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ABSTRACT
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(CAPM) and the arbitrage pricing theory (APT). I argue that while the APT is compatible
with the data available for testing theories of asset pricing, the CAPM is not. In reaching this
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plete) information which econometricians must use to estimate asset pricing models and the con-
ditional (complete) information which investors use in making the portfolio decisions which

determine asset prices.
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1. The Asset Pricing Problem.

modities which are risky. General equilibrium theory provides a complete but distressingly gen-
eral answer to these questions. Arrow-Debreu theory, and even when modified to deal with
imperfect and heterogeneous information, can do little more than state conditions for the
existence of equilibrium with various measures of efficiency. Not surprisingly, it is difficult to
think of any empirical work which tests or otherwise exposes this theory to data. In sharp con-

ing theories of asset pricing -- the Capital Asset Pricing Model (henceforth CAPMI)
-- and the Arbitrage Pricing Theory (APT) due to Steven Ross (1976). 1 shall largely focus on
the theoretical properties of the models. Indeed one major purpose is demonstrate a simple

cussed in this paper, the random variables are being traded this period for money and yield ran-
dom payoffs next period” . A natural choice of units for this problem would be expected value.
We could specify z; as the amount of asset i needed to provide an expected next period payoff
of one. The literature generally chooses a different normalization. Following it we specify that
z; is an asset which can be bought for one dollar. This specification is strange to an equilibrium
theorist for it assumes that prices have been determined already. In most of economics one
starts out with preferences, technology and supply and asks whether or not equilibrium, and
thus equilibrium prices, can exist. In asset pricing theory, for the most part, one starts with a
set of equilibrium prices and asks what conditions they must satisfy.

Let
1) E(g)=p,

be the mean return on asset i. If there is a riskless asset, of which more later, and it has a rate
of return of p , (that is for $1 one can purchase enough of the riskless asset to ensure a return of
$p next period) the risk premium for asset iis u; — p. The aim of asset pricing theories is to
explain why different assets have different risk premia.

1.2 Internal Theories

Given that the problem is to explain what determines mean returns or risk premia, we can
distinguish between two kinds of theories. Internal theories explain expected returns in terms
of the characteristics of the probability distribution of returns on all assets. For the most part
internal theories are second moment theories. That is they seek to explain means in terms of

1. The CAPM is due to Treynor (1961}, Sharpe (1964), Lintner (1965), and Mossin (1966).
2. 1 deal exclusively with one period models in this paper.




variances and covariances. The CAPM is a theory of this sort. It’s pricing equation is

2) py=p+B:(uy — P

where py is the market portfolio (normalized to cost one dollar), 8; = cov(z;,py), and
by = Epyy - '

1.3 External Theories

In contrast external theories, use information beyond the distribution of returns to
explain asset prices. A good example of such a theory is the paper by Chen, Roll, and Ross
(1983) which uses macroeconomic variables to explain asset prices. Of course, internal and
external theories are not exclusive alternatives. One of the virtues of a tight internal theory is
that it specifies the way in which external forces influence asset prices. If a macroeconomic vari-
able is to influence the structure of asset prices, and if the CAPM holds, then equation (2)
states how that variable will affect asset prices.

1.4 Notation

At this point it is appropriate to introduce some notation and assumptions. There is a
large number of assets, potentially a countable infinity. As mentioned z; is the return from a

$1 investment in asset 1. We assume that means and variances are uniformly bounded and
denoted by

3) p;=FE(x), o045 =V(z), o, = cov (z;,z;).

We suppose that the assets are arranged in order and we shall often have occasion to refer to
the vector of the means of the first N assets which we denote uy . The corresponding
variance-covariance matrix is £y . We assume that Xy is nonsingular for all N. The matrix of
second moments is

4) Ty =Xy +unkn-

Throughout this paper we will be concerned with linear combinations of assets, which we will
call portfolios. In parts of the sequel, particularly those dealing with conditional inference, it
will be useful to maintain the pedantic distinction between a portfolio which is a random vari-
able and the distribution of that random variable. That is, included in the definition of the ran-
dom variable z; are the events in which they give payoffs of various amounts. The probability
of these events cannot be specified without specifying a probability distribution. This distinc-
tion is important because, when we deal with conditional inference we shall be concerned with
the relationship of different probability assessments of the same events. Thusifp = X;0;%;
and ¢ = X, ; z; are portfolios and if we specify first and second moments of returns as in (3)
and (4) we can write

5) cov(p,q) = a’Sv
and

6) E(pg)=aoTy.




2. Empirical setting

The goal of asset pricing theory'is to explain expected returns, uy , possibly using the
second moments of returns, Xy . Both py and Ty are expectations. They cannot be directly
observed. For testing and verification empirical counterparts of uy and Iy are required. In
the U.S. rich data on actual returns are available which can be used to estimate expected
returns. Despite the quality and volume of data, the estimates are not very precigse. However,
for empirical work, actual return data seems more promising than any alternative” . It is worth
spending some time describing the characteristics of returns data. The theories we will discuss
must be evaluated, at least in part, in terms of their ability to use, and be validated by, this
data.

2.1 The CRSP data

The Center for Research on Security Prices (CRSP) of the University of Chicago has on
tape the daily returns from holding any stock listed on the New York or American Stock
Exchanges from 1962 through 1983. Monthly returns are available for stocks traded on the New
York Stock Exchange from 1925 to 1983. Two characteristics of this data are noteworthy.
First, a large number of assets is included. There are over four thousand assets in the daily
returns file and almost three thousand assets in the monthly return file. This data is appropri-
ate for theories which assume a large number of assets.

Secondly, it is not comprehensive. Even though the CRSP files have information on a
huge number of assets, many investors hold assets in their portfolios which are not included in
the CRSP data. While CRSP does collect data on the returns from bonds which could be used
together with the stock returns, comparable data for many marketed assets do not exist. Com-
modities, foreign exchange, options, futures contracts, and stocks and bonds traded outside the
U.S. are examples. Furthermore, many important assets are not traded on organized exchanges.
The classic examples are human capital® and real estate. A theory which explains relative asset
prices on the assumption that investors portfolios consist exclusively of the assets studied, can-
not be rejected using the CRSP data alone. Given this, it is not clear in what sense the CRSP
data can verify such a theory. The CAPM is a theory of this sort.

3. Not all researchers have restricted themselves to actual returns data. Cragg and Malkiel (1982) attempted ' L
to collect data on expectations which was sufficiently rich that it could be used to examine the determination of |
assets’ prices. They collected nine years of forecasts (by financial institutions) of growth and earning for 260 of
the companies whose stocks are traded on the New York Stock Exchange. While rich, this data is quite meager
compared to the CRSP data on actual returns (described in the next subsection). The Cragg and Malkiel data
is annual while the CRSP data is daily or monthly. Cragg and Malkiel cover less than a tenth of the number of
firms included in the CRSP files. Furthermore its not clear that the financial institutions which provided the
raw data to Cragg and Malkiel would be willing to do so again. One of Cragg and Malkiel’s findings was that
analysts’ forecasts didn’t contain much information.

While expectations data is unlikely to be used in preference to data on actual returns, it does reveal some in-
teresting things. Cragg and Malkiel convincingly demonstrated that expectations are not homogeneous. Indeed
they found that one of the best measures of risk for the stock of a firm was the extent to which forecasts of the
firm’s growth differed.

4. The current U. S. administration is working hard to improve the market for human capital. However, one
doubts that CRSP will soon have good data on the return to human capital. It is unfortunate that the period
when data on the return to liquid human capital was relatively good (Fogel and Engerman 1974) was a period
when asset markets were relatively undeveloped.




2.2 Estimating py and Xy using the CRSP data.

The most straightforward way to estimate expected returns using CRSP data is to form
the sample mean. That is, given observations on the random returns on N assets for T
periods, calculate

T

7) BN = D En
t=1

This procedure is justified by some assumption like
8) iInm = py t+ 9w

where the

9) @y, are i.id. random variables.

There are, at least, two problems with this approach. First, the assumption that the I
have a distribution which is constant over time seems contradicted by the data. Stock returns
behave differently in different periods. For, example, Luedecke (1984) reports that during the
period 1971 to 1974 the daily mean return on 392 stocks was -.00015% while during the period
1975 to 1978 the mean return on the same 392 stocks was .0009%. The first figure corresponds
to an annual loss of about 5%; the second to an annual gain of about 30%. It is hard to believe
that investors expected the same returns in 1973 as they did in 1977. Thus, it is common prac-
tice for investigators using the CRSP daily data to split the approximately twenty years of data
into a number of subperiods each no longer than six years in length.

Second actual returns are quite volatile. As a result it is hard to estimate py in (7) pre-
cisely using a short time series. The many observations which CRSP daily data files contain do
not alleviate this problem. The accuracy of the estimate of the mean is determined by the
length of time which the process is observed, and not by the frequency of the observations.
Most models of stock returns suppose that the returns process is some kind of (possibly
geometric) Brownian motion. Suppose that z; evolves according to

10) dz = adt +odW

where W is a Weiner process. Consider trying to estimate the parameter o from observations
of the process over the interval [0,T]. The accuracy of the estimate of a is a function of T and
is independent of how often z, is observed. Suppose that we have observations of z; at

t =0,1/n2/n,..,Tn/n. Then y; = z; — z;_; is a normal random variable with mean a/n
and variance 0 2/n. The sample information may as well be considered as consisting of the
observations y;,1 = 1,..., nT. A sufficient statistic for the mean is then 5,9 = 2p — Zg-
Thus the accuracy of the estimate of the mean can depend only on T and not on n.

In contrast, more frequent observations dg permit more accurate estimates of the variance
term o 2. The variance of most estimates of o “ are of order 1/nT ; frequent observations of the
z, process let one see how much it fluctuates.

Both of these results carry over to the multivariate case. Accuracy of estimates of the
mean vector g are not improved by more frequent sampling while accuracy of estimates of the
variance-covariance matrix X is of the order of 1/nT ; the variance of each of the terms of ¥is
of order 1/nT . (Anderson 1958 page 161). The fact that variances can be well estimated while
means cannot is one of the great virtues of the Black-Scholes option pricing theory. It requires




as data, and makes predictions using, variances of stock prices. It does not use information
about expected returns.

2.3 Conditional and Unconditional Expectations

When combined with the fact that it is hard to estimate expected returns over intervals
sufficiently short to make the assumption of constancy plausible, the probability that the distri-
bution of asset returns is not constant over time suggests an alternative model. Suppose that
instead of (8) and (9) we assume that there is a state variable s such that (z,,s,) is jointly
distributed. Conditional on s, Zy; 1s independent of ¢. That is the distribution of
(zwi | §, = s ) is independent of 1. Suppose also that s, has a stationary distribution.

- This specification invites many interpretations. For example, different values of s could
represent different information available to different traders; alternatively s could be an index
representing general economic conditions in different time periods. In either case investors have
information about the conditional distribution of returns, (zy; | s ). They use this information
when making investment decisions. In so far as their choices depend on the first two moments
of returns the portfolios they choose to hold will be functions of

1) py, = E(zy |5 = s)
and

12)  Ey, = E(zy — uy, )(zy — mve )| § = s].

If the variable s is unobservable, the analyst cannot hope to estimate uy, or & Ne- How-
ever, if s has a stationary distribution he can estimate unconditional first and second moments.
Let Ty, = Xy, + uy, £y, Then the analyst can estimate

13) 7y =E(uy,), Ty = E(Sy,) + V{uw, ) and Ty = E(Ty,)

using (7) for 7y and an analogous procedure for ¥ and Ty . Suppose for simplicity that there
are a finite number (S) of states and that the stationary or ergodic distribution of s is given by

14) 7, =Pr{s, = s}

Then unconditional means and covariances are

15) n= Zs Ts HKng

and

16) EN (ENS) = Es Ty ZNS .

Both 7y and Iy can be estimated from data on actual returns. With this specification, it is
legitimate to use the entire time series of observations to estimate expected returns. However,
the mere fact that unconditional expectations can be estimated doesn’t mean that they are of
any interest. For them to be useful, it is necessary to have a theory which makes predictions
about unconditional expectations. As we will see, it is not clear that the CAPM does this.
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2.4 Summmary

The data most likely to be used for testing asset pricing theories is very rich. However, it
is not perfect. In particular it is not comprehensive and it is unlikely that the asset pricing pro-
cess is stationary over time periods short enough to estimate expected returns with much accu-
racy. It may be possible to estimate unconditional expectations accurately.

3. Mathematical Setting 5

We will be considering many assets; we need a mathematical structure which allows us to
let N—oco. Let Fy = [zy,...,Zy ], the linear subspace consisting of all linear combinations~ of

o0
(portfolios formed from) the assets zy,...,cy . Now let F' = [ J Fy , the space of all portfolios.
: N=1
Unfortunately F is not large enough for our purposes. Some of the arguments in asset pricing
theory involve diversification; they require that we be able to make sense out of things like the
limit of the sequence of portfolios p, where

17} p, = X 1.
=1 n

1=1 v

Each p, costs a dollar; if asset returns are uncorrelated then in the limit p, converges to a risk-
less asset. We need a mathematical structure which gives meaning to lim, _, o, p,. For this two
things are needed: a space of investments which includes things which are not in F' and a way
of measuring distance between portfolios which allows us to give meaning to the convergence of
portfolios like those defined in (17). Then we can frame a theory which deals with portfolios
and the limits of portfolios. One way to do this is to suppose that asset returns are defined on
some underlying probability space. Let L,(P) be the set of all random variables defined on

that space with finite variances. We measure the length of a portfolio (or its distance from
another portfolio) as {|p || where

18) il = E (pH)'2

Associated with the mean square norm is an inner product denoted (p,q) and defined as

19)  (p,g) = E(pg)-

Note that
20)  lpl* = (p,p)-

N N
Hp = X a;z; and ¢ = £ ~;z; then
i=1 i=1

21)  |plP=a Ty @and (p,g) = & Ty 7.

Analysis now takes place in F , the closure of F. Things in F but not in F are limit port-
folios; in the sequel we use the term portfolio to refer to all objects in F whether or not they
belong to some Fy . F is a Hilbert space.

5. This section is taken from Chamberlain and Rothschild (1983). Many details are omitted.
6. In this paper, linear combinations are always finite linear combinations.




If p and ¢ are portfolios and if (p ,q) = 0, then we say that p is orthogonal to ¢ and
write p L ¢ . If L is a linear subspace, then L+ = {p|p L g forall geL}is its orthogonal
complement. Many of the arguments we use are based on the projection theorem which states
that if L is a closed subspace in F , then every p € F has a unique decomposition as
p=p1+pywherep; e L and p,e L+. Note that P is the point in L which is closest to
p ; py is the projection of ponto L ; |jp 2ll is the distance from p to L is ||p,||; in the sequel we
will let |[p — L || denote the distance p to the subspace L. Thus, ||p — [by, ..., by]llis the
distance from p to the space spanned by the vectors &y, ..., by.

3.1 The mean and cost functionals

Our analysis of asset pricing models will use some linear functionals_7 defined on the space
N

of portfolios. These are the mean functional and the cost functional. If p = X «; z;,then its
i=1

N

expected valueis E(p) = £ o; p,;. It is easy to calculate that there is a portfolio my such
i=1

that

22)  E(p) = (my,p)foranyp € Fy,

where
23) my =Tx' pyzy .

The cost of any portfolio, C (p) = X, 0, , is also a linear functional. Again it is easy to calcu-
late that

24)  C(p) = (cy.p)forany p e Fy

where

25) ey =Txleyay.

and ey = (7,....,7) is a vector of N ones.

When an equation like (22) holds, we say that my represents the linear functional E (e).
A linear functional L (e) is continuous if llp, Il » 0 implies L (p, ) » 0. A basic mathematical
result, the Reisz representation theorem, states that if I is a continuous linear functional on a
Hilbert space H, then there is an element gin H that represents L in the sense that
L(p)=(p,h)forall peL. It is easy to see from its definition that the mean functional is con-
tinuous on F ; since ||p || = E()?+V(p)iflp,ll— 0 E(p,) — 0. Thus, thereisan m ¢ F
such that

26) E(p)=(m,p)foral p eF.

Furthermore, if my represents E () on Fy then my—>m .

7. A linear functional is a real valued linear mapping.




3.1.1 Arbitrage and the continuity of the cost functional.

Without further assumptions, the cost functional is not continuous. However, if we assume
that the set of portfolios does not permit arbitrage opportunities then it is easy to show that the
cost functional must be continuous. Let { py } be a sequence of finite portfolios. Then we say
the market permits no arbitrage opportunities if the following two conditions hold:

Ai) If V(py)—0 then E(py)-—0.
Ad) X V(py)-0,C(py)—1,and E(py) - o thena > 0.

Condition (A.i) simply states that it is not possible to make an investment that is costless, risk-
less and yields a positive return. Ross (1976) has shown that if (A.i) fails many (but not all)
risk averse investors will want to take infinitely large positions. This is, of course, incompatible
with equilibrium. A similar argument justifies (A.ii). Suppose that (A.ii) does not hold; that is
suppose that the market allows investors to trade a portfolio that, approximately, costs a dollar
and has a riskless, nonpositive return. Then investors face no budget constraints; by selling
this portfolio short they can generate arbitrarily large amounts of cash while incurring no future
obligations. This too is incompatible with equilibrium.

It is straightforward to show (see Chamberlain and Rothschild 1983) that (A.ii) implies

that the cost functional is continuous. Thus, there is a portfolio ¢ which represents C (*) in the
sense that

27) C(p)=(c,p)forallp ¢ F.

Furthermore if ¢y represents C (o) on Fy then cy—c.

One important implication of these conditions concerns the trade-off between risk and
return which the market permits. Define

28) ~sup|E(p) | /V? (p) subjecttop ¢ F ,C(p)=0andp # 0.
Chamberlain and Rothschild (1983) have shown that if (A.i) holds then § is finite.

3.2 Riskless Assets

N
We assume the Ly is nonsingular. Thusifp = ¥ o;17; = @ zy is a portfolio in Fy,
i=1
V(p)=o Ty a> 0if a# 0. If p is a portfolio in F this conclusion need not hold. If there
is a sequence of portfolios { py } such that

29) py — p,C{py)— 0,

then we say that p is a riskless asset. If there is a riskless asset, the market permits investors
to diversify away all risk. Chamberlain and Rothschild give necessary and sufficient conditions
on the sequence Xy for there to be a riskless asset. It is straightforward to show that their con-
dition implies that there is a riskless asset if and only if the portfolio py defined in (17) con-
o . .. ENDNEN
verges to it; i.e. if ———0——— — 0.
N2
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4. The Capital Asset Pricing Model

The CAPM is an asset pricing model which captures the notion that an asset’s risk prem-
ium is determined by its diversifiable risk. In the CAPM, an asset’s diversifiable risk is meas-
ured by its covariance with the market and is called "beta". We will define beta precisely below.
The CAPM rests on the premise that all investors choose mean-variance efficient portfolios.
That is, faced with the problem of selecting portfolios from F, all investor will choose portfolios
which are for some parameters v and § solutions to the problem:

(Q) Choose p to minimize V(p) subject to C(p) = v and E(p) =6.

It follows from the definition of the mean square norm || || and the portfolios ¢ and m which
represent the cost and mean functionals that problem (Q) is equivalent to problem

(P)  Min ||p || subject to (c p)=7and (m,p)=p.

Since the assumption that investors choose mean-variance efficient portfolios drives the
CAPM it is natural to ask what justifies it. The answer is: very strong assumptions. Together,
two conditions are sufficient. While if either of these conditions is not true, an investor could
still choose a mean-variance efficient portfolio, he is extremely unlikely to do so. The first con-
dition is that assets in F are comprehensive, that they comprise the entire universe from which
investors choose investments. We have already indicated that this is unlikely to be true if F is
portfolios formed from assets for which returns data is available. The second condition is that
investors evaluate risky returns from investments in terms of their first two moments. This
requires either quadratic utility functions or very special assumptions about the process generat-
ing returns. As N - oo a kind of conditional normality is required. For finite N, the weaker but
still strong assumption of spherical symmetry if required (Chamberlain 1983a).

4.1 The Market Portfolio Belongs to [m,c]

We now derive the basic CAPM pricing equation. Let [m,c] denote the space spanned by
mandc. Note that if mandc are collinear (m = Ac), all portfolios of a given cost will have a
mean entirely determined by that cost. Problem (P) will not have a solution for arbitrary ~
and §; the market does not exhibit a well defined trade off between mean and variance. For
this reason we assume

30)  dimension [m,e] = 2.
The following proposition is basic to the CAPM.
Proposition 1: Any solution to (P) belongs to [m,c]

Proof: Suppose a portfolio p solves (P) but that p does not belong to [m,c]. Let ¢ be the
projection of p onto[m ,c]. Then E(q) = E(p)andC (g) = C(p). However, since

IpIF = llp g1 +ligiPand p—g # 0, [Ip 1> ligll. Thus, V(p) > V(q) and p cannot be a
solution to (P). :

Define the market portfolio, denoted Pu , as the portfolio (normalized to have unit cost)
formed by summing the investments of all investors. Since every investor chooses mean-
variance efficient portfolios (portfolios which belong to [m,c], py is linear combination of port-
folios which belong to [m ,c ]. Thus, for some coefficients o and ~,

31) py =am + e
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4.2 The CAPM pricing equation

We will now show that the CAPM pricing equation is a consequence of equation (31). For
p be any portfolio define 8, = cov(p,py ). The CAPM pricing equation states that there exist
constants a and b such that for any portfolio ¢,

32) E(g)=2a +b8,.

Proposition 2: If py € [m,c| and there ezist two unit cost portfolios p and q such that
B, # B, then (32) holds .
This is simple arithmetic; (31) implies
(pa-9) = cov(py.q) + E(m)E(q) = e(m,q) +7C (1)
or

33) B, = cov(pu,q) = E(q)(a— E(py) +7-

Now if @ = E (py ), (33) implies 8, = 7C (q) so all unit cost portfolios have the same beta;
thus we can assume a# E (py ) and divide to get (32) with @ = v/(a — E(py)) and

b= (a—E(pu))
We now prove a converse of Proposition 2.
Proposition 3: Egquation (32) implies py belongs to [m,c] .

Proof: Let ¢ be a portfolio which is orthogonal to [m ,c]. It will suffice to show that ¢ is
orthogonal to py . Since g is orthogonal to [m,c], E(g) = (¢,m) = 0Oand C (¢)
= (c,q) = 0. Thus (34) implies 8, = 0. However, (¢,py) = E(q)E(py) + 8, = 0.

The coefficients ¢ and b in the CAPM pricing equation (32) have interesting interpreta-
tions. Suppose there is a riskless asset. Let ¢ be this riskless asset in (32) and conclude that

E —
a = p. Now let ¢ be py and conclude that b = -—(-M
V(pm)
Thus we may write (32) as
E (py)-»
34 E(¢g)=Clq) + —————8, -
) ) ( ) Virn) !

If there is no riskless asset (34) still holds when p is interpreted as the rate of return on a "zero
beta" portfolio, that is a portfolio which is uncorrelated with the market.

4.3 The CAPM in a conditional setting

The CAPM does not easily accommodate the conditional model of returns described above.
To see this suppose that there are a finite number, N, of assets and, for concreteness, consider
the version of the model in which at time ¢ all investors’ expectations are determined by the
state variable §,. In this subsection we will omit the subscript N. To compensate for this
notational laxity we will be especially pedantic about the distinction between portfolios (which
are random variables) and their distributions. Portfolios are simply linear combinations of the
assets, Z1, . . . , Zy - As such they are independent of beliefs. The distribution of these random
variables is determined by beliefs. For example the vector e = (1,...,1) gives the cost of all
assets under any set of beliefs. If beliefs about second moments of returns are represented by




-12-

I , then the portfolio ¢, represents the cost functional under these beliefs where ¢, =7,z and
v, = I';} e. Simillary, the vector #, is the vector of mean returns under beliefs s , the port-
folio m, represents the mean functional under these beliefs and m, = o,z where the portfolio
weights o, are given by o, = T',;} 4, .

If the CAPM holds conditionally then for each s there exist constants a, and b, such that
if p is a portfolio of unit cost

35) E(p|3)=a3+b3(cov(pM,p)[s).

Does this imply that the CAPM equation (32) holds? Clearly not in general. Suppose that
b, = b for all s, then taking expectations in (35) we see that

E(p)=a +b E (cov (pmsp) | s) .
But,

ov (pu>p) = E (cov (pyp) | s) + cor]E (p | 0)  E (7] 5)]

Thus, we see that (32) holds only if
36) cov | (E (ou|5), B (p] )| = o.

If, as will generally be the case, b, is not a constant but a random variable which fluctuates
with s, things are worse. Now we require also that

37)  cov [bs seov ((p .oy ) | s)] = 0.

Neither (36) or (37) seems plausible. The CAPM requires that each equation hold for
every p. Thus (36) requires that the expected market return be uncorrelated with the
expected return on every portfolio. This seems unlikely. We conclude that even if the CAPM
holds for conditional data, the unconditional data available to the analyst will not be consistent
with the CAPM pricing equation.

The preceeding discussion of the relationship between the conditional CAPM and uncondi-
tional CAPM focused on the validity of the CAPM pricing equation (32). A slightly different
argument, with the same negative conclusion focuses on the question of whether or not the fact
that the market portfolio is mean variance efficient in every state implies that the unconditional
market portfolio is mean variance efficient. Intuition suggests that if the market portfolio is
mean variance efficient in every state than it must be unconditionally mean variance efficient.
Unfortunately, it is simply not true that a portfolio which is mean variance efficient in every
state is unconditionally mean variance efficient. For a simple counterexample consider the two
hedge portfolios with the following state dependent means and variances:

| E(p|1)=V{p|)=LE(p|2)=V(p]|2=2
and
E(ql1)=E(q]2)=1;V(g]|1)=V(g]|2) =11

For hedge portfolios mean variance efficiency is determined by the ratio of mean variance. Thus
in each state p is mean variance efficient relative to g. However, E(p) = 1.5 and
V (p) =15+ 2550 that E(p)/V(p) = 1.5/1.75 < E(q)/V(q) = 1/1.1.
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Unconditionally ¢ is mean variance efficient relative to p. If E(p) did not vary with s, then
conditional mean variance efficiency would imply unconditional mean variance efficiency. Simi-
larly inspection of (36) reveals that the CAPM will hold and the market portfolio will be mean
variance efficient if the conditional mean of the market portfolio is the same in every state.
This is a stringent requirement.

Up to this point I have ignored the problem that the market portfolio may change as the
state s changes. As the proportion of different assets in the market portfolio is determined by
supply and demand conditions which vary from period to period, the composition of the market
portfolio will change as the state changes. Here it is not entirely clear what the statement that
the market portfolio is mean variance efficient means. One possible interpretation is that the
average or expected market portfolio is (unconditionally) mean variance efficient. This is
unlikely to be the case. We can write the market portfolio as py, = &',z where the portfolio
weights 8, are given by

38) 6 = fios + 07, -
In (38) f, and g, are numbers and o, and 7, are vectors of portfolio weights which represent

the conditional mean and cost functionals. These weights are random variables with long run
average or ergodic values given by

39) 6:Es7rsészzs7rs(fsas +gs’7s)'

We can then identify the long run or ergodic market portfolio, p,, as the portfolio with these
weights. One possible version of an unconditional CAPM would be the requirement that this
portfolio be mean-variance efficient, that is that

40) P, € [m,c].

We now show that the conditional CAPM (equation (38) ) does not imply this version of the
unconditional CAPM. '

Note that (40) defines & as a linear function of f = (fq, ..., fs)and g = (g1, - - -5 9s)-
Thus we may write (39) as

4) 6= L(J;

where L is an N by 2S5 matrix with typical entry

o, fors < 8

Lns = %

Vps—g Ts_g fors > S.

Theory in no way restricts the vectors f and g in (41). Thus, (38) can hold only if rank L is2
or less. But theory also provides no reason to expect that L is so restricted. Suppose for exam-
ple that all states are equally likely so that 7, = S “Lfor all s. Then for L to be of rank two it
is necessary that dimension [I'{ e, ..., I'Ye] < 2. 1see no reason to expect this to happen.

A similar argument holds if s is interpreted as the information of different investors.
Under the assumptions of the CAPM each investor chooses a portfolio which is, according to his
beliefs, mean-variance efficient. That is, his portfolio is in [m, ,c, ] if his beliefs are indexed by
s. The market portfolio is a linear combination of these portfolios with arbitrary weights. (The
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weights depend on the relationship between wealth and information.) The (unconditional)
CAPM will only hold if the market portfolio lies in a two dimensional subspace. Without
further restrictions, arbitrary linear combinations of vectors from several different subspaces will
not belong to a single two dimensional subspace.

4.4 Test of the CAPM

Tests of the CAPM exploit the fact that the second moments of the expected return for all
assets and for the market portfolio should explain risk premia completely. Many tests of the
CAPM have been made. Whether one assesses the results of these tests as evidence for or
against the CAPM depends to a great extent on how one views the relationship between theory
and data in economics. Those with a strict or pure theoretical point of view tend to argue that
the available evidence rejects or at least does not confirm the theory. The argument runs
roughly as follows: The CAPM makes strong assumptions and produces strong predictions.
The theory is either (i) not true because some of its implications are obviously false or (ii) has
not been seriously tested because the assumptions on which the CAPM rests have not been
satisfied (and probably cannot be satisfied) in any empirical test.

The first point is based on the observation that the CAPM is a complete theory. It does
not simply predict that the coefficients in regression tests of (32) should be significant and have
the right sign. The CAPM provides a complete explanation of risk premia. Except for meas-
urement error, R ? should be one. Variable other than beta should not help to explain risk
premia unless they are in some way plausibly related to measurement error. This is true
whether the data are external or internal but the finding that other internal data explain risk
premia is particularly damming evidence against the CAPM. Since there is a lot of evidence of
this kind, (we will discuss some below) the CAPM should be rejected.

Roll (1977) has stressed point (ii). Since the CAPM is logically equivalent to the state-
ment that the market portfolio is mean-variance efficient, it cannot be tested unless the market
portfolio is specified and observed. The typical test of the CAPM use some sort of index of
returns on common stocks (the Standard and Poor 500 or a value weighted portfolio of the
stocks traded on the New York Stock Exchange) as the market portfolio. These indices are not
the market portfolio. All one can conclude from such a test is that the particular proxy for the
market portfolio is, or is not, mean-variance efficient. One cannot conclude that the CAPM is,
or is not, valid. This criticism must be somewhat muted by Stambaugh’s (1982) work. Stam-
baugh constructed monthly series of values and returns on real estate, consumer durables, and
various kinds of bonds -- the assets which together with equities comprise most of non-human
wealth. From this data he constructed a number of different "market" portfolios. Then he con-
ducted sophisticated tests of the CAPM in order to see whether the inferences one would draw
about the validity of the CAPM depended crucially on the composition of the market portfolio.
He found that they did not. (He also found that the question: "Does the data support the _
CAPM?" did not seem to have a clear cut yes or no answer; however, the ambiguity had little
to do with the composition of the market portfolio).

A more casual and pragmatic view of the role of theory leads to the assertion that test of
the CAPM support the theory. The argument is, roughly, that theory is never literally true.
All asset pricing theories can hope to do is to suggest variables that might appear in equations
explaining risk premia. The CAPM suggests that beta should appear in such regression. From
this point of view a successful test is a finding that beta is significant and has the right sign.
That beta should not explain risk premia completely is only to be expected. The world is more
complicated than the assumptions of the CAPM make it out to be. Since the assumptions of
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the CAPM are not literally true, we cannot expect the CAPM equation (32) to provide a com-
plete explanation of risk premia. Finding that other variable are significant is just an indication
that the CAPM is not completely right. No one would expect it to be, but it is an important
first step in the explanation of the structure of asset prices. Unless and until someone comes
along with a theory which both has sharper empirical implications and better incorporates the
intuitive notion that the market rewards only nondiversifiable risk, we should accept the

CAPM.

5. The Arbitrage Pricing Theory

The arbitrage pricing theory rests on three assumptions. The first is that the market
should not permit arbitrage opportunities; in our terms, (A) holds. The second assumption is
that the market has a factor structure; the third is that there are a large number of assets. The
basic result of the APT, which is known as Ross’s Theorem, is that under these assumptions
many risks can be almost completely diversified away. The implications of the APT for asset
pricing are familiar from the CAPM: in equilibrium the market rewards only undiversifiable risk.
The two theories defined undiversifiable risk differently. In the APT undiversifiable risk is fac-
tor risk; in the CAPM it is correlation with the market. The APT is a useful theory if, and
only if, factors and factor risk can be easily identified.

5.1 Factor Structure and Ross’ Theorem

Ross originally developed the APT for an asset markets with an exact K factor struc-
ture. There is an exact K factor structure if asset returns may be described as

K
42)  z; = py +k¥1 B fr +0;

where the f, and the @, are all uncorrelated and V(f,) = 1. This specification implies that
43) EN=BNBIN +DN

where By isan N by K matrix whose ith row is (Ba, - --,Bix)and Dy is a diagonal matrix.
The 8;, are called factor loadings. Equation (42) states that the divergence of asset 1 from its
expected value can be partitioned into factor risk, &, 8, fy, and idiosyncratic risk, 8;. The key
insight of the APT is that on a large asset market it ought to be possible to diversify away all
idiosyncratic risk. The market will not reward people for holding the risk represented by 8;. If
this were strictly true then there would exist numbers 7, (which could be described as factor
risk premia) such that

K
4) p; —p= kE By Tk, for all 2.
=1

If (44) holds then the mean vector, puy , is linear combination of a vector of ones and the factor
loadings, the columns of By . That is, (44) implies

45)  py € [en Byl
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5.1.1 Approximate Factor Structure

Except for some special cases, (45) is not exactly correct. However for large N, a weaker
result holds. We will prove this in the context of an approximate factor structure -- a con-
cept which we now define. The requirement (of an exact factor structure) that the idiosyncratic
disturbances be uncorrelated is unnecessarily restrictive both for theoretical and empirical pur-
poses. Given a symmetric matrix C, let 9; (C) denote the ith largest eigenvalue of C. The
nested sequence of variance covariance matrices {Xx } has an approximate K factor structure if
there is a sequence {(8;, . . ., Bix )}, such that for all N

46) Sy =ByB'y + Ry

where (8, . . ., Bix ) is it row of the Nby K matrix By and Ry is a sequence of positive
semidefinite matrices with

47) X = supy ¢,(Ry) < oo.

Note that ¥y can have an approximate K factor structure if (42) holds even if idiosyncratic
disturbances are correlated. What is required is that the 6; should be uncorrelated with the
factors and that the eigenvalues of the variance covariance matrix of the ¢ 1r - - - , 8y should be
uniformly bounded.

Chamberlain and Rothschild (1983) characterized approximate factor structures. Given a
nested sequence of positive definite matrices {Z }, define

48) A = 9;(Zy)
and
49) ’\k = SU.pN AKN'

Theorem 1: Suppose A, = infy Avy > 0. Then {Ey} has an approzimate K factor struc-
ture if and only if Mg . < oo. ‘

Proof: One implication is easy. Suppose there is an approximate factor structure, then

50) g9k +1(EN) < gk (B B'y) + 91(By) = 91(Ry) < X < .

The proof that if Ay ., is finite then there is an approximate factor structure is not given here.

Chamberlain and Rothschild also showed that if there is an approximate factor structure
that it is unique in the following sense: If there is a nested sequence of N by K matrices Cy
such that

EN ::CNC,N +SN

where g,(Sy ) is uniformly bounded, then CyC’% = ByBy.

If there is an approximate K factor structure then it is a reasonable hypothesis that for
k = 1,..,K the Ay should grow linearly. Since

51) g (ByB'y) +9:1(Ry) > 6 (Zy) > 9% (By By ),

Ay grows at the same rate as g, (By B’y) = g, (B'y By). Suppose that factor loadings for dif-
ferent assets are i.i.d. random vectors with a positive definite second moment matrix . Then
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B’y B
NN converges almost surely to (1 ; the eigenvalues of By By will converge to N times the

eigenvalues of {1 ; they will grow linearly.

5.1.2 Ross’ Theorem

We now prove that if the market does not permit arbitrage opportunities then (45) is
approximately true.

Ross’ Theorem: If (A) holds and if there is an approzimate K factor structure then there exist
numbers 74,7y, - . . , Tg Such that

[0
52) .El(/‘i —rg— T8y~ — Tk Big )’ < oo
2

This is an approximate result. Risk premia are not exactly linear functions of factor load-
ings. The are, however, close; (52) cannot hold unless the average pricing error is small. Ross’
Theorem is an immediate consequence of Theorem 2 below which is somewhat more useful for
empirical work. Suppose there are N assets with mean vector and variance-covariance matrix
Y. Let p be a portfolio and define § as in (28). Suppose that ¥ can be decomposed as

53) T =BB +R

where Bis Nby K and R is nonnegative definite. For vectors p in RY let ||p ||, denote the
standard Euclidean norm. Let ~ be the (Euclidean) distance of the mean vector m from the
space spanned by the columns of B and a vector of ones; then, in an obvious notation

~ = |lu — |e,B]lla ; then let v be the (Euclidean) distance of the mean vector M from the space
spanned by the columns of B and a vector of ones. If the entries of B are interpreted as factor
loadings, 7% is a measure of the amount by which pricing differs from exact arbitrage pricing.

Theorem 2: 7% < g1(R) 52
The proof given here is essentially due to Huberman (1982).

Proof: For this proof we use the symbol L to denote orthogonality in the Euclidean norm. Let
p =1y + 2z where y € [e,B]and z L [e,B]. Then 4% = 2"z. Consider p = z'z. Since
z 1 e,C(p) = 0. Furthermore

54) E(p)=zun=22=17%

and

55)  V(p)V2= (2Tz)'2 = (2'BB’z + 2'Rz)'? = (2'Rz)'*.
Recall that if C' is nonnegative definite

56) 91(0): SUPq 0 o@Ca oCa

= supa;& 0 .
llexllf

oda
Thus z’Rz < 2°z ¢g;(R) and (55) implies
57)  V(p)" < 7(g:(R))
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Together (54) and (57) imply that
E(p) - 7
V(p)'"” " gy (R
Ep)
Vip)”
Note that in extending this theorem to prove Ross’ Theorem what is required is that vy

remain bounded as the number of assets increases. As we observed above this is a consequence
of assumptions (A).

5.2 Diversifiable risk

It remains to show that risk premia are rewards for holding undiversifiable risk.

5.2.1 Well diversified portfolios

We begin by noting that the norm || e ||, introduced in the last section can be applied to
Tortfolios2and is a measure of diversification. If p ¢ Fy and p = Y,v;z; then |Ip|, =

1
E,-’y,-z] . Chamberlain (1983b) shows that ||p [|; can be extended from F to the limit port-

Since a > this completes the proof.

folios in F' in such a way that if {pnv} — p then llpylly = lIpll- If |Ip llo = O then we will say
that p is a well diversified portfolio. This terminology is justified by the fact that if p is well
diversified then it contains only factor risk and no idiosyncratic risk. If p is well diversified
there is a sequence of finite portfolios py = 'y zy such that Py—p and |lpyll; = ¥4y — O.

Then

View) = @nZyay = o'y B'yByay + oy Ryoy.

Therefore,

V(p) =limy_ o V(Py) = limy_ oo’y By By oy

It is also easy to show that if there is a riskless asset and if Aw — O then the riskless asset must
be well diversified; (56) implies that for a finite portfolio p,

Vip)=aSya 2 |plly Ay -

Chamberlain shows that the space F of all portfolios can be partitioned into the space of
well diversified portfolios, D and a space of portfolios, J , which are uncorrelated with the well
diversified portfolios, in the sense that every portfolio can be decomposed uniquely into a port-
folio in D and a portfolioin J; p = pp +p;-

If there is an approximate K factor structure and if A kN — o0, then D is a finite dimen-
sional vector space. If there is a riskless asset then D is of dimension K +1 and consists of the
riskless asset and portfolios which are related to the eigenvalues corresponding to the K largest
eigenvectors of the variance covariance matrix 2y in the following sense. Let t;v be the eigen-
vector of Ly corresponding to Ay normalized so that lit;n llz = 1. Let gy = /\J-—I\,l/2 tin. Now
consider the portfolios py = ¢';n zjn - It is easy to see that

lifk = j

cov (PjN PRV ) =
0if k£ #£ 7.
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Furthermore, |p,y e =1/ in- Thusiffor j< K, p;y converges, it must converge to a well

diversified portfolio; Chamberlain and Rothschild (1983) showed that the p;y converge. These
limit portfolios form a set of K uncorrelated portfolios which, together with the riskless asset,

span the set D . If there is no riskless asset, then D consists of the K limit portfolios

p; = limy_ ,p,yfor j=1,. K.

If there is an approximate K factor structure so that (46) holds, then a way to find it is to
use the eigenvectors corresponding to the K, largest eigenvalues of Ly . Consider the matrix
Byy whose 3  column consists of the first N elements of ;5. Then
limpy . By By = By By -

5.2.2 ‘Risk premia as rewards for holding factor risk

The sharpest result relating risk premia to factor loadings is due to Chamberlain (1983b).
We will give his result under the assumption that there is a riskless asset with rate of return p;
an analogous result holds if there is not a riskless asset. Suppose there is an approximate K
factor structure. Then D, the space of well diversified portfolios, is of dimension K + 1 and we
may choose as a basis for D the riskless asset s and K portfolios f , . . ., fx which are
uncorrelated and have unit variance. These portfolios are factors. For each asset ¢ define

B = cov(z;,f;). Now let
7(r) = El (e; —r0—711Bi1— " — Tk Bix )

where 7 = (7,74, - - - , T ). Chamberlain showed that y(r) < oo if and only if

58) to=p,7 = E(fy))fork =1,..k
the coefficients r, are factor risk premia8

5.3 Bounds

If v(7) = O then factor pricing is exact; an asset’s price is determined entirely by its factor
loadings. Clearly it is important to know when factor pricing is exact and, more generally to
get an estimate of the amount by which it fails to be exact. We discuss this topic now. Sup-
pose there is an approximate K factor structure. Let '

59) vy = lluy —[en,Byliig.

Luedecke’s dissertation (1984) contains a version of Theorem 2 which is useful for empirical
work. Let Tyx be Nby K matrix whose columns are the eigenvectors corresponding to the K
largest eigenvalues of L . Define

oy =sup | E(p)| /V1/2(p)subject to pe Fy ,C(p) =0.

Then,

60) ey —le,Taglllf < Agand5-

8. The result that the Tj are factor risk premia does not depend on factor pricing being exact. See Admati
and Pfleiderer (1984) for a simpler proof.
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Chamberlain (1983b) obtained bounds of a different sort. He showed that if there is a risk-
less asset with rate of return p then

61) A2 p%eclif < 7(r) < Ak 4 P22

where ¢ is the portfolio which represents the cost functional and r is given by (58). It is an
implication of (61) that factor pricing is exact if and only if ¢ is well diversified. An analogous
result holds if there is no risky asset. These bounds are especially interesting because they pro-
vide sharp upper and lower bounds on the accuracy of the APT.

Connors (1984) has developed an interesting set of conditions for factor prices to be exact.
The setting is an exchange economy in which the participants exchange assets (random vari-
ables with given distributions). Let z be these assets. Connors’ model is a general equilibrium
model so the z’s are specified in physical units. Suppose the z’s have an approximate K factor
structure and that idiosynchratic risk is mean independent of factor risk. That is, when distur-
bances are written as in (41), E (6] f)=0. Let y be the vector of percapita endowments of
assets in this economy. Connors shows that if y is well diversified, then in competitive equili-
brium asset prices for this economy are consistent with exact factor pricing; a set of asset prices
in which factor pricing is not exact, cannot be a competitive equilibrium”. We may phrase this
result somewhat loosely as stating that if the economy is large, in the sense that there are many
investors and many assets, factor pricing should be close to exact. In two similar papers, Dyb-
vig (1983) Grinblatt and Titman (1983) have shown how close to exact factor pricing must be.
Both papers assume a strict factor structure in which factors and idiosyncratic noise are
independent. The argument can be easily extended to deal with an approximate factor struc-
ture, but the independence assumption seems crucial. Dybvig’s bounds are so sharp (his rough
estimates suggest that no asset’s risk premium should deviate from its factor price -- Xy 7, By --
by no more than .04%) that his work turns the APT into a theory like the CAPM in the sense
that it provides a complete explanation of risk premia. However, this does not imply that R? in
regression tests of the APT must be high. Measurement error (in estimating expected returns
and factors) is a serious problem in empirical work.

5.4 The APT in a conditional setting

Unlike the CAPM, the arbitrage pricing theory works well in a conditional setting. Our
conditional model assumes that market participants have information s and make investment
decisions on the basis of conditional distributions of asset returns. The analyst can not observe
s and can only estimate aspects of the unconditional or ergodic distributions of asset returns.
Suppose that the unconditional returns have an approximate K factor structure and that none
of the conditional distributions (as described by 4, and X, ) permit arbitrage. About the best
result one could hope for is the following result due to Stambaugh (1983):

Theorem: Suppose unconditional returns have an approzimate K factor structure and that con-
ditional distributions do not permat arbitrage, then

62) |z —[ey,By]ll; s uniformly bounded.

Proof: It will suffice to show that assumption (A.i) holds for the unconditional data. Suppose

9. Connors’ definition of well diversified is different from Chamberlain’s. However in the context of an approxi-
mate K factor structure, they are equivalent. Connors does not note, but it is easy to prove, that an approxi-
mate K factor structure implies that his condition (5}, necessary and sufficient for exact factor pricing, holds.
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that (A.i) does not hold for the conditional data. Then there is a sequence of portfolios {py }
such that V(py) - 0,C (py) — O while E (py ) remains, at least on a subsequence, bounded
away from 0. Let gy = py /E(py)- Then V(gy) — 0, C(gy) » 0 and E(gy) = 1. The vari-
ance decomposition formula, V (z) = E{V(z)| §] + V[E(z | §)] , implies that V (qy,) ~ 0
and E (qy,) — 0for all s. Note that the cost of the portfolio gy is independent of s. Thus
the cost of gy coverages to zero while for those whose beliefs are given by s, Vigy | s) - 0
and E(gy | ) » 1. Thus (A.i) is violated conditionally.

While this is a satisfying result, one would like to know more about the relationship
between conditional and unconditional inference in the context of the APT. There should be a
sense in which unconditional arbitrage pricing is less exact than conditional arbitrage pricing.
In particular it would be interesting to compare how the bounds discussed above behave in con-
ditional and unconditional settings.

5.5 Empirical Tests of the APT

Tests of the arbitrage pricing theory have tended to focus on three questions: The first is
can factors be identified and used to explain risk premia? The second is does the theory provide
evidence against the CAPM? The third is are the explanations of risk premia sharp and are
there a usefully small number of factors? I read the evidence as answering these questions:
"Yes, yes, and no." Several investigators have found factors and used them to explain risk
premia. A common finding is that factors explain risk premia better than beta. This is con-
vincing evidence against the CAPM. Representative studies are Roll and Ross (1980), Chen
(1982), and Luedecke (1984). Chen, Roll and Ross (1983) offer an intriguing explanation for the
fact that beta seems to explain asset returns. Adopting an external approach, they attempt to
explain asset returns in terms of their correlations with macroeconomic variables. One variable
which does very well is a measure of future industrial production; stock market indices like the
Standard and Poor 500 (which are used in empirical tests of the CAPM) predict this variable
well. '

While tests of the APT provide damning evidence against the CAPM, they do not lead to
the conclusion that the APT itself provides a parsimonious explanation of risk premia. The
APT would provide such an explanation if there were evidence that a small number of factors
explain most risk premia. We can explore this question using the bounds given above.

Luedecke’s bounds, (60) depend on §. Attempts to estimate § from CRSP data produced
very large estimates. Similarly, exploratory estimates of ||c ||, the crucial parameter in
Chamberlain’s bound, produced disappointingly large results.

The evidence on the number of factors is also somewhat disheartening. Chamberlain and
Rothschild’s results suggest that the number of exploding eigenvalues of Zy is equal to the
number of factors. While one cannot in a finite sample determine whether an increasing
sequence is bounded, it is possible to simply look at the behavior of Ay for large N. Both
Luedecke and Trzcinka (1984) have done this. They found that the first eigenvalue was much
larger than the others; it seemed to grow linearly. However, other eigenvalues are also growing.
It is impossible to tell from their data whether there are 2 factors or 10 or 15. The hypothesis
that there is just one factor does not seem attractive because in cross sectional regressions the
factors corresponding to eigenvalues other than the largest eigenvalue are often significant.
Luedecke’s results are most convincing when he uses the entire sample to estimate expected
returns. This procedure is legitimate because the APT makes sense in a conditional context.
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6. Conclusions

The APT and the CAPM are sophisticated theories which attempt to explain asset prices.
The APT is framed in a way which makes it more compatible with the kind of data which is
available for testing theories of asset pricing. The APT is more consistent with the evidence
than the CAPM. However, evidence from tests of the APT suggests that it is unlikely that a
simple equation with a few parameters will explain asset prices well.
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