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ABSTRACT

We present the first fully closed general equilibrium model of hierarchical and local
public goods economices with the following features: (i) multiple agent types who are endowed
with both some amount of private good (income) and a house, who are mobile between houses
and jurisdictions, and who vote in local and national elections; (if) multiple communities that
finance a local public good through property taxes which are set in accordance with absolute
majority rule; and (iii) a national government that produces a national public good financed
through an income tax whose level is determined through majority rule voting. In contrast to
previous models, no overly restrictive assumptions on preferences and technologies are required
to prove the existence of an equilibrium in the presence of property taxation and voting. Thus,
the existence of an equilibrium is proved without any of the major restrictions used in the past,
and sufficient conditions for stratification of agents into communities based on their public good
preferences and their wealth levels are found. This model lays the groundwork for & positive
applied analysis of local public finance and intergovernmental relations. It furthermore builds
the foundation for a parameterized computable general equilibrium model of local public goods
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1. Introduction

Since Tiebout (1956), economists have sought to formalize the effects of mobility, diverse
preferences and local government behavior on the level and efficiency of public goods production in
competing communities (Wooders (1978, 1980), Ellickson (1979), Greenberg (1977,1983), Bewley
(1981), Henderson (1991)). With an eye toward future empirical applications, one branch of this
literature has focused on developing strictly positive Tiebout models by explicitly incorporating
realistic institutional and political features. Most recently, Epple, Filimon and Romer (1993)
(henceforth EFR) showed in an important paper that one can find a voting equilibrium when local
public spending is financed through the property tax, but they express considerable pessimism as to
whether it would be possible to achieve this existence result without resorting to a number of strong
assurptions.! Still, their equilibrium result represents significant progress in light of Rose-
Ackerman's (1979) previous argument that an equilibrium in a similar environment generally does not
exist. Models by Dunz (1985), Greenberg and Shitovitz (1988) and Konishi (1994) avoid many of the
difficulties encountered by Rose-Ackerman and EFR by using proportional income taxes and
prohibiting taxation of property. However, while local property taxes are used heavily in the US, local
income taxes play no empirically important role.

The goal of this paper is to build on the work of Rose-Ackerman, EFR and Dunz in order to
ascertain if it is possible, in the context of a local public goods voting model, to utilize the property tax
with few restrictive assumptions. Furthermore, the paper atiempts to lay the theoretic foundation for 2
computable general equilibrium model developed elsewhere (Nechyba (1994a,b)) which can be used in
policy analysis. In the process, we seek to account for three stylized facts:

(i) Voting takes place to determine local public spending and tax levels;
(ii) The economy contains house endowments whose value is taxed by local governments;
(iii) Consumers with different preferences and endowments are freely mobile and “shop”
among communities.
We find that by restricting the nature of housing in each community, a general equilibrium model wilh
these features can be developed and the existence of an equilibrium readily proved. Furthermore, the

model is sufficiently flexible to not only incorporate local public goods but also a national public good.

1 They conclude that “in order to ensure existence, fairly severe assumptions must be placed upon individual
preferences and technology” and that “standard assumptions on individual preferences are not sufficient” (p. 586).



This allows us to stipulate a fourth stylized fact which prepares the way for the integration of local
public finance into the study of fiscal federalism2;
(iv) There exists a hierarchical public sector in which the higher level of government
employs a different revenue source, an income tax, to finance its public good.

Finally, we find sufficient conditions under which agents separate into different communities based
on cither their tastes for local public goods, their wealth levels, or both. This separation, or
“stratification” can be found in both EFR (1993) and Westhoff (1977). While stratification is not
automalic in our model and while it is not as casily defined, a weaker form ol stratilication does arise
as assumptions very similar to some in EFR are employed. Therefore, although our model is not a
strict generalization of EFR, a simplification of it looks remarkably similar to theirs without requiring

their strong assumptions for the existence of an equilibrium.

Property Taxation, Voting and Local Public Finance

As indicated above, the attempts o incorporate the empirically important institutions of voting and
local property taxation into a single model have met with mixed results. Non-convexities that arise in
the presence of perfectly divisible land either cause the absence of equilibria (Rose-Ackerman (1979))
or necessitate the use of strong restrictions on preferences and technologies to guarantee their existence
(EFR (1993)). So long as housing is modelled as perfecily divisible, these nonconvexities vanish only
when the local property tax is abandoned in favor of local income taxation {Konishi (1994)). While !he
approach of substituting tax systems may be technically convenient, both empirical and theoretical
evidence suggests that the absence of local income taxes in the US is not merely a historical accident,
but rather the result of forces within a general ¢equilibrium Tiebout world that make property taxes a
dominant 1ax strategy for local governments.3

In light of this, rather than abandoning the property tax or resorting to restrictive assumptions, we
propose to change the way land is modelled. In particular, we employ Dunz’s (1985) technique of

endowing agents with heterogeneous houses of Jixed size. This differs from Rose-Ackerman and

2 Thus far, the study of intergovernmental relations (see, for example, a recent review by Oates (1994)) has largely
been divorced from the theoretical local public goods literature inspired by Tiebout (1956).

3 Ninety-eight percent of all locally raised tax rcvenues in politically independent US school districts, for example, are
raised through the propezty tax. Krelove (1993) and Nechyba (1994b) provide theoretical arguments that suggest it is
difficult for income taxes to play any substantial role in a local Tiebout equilibrium in which tax systems are chosen
endogenously, (In Nechyba (1994b) this is shown to hold for the type of Ticbout model discussed here.)



EFR in that (i) it introduces heterogeneity into the land market; (ii} it fixes the total housing stock; and
(iii) it casts the problem into a fully closed general equilibrium framework by introducing land
endowments.* The closed nature of the model makes possible an analysis of capitalization, one of
the most fundamental issues in local public finance, as well as an investigation of the political
implications of the effects of government policies on property owners in a general equilibrium world
(Nechyba (1994a,b,1996)). Neither of these issues can be addressed when housing is supplied by
outsiders according to an exogenously given supply schedule.5 |

In addition to a fixed housing stock, the existence result in this paper requires the assumption of
arbitrarily fixed community boundaries.5 While these restrictions are different from those entertained
by EFR (1993), they seem at least somewhat natural and consistent with observation. Fixed house
sizes imply that the only way for an agent 10 change his consumption of housing is to move. Given the
high migration observed in the US, moving indeed seems to be the major avenue taken by individuals
to changing their consumption of housing. Furthermore, whereas the only motivation for moving in
the EFR and Rose-Ackerman models is a desire to switch communities, our model makes possible
intra-jurisdictional migration (which actually accounts for much of the migration observed in the
US.)? Finally, despite a recent trend toward school district consolidation in some states, most local
boundaries are rarely altered. Therefore, since the purpose behind these positive Tiebout models is to
create a framework for the empirical analysis of various policy issues in intergovernmental relations
and local public finance, fixed community and house sizes can be assumed without losing too much
generality. Other models with less institutional detail (for example Wooders (1978,1980) or Scotchmer
(1985)) are better suited for analyzing the long run issue of how community boundaries arise.

This model of communities and housing, then, facilitates a straightforward proof of the existence of

an equilibrium without resorting to the strong assumptions made in the previous literature 8

4 In both Rose-Ackerman and EFR, housing is supplied by an absentee landlord.

Dunz (1985) also points out that this way of modelling tand avoids the internal inconsisteacies inherent in many
models with a continuum of consumers and a finite amount of land (see Berliant (1985)).

§  Since boundaries can be set arbitrarily for an arbitrary number of communilies, we do not require community sizes (o
{all within certain ranges as in Rose-Ackerman. A different branch of this literature focuses on the existence problem
when the number of jurisdictions is endogenous. For two distinct approaches to endogenous club (ormation, see
Wooders (1978, 1980) who uses approximate cores and Scotchmer (1985) who finds noncooperative equilibria,

7 This large degree of mobility is documented in the literature on housing and tenure choice (see, for example,
Hanushek and Quigley (1978) and loannides (1987)). Approximately 26 percent of metropolitan residents move each
year, two thirds of which move within their metropolitan area.



Furthermore, we define a new fixed point correspondence (inspircd by Konishi (1994)) that is
applicable to other models and can be used to simplify the proof in Dunz substantially while dropping

his “independence assumption” on preferences.’

Hierarchical Public Good Production

In addition to generalizing the Ticbout model with property taxes and voling, we add a hierarchical
dimension to the public good sector. The model developed below therefore contains a national
govemment which provides a national public good financed through proportional income taxation
whose provision level is deicrmined through majority voting. Noltc that consumers are thus taxed in
two ways: first by their local governments based on their property holdings and second by the national
government based on their income. This distinction in tax instruments plays an important role in many
of the results obtained in later applied work on intergovernmental relations (Nechyba (1994a)).
Furthermore, the existence of two different tax systems facilitates an easy comparison between their
respective effects and allows us to conclude that, when local tax systems are chosen endogenously, the
property tax is a dominant tax strategy for all communities (Nechyba (1994b)). Finally, the model
provides an explanation for the endogenous formation of intergovernmental grant systems as a
mechanism for local communities to escape a prisoners’ dilemma created by the general equilibrium
nature of the problem (Nechyba (1994b)).

In order to prove the existence of a political equilibrium with hierarchical public goods, the model
makes use of the distinction made in Shepsie (1979) between structurally induced and preference
induced equilibria. Preference induced equilibria in the presence of two or more issues and three or
more voters have been shown to be extremely rare and to depend on precise geometric properties of
individual preferences {McKelvey (1976), Plott (1969)). But when political institutions impose

8 In order to overcome the problems raised in Rose-Ackerman, EFR assume that (i) all agents have identical
preferences; (i) indifference curves of indirect utility functions are concave; (iii) local public good production
functions are linear with positive intercept; (iv) the slopes of indifference curves change continuously with the
private good endowment (Westhoff's (1977) “single crossing assumption™); (v} individual demands for the housing
8ood have price elasticity less than or cqual to ! for any housing price level and for any level of private good
eadowment; (vi) the housing good is supplied by absentee landlords, None of these assumptions are made here,

The “independence assumption” states that an ageat’s most preferred level of the local public good is independent of
who else resides in his community, Since Dunz uses income taxation, tax revenues and consequently local public
good levels depend critically on community income. Thus, an agent’s most preferred local public good level should
be allowed to vary with community income (and therefore with the composition of the commupity). It should be
noted that, by employing the method of proof in this paper, Dunz would be able to drop this independence
assumption,



structure in such a way as to enable us to apply Black's median voter result (Black (1948)),
| structurally induced political equilibria become possible where preference induced equilibria do not
exist.19 In our case, both local and national public good levels are determined through majority rule
voting. As is fairly standard in this literature, voters are myopic and vote on each issue separately
holding current public goods levels {other than the one being voted on) fixed. It is shown that
preferences over both local and national tax rates under this assumption are single peaked, which
allows us to apply Black’s median voter theorem in all local and national “elections”.!! Thus the
structure imposed by the federalist institution forces agents to consider national and local public policy
separately and brings forth the existence of a political equilibrium in an economy with both local and
national public goods.

The paper is organized as follows: Section Il introduces the model and defines an equilibrium;
Scction 1l proves the existence of an equilibrium under general conditions; Section IV discusses
different definitions of stratification of an equilibrium, finds conditions sufficient to guarantee that
equilibria will satisfy these definitions, and relates them to the stratified equilibria in EFR; Section V is

a short conclusion, and Section IV is an appendix that contains the proofs to the lemmas in Section I1I.

II. The Model

Consumer Endowments and Preferences

The model contains a measure space (N, A1) of consumers, where NcR.!2 Each consumer is
endowed with one of H different types of “houses” in one of M jurisdictions or communities, where M

and H are finite integers and the terms jurisdiction and community are used interchangeably. (Let M

10 Another way to get multiple public goods is by employing d-majority voting (Greenberg (1979)) rather than simple
majority voling. Majority rule voting, however, seems to have more empirical content unless d=1, in which case the
two choice rules are identical.

11 Slutsky (1977) uses a technically similar idea of restricted majority voting to prove the existence of equilibrium in a
single jurisdiction economy with more than one public good. (Slutsky's economy is not a Tiebout economy; i.e.
since there is only a single jurisdiction, there is no role for “voting with feet.”) In particular, a public goods vector is
defined as a majority rule winner if it is not defeated by any other vector with only one coordinate changed. While
this definition of voting may seem restrictive in Slutsky’s selting, it is less so here because of the institutional
structure of the model. In particular, it is reasonable to assume that agents view local and federal policy decisions
separately since these are administered by separate Instimtions and determined by separate votes. A more explicit
institutional structure is required to provide the same justification for the assumption in Slutsky's model.

12 Thiscanbe generalized to more general measure spaces.



and H denote the set of communities and house types respectively.) Points ne N can therefore
represent both consumers and houses in the economy. More specifically, n is defined as the consumer
endowed with house n. Cyy, is the set of type h houses in community i, and C; is the set of houses of
all types in community i. Equivalently, C;;, is the set of consumers initially owning a house of type h
in commaunity i, whereas C; is the set of consumers initially owning any house in community i. Agents
therefore own one house in a continuum of houses.

In addition to owning a house, each consumer n is endowed with some positive quantity
z(n)e[zz) C R, of the private good, which will be called “income”, and a wiility function
u®:M xHxRM*2R,. The utility function u® is defined over: (i) i, the community the consumer
resides in; (ii) h, the type of house the consumer owns (which is not necessarily the house n he was
endowed with); (iii) xe RM*!, the public goods vector where X, is the amount of national public good
and x; (i€ M) is the amount of local public good produced in community i;!3 and (iv) z, the amount
of private good. For any measurable Je A z(l)ajz(n) dn is the total amount of private good z

]

initially owned by members of J. The following are maintained assumptions about utility functions:

Assumption [ (Al): All utility functions are continuous, monotone (if z>0) and strictly quasi-concave
in the public goods x and the private good z.14

Assumption 2 (A2): For all (i,h),(j,h")e MxH, ¥ x,x'e RM*!, ¥ 250, ¥ne N,
u"(i,h,x,z) > u*(j,h' x",0) and

u#(i,h.x,0) = u°(,h' x",0).

Assumgption 3 (A3): For all (i,h),(j,h')e MxH, ¥ xe RM*!, (here cxists by ji>0 such that

WGihx,z ) <uGhxby, ).
Al is standard. A2 states that no amount of the public goods and no house can compensale consumers
for not owning any private good. Furthermore, consumers are indifferent between communities and
house types whenever they consume no private good. A3 says that each consumer is willing to relocate

if the compensation in terms of the private good is high enough.

13 Note that this definition of utility functions allows for spillover effects.
14 Suict quasi-concavity can be weakened 10 just quasi-concavity with some additional work.
13 An example of a utility function satisfying these assumptions is: u(i,hx,z)=k,x8 xPZ0® (0<a,B<1 and a+B<l).



Finally, there is assumed to be a finite number of types of consumers, where types are

distinguished by preferences, incomes and house endowments.

Assumption 4 {A4): There exists a finite measurable partition (N,...,N,) of N such that for all ac A,
nn'eN,

(u"z(n)) = (u",z(n")) and n,n'e Ciy.

Public Goods
Local and national public goods are produced from the private good. The technology sets for

public good production are given by Y ={Yq, Y),...,Ym}, where Yy is the technology set for the
national public good while Y, i=l,...,M is the technology sct for the local public good in community
i. Each Y; < {(x; —2) € R2I 720, and admits a production function f;:R 3R, specified by

filz)= max [x; e R, I (x; ~7eY;).
Y; and f£; are assumed to satisfy the following:

Assumption § (AS): For all ie 0uM, Y; is convex; /; is a continuous, strictly increasing function of z
for ie M. Furthermore, there exists Z<z(N) s.t. f,(z) = fo(z') for all 2,25

and f, is a continuous, strictly increasing function of z on [0,Z].

The first part of AS is standard, while the second part states that at some input level below the
economy’s endowment of private good, the marginal product of z in the production of the national
public good falls to zero. (This assumption is required in order to insure that income tax rates of 1 do
not occur.) Also note that since Y; is convex for all ie QUM, £, is concave.
We are now ready to formally define the hierarchical public goods economy:
Definition: E = l(N.%#)-C.U.Y.z} is a hierarchical public goods economy with fixed jurisdictions if
(i) (N, 4) is a measure space with NCR and 1 the Lebesgue measure;
(ii)Cm (Cu,e ati=1,...M; h=1,.. ..H} is a measurable partition of N such that
p(uci..) >0 Vi=l,...M;
(i) U = (™Mt xRM*2 3R, | n:;q};
(iv) Y ={Y,, Y|,...,Yy) where Y| is a closed subset of
{(xi.~2z) € R} 220 ¥ i=0,1,...M;
W zN-{zI] < (0,00) is a measurable function.



Prices

The private good z is the numeraire good and each house is assigned a price by a measurable price
function p:N—R,. Since in equilibrium houses of the same type in the same communily must have
the same price, p is assumed to be constant on each Cj; , and the price of a type h house in
community i is denoted p;y. Thus, for every price function P there is an equivalent price vector p =
(P11.....pmu) and vice versa. (We will use both the vector and function notation.) The total value of ali

houses in J; e Alis represented by p (J;) = I p(n)dn. Often we will denote p(n) as j
. h

Taxes

Production of national public goods is financed through proportional income taxes, while
production of local public goods is financed through proportional property taxes.!® Taxes are denoted
tm (to,t .....fM)eR ¥+1 where to is the national income tax rate and t;, i=1.....M is the local property
tax rate in community i. Tax rates, however, have to be consistent with absolute majority rule voting
by resident consumers, and budgets have to balance. (The meaning of majority rule voting is made
precise below.) The balanced budget requirement implies that each government faces a set of
alternatives that is linearly ordered and equal to the boundary of its production set. It further implies
that voling over tax rates is equivalent to voting over public good levels, because each different tax rate
determines uniquely a public goods level associated with this tax rate and vice versa.

Consumer Decision Problem

Consumers choose houses and communities and take tax rates t =(tg,t; ,...,tpm), public good levels
x =(x0.X1,...,xpm) and prices P =(P1i.P12.0 PIHLD2I .---\PMH) as given. In other words, consumer n
chooses i and h to maximize u™ over his budget set

B(p.t) = {(i.h)e M H | pu+ (110 ) 2{m) 2 (1+4,) pin).
His utility of choosing a house of type h in community i,
un(i,h,x, py+(1-to) 2(n) - (144 ) pin ),

will be denoted 4" (i,h) when it is clear what x, t and p are. Finally, let S,y RMHYIMA2_5 N assign

to every (p.x,t)e RMH+2M+2 (e <ot of agents who can afford (i,h) and strictly prefer (i,h) to any other

16 we follow Dunz (1985) in defining income for tax purposes to be the privaie good endowment. Thus, capilal gains
from house sales are not part of the national tax base.



house in any other community, Similarly, let W, :RMH+IM2, \N ag5ion 10 every
(p.x,t)e RMH+IM+2 ¢he set of agents who can afford (i,h) and weakly prefer (i,h) to all other houses

in any other community. More formally,

Sy (p.x,0) = {ne N | (i,h)e B(p,t) and u”(i,h) > u®G,h') ¥V (j,h')e B (p.)\((i,h)} )
W (.x,) = {ne N1 (,h)e B*(p,t) and u"(i,h) 2 u"(j,h') ¥ (j,h)e B (p,0)}.

Absolute Majority Rule Voting
We first need to define induced preference relations over taxes. Let Q" denote n’s induced
preference relation over property tax rates in community i, where t; 0°(i,h,p x) l: means consumer n
weakly prefers property tax rate § to ; given (i.h,p,x).!7 Formally define 0° as follows:
f3kxo

Definition: Let ne N, (i,h,p.x)e MxHxR ¥HMl ang [¢] = [p, + (1~ —ng—)-)z(n) - Pyl Let x () =

(Rgu- - Xg_g0 L& PLCY) X, e -oXp)- Then t; Q"(ih,p,x) t; if and only if
@ u(ihx_ (), 4 - t;pyy) 2 w(ishx_i(t), [+] - & pyy) and
[1- 4Py >0and []] - p;, > 0; 0
@ii) [} -1, p,, >O0and [*] - 4 p, S O; o
(iii) t; <4 and [+] - t,p,, < Oand [] - ¢ p,, S 0.

Thus, when (i) after tax private good levels are positive under both ¢; and L;, then t; O"(i,h.p,x) t,
if utility (holding fixed location and other public good levels) under t; is at least as great as under t'i. If,
on the other hand, after tax private good levels are negative under one of the tax rates, then
0"(i,h,p.x) l, only if either (ii) after tax private good levels are positive under t; or (iii) (; is less than
or equal to l; Note that (ii} and (jii) are needed to define a complete preference ordering over tax rates.

Furthermore, let :MxHxR MM+ 3R be defined as follows:

#ihpx) = (GeR, | 4 Q*Ahp.X) & V eR,).
Thus, M(i,h,p.x) is simply agent n’s most preferred property tax rate given (i,h,p,x).
Similarly, let Qg'(i,h,p,x) denote consumer n's induced preference relation over national income

tax rates given (i,h,p.x):

17 Some readers have suggested that O should aot be dependent on h. In that case, however, preferences over tax rates
would no longer be single peaked and it would become difficult to find conditions under which equilibria exist. We
therefore make the standard though admittedly restrictive assumption that agents vote given h. (In equilibrium, of
course, h is optimal and thus the two approaches are identical; they also would be if h is homogensous within C;.)

10



I .
Definition: Let ne N, (i,h,p,x)e MXHxR ¥HM#! and et (o] = [p, + z(n) - (1+%) Pyl Let

X_o(to) B (fy(tgz(ND).X ... xpp). Then tg Qg (i,h,p,x) toif and only if
@) unGihX_o(to), o] - 12(n)) 2 u(i,h,x_g(t), [+] — toz(m) and
[#) —~ tz(n) > 0 and {«] - tez(n) > O; or
(i) {*] - toz() > 0 and [+] ~ yz(n) < 0; or
(iii) 19 S tyand [+] - t,z(n) < 0 and [+] - tz(n) S 0.

Also, let 1 §:MXHXR MHMH 3R such that
1§ (Lhpx) = {tge R, | t GG h.px) tp V geR, ).

@°(i,h,p,x) and Qg'(i,h,p,x) will be denoted Q" and Qp' when (i,h,p,x) are understood. Now let

I= {J;,,e Al (i,h)e M xH , partition N and let J, = ‘U Jjp We can then formally define absolute
teH
majority rule voting in the spirit of Denzau and Parks (1975, 1983):

Definition: Fix (p,x)e R MM+l and J. Then te R M*! is consistent with absolute majority rule
voting if and only if

@ Y, u{nedy 140%.hpx) :;}z@ V&R, VieM;and
eH

@Y, Y, p(ne i 1005Ghp.x) t;,}zﬂ(;i’ V e R,.
ieM =M

Also, 1€ R, is said to be consistent with majority rule voting if (ii) holds; and for all

ieM, Le R, is said to be consistent with absolute majority rule voting if (i) holds.
Finally, we can formally define an equilibrium for this economy:

Definition; An equilibrium for the hierarchical public goods economy E is a list (J,p,x,t) where
() m (Y& Al i=1,...,M; h=1,...,H} is a measurable partition of N;
(ii} p:N—R, is measurable and constant on each Cjp;
(iiy xe RM+!;

(iv) te R M*! such that

11



€1) p(Jw)=u(Cin) V ic M, he H;
(E2) xo= fo(toN});

ENxi=fi{ip (C)) VieM;

(E4) V (i,h)e M xH, S, (p.x,0)<],, =W (p.x,t)

€)Y, Y, ulneln 105Ghpx) :;lzﬁ(zN—) Ve Ry
eMEH

©6) Y ulnetin (4,0 hp0) :;lz"-‘gﬁ VeR,, VieM.
e M

El restricts the population in each community to the housing capacity of that community. E2 and
E3 formalize the balanced budget requirement and E4 requires that consumers maximize utility.
Finally, ES and E6 specify local and national tax rates to be the result of majority rule voting.

A final assumption A6 is formally introduced later afier the needed notation is developed. It states
that the agent with lowest endowment Z has sufficient private good left after paying the highest income
tax bill to pay the highest property tax bill on a house with the lowest possible price.

III. Existence of an Equilibrium

Absolute majority rule equilibria
Single peakedncss of preferences is a sufficient condition for the existence of majority rule voting
equilibria. We thus show that preferences over tax rates (or equivalently preferences over public good

levels) are single peaked along the dimensions that is voted on, both at the national and the local level.
Lemma 1: For all (i,h,p,x)e MxHxRMHM* yne N, £(i,h,p,x) is unique and Q" is single peaked.

The proof to the next lemma is analogous to that of Lemma 1.

Lemma 2: For alt (i,h,p,x)e MxExRMH+! ¥ ne N, 14" (i,h,p,x) is unique and Qg is single peaked.

Furthermore, Al and the Maximum Theorem imply the following:

Lemma 3: The function £(i,h,e,) is continuous in p and xo, and the function #5' (i,h,-,¢) is continuous

in p and x;.

12



Compactness
In order to apply Kakutani’s Theorem, the domain and range of the fixed point mapping that will

be defined shortly must be compact and convex. This requires the placing of bounds on the public
goods set, the price set, and the tax rate set. Recall that by AS, there exists some maximal amount of
national public good production fy(Z) where Z<z(N). Let the set of all possible public goods levels
then be defined by X = [0£(7}]x[0,X]M, where
X =max (fiz(N) lie M).

Next we need to bound house prices away from O in order to ensure finite t. Pick Pe R,, as this
lower bound.!8 The upper bound P is then defined high enough so that ali consumers would always
prefer to own a house with price P 1o one with price P. (This is similar to Dunz (1985).) By A3,

V ih),Gh)e MxH, 3 by, 5.1V xe X, VneN,
u0(i,h,x,by, 5, ~P) 2 un(Gib'x, z).
Let by ju=min(by, .} and define P = 2max {Z U{ bingnl (i.h),G.h)e MxH}. The price set is then
P=[R.PJMH. Furthermore, note that, given P, there exists T<oo such that

£ (.h.px)ST VneN, V(i,h,p,x)e MxEXPXX.

Finally, let To= —2__ <1 be the upper bound for income taxes. The tax rate set is then defined by

z(N)
T=[0,Tdx[0.T]. By definition of these sets, for all (p.x)e PxX and for all ne N, ¢ and 1§ lie in [0,T)

and [0, T respectively. The following assumption on z is used in the proof of the next lemma:
Assumption 6 (A6): (1-Toz > TP.
A6 simply states that the lowest income agent is able to afford to pay the highest possible property

1ax bill on a house of price P after paying the maximum income tax bill.
The definitions of the price and tax sets have the following useful property: 19

18 Given that we rarely observe house prices less than o equal 10 0, the notion of a positive lower bound on house
prices does not strike us as unreasonable. Since the exisience proof holds for any arbitrary lower bound on prices,
this does illustrate, however, that different lower bounds on prices will lead to different equilibrium prices and
possibly different equilibrium assignments of agents, When applying the modet, the lower bound on prices must
therefore be set carefully 1o reflect a realistic relation to incomes. This is done in the calibration of a computable
general equilibrium version of the model in Nechyba (1994a,b,1996). Our aim for now, however, is merely to prove
the general existence of an equilibrium,

!9 The proof is an adaptation of a proof in Dunz (1985).
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Lemma4: For all (p,x,t)€ PXXXT, if p,,=P and p;, =P, then ¥ ne N, cither u"(i,h) > u"(j,h")
and/or (j,h")e B™(p,t).

Nonemptiness

So far, we have defined the compact and convex space of prices, public goods levels and tax rates
PxXxT. In order for the fixed point correspondence defined below to be nonempty, there needs to
exist a measurable partition (J,.....Jyyylof N for every (p,x,t)e PxXXT such that for all
(i,h)e MxH, Sy (p.x,0CH,C W, (p,x,t). This does not hold since there may be combinations of
prices and taxes that cause budget sets for some agents to be empty. For this reason, we define a
transformed economy E' for every hierarchical public goods economy E. This transformed economy
E’ will be identical to E except for the addition of an empty community C,,, , (of measure zero), and an
extension of preferences to include this new community. We will then prove that there exists an

equilibrium for E' which will be easily translated to an equilibrium in E.

Definition: Let E = [(N.N,u).C.U.Y.z} be a hierarchical public goods economy with fixed
jurisdictions. Then E' = {(N,8(u).C",U",Y",z} is a transformed hierarchical public goods
economy with fixed jurisdictions if
() C'= (Cjye N1 Cyy=Cin V (Lh)e MxH and Cppy,1y,=D Vhe H);

(i) U's (w2 {M U{M+1) kH xRM*3 R, | ne N} where
VneN, VieM, ¥V xe RM*!x{0), V hh"e H,V zz"eR,,
u'"(i,h,x,z) = u"{,h,x,z) and

u®(i,hx,0) = W (M+1,h" x4,...,x\,0,2") = g™

(iii) Y'®YU{Y,,,,} where Y,,,,={(0,~z)e R? | 220},

Note that agents strictly prefer all other communities over M+1 so long as private good consumption in
the other communities is strictly positive.20 Furthermore, there is no production technology for public
goods in the new community.

House prices, local public good levels and property taxes wili be restricted to zero in community

M+1. Thus, for all p,t;, and h, &"(M+1,h) =y", Also note that this implies

20 he definitions of Sy, and Wy, can be extended straightforwardly 1o include the additional community.
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(M+1,h)eB*p,t) V heH, V neN, V (p.t)e PxT.
We can then extend the definition of an equilibrium:

Definition: An equilibrium for the transformed hierarchical public goods economy E' is a list
J,p'x'\1") where ' -
() ¥ = {Ty e A (Lhye (M UM+ )xH } is a pantition of N;

(ii) p:N—R, is measurable and constant on each C;, and p'(&)=0);
(iii) x'e RM*2;
(iv) t'e RM*2 such that
E1) u(Ty)=u(Ciw) ¥V ieMU(M+1), he H ;
(E2) xo= foltodN)}
(B3) x;= £iltip (C)) V ieMUM+1);
(E4) V (i.h)e (MU(MT)xH, S, (0" X )STHEW 4, (p'x ' );
€Y Y Y ulnely iG0Nh.p'x" io)z"(zN’ Vige R,

ieM AM+1) el

(5)

(E6) ¥ u{nedy 160%,h,p'x) Ei)ziﬁi-. VieR,, VieMu{M+l}.
el

Note that since p'(Cpy,)) =0, Xppyy = 0 = tyy,;. It is easily seen that if (J',p'x't) is an
equilibrium for E', then (J,p.x.t) = ({51p.. Jym} s P's (X0 X 0eresXpg)s (Gool)oeenrlyg) ) is am
equilibrium for the economy E. We will proceed by defining a correspondence whose fixed point is an
equilibrium for the economy E', which will then translate into an equilibrium for the economy E.

Fixed Point Correspondence

First we extend the price, public good and tax sets restricting all coordinates for community M+1
to 0; ic. welet P= Px[0}H, X Xx[0] and T = Tx[0]. Furthermore, let vy denole the measure of
agents of type a assigned to a house of type h in community i. Then the set of all possible assignments

of agents is

Vs (ve RMDHAL % % vt =u(N) Vaea).2l
eMUM+l ) =N

il By including v as an argument in the utility function, the model can easily be expanded to include population
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Thus, define
Xv)= {(‘Il I""J(M+I)H) | Jih € Nand u{lih ('\Nn) = vl V (i,h,a)e (MU{M+] NxHxA ] .

The following lemma shows that this set is always nonempty.

Lemma 5: For all ve V, Av) # &.
Thus, for each ve V we can form at least one partition J(v) of N such that and p{J, (V)NN _} = v}.
Since v is the same for all members of Av), all J(v), Y(v)e Xv) are cquivalent in the sensc that Jih.l;,,
contain the same measure of each consumer type. Note that ¥ (i,h,p,x)e MxH xPxX, V acA, V
n,n'eN,, (i,h,p.x) = £(i,h,p.,x) and Q"(i.h,p.x) = Q"(i,h,p,x). Therefore define Q%(i.h,p,x) =
@"(i,h,p,x) and £*(i,h,p,x) = £(i,h,p,x) for ne N_.

We now define a mapping &: VxPxXxT— VxPxXxT and note that by construction,

VxPxXXT is convex, compact and non-cmpty, and by Lemma 5, AV) # @:

Evipt) = { @58, he VPR
(i) V (i,h)ye (MU{M+1])xH, §;,(p.x.1) © Jih(";) < Wiu(p.x.1) for IV)e AV,

(ii) ¥ (i.h)e MxH, ¥ pipe [BP), Pin((2, v)-#(Cip)) 2 pin (Y, v4)-H(Cy)) and

oE A as A

VheH, B(Mu)h =0,
(ifi) Xy, =0and V ie M, X, = £, p(C)));
(iv) Xy = fo(tloz(N));

22

) iy =0and W ie M, ¥ e (0T, |3 3 v 1k 0 Ghpmy i) 2 S
®=AEH
) ViEgloTL [E X T v tho 0 Ghpn o | 2 !_1_(2__N__) },
A MIEH |

The next two lemmas state that any fixed point is an equilibrium in the transformed economy and

that the fixed point correspondence is nonempty.
Lemma 6: If (v,p.x,t)e £(v,p.x.0), then (A(v),p.x,t) is an equilibrium of E'.
Lemma 7: é(vip.x,t) # D V¥ (v.p.x,be VxPxXXT.

externalities. All proofs will go through with some additional notation.
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Upper hemi-continuity and Convexity

As in Dunz (1985), the following lemma is used to prove upper hemi-continuity of &:

Lemma 8: For all sequences {(pX,xX%)}),7 with (p¥,x¥,i5)e PxXxT and kli_mm(p".x",l‘) =
(p.x,0)e PxX T, 3 k <00 such that Vv ok
V (i.h)e (MU{M+1))x H, S (p.x.t) < Sy (p“xk.t5) and W, (pX.xE ") W, (p.x.0).

Lemma 9: £ is upper hemi-continuous,

Lemma 10: &(¥,p.X,1) is convex for all (¥,p,X, Ve VxPxXxT.

Existence

Theorem: If an economy E satisfies assumptions A1-A6, there exists an equilibrium.

Proof: As noted carlier, VXPXXXT is constructed to be a compact, convex subset of R 2A(M+DH+Ms2)
By Lemmas 7, 9 and 10, &(v,p,x,t) is non-emply, upper hemi-continuous and convex
valued. Thus, Kakutani's Theorem implies there exists (v',p'.x".t")e VxPxXxT such that
(v%.p'.x' 1€ §(vip'x'\t') . Lemma 6 states that (J(v)p'x'") is an equilibrium for the
ransformed economy E' which implies (J,p.x,t) = ([J',;,...,J;,,H),p'. (xg.,%, ....,x;d),
(tgs1} ----kyy )) is an equilibrium for the original economy E.

QED,

IV. Stratified Equilibria

As mentioned in the introduction, both Westhoff (1977) and EFR (1993) use single crossing
assumptions to find “stratified equilibria”. EFR, for example, assume that the marginal rate of
substitution at any point in the public good/price space is a continuous function of wealth which
implies that, since all agents have identical preferences, indifference curves of individuals with
differing incomes cross only once. This yields an equilibrium in which agents stratify into
communities based on both their wealth and their marginal willingness to pay for the local public good.
A sufficient condition for this single crossing assumption is that wealth is entirely exogenous, a
condition which is satisfied in EFR because land is owned by absentee landlords. In our closed general
equilibrium model, however, each agent owns a house whose equilibrium value is determined

endogenously. This implies that, despite the exogenous endowments of private good, private wealth is
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endogenous to the model. Additional complexity is added by the possibility of a large number of
different types of agents cndowed with different preferences, as well as a large number of
heterogeneous house types. Defining notions of stratification in our model therefore becomes more
challenging than in the previous framework. We will define several such notions and then proceed to
find sufficient conditions for these to hold in equilibrium.

First, an equilibrium is preference stratified by house type across communities if agents who live
in the same house type sort themselves across communities by their equilibrium marginal willingness
to pay for discrete amounts of the local public good. Similarly, we say that an equilibrium satisﬁcs*
preference siratification across communities if agents sort themselves into communities by their
equilibrium marginal willingness to pay for discrete amounts of the local public good. 22

Next, an equilibrium satisfies wealth stratification by house type if the ordering of agents is the
same whether we order them by the tax inclusive price of their equilibrium home or by their after tax
endowments. Thus, in an equilibrium that is wealth stratified by house type, agents sort themselves
into house types by their after tax endowments, Similarly, we say that an equilibrium is wealth
stratified by community if agents sort themselves into communities by their after tax endowments.
Finally, we say an equilibrium satisfies complete stratification if agents sort themselves into
communities by both their equilibrium marginal willingness to pay for discrete amounts of the local
public good and their after tax endowments in such a way that wealthy communities produce more
local public goods than poor communities.

To define these notions more formally, we need the following additional notation. If X;<x,, let
MW’I‘P{:’- (i,h,p.x,l) be agent n’s marginal willingness to pay for (xj—xi) additional units of the local
public good when residing in (i,h) and facing (p,x,t). Similacly, if X;>X;, let MWTP}; (i.h,p,x1) be
agent n’s marginal wiltingness to pay for the last (xi—xj) units of the local public good when residing
in (i,h) and facing (p,x.t). More formatly, let Z(n,i,h,p,t} = (1-+p)z(n)+p,—(L+t;)py and x(i,j) =

(XgiXyy o oXi 1o XppXigpse- -1 Xpg) Then

MWTP; (ih,px.t) = {icle R, | u"(i.h.x,Z (n,i0,p,0) = u"(i,h,x(ig), Z(n,ih,p,0)-<)). 2

22 Note that stratification here means that agents sort themselves according to their marginal willingness 1o pay
evaluated at the equilibrium (J,p,x.t), which is a weaker notion of stratification than that cmployed in Westhoff and
EFR who assume an initial ordering of agents by their MRS. As argued before, it is impossible to make such an
assumption when wealth is endogenous and preferences are not identical,

I8



Definition: An equilibrium (J,p,x.t) for an economy E is
(i) preference stratified by house type across communities if
Vij s.t x;<x;, ¥ heH, V nely, n'ely,
MWTP], Ghpxt)S MWTP] Ghpxo).
(ii) preference stratified across communities if
Vij st x<x;, V hheH, V nely, ¥ n'e i,
MWTP{, Ghpxt)S MWTP] Gh'px.0).
(iii) wealth stratified by house type if Vi,je M, V h,h'eH,
(1+t)py < (1+4)pj = ¥ ne Jy, vV n'e Jiy, (14+t9)z(n) + py S (1+p)z(n) + py -
(iv) wealth stratified by community if (iii) holds and if Vi,je M,
(1+t)pyy < (141)p;y for some hw'eH =
max {(1+4;)p,,- | h"€ H} S min {(1+4)p;y- | k" € H).
(v) completely stratified if Vi s.t. x,<x;, ¥V h'eH, V nelj, V n'elyy,.,
MWTP], Lhpx) S MWTPS Ghpx.t) and (1+tg)z(n)+p, S (1+1)2(n)+ py.

Our notion of stratification is, therefore, different from that of EFR in that it is based on
equilibrium marginal willingness to pay rather than an initial ordering of agents by marginal rates of
substitutions. We note in passing that if all agents had identical preferences (as in EFR) and the quality
of an agent’s house endowment was an increasing function of his income, we could impose the same
kind of ordering on agents and thus achieve a result analogous to the EFR notion of stratification. This
is because the ordering would then be the same regardless of whether we ordered agents by their

income endowments or their equilibrium wealth levels.

Preference Stratification

Next we state two further assumptions. A7 assumes that all communities are endowed with some
positive measure of each house type. A8 states that agents are indifferent between living in the same
type of house in different communities whenever the local public good levels are the same and they
consume the same amount of private good in both communities. In other words, A8 disallows
spillover effects as well as intrinsic differences (like beauty and air-quality) between communitics.

Assumption 7 (A7): For all (ih)e MxH, u(C,,)# @.

23 Note that by the earlier assumptions on utility functions, this exists and is unique.
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Assumption 8 (A8): ForallneN, VijeM,VheH, VzeR, V xx' st x;j= x;- .
u"(i,h,x,2) = u”(j,h,x',2).

Theorem 2: Let (J,p.x,t) be an equilibrium for an economy E satisfying Al-A8. Then (J,p.x.t) is
preference siratified by house type across communilties.
Proof: Let (J,p,x.t) be an cquilibrium for an cconomy satisfying A1-A8.

(i) Claim: For alt he H, V i,je M such that x;<x;, (1+t)p;, < (1+4)p;p.

Suppose not; i.c. suppose (1+1)p;, 2 (14t)p;y for some heH. Then by A8 and the
monotonicity of 4" (Al),

ut(i,h,x,(141g) z(n) + p, — (144)pyp) < W°G.h' X, (1+) z(n) + p, — (1+4)p;) VneN,
which contradicts (J,p,x,t) being an equilibrium.

(ii) The rest of the theorem then follows straightforwardly from this claim. Note ﬁal since the
only aspect of a community he cares about is its local public good level (by A8), agentn
could purchase (x,—x,) additional units at a price of (1+,)p;,—(1+4)p;, (which is greater than
0 by the previous claim) by migrating to (j,h"). Similarly, agent n' could “sell” (xj-xi) of
his local public good at the same price. Since (J,p.x,t} is an equilibrium,

MWTPY (ihp.xt) S (1H)pu-(1+)py S MWTP]] Gih,p.x,0).
| QE.D.

The following is immediate from the theorem above:

Corollary 2: Let (J,p.x,t) be an equilibrium for an economy E satisfying AI-A8. Then if IHI=1,
(J,p.x,b) is preference stratified by community.

Theorem 2 states that if each house type is available in every community, if there are no spillover
effects and if agents place no intrinsic value on a particular community, then agents living in the same
house type will sort themselves across communitlies according to their equilibrium marginal
willingness to pay for discrete amounts of the local public good. Note that we made no drdcring
assumption of the Westhoff or EFR kind to get this stratification result which is a direct consequence
of the equilibrium price structure (see the claim in the proof to Theorem 2). Furthermore, note that

under the relatively weak conditions of Theorem 2, we get a partially stratified equilibrium where the
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heterogeneity of house types accounts for differences among agents within communities in their
marginal willingness to pay. Only by removing the heterogeneity of houses, i.c. only by assuming
homogeneity of housing, do we get complete stratification closer to EFR (Corollary 2), the kind of
stratification Epple and Platt (1992) try to remove from the EFR framework by introducing a tastc
parameter. Here, the heterogencity of the land market produces heterogencity in equilibrium marginal
willingness to pay for the lacal public good within communities. Equilibrium prices for houses,
however, place strict limits on the degree to which agents in communities differ in terms of their
marginal willingness to pay since agents who live in the same house type segregate themselves into

communities according to their preferences for the local public good, X4

Wealth Stratification
We proceed by defining the “normality” of a house: Suppose an agent prefers house (j,h’) to house
(i,h) given public goods vector x despite the fact that he has less private good in (j,h') than in (i,h).

Then we say that (j,h') is normal if, when the agent gets an additional amount ¢ in both localtions, he

still prefers (3,h") to (i,h). More formally:

Definition: A house h' in community j is normal if ¥ ne N, ¥V xe X, V z>z', ¥ ¢>0, V (i,h)#(j.h"),

W(i,hx,2) S uhGh'x,z) = un(i,hxz4c) < (b x,z'+c). 23
Finally we state A9 which says that all agents are endowed with identical preferences.

Assumption 9 (A9): Forall nn'e N, V (i,h)e MxH, ¥ x,z,
u™(i,h,x,z) = u¥(i,h,x,z).
Theorem 3: Let (J,p.x.t) be an equilibrium for an economy E satisfying A1-A6 and A9. If houses arc
normal, then (J,p,x,t) is wealth stratified by house type.
Eroof: Let (J,p,x.t) be an equilibrium. Pick (i,h),(j,h")e MxH such that (1+t;)p;, < (1+4)p;y, and let
neJj,, n'eJy. Define
¢ = (1-19) (2(n)-z(n')) + po— P
z'a (1-ty) z(n") + py: ~ (1+4))pjy

24 Note that, at the present time, this intra-communily heterogeneity of houses is exogenously given and can be
thought of as the result of some history. An interesting question raised by this is to what extent. when histories are
treated endogenously, intra-community heterogeneity of housing would arise. A dynamic version of this model that
endogenizes the housing stock is required to answer this question.

25 A similar definition appears as assumption (E) in Kaneko (1983).
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| 2z (1) () + e - (g,
Suppose (1-tg)z(n) + p, > (l-tg)z{n") + p,. Note that this implies ¢>0 and
(i.h),G.h')g BY(p t)<B (p.t). This further implies z>0 and z'>0. Finally note z>z', By A9
we can let « = 4® = 4®. Since (J,p,x,t} is an equilibrium, ne W (p,x,t) and n'e Win(p.x.t)
and therefore

u(i,h,x,z) S u(j,h',x,z)
u(i,h,x,z+¢) 2 u(j,h',x,2'+c)

which contridicts the normality of (i,h).
Q.E.D.

The following is trivial given Theorem 3:
Corollary 3: Let (J,p,x,t) be an equilibrium for an economy E satisfying A1-A6 and A9. If houses are
normal and (Hl=1, then (J,p.x.0) is wealth stratified by community
Theorem 3 states that if preferences are identical and houses are normal, agents will sort
themselves into house types by their post-tax endowments. In other words, if preferences are identical
as in EFR, poor residents will segregate themselves from wealthy residents within communities. If we
further assume that there is only one house type in the economy (Corollary 3), then agents are stratified

across communitics by their post tax endowments.

Completse Stratification
Theorem 4: Let (J,p,x,0) be an equilibrium for an economy E satisfying A1-A6, A8-A9 and |Hl = 1.
Then if houses are normal, (J,p,x,t) is completely stratified.
Proof: Let H={h} and note that IH1 = 1 implies A7 is satisfied. Then Corollary 2 implies (J,p,x,1) is
preference stratified across communities; i.e.
X< = Vnel, Vn'el, MWTPS (ihpx.) S MWTP Gihpx)
Corollary 3 then implies (J,p,x,t) is wealth stratified by community. Furthermore, by the claim
in the proof to Theorem 2, if x;<x;, then (1+t;)p;y, < (1+4;)p;y. Thus,
x<x. = Vnel, Vn'e J;, (14g)z(n) + p, < (1+19)z(n') + py.

J
QE.D.

Theorem 4 combines the previous two corollaries to state that if preferences are identical, if there
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are no spillover effects and no intrinsically valuable characteristics of communities, if houses are
normal and if there is only one house type in the economy, then agents sorl themselves into
communities by both their equilibrium marginal willingness 10 pay and by their post-tax endowments,
and wealthy communities produce a higher local public good level than poor communities. Nole that
these restrictive conditions reguired to ensure stratification are analogous to some of those used by

EFR, although none of the their more severe restrictions on preferences are necessary.

V. Conclusion

In this paper, we have proved the existence of an equilibrium for an economy with local and
national governments, majority rule voting over local property and national income taxes, and mobile
agents who are endowed with houses. In doing so, we have not been required to make overly
restrictive assumptions about preferences or utility functions, and have made use of the structure of the
model to find a political equilibrium on both the local and the national level. Furthermore, we have
demonstrated conditions under which equilibria will be stratified in several senses: under different
conditions, agents are shown to segregate themselves by wealth endowment, marginal willingness to
pay for the local public good, or both, and market prices for houses are shown to play an important
role in producing heterogeneity among agents within communities.

This model is used elsewhere 10 take a fresh look at issues in fiscal federalism and local public
finance. It offers empirically verifiable predictions on the political effects of intergovernmental grants
and provides an explanation for the unresolved puzzle of the “flypaper effect” (Nechyba (1994a).
Furthermore, it explains why local communities tend to use property rather than income in their tax
bases and how national grant programs may arise as a coordination mechanisms for incorporating
income into local bases (Nechyba (1994b)), and it facilitates an evaluation of different types of national
policies in terms of equity and efficiency goals (Nechyba (1996)). Finally, the model presented here
lays the foundation for the first parameterized computable general equilibrium model of local public
finance and fiscal federalism found in the literature (Nechyba (1994a,b,1996)).

Finally, future work may generalize the framework in a variety of directions and thus provide
further theoretical foundations to applied analysis. The addition of a dynamic dimension would

facilitate an investigation of the endogenous development of jurisdictions and their housing stocks.
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This could shed light on the emergence of jurisdiction boundaries and zoning regulations as well as
facilitate explanations for the recent trend of school district consolidations in some states. Expanding
the model to include an intermediate “state” level or additional local governments seems technically
feasible and may shed light on the evolution of the complex web of local and staic goveraments in the
US. The addition of commercial and industrial players could result in a new investigation of strategic
community behavior aimed at attracting these players to the local tax base. Finally, the ofien used local
revenue enhancing system of user fees could be added and analyzed in the Tieboul context.

V1. Appendix

Proof of Lemma 1: Fix ne N, (ih,p,x)e MxHxRMH*M+! and let §=p,(C)). Let t € R, such that
l

tiQn(i,h,p,x) t'i and ;'l 0°(Gi,h,p.x) 4. Let [*] = {p, + (l-f;-‘;((—:?)z(n) — Pip}- By the definition of
0", 0", and 4 QP implies that either
@ woGihx i), (-t py) = u“(i.h.X.a(t'i), []- tl p;,) and
[*] -t py>0and [} - ':n P> 0; or
(ii) t;=t, and [+] - ¢, p,,S 0.
Let¢* m at, + (I-a)t'i for ae [0.1]. First assume (i). To show that " is unique, we show that
t* is strictly preferred to both ¢, and I.: By strict quasi-concavity of 4"(i,h,,) (Al),
(1.1) Wi h, XX e X, OGP0 (G X, oo Xpe [0] = Opy,) >
w(ihx (1), [+] - ¢, py) = 10, hx_( 1), [*] - 4 py).
AS implies f; is concave which implies
(1.2) FU"P) = (ot + (1-0) 4)P) 2 afi(t) + (1-0)fi (4 P)-
Next (1.1), (1.2) and monotonicity of 4" (Al) imply
w(i,hx_(1%), [*] - & p) > w"(ihx (W), [*1 - 4 ),
Wb (), ] - 2 p) > u(ihaxs( ), [ - 4 pyy):
= M(i,h,p,x) is unique. Now assume (ii). Then ti=t'i. Thus, 2(i,h,p,x,) is again unique. It

follows straightforwardly from this proof that Q% is single peaked.
Q.E.D.

Proof of Lemma 4: If p, < (1+4)F - (1-tp)z(n), then (jh)e B*(p,Y). = If p, <P - Z, then
(j.h") B2(p,t). Thus, we only need to check p,e [P-Z,P). Fix (x,t)e XxT. Note that A6 =
(t-tg)z(n) 2 LR. Then by monotonicity,
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(4.1) u"(i,h,x,p~P) < uP(iLh.x,(1-tg)z(n)+p,~(14+1)B) = &"(i,h) and
4.2) u"(i.h'.x,i+pn-F) 2 u“(i,h'.x.(l—lo)z(n)+pn—(l+tj)P) = u"(j,h").

Suppose P 2 p, > g- and (j,h")e BXp.t). Then, by the definition of P, p, > b;, .. and by

monotonicity,

“n(i-h-’hpn“m > u“(i.h,x, F thh'—R) 2 “n(i|hl,X. i) 2 u"(j,h',x, i+pn—F).

Thus, by (4.1) and (4.2), u"(i,h) > u"(;'_,h').

Now suppose % 2p,2 P-Z Then Z Zg- = z2 bthh.. Then by definition, P = 2z = P, =Z

= Z+p,~P = 0. If >0 and/or >0,

(I-tz(n) + p,— (1+1)P <0 = (k) B (p.b).
If 19=4;=0, then by A2,
w(hxp ~(14+1R) > u*Ghx, Z+p,-P ) = uGih) > u"(.h').
Q.E.D.

Proof of Lemma 5: For all ac A, De % let ¥,(D) = u(D NN,). Then ¥,,....7, are A nonatomic
measures on (N,A) which implies by Theorem 1 in Dubins and Spanier (1961)26 that the set

of matrices
nd o N
: : 1(J13---JM+1)n ) is a measurable partition of N
/AT o AUmMenyw

is convex and compact. Matrices where each row is composes of all 0’s except one u(N,) are
in this set. (Just let N, cJ,, for some ag A, (i,h)e (MU{M+1})xH and let N.n.ljh. = I for
all (j,h")#(i,h).) This implies that Av) = & for all ve V s.t. for cach ac A, v} = u(N,) for

some (i,h). But then the convexity of the above matrix implies that Av) # & for all ve V.
Q.E.D.

Praof of Lemma 6: Note (i), (iii) and (iv) = (E2", (E3") and (E4') arc satisfied. Furthermore, V
(i.h)e (MU(M+1))xH, ¥ ae A, ¥ J(v)e J(v),

RUILMNN,) = v = p(J,)) = Y, va.
vy
Thus, (v) and (vi) = (ES") and (E6'). We then only need to show that (E1') holds. Note that

26 Theorem 1 in Dubins and Spanier (1961) is used extensively in Dunz (1985). It is an extension of Lyapunov's
Theorem and states:
TIheorem: Let p= 1y, 1, be an n-tuple of countably additive, finite, real-valued functions defined on a c-algebra

U of subsets of U. For every ordered partition P of U inlo k measurable sets Ay,..., Ay (with Ajetd
for 1<j<k), define the nx k matrix of real numbers M(P) = (34(A))). Then if 1 is nonatomic, the range
R of the matrix-valued function M is a compact convex set of matrices.
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(E1") is satisfied if m,,= (3, vl )-#(Ciy) =0 V (i,h)e MU{M+1}xH. Since m,, is the net

A
migration into (i,h), z Z mj = 0. Thus, if m;, < 0, 3 (i,h)e MU{M+1})xH s.t.
i€eMU(M+1) beH

m,, > 0. Then assume without loss of generality that m;,>0. Since H(Cps1p) =0V he H,

3 (h)e MXH st m, < 0. First suppose i#M+1. Then by the definition of & p, = P and

Py = B which implies by Lemma 4 that Wiy (p.x,t) = & = Z vi =0 = my=-u(Cy)<0
a€A

which is a contradiction. Finally assume i=M+1. Since py =B, A6 => V heH, ¥ neN,

(j.h")e Bp,t) and wr(M+1,h) <u(jh’). But then Wi(px,t) = & = Z vi=0 =

=A
m,, =0 which is another contradiction.
Q.E.D.
Proof of Lemma 7: Note that &(v,p,x,0) # & if B2(p,1) # @ for all ne N. This holds because
(M+1,h)e B°(p,0) V heH, ¥ neN, V (p,)e PxT.
Q.E.D.

Proof of Lemma 8: Let {(p*,xk,t%)), 7, be such a sequence and let S, and S¥, denote Siu(p.x.t) and
Sip(P*.x%,t¥) respectively. Note that by A2, ne Sy, = (1-tp)z(n)+p,~(1+t)p,>0. Then by the
continuity of 4", 3 k <oo 5. t. V k2k, V (i,h)e MxH, V ne S V GihY)e B (p%,t)\(i,h),

(i, b, x5, pk+ (1-9)zm) - ph- Pl ) > wG 1 x%, pk + (1-t5)z(m) - ply— & pky)
with (i,h)e B"(pk,ik). By definition of E', u™(M+1,h)=u"*(M+1,h") ¥ h,h'e H. This
implies Sqy,1w=0 ¥ he H, (p,x.0)e PxXXT. Thus, V (i,h)e (MU(M+1))xH, if neS,,
k2k =5 ne S}, which implies S;,\SK, = @ = S, cSk.

Similarly, let W,, and W}, denote W (p,x.t) and W, (p¥,x%,(X) respectively. By the continuity
of u®and A2, 3 k <oo s.t. V¥ k2k, V (i,h)e MxH, V ne W, either (i,h)e B (pk,t¥) or 3
(.h")e B (pk,i¥) with

WG, b x%, pk+ (1-)z(n) - phi— §°p%) >unG, b, X, pk+ (1-5)z(n) - ply— & pk).
Furthermore, if ng W(M +)b then 3 (j.h)e MxH s.t. (1+t5)z(n) + Py U""j)ij- > 0. Then
3 k <oo s.t. V¥ k2k, (1-t§)z(n) + p§ - (1+)pk, > 0 which implies «"(j, h') > u"(M+1, h)
= ne W'(‘M,,)l, Thus V (i,h)e (MU{M+1))xH, if ng W,,, k2k = ne WX, Therefore, if

ne W&, k>k = ne W,,, which implies Wi\W,, = @ = W'i‘hg:wih.
QED.
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Proof of Lemma 9: Suppose {(vE,p%,%¥%,t%)},7, and {(v,p*,x*,t¥)},7, are sequences s.L.

(i)

(iii)

(iv)

(7

Izm XKL ) = @RED, lim (vE,pExKtd) = (vpxt) and (FF ,p¥.X* 1
ke

e .’,‘(v“, k xk (k) for all k=21. We must show (V,p,X,0e E(v.p.x.t).

Let S, = S;y(px.t) and Sf,= S(p*.x*.(%). Note that (i) is satisfied if for neN,, ne S, = Vi

=pu(N)and ng W, = ¥4 =0. Lemma8 =3k st V k2k, if ne Sy, then ne S¥,. This

implies that if ne N, ne 8% = (F¥ = (N, V k2k = lim (V* = ¥h=u(N)).

Similarly, Lemma 8§ = 3 k st V k2k, if ne W, then nEW This further implies that if
neN, neWh= (v)k=0 Vkk = lim (7})* =¥}=0.
koo

Note that (ii) is satisfied if V Lh)e MxH, (1) ¥, v3 > u(Cp) = Pp=F @ ), v <

®A EA
pCy) = Pu=R:and 3) X, v = p(Cip) = Pin €(RPL (D 3 v > H(Cyp), 3
=A A
E stV Y (v)*> p(Cy) = Pl =P = lim p§ = By, = P. Similarly, it (2) 3, v}
A A EA
< M(Cy), 3K st Vi2k, ¥, (vt < u(Cy) = P=P = lim P = b = . Finally,
%A
if3) Y vh = #(Cyp) 3K st V ik, (a) 3, (v > p(Cy) or (b) X, (v)¥ <
A €A EA
H(Cy) or (©) 3 (vl = H(Ci). @), P =F = Im Bl =Py = P if () PR=k =

mA
lim Pib =P =Bi and if (¢), im Pk =i € [R.F.
For all ie M, the continuity of f; implies that since h_lu'r.n. = t, and kll’m__ PY(C) =p(C),
= lim X¥= lim £,(6° PHCY) =£(4 PCD).
Furthermore, X%, =0 V k21 = Xy, = 0.
The continuity of f, implies that since hh_:g =1,
%o = lim % = lim fo(t5 2(N)) =fylto 2N)).

Let (i,h)e MxH, t*(i,h,p,x) =t, and £(i,h,pEx¥) = & The uniqueness of £*(i,h,*,*) (Lemma
1) = we can order A such that :.‘s t.’s .. S b, Suppose first

27 Denzau and Parks (1975) have previously shown the continuity of majority rule equilibria. Their result is not
directly applicable here because the set of votess in communities is not fixed.
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3.1

(vi)

PIDIT

v@mﬁ{zznyayng%>ﬂg%_
<A H

Since preferences are single peaked and the inequality is strict, Black’s Theorem implies

@#{acA |1, =1; }mB. By the continuity of £(i,h,*,*) (Lemma 3), lim & =1, for all acA

which implies 3 k s.t. V k2k, V 9;¢B, ifa<min B, 1f <&, and if a> max B, t§ > §, .

Furthermore, since fim (v)* = v}, 3 kst vk,

PIPINT IO
Y ¥ )< —amd 3 OF (vh)E < S

be M t<min B EH oo B
Let k =max {k,k). Then ¥ k2k, tf =&, for some aje B. Thus, since lim ,=4 V aeB,
b= fim ¥ =i
Next suppose (9.1) holds with equality instead. Then since preferences are single peaked,

‘tie[t‘.t ]forsomc 8 ]+|eAwhcret<t . As before, 3k s.t. V k2k, ifa<a t‘.‘<t

‘j
and 1fs.>a“|,t'.‘>l¥,,1 Similarly, 3k s.t. V k2k, ¢ K<tk .FmallyBk s.L V kzk.

PIPINT )P IRY
T Y ea) < —and 3 Y () <« 25—

ey 4N heH Y4

Let = max (LEK). Then ¥ koK, e[, .5,,). Since fim [, &, = (4,4, 1. fim & =

Le [‘;,"aml

Finally note that i, = 0 for all k, which implies . = 0.

Similar reasoning 1o that in (v) applies to tg. Thus, (¥%,p.X,0e &(v,p.x.1).
QE.D.

— e —

Proof of Lemma 10: Fix (¥,p,%, e VXPXXXT. Let &, (¥,p.x.0), -’,‘P(v.p.x ), Ex(V.p.X.1, and

(@)

m,p.x.t) denote the projections of &(¥,P.X.t) onto the sets V, P, X, and T respectively.
Note that the definition of &(V,P.X,1) implies that if these projections are convex, then
E(V,P, X, 1) itself is also convex.

Let ve &, (¥,5,%.1). Suppose ne N, and ne Sy (p.X.1). Then ve & (V,5.%,0 = N, € J,(v)
= v = u(N,). Next suppose ne N, and ng Wi(P.X,0. Then ve éV(V,E.i',E) = N N J,(v)
=@ = v} = 0. Finally, if neN,, ng S;y(7.X.D) and ne W@ X1, ve & ,(V.pED =
viel0,uN ). Thus,
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«',‘v(\T.I)',K.E) ={veVIl (i)ifneN,, ne Sih(ﬁ,'i,i), v = u(N), and
(i) if ne N,, ng W,(P.X,0, vi =0} .
Therefore, fv(\?,ﬁ,"i,i) is a subset of V with some coordinates held fixed, Since V is convex,
so is £,(%,p.X.0).
(i)  Note that &F,pX.D = {pe Pl ppoyp =0V he H;and V (i,h)e MxH,
@if 3, Vil > #(Cip). pin =P,

wA

(ii) if ), Vi < #(Cip), Pin = B; and
=A

(iii) if Y, V& = #(Cq), pin€ [BP]),
=A

which is clearly a convex subset of P. i

(i) Note that &F.p. %D = (fHlloz(N))f,LF(C )i PC .- Sty P(Cyy)),0). Thus, if
x.x'e & (V,P.X,D, then x=x' which implies £ (V.P.X.0) is convex.

(iv)  Suppose first that forieM 3 ;€ [0,T] s.t.

2 X
(10.1) T T 8 1% 0 GhER ul > "E—"-'-‘i’l-—- Y 4e[0T).
A eH
Then single peakedness of Q*(i,h,p,X) and uniqueness of £*(i,h,p,X) (Lemmas 1,2) imply that
if te E,(V,p.%0, t, = ti. Now suppose (10.1) holds with equality instead.Then 3 t, =
t@,hpX), ¢ = #(i,h,p. %), s.t if te §T(V.i)'.§.i), te(t,t,). Similar reasoning applics to
ty- Finally, t,,,, is always fixed at zero. Thus, &1(V,B.%,1) is the cartesian product of convex

sets and thus convex.
Q.ED.
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