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1. INTRODUCTION

Most asset pricing theories relate expected returns on assets to their conditional
variances and covariances. An enormous literature in empirical finance has documented that
these conditional moments change over time. Practical experience (as in the 1929 and 1987
stock market crashes) reinforces this conclusion. Unfortunately, conditional variances and
covariances are not directly observable, and researchers and market participants must use
estimates of conditional second moments. To create these estimates, they rely on models
which are, no doubt, misspecified. How accurate are these estimated variances and
covariances? How can researchers estimate them more accurately?

Since their introduction by Engle (1982), ARCH models have become a widely used
tool for estimating conditional variances and covariances. (See the survey of Bollerslev,
Chou, and Kroner (1992).) Suppose that for each t, &, is a (scalar) innovation in a time
series model. Interpreted as a data generating mechanism, a univariate ARCH model
assumes that

(11) E_[E] = 0and Var_[§] = o/, with

il

2 2
(12) o, " (§o &2 - o).
That is, ¢~ is the conditional variance of &, given time t-1 information, and is a function
of time and past §'s.

As are all statistical and economic models, ARCH models are at best a rough

approximation ta reality: it is too much to hope that the models are "true." As we will see,



however, we needn’t think of (1.1)-(1.2) as the true data generating mechanism in order for
ARCH models to be useful in extracting conditional variances from data. Given an arbitrary
sequence {§;}—_. ., we can use (1.2) to create a corresponding {Utz}m-m,w sequence:
under conditions developed below, this sequence may provide a good estimate of the true
conditional variance of {§;},~_ ., even when the model (1.1)-(1.2) is misspecified. One
can think of (1.2) as a filter though which we pass the data to produce an estimare of the
conditional variance. We should note, however, that we use the term "estimation” as it is
used in the filtering literature rather than as it is used in the statistics literature—i.e., the
ARCH model "estimates” the true conditional variance in the same sense that a Kalman
filter estimates unobserved state variables in a linear system.1

A previous paper, Nelson (1992), gave one likely reason for the empirical success
of ARCH: when both observable variables and conditional variances change "slowly" relative
to the sampling interval (in particular, when the data generating process is well
approximated by a diffusion and the data are observed at high frequencies) then broad
classes of ARCH models—even when misspecified~—provide continuous-record consistent
estimates of the conditional variances. That is, as the observable variables are recorded at
tiner and finer intervals, the conditional variance estimates produced by the (misspecified)
ARCH model converge in probability to the true conditional variances.

This paper builds on this earlier work by deriving the asymptotic distribution of the

1) See, e.g., the use of the term in Anderson and Moore (1979) Chapter 2, or Arnold
(1973) Chapter 12.



measurement error. This allows us to approximate the measurement accuracy of ARCH
conditional variance estimates and compare the efficiency achieved by different ARCH
models. We are also able to characterize the relative importance of different kinds of
misspecification; for example, we show that misspecifying conditional means adds only
trivially (at least asymptotically) to measurement error, while other factors (for example,
capturing the "leverage effect,” accommodating thick tailed residuals, and correctly
madelling the variability of the conditional variance process) are potentially much more
important. Third, we are able to characterize a class of asymptotically optimal ARCH
conditional variance estimates.

In Section 2, we state the basic functional limit theorem we employ throughout the
paper. In Section 3, we use this theorem to develop an asymptotic approximation for the
measurement errors in an ARCH model’s estimate of the conditional variances when the
data are generated by a diffusion. The class of ARCH models considered is fairly broad,
encompassing, for example, the GARCH(1,1) model of Bollerslev (1986), the EGARCH
model of Nelson (1991), and the model of Taylor (1986) and Schwert (1989). Section 4
derives asymptotically optimal ARCH conditional variance estimates in the diffusion case.
Examples are provided. Section 5 expands the analysis of Sections 3 and 4 to the case when
the data are generated by a stochastic difference equation rather than a stochastic
differential equation. Surprisingly, this change makes a considerable difference in the limit

theorems and optimality theory. Section 6 compares the filtering properties of several



We assume that x, is observable at discrete time intervals of length h. y, is the
unobservable process controlling the instantaneous conditional variance of x,, a(yl)z. Our
interest is in using an ARCH model to create an estimate §1 of y, given the discrete
observations (xo,xh,x%,...x[t/h]h). Our ARCH filtering theory is asymptotic in that we let h
approach zero.

For reasons developed below, we also consider a variant of (3.1) in which the drifts
in {x,y,} explode as h|0:

o] Juew oly,)? P AR W 1oy )|V
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Define E,[- ] to be the conditional expectation given time t information (i.e., given the o-
algebra generated by {x.y }o<,<i)- We take expectations with respect to this information
set, rather than with respect to the smaller information set observed by the econometrician,
the g-algebra generated by Xy, x, XohXh[t/h] The {x,y,} process is Markovian, so if f in
E, [f] depends only on {x.y.}.». then E, [f] = E[f|x,y,]. We will similarly use SD,[* ],
Corry[* ], and Var,[ ] for the conditional standard deviation, correlation and variance.

We now define the normalized innovations in x, and y,:
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We consider the class of ARCH models which generate §‘ (for t an integer multiple



of h) by the recursion

- - - n e .
(34) Yian = ¥o + b R0yt + 07 (€ ke y pbh),
(3.5) EX,H*h = h_l/z[xH,h -x - h ;:(xl,;pt,h)] under (3.1), and
a N o - 34,2 -~ 1 7 o

GA) Fien = Vo + D R0 Yoth) + 072 g8 pxe Yobh),

-1/2
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(35) Eyien =0 Plxepy - % - b7 L(%, Y th)] under (3.1).

Ex,l+h is a residual obtained using the (in general, incorrect) drift E, The ARCH model
(3.4) treats this fitted residual EX and fitted /); as if they were the true residual &, and the
true y. The ARCH model also treats hm'g(gx,x,§,t,h) as if it were the true innovation in
the y, process. Accordingly, we assume that
(3.6) h™E[e(Ey Xyt X=Xy, =y] = 0 as hl0
uniformly on bounded (x,y,t) sets.

The class of ARCH models encompassed by (3.4)-(3.5) is fairly broad, encompassing,
for example, GARCH(!,1), which sets y = 02, x = m—eaz, and g = a-(Exz—gz), AR(1)

= B-[ln(az)—a], and g =

>

EGARCH, which sets y = ln(oz),
BEX/S+y[| Ex/?z |~E,| €], and the model of Taylor (1986, Chapter 4) and Schwert
(1990), which sets y = o, X = ©-87, and g = ag- (| Ex/a|—EtlEx/a|).

We next define g, the normalized measurement error iny. For t an integer multiple
of h, we set
(3.7 qo=b" "y -y,

For general t, we take q = making {q,} a random step function with jumps at time




intervals of length h. Under (3.1), the conditional mean and standard deviation of the
increments in (x,,y,) over intervals of length h are O(h) and O(hm), respectively. (3.4)-(3.6)
impose this on the increments of ;l when ;, =y,. When ;l =Y hmg(' ) is the noise
term in the increment of ;t, and h-x is the instantaneously predictable component of ;t
As is standard in ARCH models, g(+ ) is driven by the fitted residuals {Et}. We assume
that Q(- ) and ;.(' ) are continuous, and that g(&xyth) is differentiable almost
everywhere, possessing one-sided derivatives everywhere.

Why use such an ARCH model to extract estimates of the state rather than, say, a
nonlinear Kalman filter? (See, e.g., Kitagawa (1987), Maybeck (1982, Chapter 13).) First,
since ARCH models are so widely used in practice, it seems reasonable to investigate their
properties. Second, ARCH models are much more computationally tractable than standard
nonlinear filters, which are typically infinite dimensional, and which involve extensive
numerical integration. When the ARCH model is assumed to be the true data generating
process, it is easily fit using maximume-likelihood methods. Finally, we will also see that the
optimal ARCH filters are readily interpretable, and an explicit asymptotic distribution
theory can be derived for these filters.

Expanding g(gx,x,§,t,h) in a Taylor series aroﬁnd 2 =g, ; =y,and h = 0, we
obtain under (3.1) and (3.1") respectively

z - 1/4
(3.8) g(sx,wh:"v)’v‘vh) = E(Ex,t+lvxv)’vtv0) + '/ G Et[ag(Ex,x+h’xv)’vt’0)/a)’]v and
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(3.87) g(gx,whvxzv;vtvh) = @&y (+nXoyeh0) + tht' E\[08(Ex 410y 1t,0)/0Y]
+ 01 (Yt ~r(Xeyot) EOR(Ex enuynt O)/IE].
Substituting into (3.7), we have under (3.1) and (3.1")
(.9) ey = a4 + 1% EOu(Ex hnXo¥ot0)/y]
+ 188 Xyt 0) €y 4] and
(3.9 G = q + hl/qu' E[0g(&x 1 41nX0Yot,0)/3y] + hl/z[K(nyl,t)—E(Xl,yl,t,h)]
+ 0Pyt 0) (3 1.0)) ByfBg(Ey o iXuyot,0)/9E ]
+ R eyt ) Ey )

We also have

U

1
(3.10)  yipp =y + hoR(xpyut) + b Q£y,x+h and

. 1
(3.11) x4y =x + hoplxy,t) +h /ZEX,Hh

under (3.1). (Under (3.1"), replace the h-x and h-u by n**x and n**

w.) Recall that

Theorem 2.1 characterized the limit diffusion using the first two conditional moments of the

state variables—in our case x, y;, and q,. Using the approximations (3.9)-(3.11) to

characterize these conditional moments requires the following assumptions:

ASSUMPTION 1: The following functions are well-defined and twice continuously

differentiable in x, and y, :

(3.12) A(xy,1) = 0 under (3.1), and

11




Alyt) = (Kt - K(53,0)]
+ limy g [ B (50th) -0 e0 0] E[G &gy %3 b1 =2y, =y]

under (3.1°),
(313) Buyt) = = limyyp E[(& a5 70 60N =5y, =],
(3.14) Cloyt) = limy g E[8( & pyp 5y ¥ 1) =&y ey 1 =5y, =],
Further,
(3.15) hTPEg, 1y -a, x=xy=0.q,=4] = (A(xy1) =g B(xy1)), and
(3.16) W™ Pvarjg, ., -q, [ =xy,=y.q,=q] = Clxy1)

as )0, where the convergence in (3.15)-(3.16) is uniform on every bounded (x,y,q,t) set.

To simplify notation we shall often substitute A, B, and C, for A(x,y,,t), B(xpypt),

and C(x,y,t).

ASSUMPTION 2: For some 8 > 0
(3.17) E[1h™ Pty ) P l=xy=y] = 0
(3.18) E[Ih—]'/z(xHh —x,)|2+‘s |x,=xy,=y] = 0
as h}0, uniformly on every bounded (xy,t) set, and

{3.19) lim supy, E[Ilz'mg( 2’1’,_‘_,, ,x,,;t,t,h) |2+5 |x,=xy,=y,q,=q] is bounded uniformly on

every bounded (xy,q.t) set.

These assumptions are written in the most natural form for applying Theorem 2.1.

As we will see in Section 4, they can be verified in many applications.

12



Changing the Time Scales

In (3.1), {x,}, {y,}, and {q,} are all scaled to be Op(l), while the first two conditional
moments of x, ;,—x, and y, L~y are Op(h) as h{0. In (3.15)-(3.16), on the other hand, the
first two conditional moments of q,4},—q, are Op(hm). As h}0, {q,} oscillates much more
rapidly than {x.y,}. If {q,} mean-reverts (which it will if E,[8g(§ (4p*pypt,0)/0y] < 0), it
does so more and more rapidly as h|0. As we pass from annual observations of x, to
monthly to daily to hourly (and etc.), the rescaled measurement error ¢, looks more and
more like heteroskedastic white noise (i.e., ot like a diffusion). In other words, in the limit
as hl0, {q,} operates on a faster natural time scale than {x,y}.

To use the Stroock-Varadhan results to approximate the behavior of {q,} requires
that we change the time scales, which Theorem 2.1 allows via our choice of A. Specifically,
we choose a time T, a large positive number M, and a point in the state space (x,Y,g,t), and
condition on the event (xpypay) = (%Y:q). We then take the vanishingly small time interval
[T,T+M- hl’/z] on our old time scale (i.e., calendar time) and stretch it into a time interval
[0,M] on a new, "fast" time scale. Formally, this involves using A = 1/2 in place of A =1
in applying Thearem 2.1. On the usual calendar time scale, {x,y,} are a diffusion and {q¢
is (asymptotically) white noise. On the new "fast" time scale, the {X,ypt} process maves
more and more slowly as h{0, becoming constant at the values (x1y,T) in the limit as h}0

while {q,} is (asymptotically) a diffusion. On the new time scale, therefore, we require two

13



time subscripts for the {q,} process, one giving the time T on the standard time scale and
one giving the time elapsed since T on the "fast" time scale. We therefore write
(320) g, = qreoa,
where the 7 is the time index on the fast time scale.’ Our analysis of the measurement
error process is therefore local in character: in a sense it treats the more slowly varying
{xpy,t} as constant at the values (x,y,T) and examines the behavior of the measurement
error in the neighborhood of (xpyp, T).

Figure 1 illustrates this changing of the time scales with artificially generated data.
The upper panel in Figure 1A plots a simulated {y;},—p} 24 35, Series from a diffusion
model and the corresponding {§z} generated by an EGARCH model based on monthly
observations of the observable {Xl}l=0,h,zh,3lh.. series.6 Time is measured in annual units
so h = 1/12. In the upper panel of Figure 1B the {y},=qp 2y 3p.. and {§l}1=0,h,2h,3h...
based on daily observations (h = 1/264) are plotted. The measurement error {;l -y tis
smaller for daily than for monthly data (the empirical variances in the simulation are .144
and 1.230 respectively) and is also less autocorrelated at fixed lags of calendar time (e.g.,

the autocorrelation at a 1 month lag is .219 with daily observations and .477 with monthly

5) g, also depends on the time T startup point (x,y,q,t), though we suppress this in
the notation.

6) We used the Wiggins (1987) model, (4.20)-(4.22) below. The model was simulated
using the Euler stochastic difference equation approximation with daily increments. We
assumed 22 (trading) days per month. The parameter values used were p = 0, A = 2.1, «
= 39,8 = 825, p = -69 y = In(¢,%). The EGARCH models estimated were the
asymptotically optimal EGARCH models for this diffusion--see Section 6 below.

14



~U4 term in the definition of

observations). We allow for the shrinking variance with the h
q,. The time deformation allows us to handie the changing serial correlation: for example,
set M = 1212 T = 20 and T+M- h'? = 21 for monthly data and call these 7 = 0 and 7
= 1 on the "fast" time scale. As the upper panels indicate, the interval of calendar time
between 7=0 and 7= 1 shrinks with h, from one year with monthly data to about 2¢ months
with daily data. The lower panels plot the corresponding gy, processes. The diffusion
approximation we derive is for qyq, as hi0.

Making this change of time scale, and conditioning on (xpypqreT) it I8
straightforward to derive the limit diffusion of <qT,r}hL0:
(321)  dqy, = (A - Byar)dr + Cpl%dw,,
where W_is a standard Brownian motion (on the "fast" time scale). Since the distributions
ot Ex,’]‘+h and Ey,'Hh are functions of x, y, t, and h, By and Cr are functions only of yr
x1, T, and h, and are constant (conditional on y, X, and T) in the diffusion limit on the

fast time scale. On the fast time scale, {qT,‘r} follows an Ornstein-Uhlenbeck process, the

continuous time equivalent of a Gaussian AR(1).

THEOREM 3.1: Ler Assumptions 1-2 be satisfied, and let T and t be strictly positive,
finite numbers. Let © be any bounded, open subset of R* on which for some € > 0 and all
(xyqT) € 6 JAyT)| < lle, € < B(xyT) < lje and C(xy,T) < l/e. Then for every

(xy.qT) € 6 {‘lT,r)[O,M/ (conditional on (xp .y .47 )=(xy,q)) converges weakly to the

15



diffusion (3.21) as h}0. This convergence is uniform on 6.

Proof: see the Appendix.

COROLLARY: Under the conditions of Theorem 3.1, for every (xp,yr,q7,T) €6,
N d
(3.22) [qrpr |(xpyrgro)=Eyng)] 5
NlAp By +e ™M Br(qpo-Ag Br),Cp (1-e72M ' Br)2B 1 ],

d , . .
where "2," denotes convergence in distribution as hl0.
Interpretation

If B > O, then for large M (recall that we can make M as large as we like as long
as it is finite), gy gven xp and yp, is approximately N[A/B1,Cy/2Bp]. (Though
limpyoeclimpolara | fpypaTe)=.y.9)] d N(A1/B,C/2B), Theorem 2.1 does not allow
us to interchange the limits or to make M a function of h such that M(h)—e as h{0.) Four
comments are in order:

First, under the conditions of Theorem 3.1, [/);1 ~ylis Op(h1/4). Although this rare

1/"l)) is the same throughout the state space (whenever the conditions

of convergence (Op(h
of the theorem are satisfied), the asymptotic variance of the measurement error is a
function of By and Ct and therefore of x, y1, and T. The Op(hm) rate seems fairly slow,
implying, for example, that in going from annual to daily returns data the standard deviation

of the measurement error falls by about a factor of four. If the variance per unit of time

were constant, we could achieve an Op(hm) rate of convergence (see, e.g., Merton (1980)),
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and the standard deviation of the measurement error would fall by a factor of 16. Our
slower convergence rate results from the fact that the ARCH variance estimators are
shooting at a rapidly oscillating target.

Second, Theorem 3.1 analyzes the local behavior of {qT,,} in the neighborhood of
the time T state values (xpymqr). This analysis may not be particularly useful if gt is
exploding as h{0, as it would if [yT y7) converges to zero at a rate slower that n4 A
technical device gets us around this problem: in related work (Foster and Nelson (1991)),
we show that under mild regularity conditions, rolling regression estimators achieve the
Op(hm) convergence rate for [U(?t)2 - U(yl)Z]. A rolling regression at the beginning of a
sample—say tfrom dates T-h'2 to T—can be used to initialize the ARCH filter at time T.”

Third, Theorem 3.1 also allows us to characterize the asymptotic autocorrelation:
using the autocorrelation tunction of the Ornstein-Uhlenbeck (see Arnold (1973 Section
8.3)) we have for small h and large positive 7 and 7’

(3.23) Corr(qrer2qrern?) = expl-|7=7'|* Byl

According to (3.23), {q,} is asymptotically white noise on the standard (calendar,
slow) time scale, since the (asymptotic) serial correlation in the measurement errors
vanishes except at lag lengths shrinking to zero at rate O(hm). It is conditionally

heteroskedastic white noise, however, since the asymptotic variance of q, depends on x,, y;

1/4) for all t, choose a large positive N and

7) Formally, to guarantee that g, = O (h
yT(ARCH) whenever IGT (ARCH) - UT (Rollmg Regression)| <

T (Rollmg Regression) otherwise.

define )’T by YT
hN, and y1 =

a

17



and t.

Fourth, under (3.1), the asymptotic distribution of the measurement error process
{q,} depends on p(-), o(*), A(-) and g(-), but not on )’2, A, p, or ;. While errors in
the drift terms X, A, g, or 4 affect {q,} for fixed h > 0, they are asymptotically negligible
as h}0. (3.1") blows up these drift terms at an appropriate rate to keep them from

~

dropping out of the asymptotic distribution. In this "large drift" asymptotic, nonzero [k -k
pping ymp 8 ymp

h_m[; ~y], but do not affect its asymptotic

and [/.L—;L] create an asymptotic bias in q, =
variance. This confirms the intuition given in Nelson (1992) that seriously misspecified
ARCH models may consistently extract conditional variances from data observed at higher
and higher frequencies—i.e., consistency is not incompatible with (moderately) explosive
(as h{0) misspecification in the drifts.

To gauge the size of the bias, note that blowing up [E—K] and [/.L—/:«] atan h™#

h 1/4

rate introduced an O(h™") bias in the measurement error [y -y], suggesting that the effect

of non-exploding drifts introduces an O(hl/z) bias.
4. ASYMPTOTIC OPTIMALITY

In discussing optimal ARCH model selection, several warnings are in order:
First, we consider optimality only within the class of ARCH models given by (3.4)-
(3.5) and subject to the regularity conditions in the Assumptions.

Second, we evaluate optimality in terms of the approximate asymptotic bias A/B

18



and approximate asymptotic variance C/2B1. As is well-known in standard large-sample
asymptotics, minimizing asymptotic variance need not be the same as minimizing the limit
of the variances. More importantly, Theorems 3.1 allows us to make M arbitrarily large, but
does not allow us to take M to infinity as h{0, so ApBy and C/2Br do not exactly
correspond to the bias and variance delivered by Theorem 3.1, though they become
arbitrarily close for large M.

Third, much the same difficulty arises in defining globally optimal ARCH filters as
arises in defining globally optimal estimators in statistics: just as the "optimal" estimate of
a parameter ¥ is ¥ itself, the "optimal” ARCH model when (y1,x1,T) = (y,x,t) is the model
in which 9»“ is held consiant at y. Even if y, is randomly changing, the estimation error
would be OP(hA) (note the faster rate of convergence when A > 1/4) in an O(hA)
neighborhood of y, = y. Obviously, in other regions of the state space such an estimate
would perform disastrously. We call the ARCH model globally optimal if it eliminates the
(approximate) asymptotic bias Ap/By——even in the "fast drift" case———and minimizes the
(approximate) asymptotic variance Cp/2B for every (x,y,t). Hence our optimality concept

is patterned on the UMVUE (uniform minimum variance unbiased estimator) criterion.
Eliminating Asymptotic Bias

From (3.12) and Theorem 3.1, it is clear that our first condition for global optimality,

elimination of the asymptotic bias A1/Br, can be achieved by setting Q(x,y,t,h) = x(x,y,t)

19



and ;L(x,y,t,h)=/¢(x,y,t) for all (x,y,t). Though this choice of E(x,y,t,h) and ;L(x,y,t,h) is
sufficient to eliminate asymptotic bias, it need not be necessary, since it is possible that bias

trom ;L(x,y,t,h) # u(xy,t) exactly offsets bias from ﬁ(x,y,t,h) # K(X,y,t).
Minimizing Asymptotic Variance

Suppose for the moment that the conditional density of &, .y, say £(&, op |XyT)s
is well-defined and is differentiable in y. Integrating by parts then allows us to write B as
(4.1) By = limyyy ~E{0g(&x 4 p*pyp Toh)/0y]

= limy;g E{g(&x t4nxpynToh): In[f(€, 1y ¥pyn T 1Y)
Under (3.1) or (3.1") the increments in {X ., —Xu¥;+n~Y:} approach conditional normality
as hy0 (see, e.g, Stroock and Varadhan (1979, pp. 2-4)), and (Ex,t+h:5y,t+h) is
approximately (conditionally) bivariate normal with mean 0 and variances a(yt)2 and
Alxy, ,t)z, and correlation p(xpypt). I £(&y rop [¥pypT), 8(&xxyt) and their partial

derivatives with respect to y are sufficiently well-behaved, (4.2)-(4.4) will hold: define

an 14 o)’ b )AGENTD)
€y = 0], |p o)A YHI) A(xy,t)z

(i, €, and €, are bivariate normal with mean and covariances given by (4.2).) Then
4 =3 0 2
(4.3) B(xy,t) = o(y) “o'(y)E[e, g€ x,y,1,0)], and

(4.4) Clayt) = E[(glegxyt0)-€,)’]

(4.2)-(4.4) turn out to be important technical conditions in deriving the asymptotic variance
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minimizer, as does a stronger version of (3.18):

ASSUMPTION 3: For every (xy,t), (4.2)-(4.4) hold, and for some § > 0,
(4.5) lim supy; E[|h_1/2(x,+/, -x,) ]4+5 |x,=xy,=y] is uniformly bounded on every bounded

(xy.t) set.

The conditional density of &, ., can, in principle, be derived from the Kolmogorov
backward or forward equations (see, e.g., Stroock and Varadhan (1979, Chapters 2-3, 9-
10). In practice, it is easier to check Assumption 3 directly than to establish convergence

for the derivatives of the conditional density.

THEOREM 4.1: Let Assumptions 1-3 hold. Under either (3.1) or (3.1'), the

approximate asymptotic variance Cy (2B is minimized by seiting
IS ESTNCH LN
a(y)

AlyD[1-pory.yA?
21/2

+

(4.6) g(Expih) =

2,12
[1-plxryp. T Aty yr, Tholyr)
The minimized Cy /2By = o A
[277a(yr)]

—14

and the coresponding approximate asymptotic variance of h [a(;)z—a(y)‘?] equals

[1-plepyy T2 Aty vy Thotyr Py )82,

Proof: see Appendix.

Sometimes it is of interest to minimize Cp/2B within a particular class of ARCH
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models (e.g., to find the optimal GARCH(1,1) model). Accordingly, we consider models in
which
(4.7) g(§exy,th) = a(xy,th): g*(Ex,x,y,t,h), where
(48) Elg (yernxoret)] = 0, Var[g (ExnXeoyuth)] = L
and E,[8g (Ey 4 p¥oyet,0)/dy] < 0.

*
We now treat g (- ) as given and optimize over a(* ).

THEOREM 4.2: The approximate asymptotic variance Cp [2B7 is minimized subject
10 the constraints (4.7)-(4.8) by setting
(4.9) a(xynh) = Alxyt).
The minimized Cy /2Bt equals
UO’T)S[A(IT yr.7) - CovT[fy,n.h Jg'(fx,T—{’h Xy, LO)]]

(4.10) — ,
OO IEr [ €141 8 (ST AT YT T0)]

~1/4

and the corresponding approximate asymptotic variance of """ [o( ; T )2 ~o(yr )2] is

¥
[Alxoy7,T) ~Covy [ &, 7p 8 (S 74+n X7 Y7 TO)]]
do'lyr Jolyr) 5 x .
Erl &8 (& ran X1 y1: L0

Proof: see Appendix.
literpretations

Since {x,,y,} is generated by a diffusion, the increments x,,—x, and y,y,~y, are

approximately conditionally normal for small h. The first term in (4.6), p(x,y,0)A(X,y,1)&,/o(y)
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is E[€y+n|&+n*oy:] using the (limiting) conditionally normal distribution. Given the
information in &y, (4.6) optimally forecasts the innovation in y, .y, hmEy’H_h.

To understand the second term in (4.6), consider y; as an unknown parameter in the
conditional distribution of &,,,,. Given y;, &,y is approximately N[O,a(yt)z]. We may
write the (limiting) loglikelihood as
(411) I(f(Eyrply) = =50 InQ@m) = Inlo(y)] = -5 &g 100",

s0 the score 18

I oy | o)t -

2
oy Ol B ) 70D

For a given X, y, and t, the second term on the right hand side of (4.6) is proportional to
the score. As in maximum likelihood estimation, ;’1 is moved up when the score is positive
and is moved down when the score is negative,8

Consider the problem of predicting y,,p, given X;, X,_y, X;_zp,- Lhere are two
sources of uncertainty about y,,: first, uncertainty about y, ;v -y,, i.e., uncertainty about
changes in y,. Second, there is uncertainty about the level of y,. These two sources are
asymptotically of the same order, Op(hm). The first term on the right side of (4.6)
optimally extracts information about y, 1, -y, contained in x,,;,=%. The second term, in a

manner analogous to maximum likelihood estimation, extracts information about y, itself.

8) This is merely a heuristic: convergence in distribution of [EX,Ey] does not, of course,
imply convergence of the conditional density or of its derivative, and we do not need to
prove such convergence to verify Assumptions 1-3.
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Conditional Moment Matching and the Connection with Consistent Forecasting

Nelson and Foster (1991) develop conditions under which the forecasts generated
by a misspecified ARCH model approach the forecasts generated by the true model as a
continuous time limit is approached. For example, suppose the diffusion (3.1)-(3.3)
generates the data and the misspecified ARCH model (3.4)-(3.5) is used to estimate y, and
to make probabalistic forecasts about the future path of {x,y,}. In particular, suppose the
ARCH model is used in forecasting as if it were the true model—i.e., as if, instead of (3.1)
we had

“ ~ 1
(413) X4 = x, + b p(xpypth) + h 2. Ex,t+h

(418 Yy =y + v a(xv)’vtrh) + 02 g(£x,t+h’xl!)'t!t’h)’

where &,y {xpypt © N[O,a(yt)z]. Under what circumstances do forecasts generated by this
misspecified model approach forecasts generated by (3.1)-(3.3) as h{0? It turns out that
these conditions are closely related to the conditions for asymptotically efficient filtering.
In particular, the conditions for consistent forecasting include the first-moment-matching
requirement that ﬁ(x,y,t,h) = x(x,y,t) and ﬁ(x,y,t,h) = u(xy,t) for all (x,y,t). As we saw
earlier, this is a sufficient condition to eliminate asymptotic bias in the "large drift" case. We

also require that the second moments are matched in the limit as h{0—i.e., that

& & oly) Py OARYNO()
(4.15) Cov, = Cov =

£, HleEran0)|  lpGynAGynoy) A

Using the approximate bivariate normality of &, and Ey, it is easy to show that the
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asymptotically optimal g(* ) of Theorem 4.1 satisfies (4.15).

What accounts for this moment matching property of optimal ARCH filters? Recall
that the first two conditional moments of {x.y,} (along with properties (a) and (d) of
Section 2) characterize the distribution of the process. Optimal ARCH filters make
themselves as much like the true data generating process as possible. Since the first twe
conditional moments characterize the true data generating process in the continuous time
limit, the optimal ARCH filters match these two moments.9

Interestingly, misspecification in the drifts x and 1 has only a second-order (Op(hm))
affect on filtering (and hence on one-step ahead forecasting) but has a first-order affect on
many-step-ahead forecasting performance. Over short time intervals, diffusions act like
driftless Brownian motions, with the noise swamping the drift. In the medium and long-

term, however. the drift exerts a crucial impact on the process.
Invariance to the Definition of y,

There is considerable arbitrariness in our definition of y,. Suppose, for example, that
we define ,;1 = ;(yl) for some monotone increasing, twice continuously differentiable
function ;(' ). We could then apply Ito’s Lemma to (3.1), re-writing it as a stochastic
integral equation in x, and ;l. If the regularity conditions of Theorem 4.1 are satisfied, the

Theorem yields an asymptotically optimal filter for the new system. Is it possible to reduce

9) This is ignoring the (pathological) case when biases from x # % and from ;2 # L
exactly cancel.
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the asymptotic variance of [312-012] by a judicious choice of ;(- )? Using Ito’s Lemma it
is easy to verify that the answer is no, provided that the regularity conditions are satisfied
for both the (x,,y,) and (X!’§t) systems: the ¢’(y) in the asymptotic variance of [812«73] in
Theorem 4.1 is replaced by a’(y)/[ay(y,)/ay] in the ; system, but the A(x,y,t) is replaced
by A(x,y,t)- [8; (y,)/9y], leaving the asymptatic variance of [3‘2-012] unchanged. Within the

limits of the regularity conditions, the definition of y, is arbitrary.
Examples

The asymptotically optimal ARCH filter of Theorem 4.1 looks unlike ARCH models
commonly used in the literature. GARCH(1,1) is an exception. Suppose the data are
generated by the diffusion
(4.16) dx, = p-dt + o dWy,

417 do? = (0 - BoD)dt + 2¥a0 2w,

where W, and W, are independent standard Brownian motions. If we set ylzatz, this is
in the form of (3.1). The asymptotically optimal filter of Theorem 4.1 sets ;7. = u and
(4.18) 81+112 = ‘;12 + (@ - 6?7:2)' h + hma(gx,whz - ‘;12)»
which is recognizable as a GARCH(1,1) when we re-write (4.18) as

(419) 0l =@ h+ (1-8h-ahPg?+ %, 2

THEOREM 4.3: (4.16)-(4.18) satisfy the conditions of Theorems 3.1 and 4.1.

Proof: see Appendix.

26



If dW, dW,, = pdt, p = 0 (Le, Wy and Wy are correlated) GARCH(1,1) is no
longer optimal: the second moment matching condition (4.15) fails, since
Corrl[a(Ex_HhZ-olz),Ewih] is zero not p. A modification of GARCH(1,1) proposed by
Engle and Ng (1991, equation (11)) can be shown to be optimal in this case.

To further illustrate the construction of globally optimal ARCH models, we next
consider two models from the option pricing literature. In each model, S, is a stock price
and o, is its instantaneous returns volatility. We observe {S;} at discrete intervals of length
h. In each model, we have
(420) dS, = wuSdt + S dW,.

The first model (see Wiggins (1987), Hull and White (1987), Melino and Turnbull (1990),
and Scott (1987)) sets

(421) dlin(@)] = -Bln(e2) - aldt + Y-dW,,

where W, and W, are standard Brownian motions independent of (SO,UOZ) with

aw,, 1o
(4.22) Wy, dWy | = ar.
dWZ’, p 1
wu, ¥, B, and « are constants.
Bates and Pennacchi (1990), Gennotte and Marsh (1991), and Heston (1991)
propose a second model, which replaces (4.21) with

(423) dol’ = BloS - aldt + Yo dW,,.

Here 012 is generated by the "square root" diffusion popularized as a model of the short-
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term interest rate by Cox, Ingersoll, and Ross (1985).

Now consider ARCH filtering of these models. Suppose we define x; = In(S,) and
¥, = In(o,?). We may then re-write (4.20)-(4.21) as
(420) d = (s - exp(y)2dt + exp(y/2)dW,,

(421) dy, = -Bly, - aldt + Y- dW,,.

THEOREM 4.4: The asymptotically optimal ARCH model for the model (4.20°)-

(4.21') and (4.22) is

(424) p(xy) = u -ep(y/2)
(425) Yyan =Y, - By, -]k
+ WPYrp i en(-y, 12) + [(1-p7)21"2 (82 4y exp( -y ) -1)].

(4.20°)-(4.21') and (4.24)-(4.25) satisfy Assumptions 1-3. The resulting (minimized)
approximate asymptotic variance of 11_1/4[0(;)2 —o(y)zj is [2(1 —-p2)]1/2111/2 1//0'4.
Proof: see Appendix.

Next consider the model given by (4.20) and (4.22)-(4.23). Using Ito’s Lemma and
y = ln(az), (4.23) becomes
(4.23) dy, = (-B + exp(-ypl[Be - YW2Ddt + Y- exp(-y/2): AWy,
The asymptotically optimal filter suggested by Theorem 4.1 is
(426) Yooy = Yo+ (-8 + exp(-y)[Ba - ¥7/2])- h

+ 0P pexp(-y y2)lp: By @P(-¥y2) + [(1-p202)" (o exp(-¥ )~ 1))

Unfortunately, the regularity conditions break down aty = - (i.e., at o= 0). (In fact, the
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stochastic differential equation (4.23") is not well-defined in this case, although (4.23) is.)
This is not a problem in the theorem as long as the boundary y,=-« is unattainable in
tinite time. When 2Ba < wz, however, this boundary is attained in finite time with positive

probability (see Cox, Ingersoll and Ross (1985).) We therefore exclude this case.

THEOREM 4.5: Let 2Ba > l//z The asymptotically optimal model for (4.20°) and
(4.22°)-(4.23°) is given by (4.26). (4.20°), (4.22°), (4.23) and (4.26) satisfy Assumptions 1-3.
The resuliing (minimized) approximate asymptotic variance of 11—1/4[0(;)2 —a(y)2] is
[21-p7)] 0Py

Proof: see Appendix.

The differences in the optimal filters for the two models are most easily understood
in terms of the moment matching conditions: In (4.21) and its associated optimal ARCH
model, the conditional variance of U‘2 rises linearly with 014, while in (4.23) the conditional
variance of 012 rises linearly with otz. As we will see in Section 6, most commonly-used
ARCH models effectively assume that the "variance of the variance" rises linearly with at4.
If (4.23) generates the data, GARCH, EGARCH, and other such models will be very
inefficient filters when o is very low or very high, since the g(+ ) functions in these ARCH
models cannot match the ARCH and true "variance of the variance" everywhere in the state

space.
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5. NEAR DIFFUSIONS

In this section we consider the case in which the data are generated in discrete time
by the stochastic volatility model

RV X ,LL(Xf.y plvh) Ex,; &
(5.1) = + h +
Vieh Y K(X 1 phih1) E_y,{+/l ,

or, in the "fast drift” case analogous to (3.1)

p X7 Xy B Y pbif) 34 Ex,Hh
(3.1 = + h +
V1ol Ve K(xllyﬂt’h) Ey,l +h

’

for some (small) h > 0, where

E):,I ot aly 1)2 px AKXy D)oy )
Cov, =

s Ey,l +h plxy pt)A(x &)o@ Ax D4 17’)2

g
0

Ex,l +It
(5.2) E, =

E_V,I +N

We assume further that the process {xy},=gp2n.. is Markovian. Again, in (5.1)-
(5.2), "" is assumed to be a discrete multiple of h. To define the process for general t, set
(p¥) = (Xp[yp)Yupn)- This makes each {x,y,} process a step function with jumps at
discrete intervals of length h. "E" and "Cov," denote, respectively, expectation and
covariances conditional on time t information—-i.e., the g-algebra generated by {x.  }g<,<
or, equivalently for our purposes, by (Xl7Yt’§t!t)' Note that the structure of the first two
conditional moments of x, and y, in (5.1)-(5.2) are the same as in (3.1)-(3.2). In fact, under

(5.1) and the regularity conditions assumed below, {x,y,} converges weakly to the diffusion
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(3.1)-(3.2) as h}0. We therefore call such a {x,y,} processes a rear diffusion.
Why the Near Diffusion Case is Important

At first glance, it would seem that there is little gain to generalizing the results of
Section 3 to the near diffusion case. The intuition is this: the estimated conditional variance
process {U(§l)2} is a functional of the sample path of the {x;} of (5.1)-(5.2). The {x;} of
(5.1)-(5.2) converges weakly to the {x,} of (3.1)-(3.2) as h}0. If the mapping from {x;} to
{U(§t)2} is sufficiently well-behaved, the continuous mapping theorem should guarantee
that {U(;t)z} converges to the limit derived in Section 3 as h|0, yielding the same results
on efficiency and etc. as in the diffusion case.

Unfortunately, this intuition is wrong, since the mapping from {x,} to {a(§ ‘)2} is not
at all well behaved in the sense required by the continuous mapping theorem. To see why,
consider the case of iid residuals. Let
(53) xqn = %+ 0PE,
where xy = 0 and for all t and all h, &, is iid with mean 0 and variance 0%, Consider the
least squares estimator of Uz, given at time t by

t/h t/h
(54) 0yt = 7 3 b kgl = w7 E g
j=0,1,2h... j=0,1,2h...
Standard invariance arguments {e.g., using Donsker’s theorem: see Jacod and Shiryaev

(1987)) show that as h}0, {x,} converges weakly to the limit process given by
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(5.5) x, = oWy,
where W, is a standard Brownian motion. This fiolds regardless of the distribution of &,
provided &, Is iid with mean 0 and variance o It E[Eﬁ] < oo, {(t/h)llz(at+llz—az)} also
converges weakly, to the process {} with
(5.6) ¥, = *(E[E "] - )PWy,
where Wz,x is a second standard Brownian motion. Note that the diffusion limit of {x, } does
not depend on the distribution of & fo, but the diffusion limit of {, } does, through the fourth
moment of ¢, fo.

Suppose, for example, that {x,} is a Brownian motion observed at time intervals of
length h, so &, ~ N(O,az). Here (E[Ef/cr“] - 1) = 2. (This is the case analogous to (3.1)-
(3.2).) Moving from the diffusion to the near diffusion case by changing the distribution of
&, can have drastic consequences for 3‘. For example, let &, equal o with probability 1/2
and equal -o with probability 1/2. In this case, (E[E!4/a4] - 1) = 0. In fact, a single
observation is sufficient to recover o with no error. On the other hand, suppose &, is iid
Student’s ¢ with 3 degrees of freedom and variance o*. Now E[Et“] = o and {y,} fails to
converge. In each of these cases, the diffusion limit of {x} is the same, while the limit of
{¥,} is not. Even in this iid case, there is a crucial difference between the behavior of the
variance estimate for the limit diffusion and the variance estimate for a sequence of process

converging to the ditfusion. As we will see below, this remains true in the more general
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ARCH case as well.'?

Many empirical studies of asset market volatility have found that returns remain
somewhat thick tailed even after conditional heteroskedasticity is accounted for (e.g., Baillie
and Bollerslev (1989), Nelson (1989,1991)). Near diffusions easily accommodate this. The
diffusion case examined in Section 3, on the other hand, effectively assumes conditional
normality for sufficiently small h. The near diffusion case is therefore likely to be practically
important, and will allow us to consider optimality for different conditional distributions and
the robustness of different ARCH models to the presence of conditionally thick tailed

residuals.

Main Results

THEOREM 5.1: Let Assumptions 1-2 hold with (5.1) and (5.1°) replacing (3.1) and
(3.1'). Then the statement of Theorem 3.1 holds.

Proof: see Appendix.

The interpretation of the optimal filter in terms of an estimation component and a
forecasting component applies in the near diffusion context also. We accordingly define the

prediction component

10) Here is another heuristic: for Brownian motions, the instantaneous variance is the
stochastic derivative of the quadratic variation of the process. Since Brownian motions are
continuous with probability one, the Weierstrass theorem guarantees that they can be
approximated to arbitrary accuracy with finite-order polynomials. Yet the quadratic
variation of such a polynomial is always zero.
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(3.6) P(Exy,th) = E[Ey,wh|(Ex,tHvathvh)=(5xyxv)’:t,h)]:

and the estimation (or score) component

(5.7) S(Eyyth) = AN[H(Ey 4 Xy, Lh)Y,

where {(§, 4 |%y,h) is the conditional density of &, given (x,y,) = (xy). In the
diffusion case of Sections 3 and 4, P(*) is proportional to §, and S(* ) is proportional to
Ex?'-az. This is nor generally true in the near diffusion case unless &, and Ey are

conditionally bivariate normal.

ASSUMPTION 4: For every h, the conditional densities f(£, ,fylx,y,r,/z) and
flE | xy.th) are well-defined and continuous in x, t, and h and continuously differentiable in
y. Further, for some 6 > 0
(5.8) ll_IE[|P(fX,[+/, ,x,,yr,t,h)|2+5 \x,=xy,=y] — 0, and
(5.9) W E[IS(Epan %opebm P2 r=xy,=y] — 0

as hl0, uniformly on every bounded (xy,t) set.
THEOREM 35.2: C1 /2By is minimized by setting
(5.10) g(&, xyth) = P(E xyt) + oxyt) S(E ,xyt), where

[Cov, (S,P)> + (A ~Var, (P))- Var, (S)]*? - Cov, (P,S)

(3.11) wxyt) =
Var, (S)

(The argumenis have been dropped in (5.11) to simplify notation.) The approximate asymptotic
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variance achieved by any other g(+) function (say E) sarisfying the constraints E, [§] =0
and By > 0 is strictly higher unless g(fx xY,40) = g( &, xy.0) with probability one.
The minimized Cy /2By = @(x1,y7,T), and the corresponding approximate asymptotic

=14

variance of ™" (a( )2 -o(y)?] equals 4+ w(xpy7,T) - oly7 [’ )] .

Proof: see Appendix.

THEOREM 5.3: The approximate asymptotic variance Cy [2By is minimized subject
to the constraints (4.7)-(4.8) by setting
(5.12) a(xy,th) = Alxy).
The minimized Cy /2By is Afl - Corry (€, ,g*)]/ET [g*~ SJ, and the approximate asymptotic
. —IH, 02 2, 2, 2 * *
variance of h " [a(y )" -o(y)"] is 4a” (0’)" A[1 -Corrp (fy 8 MIEr (g« S].

Proof: see Appendix.

The interpretations of the optimal filter given in Section 4—i.e., mbmem matching,
asymptotic irrelevance of transformations ;(yl), and the prediction and estimation
components of the optimal filter—continue to hold. To further understand the distinction
between prediction component P(€,,x,y,t) and the estimation component S(§,,x,y,t), consider
first the case in which an ARCH model is the true data generating process—i.e., in which
the innovation in the y process, Ey, is a function of the innovation in x, §,, and possibly the
other state variables x, y, and t, say Ey = g(&,xyt). Now Ey = P(*),and w(+) = 0. The

innovations in y, are observable, so it is not surprising that the asymptotic variance of the
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meadsurement error is zero.

Another polar case arises when P(+) = 0 with probability one, so §, contains no
information that helps predict Ey. This was true, for example, in (4.16)-(4.17), when the x,
and y, were driven by independent Brownian motions, In this case, the asymptotic variance
is A/SD(S). This is easily interpretable: A is the conditional standard deviation of y,—the
more locally variable y, is, the less accurately it can be estimated. Var(S), on the other
hand, is the filtering analogue of the Fisher information—the smalier the Fisher

information, the higher the asymptotic variance of the parameter estimates.
6. ANALYSIS OF SOME COMMONLY USED ARCH MODELS

GARCH(L1)

In the GARCH(1,1) model of Bollerslev (1986), we have y = 0'2, x = w—eoz, and
g=a [Exz—az]. As we saw in Section 4, GARCH(1,1) is asymptotically optimal for the
diffusion (4.16)-(4.17). More generally, suppose the data are generated by either (3.1),
(3.1, (5.1)-(5.2) or (5.1")-(5.2) withy = o2 By Theorem 5.2, GARCH(1,1) is optimal when
for some « and all &, x, 02, and t, i(x,az,t) = w-60” and P(Ex,x,az,t) + m(x,az,t)S(Ex,az,t)
= Q[EXZ-UZ]. When GARCH(1,1) is the true data generating process, the GARCH(1,1)
filter is (trivially) optimal and P(Ex,x,az,t) = a[{xz—az] while u)(x,az,t) = (. Even when
P(g, ,02,1) = 0, GARCH is optimal provided &, is conditionally normal.

Next consider minimizing C{/2B with a model of the form
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(6.1) g = a(xa®t) (E2-07).

By Theorems 4.2 and 3.3, the optimal a(x,oz,t) equals A(x,oz,t)/SDl(Exz). Suppose the
conditional kurtosis of €, is a constant K (this is always satisfied in the diffusion case, where
K =3, and is satistied in many discrete stochastic volatility models as well). We may then
write the (constrained) optimal g as

(62) g = Axo® o dK-1)"12 (£,2-0P).

GARCH(1,1) further constrains @ to be constant, so clearly if GARCH(1,1) is to be the
constrained optimum in the class of models (6.1), Az, the conditional variance of 02, must
be linear in o”. (Or, equivalently, the conditional variance of ln(az) is constant.) As we will
see, many other commonly used ARCH models effectively make the same assumption. The

a0 s

resulting (locally) minimized asymptotic variance of h
(6.3) hY*SD (&, %o%)- [l—Corrt(gxz,Ey)]- o A

That is, GARCH(1,1) can more accurately measure Ulzi (1) the less locally variable O'tz is
(as reflected by A), (2) the lower the conditional kurtosis of &,, (3) the lower atz, and (4)

the more the true data generating mechanism resembles GARCH(1,1) (e.g., if GARCH(1,1)

is the data-generating process, Corrl(Exz,Ey) =1).
The Taylor/Schwert Model

Davidian and Carroll (1987) argue (though not explicitly in a time series or ARCH

context) that scale estimates based on absolute residuals are more robust to the presence
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of thick tailed residuals than scale estimates based on squared residuals. Schwert (1989)
applied the Davidian and Carroll intuition to ARCH models, conjecturing that estimating
012 with the square of a distributed lag of absolute residuals (as opposed to estimating it
with a distributed lag of squared residuals, as in GARCH) would be more robust to §,’s
with thick tailed distributions. Taylor (1986, Chapter 4) proposed a similar method. Hence,
we consider the model y = o, X = 0-60, and g = a [l€x|—Et|Ex|], with the data
generated by either (3.1), (3.1"), (5.1)-(5.2) or (5.')-(5.2). We also assume that the
distribution of §,/o does not vary with x, o, t, or h—i.e., that o enters the distribution of
&, only as a scale parameter.

If we allow @ to be a function of x, y, and t, the optimal & is A/[SD,(]&,])]. The
minimized asymptotic variance of h_1/4[¢;12-at2] is
(6.4) 412 SD(1E,])r o [1-Corry(| &), E)" AE | &4l

As in the GARCH case, global optimality of the Taylor/Schwert model in this class
of models requires that « is constant. Again, when E[|§,/o|] is constant, this is equivalent
to In(az) being conditionally homoskedastic in the diffusion limit.

Schwert’s conjecture that this model is more robust than GARCH to conditionally
thick tailed &,’s can be rigorously justified. For example, compare the relative efficiencies
of GARCH(1,1), the Taylor/Schwert model, and the asymptotically optimal filter, supposing

for the moment that Corrt(ixz,ﬁy) = Corrt(|Ex|,Ey) = 0, and that &, is conditionally

Student’s ¢ with K > 2 degrees of freedom. It is important to note that (6.4) is not directly
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comparable to (6.3), since in (6.3) y = o® and A is the instantaneous standard deviation of
o?, whereas in (6.4) y = o and A is the instantaneous standard deviation of . In general
the A in (6.3) equals 20 times the A in (6.4). Making this adjustment, we can compare the
variances in (6.4), (6.5), and the variance achieved by the optimal filter. Figure 2 compares
the minimized asymptotic variances of h_m[alz—al?‘] achieved by these filters, plotting both
the ratio of the GARCH to the Taylor/Schwert variance and the ratio of GARCH to the
optimal filter error variances over a range of K values. The GARCH error variance
approaches « as K|4, and is infinite for K<4. The Taylor/Schwert model’s error variance
approaches infinity as K|2 and is infinite for K<2, but is finite for K>2. The optimal filter’s
variance is bounded as K|2. The horizontal line at 1 in Figure 1 divides the region in which
the Taylor/Schwert error variance is lower (above the line) and the region in which the
GARCH error variance is lower (below the line). For low degrees of freedom, K, the
Taylor/Schwert model is much more efficient than GARCH, and remains more efficient
untit K > 15.56. Perhaps surprisingly, the variance of GARCH is only about 6.5% lower
even as K — o, so even under the most favorable circumstances, the efficiency gain from

using GARCH is slight. When the £ s are conditionally thick tailed, the efficiency loss with

GARCH can be dramatic.!! As K — «, the GARCH and Optimal error variances

11) When &, is conditionally distributed GED (Harvey (1981)), the analysis is similar:
Taylor/Schwert performs much better than GARCH when &, is conditionally thick tailed.
On the other hand, GARCH may perform substantially (up to 22.5%) better than
Taylor/Schwert when &, is much thinner tailed than the normal. In the range of parameter
estimates found for asset prices in the empirical literature (e.g., Nelson (1989,1991), Sentana
(1992)) GARCH and Taylor/Schwert perform about equally.
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converge, but fairly slowly: even for K = 20 the GARCH variance is about 13% higher than
the optimal.

Our robustness results closely parallel those of Davidian and Carroll (1987). To see
why, consider the optimal filter of Theorem 5.2, assuming for now that the prediction
component E[Ey,H—hl Exi+Xoyy] = 0 almost surely for all t. The optimal g is then
proportional to the score AIn[f(€,|x,y,))/dy. A necessary condition in this case for GARCH
to be optimal is that &, is conditionally normal. Optimality of the Taylor/Schwert model in
this case requires &, to be conditionally double exponential, and hence thicker tailed than
the normal. Abandoning the assumption of optimality for either model, we see that
GARCH uses a normal quasi-likelihood in estimating the level of y,, while Taylor-Schwert
uses a double exponential quasi-likelihood. More generally, the choice of an ARCH model
embodies a choice of quasi-likelihood, a choice which can be analyzed in much the same
way that Davidian and Carroll did in the case in which the conditional variance of the error
term was a function (of known form) of observable variables.

Several papers in the ARCH literature have assumed conditionally Student’s ¢ errors
and have treated the degrees of freedom as a parameter to be estimated. In modelling daily
exchange rates, for example, Baillie and Bollerslev (1989) estimated degrees of freedom
parameters ranging from 6.3 to 18.5, while Hsieh’s (1989) estimates ranged from 3.1 to 6.5.

In modelling daily stock price indices, Baillie and DeGennaro’s (1990) estimated degrees
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of freedom ranged from 9.2 to 10.2.1? More broadly, thick tailed standardized residuals
are the norm in empirical applications of ARCH (see Bollerslev et al (1992)). This range
of estimates, along with Figure 2, suggests the use of absolute residuals as opposed to

squared residuals in estimating time varying volatilities in asset returns.

Exponential ARCH (EGARCH)

The Exponential ARCH (EGARCH) model of Nelson (1991) was largely motivated
by Black’s (1976) empirical observation that stock volatility tends to rise following negative
returns and to drop following positive returns. The EGARCH model exploits this empirical
regularity by making the conditional variance estimate a function of both the size and the
sign of lagged residuals. AR(1) EGARCH sets y = ln(oz), X = B[y -«a], and g =
08,10 +v[1 80 |-Ei|&40]].

Again we assume the data are generated by either (3.1), (3.1), (5.1)-(5.2) or (5.1°)-
(5.2). If we make the simplifying assumptions that E[&," |[§4|] = 0 and that the
distribution of £ /o is independent of o, it is easy to solve for the (locally) optimal y and
0:

(65) ¥ = A[1-Corr(£,&,)]/SDy(|&xor]), and

12) These models were estimated under the assumption that the estimated ARCH
model was correctly specified. If this is literally true, there is clearly no efficiency gain in
abandoning the true model. If the model is not correctly specified the robustness of the
conditional variance estimates is important.
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(66) 8 = A Corry(§,E,).

For EGARCH to be optimal in this class requires that y‘ and 8" are constant. It is
straightforward to check that when the first two moments of §,/o and |&,/o| are constant,
constant y* and 8" is equivalent to conditionally homoskedastic ]n(otz) and constant
conditional correlation between x; and 012.

The minimized asymptotic variance of h_1/4[3t2 - atz] for this case is
(6.7) 2 SDy(| &)+ A 0* [ (1-Corr(E, €)' - Corry(E, | EDVE, -

If we adjust for the changed definition of y and therefore of A(*), we see that apart from
the replacement of "1" with "(l—CorrZ(Ex,Ey))m,” this is the minimized variance for the

1 4) error

Taylor/Schwert model. The only difference between the two models in the Op(h
compornents is that the EGARCH takes advantage of conditional correlation in §, and Ey
(e.g., "leverage effects"). This suggests that we can significantly improve the variance
estimators by exploiting correlations between changes in observable variables and changes
in o’—the effects are "first order" appearing in the dominant component of the

measurement error, the Op(hl/4

) term—and so are likely to be important in practice. This,
along with its relative robustness to conditionally thick tailed &,’s, probably accounts for

much of the empirical success of EGARCH in applications to stock market returns data

(e.g., Pagan and Schwert (1990), Engle and Ng (1991)).
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Related Varianis

Higgins and Bera (1992) nested GARCH and the Taylor/Schwert model in a class
of "NARCH" (nonlinear ARCH) models, which set 3125 equal to a distributed lag of past
absolute residuals each raised to the 26 power. Using a geometric lag, this corresponds to
y=0" k = w-0y,and g = a [ |P-E[[E,]7].

The chief appeal of NARCH (as with Taylor/Schwert) is that when § < 1, it is more
robust to conditionally thick tailed £ ’s than GARCH: NARCH limits the influence of large
residuals essentially the same way that the QP estimators employed in the robust statistics
literature (see, €.g., Davidian and Carroll (1987)). While GARCH and Taylor/Schwert use
normal and double exponential likelihoods, respectively, in their estimation components,
NARCH uses a GED quasi-likelihood.w

Another variant is the Threshold ARCH ("TARCH") model of Zakoian (1990). The
locally minimized asymptotic measurement error variance (up to the Op(hl/“) terms) of this

model are the same as EGARCH.
Similarities and Differences in /r\c(') and a(-) in these Models

Though the GARCH, EGARCH, Taylor/Schwert, Higgins/Bera, and Zakoian models

13) Davidian and Carroll (1987) considered the cases § = 1, 1/2, 1/3, 1/4, 1/6, and lim
8|0, finding as we do that scale estimates using § < 1 are more robust in the presence of
thick tailed residuals than estimates using §=1. Scale estimates using &’s close to 0 were
sensitive to "inliers" rather than outliers.
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have important differences, they have at least one similarity and potential limitation: for
global asymptotic optimality of a(-) given g‘(' ) (as in Theorem 5.3), each requires
{ln(atz)} to be conditionally homoskedastic in the diffusion limit. This is clearest when we
examine the diffusion limits of these models considered as data generating processes. The
diffusion limit for {ln(axz)} in the Higgins/Bera model as a data generating process takes
the form!*
6.8) dlin(eD)] =6 Y(we, ® - 8N)dt - a'dW,

where W, is a standard Brownian motion and 8" and & are constants. The Taylor/Schwert
and Zakoian models are a special case of (6.8) with §=1/2, and GARCH is a special case
with §=1. The AR(1) EGARCH diffusion limit for {ln(alz)} is given by (4.21). In (4.21),
and for any & > 0 in (6.8), the conditional variance of the increments in {ln(atz)} is
constant. A few ARCH models have been proposed that do not make this assumption (e.g.,
(4.26), the QARCH model of Sentana (1992), and the model of Friedman and Laibson
(1989)). Unfortunately, these models make similarly restrictive assumptions on the
conditional second moments. Since the second moment matching condition (4.15) has a first
order effect on the measurement error variance, practitioners should probably parameterize
g(* ) in a way that allows (but does not force) the conditional variance of {ln(olz)} and its

instantaneous correlation with {x[} to vary with the level of otz and x;.

14) The limits for {alz} in GARCH(1,1) and AR(1) EGARCH as data generating
processes are given in Nelson (1990). The diffusion limit for {at} in the Taylor/Schwert
model is given in Nelson (1992). We applied Ito’s Lemma to convert the diffusion limits
into stochastic differential equations for {In(g,")}.
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Jump Diffusions and the Friedman/Laibson Model

Friedman and Laibson (1989) argue that stock movements have "ordinary" and
"extraordinary” components. This motivated their modified ARCH ("MARCH") modet
bounds g(+) to keep the "extraordinary" component from being too influential in
determining Elz. The MARCH mode] is similar to GARCH, but with
(69) G4y’ = @ h + By o + hPg(Z ), where
(6.10) g(€,) =a>0ify &2 =2

= a-sinfyr &7y &, < w2

Friedman and Laibson’s model can also be understood as a robust filtering
procedure; if &, has occasional large outliers, least-squares based procedures such as
GARCH will not estimate cr'2 efficiently. Much the same intuition comes from the near
diffusion resuits, in which the conditional distribution of &, is allowed to be considerably
thicker tailed than the normal. In accord with Friedman and Laibson’s (and Davidian and
Carroll’s) intuition, the thicker tailed the conditional distribution of &,, the less weight
should be given to "large" observations, at least in the score component S of the optimal
tilter. For example, if {Ex,iy} is conditionally bivariate ¢ with K > 2 degrees of freedom,

we have (in the notation of Theorem 5.2)

(6.11) P = p(xy,0ARXyDE/o(y), and
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(612) S = ) K+1.__55%
ay) |K-2 1*53/[(1(—2)00;)2]'

Given y, the score is bounded above by K+ o’(y)/a(y). The lower the degrees of freedom,
the tighter the bound. P, however, remains linear in §,, as in the conditionally normal case.

Unfortunately, the near diffusion assumption does not allow &, and Ey to be too
thick tailed. In particular, £, and &, are assumed to have (conditionally) bounded 2+8
absolute moments, which is why we assumed K > 2 in the Student’s ¢ case. In the limit as
hl0, this effectively rules out the possibility that "lumpy" information arrival causes
occasional large jumps in x, or y,. Such occasional large jumps may well be a feature of
some financial time series. For example, using daily stock returns data, Nelson (1989, 1991)
generated {gtz} using an EGARCH model, but found occasional large outliers (i.e., more
than five or six times g_l)'ls

It would be interesting to extend our results to allow the data to be generated by a
jump-diffusion (or a near jump-diffusion). We suspect that this would lead to bounds on
both P and S in the optimal g(+ ) function: If we fail to impose such a bound, g(gx,x,gr,t)

will be enormous when a jump occurs, which may well make such jumps too influential in

15) For example, the market drop on September 26, 1955 (in response to Eisenhower’s
heart attack) was eleven estimated conditional standard deviations. There were drops of
about seven estimated conditional standard deviations on November 3, 1948 and June 26,
1950 in response to Truman’s surprise reelection and the beginning of the Korean war
respectively. The Crash of October 19, 1987 was almost eight estimated conditional standard
deviations, and the market rose seven estimated conditional standard deviations on July 6,
1955.
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determining {;l}-
7. CONCLUSION

One widely voiced criticism of ARCH models (see, e.g., Campbell and Hentschel
(1991) and Andersen (1992)) is that they are ad hoc—i.e., though they have been successful
in empirical applications, they are statistical models, not economic models. This criticism,
though correct, does not go far enough; even as purely statistical models, ARCH models
are ad hoc. In applied work, there has been considerable arbitrariness in the choice of
ARCH models, despite (perhaps because of) the plethora of proposed ARCH
specifications. Many models have been proposed, but few compared to the infinite potential
number of ARCH models. How can we choose between these models? How do we design
new models? We summarize the main implications of our results for the design of ARCH
filters for near diffusions as follows:

Rule 1: Asymptotically optimal ARCH models are as "similar" to the true data
generating process as possible, in the sense that the first two conditional moments (as
functions of the state variables and time) implied by the ARCH model considered as a data
generating process have the same functional form as in the true data generating process.

The choice of an ARCH model therefore embodies an implicit assumption about the
joint variability of the state variables x, and y,. GARCH(1,1), AR(1) EGARCH, the

Taylor/Schwert model, NARCH, and TARCH effectively assume that the conditional
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variance of c712 is linear in 014. Some ARCH models, (e.g, GARCH, NARCH,
Taylor/Schwert), effectively assume that increments in x; and Utz are uncorrelated.
EGARCH assumes a constant conditional correlation. It is probably wise to relax these
constraints, since specification of the conditional second moments of {xt,y,} affects the
Op(hm) terms, and so is likely to be important in practice.

Rule 2: The optimally selected g(+) has two components. The first,
E[€, 1+nl &y, 1+ n¥X0ye)s forecasts changes in {y.}, for example by taking advantage of "leverage
effects.” The second component of the optimal g(+) is proportional to the score of ,,
treating y as an unobserved parameter. This term estimates the level of {y,} in much the
same way as a maximum likelihood estimator of a scale parameter in the ii.d. case. The
robustness results of Davidian and Carroll (1987) hold in the ARCH context: in particular,
EGARCH and Taylor/Schwert are more robust than GARCH to conditionally thick tailed
g.’s. It is probably wise to design ARCH models to be robust to thick tailed §,’s (perhaps
by bounding g(- } as suggested by Friedman and Laibson), since conditional leptokurtosis
seem to be the rule in financial applications of ARCH.

Rule 3: The asymptotic conditional mean of [3t2 - 0'[2] is zero when the drifts in
{xpy;} are well specified—i.e., when u(xy,t) = ﬁ(x,y,t) and k(x,y,t) = g(x,y,t). Incorrect
specification of the drifts creates an Op(hU2 ) asymptotic bias in [;t—yt]‘ Such bias has a
second order effect on [§[—yt], but a first order effect on the medium and long-term

forecasts generated by the ARCH model. If filtering rather than forecasting is of primary
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concern, specification of ;.(-) and E(') is probably less important than specification of
g()-

Our results could be extended in a number of interesting ways. In a sequel, we will
allow x, and y, to be vectors, and will consider smoothing (i.e., allowing ;l to depend on
leads and lags of x,) as well as filtering. Other extensions are also possible. For example,
versions of Theorem 2.1 are available which allow a jump diffusion limit for {x,y,}, and
which do not require {Xth’;t} to be Markov (see, €.g., Jacod and Shiryaev (1987, Chapter
9)). Unfortunately, the regularity conditions are considerably more ditficult to check than
the conditions of Theorem 2.1.1¢

The most important extension would be to allow the parameters of the ARCH
model to be estimated by quasi-maximum likelihood methods. All this paper’s suggestions
for ARCH model building rely on an as yet unproven assumption: namely that fitting
misspecified parametric ARCH models by maximum likelihood selects (asymptotically) the
"best’ available filter. Monte Carlo experiments (to be reported in a sequel) suggests that
this assumption is reasonable in practice. Unfortunately, however, formal asymptotic theory
for ARCH parameter estimates has proven very difficult even for well-specified ARCH

models, and is not likely to be any easier for misspecitied models.

16) Foster and Nelson (1991) are able to drop the Markov assumption in analyzing
rolling regressions and GARCH by using a central limit theorem for semimartingales in
place of Theorem 2.1. It isn’t clear if this method can be successfully applied to broader
classes of ARCH maodels.
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APPENDIX

PROOF OF THEOREM 2.1: This is a modification of Stroock and Varadhan
(1979, Theorem 11.2.3). The version of the result we cite is from Ethier and Kurtz (1986
Chapter 7, Corollary 4.2). We set Ethier and Kurtz’s "n" equal to B2 There are two changes
from Ethier and Kuriz’s version of the Theorem: first, we define Qp n(y) as a covariance rather
than as a conditional second moment. The conditional first and second moments are each
O(IZ_A), so the difference between the conditional covariance and the conditional second
moment vanishes ar rate O(Iz‘z A) as h|0. Second, Ethier and Kurtz use truncated expectations
in (2.2)-(2.3)—1ie,
(22) papy) = h"8 E[GYery = 3Y) IhYers = 5Yed < 1) 13Y=y), and
(23) Quur) = b8 CV¥irs = 1Y) IhYirr = 1Yeld < D) 1%y,
where I( ) is an indicator function. They then replace (d’) with the requirement lz—AP[//hYk_H
2 Yl > €1, = y] — 0 as b0, uniformly on every bounded y set. To see that (2.2°)-(2.3’)
and (d") follow from (2.2)-(2.3) and (d’), see the proof of Nelson (1990, Theorem 2.2). (Our
version Is a litlle simpler to state, but Ethier and Kurtz’s is more general and is sometimes
easier to verify. The moment conditions in this paper could be weakened using Ethier and
Kuriz’s version.) For the uniformity of the weak convergence on bounded {y,} sets when ,Y,

is fixed, see Stroock and Varadhan (1979, Theorem 11.2.3).

PROOFS OF THEOREMS 3.1-3.2: The proofs are very similar, so we prove only

Theorem 3.2, and leave the slightly simpler Theorem 3.1 to the reader. We employ Theorem
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2.1 with A = 1/2, treating x, y, and q as state variables and conditioning on (X7,y1.,97 ).
First, we consider the first two conditional moments of (X, ., =%, )y V451 ) (@404 )
and verify that these increments vanish to zero in probability at an appropriate rate. Under
(3.1)-(3.3), the first two conditional moments of {x,,y, } and the 2+8 absolute moment are
all O(h) on bounded (x\y,t) sets. The "fast drift" assumption makes the first conditional
moments 0(113/4) This means that when we apply Theorem 2.1 using A = 1/2, the first two
conditional moments of {x,,y, } converge, respectively, to a vector and matrix of zeros, since
the conditional moments are 0(/1] 2 ). By Assumption 1, the first two conditional moments of
Gr+y—q, (normalized by 11_1/2) converge to (A, -B, q, ) and C,. The normalized covariances
of the increments in q,, x,, and y, converge to 0. This convergence is uniform on bounded
(xy,qt) sets, as required. By Assumption 2, each element of the state vector has a bounded

12 o5 the

(uniformly on bounded (xy,q,t) sets) 2+8 absolute moment. Since we used h
normalizing factor in the conditional moments, we choose A = 1/2 in applying Theorem 2.1.
Since the drifts and variances of x, and y, are zeros in the limit, xy . and yr.. are coustant at
Xy and yyin the limit and 4,, B,, and C, are asymptotically constant in the diffusion limit
on the fast ime scale at their time T values.

All that remains is to verify that the diffusion limit has a unigue weak-sense solution.
Note first that the limit diffusion is clearly non-explosive, since xr. and yr.. are constants and

qr.. follows an Ornstein-Uhlenbeck process. By Assumption I, A;, B, and C, are iwice

continuously differentiable, so weak-sense uniqueness follows by Stroock and Varadhan (1979,
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Corollary 6.3.3 and Theorem 10.1.3). The Theorem now follows by Theorem 2.1.

PROOF OF THEOREM 4.1: Assumprion 3 allows us to solve the optimization
problem as if &,y and &, ), were conditionally bivariate normal with covariance matrix
given by the last term on the right side of (4.15). The theorem then follows as a special case

of Theorem 5.2 below.

PROOF OF THEOREM 4.2: By Assumpiion 3, (dropping time subscripts and
function arguments to ease notation) Cyp/2By = Ep [g2 —Zg{y+ fyz]/ZET [-Tg/dy] =
-E{ @ 'g*z -2a 'g*' ¢'_v+ {V"]/ZaE Tl c?gt/o'y]. Minimizing this with respect to a is equivalent
to minimizing (a + Aa ). The first and second-order conditions then yield a = A (4.10) then

follows.

Lemmas A.1 and A.2 are needed in the proofs of Theorems 4.3-4.5:

LEMMA A.1: Let x, be an nx1 diffusion, generated by
(A1) x, =xp + [fulx;,s)ds + [§o(x,s)dW,,
where w(+) is continuous and nX1, a(* ) is continuous and nXn, and W, is an n-dimensional
standard  Brownian motion. Then I—I/Z(x, -xp) converges in distibution (o a
N0, 1 .0(xg,0)0(xy,0)°) as t}0. The result still holds if the _/(r, uixg,s)ds in (A.1) is replaced

by 7 fhu(x, s)ds.

PROOF OF LEMMA A.1: For every t and every 7, 0 < 1 <, define W, =

52



—12 -1/2 . . .
! ”‘Wﬂ and x, . =1 N‘(x”. - xp). For every 1, W, _is a standard Brownian motion on v €
[0,1]. We now re-write (A.1) as

2 2 2
(AD) x,, = A2l p.(x0+t1/'x,’5,t's)ds + Jb 0(x0+t1/"x,’s,t':)dW,,s.

172 172

As 10, " ulxp+e x,,s,!'s) — 0 and a(x0+11/2x,15,t'5) — o(xp,0) uniformly on bounded
(xg.%, ) sets. Applying Siroock and Varadhan (1979) Theorem 11.1.4, x, , converges weakly to
a Brownian motion with no drift and with diffusion matrix a(xy,0)o(xy,0)". In the case in
which (' [hu(x, 5)ds replaces [} u(x; ,5)ds in (A.I), tl/4féy(xo+tl/2xr,s ,L*5)ds replaces

2

fé,u.(xo-HH'x,s Jges)ds in (A1), and the convergence is unaffected. The Lemma now

[1/2
follows.
LEMMA A.2: Let x, be as in Lemma A.I. For every p 2 2 there is a nonnegative,
finite k such that for every xy and every i = 1 1o n
(4.2) (Eglr"P e, P)P <
(4P [y Eglute ) Pd)™P + kT y, (7 [GEoloy (x5 1Pds) ™,

" element of x,, Tyt is the i-j’h element of o(x, ,t), and k is a constant

where x;, is the i
. 104 gt ‘ .
depending only on p. When ' [y u(x, s)ds replaces [y w(xg s)ds in (AI)

I_HPMféEOm,-(xS ,5) |Pds replaces pr/’?féEOI,ui(xx,s) [Pds in (A.2).

PROOF OF LEMMA A.2: From (4.1),
(43) 7P 00| = [P S g s)ds + Zizp 077 [ho 6 ,5)dw |
= 2 L g ) s + Byap ™ 1[040 )W),

Applying Minkowski’s inequality:
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(A.4) (Eglt P lx, o, ) PTP < [Eg(7 1 [ ity 5) |ds)P )P

+ Zol o™ | o055 5)dW s PP,
By the integral version of the means inequality (Hardy, Littlewood, and Pélya (1951, Theorem
192)) [hluix, s)lds < t(p_“/p(/é]p,-(xx ,5)|Pds)""P. By Karaizas and Shreve (1988, Exercise
3.25), Eo([f”‘?féa,-,j(xs S)AW S|P =< mt_IEof(’;|cri,j(xs ,5)|Pds, where m is a constant
depending only on n and p. Substituting both these inequalities into (A.3) yields (A.2).

Substituting Il "/;Lf(xJV \$) for w(x;,s) yields the remainder of the Lemma.

PROOF OF THEOREM 4.3: Thar (4.16)-(4.17) has a unique weak-sense solution
was established in Nelson (1990). Next, note that §, = E'x, since /: = u. Employing the
definitions of y, ;, ¢ Ey and q, and using the “exploding drifts" convention (3.1'), we have
(A.5) {\’,H—/z =12 :+h)’51/2dW1,:l
(A.6) & = 00 [IMEy yds + 02 iy 02 Paw,

(A7) Qe —q, = 111/4[cz(.fx_r,(_/,'7 ¥, _111/4% )= Epiand - on=1? ;H’(y, ~E,ys+/11/4qt )ds, and
(A.8) E [y] = /8 + (y, - O/w)[exp(-8(s-t))-1] or

E,- [y = @18 + (y, - Blw)fexp(~6h™ (51))-1]
in the fast drift case. By Lemma A.I, ( fx,1+h 2 €y, 40) Siven time t information, converges in
distribution 10 a bivariate nonnal with means of zero, no correlation, and variances y, and
2afy,2. To verify Assumptions 1-3, however, we need convergence of moments (up to order 4+8
for & and 2+8 for {‘,) as well. These moments (conditional on (x,=x,y,=y,q,=q)) must be

uniformly bounded on every bounded (xy,q,t) set.
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If there is a suitably bounded 2+8 moment for | |, a bounded 4+8 moment for | £, |
follows using Lemma A.2. For each h > 0, the {a,z} process (Le., without x,) satisfies
standard Lipshitz and Growth conditions and consequently (see Amold (1973, Section 7.1))
for every 5 > 0

2+8 2 2
(A.9) E, [0,.,°T°] < (1 + o P)exp(c-n1?)
where C Is a constant depending on a, 6 and . Moment boundedness for |, 4y, |4+8 now
follows by Lemma A.2, satisfying Assumption 2 and (4.5).
Applying Lemma A.2 and (A.8) we now have

=172
(A.10) h /E[[IH—/: -4 | =xy,=y.q,=q] = -aq

-1/2 2 22
(A11) h Var[q, 1, ~q,1x,=xy,=y,q,=q] — Var[a(e -y) - ey] = da’y", and
(A.12) h—mE[|q,+,1 —q,|3|xt= Y =y.q,=q] — 0 uniformly on bounded (xy,q,t) sets as

required, satisfying (3.15)-(3.16) and (4.2)-(4.4).

PROOF OF THEOREM 4.4: That the system (4.20°), (4.21°), and (4.22) has a
unique weak-sense solution is established in eg, Nelson (1990). Under the "“fast drift"
convention (3.1°),

(A13) Eepup = 0 12) [ (expty) - Ejexpy))ds + b2 [ exp(yg2)aw,
(4.14) Topan = Eoon + W02 [TTHE, [exp(yy)] - eaxply, + hq,))ds
(AI5) Eypap = B0 [, - Eygds + 017 [ yaw, , and

1/4

-1/2 h 1/4 7 ~
(A16) qpp —q, = ~h /ﬁ ;+l()’1+h g ~Ely)ds + h /[g( 5x,t+lzr)’:)'£y,t+h]

where
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(417) g(€y) = wip&-ap(=3/2) + [(1-p°)2]" (¥ -exp(-}) - 1)].

By Lemma A.1, given time ¢ information ( .{x', ho fy,t+h) converges in distribution to a
bivariate normal with means of zero, correlation p, and variances of exp(y,) and w2 . The same
is true of ( 2” +h ,{v’[ +1)- We also require convergence of moments up to order 4+8 for
| Afx,,+,l| and 2+8 for | £, 4| ys Is Gaussian (see, e.g, Amold (1973 Section 8.3)), and for
s> 4ycly; T Nf(a+(y, —a)ePETY), ;lf’[] —exp_zﬂ(s-')]/Zﬂ] and has arbitrary finite moments
(each uniformly bounded on bounded y sets conditional on y,=y), as does exp(y,). In the fast
drift case, y, given y, is normal with mean and variance (a+(y,—a)exp(h_1/4[3(s -t)) and
wz[(] —exp(—2,Bh—]/4(s -z)))/(ZBlz_IH)]). This allows us to compute E [exp(y.)] and E,fy ]
explicitly. For s with t < 5 < t+h, the conditional moments of arbitrary order of both y, and
exp(y,) remain uniformly bounded on bounded y, sets. (4.5) and Assumption 2 are therefore
satisfied.

Substituting (y, + /zmqr) for ;, in (4.16)-(A.17) and using the formulas for E [exp(y )]
and E [y leads to
(4.18) W "PE[q, 4, -q,\x=xy,=p.q,=q] = -q* $[(1-p")2]"", and
(A.19) h™"Var[g, y-q, [ =xy,=y.q,=q] -~ 2¥°(1-p)

(4.20) h™PE[|g 10 -q, 17\ =xy,=pa=q] = 0

uniformly on bounded (xy,q,t) sets, satisfying Assumption 1 and (4.2)-(4.4).

PROOF OF THEOREM 4.5: To establish existence an uniqueness of a weak-sense

solution to the system (4.22), (4.20°), and (4.23°) we first consider the system (4.20°) and
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(4.22)-(4.23). For the latter system, we apply Nelson (1990) Theorem A.1. Condition A of that
theorem is clearly satisfied. For its non-explosion condition, use @(xy) = 1 + “ + ol we
conclude that (4.20°) and (4.22)-(4.23) has a unique weak-sense solution. When Ba = 1V7/2
(or, in the fast drift case, whenever 8 > 0 and a > 0) U,‘? = 0 is inaccessible (with probability
one) in finite time, so the mapping from {x, ,012} to {x, ,ln(a,z)} is almost surely uniformly
continuous on [0,T] for all T < . The continuous mapping theorem then delivers a unigue
weak-sense solution for (4.22), (4.20°), and (4.23’).

Convergence in distribution of (E’x,r+lz'£y,1+h) (and of (& 14y, :fy,1+h)) given time t
information to a bivariate normal with mean (0,0), correlation p and variances exp(y, ) and
1//2 exp(y, ) follows from Lemma A.1. We next check local boundedness of the momenis. The
conditional distribution of USZ given 0[2 (s>t) is given by Cox, Ingersoll and Ross (1985, pp.
391-392). Using a formula for the non-central chi-square distribution (see Johnson and Kotz
(1970, Chapter 28, (1)) and the integral form of the Gamma function we obtain, for v > -a
and s > |,

o (c'a,g'e_ﬁ(s_'))j T(v+j+a)

(4.21) E, [07°] = ¢ %exp(~c-al-e PE7)) 5 :
Jj=0 TG+1)-T(v +))

-1

where v = 2BI1—1/4a/1/f2 and ¢ = 2/3/1—1/4/[1112(1 ~exp(~Bh ~t))] in the fast drift case and

v = 2Ba/l//2 and ¢ = 2B/[x/IZ(J ~exp( ~B(s-t))] otherwise. This can be rewritten as

57



C(v + a)

(A.22) E, [052“] = exp(-C'otz'e_B(S“'))~M(a+ v, v,c-atz'e_ﬁ(s_’)),

“T'(v)
= a1 + 0,720(|c| 1)) as c—=0,
where M( ) is a confluent hypergeometric function. The last equality in (A.22) follows
from Slater (1965, 13.1.4). Since t < s < t+h for the relevant moments, 1 -exp(-B(s—t)) =
O(h) and cl= O(s-t) as h|0. E[O’SZH |ln(c7,2) =y/ - 0,2" — Q uniformly on bounded y sets as
|0, provided v + a > 0.

To bound the 4+8 conditional absolute moment of fx, seta =2 + 8/2. To bound the
2+8 conditional absolute moment of f_v, set a = -1 — 8/2. In the fast drift case, these
moments are finite for sufficiently small h whenever « > 0 and B > 0. Otherwise, we require
2Ba > llf7 This satisfies Assumption 2 and (4.5). We now have, for the fast drift case, (the
standard case is similar)

- -1/2 ]
(A.23) Eep = -0 12) [ explyy) - E exply)yds + kP L1

exp(y/2)dw;
(A24) Tpron = Gornn + 87512) [ITME, [eplyg)] - exply, + 1, ))as,
(425) &e = W 0B-0712) [T M ep( ) -E, exp(y)ds + WP [ ep(y2)awyy,
and
(4.26) 4y p-q, = b~ P (aB-0712) [ exp( -y ) -E, [exp(y5)])ds

+ WP E e Y () =&y where
(4.27) g(%5) = wrexp(-yi2)[p & -exp(-12) + [(1-p")2]" (8- exp(-y) - 1)].

Applying Lemmas A.1-A.2, substituting (y, + hmq, ) for ;, in (A.26)-(A.27), and using
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(A.22) leads 10

(4.28) 17'PEfg 1,0, & =xy,=ra,=q] = ~q"ep( i) w[(1-p")i2]"

(4.29) h™12Varfq, g, [x=xy,=y.9,~q) — 207(1-p)exp(-y), and

(4.30) hPE[ g1 -q, 177 Jy=xy=rq,=q]) = 0

uniformly on bounded (xy,q,t) sets, satisfying Assumption 1 and (4.2)-(4.4). Finally, apply the

R . . ~2 2
delta method 1o derive the asymptotic variance of [0, -0,"].

PROOYF OF THEOREM 5.1: Nearly identical to the proof of Theorem 3.1.
Before we prove Theorem 5.2, we present a heuristic derivation of the first order
condition. In the proof we verify global optimality.

Under Assumption 4 we may write C, /2B, as

2,
Joze J-% (808 Xy =B H(Ex &y Iy DAE,dE,
(A31) ;
=
ZJ‘—oc g(gx !x’Y7t)' S(Eu( ‘Xy)’»t)' f(Ex]x,y,t)dEX
We wish to minimize this with respect to g(- ), subject to two constraints: first that E, [g]
= 0, and second, that the denominator of (A.31) is nonnegative. For now we ignore these
constraints since they are not binding at the solution (5.10)-(5.11). To derive the first-order
conditions, we treat g(E; X.y,t), for each (E; X,y,t) as a separate choice variable. Setting the

partial derivative of (A.31) with respect to g(E; X,y,t) equal to zero, dividing by f(E;IX,y,t)

and multiplying by Cov, [g* §] yields
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(A32) g(Eexyt) = Ju & (E,|E; xy0dE,

[ g MRS RS (MR M0 | S
+ * (& xt)
2[-:[g(5x ,X,y,t)' S(Ex ’xyyyt)]f(lex’yat)d‘ix

(A33) = P(ELxyt) + 0y S(Erxyt) = P + 0
for some function w(x,y,t). Comparing (A.32)-(A.33) with (A.31), it is clear that Cp /2Bt =
w(x,y7,T). Substituting for P + @S for g (A.33) and solving for w leads to a quadratic in

@ with two solutions:

st +[Cov, (S,P)* + (A2-Var, (P))* Var, (5)]* - Cov, (P,S)
34) w = .
Var, (S)

The "+" solution is the only solution satisfying the constraint 0 =<

% g(Exyit) S(Eny,t)” f(Exxyt)dE, , leading to (5.10)-(5.11).

PROOF OF THEOREM 5.2: Next, we verify that this g(*) is globally optimal.

Dropping subscripts, we write this g(+) as g = P + ©S. Now consider a perturbation of this

function, g = P + wS + H, where H is a function of §,, x, y, and t with E, [H] = 0 and

Cov, [§,S] > 0 (these conditions force § to obey the constraints E, [§] = 0 and By > 0).
Our claim is that the approximate asymptotic variance of § is strictly higher than that of g
unless H = 0 with probability one, or equivalently

E[(P+ oS -&F]  E[P+ wS- {V)Z] + E, [H] + 2+ Cov, [HP+©S-§,]

(AF5) — <
2+ Cov, [P+ ®S,S] 2-Cov, [P+wS,S] + 2-Cov, [HS]

for all such H. Recall that w = C, /2B, = E, [(P+ wS—fy)zj/[Z' Cov, (P+ wS,S)], so the left

60



side of (A.35) equals w, and the E, [(P + wS - fy)z] term on the right of (A.35) equals
W [2-Cov, (P+wS,S)]. Making these substitutions, and using the positivity of both
denominators in (A.35), (A.35) becomes
(4.36) 0 < E,[H] - 2+ (Cov, [H,£,] ~ Cov, [H,P]).
Recall that H is a function of &, but not of §,, and that P = E, [fy] £ so
(4.37) Cov, [H ] = [_Z [-2 H(&xn0 &, 14, & lupndEde,
= [ D H(E O[] -5 & f(E)1 € xnndE] f(EIuyndE,
= [ e H(E 2y E[E) & xntf(ExyndE,
= Cov, [H,P].
(A.35) is therefore equivalent to 0 < E, [H2]. The approximate asymptotic variance of

/1—1/4[0(;)2 —a(y)Z/ follows by the delta method.
PROOF OF THEOREM 5.3: Nearly identical 1o the proof of Theorem 4.2.
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