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Introduction

This paper presents a new numerical method for solving general equilibrium models with many
assets. The method can be applied to models where there are heterogeneous agents, time-varying
investment opportunity sets, and incomplete markets. It also can be used to study models where
the equilibrium dynamics are non-stationary. In this paper, we illustrate how the method is used by
solving a one— and two-sector versions of a two—country general equilibrium model with production.
We check the accuracy of our method by comparing the numerical solution to the one-sector model
against its known analytic properties. We then apply the method to the two-sector model where no
analytic solution is available. A detailed analysis of this model is provided in a companion paper,
Evans and Hnatkovska (2005).

Our approach combines perturbation methods with continuous-time approximations. In so do-
ing, we contribute to the literature along several dimensions. First, relative to the finance literature,
our method delivers optimal portfolios in a discrete-time general equilibrium setting in which re-
turns are endogenously determined. It also enables us to characterize the dynamics of returns and
the stochastic investment opportunity set as functions of macroeconomic state variables.? Second,
relative to macroeconomics literature, portfolio decisions are derived without assuming complete
asset markets, separable preferences or constant returns to scale in production.?

Our solution method also relates to the literature on perturbation methods as developed and
applied in Judd and Guu (1993, 1997), Judd (1998) and further discussed in Collard and Juillard
(2001), Jin and Judd (2002), Schmitt-Grohe and Uribe (2004) among others. These methods
extend solution techniques relying on linearizations by allowing for second- and higher-order terms
in the approximations of the policy functions. Unfortunately, these methods can only be used
in applications that omit a key feature of models with portfolio choice: namely, the conditional
heteroskedasticity of the state vector that captures the time-varying nature of the investment
opportunity set. Existing methods are also unable to accommodate the non—stationary dynamics
that arise endogenously when markets are incomplete.

The paper is structured as follows. Section 1 presents the one—sector version of the model we

2 A number of approximate solution methods have been developed in partial equilibrium frameworks. Kogan and
Uppal (2000) approximate portfolio and consumption allocations around the solution for a log-investor. Berberis
(2000), Brennan, Schwartz, and Lagnado (1997) use discrete-state approximations. Brandt, Goyal, and Santa-Clara
(2001) solve for portfolio policies by applying dynamic programming to an approximated simulated model. Brandt
and Santa-Clara (2004) expand the asset space to include asset portfolios and then solve for the optimal portfolio
choice in the resulting static model.

3Solutions to portfolio problems with complete markets are developed in Heathcote and Perri (2004), Serrat
(2001), Kollmann (2005), Baxter, Jermann and King (1998), Uppal (1993). Pesenti and van Wincoop (1996), Engel
and Matsumoto (2004) analyze equilibrium portfolios in incomplete markets.



use to illustrate our solution method. Section 2 describes the method in detail. Section 3 presents
and compares the numerical solution of the model to its analytic counterpart. Section 4 presents

the two—sector version of the model and examines its equilibrium properties. Section 5 concludes.

1 The One Sector Model

This section describes the one—sector version of the model we employ to illustrate our solution
method. It is a standard international asset pricing model with portfolio choice and builds upon
Danthine and Donaldson’s (1994) formulation of an asset pricing model with production. We
consider a frictionless production world economy consisting of two symmetric countries, called
home (H) and foreign (F). Each country is populated by a continuum of identical households who
supply their labor inelastically to domestic firms producing a single good freely traded between the
two countries. Firms are perfectly competitive and issue equity that is traded on the world stock

market.

1.1 Firms

Our firms are infinitely lived. They issue equity claims to the stream of their dividends, and
households can use this equity for their saving needs. Each firm owns capital and undertakes
independent investment decisions. A representative firm in the H country starts period ¢ with the

stock of capital K; and equity liability A; = 1. Period ¢ production is
Y, = Z,K7,

with @ > 0. The output produced by firms in the F country, Y, is given by an identical production
function using foreign capital K;, and productivity Z. (Hereafter we use “” to denote foreign
variables.) The goods produced by H and F firms are identical and can be costlessly transported
between countries. Under these conditions, the law of one price must prevail to eliminate arbitrage
opportunities.

At the beginning of period ¢, each firm observes the productivity realization, produces output
and uses the proceeds to finance investment I; and to pay dividends to the shareholders. We assume
that firms allocate output to maximize the value of the firm to its shareholders every period. Let
P, denote the ex-dividend price of a share in the representative H firm at the start of period ¢, and

let Dy be the dividend per share paid at t. The value of the firm at the start of period t is P, + Dy,



and the optimization problem it faces can be summarized as

max (D; + P), (1)

subject to
Kipn = (1-0)K¢+ 1, (2)
Dy = ZK! -1, 3)

where § > 0 is the depreciation rate on physical capital. The representative firm in the F country
solves an analogous problem; that is to say they choose investment I, to maximize D, + Pt, where
P, is the ex-dividend price of a share and D, is the dividend per share paid at t.

Let z; = [In Z;, In Zt]’ denote the state of productivity in period t. We assume that z; follows an
AR(1) process:

Zt = Qzg—1 T €,

where e; is a 2 x 1 vector of i.i.d. mean zero shocks with covariance €.

1.2 Households

Each country is populated by a continuum of households who have identical preferences. The
preferences of households in the H country are defined in terms of H consumption C}, and are given
by
oo
U = By Z B'In Gy, (4)
i=0
where 0 < 8 < 1 is the discount factor. [&; denotes expectations conditioned on information at the
start of period t. Preferences for households in country F are similarly defined in terms of foreign
consumption, Cs.
Households in our economy can save by holding domestic equity shares, international bonds
and equity issued by foreign firms. The budget constraint of the representative H household can be
written as

Wi = Ry (Wi — Cy), (5)

where W; is financial wealth, and R}", ; is the (gross) return on wealth between period ¢ and ¢ + 1.

This return depends on how the household allocates wealth across the available array of financial



assets, and on the realized return on those assets. In particular,
i1 = B+ o (Riyy — Re) + o (R — Ri), (6)

where R; is the return on bonds and R}, ; and Rj, are the returns on # and F equity. The fraction
of wealth that H country households hold in H and F equity are o} and o] respectively.

The budget constraint for F households is similarly defined as
Wip1 = R (Wi = Ch),

with RY., = Ry + &} (R, — Re) + & (R, — Ry),

where &' and &; denote the shares of wealth allocated by F households into H and F country
equities.

Households in country H choose how much to consume and how much wealth to allocate into
the equity of H and F firms to maximize expected utility (4) subject to (5) and (6) given current

equity prices and the interest rate on bonds. This problem can be recursively expressed as:

Vi (W) = max , {ln C; + BE; [Vt+1 (RZ:-I (Wi — Ct))} } ) (7)

H F
{C,0f 0

with Cy > 0 and W; > 0. The optimization problem facing ¥ households is analogous.

1.3 Equilibrium

This section summarizes the conditions characterizing the equilibrium in our model. The first order

conditions for the representative H household’s problem in (7) are

1 = B [MaRY ), (8a)
1 = Ey[MyaRy, (8b)
1 = Et [Mt+1R§+1], (80)

where M1 = 8 (0U/0C4+1) / (OU/OCY) is the discounted intertemporal marginal rate of substitu-
tion (IMRS) between the consumption in period ¢ and period ¢ + 1. The returns on equity issued

by H and F firms are defined as

Riyy = (Pey1+ D) /P and Ry, = <pt+1 + ﬁt+1> /P



With these definitions, the Euler equation in (8a) can be rewritten as P, = By [My+1 (Pry1 + Diy1)] -
Using this expression to substitute for P; in the H firm’s investment problem 1)-(3) gives the
following recursive formulation:

V(K Z) = max(Dy+ P)
t
= max (Dy + fB¢ [Me1(Det1 + Pria)])
t

= max (Zthg — It + BBy [My1 V(K 41, Zt+1)]> (9)
t

where V(.) denotes the value of the firm. The first order condition associated with this optimization

problem is
1 =E [Mt+1Rf+1} ;

where RY, , = 0Zi41 (K;41)"™" + (1 — 6) is the return on capital. This condition determines the
optimal investment of H firms and thus implicitly identifies the level of dividends in period t, Dy,
via equation (3). The first order conditions for firms in country F take an analogous form.

It is worth noting that our model has equity home bias built in as firms use the IMRS of
domestic agents, (e.g. M;11 in the case of H firms) to value the dividend steam in (9). Although
the array of assets available to households is sufficient for complete risk-sharing in this version of
the model, in the two—sector version we present below markets are incomplete. As a result, the
IMRS for H and F households will differ and households in the two countries will generally prefer
different dividend streams. In principle, this formulation of how firms choose investment /dividends
can induce home bias in household equity holdings.

Solving for the equilibrium in this economy requires finding equity prices {Pt,]st}, and the
interest rate Ry, such that markets clear when households follow optimal consumption, savings
and portfolio strategies, and firms make optimal investment decisions. Under the assumption that

bonds are in zero net supply, market clearing in the bond market requires that
0=DB+ Bt- (10)

The goods market clears globally. In particular, since H and F firms produce a single good that can

be costlessly transported between countries, the market clearing condition is

Ct+ét:n—ft+ﬁ—ft:Dt+Dt. (11)



The market clearing conditions in the H and F equity markets are
1=A'+A'  and 1=A+ AL (12)

where A! denotes the number of shares of equity issued by i = {H,F} firms held by # households.
These share holdings are related to the portfolio shares by the identities, P,A} = off (W; — C}) and
P,AY = of (W, — C}). The share holdings of F households are A" and A¥ with P,AY = &' (W, — C,)
and AL = a5 (W; — C).

2 Solution Method

2.1 Overview

Our solution method extends the perturbation procedure developed by Collard and Juillard (2001),
Jin and Judd (2002), and Schmitt-Grohe and Uribe (2004). The extension is necessary to address
key features of a general equilibrium model with portfolio choice. As in a standard procedure, the
first step is to derive a set of log-linearized equations that characterize the model’s equilibrium.
The novel aspect of our method is contained in the second step where we use an iterative technique
to derive the equilibrium dynamics of the endogenous variables.

The set of linearized equations characterizing the equilibrium of the model can be written in a
general form as

0 = f(}/;f-‘rlv}/;faxt-‘rlaxtas(‘xt))’ (13)
Xt+1 = H (Xt,S (Xt)) + Ut+1,

where
EUi1]d) = 0, (14)

E (UUp]X:) = S(X).

Here A; is a vector of variables that describe the state of the economy at time ¢. In our illustrative
model, X} contains the state of productivity, capital stocks and households’ wealth. Y; is a vector
of non-predetermined variables at time ¢. It includes consumption, dividends, and asset prices.
The function F(..) denotes the log-linearized equations characterizing the equilibrium, while H (., .)
determines how past states affect the current state. Uy is a vector of shocks driving the equilibrium
dynamics of X;. This vector includes both exogenous shocks, like the productivity shocks, and

endogenous shocks like the shocks to households’ wealth. The shocks have a conditional mean of



zero and a conditional covariance equal to S (X}), a function of the current state vector A;. Thus
our formulation explicitly allows for the possibility that shocks driving the equilibrium dynamics of
the state variance are conditionally heteroskedastic. By contrast, standard perturbation methods
assume that Upyi follow an i.i.d. process. As we shall see, it is not possible to characterize the
equilibrium of a model with portfolio choice and incomplete markets in this way. Conditional
heteroskedasticity arises as an inherent feature of the model, and must be accounted for in any
solution technique.

Given our formulation in (13) and (14), a solution to the model is characterized by a decision

rule for the non-predetermined variables

Yir1 =G (Xq1, S (X)), (15)

that satisfies the equilibrium conditions in (13):
0=F (g (H (Xta S (Xt)) + Ut+17 S (Xt)) ) g (Xt7 S (Xt)) 7H (Xt7 S (Xt)) + Ut+17 Xt7 S (Xt)) .

The iterative procedure we describe below allows us to approximate the G(.), H(.) and S (.) func-

tions.

2.2 Log-Linearizations

To understand why our formulation in (13) and (14) allows for conditional heteroskedasticy in the
dynamics of the state vector, we return to the model. In particular, let us focus on the log-linearized
equations arising from the households’ first order conditions and budget constraint. Hereafter we
use lowercase letters to denote log transformation of the corresponding variable, measured as a
deviation from its steady state level or initial value.

Following Campbell, Chan and Viceira (2003), hereafter CCV, we use a first-order log-linear

approximation to households’ budget constraints. In the case of H households it is given by

Awt+1 = In (]. — Ct/Wt) + 7“2V+17

= k=i (c—we) + iy, (16)

where p is the steady state consumption wealth ratio and x = In(1 — p). In our model, households
have log preferences so the optimal consumption/wealth ratio is a constant equal to 1 — . In this

case ¢; —wy = 0 and k = InfB. 7' is the log return on optimally invested wealth which CCV



approximate as

T =T+ ogery + %O‘Q (diag (©1) — Oraxt) (a7)

where oy = [ off «f | is the vector of portfolio shares, ery,; = [ rily —r; 1}, —ry ] is a vector
of excess equity returns, and ©; is the conditional covariance of er;11. The approximation error as-
sociated with this expression disappears in the limit where returns follow continuous—time diffusion
processes.
Next, we turn to the first-order conditions in (8). Using the standard log-normal approximation,
we obtain
Eeryq — i+ 3 Ve (rf1) = —CVi(mua,my), (18a)

Ty = —Ethl—%Vt(th), (18b)

where 7, ; is the log return for equity x = {H,F}, and m;11 = In My is the log IMRS. V; (.) and
CV¢(.,.) denote the variance and covariance conditioned on period—t information. With log utility

mir1 = Inf — Acip1 = In 8 — Awyyq, so (18a) can be rewritten as
Eierii1 = Oy — %diag (0). (19)
Combining this expression with (16) and (17) gives
Awii1 =K — 1—;’i (ct — wy) + 11 + 31Oy + ) (eryy1 — Breryyn) . (20)

Equation (20) provides us with a log-linear version of the H household’s budget constraint.
It shows that the growth in household wealth between ¢t and ¢t + 1 depends upon the consump-
tion/wealth ratio in period ¢ (a constant in the case of log utility), the period-¢ risk free rate,
r¢, portfolio shares, oy, the variance-covariance matrix of excess returns, ©;, and the unexpected
return on assets held between ¢ and t + 1, o (ery41 — Ereryy1) . Notice that the susceptibility of
wealth in ¢ + 1 to unexpected returns depends on the period-t portfolio choices. Consequently,
the volatility of wealth depends endogenously on the portfolio choices made by households and
the equilibrium behavior of returns. In an equilibrium where returns have an i.i.d. distribution,
oy will be constant, and wealth will be conditionally homoskedastic. Of course in a general equi-
librium setting the properties of returns are themselves determined endogenously, so there is no
guarantee that optimally chosen portfolio shares or the second moments of returns will be con-
stant. Indeed, in general we should expect the equilibrium process for wealth to display conditional

heteroskedasticity. It is worth emphasizing that heteroskedasticity does not arise because we are



dealing with a log-linearized version of the household’s budget constraint. It is an inherent feature
of the household’s budget constraint because portfolio choices affect the susceptibility of future
wealth to the unexpected returns on individual assets (see equations 5 and 6 above). The log-linear
approximation in (20) simply illustrates the point in a particularly clear way.

Standard perturbation methods can still be used to solve models where the equilibrium dynamics
of the wealth are conditionally heteroskedastic. If the equilibrium dynamics of the model can be
described in terms of the state variable &; that excludes wealth, it may be possible to retain the
i.i.d. assumption on the U; shocks. This is possible in models with portfolio choice when the
array of assets allows for perfect risk-sharing among agents, so that markets are complete. When
markets are incomplete, by contrast, it is not possible to characterize the equilibrium dynamics
of the economy without including household wealth in the state vector X;. As a consequence, in
this setting it is necessary to allow for conditional heteroskedasticity in the dynamics of the state
variable as our formulation in (13) and (14) does.

Equation (19) implicitly identifies the optimal choice of the H households’ portfolio shares, ay.
This equation was derived from the household’s first-order conditions under the assumption that the
joint conditional distribution of log returns is approximately normal. Notice that the approximation
method does not require an assumption about the portfolio shares chosen in the steady state. By
contrast, standard perturbation methods consider Taylor series approximations to the model’s
equilibrium conditions with respect to decision variables around the value they take in the non-
stochastic steady state. As Judd and Guu (2000) point out, this method is inapplicable when the
steady-state value of the decision variable is indeterminate. This is an important observation when
solving a model involving portfolio choice. In the non-stochastic steady state, assets are perfect
substitutes in household portfolios because returns are identical, so the optimal choice of portfolio
is indeterminate.

While the steady state portfolio shares are absent from equation (19), the problem of indetermi-
nacy still arises in our model. In particular, we have to take a stand on the steady state distribution
of asset holdings when log-linearizing the market clearing conditions: Consider, for example, the
market clearing condition for H equity in (12). Combining this condition with the portfolio share
definitions, and the fact that the consumption/wealth ratio for all households is equal to 1 — 3, we

obtain

~

i
tWt'

Py

WZO&?—F@

We consider a second-order Taylor series approximation to this expression around the steady state

values for P,/SW,; and W, /W¢. To pin down these values, we parameterize the value of 144 /W and



then work out its implications for the value of P/SW. # This is particularly simple in the case where
wealth is equally distributed (i.e. W/ W = 1). Here symmetry and market clearing in the goods
market requires that D = C' = (1 — §)W. It follows that P/SW = [(1 — )/B] (P/D) = 1 because
the Euler equation for stock returns implies that the steady state value of P/D equals 5/(1 — ().

In this case, the second-order log-approximation embedding goods market clearing becomes
L+ pe—wp + 3 (pr — wp)? = all + 6 <1+wt—wt+%(1i)t—wt)2).

Log-linear approximations implied by the other market clearing conditions are similarly obtained.
Specifically, when wealth is equally distributed, market clearing in F equity, bonds and goods imply
that

1+ﬁt—'lf)t+%(ﬁt—ﬁ)t)2 = df—l—af(l—i—wt—wt—l—%(wt—wt)Q),
peth = di+d, (21)
ct + ét = dt + dAt.

This approach to the indeterminacy problem also has another important advantage. The pres-
ence of wealth as a state variable introduces a nonstationary unit root component into the A}
process because shocks to returns will generally have permanent effects on wealth.? As we show
below, our procedure accommodates the presence of a unit root by characterizing the equilibrium
dynamics of the model in a neighborhood of the initial state, Xy. To study the equilibrium properties
of the model we must therefore specify the elements of Xy. Thus, specifying the initial distribution
of wealth not only provides a way to resolve indeterminacy concerning portfolio shares in the non-
stochastic steady state, it also allows us to analyze the equilibrium dynamics of a model that is
inherently nonstationary.

The remaining equations characterizing the model’s equilibrium are log-linearized in a standard

way. Optimal investment by H and F firms requires that

Etrfﬂ -7+ %Vt (rf+1> = CV; <rf+1, Awt+1) , (22a)

Beifo = 7o+ 3Ve (1) = CVi (7, M) (22b)

4Our approach of parametrizing the initial wealth distribution across agents is an alternative to the Judd and Guu
(2000) bifurcation procedure for dealing with portfolio indeterminacy.

SFor example, when households have log preferences the first two terms on the right in (20) are constant. Under
these circumstances, a positive unexpected return will permenantly raise wealth unless the household finds it optimal
to adjust their future portfolio shares so that o, ;©¢q;a4; falls and/or ry1; falls by a compensating amount.

10



where er and ff " 1 are the log returns on capital approximated by

i 2z — (L= 0k and 2k — (1 - 0)vki, (23)
with » =1 — f(1 — §) < 1. The dynamics of the H and F capital stock are approximated by

~ 1 ¢ 1/) I glA iA — i_ ]
kt+1 = Bkt—l— @Zt — <% —5) dy and kt+1 = 5/@5—.— ﬁ@zt <95 5) dy. (24)

Finally, we turn to the relationship between the price of equity, dividends and returns. As in
Campbell and Shiller (1989), we relate the log return on equity to log dividends and the log price
of equity by

i =+ (1= p)der —pe and 7y = phepr + (1 — p)dis1 — pr, (25)

with p = 1/(1 + exp(d — p)) and p = 1/(1 + exp(d — p)) where d — p and d — p are the average log
dividend-price ratios in the H and F countries. In the non-stochastic steady state p = p = 8. Making

this substitution, iterating forward with lim; B pi‘_w» = 0, and taking conditional expectations,

we obtain
m .
Pt = Zﬁz {(1 = B)Bedis14i — Barfyipi} s (26a)
=0
JUS Z B {(1 — B)Eedyt14i — EtTtF+1+i} - (26b)
=0

These approximations show how log equity prices are related to expected future dividends and

returns.

2.3 State Variables Dynamics

The key step in our solution procedure is deriving a general yet tractable set of equations that
describe the equilibrium dynamics of the state variables. One problem we immediately face in this
regard is the dimensionality of the state vector. As we noted above, the distribution of wealth
plays an integral role in determining equilibrium prices and returns when markets are incomplete,
so household wealth needs to be included in the state vector. In models with a continuum of
heterogenous households it is obviously impossible to track the wealth of individuals, so moments

of the wealth distribution need to be included in the state vector. The question of how many

11



moments to include is not easily answered.

Dimensionality is still a problem when heterogeneity across households is limited. In our model
there are only two types of households, so it suffices to keep track of H and F households’ wealth.
The dimensionality problem occurs under these circumstances because uncertainty enters multi-
plicatively into the dynamics of wealth. (Recall that portfolio shares determine the susceptibility
of wealth to unexpected return shocks.) If wealth is part of the state vector, A}, and both portfolio
shares and realized returns depend on A;, the level of wealth will depend on the elements in A;X].
This means that the equilibrium dynamics of wealth will in general depend on the behavior of the
levels, squares and cross-products of the individual state variables. This dependence between the
lower and higher moments of the state variables remains even after log-linearization. In equation
(20) we see that H household wealth depends on the quadratic form for portfolio shares, which are
themselves functions of the state vector, including wealth. As a result, the state vector needs to be
expanded to include squares and cross-products. Of course a similar logic applies to the equilibrium
behavior of squares and cross-products involving wealth. So by induction, a complete character-
ization of the equilibrium wealth dynamics could easily require an infinite number of elements in
X. Our solution procedure uses a finite subset of state variables X C X that provides a good
approximation to the equilibrium dynamics.

We will use the model presented in Section 1 to illustrate our procedure. Let x; = [z, k¢, l%t, wy, W)’
where k; = In (K;/K), k; = In (KJK) , wy = In(W, /W) and @, = In(W;/Wy). More generally,
x; will be an n x 1 vector that contains the variables that make up the state vector. We will

approximate the equilibrium dynamics of the model with the vector

where #; = vec (z4}) . The vector X; contains k = 1+ n + n? elements.

To determine the dynamics of X;, we first conjecture that z; follows
Tep1 = Po + (I — P1)xy + Pody + €441, (27)

where ®g is the n x 1 vector of constants, ®; is the n x n matrix of autoregressive coefficients and

®, is the n x n? matrix of coefficients on the second-order terms. €r41 18 a vector of innovations

12



with zero conditional mean, and conditional covariance that is a function of X :

E(etsalz) = 0,
E (5t+152+1‘xt) = Q(Xt) =+ Ql.’L't.’L'QQ&

Below we shall use the vectorized conditional variance which we write as
vec (X)) =| % 0 X4 x| = 2X;. (28)

The next step is to derive an equation describing the dynamics of Z; consistent with (27) and
(28). For this purpose we consider the continuous time analogue to (27) and derive the dynamics
of Z;41 via Ito’s lemma. As the Appendix shows, the resulting process can be approximated in

discrete time by
Zi11=3D%0+ (P @ 1)+ (I @ Po) s+ (I— (P21 ® 1) — (I ® P1) +3D%1) &t + &1 (29)

where 1= ®x) + (ze ®I)] €441,
ox ox ,
D:[U<@®I>+<@®I>], and UzggErs@@Er,s.

E, s is the elementary matrix which has a unity at the (r, 5)t" position and zero elsewhere. Equation
(29) approximates the dynamics of Z;41 because it ignores the role played by cubic and higher order
terms involving the elements of x;. In this sense, (29) represents a second-order approximation to
the dynamics of the second-order terms in the state vector.® Notice that the variance of ¢, 1 affects
the dynamics of ;41 via the D matrix and that &;41 will generally be conditionally heteroskedastic.

We can now combine (27) and (29) into a single equation:

1 1 0 0 1 0
Ti41 = (I)O I — (I)l (I)Q Tt + Et+1 )
Tt11 %DZO (@0@[)4—([@@0) I— ((I)l ®I)—(I®‘I)1)+%D21 Tt Et+1

%One way to check the accuracy of this approximation is to derive a generalization of (29) involving third-order
terms and then compute the contribution of these terms to the dynamics of x; and #:. Since the elements of z; are
measured in terms of percentage deviations from steady state or initial values, third order terms are unlikely to be
significant. Nevertheless, as we note below, we are cognizant of the approximation error in (29) when examining the
“solution” to a model.

13



or more compactly

Xiy1 =AXy + U, (30)

with B (Ug1]X:) = 0. We also need to determine the conditional covariance of the Uzt vector. In

the Appendix we show that

E(UnUaqX)=S(X) =] 0 QX)) T'(X) |, (31)

where
vec(I'(Xy)) = Lo+ Tixy + Doy,
vee (T'(Xy)') = Ao+ Az + Aoy,
vec (¥(Xy)) = Yo+ Wiay + Uady.

The I';, A; and ¥; matrices are complicated functions of the parameters in (27) and (28); their
precise form is shown in the Appendix.

To this point we have shown how to approximate the dynamics of X; given a conjecture con-
cerning ®g, @1, P, g and X;. We now turn to the issue of how these matrices are determined. For
this purpose we make use of two further results. Let a; and b; be two generic endogenous variables
related to the state vector by a; = m,X; and b; = 7 X¢, where 7, and 7, are 1 x k vectors. Our

second-order approximation for the dynamics of X; implies that

CVy (at41,bi41) = A(ma, mp) X, (R1)
and arby = B (7q, mp) X3 (R2)

A(.,.) and B(.,.) are 1 x k vectors with elements that depend on 7, m, and the parameters of the
X, process. The precise form of these vectors is also shown in the Appendix.

To see how these results are used, we return to the model. The dynamics of the state vector
depend upon households’ portfolio choices, {af, af, &, &; } , firms’ dividend choices, {d, d}}, equi-
librium equity prices, {p:, Pt} , and the risk free rate, ry. Let us assume, for the present, that each
of these non-predetermined variables is linearly related to the state. (We shall verify that this is
indeed the case below.) In particular, let 7; be the 1 x k row vector that relates variable i to the

state X; and let h; be the 1 x k vector that selects the it element out of X;. We can now easily
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derive the restrictions on the dynamics of productivity, capital and wealth.

Recall that the first two rows of z; comprise the vector of productivities that follow an exoge-
nous AR(1) process. The corresponding elements of ®qy, &1, P2, 3y and ¥ are therefore entirely
determined by the parameters of this process.

The next elements in x; are the log capital stocks. If equilibrium dividends satisfy d; = mgX}

and cit = 7 ;X¢, we can rewrite the log-linearized dynamics for k; and l;:t shown in (24) as

MXen = (She+ 5he— (- 0) ma) X,

hiXi = (%h,; + Bh (% - 5) n(i> X,.

Notice that these equations must hold for all realizations of X;. So substituting for Xy, with (30)

and equating coefficients we obtain
1 1
Tk = Shi + b, — (g% - 5) ra and hyh=3hy+ Lh; - (-;% —5) s

These equations place restrictions on the elements of ®g, $1, and P,. Furthermore, because k11
and I;'t+1 are solely functions of the period—t state, the corresponding element rows and columns of
E(e, ;16411 Xe) = Q(Xy) are vectors of zeros. This observation puts restrictions on the elements of
Yo and X.

Deriving the equilibrium restrictions on the dynamics of wealth is a little more complicated and
requires the use of R1 and R2. Our starting point is the approximation for log equity returns in

(25) which we now write in terms of the state vector:
H F
Tpy1 = TuXpr1 — TpXy and Tiy1 = TpXep1 — TpXe,

where my = fm, + (1 — f)mq and m = f7p + (1 — B)7 4. Notice that unexpected log returns are

i — Bl = my (Xig1 — By Xyq1) for x = {H,F}, so applying R1 we obtain

-/4(77117 WII)Xt A(WH; WF)XI‘/

Vi(eri41) = 0 =
A(ﬂ_H77rF)Xt A(WFJTF)Xt

Now recall that our log-linearized version of the H household budget constraint contains a quadratic

function of the portfolio shares and ©;. To evaluate this component, let us assume that the portfolio
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shares satisfy o} = 71 Xy and of = 7} X4, so that

Ay, ) Xy Ay, mp) Xy h Xy
Ay, mp) Xy A(mg, mp) Xy " X

«

/
at®tat = TFZXt W&Xt

Applying R2 to the right hand side gives

a:f@tat = B (ﬂi,B(A(ﬂH,wH)mi) + B(A(my, WF)ﬂTg)) Xt
+B (ﬂng(A(WHvTrF)vﬂg) + B(A(T‘-DWF)JTE)) Xt>
= AX,.

According to (20), Bywir1 = we+In 541+ %ag@tat, while the dynamics of the state vector imply

that Eywir1 = hyAXy. Equating these moments for all possible values of X; requires that
hwh = hy +In Bhy + mp + A

This expression provides us with another set of restrictions on the elements of ®g, ®1, and ®,.
The model also places restrictions on the second moments of wealth. To derive these restrictions

we first note that for any variable a; = 7, X,
CVi(wer, ar1) = o CVi(ri g, 1) + o CVe(riy g, aiga).
Applying R1 and R2 to the right hand side, gives

(CVt(le,atH) = WIOI[Xt.A(TrH,ﬂ'a)Xt+7T2Xt./4(7rp,ﬂ'a)Xt
= (B(WZ>A(7TH77TG))+B(7727A(7TF77T¢1)))X15'

Our conjecture for the conditional covariance of z; in (28) implies that the second moments of

wealth depend only on the constant and second order terms in X;. This conjecture requires that
ha| S0 0 %y | = Bk, Alma, ma)) + Blr, (e, 7))

where hgvec(2(X¢)) = CVi(wit1,ar41). For a we use the elements of x; = [zt,kzt,l;:t,wt,wt]'. An

analogous set of restrictions apply to the dynamics of F household wealth.
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2.4 Non-Predetermined Variable Dynamics

To this point we have shown how the equilibrium conditions of the model impose restrictions on
the dynamics of the state variables under the assumption that the vector of non-predetermined

variables Y; (i.e., oil, of , &', & dy, dy, pt, pr and 1y ) satisfy
Y, = 11X,

for some matrix II with rows m;. We now turn to the question of how the elements of II are
determined from the equilibrium conditions and the dynamics of the state vector.

We begin with the restrictions on H equity prices. In particular, our aim is to derive a set of
restrictions that will enable us to identify the elements of 7, where p; = 7, X; in equilibrium. Our
derivation starts with expected returns. Specifically, we note from the log—linearized first order

conditions in (18a) that

Beri 1 = e+ CVi(wigr, ri) — 3Ve(riyy),
= nrn+ (B(WZ,A(WmT"H)) + B(W&,A(TFF,WH)) - %A(Wﬂﬂrﬂ)) Xt,
= (7T7’ + Wgr)Xt‘

Combining this expression for expected returns with the assumed form for equilibrium dividends,

the dynamics of the state vector, and (26a) gives

Pt = Zﬂi {(1 = B)maBe Xeq14i — (7 + 7gp) Be X},
=0

= [(1 - B)mah — (m, + 71 (I — BA) ' X,

Thus, given our assumption about dividends, the risk free rate, and the optimality of portfolio

choices we find that log equity prices satisfy p; = 7, X; where
mp = [(1 = B)mah — (m + 75,) (T — BA) . (32)
A similar exercise confirms that p; = 73 X; where
mp = [(1 = B)mgh — (w7 +mp,)] (1 — BA) . (33)
The restrictions in (32) and (33) depend on the form of the dividend policies via the 74 and ;
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vectors. These vectors are determined by the firm’s first order conditions. In particular, using the
fact that V; (rfﬂ) = %V, (z¢41) and CV, (’I“erl, wt+1) = YCV; (2441, wi4+1) , we can use R1 and R2

to write the log-linearized first order condition for H firms in (22a) as

Et?“f+1 = 1+ CVt <T§+1>wt+l> — %Vt <T’f+1> s
= [mr + 1 (Bmg, A(mu, h2)) + Blmg, A, b)) — 597 Ahs, hi)] Xe.

At the same time, (23) and (24) imply that

Berfer = Bz — (1= 00 {3k + gz — (5 - 0) i}

- [@z}th —(1- 0w {%hk +h. — (% _ 5) wdH X,.
Combining these expressions and equating coefficients gives

To = Totemam LT + ¢ (B, A(ma, b)) + B(rh, A(me, 72))) — 302 A(ha, he) — hoA}

1
+m {Qhk + ’(ﬁhz} .

The first order condition for F firms gives an analogous expression for 7 ;.

The behavior of the non-predetermined variables must also be consistent with market clearing.
According to (21), market clearing in the bonds requires that p; + py = dy + cit, a condition that
implies

Tp+ Tp =T+ 7.

In the case of the H and F equity markets we need

1+pt_wt+%(pt_wt)2 = a?‘i’@?<1+121t—’(Ut+%(llA)t—lUt)2)7
1+ﬁt—wt+%(ﬁt—wt)2 = &g—i—ag(1+wt—wt+%(wt—wt)2>.
Rewriting these equations in terms of X, applying R2, and equating coefficients gives

b4y — by + 3B (Tt — by, mp — hy) = 7y + B (74, (1 + hay — ha + 5B (A — hu, hiy — haw)))
h1+ﬂﬁ—h@+%B(7Tﬁ—hﬁ,,7Tﬁ—hw) = WF@—FB(?TE,(hl+hw—hﬁ,+%6(hw—hﬁ,,hw—hm))).

The remaining market clearing condition comes from the goods market. Walras Law makes this

condition redundant when the restrictions implied by the other market clearing conditions are
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imposed, so there is no need to consider its implications directly.

2.5 Numerical Procedure

We have described how the log-linearized equations characterizing the equilibrium of the model are
used to derive a set of restrictions on the behavior of the state vector and the non-predetermined
variables. A solution to the model requires that we find values for all the parameters in process
for X; and Y; that satisfy these restrictions given values for the exogenous taste and technology

parameters. More formally, we need to find all the elements of A, IT and S(.) such that
F (HAXy + NUpy1, Xy, AXy + Upgr, X, S(Xy)) = 0,

where F(.) consists of all the equilibrium conditions, including the restrictions on the second mo-
ments, implied by the model.
We proceed in the following steps:

1. For the given set of exogenous parameter values we conjecture some initial values for policy
matrix II(Y) and the coefficient matrices {<I>(()1), @gl), @él) } governing the state vector dynamics.
We also need to choose starting values for {0, Q;} and arrange them into [X], (the rows of
¥)). 3 characterizes the heteroskedastic nature of the variance-covariance matrix of the state

vector. We start with a homoskedastic guess:

[Z]El) = | a2 01x(k-1)]> i={Vi(2)},
Y = o], i #{Vi(2)}.

2. With these guesses we can construct a coefficient matrix A from (30) and variance-covariance

function S from (31).

3. Now we form the value function

g (M) = 7 (MOADX, + 101, O X, AV, + Ui, X1, SY(X) )

4. For the given values of A and S find 11 as the solution to J* (H(l)) = 0. If 1® differs from
M, we return to step 2. The procedure stops when (") = I1(7—1),
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3 Results

The one-sector model provides an environment in which we can assess the accuracy of our solution
method. In particular, the structure of the model is sufficiently simple for us to analytically deter-
mine the equilibrium portfolio holdings of households. We can therefore compare these holdings to
those implied by the numerical solution to the model.

The analytic solution to the model is based on the observation that the array of assets available
to households (i.e., equity issued by H and F firms and risk free bonds) permits complete risk-
sharing. We can see why this is so by returning to conditions determining the household portfolio
choices. In particular, combining the log-linearized first order conditions with the budget constraint

as shown in (19) under the assumption of log preferences, we obtain
a; = 0, (Breryy1 + %diag(@t)) and G = 0, (Breryyy + %diag(@t)), (34)

where, as before, oy = [ ol of |, & =[4&) & |, erpyy = [0y —r i —m |, and O =
Vi(eri41). The key point to note here is that all households face the same set of returns and have the
same information. So the right hand side of both expressions in (34) are identical in equilibrium.
H and F households will therefore find it optimal to hold the same portfolio shares. This has a
number of implications if the initial distribution of wealth is equal. First, household wealth will be
equalized across countries. Second, since households with log utility consume a constant fraction of
wealth, consumption will also be equalized. This symmetry in household behavior together with the
market clearing conditions implies that bond holdings are zero and wealth is equally split between
H and F equities (i.e., of = &) = af = &, = 1/2). The symmetry in consumption also implies that
M1 = My so risk sharing is complete.

Table 1 reports statistics on the simulated portfolio holdings of households computed from
the numerical solution to the model. For this purpose we used the solution method described
above to find the parameters of X; and Y; processes consistent with the log-linearized equilibrium
conditions. These calculations were performed assuming a discount factor § equal to 0.99, the
technology share parameter 6 equal to 0.36 and a depreciation rate for capital, d, of 0.02. The log
of H and F productivity, z; and Z;, are assumed to follow independent AR(1) processes with the
same autocorrelation coefficient, a;;, i = {H,F}, equal to 0.95 and innovation variance o2 equal to
0.0001. Once the model is “solved”, we simulate X; over 500 quarters starting from an equal wealth
distribution. We then discard the first 100 quarters from each simulation. The statistics we report

in Table 1 are derived from 100 simulations and so are based on 10,000 years of simulated quarterly
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data in the neighborhood of the initial wealth distribution.”

Table 1: Simulated Portfolio Holdings (One Sector Model)

AT A B,
(i) (i) (i)
% GDP
mean 0.5000 0.5000 0.00%
std dev 0.0000 0.0000 0.25%
min 0.4999 0.4999 -1.52%
max 0.5001 0.5001 2.53%

Columns (i), (ii) and (iii) report statistics on the asset holdings of H households computed from
the model simulations. Theoretically speaking, we should see that By = 0 and A} = A} = 0.5.
(Recall that the supply of H and F equity are both normalized to unity.) The simulation results
conform closely to these predictions. The equity portfolio holdings show no variation and on average
are exactly as theory predicts. Average bond holdings, measured as a share of model’s GDP are
similarly close to zero, but show a little more variation. Overall, simulations based on our solution

technique appear to closely replicate the complete risk sharing allocation theory predicts.

4 The Two-Sector Model

The power of our solution procedure resides in its applicability to models with portfolio choice
and incomplete markets. Analytic solutions are unavailable in these models and existing numerical
solution methods are inapplicable. In this section we consider a two—sector extension of the model

in which markets are incomplete.

4.1 The Model

In this version of the model households in the two countries have preferences defined over the
consumption of two goods: a tradeable and nontradeable. The preferences of a representative

household in the H country are given by

o0
Uy =By Y BU(CL: Ciyi)s s
=0

"The innovations to equilibrium wealth are small enough to keep H and F wealth close to its initial levels over a
span of 500 quarters so the approximation error in (27) remains very small.
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where 0 < 8 < 1 is the discount factor, and U(.) is a concave sub-utility function defined over the

consumption of traded and non-traded goods, C} and C} :
1 — _
uer,ch =g MPCH? AT (CN)?

with ¢ < 1. A; and Ay are the weights the household assigns to tradeable and nontradeable consump-
tion respectively. The elasticity of substitution between tradeable and nontradeable consumption is
(1—¢)~1 > 0. Preferences for households in country F are similarly defined in terms of foreign con-
sumption of tradeables and non-tradeables, C’E and CA’f Notice that preferences are not separable
across the two consumption goods.

The menu of assets available to households now includes the equity issued by H and F firms
producing tradeable goods, risk free bonds, and the equity issued by domestic firms producing
nontradeable goods. Households are not permitted to hold the equity of foreign firms producing

nontradeable goods. With the new array of assets, the budget constraint for H households becomes
Wit = Ry (W — Cf = QyCy),

where r1 = Re + o (R — Re) + o (Ryyq — Ry) 4+ oy (R — Ry).

Q} is the relative price of 0 nontradeables in terms of tradeables, and R}, ; is the return on equity

issued by domestic firms producing nontradeables, measured in terms of tradeables:

1 = {(PtN+1 + D},) /PtN} {Qi4+1/Q1} -

P is the price of equity issued by H firms producing nontradeables and Dy is the flow of dividends,
both measured in terms of nontradeables. The budget constraint and returns on F household wealth
are analogously defined (see Evans and Hnatkovska, 2005, for details).

The production side of the model remains unchanged aside from the addition of the nontradeable
sector in each country. For simplicity we assume that the production of nontradeables requires no

capital. Nontradeable output, ¥} and YtN, in countries H and F is given by
Y;‘,N = 772115\1’ and }/tN = WZin

where 7 > 0 is a constant. Z; and Zf denote the period-t state of nontradeable productivity in

countries H and F respectively. The productivity vector is now z = [In Z},In ZF,In Z¥,In Z)]'. We
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continue to assume that z; follows an AR(1) process:
Zy = QZ—1 T €,
where e; is a 4 x 1 vector of i.i.d. mean zero shocks with covariance €.

4.2 Equilibrium

As in a one-sector model, the equilibrium conditions comprise the first-order conditions of house-
holds and firms and the market clearing conditions. Since the production of nontradeable output
requires no capital, firms in this sector simply pass on their revenues to shareholders in the form
of dividends. In the tradeable sector, the first-order conditions governing dividends remain un-
changed. Optimal household behavior now covers the choice between different consumption goods,
and a wider array of financial assets. The first-order conditions for H households, in addition to

(8), now include

Qo = oU/oCy
toaujact’

1 = By [MyiRYL S

where M1 = B(0U/OCE, 1)/(0OU/OCY). The first order conditions for F households are expanded
in an analogous manner.

Solving for an equilibrium now requires finding equity prices, { P}, PtF,PtN,PtN}, goods prices,
{QF, Qy}, and the interest rate, R, such that markets clear when households follow optimal con-
sumption, saving and portfolio strategies, and firms in the tradeable sector make optimal invest-
ment decisions. As above, we assume that bonds are in zero net supply so that (10) continues to
be the bond market clearing condition. Similarly, equation (11) is the market clearing condition in

tradeable goods market. Market clearing in the non-tradeable sector of each country requires that
CY=Y¥=DF, and CY =YY =Dy,

As above, we normalize the number of outstanding shares issued by firms in each sector to unity

so market clearing in the equity markets requires that

1= Af + Af, 1= Af + A,
1 =AY, 1 =AY,
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AY and A) are the number of shares held by H and F households in domestic nontradeable firms.

4.3 Results

Table 2 reports statistics on the simulated portfolio holdings of households computed from the
numerical solution to the two-sector model. This is a complex model and is analyzed in depth in
Evans and Hnatkovska (2005). That paper also presents the log-linearized equilibrium conditions
used in the solution procedure. The results in Table 2 are based on the same values for 3, 6, ¢,
and o2. In addition, we set the share parameters A" and ) equal 0.5, the elasticity of substitution
1/(1—¢) equal to 0.74, the autocorrelation in nontradeable productivity to 0.99, while in tradeable
productivity to 0.78. Innovations to nontradeable productivity are assumed to be i.i.d. with
variance equal to o2. As above, the statistics are computed from model simulations covering 10,000

years of quarterly data.

Table 2: Simulated Portfolio Holdings (Two Sector Model)

Af Af Aj By

(i) (i) (iif) (iv)
% GDP
mean 0.5000 0.5000 1.0000 -0.23%
std dev 0.0019 0.0019 0.0000 12.19%
min 0.4918 0.4925 1.0000 -40.29%
max 0.5076 0.5077 1.0000 71.19%

Columns (i) - (iv) report statistics on the asset holdings of H households computed from the
model simulations. As in the one-sector model, households continue to diversify their holdings
between the equity issued by H and F firms producing tradeable goods. (Household holdings of
equity issued by domestic firms producing nontradeable goods must equal unity in order to clear
the market.) While these holdings are split equally on average, they are far from constant. Both
the standard deviation and range of the tradeable equity holdings are an order of magnitude larger
than the simulated holdings from the one-sector model. Differences between the one- and two-
sector models are even more pronounced for bond holdings. In the two-sector model shocks to
productivity in the nontradeable sector affect H and F households differently and create incentives
for international borrowing and lending. In equilibrium most of this activity takes place via trading

in the bond market, so bond holdings display a good deal of volatility in our simulations.
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5 Conclusion

We have presented a numerical method for solving general equilibrium models with many assets,
heterogeneous agents and incomplete markets. Our method builds on the log-linear approximations
of Campbell, Chan and Viceira (2003) and the second-order perturbation techniques developed by
Judd (1998) and others. To illustrate its use, we have applied our solution method to a one— and
two-sector versions of a two country general equilibrium model with production. The numerical
solution to the one-sector model closely conforms to the predictions of theory and gives us confidence
in the accuracy of the method. The power of our method is illustrated by solving the two-sector
version of the model. The array of assets in this model is insufficient to permit complete risk sharing
among households, so the equilibrium allocations cannot be found by standard analytic techniques.
To the best of our knowledge, our method provides the only way to analyze general equilibrium
models with portfolio choice and incomplete markets.

In principle, our solution method can be applied to more complicated models than the one- and
two-sector models described above. For example, the method can be applied to solve models with
more complex preferences, capital adjustment costs, or portfolio constraints. The only requirement
is that the equilibrium conditions can be expressed in a log-linear form. We believe that the solution

method presented here will be useful in the future analysis of such models.
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A Appendix:

A.1 Derivation of (29)

We start with quadratic and cross-product terms, Z; and approximate their laws of motion using

Ito’s lemma. In continuous time, the discrete process for 441 in (27) becomes
dry = [Bg — Bra; + BoZy] dt + Q(2,)/2dW,

Then by Ito’s lemma:

dvec(zew)) = [(I® @)+ (2 ® I)] ([@0 — Byy + Boiiy] dt + Q(f:t)l/Qth>

+3 :(I®U) (% ®I> + (% ®I>] d [z, 7],

= (@) + (@ 1)] ([® — Bray + Do) dt + Q&) /dW;)

[ Ox Ox .
+3 _[U <% ®I> + <% ®I>} vec{Q(Z¢)} dt

= [(I®@z)+ (2 ®1)) ([@0 — B2y + Bodiy] dt + Q(:Et)l/2th> + 1 Dvec {Q(&;)} dt,(A1)

ox ox ,
where D= [U(%®I>+<%®I>:|’ UZEEETS(gET,S’

and E, , is the elementary matrix which has a unity at the (r, 5)t" position and zero elsewhere. The

law of motion for the quadratic states in (A1) can be rewritten in discrete time as

jt+1 = .i?t + [(I (%9 a:t) + (xt & I)] [(I)O — <I>1xt + (I)th] + %D’U@C (Q(ft))
+ [(I & .’L‘t) + (Ilft & I)] Et+1,
>~ D%+ [(®o®I)+ (I ®Po)|z+ [I — (21 ®T) — (I ® By) + $D51] &y + &1,
where .11 = [(I ® x¢) + (2 @ I)] e441. The last equality is obtained by using an expression for

vec (Q(Xy)) in (28), where ¥g = vec(p) and X1 = 1 ® 4, and by combining together the

corresponding coefficients on a constant, linear and second-order terms.
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A.2 Derivation of (31)

Recall that Upy1 =[ 0 e141 Epqq ), 50 B (Up41]X¢) = 0 and

E(UnUinlXe) =S(X) = | 0 Q(X;) T(Xy)

To evaluate the covariance matrix, we assume that vec(xs117;, ;) = 0 and define:

D(X:) = Beerraéiy,
= Biwe1Zyy — Bewe1 Bely g,
= Ewp1Zi — (Po+ (I — 1)y + Paiy)
x <%E’OD’ + i [(Bo@ ) + (T @ @) + & [T — (B1®1)+ (I ©d)) + %Dzl]’) :

I

—® (%EaD’ + 2 [(Po@ 1) + (1@ @) + 2 [T - (P1@1) + (I @ ®1)) + %Dzl}’)
—(I — @)z (350D + 2} (R0 ® 1) + (I ® ©p)]') — 227, 5( D,

= ABTD' — Borl (B0 ® 1)+ (T® D)) — (I — 1) ShD

— Do, [ — (@10 1) + (I ® B1)) + D%, ]’

—(I — @1)zez} [(Po ® 1) + (I ® D)) — $P27, (D'

Hence

vec (F (Xt)) = FO + F1$t + Fgft,

Iy = _%(DEOQ@(I)Q)UeC(I),
Iy = —[(@o®1)+ (I ® )] ® P+ 5 (Do @ (I — D1)),
Ty = —[I—(®1 @)+ I @3))+1D%] @3 — 1 (DT)© ®y)

—[(Po®@1)+ (I ®Pg)| @ (I —P1).
Note also from above that

LX) = —3D%®) — [(Po® 1) + (I ® ®o)] 2:D) — Soxs (I — P1)
—[I = (@1 ®1)+ (I ®P1)) + $D%4] 3,9
[((I)o X I) (I &® ‘I’o)] xtxg(l — (I)l)l — %DE()@;‘I)&
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So
vec (T'(Xy)') = Ao+ Mwy + Aoy,

Ao = —3(®o® DXg)vec(),
Al = — (D@ [(Po®I)+ (I ®Pg)])+ 5 ((I—P1)® D),
Ay = — (@[T - ((®1®1)+ (I ® 1)) +iD%]) — 3 (92 ® Do)

(I =21)©[(Po@ 1) + (I ®D)]).

Next, consider the variance of &;11 :

U (Xy) = B8y
= Etft+1i2+1 - Et£t+lEt§:£+lv
— Eedrn1# — (3050 + (@@ 1) + (1@ @)y + [T = (@1 ©1) + (1@ @1)) + D] &)

X (%ng’ + 2 [(Po@ D)+ (T @ D) + 2 [I— (1 @)+ (I ® 1))+ %Dzﬂ’) ,

12

~1D¥, <%E{)D’ (Do @)+ (T @) +& [[—(®101) + (T @)+ %D&]')
—[(@o® I) + (I @ Bo)] m1 (354D + 2} [(®o @ T) + (I @ Bp)]')

—[I= (@1 ®1)+ (I ®P1)) + 3D] £354D/,

= —1D%S(D' — iDYoz, [(Po @ 1) + (I ® @) — 2 (@ ® 1) + (I ® ®p)] 22D’
—AD%E, [T - (@1 @ 1)+ (I ® &) + D]

— (@0 @ I) + (I @ D) zea, [(Bo ® T) + (I @ By)]’

—It[I-((®1®])+ (I ® 1))+ 3D%1] 754D’

Hence,
vec (¥ (Xy)) = Wo+ Uiay + Vo,
v, — —i (DX © DY) vee(I),
U = —1([(@@1)+ (I®Pg)]®DSy) — 2 (D@ [(@o® 1)+ (I ® D)]),
Uy = —% [I—((®1®1)+ (I®P1))+ 5D ] ® DX
L (D@ [I-(@1®1)+ (I ®®1))+1D%))

—[(@o@ 1)+ (I ® 2] [(Po @)+ (I ®D)].
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A.3 Derivation of Results R1 and R2

Let my = 7, X; and n; = 7, X; for two variables m; and n;.We want to find the conditional

covariance between the two:
CVy (mis1,me1) = [71’7071 o W%n} 0 QX T(Xy) T,

= 7wl QX)TY 4 720 (Xy) 7Y + 7k T (X)) 72 4+ 72 U(Xy)m
= (m, ®@m,) vee (X)) + (m), ®@ m2,) vee (T (Xy)')
+ (72 @ 7h,) vee (T (X4)) + (72 @ 72,) vee (¥ (X)),
= (rh@my,) o+ (mh@72) Ao + (72 @ m1,) To + (72 @ 72,) To
+ ((mh, @ 7) M + (75 @7 ) T1 + (70 @ ) W)

m) ¥
+((7rn®7r )Z1+(7T Q 72 )A2+(7r Q mk )Fz—i—(w Q 72 )\112)

So, to summarize,

CVy (mig1,ni41) = A(mm, ) Xi,
Alrm,ma) = [ A, AL, A?m],
A = (m@mh)So+ (mh@n2) Ao+ (r2 @ 7h,) Do + (72 @ m2,) o,
Apn = (mh@75) M+ (n2 @7, T1+ (2 @) Uy,
A2 = (@) S+ (m), @) As + (72 @ ) Do + (75 @ m2,) W

To obtain the products of vectors involving the state vector X;, we note that

/ =/ 07
i A A fIv
!__1
T Xe X{m, = [ﬂ?n L 7r72n} x zxy 0 T,
& 0 0 z

= (7r +7T xy + T :vt)w +(7T wt+7r xtxt)w + 0 .’E;7T2/

= (md @)+ (2 @my,) z + (70 @ 72) Ty + (77, @ 70, ) @
+(7r;®7r,1n)a~:t+(7r ® 0 )

A4



Hence

Tm X X{m, B (7, 7n) Xt,

Blrmm) = | B, B, Bi, |
B?n,n = (Trg ® 7T9n) vec(I) = vec(md x 79 ),
Bh, = (rher.)+ (mer,),
Brw = (Mh@m,)+(mem,) + () ©h,) .
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