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ABSTRACT

A descriptioﬁ of a system of subroutines to compute solutions
to the iteratively reweighted least squares problem is presented.
The weights are determined from the data and linear fit and are
computed as functions of the scaled residuals. . Iteratively
reweighted least squares is a part of robust statistics where
"robustness" means relative insensitivity to moderate departures
from assumptions. The software for iteratively reweighted least
squares is cast as semi-portable Fortran code whose performance
is unaffected (in the sense that performance will not be degraded)
by the computer or operating-system environment in which it is used.
An 21 start and an %, start are provided. Eight weight functions,
a numerical rank determination, convergence criterion, and a

stem-and-leaf display are included.

Key Words and Phrases: least squares, data analysis, mathematical software,
portability, linear algebra, curve fitting, robust estimation, weight functions.
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Introduction

The purpose of this paper is to describe a system of Fortran
subroutines written as modular mathematical softwaré to solve the
iteratively reweighted least squares problem. The software includes
documentation for use and flow of control as comments in the subroutines.
The specifications from whicﬁ the software was written are contained in
[12]. The collectioﬁ of subroutines uses orthogonal factorizations by
Househglder transformations or the singular value decomposition from
EISPACK II [ 7] to compute the %, start and iterations for reweighted

least squares. CL1l [ 2] computes the 21 start, an overdetermined solution

in the 21 norm.

The computational tools that we provide include an interactive driver,

eight weight functions, John Tukey's stem-and-leaf display [15, 9] the diagonal
of the "hat" matrix [10] which is the projection matrix P, effectively computed
as UZZ+UT from the singular value decomposition [7] or QQT from QR,

the Householder transformations. Optionally, the %y condition of tﬁe

matrix, the weights, residuals, and the convergence criterion can be

displayed. Two forms of equilibration are alsc provided [15].

The usual statistics information to display the number of observations,
number of variables, maximum diagonal element of the "hat" matrix, condition
number of the weighted data matrix, the maximum absolute value of the
residuals, and the minimum weight is optionally évailable. There is an
option to provide the (weighted) sum of squared residuals, and the sum of

absolute residuals. Also available is the (weighted) R-squared statistic,

the (weighted) standard error, and the (weighted) F statistic.



| The software is presented in the form of a basis tape suitable for use
by the Fortran converter [ 1] from IMSL to produce target Fortran code
for CDC, Burroughs, Honeywell, PDP-10, and Univac machines. The source
code is long precision IBM code acceptable to the Fortran converter,
The PFORT verifier [14] was used to check the software,

We do not discuss the theoretical propérties of iteratively
reweighted least squéres or the tuning constants for the weight functions
in this paper. Rather we refer the reader to Holland and Welsch [11]
for such information,

The organization of this paper is as follows, Section 1 defines
the iteratively reweighted least séuares problem, Section 2 describes
the selection of rank for the data matrix and the re-weighted data matrix.
Section 3 gives some numerical results, The weight functions are listed
in Table 1 of Section 1, The subroutines for the computation are listed
in Table 2 of Section 3. A copy of the subroutine to compute one of the

weight functions, i.e., the Biweight weight function, is listed at the

end of Section 3.




Section 1

The method of least squares has been the primary technique for
fitting‘models'to data for many years and is versatile and numerically
stable when computationally stable methods are used [13], Despite its
central role in the past, much work has been done by statisticians
to improve least squares in the sense of getting more information
about the data than is available from just the least squares solution or
from the matrix factorizations that are used to obtain it.

The area of work that our software addresses is robust regression
which is aimed at analyzing and improving the behavior of least squares
estimation when the disturbances are not well-behaved, We focus our
attention on one of the computational procedurés for robust linear
regression, iteratively reweighted least squares.

Consider the model b = Ax + r where b 1is an mxl vector of obse:vations,
A 1is an mxn data or design matrix, x is an nxl vector of parameters,
and r is an mxl vector, The notation b = Ax + r corresponds to the
statistical notation y = X8 + € where y is nxl, X is nxp, B is pxi,
and € is nxl1,

The ordinary least squares problem is m%n igi ((ri(x))/s)2 where
r 1is a vector of residuals b - Ax, and s is a constant or fixed scale.

' The weighted least squares problem is m%n igi W, ((ri(x))/s)2 which

is solved by using ordinary least squares with wl/QA and Wl/zb where W
is a diagonal matrix of weights that are functions of scaled residuals,

The iteratively reweighted least squares problem assumes a start



x(O), which can be obtained from 22, ordinary. least squares, least

absolute residuals, that is to say, the overdetermined solution in
the ll norm, previous iterations of iteratively reweighted least

~€0)
squares, or a start specified by the user, Given x , the problem

is iterated to obtain the least squares solution, ;(k+l) = (W(k+l)}/2A + (W(k+l)%/2b
where the diagonal matrix W is computed as a function of scaled residuals. -
The residual scaling function we use is the maximm absolute deviation,
1,e,, the median of the absolute values of the non-zero residuals: The
modularity of the software makes readily possible the inclusion of
additional residual scaling functions such as the inner-quartile-range
of the residuals. The software to compute the weights includes the
eight weight functions listed in Table 1,
To test convergence of iteratively reweighted least squares we use
the convergence criterion suggested by John Dennis [4 ], After the K th
iteration, we com@ute a scalenindependent measure of the gradieht,

ATr, where r 1is the residuals b ~ Ax, which is

1/2 T 1/2 1/2 ' +1 1/2 X
(w(k‘i'l)) Aj (W(k+l)) I‘(k)) I I (w(k-i'l)) Aj ‘ ‘2 ‘ ‘(W(k ) I‘( )l |2

where ||+|| is the Euclidean norm,
The problem of iteratively reweighted least squares is a problem
in optimization in the sense that one is minimizing a function of scaled

residuals,



Table 1

Weight functions (where u = scaled residual), range and default tuning constants.

Name wu) Range Tuning Constant
ANDREWS wy(u) = sin(u/A)/ (u/A) lul < A A= 1.339
0 _ lu| > mA
2.2
BIWEIGHT wa(w) = [1 - (uB)*] lu] < B B = 4.685
0 _ |u] > B
CAUCHY wolw) = 1/(1+ (We)?y C = 2.385
FATR o wpw) = 1/(1+ |w/F|) F = 1.400
HUBER wow) = 1 lu|] < H H = 1.345
| H/ |u] lul > H
LOGISTIC wL(u) = (tanh(u/L)Y(u/L) L = 1.205
TALWAR wT(u) = 1 Iul <T T = 2.795
0 lu] > T

2
WELSCH W) = e~ (WR) R = 2.985



Section 2

Starting points for the iterations include £2, ordinary least squares
and 21, the overdetermined solution in the %1 norm [2 ] which corresponds
to least-absolute-residuals regression, The 22 start and iterations subsequent
to the 21, 22, or user-supplied start are computed by orthogonal fractorizations,
i.e,, Householder transformations or a.combination of Householder
transformations and the singular value decomposition. |

The way in which we decide to use the QR (Householder transformations)
or a combination of QR and MINFIT [ 7] (least-squares solution by singular
value decomposition) needs some explanation, Frequeﬁtly the data matrix, A,
in the statistical model b = Ax +r %as some variables (columns) that are
close in the numerical sense to being linear combinations of other colums
of A. Since such a situatior. may occur the numerical rank [ 8] of A must
be determined before proceeding with the least~-squares computation, The
numerical rank should be determined by the user, and the determination of
rank should be made with respect to the certainty of the data. Since the
rank must be determined at every iteration (reweighting may down-weight rows, i.e.,
obSérvations, to the extent that the effective deletion of observations creates
rank degeneracy) it is necessary to estimate the condition of the weighted A
as inexpensively as possible. For the 22 start and for all iterations after any
start we default to a QR factorization with column pivoting. Unless A is
exactly singular the completion of the QR factorization of A provides
the upper triangular factor R whose condition is that of A. The condition
estimate using R [ 3] is only O(nz) operations, gives a reliable measure of the
ill-conditioning of A, and is used to determine whether QR is computationally
sufficient or whether the computationally more expensive singular value

decomposition, MINFIT, is necessary,




We Strongiy believe that the user should determine the rank of his
data or design mafrix by inspecting the singular values of A (which are
the same as those of R). However we provide a conservative default
determination of rank associated with the condition of the matrix at each
iteration relative to the square—roét of the precision of the computing machine
that is used. Expliéitly, the condition estimate of R as obtained by [3 ]
is an estimate of the largest and smallest singular values, O ax and O in’

: 1/2 . . . .
of A. If the ratio (Gminlomax) < g where € 1s the relative precision

of the arithmetic of the computing machine, the computation is continued
by using the singular value decomposition. When the singular value
decormposition is used the nutber, k, of singular values

such that 0, 20,2 .. .0

1l 2 k
determined from the certainty of the data or from the square root of the

>0, Opgp =+ v » Oy = 0, is

Precision of the computing machine, whichever is larger.



Section 3

The software to compute the solutions to the iteratively reweighted
least squares problem consists of 17,500 lines of code, comments, and
documentation for use. The 17,500 lines includes all of the software
that is required for the interactive driver and its options for use plus
a seléction of test matrices, The software includes "help" commands
to give on-line information to users. The interactive driver is designed
to dperate effectively on any computer system that permits the transmission
of four characters to and from a terminal. The subroutines, however,
can also be used in a batch envirohment. With the exception of CLl, all
of the software is designed to be processed by the Fortran converter.

We have included a selection of test matrices including those from
[5]. We chose this particular collection of matrices because of the
widespread use of [ 5] as a reference and text. The matrices are cast
in integer form and then assigned as floating point numbers to i.nsure‘
that there is uniform input to a variety of computing machines.

The name and a brief description of the subroutines that are needed
for all options of the iteratively reweighted least squares problem are
listed in Table 2 of this section.

Selected results from one of the weight functions, Biweight, and
the terminal session used to compute the results applied to [ ‘6 ] follows

Table 2.



The data matrix given in [ 6 ] is

.499
.558
. 604
L4l
.550
.528
418
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406
467
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and has singular values 31.6, .109, and .395.

o
- |
L

!
L
I

11.14
12.74
13.13
11.51
12.38
12.60
11.13
11.70
11.02
11.41




NAME
AKX X

ERO1
EQO2
EQO3
EQO4
EQOS
EUNORM
GETXL1
HMATSV
HMATQAR
IERRIQ
IFLOOR
IRLSAR
IRLSSV
MATIOL
MINFIT

. MINSOL

MSG1
FERMUT
QR1
QR150L
RESTOR
RESIDL
SCLMAL
SLIOEFY
SLLEAF
SLIFRMT
SLSCAL
GLSORT
SHAL
STARTO
START1
START2
START3
SuraXx
SVHIN
UNIFO1
WANDRY
WERIWGT
WCAUCH
WELSCH
WFAIR
WGRAD1
WGRATE?
WHURER
WLOGIS
WTALWER
HUSER

-10 -

Table 2

DESCRIPTION
KKK KKK 5Ok

MODIFIED ROW-INF-EQRUILIRRATION

COLUMN (MAX. ELEMENT) EQUILIBRATION

ROW (MAX. ELEMENT) EQUILIRRATION .
COLUMN (SOGRT. SUM OF SQUARES) EQUILIEKRATION
ROW (SQRT. SUM OF SQUARES) EQUILIEBRATION
EUCLIDIAN (SQRT. GUM OF SQUARES) NORM

GET THE L1 START VECTOR '

FORMS DIAG OF H-MAT=UXSIGMAXSICHA-FSEUNO-INVXU-TRANS

FORHS DIAG OF H-MAT=QXQ-TRANS

WRITES IERR FARAMETER ON DSET

INTEGER FUNCTION FINDS FLOOR(REAL) $%
SUBROUTINE TO DO ONE I R L S ITERATION (QRSOL)
SUBRQUTIME TO IO ONE I R L S ITERATION (MINSOL)
WRITES MATRIX ON DISET, OPTIONAL HEADING
SINGULAIR VALUE NECUNFOSITION A=U%SIGMAXV-TR(:HSF
SOLVES AX=R GIVEN OUTFUT FROM HINFIT

WRITES VARIABLE~LENGTH MESSAGE ON DSET

MATRIX COLUMN FERHUTATION

QR DECOIfFOSITION, Q@ ORTHOGONAL TRANSFORMATIONS
SC.VES aX=E USING GR1

RESTORE {{ATRIX WEIGHTS

COMPUTES RESIDUAL E-AY

SCALE RESINUALS BY SCALING FACTOR

DOES STEM AND LEAF DIISFLAY (CALLS OTHERS) 44
DETERMINES STEMS ANIl LEAVES $4

FRINTS STEN AND LEAF RTSFLAY $4%

DETERMINES SCALE FaCTOR AND UNIT FOR DISPLAY $%
SHELL SORT IN INCRIASING ORDER 4%

DETERMIHESG MAD SCALING FACTOR

USER START FOR T R L S

L1 START (FROM CL1) FOR I R L S

L2 START (FRGH MINSOL) FOR I R L S

L2 START (FROIt GR1) FTCR I R L S

ESTIMATES LARGEST $.V. OF UFFER TRIANGULAR MATRIX
ESTIMATES SHALLEST S.V. OF UFFER TRIANGULAR HATRIX
UNIFORM (Or1) RANDOM WUMBER GENERATOR FUNCTION
ANDREWS WEIGHTING ITUNCTION $

GFIWEIGHT (EISQUARE) WEIGHTING FUNCTION $

CAUCHY WEIGHTING FUNCTION $

WELSCH WEIGHTING FUNCTION $

FAIR WEIGHTING FUNCTION $

COMPUTES GRANIENT

COHFUTES SCALE INDEPENDANT MEASUKE OF GRADIENT
HUBER WEIGHTING FURCTION ¢

LOGISTIC VEIGHTIMG FUNCTION %

TALUAR (ZERD=-ONE) WELGHTING FUNCTION $
USER-DEF1ilill WEIGHYING FUNCTION %

$ — WEIGHTING FUNCTIONS USED IN WEIGHTED LEAST SQUARES

3¢t - "ART

OF GTEM AND LEAF

HEA00370

. HEAQ0380

HEA0O0390
HEAOQ400
HEA0O041:0
HEAO0420
HEAQ0430
HEA00 440
HEAQO0450
HEA00440
HEA0Q0470
HEA00480
HEAQ0490
HEAOO0S00
HEAO0S510
HEADO0S520
HEA0QS30
HEA0O0540
HEA00SS

HEAQOS 40
HEA0O0570
HEA00S80
HEAOOS 0
HEAOU&0O0
HEAOO0&10
HEAQOGR0
HEAGO A0
HEA0Q6 40
HEAQOS6S5G
HEA00&40
HEADQ&L70
HEA0Q 4830
HEAQO0690
HEA00700
HEA00710
HEA00720
HEAGO7Z0
HEN0Q740
HEAGO750
HEAGO740
HEAQO7 70
HEAOG780
HE&GO0790
HEAQOOROO
HEAO0S10
HEA00820
HEAQOB30
HEAQOB40
HEAOCBS0
HEAOOB6&0
HEAQOH70
HEAQGOBRO
HEAODDPO
HEA0Q?00Q
HEAQOT10
HEA0O920
HEAOO0930
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Table 2 con't.

NAME BESCRIFPTION ’ HEA0Q370
Rk dok XK AR AIOORK KK , HEA0Q380
' HEA00370

CL1 DOES AN L1 START HEA0040C0
HELF1 FRINTS HELFP FOR I R L S HEA00410
IRHELP I R L S HELP COMHAND HEA00420
IRLEDR INTERACTIVE DRIVER FOR I R L § HEA00Q42Z¢
IROFPN GCTS IL1 OFTION FOR I R L S HEAQO0440
IROPNN GETS I2 OFTION FOR I R L S ' HEAQO0430
IROHFR GETS REAL OFTION FOR I R L S HEA00440
IRPRNT I R L S PRINT COriMAND HEA00470
IRFROP I R L S OPTIONS COMMAND HEA004£0
IRSTAT I R L S STATISTICS COMMAND HEAQ0490
IRSTLF I R L S STEMELEAF COMMAND HEAQOQL 0%
MATOA GETS DATA MATRIX FOR I R L S HEAQOQT 10
MATOR GETS RHS VECTOR FOR I R L S HEAQ032Y
MATO1 A(Ird) = J % SART(R) HEAQOQ T30
MATO2 S AlI»d) = 0 /D HEAQCS A
MATO3 AlLrd) = (I % 0y / I HEAQOSSu
MATO4 ACIsd) =1 / ¢ 1 4+ ABS(J-IY ) HEAQO0S4 0
MATOS TLONGLEY DATH HEAQGOSZG
MAYO04 TLONGLEY RHS - HEAQ003ED
MATO7 SLOMGLEY DATA : HEAGOTTO
MATOB LONGLEY RHS HEAQQ&QG
MATO® LONGLEY DaTA HEAQCAH IO
MATLO UFFER TRIGNGULAD ACN) MATRITY HEAOQL 20
MAT11 BAUER FHS HEAQOQAHD
MAT12 BAUFRTI DATA HEADO064 D)
MAY13 RAUER DATE HEAGOA/TD
MAT14 IDENTVITY HGTRIXs COHSTAMNT ROUS OR COLS APFENLED HEAOQ 560
MAT1S (I-2/0HE2ET) % SIGHA % (I-2/NXEXET) MATRIX HEA0DQ&70
OTHER MATXX ROUTINES (HATLO - MATA7) INCLUDE DRAFPERASHLITH FROBLEHSHEAOGOLO
HEAQQ L2

P st LHEA00TON
Ittt IHEAGOTLO
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Sample Terminal Session with some Numerical Results

load irlsdr (start

EXECUTION BEGINS... :
I R L S ENVIRONMENT INITIALIZED
FOR LISTING OF COMMANDS TYFE HELF
SPECIAL OFTION NUMRBERS?

? (I1) OR 929 (I2) PRINTS HELP

8 (I1) OR 98 (I2) KEEPS OLD OFTION
TYPE OPTIONS ON A NEW LINE
IRLS COMMAND (A4):
LrihmatltconvEldiugtE0lErrcotlfrrcof2trreotItctartl
OFTION NUMRER? (I1)$ (% GETS HMELF)
IRLS COMMAND (A4):!
OPTION NUMEER? (I1):
IRLS COMMANLD (A4)¢
OPTION NUMERER? (I2)!
IRLS COMMAND (A4):

(9 GETS HELF)

(9% GETS HELF)

OFTION NUMRER? (I1)! (9 GETS HELF)
IRLS COMMANDI (A4)!

OPTION NUMRER? ¢ILl): (9 GEZTS HLELF)
IRLS COMIMAND (A4 ¢
COFTION NUMEERT (I1)¢ (9 GETS HILF)

IRLS COMMANQ (A4) 2

OFTION NUMEERT (I1)¢ (9 GETS HELM)
IERY = 1 QUTHUT FROM L1 START
IRLS COMMANT (A4) ¢
“riter

% ITERATION 1 nees

IRLS CUOMMHARD (A1) ¢

HPpreofQfrrin

OF TION NUMRER?T (IL)!: (9 GETS ML)

IRLS COMHANTT (A433
AFTER ITERATION 1 X =

0899288670401 0.93192230401 ~G . L7165277400
FREVIOUS X =
0.90G8370404C 1

0.210918540L ~0, 17040520700

RESIDUAL(CT) WOIADCLY HOXAG(T)

I

1 Q. 327819004+ 0D
2 0.747512:i0-01
0.18342321--01
=0.64932L5N-01
5 ~0.22787951400
& 0.385%94080+00
7 0.78377150-01%
8 0.342534880-01
9 0.45877340--01
10 -0.,9082647415-01

o Gl

GRADMHY
Q0 2O392GUHIGO
IRLS COHHAME (fh4))

SrelarGpil

OFTION ety Ity

(CUNVERBENSE

) TR TRAZLH2DHO0
010000000401
G 9078936y 00
O ORB2QE7LHGD
G BUBAZRQIEGO
Qe 29371BIT1+00
0. 100GOOONL 0]
G IR0GH00NLO
0870275215 Q0

LEVELY =

(¢ GETS KELE)

STEN-£NI-LTAF DISKLAY, N =

018920281400
0 254GG0I00
Qe 446154690400
Q4807520100
0.231020312300
0¢i4144270400
0.23073L711+090
0.21117300400
032105700400
024367250400

0. 299 ALUTZN+C0 0LELYROTAN00

16
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i LO I ~-0.5978

( UNIT 0.1000D-01 )

-2

-1,
-1
-0,
-0
o
0.

S WHSBENNN
et
0
o

i HI I 0.385%

IERR = 0 FOR RLESINDUALS

IRLS COMMAND (A4):

>siem#:2

OFPTIOK NUMBERT (Il)Y: (9 GETS HELFP)

W-HATRIX
STEM-AND-LIELT DISFLAY, N = 10
1 woi 0.5547

¢ UMIT = 0.10000--01 )

2 F18g

2 S I

2 . I

2 ? 1

3 TI2

3 F1I

4 617

3 9. I g%7¢
3 10 1 090

IERR = 0 FOR DIAGORAL ELEHENTS OF W-HATRIN

IRLLS COMMINI (A4
stomid
QFTION RUMBERT (Ii)$¢ (92 GLTS H&IL.F)

STEI-AMI-LEAN DISCLAYr N = 10

C UNIT = 0.1000H-01 )




2 i. 18
S 2 I 1324
S 2., I 98
3 3 I 2
2 I, I
2 4 1 4
1 HI I 0.6808
IERR = 0 FOR NIAGONAL CLENENTS OF
IRLS COMMANLI (44018
"rsterE0V2iter
OFTION NUMSTZRT (I12)¢ (99 GETS HELF)
IRLS COMMaD (na):e
XX ITERATION 2 b6
¥% ITERATION 3 DoLE
X%x ITERATIGHN 4 DONE
¥k ITERATION 5 DONE
*% ITERATION & DOME
X% ITERATION 7 DONE
XX JTERATTION 8 IONE
¥ ITERATION ? LONE
XK ITERATION 10 NONE
AFTER TITERATIONM 10 X =
0.924838070401  0.8946740QL401 ~0.20
FREVIQUE X ==
0.94303020401 Qe EROFVLIPL401 ~0,20Y

I REZIDUAILLCT) WINEAG (I
1 =G 33705301400 Q. A77266TT400
2 0.816G1790-01 0. 99257340400
3 0.,32597820~-G1 0,99024200409
4 =0.,29142400~01  0.98209250100
S ~0.22714280400  0,94248430400
6 0.414620%00+00 0, 80707280000
7 0.R7052100-01  Q.PL0TEEALLCO
8 0.4629466150~01 0.994574646040¢
?  0.53TET7AHL-01 0.9R6005114H0G
10 =0.46230GLIU-01  0.9F063441{00
CROADIERT (CONVERGENCE LEUEL) =
=0.80106B88U-03 -0.78V30CLD- 03 ~0. 102

- 14 -

H-MATRIX

GEIF7N400

0545400
HOTAG(I)
26011240400
0,252989704+00
0.4446146201400
0 AGP720204C0
0.237702704C9
0, 11¥985iD04+G0
0+27:20100GD1CO
Q. 12T271L41HCO
0.31971781400

o
0.23564 ind oD

6208002
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IRLS COMMAND (A4)¢
>maxi#20&sterfiOfiter

OPTION NUMBER?T (I2): (99 GETS HELP)
IRLS COMMAND (A4)¢ '
OPTION NUMEER? (I2)¢
IRLS_COMMAND (A4):

(99 GETS HELF)

GRADIENT (CONVERGLMNCE LEVIIL)
=0.426257911-05

IRLS COIRIAND (na4)
restemtl

~0.38069870~0G3

*xx ITERATION 11 DONE

%% ITERATION 12 DONE

*x ITERATION 13 DONE

%% ITERATION 14 DONE

%% ITERATION 15 DONE

k% ITERATION 16 DIONE

%% ITERATION 17 DONE

%% ITERATION 18 DONE

k% ITERATION 19 [ONE

%% ITERATION 20 DONE

AFTER ITERATION 20 X =

0.94884810+01 0,89641200401 -0,20585%70+00

PREVIOUS X =

. 0.9482445D0401 0.89641310401 ~0.20585840400
I RESIDUAL(L) WDIAG(I) MDIAG(I)
1 -0.53653330400 0.67910810400 0.,26079700400
2 0.81692170-01 0.992546090400 0.25301000400
3 0.3875649D-01 0,9982257L4+00 0.446152004+00
4 -0,9950583B-01 0.983763004+400 0,659446800400
S -0.22718080+00 0.94246350400 €.23771400400
6 0.41647550400 0.80665220400 0.119515I04+00
7 0.97216470-01 0.98%4£490+00 0,27194960400
8 0.70255L0T-01  0.99445601400 0.1556213M+00
9 0.53613957-01  0,99479580400 0.31973420400
10 -0.62025400~01  0,99571140400  0,23573450+00

=0.4946032561-05

OFTION HUMEERT (I1): (92 GETS HELP)

STEM-AND-I.TAF DISPILLAYs N = 10

1 LO I -0.,3363
¢ UNRIT = 0.1000L-01

2 -2 12
2 -1. I
2 -1 I
4 -0. I 94
4 -0 I
S 0 I3
S 0. I G789
1 v HI I 0.4167



IERR =

- 16 =

0 FOR RESIDUALS

IRLS COMMAND (A4)2

I>stemE2

OPTION NUMRER? (Ii): (9 GETS HELF)

;8]

AN W

IEIN =

IRLS CG
“rstaemnd
OPTION

N N

N

JERR =
IRLS CC
»sleetd
OFTIONM
IRILS CO
OFrTTON
IRL.S CO
BPTION

STEM-AND-LEAF DISFLAY» N = io0

LO I 0.6791 0.8047 -

¢ URIT 0.+1000D~-02 )

38 ]

?4
?5
?6
97
98
?9

89
245483

-

0 FOR NIAGONAL ELEMENTS OF W-HATRIX

SN (s

NUMBRERT (I1)3 (% GETS HELF?Y

H-MATRIX

STEM- (NI-LLEAF DRISFLAYy N = 10

C UNIT 0, 100CL~-0L )

1 I

1. 179

2 13 33

2, I ©é47

3 11

HI I 0.4062 0.6595

O FO LLAGONAL ELEMENTS OF H-MATRIX
MEANT (a4 e

lérreofQdiatard3

MUMGERY (1233 (29 GETS RELF)Y

FHAr (ha)

MUMBERT (T1)¢ (9 GETES REL)

MEAWT (A4

NUMBLRT (111 (9 BIITS HELP™)




IERR =
IRLS COMMAND (A4):@
«Piter

%% ITERATION
IRLS COMMAND (A4):¢
>prcof0¥prin

OFTION NUMRER? (I1):
IRLS COMMAND (A41):
AFTER ITERATION 1

0.9807929D+01
FPREVIOUS X =
010301520402 _

1 DONE

(? GETS HELF)

X =

I RESIDUAL(I) WDIAG(I)
1 -0.498793921400 0.72681220+4+00
2 0.05843440-01 0.99346830+00
3 0.515854410~-01 0.997438704+00
4 -0,12292300400 0.96119010400
S «0.22707300:00 0.9134825114-00
6 0.435144514+00 0.71983970+00
7 0.1072354D4+00 0.97755590400
8 0.9087973D-01 0.9309222011400
@ 0.364858040--01 0.9939478N4-00
10 -0.40460670~C1 0.99989000L+00

GRADIENT (CONVERSERCE LEVEL)Y =

0.38612520-01  0,255491301-01

IRLS COMMAND (&40

cvetentl
OFTION NUMEERT (T1): (9 GETS HELM)

STCH-OKRD-LEAF

1 Lo

¢ UNIY

RN>DBHLINR
|
(o]

-

HI

IERD =
IRLG COMEAND
2etemi?

O Y TG NUMBERT (X1

0 FOR
(A4

W--FaTie

I -0.4988

[H

0.,100011-01

r

8]

ounee

Pt P e

I 0.4351

RESILUALS

(? CGFTS HELE)

X

BISFLAY, N =

-17 -

0 FROM QR START AND RANK TEST

0.8728491D+01 -0.2274461D+400

0,8494711D401_=0.2663214D+00

RBIAG(I)

+ 296924450160
0.260924520+00
0.4560911D400
0.64194580400
0.2301443D+00
0.2643418D-01
0.2678986D+00
0.1892309D+4+00
0.32456710+00
0.23579630+00

0,62805230-01

10

)
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STEM-AND-LEAF DISFLAY» N = 10

2 Lo I 0.7198 0.7268
¢ UNIT = 0.10000-02 )

3 21 I 3

3 ?2 I

3 93 I

3 ?4 I

3 3 1

4 26 I 1

] 7 I 7

S 98 I 0

4 99 I 3379

IERR = 0 FOR DIAGRIGL ELEHMENTS OF W-MATRIY
IRLS COMMAHD (A4)¢

“ostemnid

OFTION NURNER? (I13!t (9 GETS HFLM)

H=-MATRIX

STEM-AND-LEAF DISFLAYy N = 10

( UNIT = 0.40000-01 )

1 0. I 9

1 1 I

2 i. 128

4 2 1 33
3 2e 1 669
3 3 I2

2 3.1

2 4 I

o 40 l 5

1 HI I 0.4419%




0.8800945D401 O,

PREVIOUS X =

0.8827831D0401 0.94014071401
I RESIDGAL (I) WOIAGCT)
1 -0,617977904+00 0.,474838704+00
2 0.,80680591-01 0,9909421i1460
3 2165610N-01  0,99929750+00
4 ~0,471871111-01 0.,9954559D400
5 -0.21964751400 0, 9TE11720400
6 0.3803538D1!G0 0,798100504 60
7 0.,722067 11~ 01 0,9925L3100400
B 0.267557401-01  0.,99007350400
9 0,43830870-01 0.9772916D+00
10 -0,109370i%t00  0,96401 17D+00

YAL99Z 4N+ 01

0 FOR DIAGONAL ELEMENTS OF

. IERR =
IRLS COMMAND (A4):
>sterd0P%iter
OFTION NUMBER? (IZ): (99 GETS HELF)
IRLS COMMAND (A4):
XX ITERATION 2 NONE
XX ITERATION 3 DONE
X% ITERATION 4 DONE
XX ITERATION S5 LONE
%%k ITERATION & DONE
XX ITERATION 7 DONE
XX ITERATION 8 LDONE
X% ITERATION ? LONE
X% ITERATION 10 DIONE
AFTER ITERATION 10 X =

GRADIENT (CONVIRGENCE IEVEL) =

0.77033240-02

0.676998

3N-02
, .

0

U
.

0.

- 19 -

H-MATRIX

-0, 15707320400

-0. 15395560400

HOIAG(T)
14823040400
$ 253314610400

4525695704000
HPP0460604 00

2X42578601400

0.12867061400

o

0,222

c.

0.

28134500400
HT400
320000911403
293112000

0.71L6703C0--42
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IRLS COMMAND (A4):
>ster¥iO#fiter .
OFPTION NUMBER? (I2): (99 GETS HELP)
IRLS COMMAND (A4):
¥X ITERATION 11 DONE
XX ITERATION 12 DONE
¥X ITERATION 13 DONE
*X ITERATION 14 DONE
XX ITERATION 15 DONE
*%x ITERATION 16 DOKRE
¥k ITERATION 17 LONE
Xk ITERATION 18 DONE
¥k ITERATION 19 IIONE
XX ITERATION 20 DONE
AFTER ITERATION 20 X =
0.8720283D+01 0.947354670401 -0,1514232014+00
FREVIOUS X =
0.,872208401401 0.94742300401 -0.1351549230+00 -

I RESIDUALC(I) HDIAG(I) HOIAG(I)

1 -0.62774357D400 0.49548247D4+400 0.13638070400
2 0.800707711~01 0.99112i0D+400 0.,25307040+00
3 0.19058694L-0L 0.99949420+00 0.4525619D400
4 -0.,4129938L-01 0.99762360400 0.70294580400
5 -0.21926781400  0.9334T3350400  0.23430490+400
& 0437575800400 0.BO0442040400 0.13160200+00
7 . 0.69197901-01 0.99355L00+00 0.2827640D+00
8 0.21434300-01 0.99933690:00 0.22528730+00
¢  0.42618870-01  0.92740220400 0.3200544D400
10 -0.11510004Q0 0.981699280400 0.26082860+400

GRADIENT (CONVERCGENCE LEVEL) =

0.51997420-03 0.485613871-03 0.6202752D-03
IRLS COMMAND (a/4) 3

>stemsl

OFTION NUMBER?T (I1): (92 GEVS HILP)

STEM-AND LEAT DISULAYs N = 10

1 Lo I -0.6277

¢ UNTT 0.100001-01 )

NN BSWWNPN
|
(o]
O

1 HI I 0.3758

ICRR = Q¢ FOR RESITUALS



IRLS COMMAND (A4):
>stemd?
OPTION NUMBER? (I1):

W-MATRIX

- 21 -

(9 GETS HELP)

STEM-ANDI-LEAF DISPLAY» N = 10

2 ' Lo

¢ UNIT

23
94
25
96
97
28
99

NS Y XY XN XEREX

I
I
I
I
I
I
I

0.4548 0.8044

0.1000L-02 )

1
137799

IERR = 0 ?OR DIAGOHAL ELEMIENTS 0F W-MATRIX

IRLS COMM&MD (A4) ¢
‘ratemEd
OFTION NUHNER? (I1):

(9

GETS HELF)

STEM-AND-LEAF

¢ UNIT
2 1
2 1.
4 2
3 2.
3 3
2 3.
2 4
2 4,
1 HI

|8

L B N I B B N ]

&}

I

BiSFLAY» ¢ 10

—
[H

0.10000-01 )

> Wl
23]

NN

0.7029

IERR = 0 FOR ITAGEMAL ELEMENTS OF H-MATRIX
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In conclusion we show the listing of one subroutine - the Biweight_
weight function. The software on tape for the iteratively reweighted
least squares problem is available from the Algorithms Distribution

Service, The authors of this paper are responsible for any modifications

that subsequent use may show to be necessary.




OOOOOOO000000000000OOOOOGOOOOOO0000000000000000000000 (o]

SUBROUTINE WRIWGT(NsUsCONSTsSGUW)
XXXXKFARAMETERS $
INTEGER N
REALX8 U(N)sCONST»SQU(N)
XXkXXLOCAL VARIARLES:
INTEGER I
REALX8 OFLIM,UFETAsUL»PROD
XXk EXFUNCTIONS!
REAL%8 DABS
R RS R R R R R R R R R R R R N N R RN AR EY
R R R R R R R R R N N N S A AR Y
XRXERFURPOSE
THIS QURROUTINE PRODUCES THE SOUARE ROOTS OF THE WEIGHTS
DETERDYRED RY THE INFUT VECTOR U OF PREVIOUSLY COMFPUTED
SCALEL KCEIDUALS AND THE RYIWEIGHT (RISQUARE) WEIGHT FUNCTION. (1)
¥REKEPARGHNEITER DESCRIFTION:
ON IRkCUT?
N MUST BE SET TO THE NURECR OF ELEMENTS IN THE VIICTORS U ARD
SQU+#
U CONTAINS THE STANDMRDIZED RESIDUALS FROM A PREVIOUS LIKCAR
FITe  THAT T8y UCI) = RCI) / S WHERE RCIV IS THT I-TH
RESIDUAL FROM A LINEAR FITy R(I) = Y(I) - YFITTERCI)
ANDL § = S(R) IS A RESINUAL SCALING FINCTION (E.GC. S ChULD
BE THE OUTFUT COF THE FORTRAN SUEROUTINEG SMALY.,
CONST TR THE ‘TUNING COHSTANT’ FOR THE BEIGHT FURCTION
WU CONRST HUST kE POLITIVE (SEE APFLICATIUN
ANDD USAGE RESTRICTLIOHS) .
ON OUTFUT
SQW COMTAINS A VECTOR OF THE SQUARL ROGTS OF THE UFIGHTC

b R0 s

.
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DETERMIMED IV THE SCALED RESIDUALS AND THE UETGHTING

FURCT TG,
RAPCLTICATION AR USAGE RESTRICTIONS!
THE RUOT-HELGHTS ART HEERED FOR THE COHMUTATION OF THE

TTERATIVZLY RIEUEIGHTED LEAST SQUARES LSTTHATES USIND THE

FORTRAR SUSROUTINES MINFIT Al MINSOL. 1l THIS COMMUTATION
SQW (L) MULTIFLIES THE CORRESHOMDING ROWS OF THE X-MATRIX

ANDY THE Y-VECTOKR, (1)

THE LARCIR THE VALUE OF CORSTr THE MORE NEARLY ALL THE VALUES
OF WUy QILL EQuUal. UNTTY.

IF CONTY T8 Tanliil T RE VERY SHAILL IT IS FOSSTRLE TU FROGUCK o
YECTOR OF ROOT-VEILGHTS ALL 0F WHICH LUl OR WNEARLY EQUMI
ZERGy il THIG MILL BE USELEGS AS INFUT TO THE WEIGHIED LCAST
SQUARIS COMMHTATIONS,

IF A TURTHG COMSTAHT VoLl OF 4.40% I8 USED, UWIRER TH

THE REOSULTING ESTING TUR
EFFICTIINGY

NSSERETTON [ GAlNS Tl FREORS
WILL V2 94 FERCLET ASYRETOTIO

ve de

WRIO0010
WBIO0O020
WBIO00O30
WRIO0040
WRIOO00S50O
WEI0004O0
WEI00G70
WRIOO0B0
WEIO000%0
WRIOO0100Q
WBIOO0110
WETOO0L120
WEICQL3D
WEI0OI A0
WEI00IT

WRIVGL&EE
WRIOOLZO
WRIOOIi8V
WBIOCLSO
WEIOG20G
WBIV021D
WERIGO2:C
WRIOO2TO
HEIOOZ SO
WETO025(
WETO00240
WRIGOZ27(C
KRIOOZ2{0
WRIQC29C
WBIGOIGO
UERIQOSLO
WRIOO3:0
WRIHOTIQ
WRICOZ4E
WRIGOIES
WRIGORAQ
UBIOOZZG -
WRIOCICO
WBIGQC3?O
WEIQT¢G
WERIGOALG
WEIOQOA20
WRI004S:
GELOOA40
WLRTIOGOATC
WERIOOZ 0
WRIQOATC
WEBIQOAGS
WBIGQLP::
WRBICOSHG
WBIOOL1G
WRIQOH2C
WEIOOHM(
UEIQOD ¢

URIQOSHG
WRIOOSAG

WRIOO:N (¢
WBIOOSBG
WRIQOSYC
WRYQQ A
WRIQOSHIC
WRBIQUO2CG




c - - WEBEI004630
C  XXXX¥ALGORITHM NOTES: ‘ WEBIO0640
c THE INFUT PARAMETERS ARE CHECKED TO AVOID UNDERFLOWS AN WEIO0650
C OVERFLOUS. WEBI00640
c WEI00470
C  XXXXXREFERENCES:! , . WRIC0&80
c (1) BEATOMAWE. AND TURCYrJd.W.(1974)» TECHNOMETRICS 1é» WEIQ0690
c 147-1%2, WEIOO700
c WRBIO0O0710
C  RXXXXHISTORY: WEHIOV720
c ROSEFACK RELEASE 0.4 HARCH 1977 , WRIOUG730
Cs IF (IBHM) THEN : WBIOO740
ccC IBM 360/370 VERSION WEIO0O750
Cs ELSE IF (XEROX) THEN . WBIOO74Q
ccC . XEROX VERSION WRIOO776
Cs ELSE IF (UNIVAC) THEN : WEIOO7 8¢
cC UNIVGE VERSION WEIQGO79¢
Ce ELSE IF (HIS) THEN WKIOOGOG
cc RONEYMILL. VERSIONM WRIOGE1O
Cé ELSE IF (DEC) THisi ' WBIOOR2
cc FIF 10 VERSION WBIGQOR3O
Cs ELSE IF (CDC)Y THER WEBIOSEAO
cC COMNTROL, LATA VERSTON - WEIOGREG
C¢ ELSE IF (BGH) THERN WEIOORAO
ccC BURROWEHE VERSION WEBIOOH70
Cs ELSEy 3 CARD WLIOOEHGD
CC . kadsokdniezdk  HMACHINE VERSION  orscifoNsi WEIQOSORG
Cs$ IF (SINGLE) 1 CARLy 1 CARR WEIQC?00
cc SIREILE PRECICION DECK WEBIGO?10
cc DOURBLE PRECISYIGHN DECK WEICOTH0
. HBIOOTIC
ERFICENERAL WEIGOS<Y
G“r“TIO“F AT COMHMERTS S D B DIRECTED TO: WRIGORED
ROSEPACK STAFF HMAMAGER WEBIGS? oG
COH}UTER REGEARCH CENTER FOR ECONGMICS ARD HANAGEADNT SCIERCE  UDIQLS7G
NATIOMNAL. BUREAU OF ECDONUMIC RESEARCH WEIOOTR0
575 TECHNILOGY SQUARE WERIGOS(Q
CAMERIDIEE: MASS., 02139, WEBTQO LG
WRICLGID

DEGTIGN OF THIS FPROGRAM SUFFORTED IN FART LY UEIGI G20
NCE FOUNDATION GRANT GJ-1154X3 AND URIOLGED

N(\I"!()l”"~

THCE FOUNRLETION GRANT LCR75-035802 WEICIio4Q
T PAIIDHA' BUDEZAU OF ZC0MOHTT RESEARCHy INC. WRIDLGEO

WET 01350
WLIGLO70

D I A I R R T O O I O O 2. - T N O T N S N T S B S I O I N I B B Y T R B B R B O B N O B A B B B I . )

L I O I I T B O e S e I A A O R I A A A A I AN IR IR BRI B IR IR SRR SR I IR S S I B S ¢ tl RT("Q 0
ocoo|cccooe¢tr:cosoeoeccoc'.Aooccrcceoccecrccccrococeooocecc11((»4:],,“ Oy U
L T 2 R I B BT I I U B B A B S IR S T S S B SR N B S A ] .‘../.L./'

WiRIN1300
WEBTOIL1O
f4 OFLIM IS THE LARGIST PCISITIVE FLOATING FOINT NUSHEL HRLOLLZ0

IR EEE
L AR e

C¢ IF CLLiii) THEH WETOL1I30
cC IEM 380/2700 OFLTH = (L& 2%EZIY (L ~ L16.3%=6) §iititisiy WERICLi40
Ce CLBE IF (IENM2) THEHN URIOL1EC
ccC I 37073605 GFLTH = (Lo RNaZ3indle =~ 1aox%=14)  distissssy TOUERIGLIEQ
Cé ELGE IF (XELON) THERM WEI0L170
cc XEROKD OFLITH = (L& el il = 146,%0-6)  3ailiiiiss WLRIOl180
(03] ELEE IF (UHIU Sy O ROR WETOL1I?D
cC UiIVAOE OFLEM = (20500027301 -~ 2.085-227) ity WLIO1iR00
Cs ELSE JF (hI ) THCH v WIXTG1210
cC HORCYUELL Y OFLIM = (2000270800, ~ 2.0%%-27) 1ttt Whic

Cs ELSE LF (DEC) THIM WETO 2

ccC PR 1O OFLIM = (2oRR127)% (L, = 205%-27)  tiiiiiisi WRIO1Z40
C#% ELC I (CDU) TN WRTIGLESG
ce CORTROL Tnyae OFLLTH = (202510220 % (2 k%43 ~ 1.2 s ististy WRIod
Cx ELSIT T8 (TGHY THEAN WHTO

e BUTROLET

...
-
Pt
—
=
3
-
<
-
P
-

S DELIN = (8003058t T ~ 1) HIN
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C$  ELSEs 1 CARD :
CC  ®kkkkkkkkkx DATA STATEMENT  kokkkkkKKAXK
C$  DATA OFLIM /SINFP/
DATA OFLIM /Z7FFFFFFFFFFFFFFF/
c
c Pritiiiiil UFETA IS THE SHALLEST POSITIVE FLOATING POINT NUIBEF
c §.T. UFETA AND -UFETA CAN DOTH EE REFRESENTED.
C$  IF (IBM) THEN
cc IBM 360/370% UFETA = 16.%X-65 88318814y
C$  ELSE IF (XEKOX) THEN
GC XEROX! UFETA = 16.%k=65 $333888iss
Ly ELSE IF (UNIVAC) THEN
cc UNIVAC! UFETA = 2.%%~129 1ittississ
C$  ELSE I <1ITS) THEM
cc HONEYMELL ¢ UFETA = (2,4%-128) 3388888883
C$  ELSE IF (DEC) THiN
cc PIF 10! UFETA = 2.%%~-129 1i8isd8stt
C$  ELSE IF (CLC) THEN
cc CONTROL DATA! UFETA = 2,4%-975 1138883448
*C$  ELSE IF (BGH) THEN
ce BURROUGHS ¢ UFETA = 8. X%~51 $ti8i8site
C$  ELSEr 1 CARD
CL  RRRRNCHE DATA STATEMENT  kioks MK
Cé  DATA UFETA /SETA/
DATA UFETA /Z0010000000000000/
c
c
C RkMAEOLY OF FROGRAM!
IF (CGNSY JLE. 1.,000) FROD = OFLTH % CONST
IF (CORST .GT. 1.050) FROD = UFETA % CONST
c
DO 100 I=1/i
Ul = DARSC U(1) )
IF (U1l JLE, CON5T) GO TO 10
c PIISIINIL DADSCULT)) LGT. CONST  $88tstiis:
SAW(I) = 0.0D0
GO TO 100
10 CONTINUE
IF (CONST .GT. 1.0DC) GO T¢ 20
IF (U1 JLE. PROVY €2 TO 20
c PEIIIINOIY LTUTOION LOULT QUERFLOU  ti3siitigs
SQU(I) = 0,0L0
6O TO 160
20  CONTINUE
IF (CONST .LE. 1.000) GO TQ 30
IF (UL .GE. PROD) GO TO 30
c PIILIINY DIVISION WOULD UNTIRTLGY  f8tttsiiis
SQU(I) = 1,000
GO TO 100
30 CONTINUE :
c $EEIIIINIY FUNCTION CAN BE CORFUTED WORMALLY  $18iiellls
Ul = UcI) / COi'ST
SQUIL) = (CO.LLI + UL) 4 0.5L0) % CCOLHLO - UL) + 0.500)
100 CONTINIC
c
RETUS
> serreatey ST CAN0 OF WBIKAT  tiisidites
ENTs
Ri T=0,00/0,640 G345 105

WBI0129<
WBIO130C

- WBIO131ic

WBIO132C
WBIOLIZ3G
WBIOL3aC
WBIO136G
WRIOCiZAC
WBIOL37/0
WRIO1GC0
WRIO1370
WEIQLi400
WBIOL1410
WBIO1420
WBIQL430
WBIQiALG
HEXIQ1430
WRIOIAHD
WBI01470
WBIOL GG
WBIC14%20C
MBIOISOO
WBIOLGLY
UBIOIZIU
UBTO1GEG
LELL DY

WRIOLITD
HBIOQLGAO
ERYOLG
WRICLUl:

HBIGLDGYO
KBIGL&G:
WEGIdLAEO
WBIQLEL:
wB1016L0
WEI¢i¢
wnxOfc:“
UB 1014
UBIO?&??
WLTOLE o

WRL101
UBIot7
BRYoiwno
BLTOL?Es
Wnicir o
LDIQL7v.
IO/ 0
HBIOLY 70
Wazreiyzes
U :‘ Oa 7 ‘/ B
uw L RN RRITS
!31 (‘1 1
HHIOICQ~
UBIQLUNQ
BatQir4io
MEIQ. S0
UBI0ita0
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Errata Sheet to Working Paper #189.

Table of Contents: replace lines 2, 3, and 4 with

Section 1, Iteratively Reweighted Least Squares . . .
Section 2, Selecting the Rank of the Data Matrix. . .
Section 3, Some Numerical Results . . . . . . . .« . .

oy w

page 1, '  Introduction: paragraph 2, line 5: replace
"Optionally" with "Displaying".

paragraph 2, line 6, 7: replace "can be displayed" with
"is an option".

paragraph 3, line 1: "The usual statistical information -

the number . . . ."
paragraph 3, line 4: Insert a dash (-) between "weight"
and "is",

page 2, ' paragraph 2, line 3: replace "Rather" with "For such
information".

paragraph 2, line 4: "and the references therein".

paragraph 3, line 3: remove the hyphen.

.page 3, insert subheading: "Iteratively Reweighted Least Squares"
line 2: "...years. It is..."

page 4, ‘line 5 from top: equat.ion ‘shoud read
=2 Oe V2

line 4 from bottom: add a subscript 2, to |[-]].

Should read: Hl|2

Insert after last line: "The function that is being
minimized determines the formila for the weight function

: m
used., In general, we minimize I p(ri(x)/s) so that the
: i=1

weight function is given by a W(u) = p'(u).

page 5, line 2: Tuning Constant® (should have elavated asterisk).

line 6 from top: function is 1/(1+ |u/F|).




page 5, insert as footnote:

ES
These are default values for the tuning constants

. which are designed to have 95% asymptotic efficiency
with respect to ordinary least squares when the

- distrubances from the normal or Gaussian distribution
and a scaling function converge to the standard

 deviation of that disturbance distribution.

page 6, - : inéert'subheading: "Selecting the Rank of the Data Matrix'"

' paragraph 2, line 6: insert a comma after “occur'™.

page 8, insert subheading: '"Someé NMumerical Results"
page 28, reference Y: repiéce "private commnication, June 1976"

with "Non-linear lLeast Squares and Equations," The State

- of the Art in Numerical Analysis, Academic Press, 19377.




