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ABSTRACT

This paper considers the estimation of linear models when group average
data from more than one sample is used. Conditions under which OLS coefficient
estimates are consistent are indentified. The standard OLS covariance estimate
is shown to be inconsistent and a consistent estimator is proposed. Finally,
since the conditions under which OLS is consistent are quite restrictive, several
estimators which are consistent in many cases where OLS is not are developed.
The large sample distribution properties and an estimator for the asymptotic
covariance matrix for the most general of these alternative estimators is also
presented.

One important application of these findings is to estimating compen-
sating wage differences. Past authors, beginning with Thaler and Rosen (1976)
have argued that finer classification schemes would reduce errors-in-variable
bias. The analysis presented here suggests that the opposite is true if finer
classification results in fewer observations per classification. This coulnd
explain why authors using the broader (industry} classification schemes have
found larger compensating differences and suggests that these estimates may be

closer to the true values.
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I. Introduction

The econometric literature has thoroughly discussed the estimation of the
linear model when data from one sample are grouped and where group means
are used as both dependent and independent variables.l!>2 However the
literature has yvet to discuss extensively the estimation of the linear model
when the data are‘grouped'and drawn from two different samples.

For example, researchers frequently estimate linear models in which
industry, occupation or state are the unit of observation; group means are
used as data, but the means are calculated in different samples.3 Another
common estimation procedure augments micro data from one data set with group
averages from another data set., Often the researcher finds no micro data set
complete. Each excludes at least one regression variable. Consequently, for
each variable not contained within the primary data set, the researcher
attributes to each Individual, firm, or other micro observational unit that
unit's occupation, industry or other identifiadble group average, which the
researcher computes In an auxillary data set.

The latter procedure has been used frequently to estimate the value of
job safety implicit in workers' job choice.* Despite its common use, the
literature appears confused about the QLS estimator's statistical properties,.
Several authors have suggested that such estimates are subject to conventional
errors In variables bias while at least one other has claimed that they are
unbiased but that the error variance will be heteroskedastic.®

The following analysis presents necessary and sufficient conditions for
the OLS estimator to be consistent, whenever one employs either of these
aforementioned estimation techniques, The analysis suggests that for either
technique, OLS should provide reasonably accurate parameter estimates

whenever: 1) For the mean-valued independent variables, whose values are



derived in the sample frum which the dependent variable values are not drawn,
their sampling error is inconsequential compared to these variables' between
group variation. 2) Very little within group correlation exists between the
independent variables which are drawn from distinct samples.® 3) The number
of groups is large or the number of observations in each group is large. Also
since either of these first two conditions may not be expected to hold, our
analysis presents alternative estimators, which are consistent in many cases
where OLS is not.

Finally, even if the OLS estimator is consistent the standard regression
program's estimate of the estimator's covariance wmatrix will generally
understate the asymptotic¢ covariance of the coefficients.7 Consequently, our analysis
includes the asymptotic covariances of both the OLS and the most generally
applicable alternative estimator, as well as consistent estimates for each.

The balance of the paper proceeds as follows: Section II sets up the
formal model used in the paper. Section II1 presents necessary and sufficient
conditions for consistent OLS coefficient estimates, their large sample
distributional properties, and a consistent estimator for the asymptotic
convariance. Section IV develops the alternative estimators, describes large
sample properties of the most generally applicable alternative estimator, and

presents a consistent estimate of its asymptotic convariance.

II. Model

Assume that one believes there exists a linear relationship between y and

y=V8 + ¢



where V is a matrix of N observations of K variables,
y is an N by one vector of observations,
B 1s a K by one vector of unobserved constants, and
€ is an unobserved N by one random variable with
the properties
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Further, assume that only two data sets (labelled 1 and 2) can be used to
estimate the unknown B. Each constitute a random sample of independent
multivariate observations. Each sample is drawn from the same population, and
each is independent of the other. However, neither sample is capable of
providing all the - data for the regression, since each sample has no
observed values for at least one variable of V (assumed different for each
data set so that each variable has recorded values in at least one of the two
data sets).

To account for this, we partition V into two subsets: Z, which includes
the variables which are present in data set 1, and W which includes the
variables absent in 1 but present in data set 2.8 An equivalent representation
of the model is then:

y= 2By + Why + €

In addition to observing y and the variables of Z in the first data set
and those of W in the second data set, we also observe a group membership for
each observation in each data set. To distinguish the sample and group we
adopt the following notation. We denote group membership by subscripts, and

data set or sample by superscript. Thus we write:
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Represented in this fashion, Yg and > are respectively ng dimensional
(1
vectors of the jth sample observations of Vg and the unobserved error of Vg
(1) (i)
for the gth group. Zg 1s an ng x L matrix composed of the jth sample
(i3

T

observations of the L variables of Z for the gth group, and Wg is
(i)

an ng X M matrix defined similarly,? We assume these matricies (and all others
(3) (i)

defined in the paper) are of full rank, and Zg gh and Wiph are their respective

(1)
he th and hm th elements. Also, let N be the jth sample size,

G (§
=L ng j=12
g=1

N(j)

where G is the number of groups. For notational convenience, henceforth all
omitted superscripts will imply sample 1, and the expectation operator is
conditional upon the group membership index.

Finally, we also make the following distributional assumptions. First,
we assume that for each group there exists a multivariate distribution which
generates each observation (yéjz Zgiiz ase zg£i2 ngi)--- wgéi)) and that the
sample moments of each group distribution, up to and including all fourth
moments, converge in probability to their respective distributional moments.

—(3)
Also we assume that all absolute sixth moments are O(a/ngj )}, that all

absolute fourth moments are 0(1) and that these limits are uniform in g.



Secondly, we assume that for all m = 1,2,...M there exists no real valued
constant, ¢, such that E(ng) = ¢y for all g = 1,2,..6, and that
(i)
E(egfzg,wg) = 0 for all g = 1,2,..6. Lastly, we assume that each ng is

(j)
known for each value of N » being determined by a group sampling rule.

ITi. Consistent OLS Estimation
We begin by considering the case where group averages from sample 2 are
used to augment micro data from sample 1. Since the data available for
(1) Z(1) (2) —(2)

analysis are restricted to y , » and W y Wwe use W as a proxy for

1
the unobserved W ,» Where we define

—(2) —(2)
W = Dw
W
n
1 0
&R
n
2
DJ = . j=1,2
0
¢
n
G
—{2) - 2)
w =(MDD) DW
22
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= (w ) s W yoo oW N
2 G
(i) —(2)
and where © (j) is an ng x 1 vector of ones. Thus W is a N by M matrix
n
g

of group means computed in sample 2.

We may again rewrite the model:



—{2)
y =28, +W by &
= XB + £
—(2)
where £ = (W~ W )B, + €
[+ 7]
X=12 W

and define the OLS estimator:

- -1
8= (X'X) X'y.

-~

R is consistent if and only if

X! QZW X!
(II1.1) p1gm 228 = |-=- | Bw+p1in X8 = o
N+ N QW N> N
where
—(2)
(II1.2) Quy =plim 1 ] 2Z' (W - W )
Now y 8 8 8 g
_ ()" _(2)
(IT1.3) &, = plim 1 ) W W -W)
N*W N g g g g

If the within group correlation between Z and W is zero, {,, will equal the zero
matrix, and if ﬁ; is known to equal E(Wéz ) for all g, Q; will also equal

the zero matrix, Thus if Z is empty or if W is relatively uncorrelated with Z
and the group size in sample 2 is sufficiently large to insure accurate
estimation of the group means, the OLS estimates of g should be accurate for

large G or where all ng are large. A formal statement of these sufficient

conditions is given in proposition 1,19



Proposition 1

~

plim B = B if

N+

i) cov(Zg,wg) =0 Vg

(2) n X :
ii) as No =, ng e with 8 +age_g{+ Vg
(2)
g

and either

iiia) as N+, G is finite and ng e Vg
or

iiib) as Noaw, G>»

proof: given in appendix.

These conditions are also sufficient to insure consistent estimation of
the linear model when all data are grouped. To see this note that the standard
WLS estimator for grouped data is computationally equivalent to estimating é
replacing Z with Z —- the matrix of group means defined as

Z =Dy (p;'py)~ ! pyrz. il

The condition necessary and sufficient for consistency is similar to III.l.
The difference is that E'replaces Z. Thus, the matrix ﬁ; would be unaffected
by this change, while the matrix associated with £, would then become:

— —(2)

Qg =plim 1 § Z' (W -W ).
N § B & & 8

Whenever the within group correlation between Z and W is zero, ﬁ;ﬁ = 0. In
addition, even if the within group correlation is not zero, Q;Q = 0 as well,
if ag Now, g+ # g, since each element of Z would converge in probability
to its respective within group moment.

However, even if é consistently estimates B the estimator's covariance

estimate based soclely upon the sum of squared errors

v (I-X(X O Iy (X x) "L/ (N-L-M)



8
may be Loth a pocr large and small sawple approximation to the asymptotic
covariance.

Intuitively, this follows because we construct ; from a two-stage
procedure. irst, we estimate group means; then we include these means in the
regression as independent variables. Consistent estimation of the asymptotic
covariance requires that we account for any error introduced to the second
stage (the regression) by the first stage (mean estimation.) The following

proposition develops this argument formally,12

Proposition 2

Under assumptions 1{i,ii,iii) and

2 2
1) E(zgg|wgn) = Ezgy 2= 1,2,..L, m = 1,2,..M

ii) lim sup g QIR.H.
N+» g,h ny

(2)
ii1) G = o(ng) Ve

then
- ~ d
/N(B-8) » N(0,Q-laq™1)

where

Q = plim 1 X'X

N+>= N

e
I

plim 1 X'g&'X
N+e N

proof: given in appendix

Proposition 3

Under the assumptions 1(i,ii,iii) and 2(i,ii,iii)

sl A a=l P -1 -l
Q 4s4Q ~+Q 4AAQ.

~

where ¢ = 1 X'X

=



T T~ L]

G -~ .
=1 } Cg (Xg¥g + ng Xg Ag Xg) + 02 1 XX
N g=1 (2) N
g
Cg = Bw' cov (Wg) By
ovA(W ) = ( (2) 1)_1 W(Z)'(I en(Z) en(Z)') w(Z)
c = (ng = -
g g g —&— 8
n
g

= - e e'
Ag (ng 1) ¢ o . 1)
g g
A n o -
o =1 EE-15, G
N Ngé&
E=y - X8

proof: given in appendix
The difference between the consistent estimator proposed above and the

standard OLS covariance estimate can be writtenl3

t -1 r ) ~ ~ t -
[1X X] [1Z Xg [E£ N1, Cg I +Cgng Agl Xg1 [L X X]
N Ng g N (2) N
g

~ ~

SinceVB andVg, Cg » 0, ‘:g is positive semi-definite, and the sum of
positive semi~definite matrices is positive semi-definite, therefore, the difference
between the covarience estimates is positive semi-definite. This is also true
in the limit, where N+w, 14  Thus one would expect the standard regression
package estimate of the OLS estimator's covariance to both underestimate the

OLS asymptotic covariance and understate its consistent estimator for all N,!®
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IV. Consistent esimation when Cov (zg,wg) # 0 and/or group means are measured

with error in the limit.

The preceding section shows that OLS may be an appropriate estimator for
the coefficients B when the within group covariance of W and Z is negligible,
when the number of observations in the sample used to estimate the group means
is large and either the number of groups is large or for each group the number
of observations is large. As noted previously, since the first two conditions
are unlikely to hold in many situations, we consider estimators which are
consistent when OLS is not.l!®

We begin by considering the violation of each of these conditions
separately for the case where group averages computed in one sample are
used to augment micro data from another sample. If for all g,néZ) is large
but cov(Zg,Wg) # 0 for some g, each individual's unobserved deviation from the
group mean for at least one W will be correlated with at least one Z. Thus
the error & will be correlated with at least one Z, {3y can not be expected to
be equal to zero, and OLS will be biased and incounsistent.

One solution to this problem is to find instruments which are correlated
with Z but not with the individual deviations from the group means of W.
Fortunately, one can derive instruments from the original data with only omne
additional assumption--that the means of Z differ between groups and between
the variables of Z.

The instruments we propose are modified group means., If for all g, ngy
were large, the group Sample means

z = (D1'Dy)-1 pyry
would be nearly uncorrelated with (Wg —'_é ) and the correlation would go to
Zero as ngow, Yet, for small samples this correlation may not be

inconsequential. Therefore, we propose a slight modification to the mean,
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(2)
which eliminates its correlation with (Wg - Wg ), and consequently &, but

retains its correlation with Zg. Note that under independent sampling the

kth row of (Wg - ﬁéZ)) is correlated only with the kth row of Zg. Eliminating
the kth row of Zg in constructing the kth row of the instrument matrix will
thus eliminate the correlation between the means and (Wg - ﬁQZ)). Therefore

we define the instruments as follows:

X =AX

]
H

| &

Ag = (¢ e' -1 )/(%g-1)

with

~ ~ t_(z)
Xg Zg :Wg
) (2)

Now consider the case where cov (Zg, Wg) =0 %g but each Ny is small and
~ P
bounded as N+w, Under these assumptions Q, # 0 and B~ P. Inspection of

equation III.3 suggests that the bias this causes will be proportional to the

sampling variation of W%. Since this sampling variation is estimatable, our

~

approach is to use it to construct a correction to 8.
This problem corresponds to the classical, errors—-in-variables situation,

Although the correspondence is not exact the similarity motivates the approach.

(2) (2

For small ng one could consider Wg to be an imprecise measure of EWg . Thus th

—(2)
inclusion of Wg in place of Ewg in the regression creates an “errors—in-variables

problem!’ giving rise to the familiar probability limit:



plim 8 = (I - q~lq)s

N>

where

[0 D

= _
0 Sw] .

Since one can construct 1 S, a consistent estimate of @, we define

N
R=1-(xx)"ls
where
0 0
S=
0 S
82 = L Ny cov (wg)
g (2)
Mg
: @ e @t @ @ @
cov (wg) = (ng -1) Wg [I-ng . . ] We ,
8 g

-1 , . ,
we then compute R ~B which is a consistant estimate of 8.18

To confront both problems simultaneously the two estimators may be

combined.!? For that case we define 20,21

g=r"1 (xxO°t x'y

R=1I- xx)ls
Proposition 4 states formally the conditions under which E is a consistent

estimator for B, and for its
asymptotic normality, while Proposition 5 considers the consistent

estimation of its asymptotic covariance matrix.
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Proposition 4

Assume:
i) as N+w, G+w

11) lm ng(i) = 4,(3) R+ Vg
N+

Then

plim 8 = 8

N4
and

. a
/N(g~8) + N(O, P~1T p~1)

where

]
]

1
(lim £ - E ygy'g)
N+w g=]1 N

plim 1 [X'X - S]
N+ N

o
[]

and

-(2)
Z'g(Wg —Wg ) By + 275 g

g = | -(2) -(2) -(2)
(Wg ' (Wg - Wg ) +S22) By + Vg

Proof: given in Appendix

Proposition 5

Under assumptions 4(i), 4(ii), and
(1) cov(zgyg won) = cov(zpy why) V¥ g,h
L

m
then

~1 - ~=1P -1 -l
P TP >P TP

'Eg
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where
P=1 [X'X-5]
N
- I'n I'i2
1" =
T oy 1y,

~ -~ ~

and where TIy;, Typ, and Ty; are respectively L x L, L x M, and M x M matrices

with respective fp, fm, and mq elements given by?22

~

(Mdgp = T L By By
ij

. n -2 P
1 _]g

n [ g + Dol ) Eég£ Ezg, +
N n -1 ng(Z)
B

5

~

-1 (2)-1 P
(Ing -1] + ng ) Ezgz ng] cov (ng, ng)

~
~ ~ ~

Zggk Zgpk t (2w Bulg (92w Bylp 1 Ing/(ng-1)
N g

(N[ em = ff Bu By L ng (1 +ng/ng(2)) 2,0 cov (wgivigy) E wgy
~ -(2)  ~ " ~ (2) )
+ cz_l Lwgy I Zgge - (Qw Bulg L E By I [ng/ng ] cov (ng ng)
N i 1 g

~ o~ (2> —
(I'g9)mq = T I P By I Dy I/ng {[r + ng/(ng(z)—l)] E Wgm Wgq €OV (wgi, ng)
ij N

——
+ [ng(z)—1+ng(ng(2)—2)/(ng(2)—1)] E Wom Ewgq cov (wgi, ng)

~ —{(2)_(2
+ [ng/(ng(z)—l)] cov (wgm, ng) cov (wgq wgi)} + GZ_L T, ng W;m)wéq)
N g
where

N -1
EzglEzgp = [ng(ng-l)] §$E Zg th Zgpk

E N -1
zgz zgp = ng lf Zgﬂ( ngk

cov (Wgi, wgj) = [cov (Wg)ljj
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~ ~

R By = JUIX'X) (8-8)
N

J = [IL 0]
- -
2 —.l L Ny, z
¥ g g ‘gt
—(2) ~(2)
=1 £ n.(2)
¥m F(2) g Ygm

2) (2) (2)
cov (Wgj, Wgj) E wgy = [ng(::-')(ng(z)—l)]'l [ E &gik Wgik Wgmh (ng(z)-Z)'1
k+#h

. (2) (2) (2)]
Ygik ¥gir ¥gmh

% #h g gjr Ygm

k#h

E woy wgq cov (wgj, Wgj) =a~-b-d

E Wgm E wgq cov (wgy, wgy) = ¢
I

cov {(w__, qu) cov (wgi, ng) = a-b-c-d

(where the subscripts on a, b, ¢, and d are dropped)

(2) (2) (2) (@)
[ng(2) (ng(z)—1>1-1k§hz Wgmk Wgqk Wgih Wgjh

'Y
]

(2) (2) (2) (2)
[ng(z) (ng(z)-l)(ng(z)-Z)(ng(z)—3)]'1 LI L LWk Wgqh Ygir ¥gjs

k#h#r#s
k#r,s
h#s

o
]

(2) (2) (2) (2)
c = [n,(2} (n,(2)-1)(n -]l sz zw w Voir Weip —
g 24 g e 2 dr gnk Wgqh Wgir Wgjr
k#r

(2) (2) (2) (2
ng(2) (n,(2)-1)(n,(2)-2)]"1 £ £z w k Yoqk Wgih Weir —
g g g et gmk Wgqk Wgih Wgir

k¥

=¥
]

~
~ -1 ~

2 = lg'e-11n (1+ng(2) ) By' cov (Ng) B,
N N g
E=y - X8

and where cov (Wgy jq defined in proposition 2.
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Proof: In appendix
The proc:dure for correcting for sampling error in the group means which
one computes in the auxiliary data {(assuming cov (Zg, Wg) = ) extends rather

simply to where the regression uses group means from both samples. The correction
factor, R_l, is identical. Also even if cov (Zg, Wg) # 0 and ng + »_  the corrected
"

WLS estimator is consistent. In fact, one can show its difference from B converges
in probability to zero as all ng L N

However, if for most groups there exists a non-zero correlation between Z

(2)

and Wg and if both ng and ng remain small ¥g as N becomes large, then the

Y]
estimators' difference does not possess a zero probability limit, B is consistent

Ny
and the corrected WLS estimator is not. Thus R would be a preferred estimator,
even when the regression data are group. Of course, this presumes that for each
group both the individual data of Z_ as well as the sample variances and covari-
. g

ances of W(z) are available, If either are not, a standard instrumental variable
approach would be the only alternative.

Two final caveats remain. First, even if ng + = for each group so that

v

the corrected WLS estimator and £ are both consistent as well as asymptotically
equivalent, the use of either estimator would be ill-advised. This is due to a
somewhat novel result. If group sizes in sample 1 increase much more rapidly
than their respective sample 2 counterparts, then these estimators' asymptotic

éZ)’ contains unbounded elements.2

covariance, which depends upon the ratio of ng ton
Finally, under a reasonable set of assumptions, ignoring the covariance pro-

blem and correcting for the sampling error in the estimated group averages from the

second sample could produce lower MSE estimates of B than would obtain if one did

not correct for the error, Specific exploration of small sample properties is left

for future work.
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Conclusion

Although we can not say for certain how much of a difference these
corrections will make, there is some evidence that it may be substantial.
Thaler and Rosen (1976) have argued that finer classification schemes
would reduce errors-in-variables bias in estimating compensating wage
differences. The analysis above suggests the opposite may be true in
most situations. While making the classification finer will reduce any
bias due to the correlation between the errors and other variables in the
equation, if it also results in fewer observations per classification, the
accuracy of the estimated group means will decline. This will probably
lead to a greater downward bias of the estimated compensating wage dif-
ferential. This could account, in part, for the differences between the
Thaler and Rosen study and later studies which use broader classification
schemes. These studies have generally found compensating wage differences
about 3 to 20 times higher than those found by Thaler and Rosen. Correct-
ing for any remaining error in the later studies might increase estimates

even further.
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FOOTNOTES

Prais and Aitchirson is the seminal article. See also Johnston for a
discussion of further issues and additional references.
We employ the terminology of independent and dependent variable because of
its familiarity. We do not mean to imply causality by its use,.
For example see Cogan (1982).
For example, see R,E.B. Lucas, Thaler and Rosen, Viscusi (1978ab, 1979, and
1980), and Olspn. Also, both Brown and Smith review the literature.
Thaler and Rosen were first to suggest that there may be an
errors—in-variables problem.
However, using death and injury statistics in that manner implies
inducing a huge component of measurement error for individuals,
because job risks in each industry are not uniform across occupations.
Hence any estimates of the risk premium obtained in this way will
probably be biased. (p. 286)
Viscusi also believes that using group averages produces a "...conventional
errors—in-variable situation in which the empirical estimates are biased
downward.”™ (1979, p. 251) See also his discussion on p. 372, 1978a.
Ols¢n mentions the measurement error problem on p. 177. Bartel also
comments on this problem.
Lucas argued that OLS estimates will be unbiased but that errors will
be heteroskedastic,
This condition is of more importance for the technique which augments micro
data with means. If, for where all data are means, the number of
observations per group in the sample, from which the dependent variable is

drawn, is large, the within group correlation would produce little error in

the estimates.
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10.

11.

19
By asymptotic covariance, we mean the covariance matrix of the distribution
of the random vector to which the OLS estimator converges. Also by
understate, we mean that any quadratic form of the matrices' difference is
non—negative,
Of course y(z) 2(2) and W(l) are assumed to be unobserved.
We assume that Z contains a column of ones or that all variables are
measured as deviations from their grand means.
These conditions are only sufficient because they exclude the following. For
{lz; they exclude the unlikely possibility that non-zero group moment values
might exactly cancel in the sum. For ﬁ; there would naturally exist no error
in the estimate of any group mean if the econometrician knew the mean's true
value a priori.
The WLS model is

— — — - (2) -
g yg = Vng zg B, + /ng wg By + /g &y g = 1,2,..G

Yg = g € y
g g “g g

-— -1 !
Z, = n e Z
g g ng g
-1
— (27 (2) (2)
w -



12.

13.

lal

15.

Note that consistent estimation of the covariance matrix for the coefficients
requires ar estimate of the within group covariance matrix W. Since the
individual observations of W are often unavailable when one is using grouped
data it may sometimes be necessary to use another procedure to estimate those
moments. For instance, one could use a third data set. Or, if the within
group variance of W is known but the covariance is not, it will be possible
to estimate those covariances if one can assume that the process generating
the between group covariation is the same as that generating the within group
covariance. In that case, the covariance can be estimated using the grouped
data,

If it is impossible to estimate the moments it may still be possible to
put an upper and/or lower bound or the covariance matrix for B. If the
variances are known and the correlations can be bounded on the basis of a
priori information the values of the correlations which minimize and

~

maximize each quadratic form Cg (B) subject to the a priori bounds can be
choosen and upper and lower limits for A constructed. If the variances are

unknown but can be bounded on the basis of a priori information a similar

method can be used.

-~

More precisely, these are covariance estimates of /ﬁ(B—B).

Ny and néz) of equivalent order is sufficient for the difference to be
positive definite.

We have not considered the possibility of a group specific error component.
If such components are present they will completely dominate the individual
specific components as group size goes to infinity. Thus the unweighed OLS

covariance matrix would be asymtoticly equivalent to the correct asymptotic

covariance matrix for this problem and would be unlikely to seriously



16.

17.

18.

19.

21

understate the true covariance for large samples. Dickens (1984) gives
evidence suggesting that group specific error components may dominate
individual components in many applications using grouped data.

For instance, in the case of using labor market evidence to measure the
value of life, economic theory suggests that the danger of an individual's
job should be correlated with many individual characteristics and the other
characteristics of the person's job. 1In addition, industry job risk
sometimes is measured with a great deal of error.

Unlike the errors—in-variables case where the variable measured with error
is an independent variable, here Ewg is a proxy for a left out independent
variable, Thus the problems are not equivalent even though the same
analysis may be applied.

The use of this estimator requires that a researcher know the within group
covariance of W or have access to the original data to compute it, Often
when one is dealing with grouped data this information is unavailable.
Footnote 12 proposes some alternative approaches to this problem.

If one believes that either of these conditicns fail while the other still
holds, an alternative estimator can be constructed for just the single

problem, For example, if cov(wgzg) #0 and d; = ( define

~ =1~

B=(x'x) x'y

(2)
and if 9, = 0 but ng bounded for some g as N+», define
- -1~
B = R Bo

The large sample distributions of these estimators and consistent estimates

of their asymptotic covariances are available from the authors upon request.
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21.

22.

23,

~

B can be equivalertly defined as an instrumental variable estimator of the
following regression model:
y = XRB + ¢

~r~

where the instrument is XR. Therefore

~ ~ o~ ~ =1

(R'x'xr) rR'x'y

™
1

~] o~ -1~

R (X‘X) X'y for R of full rank,

Once again, the individual observations of W must be available tc construct

this estimator. See footnote 12 for a discussion of altermatives,.

In the actual estimation cof I, one would not need to estimate the terms
involving 0?2 on an element by element basis. Rather one can write [ = ¢ +
02Q, and estimate 02Q with ¢21X'X separately from ¢.

. L 2 .
The intuition for this is that if ng > as ng remains bounded the increased
group size in sample 1 amplifies the noise inherent in the mean estimates of
the second sample such that it obscures the increasing informational content

]

of the first sample, The asymptotic covariance is a functicn of terms EYng

where

2)
= Xg&g + | ==~ . Since one term of Eg is (Wg— g ) By, letting ng >

—(2) (2
without also decreasing the sampling error in wg , makes (wg-wg ) By an

infinite dimensional vector in which each element is correlated with every
L]

~

other element of the vector. Thus in the limit any quadratic form of EXg £

Eg'Xg is O(ngz), which implies Eygyg' = O(ngz).
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Appendix

Proof of the following propositions are made easier by use of two Lemmas.
Lemma 1

If the sequence of random variables

Oy T =1,2,4ss
converges in quadratic mean

lim E(op - )2 = 0

n-+w
then

plim o, = «

n>w .

Proof: Rothenberg gives a proof for random variables with continuous
distributions. The Lemma may also be proven by straightforward
application of the Chebyshev's Inequality.

Lemma 2

Let (oy, n = 1,2,.,em) be independent but not an identically distributed

sequence of random variables, Then if there exists an o such that

m
(1) 1im ; g Eap = a

m>eom n=1

and
. m
(2) 1lim .1_ T E(Gn - Eaﬂ)z { @
m+e m n=l
m
then 1 I o, converges in quadratic mean to o as m » =,
m n=1
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Proof
T oom 2
lim E 1 ¢ o - al =
m>e m n=1 |
. m 2
lim E I (op~Eaq)” +1 EI (op~Eay)(ag-Eoag) + 2( Z(o=Ean))(l I Eag-a)
m e mZ n=1 mZ n#k mn m 2

Since (an—Ean)2 2> 0 5 by Billingsley 16.6
m
E L (og-Eoy)? = I E(oy~Eay)?
n=1 n=]
and by (2)
. m
lim ) 1 E(oy-Eq)2=0

m+® mZ p=]

Also by (2)

max {sup (an—Ean)z, 1}
n

is an integrable function with respect to the probability measure for Oy »
This function bounds

(on=Eoy)(ag=Eayp).

Therefore by Billingsley 16.7, and independence
L o

Finally by (1)

n (1 5 Eg-o)2 = g

m o m n

and the Lemma is proven,
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Proposition 1

We first prove the proposition for (i), (ii), and (iiia). Since G is

fixed, we need only show for each g that

(1) 12" (W TJ'(Z)) : 0
¥ g E°8
— (2), (2 »r

N
Consider the fm th element of (1) and the mq th element of (2), which we

denote respectively:

" —(2
(3) L|z'(w 2
fm

N|] & 8 8
(2), (2
@ 1|7 w 2
N . g g g nq

For (3) we have by (i)

— n
g
plim 1[z 'W =plim £ Pg{(l z w )=DNgEz Ew
Now N|E& €& |[fm Ne= k=l N ng 8% gnk N gl g3

and by sampling independence

- ,—(2) ] g —(2)
plim 1|Z W
|m

=plim £ lz w ="NgEz Ew .

N+w k=1 N 8% gm

Therefore (1) is proved;

For {(4) by sampling independence

H2), |
plim 1(W W = Dg Ew Ew
g g}mq N

N+= N gm gq
and
—(2),=(2) ] ) ~(2)(2)
plim 1jW W =plimfgw w =12limP (1 cov(w ,w ) +Ew Ew )
N+»= NI E g q N+= N gm gq N»eo N (2) gm 24 gm  gq

Ng

% Em o 89 |
Therefore (2) is proveq.



To prove the proposition with (i), (ii), and (iiib) first note that by

sampling independence the sequence of random matrices

- @ T
Z' (W, )
¢ gV |
i g =1,2...6G
@
_wg (Wg=Wg );

are independent but not identically distributed. Thus to show

’“- q “ . _(2) T
G Z,"(Wo—W )
;~'*€Y-!= plim 1 X :E_EE =0
— [oNe= Ng=l|-(2), ~ (2)
- W Wg (Wg-Wg )
we show
G _(2)
(1) plim 1 & (Z (Wg=Wg )gp = O
N+w N g=1 g
¢ (), _(2)
(2) plim 1 f (Wg (Wg*wg ))mq =0

N+ N g=1
for all ¢ =1,2..,L, m,q = 1,2...M where the subscripts fm and mq denote the
tm and mq elements of the matrix.
By Lemmas 1 and 2 sufficient conditions for (1) and (2) are:
G (2)

, ' -
a.l) lim 1 I E(Z (wg-wg Nom =0
N+ N g=1 &

) G (_(2)' _(2)

a.2 lim 1 I E(W (Wo-W M) =0

Noo T gel g g 'g //mq

G W 2

b.1) lim 1 Z E{(Z (Wg=Wg ))m] = 0(1)
N+o N g=1 - g

b.2) G (2 _(2) 2
lim 1 IE [(wg "Wy ))qu = 0(1)
N+= N g=1

for all £ =1,2,...L; myq = 1,2,...M.
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By (i) and sampling independence,
@
(3) E(Zg(wg_wg Mg = 0‘¥Lg-
Thus (a.l) necessarily holds.

For the absolute value of the LHS of (a.2) we have

| G _;2) ng _ﬁZ)_jZ) ! | G n (2)
(4) lim 1 | I (Ew L Wgqk — DNgRwgy woq )| = Mim | T _8& (cov(wgy,weq)/ng )|
Now N g=1 gm k=1 24| g-rgm “gq Now g=1 X gm>*gq g
(2)
< lim sup|c0v(wgmwgq)|/inf ng .
N+ g g

Since by (ii)

(2)
lim inf n =
N+xe g &

and since by the assumption of uniformly bounded moments

lim sup|cov(wgmwgq)| < K for some finite K (a.2) must hold.
N+w o

()

Finally, to show (b.}) and (b.2), we add and subtract Ew within (ngk = Wgp )

gm

which yields by the intragroup and intersample sampling independence:

g 2 ) _(2) ) g 5
lim 1 T E| I zgg (Wwgpk = Ewgp)s + (w = Ewoy)4( T zg i)
Nom T g ko1 g gn gm gm"t o7 |
2 -
F_(% g , . 2 (D (@) )
lim 1 L E Wom I (wqu - Ewgq) + ng (ng (wgq - Ewgq))
N-}CID N g L k=l -

for the LHS of (b.l) and (b.2) respectively. By (ii) and the uniform bound that
exists for all fourth moments, (b.l) and (b.2) hold and consequently does the

proposition.
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Proposition 2

We prove the prorcosition first with the use of 1(iiia), then with 1{(iiib)
and finally show the =quivalence of A under either of these assumptions.

We begin by noting:

- -1
N (g-8) = (IX'X) 1 X'g
N VN

and that by assumption both 1X'X and Q are of full rank., Therefore, Q~! exists

N
and thus
p
(1) QX' » o,
N

Using (iiia) one can rewrite X'g as follows

£ B
T
X £ =8 | § 2 + 6 3
g g g g g
where
i
8g1 =| 8 (Wy~EWg ) By
~(2)
W
.8
. |
2 —(2)
8g2 =| & (Wg  —EWg) By
—(2)'
W
- g -
0
%3 =| & °g
(2}
W
L 8
Each element of 1 égj j =1, 2, 3 is either a weighted sum of independent mean

n
zero random varia%les or a weighted sum of independent mean zero random variables
multiplied by a sample mean. The ¢ th and (L + M) th elements of each

respectively are:
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n,

g )
TRy L I zgge(wgik - Ewgg)
i 1 ng k=1 ;

?\ j=1
—(2) g i
i g k=1
2$2)

- £ (2)

Zga T By _1 E (Wgik — Ewgy)

i 1 7(2) k=1
g
Li=2
(2)
- () - . Zg ; (2) B )
W w ik — W i
By ™ 2(2) k=1 . g
g e
™
1z Zg ik gk :
Ng
) j=3
—(2) g
Yam 1z €gk
ng k
g .

Thus by 1(i, ii, iiia), and the convergence of sample to population moments

P
1 65 +0 4g §=1,2,3

g
and thus along with (i)

1 d

- & 1 N(O 1)
mg ®
where

Agl = B“,'co\r(wg),%W Qg

1 d
= 8g2 » N(O, Ag2)
- g by

where

Ag2 = ag Bw'cov(wg)sw ag

and



A8

(2) Qg =1 E X5 Xg
n
I

(3) Qg =ng E X Agxg.
Therefore since

LEGgiégj'=0 i # j
n

g

we have by the multivariate extension to the Lindeberg Central Limit Theorem

1 . d

- Xg + N(O, Ag)

Jng

g LAy
J

and thus by sampling independence

, d

(4) | IXg'tg > N0, )
N

(5) A= E.E& Ay = lim I _g [B cov(W ) By [Qg + ag Qg]] + o2 Q

g N N+w g N

Using (iiib)

1 1
-X'g= - IX'g
VN /WNg 8

is the sum of a series of independent but not identically distributed random

vectors. Define -
8 = X' E5 + | —m=mmmm——————m

g g g n
(2) cov(wg)sw .
g
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By the multivariate extension (Rao p. 128) to the Liapunov central limit theorem
d

1
(6) -=-X'E =+ N0,
N

where

A=1lim 1 LE & ag'
N+w N g

if

(a.1) E g = 0¥g

1/3
(£ E{2'8]%)
(a.2) lim § -0 % ¢ em™
G+ 1/2
(Z E(2'65)2)
g
1 1 P
(ae3) ( - X'e- -1$ 3 ) + 0
/N /N g
1
Conditions (a.l) and (a.2) are sufficient for - I Gg to converge in distribution,
1 g
while (a.3) insures that - X'f converges in distribution to exactly the same
N
limiting distribution as does =~ I Gg.
N g

By inspection of equations (3) and (4) of the preceding proof (a.l) holds.

One can rewrite (a.3) as

1
(a.3)' lim - I fg  cov(Wg) By = O.
N+w /N g n{z)

By the assumptions 1{ii), 2(ii), 2(iii), and of uniformly bounded moments,

one can bound (a.3)'

g

- . /C I
(7) 1lim |sup g up /g sup cov(W,) Bw 1lim f 0
N+o lg.h 7;ﬁ.tg ;ng(Z) g & N+ | inf vV, E i
b, |
J
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and therefore (a.3) he'+ds. Note that (7) implies

(8) A= lim 1 I EX' & E'X; = lim 1 L E & 8
N+= N g g g %8 te N+o N g g

and that (7) along with 2(ii) imply the following sufficient conditions for (a.2):
(a.2,1) sup E | l X e, |3 = 0()
- L] p g g
J g

(a.2.2) | E X' Eg g Xg] is positive definite Vg.
g

1
g 8
To motivate these conditions, we note that given (8) the LHS of (a.2) can be

bounded by the following expression:

_1 1/3
(Sup El/ﬂg R‘I'XY Eg’3) o L+M
Lim _1/6 2g1/2 8 £ T el
N+ G sup (nh) 1 1/2,
g,h (inf E(/Tg £'X"£g)2)
g g

and that inf E( _1 z'x'gg)Z > 0 ¥% is implied by (a.2.2).
g Vg

To show (a.2.1) holds note that its LHS can be bounded by

n
g —(2)
sup B (J*1 P[] 1 2zgnc(vgieBug) | + [ 1o || _LGeg1 ~Ewg)) © zg1c]
g v g k=1 g k

+ 4] _L T ozgpk Bwgr| + [*1B4n]] L T zppe (weor-Ewgo)| + ...
g g P g g

/Mg kK g
# 1y foenl | L GroEug) Tzl + o) | Lz |+
L BLam WgM-Evg) I zglk L Zglk Egk| + oee
gz AT Sz B i
=— = (2) (2) ~ (2) 3
+ Lo Bia] [g ven (Vg ~Ewgd | + | Sl | L vgn 15 egk | )

g
Upon expansion there are [(L+M)(2M+1)]3 terms (without collecting similar terms) of

the following form:
g ng ng 3/2
(9) constant » sup E [T ayg| [ api| [T a3i]/ng
£ i=1 i=1 i=1
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1f aji € {zgli (ngi - Ewgm), Zgli Egit =1,2,..L, m=1,2,,..M} for all j=1,2,3 then

by intragroup sampling independence and the Holder Inequality, (9) is bounded by

(10) constant = sup [_1 T = Elaj; ap; a3j] + (1 IE |ajj apg|) x
b4 ng i Jng ng i#j
z2 1/2 Z1/2 21/2 21/2
1 .Z Eajzj)  to.ot (_l_E' Eaji) (1 L Eazj) (1 I .Ea3k) ]
ng j#i ngi#],k ng j#i,k ng k#,]
which by the moment assumptions is 0(1l).

—(2) ~(2) (2) —(2)
If aj3 ¢ {zgli (wgmi—Ewgm), Wgq (Wem=Ewgn), Wgm Egi: &1,2,..L, m,q=1,2,..M} for

any j=1,2,3

then by intersample sampling independence (9) is bounded by

3 (2) 3/2
(11) constant *» sup [ L E hy (Wg ) Efj (Zg, eg)]/ng
g Jj=1
By (5) at most

sup Efj (Zg, eg) = O(ng3/2) Vj
g

and one can show that at most
(2) v
sup Ehy (Wg ) = 0(1) Vj

g

Consequently (a.2.1) holds.

Finally to prove (a.2.2) we note that by assumption Xg is of full rank and £
is a mean zero random variable which takes values other than zero with probability
greater than zero.

Thus, by either (1) and (4) or {1) and (6) the proposition holds. All that
remains is to show the equivalence of the A definitions given by (5) and (8). Since
A is a function of fourth moments we consider A on an element by element basis.

Using the definition of (8), we first partition A as follows:
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4 lim 1 [ZE 2" (W W(z)) g B (W W(Z))'z + LE 2 'z
11 = 4im i - - £ € ]
Mow T [g g B W B8 g . g g g B

A lim 1 [ZE 2" (W 'v?(z)) B B' (W w(z))'w(z) +LEZ A
12 = 4i1m - - E E
[ g g W B '8 g . g gg B ]

2)! —(2) —(2) '_(2) —(2)’
(wg—wg ) %wsé (wg—wg ) Wy + L E wg e e Wy

A i (
22 = lim 1 [ZE W
g8

Nae N o g

and consider their respective 2p, fm, and mq elements

A Mo e e —(2) —(2)

+ lim 1 ZE I % 2z
= gk 2gph €gk €gh
N+ N g k h & E

which by sampling independence, the conditional independence of €g given Zg, and 2(i)

= lim ? ? Bw By 1 I [ng E Zgy Zgp cov(wgi ng) + (Mg cov(zgg ng)
Na+o i j 1 I Ng (2)
g
2
+ “g Ezg£ Ezgp) cov(wgi ng)] + lim 1 Z ng a? Ezgﬂ Zgp
(2) N+« N g
g
1
(12) = lim I Ng[Ry cov(wg) Bw (E Zgq Zgp + ag Ezgg Ezgp) + o2 Ezgg ng]
N+ g N
A ) —(2) -(2) =(2)
(%12)gm = 1im I T B, By 1 T E Wem 2 I Zggk (Wgik—wgi )(Wgih~wgj )
N+wij i JNg k h
—(2)

+ 1lim 1 T E £ I z W, € £
= 2k m k h
Now N g X h g g g g

which by sampling independence, conditicnal independence of ¢ given Z, and 1(i)

=lim T I By By 1°E [ng Ezgy Ewgm cov(wgi wgy) +
N+wij 1 1WNg

-2
ng~ E Zg g [ng E Ygm (wgi-E ng) (ng~E ng) +
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(2)

Ug =1 E wgy cov(wgy wgy)l] + lm 1 I ng E 254 E wgy o2
(2) N+ N g

g

and by 2(1ii)

1]

(13) = lim E.EE [ By cov(Wg) B (1+ag) + ¢2] E Zg g E Vgm

N+w g N
A _ —(2) _(2) —(2) —(2)
( Zz)mq =1lim ZZ By By 1L ZIE Wgm Wgq Ik (ngk-wgi )(ngh—ng )
N+wij 1 INg k h
+ 1lim ! T E '12)‘12)2 I
m = W, W, k h
Now ¥ g gn Ygq - - &k g

which by sampling independence

-1
(2)
= lim 2 I B, By 1EZ [ng cov(wgi ng)(ng cov(wgm qu) +
N+ 1 i I Ng
2 ()73
E Vem E qu) + ng [ng E Wgm Vgq (wgi-E ng)(wgi'E ng) +

(2) ‘
1 - . - . . — - .
1 [E Wom (ng E ng) (ng E wgJ) E Wgq t E Wgq (wgl E ng) (wgJ E wgJ) E Vgm
(2)°
g

+ cov(wgm ng) cov(wgq ng) + cov(wgm ng) cov(wgq ng)

(2 (2)
+ cov(wgi ng) E Wam qu] + (g —12§?§ =2) cov (ng ng) E Vgm E wgq]]
n
g
, @7
+ lim I ng o (ng cov(wgm qu) + E Vg E qu)

N+w g
and by 2(iii)
1
(14) = éi? y %& [By cov(¥g) By (I+ag) + o?] E wgq E wgq
* g

Combining (12), (13) and (14) to reconstruct A, shows the definitions'

equivalence,
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Proposition 3

Given assumptions I1(ii), and 2(iii), Proposition 1, equations (1), (2), and
(3) of the preceding prooi, and the unbiasedness of cov (Wg), one need only show
plim o2 = o2

N

By definition )

t t A~

@ = 1 £ &£~ 20 g, cov (Wg) By
N g N
A'A -~ "~ ~ -~

l g ¢&g= (y-XB)'(y-Xpg) = 1 IV=X)B = X(8-B) + €)]"[(V-X)8 - X(8-p) + €]

N N
and by the consistency of B

= 1B (V=-X)3"(V-X)B8 + 1 e'e + op(N).
N N
By assumption
P

1 e'e » o2

N
while

. _(2) _(2)
1 _ + _ = - -
Lat (V0 (V08 = gy 10D (g ) (W, D] gy
N Ng
) . y , —(2)

and by sampling independence and addition and subtraction of E wg within (Wg - wg )

P 1

*lim 1 I ng + g 5 8y cov(Wg) By,

N+w N g . (2)

g
which by 2(iii)

= lim I g By’ cov(Wy) By
N+ew g N

Finally, by Lemma 2, Proposition l, and since

E cov(wg) =Acov(wg{

plim £ 25 By' cov (wg) By = lim = 2& B’ cov(wg) By

N+w g N N+w g N
and thus
~ P

(1) 2 » 2

and the proposition is proveg.
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Proposition 4

To prove consistency, consider

~_ 1 ~

R (x'x) x'

(8 - 8) (y-XRB)

(X'% - $)-1 [(X' (V-X) + S)B + X'¢l.
By E(e|V) = 0,

~ P
(B -B) » 01if and only if

~ —(2)
[X' (v-X) + 8] = 1 2o ; 0
11X (v- LY ¢ _(2 >
N ¥ w( ) (w—w( )) + Soo

~

Since zggk is uncorrelated with wopy by the independence of observations

~ (2 P
z'(w-w( )) >0

|~

Similar to the proof of Proposition 1, by the assumption of uniformly bounded

moments and sampling independence:
lim 1 Z0g E [cov (Wg) - cov(Wg)]mq =0
N+= N g (2)
g

lim 1 Z ng E [cov (Wg) - cov(wg)]mq2 = 0(1) at most
N+« N g (2)
g

where [']mq represents the mq matrix element.
Thus by (i), Lemmas 1 and 2,

P
Sgp » 8 .

1
N

(2 _(2) P —
Since l_w( )(W-W( )) > -0y

N

—(2), ) P
(W (W=-W )y + 322] + 0

|

N

and consistency is proved.
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For asymptotic normality

-1 l ~ ~
— (X" (Vv=X) + S]g + X'e).
/N

(8- 8) = (1 [X'x=§])

1
N

We define Pl by the following:

P

(1) 1 [X'X - s]-1 » p-1

1
N
and we write

1 1
—([X' (V-X) + S]3 + X'e) = _
/N N

Zy
Nog &
where
[ ~, —(2) ~ 7
2 (Wg = Wy ) Byt g
g
Yg =
—(2), e —(2),
(Wg Wg - ngSg )5w+wg £g
) @ (@'
N (2) (2) -1 (2, & e -1, (2)
Sg = [ng (ng -1)] Wg ng ng Wg

To verify this, note that

. Ty - 5 ) : s “(2),;(2)]
g Ccov g - g g = ng[ cov g - Wg g
NED e
g g
) @ @ -1 @7 @)
= ngwg [[ng (ng ~1)] I-ee - ng ee'] Wg
202y
g
()% (2) -1(2), @ (2) L)
= ng[ng (ng -1)] wg [ngI - ee - (ng -1) ee ] Wg

(2) (2) -1 (2), . (2)
= —ng[ng (ng -1)] wg [ee' - I]Wg

where the subscripts of e have been suppressed.
*
1

From proposition 3 and inspection of Sg

(a.l) E Yg = 0 ¢E§

and the sequence of vectors Yg» g=1,2,..G are independent,
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Following the proof of proposition 2, by (a.l) and if

5. 1/3
(LE[2' v
(a.2) lim & =0 £ e
N> 1/2
(2 B2 v D)

g

(L+M)

then
1 d
(2) &§@+Mmm

where

F=liml IE Yy Y =plin ]l L v5 Yg o
N+ N g €& N»» Ng

Thus, (1) and (2) will prove the proposition.

To show (a.2) and therefore (2), we first note that the LHS can be bounded by

sup 1/3
: 3
lim _y/¢ (g E| Z'Ygl )
N+= G

1/2
(inf E (R'Yg)z)
g

By 4(ii) and the assumption of bounded moments

lim sup E |2'Yg|3
N g

is some positive constant, Similar to the proof of proposition 2, é__E Yg‘Yg is a
g
positive definite matrix so lim inf E(z'yg)2 is a non-zero constant, Thus by 4(i)

N+ g
(a.2) holds and the proposition is proved.



Proposition 5
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We prove the proposition by offering an element by element consistency

argument.
I|11
r‘:
r
21
where
Pll = lim
N+
r12 = lim
N>
FZZ = lim
N+

Consider their

I111)!<’.p -

rlz}
|
22
12[EE*(wﬁ(2))33'(wW(2)z +; '
- - £ £
Ta g B8 Ww 8 8 g g g g gl
~ -(2) e -2), y =(2)
1 I[2 (W,~W )BB (W w -n,5,%)" €y €5 Wy ]
Ng g E B Wby e g5g g g g "g
—2), . _(2), , o2, . (2)
1 TE [(W " "W,-n,§ W, - W
3. LW WgrngSgT)8 B (W~ WmngSg ™)' + W " gy gy WU

respective £p, fm and mq the elements:

-2 —(2)
lim ¥ % By Bw 1z "1) EZELEXZL Zg gk Zgps (ngh Wi )
N i j i N g k#h s#t

~

—(2)
(wgjt=wgj )+rqui§1ng§fzgm fgh fgt Zgpt

lim T I B, 1 ¢ E z5¢ 2 cov(wgi Wgi)
Now 1 1 i JNgJ—n_l g¢ Zgp gi Vg j

+ cov(zgz W J) cov(zgp ng)] + ng(nE—Z) E Zgy E Zgp cov(wgi ng)
g -1
(2)
+ ng (ng E Zg g Zgp +»ng(ng—l) E zZgy E ng) cov(wgi ng)]
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-1
lim | I ng o2 [(ng=1) E 2zgg zgp + 0g-2 E 25y E zgp]

+ N+ N g ng—1
(4) - lim I Og B cov(Wg) By [ 1+ ) E Zg g Zgp + (n Dg-2 + E-—l) E zgy E zgpl
N+» g ~N ng-1 né ) g-l n(2)

-1
& 1lim Z_g- [(n -1) (E Zg g 2Zgp + (ng-2) E zg g E zgp)]
N+ g N

+ lim I %g - 1 g cov(zgg Wg)' cov(zgp Wg) By
N+og N ng-1 ¥

lim E_& B cov(Wg) B [( g ) E zng Zgp +C 1 + 1 cov(zgz zgp)]
N+»= g N H’né.?) ng—l 2)

o2 lim L g [{n —1) (E Zgp Zgz) + (ng—Z) E Zg g E zgp)]
N+ g N

-1
+ lim & Dg [(n -1) B' cov(zgg, Wg)' <:c>v(zgp wg) B
N+w g N w

. (2) -1 (2) —(2) (2)
[(ng=1)ng 1 I I X Ezgqwoyr(wgih—vgi J(I Wy~ g L wgis)

(Ti2) e = limZEBwa 1z
N+w i j i N g k#h r s “éz) 18 #r
+ 1 lZE—(Z)ZZ~
im 1 W Zs gk €gk Egh
N+= N g gmkh 8 8 8
= 1lim T T Bw Bw L DNg [cov(wgi ng) E zgg E wgy
Nawo 1 j Jg™N

- 1 cov(zgg ng) cov(w ng) + g (:ov(wgl WgJ) E Zg g E ng]
n(2) n(2)
& g

+ o lim EE&E zg,?.Eng
N+= g N
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(5) = lim I Pg B’ cov(Wg) By (1tag) E 259 E wyy + o I D8 E 254 E wey
N+og N W g N

- T E% 1 g; cov(zgl wg)' cov(wgm Wg) Byl

g n(2)
g
(2) (2) (2)
-2 n n n 0
(Cpdug = 1im 17 8 8y L2o2 5 3 3l (B (% ™ W,
22)mq = lim 22 By By 1 In E I Wgmk Wggh Wgis ~ nglng - is
4 N+ i § 1 J1Ng B k=1 h=1 gmk Ted s=1 g8 s¢k=lg
(2)
n n
( %: ( 2 1)_1 i (2)> Flinl 1B W) —(2)2 L
Wi = Ng(ng - . Wait im 1 w W k h
oy B g\g ¢ sy B Noo T g gn Ygq v o fgk &g
lim L £ B, B&; I % [cov( Y (1 E +ng(2)1E E )
= im , . _& cov ng ng ( ng qu - ng W q
N»odi j 1 Jg™N n(2) n{2) ¢
g g
2 (2)

o [cov(wgi ng) (E Wem Wgq t (ng -2) E Wem E qu)

4
+ (2)n(2)_
n 2 (n z 1)

+ cov(wgi ng) cov(ng qu)]] + o2 lim I 2& [ 1 cov(wgm qu) + E Wgm E qu]
No=g N ,(2)
g

(6) = Lim £ % 8, B I0 [cov (wgg wyidl 1l _ (1 +  Tg ) Ew_ w
Neeo i j 1 ] gTN ’ né2> n{2)-1 e

(2) (2)
1 (ng -1+ ng(ng =2)) E Wop E wgql]
+ néz) g néZ)_l am g9

+ & lim Ihg [ 1 cov(wgm qu) + E Vo E qu] + 1lim I ¢ Bw. Bw

g g
N+ g N ng(2) Nao 1 j 1 Jg N

cov(wgi ng) cov(ng qu)

(ng(z)(ng([)'l)



A2l

Now we show

. P
(Mg » Tidep
~ P
(N2 m » (M12)m
- P
(IbZ)mq i (r22)mq

for all ¢, p=1, 2,..L and m, g=1, 2,,..M

where

~ -~

T r

11 12

= -~ ~

r
21 22

and where the submatrices are of the same dimension of the submatrices of T.

By Proposition 5 and Lemmas 1 and 2,

. i“ ,/\
plim (1) gp = L Bwi By, 1im 1 Zng E {[(“g—Z ng-l) E zgy E zg,
N+ ij J N+= N g ng—l + néZ)

-1 (21~ ~

+ ([ng—lI + ng ) E Zg g ng] cov (ng W )}+

+ (plim o2) lim 1 T E & Zg ik Zgpk
N+w N»oNg k

+ [plim Q,, B8,]g [[plim Q. B,] lim 1 Z Dg
N+ N+w P N+= N g ng-1

~

et L ——
By inspection one can note that E Zgg E Zgps E Zg % Zgp> and cov (ng ng) are

unbiased, and that

~

~ -1
f E Zg gk 2gpk = (ng—l) E Zgp Zgp + (ng-Z) E Zg g E Zgpe

Also, by 4(i)}, 4(ii), and equation III.1,
plim Q,, 8, = J[plim 1 X'X] [plim (8 - B) + plim (B - R)]
N oo N+« N N+ N+
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and therefore

A

[plim Q,y Byl I By TIg cov(zgy Wgi)
N+ R i 1 g N

1

which by (i)

8, cov(zgy vg) Ve
i 1

Finally, wsing an argument similar to that of Proposition 3, one can show

~ P
(1) a2 » o2,

Therefore using equation (4) above, we have

plim (T g = (T1p) 4.

N+
/‘\

By similar reasoning Eég, and COV(ng Wyj) E wWyp, are also unbiased.
Using Proposition 4, intersample independence, and equation (5) above one can show

plim (F12) g = (T12) gue

N +e

e T T —
Finally, by using Proposition 4, (1), the unbiasedness of E Wem Wgq cov(wgi ng),

,——/(\\

E Wom E Weq cov(wgi ng), and cov (nga ng) cov twgq wgi), as well as equation (6)

above, we have

~

plim (T29)pq = (T22)ng,

N+w

and the propsition is proved.



