nmot only admits both
convex and non-convex comstraint sets, it also allows for the endogeneity
of wage rates, for the absence of wage'data for some of the sample obser-
vations, and for arbitrary forms of measuremenmt error in hours of work and

wages.
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APPENDIX

The Performance of Various Estimators in
the Pressnce 0f Sample Selection Bias

Hoodland and Wales (1978) report some sampling experiments with
alternative estimators for labor supply and wage equations in the presence
of sample selection bias. The model they consider is a variant of Heckman
(1974a).

Their hours of work eguation is

h = Bg * alw * B,X, v U *ifh»0

hao0 otherwise,

Their wage function is

LR IR 5 B 25 TR

Wages are observed only if h > 0. 1In their sampling experiments u and e
are assumed to be mean zero normally distributed variables with variances
“3 and qi respectively and interequation correlation of p.
The following methods are compared: (a) ordinary least squares (OLS);
- (B) maximm likelihoed; (c) Amemiya's estimator (1973); {d) nonlinear
least squares; (e) Heckman's maximum likeiihood estimator (1974); (£) Heckman's

twa ster estimator (1974, 1979). For a complete and thorevurghly competent

discussion of these estimators, see Wales and Woodland {1978). Table 1 Teports
on estimatoTs based on samwplas of 3000 individuals. The number of workersris
indicataed by M. The True parameters are given in the first column, Least
scuares results are shown in the second column to be badly hiased. The maxirunm

likelihood estimators (method 1 and method 7) generate estimates quite close 9

the




-53=

tTue values. Amemiya's procedure (method 2) and a2 one round iterate
of Amemiya (method 2A which is one-Newton step toward the likelihood
optimum from the initial consistent Amemiya estimator) is badly
behaved. A nonlinear least squares procedure (method 3) produces
esrimateé that are badly biased.

Essentijally the same results are found for estimators that use
the entire sample (see Table 2). OLS is badly biased. Maximum likeli-
hood (method 4) generates estimates quite close to the true values.

Two stage methods are less precise in generating parameter estimates.

Corrections for selection bias in the wage equation (results
reported in Table 3) suggest that the two stage procedures and the
maximuz likelihood procedure do about equally well, but maximum likelihood
is stil]l marginally better,

It is important to note that these samples are generated under
ideal conditions. It would be very interesting to compare the performance
of these estimatcrs, which are based on the normalicy assumpticn, in
the situyation in which thé errors are nonnormal. It seems likely that
the two stage estimators are more robust because the conditional means
of the errors mav still closely approximate the true conditional mean
(i.e., the g term in equation (5 )). Little is known about the

rperformance of these estimators in the pfesence of other model misspecifi-
cations, but by analogy with the findings in the simultaneocus ecquation
literature it ig likely that the two stage estimators are more robust

to misspecification than are the maximum likelihood estimators.




-54—

TABLE 1: HOURS EQUATION ESTIMATES BASED ON THE SUD-SAMPLE OF WORKCRS
True oLs Method 1 Method 2  Method 24 Method 3 Mathod 7
| p =0 (M = 1634)
gy -1.1854 . .359 -1.027 -.185 -.508 -.591 -1.083
- {.044) (.120) (.358) (.080) (.115)
g, 1.0 .596 .943 .7%0 .840 .847 .955
(.017) (.034) {.066) (.026) (.038)
e, 1.0 .625 .987 .841 .885 .889 1.0M
{.026) (.047) {.077) (.037) (.042)
o, 1.2472 .983 1.232 .925 .  1.057 1.035 1.234
‘ (.033) (.160) (.021) (.034)
p = 0.5 (M = 1581}
39 -1-1854 -.073 -1.243 -1.691 -.725 -1.435 -1.103
(.042) (.095) (.253) (.063) (.093)
g 1.0 .822 1.157 1.256 1.037 1.211 .954
(.018) (.031) (.028) (.023) {.033)
2, 1.0 .744 1.057 1.115 .965 1.096 1.016
| (.022) (.037) (.096) (.028) {(.027)
s, 1.0393 .853 997 1.13¢ .833 1.062 1.011
(.024) (.137 (.016) (.026)
5 = -0.5 (14 = 1526)

g, -1.1854 - .850 -1.07 237 -.145 -.247  -1.225
' (.044) (.179) (.555) (.095) {.160)

5, 1.0 .339 555 329 .564 .576 .859
(.015) (.038) - (.025) (.025) {.049)

520010 477 1.010 771 .818 849 1.042
(.029) (.068) (.129) (.047) (.083)

s 1.7283 1.127 1.592 1.118 1.230 1318 1.711
(.053) {.281) (.023) {.057)




Notes to Table 1

Method 1 estimates are achieved by maximizing the conditional
likelihood function for hours of work.

Method 2 is based on Amemiya's estimator for truncated samples
(Amemiya, 1973).

Method 2A is one-Newton-Raphson iterate of the likelihood function
. used in method 1 using the Amemiva initial consistent estimator.

Methed 3 is a nonlinear least squares procedure that jointly
estimates the parameters of the regression function and the conditional
mean of the random sample disturbance (for details, see Wales and
Woodland, 1978, who propose this procedure).

Method 7 is Heckman's (1974a) maximum likelihood estimator for
hours and wages conditicned for samples of workers. This estimator is

proposed by Wales and Woodland (1573),
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TABLE 2: HOURS EQUATION ESTINATES CASED OM THE ENTIRE SAMPLE

True OLS Method 4 Mathod 5A Methiod 5B Method 5C  Method 5D
p =0
8, -1.1854 261 -1.168 -.798,-.799 -.945,-.946 -.782 -2
(.015) (.053) (.670)
B, 1.0 . 398 .984 .900, .876 941, .917 .883 .921
(.010) (.023) (.159)
8, 1.0 .329 1.028 .93 .963 .927 956
(.011) (.027) (.178) (.176)
uy 1.693¢ 1.6847* 1.416 1.538 1.403 1.519
(.625) (.616)
o, 1.2472  .305 1.246 '
(.027)
e = 0.5
By -1.1854 243 -1.217  -1.481,-1.48) -1.693,-1.694  -1.49} -1.663
(.015) (.020) {.913)
& 1.0 .400 1.008°  1.082, 1.07¢  1.129, 1.147 1.081 1.129
(.010) (.018) - (.219)
8, 1.0 . 335 1.014 1.099 1.144 1.102 1.136
(.011) (.021) (.222) (.221)
v 1.6934 1.707* 1.822 1.987 1.830 1.954
. (.825) . (.802)
o, 1.0383  .%09 1.047
(.021)
e = -0.5
5, -1.18% 271 -1.207 -.569,-.569 -.825,-.825 -.558 -.623
(.015) (.074) {.650)
g 1.0 .370 .957 .203, .80 (875, .85¢ .802 .85
(.009) (.032) (.151)
5, 1.0 .321 1.024 .86 .627 .860 .027
(.011) (.031) (.167) (.167)
vy 16934 1.7207 1.259 1.457 1.268 1.468
(.591) (.590)
¢, 1.7283  .899 1.705
(.04S)

*Thin estimzte s derived from Lhic others.
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Notes to Table 2

Method 4 is Heckman's (197@3) maximum likelihood estimator for
hoﬁrs and wages,

Method 5A is the Heckman (1976, 1979) indirect least squares
two-step estimator. The multiplicity of estimates for 8y arises because
this parameter is overidentified in the current model.

- Method 5B is a GLS version of 5A.

Method SC is the Heckman procedure as modified by Wales and
Woodland (1978) or Heckman (1973) to resolve the overidentification
problen,

Method 50 is a GLS version of SC.

"ug" is the estimated conditicnal mean of the disturbance

term in the hours of work equation. (This corresponds to g in

equation (3 ).)
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TABLLC 3: WAGE EQUATION ESTIMATES

True OLs Method 4 Method S5A lethod 5B Metliod 7
: e =0
Y 0 .752 -.030 -.043 -.049 .024
(.038) (.045) (.106) {.080)
1 1.0 .780 .997 .993 .993 .964
(.026) (.026) (.039) (.037)
Y, 1.0 . 821 1.019 1.026 1.030 1.017
(.025) (.025 (.039) (.037)
ny .7749 .781* .802 .807
E . , (.128)
9 1.1455 1.044 1.160 1.164 1.155
(.024) (.027)
g = 0.5
Y 0 . 783 -.0086 .065 .062 .091
(.025) (.031) {.089) (.068)
1 1.0 . 794 .979 .970 . 967 - .974
{.018) {.018) {.031) (.029)
Y 1.0 781 .987 . 955 . 968 . 968
{.018) {.019} . (.032) (.029)
by .7749 .774% . .703 .707 |
, {.107)
9, 0.914¢ .753 .913 .882 - .878
(.019) (.023}
p = -0.5
Y 0 . 760 . 043 -.03¢ -.030 .048
(.048) (.06%) (.140) (.095)
Y, 1.0 .827 1.002 1.023 1.022 1.006
(.03 (.035) (.051) (.047)
Y, 1.0 814 .984 1.006 1.004 .98
(.037) {.035} (.050) (.047)
¥y L7749 .728* .805 795
{.152)
‘ 1.6564 1.525 1.598 1.614 1.592
{.031) {032}

*Tiiis estimate is derived from the others,
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Notes to Table 3

All of the procedures have been defined in Tables ! and 2.
"u,'" is the estimated conditional mean of the disturbance term in

the wage equation.
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Footnotes

Section II‘

For expositional simplicity, we abstract from endogemous wages in

the statistical analysis presented below. This assumption is not essential
to the analysis.

-

2Defining = 0 for nonworkers, it is straightforward to verify that
the partial derivative of expected hours with respect to W from equation (1)
exceeds the mean value of Hy in the population. Defining Hg = 0 for non-
workers, if leisure is a normal good the partial derivative of expected hours
with respect to R is smaller than the mean value of Hy in the population.

3 ; .z . .
To simplify notation, we supress Z2 {i.e., 2 consumer's measured char-

acteristics) as an argument of the functions U(+), M(+) and H{+).

- an

Section III

lRecall that we are assuming that W is exogenous and is available for
each individual in the sample exposition. Cogan (1979) allows for endogencus
wages and his approach does not require wage data for nonworkers.

2Because of the assumptions about functional forms, any set of exogenous
variables, including those that enter the utility function in their owm righr,
serve to identify the effect of fixed costs on hours of work. Thus, as z
consequence of his functional form, Hausman does not require the exclusion
restriction needed by Cogan to identify the effect of fixed costs on labor

supply.
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Section IV

lIn this section, we abstract from the very important problem thar true
taxes are not measured by published tax schedules, even schedules that care-
fully set out exemptions and deductions. If consumers spend real resources
to avoid paying taxes, such tax avoidamnce costs are properly considered as
part of the effective tax. With the exception of preliminary work of Gould
(1979), this problem has not received attention in the literature.

e
“Instruments will be available provided that variables appearing in the

wage function do not appear in the structural labor supply function. Such
variables are valid instruments.

3The procedure suggested by Hall (1973} and Resen (1976) that evaluates
the marginal tax rates and intercept terms at a standard number of hours of
work for everyone in the sample, generates inconsistent parameter estimates
because E' and E - E'H are evaluated at the wrong point.

4I-Iowever, we have no guarantee in this problem that the constraint set
will be so characterized. See Rosen (1974).

5Pellechio (1979) proposes estimating a model with kinked convex
constraints in essentially chis fashiom.
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Section IV (continued)

6
Letting g(e) denote the density function of e, these probabilities are
related by the equation

Prob (C; < H' < C)) = Prob (C, < Bte < C)

r Prob(C, < Hte < C,|e)g(e)de

—CCY

fa Prob(C,-e < H < C,-e|e)g(e)de

-

[']

Jﬁ Prob(Claeli'H % Cy-e)gle)de

—l

where the last line follows from the independence assumption of H and a.

IIt is e¢lear that one need not rigidly chain the parameters of the hours
of work function to the F fumctions to secure identification. Thus, one
could estimate the parameters of equaticn (37) by restricting the parameters
of the F and A functions to be the same, and not exploiting the theory to
generate the relationshilp between these parameters and ay, @, and aj.
However, even though the model is formally identified, it is likely that
parameter estimates obtained by this procedure would be imprecisely estimated.
Exploiting all the restrictions of the theory requires making strong assump-
tions about functional form. But if these assumptions are not made, parameter
egtimateg are likely to be imprecise.

8Notice that the arguments W, W,, and R, each depend on W.

Section V

“Generalization to more than two branches involves no mnew principle.
Constraint sets like RpS2Z are common in negative ipcome tax experiments and
in certain social programs.

2 -
The kink at S is not treated as a state of the world because there is

not a positive probability that a2 consumer will be at this point 1f the
"taste" component v follows a continuous demsity. In fact, for most
nreference functions, point $ can never be an equilibrium.

3Hausman (1979) introduces and estimates a wage equation, but, as we
discuss later in this section, his estimation procedures do mot properly
treat unobsarved components of wages.
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