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1 ]nt;odgction

The linear quadratic inventory model has been one of the mainstays of
empirical work in inventories since its formulation by Holt et al. in 1960.
It has recently been applied to inventory movements In much U.S. data,
including those for two digit manufacturing (West (1986), Eichenbaum
(1989), Ramey (1991)), for a number of industries with physical product
data (Krane and Braun (1991)) and for the automobile industry both pre- and
post-World War II (Blanchard (1983), Kashyap and Wilcox (1993)).

Instrumentai varlables estimates of a first order condition from the
model are, however, rather sensitive to what seem to be minor changes in
specification or sample perlod. One illustration of this is the dispersion
of the parameter estimates produced by Eichenbaum (1989), Ramey (1991) and
West (1986), all of whom applied the model to the same set of two digit
manufacturing industries (but using somewhat different sample periods,
instruments, methods for treatment of unobserved serial correlation, etc.).
Among inventory experts, it is well known that a key parameter (a;, in the
notation of the model introduced in the next section) was found to be
negatively signed by Ramey, positively signed by Eichenbaum and West; as
emphasized by Ramey, the sign of this coefficient is economically important
since it influences whether firms bunch or smooth production.

One possible explanation of the current lack of consensus is that
some of the differences in specification are important. The model allows
for an unobservable cost shock, and it may be important whether or not one
allows this shock to be serially correlated (as do Eichenbaum and Ramey but
not West). In addition, while all three authors use instrumental variables
estimators, the instruments vary from author to author; Ramey argues that
the instruments used by others are not valid, and that consistent estimates

can be obtained only with "truly exogenous” instruments of the sort that
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she uses. That such differences in technique are not the entire story is
suggested by a second sense in which instrumental variables estimates seem
to be sensitive to specification: estimates sometimes change dramatically
when one does nothing more than change the left hand side variable. This
sensitivity is noted by Ramey (1991), Krane and Braun (1991) and Kashyap
and Wilcox (1993), with the latter two finding that the sign of the key
parameter mentioned in the previous paragraph (a;) tends to be negative
when Ramey’s normalization is used, positive when another normalization is
used. (Simila; sensitivity to choice of left hand side variables has been
noted in estimation of the consumption-CAPM [e.g., Hansen and Singleton
(1990)].)

Such sensitivity might well reflect model misspecification, in all
these papers. While we recognize the need to consider such a possibilicy,
in the present paper we focus on examining finite sample performance
assuming a correctly specified model. In line with the papers cited above,
we work with a simple linear quadratic model In which costs are quadratic
functions of production, of changing production, and of the deviation of
inventories from a target proportion of sales. We assume that the first
order condition, or Euler equation, of the model is estimated by
instrumental variables using lags of inventories and sales as instruments.
We generate data in accord with the model, under the simplifying assumption
that sales are exogenous.

Given a data generating process, we use conventional asymptotic
theory to solve analytically for an approximate finite sample
variance-covariance matrix of the parameter estimates. We find that for
plausible cost parameters and sales processes, the implied dispersion of
parameter estimates sometimes is large, with substantial areas of the

probability distribution falling on both sides of zero; this suggests
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substantial probability of obtaining a wrong-signed estimate of a parameter
from any given realization of the data. 1In one extreme case, we conclude
that if the asymptotic approximation accurately describes the finite sample
distribution, roughly 30,000 observations on monthly data (i.e., about 2500
years) would be required before a certain parameter estimate would have a
95 percent probability of having the correct sign.

The large dispersion of parameter estimates raises the possibility
that sampling érror accounts for the above-noted sensitivity to
specification, including in particular sensitivity to choice of left hand
side variable. Conventional asymptotic theory does not, however, appear to
be particularly helpful on this score. For this reason, and to establish
more generally the applicability of the conventional asymptotic
approximation, we conduct a set of Monte Carlo experiments.

For each of several data generating processes, we generate 1000
datasets, each with 300 observations, 300 being approximately the number of
monthly observations on real inventories and sales available at the two
digit SIC code level in the United States. Using three different left hand
side variables, we estimate the Euler equation by instrumental variables
and tabulate the distribution of the resulting point estimates.

We find that, in many respects, the asymptotic approximation works
well. 1In general, confidence intervals constructed from the simulated data
are narrow when the asymptotic confidence interval is narrow, large when
the asymptotic one is large. And usually there is little bias, in that the
median of most parameter estimates is within a fraction of an asymptotic
standard error of the population value.

But for all normalizations, the estimators tend to be somewhat more
disperse than is predicted by the asymptotic theory, and in a few cases

they have substantial bias as well. (Similar results have been obtained in




4
studies of finite sample properties of instrumental variables estimators of
asset pricing models (Tauchen (1986), Kocherlakota (1990), Ferson and
Foster (1991)).) We also find that different choices of left hand side
variable have a nontrivial tendency to produce estimates of different sign.
Moreover, consistent with the possibility raised above, this tendency is
most apparent in those DGP's in which our asymptotic approximation suggests
a relatively large probability of deriving a wrong-signed estimate.
Interestingly, often but not always the normalization that in empirical
work has tended to produce a negative estimate of the parameter we denote
a) tends to do so in our simulations as well.

Neither our simulations nor our asymptotic theory are rich enough to
enable us to conclude that one normalization is better than another in this
model, still less to produce guidelines useful for practitioners using
other models. Instead, we take the message of the asymptotic calculations
and Monte Carlo simulations to be as follows. At least for some data, it
will be difficult to obtain sharp estimates of the parameters of this
model, and one should not be surprised if minor changes in specification,
estimation technique, or even choice of left hand side variable cause
parameter estimates to change sign or otherwise shift dramatically.

Two warnings are appropriate before we turn to the details of the
study. First, we consider in detail only point estimates but not test
statistics, the latter not being central to the question we wish to study.
Second, we do not claim to be comprehensive in our choice of data
generating processes. In particular, we recognize that whatever results we
establish under our simplifying assumption that sales are exogenous might
not hold under a more sophisticated, and, in our view, more plausible,
setup in which sales are endogenous. Nor, of course, is it assured that

our results will obtain if, in contrast to the present study, the model is



inconsistent with the data.

The paper is structured as follows. The second section presents the
model and solves for the reduced form. The third section presents our data
generating processes. The fourth section describes our instrumental
variables estimators. The fifth section considers an asymptotic
approximation to the distribution of our parameters. The sixth section
presents simulation evidence on this distribution. The seventh section
concludes. An Appendix contains some algebra, as well as some results
omitted from t;e body of the paper that are likely to be of interest mainly

to a specialist interested in conducting a closely related study.

e Mode

The model follows Holt et al. (1960). A representative firm
maximizes the expected present discounted value of future cash flows, with
a cost function that includes linear and quadratic costs of production and
of changing production and of holding inventories. Let p. be real price,
St real sales, Q. real production, H. real end of period inventories, C.
real costs, b a discount factor, Oxb<l, E. mathematical expectations
conditional on information known at time t, assumed equivalent to linear
projections, and u, a cost shock that is observable to the firm but

unobservable to the econometrician. The objective function is

max lim .o E¢Z)ogbd(PesjSesy-Cesy) (2.1)
$-T. Qeyj = Seaj * Heyy - Heyyo1e
Cesj = -5a0QE45 + .5a1Q84y + .Sap(Heyy q-a3Seyp)? + Heyjuesy

+ linear terms + (linear x trend) terms

For the moment, the aj's are all assumed to be positive. Our omission of
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shocks that shift the marginal cost of production or of changing production
(i.e., terms of the form shock x Qt+j or shock x AQc+j) is for notational
economy and without economic substance.

As in West (1986), Eichenbaum (1989), Ramey (1991), Krane and Braun
(1991) and Kashyap and Wilcox (1993), the instrumental variables technique
that we consider works off a first order condition, or Euler equation. An
optimizing firm will not be able to cut costs by increasing production by
one unit this .period, storing the unit in inventory, and producing one less
unit next period, holding revenue unchanged throughout, Formally,

differentiating (2.1) with respect to H. gives

Ecl ag(8Qe-2b8Qr,1+528Qp,0) + a1 (Qe-bQey1) + bag(He-23Se41) (2.2)

+ deterministic terms + up ) = 0,

where the deterministic terms result from the linear and (linear x trend)
terms in the cost function (2.1).

We aim to evaluate instrumental variables estimators of the
parameters of (2.2). Our estimators are described in the next section of
the paper. The remainder of this section describes how we generate the
artificial data necessary to evaluate the estimators.

For simplicity, we generate data assuming that sales are exogenous to
the firm. The equilibrium decision rule implied by the Euler equation

(2.2) is (West (1992))

Ht - (A1+A2)Ht_l - AlAZHC-Z + (2.3)
b'lAlAz(Al-Az)'lzj_o[(bAl)j+1-(bA2)j+1)EtDt+j + deterministic terms,
De = - (ASy-2bAS,1+b28S,9) - agla;(Se-bSeiq) + aglbajgasSey

- aalut,
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A1, Ap the two smallest (in modulus) roots of:
2% - b 2a5l(bag+2agb(146)1a3  + b Zagl{ag(1+ub+b2)+a) (L4b)+bag]a?

- b 2agl[a +2ap(1+b) 1 + b2 = 0.

The above assumes for simplicity that Aj=i;. If Ay and A, are complex,
they are complex conjugates, so that Aj+i, and AjA, are real.

We assume that S is forecast from a trend-stationary AR(2) and that

the cost shock is white noise:

Sg = $15¢.1 + ¢2S¢.2 + constant + trend + €g., (2.4)
(ug, €ge) ~ 1.1.4. N(0,Z), T positive definite.
In closed form, (2.3) is then
(2.5)

He = (A1+A)Hpoy - AprgHeog + 615 + 625¢.1

+ constant + trend + pu,

for certain §;'s and a certain ¥ that depend on b, Ay, Ap and the

parameters in (2.4). Exact formulas are given in the appendix. Equations

(2.4) and (2.5) can then be combined to obtain a reduced form data

generating process

He = (A1+A2)Ht_1 - A1A2Ht_2 + 7S + ®pSc.9 (2.6a)
constant + trend + €y,
®) = 8141482, mp = 6167, €qp = Vuetbiese.
(2.6b)

Sg = $15¢-1 + $#2S¢.9 + constant + trend + €g¢,

where (2.6b) simply repeats (2.4).




I11. Generating the Svnthetic Data

In all data generating processes, the discount factor b was set to
0.995 (appropriate if the data are assumed to be monthly). We experiment
with four sets of cost parameters, given in Table IA. All are based on
studies using U.S. data of one sort or another. Parameter set A is roughly
consistent with the estimates for post-war aggregate data in West (1990)
and those for automobile data in Blanchard and Melino (1985), parameter
sets B and G with those for post-war two-digit manufacturing in Ramey
(1991) and West (1986) respectively, parameter set D with those for auto
data from the 1920’s and 1930’s in Kashyap and Wilcox (1993). See Ramey

_(1991) for an argument for the reasonableness of the negative values for aj
in parameter sets B and D.

Table IB reports parameters for exogenous processes. The
autoregressive coefficients of 0.7 and 0.25 were chosen to match roughly
the estimates of an AR(2) around trend fit to real sales of nondurable
goods manufacturing industries, monthly, 1967-1990. The sales innovation
variance of 0.120833 was chosen so that the implied unconditional variance
of sales {s 1 (a harmless normalization). The variance of the cost shock
up and its correlation with the sales shock ¢gp were chosen so that, in
conjunction with the cost parameters of parameter set A (Table IA), the
implied ratio var(Ht)/var(St) and the implied correlation p(He,S¢)
approximately matched that of monthly nondurables manufacturing industries,
1967-1990, with H, total inventories. Coefficients on trend terms were
chosen so that the implied coefficients of variatioA of AS. and AH,
approximately match those of monthly nondurables manufacturing, 1967-1990;
because different choices of the cost parameters imply different
autoregressive coefficients in (2.6a), the coefficient on the trend term in

(2.6a) varies from data generating process to data generating process.
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A complete data generating process (DGP) is specified by combining a
given set of cost parameters (A, B, C or D) with the sales and cost shock
processes. Given a DGP, we generate data as follows. As indicated in
(2.4), the vector of shocks (u.,egy) is assumed to be iid normal. This
implies that H¢ and S, are normally distributed. We first draw a vector of
initial values from the unconditional normal distribution of the 4x1 vector
(Hg, H_1, Sg, S.1)’'. We then use (2.6) to generate 10,004 observations.
Our experiments employ a sample size of 300, so we use observations 1 and 2
for lags, observations 303 and 304 for leads, and discard the final
10,004-304 = 9700 observations. These 9700 additional observations were
reserved for some additional experiments that have yet to be concluded.
1000 samples were generated for each data generating process.

Table IC displays the implied values of the parameters of the
inventory equation (2.6a) for each of our DGP's. The values of Aj+X, and
-A1)y, the coefficients on inventories lagged once and twice, are similar
for A, C and D, and suggest slow adjustment of inventories to shocks; the
values for B suggest quick adjustment, which may be counterfactual for much
inventory data. (If the cost shock {s serially correlated, as is assumed
by Ramey (1990) and by us in a specification presented Appendix Table A2,
adjustment will be slow.)

Table ID displays the second moments of inventories and sales that
are implied by the various DGP’'s. As noted above, the values of
var(Hg)/var(S.) and of p(H.,S.) for DGP A are approximately those for
monthly nondurables in manufacturing, 1967-1990. The values of
var(H.)/var(S.) and of p(H.,S.) for DGP’'s B, C and D are rather different,

but no doubt are representative of some other inventory data! Across

DGP’s, the values of first order autocorrelation coefficients are similar

for inventories and are of course identical for sales.
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IV, Estimating the Parameters

A. Choice of left Hand Side Variable

Given the deterministic terms present in our data generating

processes, (2.2) becomes

Ec( ag(8Qe-2b8Qes1+b28Qp,p) + a1(Qe-DQey1) + bay(Hp-a3Sey) (4.1)

+d+ 8t +u) =0,

We include d+§t only to make clear exactly what we did; our interest is in
the aj’s, and we will not investigate the sampling distribution of
estimates of the coefficients on the constant and trend terms.

In (4.1), note that the parameters ag, a), ay, d and § are identified
only up to scale: if {ag,ay,ap,a3,d,8) set u. orthogonal to the instrument
set, then so does {aag,aa),cajz,a3,ad,af} for any nonzero a. Thus by
estimating (4.1) alone, one cannot recover absolute magnitudes of the
parameters but only their magnitudes relative to some linear combination of
themselves. Given a choice of "denominator” (a choice of linear
combination), values of any two of ap, aj and a; relative to this
denominator determine the value of the third relative to the chosen
denominator. Our aim, then, is to analyze three parameter estimates:
(1)two of ag, aj, and a, relative to some "denominator," and (ii)a,.

In reporting parameter estimates, we follow much empirical work and
(1)let choice of left hand side variable dictate which parameter estimates
to report, with the coefficient on the variable moved to the left hand side
being the "denominator" used in reporting, and (2)report a3 regardless of
left hand side variable. To illustrate our approach, focus for the moment
on the normalization that puts bajH. on the left hand side and then divides

both sides of the equation by ba;. This normalization was used by Ramey



11
[ (1991) and, in part, by Krane and Braun (1991) and Kashyap and Wilcox

(1993). 1In the tables below this is called the HH normalization:

He = (a9/32)Xge42 + (31/82)K1e41 + 235es1 + (4.2)
P (d/bay) + (5/bag)t + veyo,

(- = Xe'B * Vesas

( Xotsz = -b 1(8Qc-2b8Qu41+b28Q¢42) .

j ‘ K1ee1 = b 1(Qe-bReq1)

Verz = -(bag) “lug + bag(Xgerp-EcXoeaz) + a1 (X1es1-EeXiea1))

P = a3(S¢41-ESee1)s
Xe = (Xor42:X¥1¢41:5¢41,1,0)"
B = (ap/az,ay/aj,a3,d/baj,6/baj)’.

’: As is typical in empirical work, we impose a value of b; the value chosen

g was that used in generaﬁing the data, b=.995. With a value of b imposed,

we can construct Xg. and Xj;., and estimate B linearly with a conventional

[ instrumental variables technique described in detail in section B below.

! 1 For this normalization, aj; is the "denominator" referenced above, and in

! our tables below we report the small-sample distribution of estimates of

[ ag/ap, aj/a; and aj.

; : In this context, choice of left hand side variable is irrelevant

asymptotically, provided the "denominator" is nonzero in the population.

{ } But as was noted in the introduction, Ramey (1991), Krane and Braun (1991)

’ é, and Kashyap and Wilecox (1993), using various datasets, found that estimated
parameters sometimes varied widely for different choices of left hand side

§ variable. We therefore consider Ewo alternative choices of left hand side

variable, in order to evaluate the possibility that such variation is

likely even when the model is correctly specified.
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The first of these alternatives is the Legendre-Clebsch or LC
normalization used in Kashyap and Wilcox (1993) and experimented with in
Ramey (1991). Define c. as the present value of future costs, ’ -
CC-ECEE-OCC+j‘ This normalization puts (azct/aH%)Ht -
[a0(1+Ab+b2)+a1(l+b)+ba2]Ht = c¢qH, on the left hand side and then divides

both sides of the equation by c¢). Then (2.2) may be rewritten

He = (ag/e1)Xoeen + (a1/e)X3e41 + (22a3/21) (BSeyp) (4.3)
(d/c1) + (§/e])t + Voria,
Xppsp = bXgpeg + (L+4b+b2)H,
X3psl = DXies1 + (14D)H,
vaes2 ® -eillug + ag(Xpesp-EeXoes2) + a1(X3e41-EcX3e41)
+ bagaz(Sei1-EeSey)t,

ey = ag(l+4b+b2)+a; (1+b)+bay.”

Here, the "denominator" is cj, and in our tables below we report estimates
of ag/cy, aj/cy and a3. We obtain ;3 using a3 = b(ajzaj/cy) /
[l-(l+Ab+b2)(a0/c2)-(l+b)(al/c2)].

The third and final normalization is that used in West (1986) and
Krane and Braun (1991), which puts [(l+b)ag+a)](bQe41-Qr) = eg(bXje41) on
the left hand side and divides both sides of the equation by becy. We call
this the QC normalization since ¢y is the slope of the marginal gcost of

production Q.. In this case the regression equation is

X1esl = (@p/e)Xqpq + (ap/cp) (BHe) + (agaz/e)) (-bSeyp) + (4.4)
(d/ep) + (8/e9)t + V3eyo,
Xyeen = (02Rqcip#bXye),

Vies2 = DX1es1-EebXeer +
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3l up - ag(Xgee2-EcXgesn) + baga3(Ses1-EcSes1) ).

co = (1+b)ao+al .

Here, the "denominator” is ¢y, and in our tables below we evaluate
estimates of ag/cy, ay/cy and a3 = (azaj/cy)/(ag/cy). Table II lists the

three sets of coefficients.

B, Estimatio echnjque
We use (4.2) to illustrate the estimation technique. Let Z; be a 6xl
vector of instruments consisting of the variables that appear in the

reduced form (2.6),
Zy = (He.p1.He.2,8¢.1.5¢.2.1,0)". (4.3)

(Because cost shocks are present, period t values of H. and S, are not
legitimate instruments; see (2.4) and (2.5).) Let T be the sample size,
where T=300 in our experiments. Let Z be a Tx6 matrix whose t’th row is
Z¢', X = [X.'] be the Tx5 matrix of right hand side variables, Y = [H.] be
the Tx1l vector of the left hand side variable. In the Monte Carlo
experiments, we follow much recent empirical work and use.the instrumental
variables estimator that has the smallest possible asymptotic

variance-covariance matrix given the set of instruments used,
B - (Xziz'x)-lx zuz'y, (6.6)
where W is a qxq matrix that is an estimate of the inverse of the spectral

density at frequency zero of the 6xl vector Z.v.,s, i.e., the inverse of

zj--oEtht-j'Vt+2Vt+2-j' Since the cost shock u. is {id in our data
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generating processes, vi,p and Z v, are MA(2) and this infinite sum

collapses to
Vo (3l pEZeZe g vergves-j) t .7

Two technical notes: First, given trend stationarity of H. and S. (as
opposed to stationarity around a constant mean), the expectation
Eztzt-jlvt+2vt+2-j depends on t, and so W as defined in (4.7) varies with
t. Technically, the asymptotic theory requires scaling the elements of Z,
(and X.) by certain diagonal matrices whose elements are functions of T,
after which the relevant probability limits do not vary with t (West
(1988)). For the sake of simplicity, we slur over such complications in
our discussion here and in the definitions of fj and V (equations (4.8) and
(5.1) below).

Second, since ZeVes 1s not white noise, more efficient estimates
would be obrained if additional lags of H. and 5. were used, even though
such lags do not appear in the reduced form. See Hansen (1985) for a
general statement, West and Wilecox (1993) for discussion in the context of
the linear quadratic inventory model.

To construct d given our choice of Z., let ;t+2 be the two stage

least squares residual, and let

ry = T-lzz—jzrlztzt-j"'c+2"t+2-j (6.8)

for j20. Let
m = min (10, [yT1/3))
where

¥ = 1.1667(s(1) /5000273 S(1) < 25,4405, 5€O) = 542014205,



= iy -

T -
s

15
;j-w’fjwr w=(1,1,1,1,1,1)".

We set
T = Ty + TP 1 [1-3/meD) | (Fyay )07t (4.9)

The weights 1-j/(m+l) guarantee that W is positive definite. Newey and
West (1992) provide analytical and simulation evidence on this technique
for estimating W (although that paper did not consider truncating m at 10
or at any bound less than the sample size; we do that here to speed
computation).

Equations (4.3) and (4.4) were estimated in analogous fashion, with
appropriate changes in left and right hand side variables, but with the

same instruments and estimation technique.

V. As totic Approximation to Distribution of Parameter Estimates

In this section, we use conventional asymptotic theory to approximate
the sampling distribution of the parameter estimates. To explain this
asymptotic theory, we focus on the HH normalization (equation (4.2)). As
in (4.2), let B be defined as the vector of coefficients on the right hand
side under this normalization, X. be the vector of right hand side
variables, Z. be the vector of ynstruments. Also let W be defined as in
(4.9), and let B be a sample estimate computed as in (4.6). For a
sufficiently large sample size T, we interpret Hansen (1982) as showing

that

B = N(B,V/T), (5.1)

V o= (EX.Z'WEZ.X.') L.
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(In the definition of V, we once again slur over the complications induced
by trend stationarity.) Let V43 be the i’'th diagonal element of the (5x5)
matrix V. The square root of V;;/T is the asymptotic standard error for
the i’th element of B, for a sample size of T. In normalizations LC and
HH, in which ;3 is obtained as a nonlinear function of the regression
coefficients (see section IV), we obtain an asymptotic standard error using
the conventional delta method.

Table III presents asymptotic standard errors for each DGP for the HH
normalization. Results for the other two normalizations are similar; see
the Appendix. (Exception: for QC, DGP B, standard errors for ap/cy and
aj/cy are far larger [and implied t-statistics far smaller] than the
comparable figures for HH, apparently because the "denominator" in this
case is very small relative to the coefficients on the right hand side
variables [for DGP B, cy = (l+b)ag+a; = -.005].)

According to the asymptotic approximation, the distribution of some
of the parameter estimates is very diffuse. Consider the case of aj/a; in
DGP A. Taken literally, (5.1) implies that there is only a 57 percent
chance that aj/aj; will have the correct sign (since the probability is .57
that a N(l,(5.7)2) random variable is positive). 1In order to have a 95
percent chance of estimating aj/ajp with the correct sign, an investigator
would need roughly 30,000 monthly observations (since a sample over 100
times bigger than that assumed in Table III is required to get the standard
error to fall to about 0.50). Similar but less extreme statements apply to
a3 in DGP's A and D and to all three parameters in DGP C.

A small amount of experimentation suggests that the distribution of
parameter estimates often is diffuse even when one departs dramatically
from the parameter settings assumed so far. 1In particular, suéh dispersion

still obtains if S, and u. are difference-stationary, or if one makes large
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changes in the variance-covariance matrix of (ug,€ge). Details are in the
Appendix.

Moreover, even if one uses not instrumental variables but full
information maximum likelihood and estimates (2.6a) and (2.6b) Jointly,
imposing the cross equation restrictions (e.g., Blanchard (1983)), some of
the parameter estimates remain diffuse (although less so, of course). In
DGP A, for example, the asymptotic standard error for the full information
maximum likelihood estimator of aj/aj; is about 2.2 for a sample size of
300. While the 2.2 figure is much less than the 5.7 in Table III, it is
still big enough that, according to (5.1), more than 5000 monthly
observations would be required before an investigator would have a 95
percent probability of calculating a positive estimate.

We therefore interpret the dispersion exhibited in Table III as
reflecting two factors. First, sample realizations from some plausible
DGP’s may not be very informative about the values of the underlying cost
parameters, as evidenced by the inability of even the FIML estimator to
deliver precise estimates of those parameters in some cases. Second, the
instrumental variables estimator that we study sometimes is not very
efficient relative to maximum likelihood at extracting such information
about the cost parameters as is embedded in the data.

That the cost parameters may sometimes be ill-determined
statistically does not necessarily imply that they are ill determined
economically; it is conceivable that the economic implications of a given
parameter might not be very sensitive to a one- or two-standard deviation
perturbation in the assumed value of that parameter. The following example
indicates that such perturbations in parameter values do, however, have
economically important implications in at least some contexts.

Suppose, for example, that one is interested in using the cost
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parameters to derive the implications of the model for the ratio of the
variance of production to that of sa%gs. Blinder and Maccini (1991) point
out that estimates of this ratio typically are greater than one, maintain
(as do many others) that it is central that an inventory model explain this
stylized fact, and argue (as do some but not all others) that a plausible
explanation should hold even in the absence of cost shocks. With no cost
shocks, the conditions that allow such an explanation include: a)/aj;
negative and sufficiently large in absolute value, and/or a3 positive and
sufficiently large. (See West (1992).) Would plausible perturbations in
the cost parameters give rise to economically meaningful variations in the
implied variance ratio? We investigate this question for aj/a;, for DGP A.

The first line of Table IV indicates that with a;/a; set at its
population value, DGP A implies a ratio equal to 1.00 (by coincidence, not
by design). It is the positive value of a3 that explains why this ratio is
not below 1. When, however, the value of aj/a; instead is -6 (abour 1.2
asymptotic standard errors below aj/aj=l, according to Table III), the
implied ratio is 1.19 (line (2) of Table IV), roughly the median value
reported for two-digit data by Blinder (1986). Thus, given an estimate of
-6, as well as estimates of ao/az and a3 that are at or (by continuity)
close to their population values, one might well interpret the model as
adequately explaining the stylized fact; as indicated in line (5), given a
comparable overestimate, one probably would not. Lines (3) and (&)
indicate that 0.8 standard error under- or overestimates also imply
variance ratios that some observers might consider qualitatively different.
We read Table IV as suggesting that sampling variation in point estimates
might lead to qualitatively different interpretations of the underlying

economic environment.
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VI. Simulation Evidence on Distribution of Parameter Estimates

The previous section indicates that the estimates of the instrumental
variables estimator are quite diffuse for some plausible specifications.
This diffuseness suggests that sampling error might account for the
sensitivity to choice of left hand side variable that was noted in the
introduction (along with sensitivity to some other seeminglv minor changes
in specification). To investigate this possibility, and, more generally,
to inQestigate the accuracy of the asymptotic approximation, we conduct a
set of Monte Carlo experiments. /

Table V presents some Monte Carlo results on the distribution of the
parameter estimates. The top three panels summarize results of estimating
the cost parameters using each of our three normalizations and four DGP's.
The panel labelled "asymptotic" gives the corresponding asymptotic
quantities. These are independent of DGP by virtue of the way we report
results: we standardize each estimated parameter by subtracting the
population parameter value and then dividing by the popul&tion asymptotic
standard error. (We used a population rather than estimated standard error
because our interest is in the distribution of parameter estimates and not
test statisties.) According to the asymptotic theory, the resulting
quantity should be approximately N(0,1).

For each of the three parameters, the column labelled "50% CI" gives
a 50 percent confidence interval constructed by dropping the largest 250
and smallest 250 of the 1000 parameter estimates, or, for "asymptotic”, the
values appropriate for a N(0,1) variable. The difference between the upper
and lower bounds of these confidence intervals is the interquartile range.
"Median" gives the median of the 1000 estimates, "Trimmed MSE" 2 mean
squared error computed by (l)dropping all entries greater than 3.0 in

absolute value, (2)calculating the average squared value of the remaining
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observations, and (3)dividing by 0.9735, which is the variance of a N(0,1)
variable doubly truncated at -3 and +3 (Johnson and Kotz (1970, p83)). We
trimmed before computing the MSE because the simultaneous equations
literature suggests that second moments of our estimator may not exist,
since our equation has only one more instrument than right hand side
variable (e.g., Phillips (1983)). The decision to truncate at 3.0 was
arbitrary, and similar conclusions follow if one instead trims at 2.0. The
number of observations excluded typically was fewer than 25 for ag/(),
a1/() and ap/(), and between 100 and 200 for aj.

We read Table V as indicating that in some respects the asymptotic
theory works reasonably well. The upper and lower bounds of the 50 percent
CIl's generally are close to the theoretical values, and usually have
roughly the predicted width (median width is 1.5, as compared to the
asymptotic width of 1.4). The median of the "trimmed MSE" column is 1.16,
indicating that in half the entries the MSE is at most 16 percent bigger
than the asymptotic theory would predict. Asymptotic theory thus often
provides good guidance to how disperse parameter estimates will be. Also,
the median of the absolute value of the "median" column is 0.20, indicating
that for half of the 36 parameters, the median of the 1000 estimates is
within 0.20 asymptotic standard errors of the true parameter value.

On the other hand, we also read Table V as indicating some departures
from the asymptotic approximation. While the 50% CIs generally look
reasonable, 7 of them do lie entirely on one or the other side of zero.
This means that at least three-fourths of the parameter estimates in these
7 cases fell on one side of the true value. All such instances occurred
with normalization HH. Another indication of bias is that 5 of the median
estimates are between .5 and 1 asymptotic standard errors away from the

true parameter value (ag/ap: C; aj/ap: A, C; aj: C/HH, B/QC), 3 more than
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one asymptotic standard error away (ag/az: A, D; aj/aj: D).

In addition, the MSE's do tend to be greater than 1.00, the value
predicted by the asymptotic approximation. While, as noted above, the
median value is 1.16, only 8 of the 36 are below 1.00, and 2 of these 8
occur in QC, DGP B (which, recall, had huge asymptotic standard errors).
The MSE is between 1.5 and 2.0 in 4 cases (ag/ap: A; aj: B/HH, B/LC, D/QC),
and is greater than 2 in three cases (ap/aj: D, aj/ap: D; a3 B/QC).

Another respect in which asymptotic theory does not hold is that
different normalizations perform differently. Some evidence to this effect
has just been noted, in that HH's confidence intervals are more poorly
centered than are LC’'s or QC’'s. In addition, its variability (as measured
by the trimmed MSE) is more erratic.

Additional evidence on differences across normalizations is given in
Tables VI and VII. These are contingency tables giving the probability
that the signs of the estimates of aj/() agree for each pair of
normalizations, where () = aj; for HH, () = ¢; for LC, () = ¢ for QC.

We focus on aj because a number of authors have noted that in
empirical work the sign of this parameter changes with normalization,
tending to be negative for HH (Krane and Braun (1991), Ramey (1991),
Kashyap and Wilcox (1993)). And, as discussed above, the sign of this
parameter has key economic implications, since a negative value tends to
induce production bunching, a positive value production smoothing.

Table VI presents the contingency table for the differences between
estimated and true parameters, Table VII for the raw estimates themselves.
Each panel in these two tables compares the estimates of aj/() from two
normalizations. We consider three normalizations, so there are 3!/2! = 3
panels. Within each panel, the 2x2 blocks present the results for the

different DGP’'s. To see how the 2x2 blocks are calculated, consider the
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2x2 block in the upper left hand corner of Table VI. The "0.564" indicates
that in 564 of the 1000 simulations, the point estimates of both aj/a; and
aj/cy were less than the true values (=1 and .16), the "0.299" that in 299
simulations, the point estimate of aj/ap was less than the true value, the
point estimate of aj/c) greater than the true value, the "0.137" that in
the remaining 137 simulation the point estimates of both were greater than
the true values. Thus, HH's estimate of aj/ap was less than the true value
in 863 = 564+299 of the simulations. If both normalizations were median
unbiased, the sum of the entries in each row and column would be 0.500.
If, further, an overestimate from one normalization were invariably
accompanied by an overestimate from the other, and similarly for
underestimates, the diagonal elements would each be 0.500, the
off-diagonals 0.000; if, on the other hand, both normalizations were median
unbiased but an overestimate from one were accompanied by an overestimate
from the other exactly half the time, and similarly for underestimates,
each of the four elements would be 0.250.

Consistent with what one might have guessed from Table V, Table VI
indicates some tendencies of the different normalizations to produce
parameter estimates that are biased in different directions. Panels A and
B suggest that, as compared to either LC or QC, HH produces more estimates
that are (l)negatively biased for DGP's A and C, (2)positively biased for
DGP D. (Panels B and C indicate an even more substantial conflict for QC,
DGP B, which presumably is an artifact of the numerically small value of cj
for that DGP.)

Table VII suggests that substantively different economic implications
might be drawn from different normalizations. As discussed above, in DGP
A, the asymptotic theory indicates that a1/() is likely to be estimated

imprecisely, in the sense that there is likely to be a substantial
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probatility of an incorrectly signed (negative) estimate. It may be seen
that while this happens for LC in 48 percent of the samples, and for QC in
41.4 percent of the samples, it happens for HH in 80.6 (= 48.0 + 32.6)
percent of the samples. In about a third (= .326 or .392) of the
replications, HH yielded a negative estimate while LC or QC yielded a
positive one. A similar pattern obtains in DGP C. 1In DGP D, there is
little difference across the normalizations, as one might expect, given the
asymptotic standard errors presented in Table III. (In DGP B, QC tends to
spuriously yield positive estimates, which we once again consider

uninteresting.)

VII., Conclusions

Asymptotic and Monte Carlo results indicate considerable dispersion
in estimates of the parameters of the Holt et al. (1960) linear quadratic
inventory model, when the estimates are obtained by applying instrumental
variables to a first order condition of the model. Alternative
normalizations have substantial probability of delivering differently
signed estimates of the parameters of the model. A priority for future
work is investigation of alternative estimators, such as ones that pool

data from various industries.
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Appendix

This appendix presents:
1. The parameters in (2.6).
2. Asymptotic t-statistics for all three normalizations, T=300 (Table Al).
3. Asymptotic standard errors alternative parameters for exogenous
processes (Tables Al and A2).
1. The parameters in (2 .6).

Define the scalars P1, P2, W1, Wp, W3, and w,, the (1x2) vector e’ and
the (2x2) matrices & and D as

PL =AMz, p2 = SAAg,

W) - b2p2, Wy = -pz[b2+2b+b(al/a0)+(ba2a3/a0)],

Wy = pp[2b+l+(ay/ag), W, = -pp, &' = (10),

= (41 ¢2)

(1 09,

D = [I-bp1&-bpya?] L.
Then .

¥ = (p3/aqg),

(r1,72)" = e'D(w @d+wpd2ewgdiw, 1),

81 = /42, a=m1-6141.

2. Asymptotic t-statistics for all three normalizations, T=300.

Norm. DGP ap/ap aj/as aj

HH A 2.15 0.20 0.26
B 2.69 -1.46 25.36
c 1.17 0.63 0.66
D 2.63 -6.61 1.26

Norm. DGP ag/cy ay/ey aj

LC A 6.13 0.20 0.26
B 2.36 -1.23 25.36
c 2.44 1.58 0.66
D 13.25 -2.02 1.26

Norm. DGP ao/c2 az/Cz a3

Qc A 3.95 1.48 0.26
B -0.006 -0.006 25.36
c 1.92 0.86 0.66
D 7.14 1.95 1.26
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Table Al

Asymptotic Standard Errors, T=300, Alternative Trend Stationary
Specifications

A. Parameters of Exogenous Processes

Mnemonic ¢, 42 var(eg) var(u) pleg,u) cv(AH) cv(aS)
none .75 .20 .120833 3.5 -.5 2 2
3 .75 .20 .120833 1.0 -.2 2 2
4 .75 .20 .120833 7.0 -.8 2 2
5 .75 .20 .120833 1.0 -.8 2 2
6 .75 .20 .120833 7.0 -2 2 2
7 1.70 -.72 .120833 3.5 -.5 2 2
8 .10 .05 .120833 3.5 -.5 2 2

B. Asymptotic Standard Errors, T=-300

Parameter

DGP al/ao as/ag a3

.10 .10 .10
A (.53) (.05) (.38)
Al (.51) (.05) (.43)
Ab (.51) (.05) (.43)
A5 (.65) (.06) (.32)
A6 (.49) (.04) (.52)
A7 (.31) (.03) (.13)
A8 (.54) (.05) (69.)
Notes:

This presents information analogous to Table III, when the parameters of
the exogenous processes are varied as indicated in the table. DGP A is the
one studied in the text.




Table A2

Asymptotic Standard Errors, T=300, Difference Stationary Specifications

A. Parameters of Exogenous Processes
Mnemonic ¢q ¢2 var(eg) var(;) p(es,;) cev(AH) ev(AS)
2 -.2 .1 .941111 7.0 0.4 .2 .2

B. Asymptotic Standard Errors, T=300

Parameter Parameter
DGP al/ao az/ao ajs DGP al/ao 32/80 aj
A2 .10 .10 .1 A .10 .10 .10
(.53) (.05) (35.5) (.53) (.05) (.38)
B2 -2.0 6.0 -] B -2.0 6.0 .50
(1.0) 2.7 .7 (0.9) (2.2) (.02)
c2 2.0 .10 1.0 [4 2.0 .10 1.0
(2.0) (.06) (86.3) (2.1) (.08) (1.5)
D2 -.50 .10 -] D -.50 .10 .50
(.20) (.04) (20.2) (.21) (.04) (.40)

Notes:

1. The left hand half of panel B presents information analogous to that in
Table III, when_(1)(2.4) is replaced by: AS. = constant + $1AS. 1 + $54S;.9
+ €ge, Uemup_j+ug, (ue,ege) ~ 1.1.d. N(0,Z), I positive definite, with the
panel A values for ¢y, ¢5, T roughly calibrated to estimates for monthly
nondurables manufacturing, 1967-1990; (2)the regression equation is in
differences rather than levels; (3)the instrument vector is
Ze=(8Hg.1,8He.9,A5¢.1,488¢.2,1)".

2. The right hand half of panel B presents information analogous to that in
Table III, and is included for comparison.



Table 1
Data Generating Processes

A. Parameters of Cost Function

Mnemonic ap ajg ag aj

A 1. .1 .1 .1
B 1. -2.0 6.0 .S
[ 1. 2.0 1 1.0
D 1. -.5 1 .5

B. Parameters of Exogenous Processes
41 é2 var(eg) var(u) p(eg,u) cv(AH) cv(aS)

.75 .20 .120833 3.5 -.5 .2 .2

C. Implied Coefficients of Inventory Equation

DGP A1+A2 -Alkz L3 Ly)

A 1.22 -0.42 0.14 -0.12
B 0.24 -0.14 0.38 0.05
c 1.07 -0.22 0.10 -0.09
D 1.43 -0.69 0.33 -0.15

D. Implied Second Moments

var (H,) /
DGP var(Se) p(He,Se) p(He Hel1)  p(S¢,Se.q)
A 2.5 0.23 0.86 0.93

B 0.3 0.91 0.81 0.93

c 0.6 0.27 0.88 0.93

D 10.7 0.35 0.86 0.93
Notes:

1. The cost function (2.1) includes .SaoAQ% + .SalQ% + 'SaZ(Ht-l‘a3St)2; é1
and ¢y are the autoregressive parameters of the sales process defined in
(2.4); eg is the sales shock defined in (2.4); u is the cost shock defined
in (2.1): Aq+dg, -A1dp, m1, and np are the coefficlents of the reduced form
inventory equation (2.6a).

2. "var" denotes variance, "p" correlation, "cv" coefficient of variation.




Table II

Parameters to be Estimated, Alternative Normalizations

Normalization Parameters to be Estimated
(1) HH ao/a2 al/az a3
(2) LC ao/cl al/cl as
(3) QC ag/cy az/ey a3
Notes:

1. The cost function (2.1) includes .5agaQZ + .5a1Q2 + .5ap(Hc.1-a3S¢)2.

2. In row (2),7c) = [a0(1+Ab+b2)+al(l+b)+ba2]. In row (3), cp =
(1+b)ao+a1. ’

3, The corresponding equations in the text are: HH: (4.2); LC: (4.3); QC:
(4.4).



Table 111

Asymptotic Standard Errors, HH Normalization, T=300

DGP ao/az al/az a3
A 10.0 1.0 .10
(4.7) (5.7) (.38)
B .16 -.33 .50
(.06) (.23) (.02)
C 10.0 20.0 1.0
(8.6) (31.9) (1.5)
D 10.0 -5.0 .50
(3.8) (0.8) (.40)

Notes:

1. The cost function (2.1) includes .SaoAQg + .SaIQE + .5a2(Hc,1-a3St)2.

2. The parameter values are repeated from Table II, for convenience.

2. In parentheses are the standard errors implied by the asymptotic theory,

for a sample of size 300, assuming instrumental variables estimation as
described in the text.




Table IV

Implied Ratios of Variance of Q to Variance of S, No Cost Shocks

ap/ay aj/ay aq var(Q)/var(s)
(1) 10. 1. .1 1.00
(2) 10, -6. .1 1.19
(3) 10. -4, .1 1.05
(4) 10. 6. .1 0.98
(5) 10, 8. .1 0.97
Notes:

1. The cost function (2.1) includes .SaOAQ% + .SaIQ% + .5a2(Ht_1-a3St)2.
2. Q is production; § is sales.

3. The implied variances of Q and § are solved for under the assumption
that there are no cost shocks (ue=0), that as=.1 and that the cost
parameters ap/aj, aj/a; and aj are as indicated. Line (1) presents results
for DGP A. Lines (2) through (5) consider values of aj/a; that are
approximately -1.2, -0.8, 0.8, and 1.2 asymptotic standard errors awvay from
1.; as indicated in Table III, this standard error is 5.7.



Table V
Distributions of Standardized Parameter Estimates, From Simulations

A. Normalization HH

(40/a3) - (ag/ap) (41725)'(51/52) ay-aj
DGP 50% CI Median Trimmed 50% CI  Median Trimmed 50% CI Median Trimmed
MSE MSE MSE
A (-1.8,-0.6) -1.11 1.87 (-0.7,-0.3) -0.54 0.46 (-0.8, 0.4) -0.20 1.03
B (-0.6, 0.7) 0.04 0.88 (-0.9, 0.3) -0.42 1.05 (-1.1, 0.7) -0.26 1.63
c (-1.1,-0.6) -0.95 0.89 (-0.7,-0.5) -0.64 0.49 (-0.7,-0.4) -0.57 0.54
D (-2.0,-0.4) -1.10 2.28 (0.2, 2.2) 1.14 2.62 (-0.9, 0.7) -0.02 1.30
B. Normalization LC
(£0/°Y) - (ag/cy) (A{/}l)-(aycl) a3-a3
DGP 50% CI Median Trimmed 50% CI Median Trimmed 508 CI Median Trimmed
MSE MSE MSE
A (-0.7, 0.8) 0.14 1.14 (-0.8, 0.6) -0.15 1.14 (-1.2, 0.7) -0.31 1.46
B (-0.6, 0.9) 0.21 1.10 (-0.9, 0.5) -0.30 1.16 (-1.1, 0.8) -0.12 1.73
c (-0.7, 0.8) 0.10 1.13 (-0.8, 0.7) -0.11 1.14 (-0.7, 0.2) -0.33 0.93
D (-0.6, 0.8) 0.15 1.14 (-0.8, 0.6) -0.15 1.16 (-1.5, 0.4) -0.43 1.48
C. Normalization QC
(do/c%) - (ap/<3) (4§;§§)-(a2/c2) a3-aj
DGP 50% CI Median Trimmed 50% CI Median Trimmed 508 CI  Median Trimmed
MSE MSE . MSE
A (-0.8, 0.7) -0.00 1.15 (-0.7, 0.8) 0.00 1.31 (-1.3, 0.8) -0.29 1.47
B (0.0, 0,0) 0.01 0.00 (0.0, 0.0) 0.01 0.00 (-2.0, 0.6) -0.70 2.07
c (-0.8, 0.7) -0.08 1.12 (-0.7, 0.9) 0.15 1.40 (-0.8, 0.3) -0.31 1.03
D (-0.8, 0.7) -0.03 1.21 (-0.8, 0.7) -0.06 1.31 (-1.6, 0.5) -0.45 1.55
D. Asymptotic
50% CI Median Trimmed 508 CI  Median Trimmed 50% CI Median Trimmed
MSE MSE MSE
(-0.7, 0.7) 0.00 1.00 (-0.7, 0.7) 0.00 1.00 (-0.7, 0.7) 0.00 1.00
Notes:

1. The cost function (2.1) includes .5agaQZ + .5a;Q% + .Sap(H,.;-235.)2.
The regression equations are: HH: (4.2); LC: (4.3); QC: (6.4).

2. The differences between estimated and population parameters are standardized by
dividing by asymptotic standard errors.

2. The "50% CI" is a SO percent confidence interval constructed using the 250’'th and
750'th largest of the 1000 estimates; "Median" is the 500'ch largest such entry;
"Trimmed MSE” is a mean squared error computed after dropping observations greater
than 3.0 in absolute value, and is expressed relative to the MSE for a standard
normal similarly trimmed,



Table VI

Frequency Distribution of Signs of ap/()-a /0, From Simulations

A. LG vs. HH

B (4% (ay/ap)

LC: DG? A DGP B DGP C DGP D
/\ <0 >0 =0 >0 =0 >0 =0 >0
(ay/cy)-(ay/cp) =<0 0.564 0.000 0.563 0.021 0.540 0.004 0.162 0.387
>0 0.299 0.137 0.081 0.335 0.418 0.038 0.055 0.396

B. QC vs. HH
HH: (4y/a))-(aj/a3)

QcC: DGP A DGP B DGP C DGP D
/\ =<0 >0 =0 >0 =<0 >0 =<0 >0
(a1/cy)-(ay/cp) =<0 0.500 0.000 0.644 0.356 0.465 0.004 0.159 0.330

>0 0.363 0.137 0.000 0.000 0.493 0.038 0.058 0.453
C. QC vs. LC
Lc: (a{/\cl)-(al/cl)
QC: DGP. A DGP B DGP C DGP D

/\ =<0 >0 =0 >0 =<0 >0 =0 >0
(31/°2)'(31/C2) =0 0.500 0.000 0.584 0.416 0.469 0.000 0.489 0.000
. >0 0.064 0.436 0.000 0.000 0.075 0.456 0.060 0.451

Notes:

1. The cost function (2.1) includes .SaOAQ% + .SalQ% + -SaZ(Ht-l'33sc)2-
The regression equations are: HH: (4.2); LC: (4.3); QC: (4.4).

2. Each entry in a given 2x2 matrix gives the fraction of the replications
for which indicated sign pattern occurred. For example, the ".564" in the
first 2x2 matrix in panel A indicates that in 564 of the 1000 replications,
the estimate of aj/a, from normalization HH was less than the population
value of aj/aj; and the estimate of aj/c; from normalization LC was less
than the population value of aj/cj. In a given 2x2 table, the four entries
sum to 1.

3. For QC, the estimate of aj/cy was computed as 1-(l+b)ég;>2.



Table VII

Frequency Distribution of Signs of a3/(), From Simulations

A. LC vs. HH
HH: 1/82
LC: DGP A DG? B DGP C DGP D
=<0 >0 =0 >0 =<0 >0 <0 >0
aj/cy =<0 0.480 0.000 0.889 0.000 0.060 0.000 0,967 0.000
>0 0.326 0,194 0.024 0.07 0.476 0. 464 0.032 0.001
B. QC vs. HH
HH: l/az
QcC: DGP A DGP B DGP C DGP D
=0 >0 =0 >0 =0 >0 =0 >0
1/¢p =<0 0.414 0.000 0.098 0.000 0.047 0.000 0.944 0.000
>0 0.392 0,194 0.825 0.077 0.489 0. 464 0.055 0.001
C. QC vs. LC
LC: di;kl
QC: DGP A DGP B DGP C bG2 D
=0 >0 =0 >0 =<0 >0 =<0 >0
4;}22 =<0 0.414 0.000 0.098 0.000 0.047 0.000 0.944 0.000
>0 0.066 0.520 0.791 0.111 0.013 0,940 0.023 0.033
Notes:

1. See notes to Table VI. This table differs from that table only in that
it considers the sign of the estimated parameters, rather than the sign of
the difference between the estimated and actual,

2. In each 2x2 matrix, the entry that is underlined is the one that would
be 1.00 if both normalizations happened to yield the correct sign in all
1000 simulations.

3. Population values (asymptotic standard error) for aj/ap: DG? A: 1.0
(5.7); DGP B: -.33 (.23); DGP C: 20.0 (31.9); DGP D: -5.0 (0.8).




