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ABSTRACT

We examine the implications of arbitrage in a market with many assets.
The absence of arbitrage opportunities implies that the Tinear functionals
that give the mean and cost of a portfolio are continuous; hence there
exist unique portfolios that represent these functionals. The mean-
variance efficient set is a cone generated by these portfolios.

Ross [16, 18] showed that if there is a factor structure, then the
distance between the vector or mean returns and the space spanned by the
factor loadings is bounded as the number of assets increases. We show that
if the covariance matrix of asset returns has only K unbounded eigenvalues,
then the corresponding K eigenvectors converge and play the role of factor
loadings in Ross' result. Hence only a principal components analysis is
needed to test the arbitrage pricing theory. Our eigenvalue conditional can
hold even though conventjona] measures of the approximation error in a K-
factor model are unbounded.

We also resolve the question of when a market with many assets permits
so much diversification that risk-free investment opportunities are
available. -
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INTRODUCTION

The two most significant developments in the field of finance have
bgen the development of the capital asset pricing model (CAPM) and the
working out of the implications of arbitrage beginning with the Modigliani-
Miller Theorem and culminating in the theory of option pricing. While the
principle that competitive financial markets do not permit profitable
arbitrage opportunities to remain unexp]oited seems unexceptional, the
same cannot be said for the major assumptions of the CAPM. Few believe
that asset returns are well described by their first two moments or that
some well-defined set of marketable assets contains most of the investment
opportunities available to individual investors. Casual observation
is sufficient to refute one of the main implications of the CAPM -- that
~everyone holds the market porffolio. Nonetheless, the CAPM seems to do a
good job of explaining re1ationshfps among asset prices. Ross has argued
that the apparent empirical success of the CAPM is due to three assumptions,
which are together much weaker than the assumptions needed to derive the
CAPM. These assumptions are first, that‘asset returns have a factor
structure; second, that there are many assets; and finally, that the market
permits no arbitrage opportunities. Ross presents a heuristic argument
which suggests that on a market with an infinite number of assets there
are sufficiently many well-diversified portfolios -~ portfolios with no
risk -- that prices of assets are largely determined by the arbitrage
requirement that riskless portfolios which require no net investment
should not have a positive return. If there are factors, asset prices are

linear functions of factor 1oadings; and if there are no factors and all




randomness is the result of what are called idiosyncratic disturbances,z

arbitrage considerations alone determine relative prices. Although Ross'

. heuristics cannot be made rigorous,3 he does prove that lack of arbitrage
implies that asset prices are approximately 1ineér functions of factor
loadings, and Connor [4] has given conditions under which the conclusions of
Ross' heuristic argument are precise]y}true.4 Nonetheless, all of Rqss'
investigations of the implications of the absence of arbitrage opportunities
take place in the context of a factor structure. This paper examines the
implications of the absence of arbitrage opportunities on a market with
many assets which does not necessarily hdve a factor structure,

The results of this exercise are as f011ows: In Section 1, we
~introduce our basic model of the asset market and show how markets with a
countable number of assets have a simple Hilbert space structure, In
Section 2 we formally define the absence of arbitrage opportunities. Our
definition, essentially that given by Ross, is that it should not be

possible to form a portfolio which has no variance, no cost, and a positive

return. Ross [16] and Huberman [7] justified this definition by appeal to
expected utility theory. They showed that if there are arbitrage oppoftuni-
ties, some expected utility maximizing traders will want to take infinitely
large positions; this is, of course, inconsiétent with equilibrium. Our results
provide additional justification for this definition. We show that if there is
a riskless asset, this definition of the Tack of arbitrage opportunities is
equivalent to the requirement that all riskless assets have the same rate

of return. Furthermore, this definition fits easily into the Hilbert space

structure of the asset market set out in Section 1. We prove that the




absence of arbftrage opportunities implies that the Tinear functionals
that give the mean and the cost of a portfolio are continuous. The Reisz
Rgpresentation Theorm implies that there exist unique portfolios which
represent these functionals. These portfolios play a crucial role in our
analysis of mean-variance efficiency in Section 3. We also show that the
absence of arbitrage opportunities implies that the distance between the
vector of mean returns and a constant vector must be bounded (in the norm
given by the inverse of the yariance-covariance matrix). We call this

bound §.

In Section 3 we analyze the relationship between arbitrage, many.
assets, and the CAPM. As Roll [14] and Ross [17] have emphasiéed, the CAPM
is equivalent to the statement that the market portfolio is mean-variance
efficient; on finite markets the mean-variance efficient set is a cone
generéted by two portfolios or funds (see Chamberlain [2] and Roll [14]).
The mean-vafiance efficient set also has this structure on markets wifh
many assets where there are no arbitrage opportunities. If there are
arbitrage opportunities, there is no well-defined tradeoff between mean
and variance. The absence of arbifrage opportunities implies that the
hean-variance efficient set is a cone generated by the portfolios that
represent the linear functionals whose'continuity fs ensured by the lack
of arbitrage opportunities. The mean-variance efficiency frontier is a
very small subsét of the space of all portfolios, The bound § is
intimately related to the mean-variance efficiency frontier. It is the
slope of the tradeoff bétween mean and risk (as measured by standard

deviation) along the efficiency frontier. That is, § is the market price

of risk.




In Sections 4 éﬁd 5 we examine the relationship between lack of
arbitrage opportunities and factor structure. Ross showed that if there is
a factor structure, then the distance between the vector of mean returns and
the space spanned by the factor loadings is bounded. We show that a suffi-
cient condition for Ross' result is that the covariance matrix of the asset
returns (gN) has only K unbounded eigenvalues as the number (N) of assets
increases. This condition can hold even though conventional measures of the
error in approximating §N by a K-factor model are unbounded as N =+ .
Furthermore, the corresponding K eigenvectors converge in a relevant
sense, and they play the role of factor loadings. The distance between the
vector of mean returns and these loadings is bounded by AK+]62, where
| XK+1 is a bound on the (K+1)th largest eigenvalue. These results have a
number of implications for empirical work and provide some perspective on
Roll and Ross' recent attempt to test the arbitrage pricing theory [15].

We also prove a converse of Ross' theorem. Under mild regularity condi-
tions, if there is a factor structure and if asset prices are approximately
linear functions of factor loadings, then there are no arbitrage opportunities.

In Section 6 we examine the question of whether large numbers of assets
| necessarily permit arbitrage opportunities. We show that there always is a
nontrivial riskless hedge portfolio; this is not so if there are only a
finite number of assets. We give necessary and sufficient conditions for
the existence of a riskless asset. These conditions -- which are test-

able -- resolve the question of when a market with many assets permits so

much diversification that risk-free investment opportunities are available.




1. THE HILBERT SPACE SETTING

We examine a market on which there are an infinite number of random

assets, x i=1,2,... . Each X; represents a random return which can

.i’
be purchased for $1. The means and variances of these returns are

uniformly bounded, so

1}
=3
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w

—

(1.1) E(xi)

L]
Q
A
=

(1.2) V(xi)

which, of course, implies

(1.3) E[%] < B =M+8.

For any finite N,let x, = (x]....,xN), the vector of the first N

assets, and let

denote the variance-covariance matrix of the random vector Xy - We assume

that I

N is positive definite for any finite N.




A portfolio is just a finite linear.combination of the assets:

p = z? aixi.s The portfolio p has mean

~

N
(1.5) E(p) = 2 s m
~ ] 1
and variance
N
(1.6) V(p) = I 000

Furthermore, the cost of the assets used to purchase the portfolio is just

(1.7) c(p) =

= !
Oy = o ey

-1 2=

where a'==(a],.,.,aN) and e! = (1,...,1), a vector of N ones.

~

Let F be the space of portfolios. For technical reasons, it is con-
venient to work not with F, but with the closures (in topologies defined
by norms which are introduced below) of this space. These spaces are

Hilbert spaces, which the space of portfolios is not. let p = Z? 0L X and

q= ZN B.X, be typical elements of F. We consider two inner products on F.
. 1 7174

Define

N
(1.8) (pq) = I a;0::Bs = Cov(g,g).




It is easy to check that (p,q) is an inner product and so

(1.9) pll = (pop)'/2 = tv(p)1 '/

is a norm. For many purposes this is the most convenient norm with which
to work. However, if there is a riskless asset (defined rigorously in
Section 2 below), it is sometimes more convenient to work with the more

conventional mean-square normﬁi Again for p,q € F, let

(1.10)  (p.g)= Cov(p,g) + E(p) E(g) ;

~ o~

(p,q), is an inner product so that

1/2
(1.11) lplls = (pap)/
is a norm.
In either of the norms || || or || |[4, F is a pre-Hilbert space.
The closure of F in the topology defined by || || will be denoted P, and
the closure of F in the topology defined by || ||« will be denoted P,.

Both P and P, are Hilbert spaces. HWe shall call elements of P and P*
Timit portfolios and mean-square 1imit portfolios respectively. As the
name implies, any limit portfolio or any mean-square limit portfolio can

be approximated arbitrarily closely by a finite linear combination of assets.




Note that the cost of a portfolio, C(EL is a linear functional on F
as is E(E)’ the mean of a portfolio. Much of the analysis that follows
is a straightforward application of the following elementary facts about
linear functionals on Hilbert spaces. For an entertaining and economical
presentation of these facts,.see Reed and Simon [12]. A linear functional,
L( ), on a linear space F (with norm d( ) and inner product <,>) is -

continuous if and only if

|L(y)]
sup - <o,
yro 90

An equivalent condition is that
d(yN) +~ 0 implies |L(yN)[ +0.
We shall often have occasion to use:

The B.L.T. Theorem: If L is a continuous linear functional on a normed

linear space, F, L can be extended uniauely to a

continuous linear functional on F, the closure of F;
and

The Reisz Representation Theorem: If L is a continuous linear functional

on a Hilbert space H with inner product <,>, then
there is a unique element h € H such that for all
y €H

L(y) = <y,h>.




We also remind the reader that any closed linear subspace of a Hilbert
space is itself a Hilbert space. ‘Together these facts -imply the following
result, which we use repeatedly below.

If L is a linear functional on a linear space F contained in a

Hilbert space H, the following statements are equivalent.

(1.12) If {yy} is a sequence in F such that d(y,) » 0, then
| L(yy) = 03 B
- (1.13) There is a unique f € F such that for y €F, L(y) = <y,f>.

As we shall be considering two norms, it will be necessary to distinguish

between convergence with respect to the two norms. By Py > P we denote
convergence in the || || norm. By p, =+, p we denote convergence in
mean square or convergence in the || |l, norm. Similarly, when we write
thét a linear functional on F is continuous, we mean continuous with
respect to the || || nom. If L is a Tinear functional on F, if

||BNH*-+0 implies 1.(EN) + 0, then we shall write that L is continuous,.
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2. ARBITRAGE

We consider now what it means for there to be no arbitrage opportunities
on the asset market. Consider first finite portfolios. A minimal defini-
tion would be the absence of opportunities to make positive returns with
no risk and no investment. That is to say, if'{pN} is a sequence of finite

portfolios,
(A) v(pN) + 0 and C(EN) +~ 0 imply E(BN) +~0.

We shall show that this definition is equivalent to some other possibly
broader definitions of the absence of arbitrage profits. We show first
that (A) is equivé]ent to an apparently somewhat weaker condition. Let
He = {p€F|C(p) =0} and Tet Air be the closure of i in P. We shall

call HF the hedge space as it consists of portfolios with no net cost.

PROPOSITION 1: Condition (A) is equivalent to E( ) being a continuous

Tinear functiona] on HF'

PROOF: Obviously (A) implies E( ) 1is continuous on HF' To prove the
converse, let p, be a sequence of portfolios such that [|pNH + 0 and
C(pN) + 0. Let z be the portfolio formed by investing $1 in the first
asset and consider qu = py - C(EN)E’ Clearly C(SN) =0 and g € He..
However, |{qull < llpyll + lc(p )l llz |l » 0. Thus, since E( ) is
continuous on HF’ E(SN) = E(EN) - C(BN) E(f) -+ 0. This implies
Epy) = E(gy) + Clpy) E(z) > 0.

Q.E.D.
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The implications of condition (A) depend on whether or not there is a

riskless asset, which we define as follows:

(R) There is a sequence of finite portfolios {g,} such that

V(SN) -~ 0 while C(qN) > 1.

If (R) does not hold, we shall say there is no riskless asset. Necessary
and sufficient conditfons for the existencelof a riskless asset aré‘given
in Proposition 17. If E( ) is continuous on H, it

can be extended uniquely to a continuous functional E( ) on ﬁ%,/the

Il I closure of . However, this functional may not correspond to the
expected value of the corresponding portfolio. As we demonstrate in
Proposition 6 below, if there is a limiting riskless asset, the | ||
closure of HF is P. Suppose the xi‘s are i.i.d. random variables with
variance 02 and mean. m. Then as Proposition 17 shows,

fhere.is a limiting riskless asset. Consider the limit portfolio .
p = Z? X{i-]"; Then p € P since el = (02 27172)1/2 = on/V6 < =
but E(B) =m ZT if] = ®, SO _E( ). is not a continuous linear functional

on P. Thus E( ) and E( ) must be different. Note also that in this
case, E( ) is not continuous on F. If there is no riskless asset, the

situation is very different.

PROPOSITION 2: Suppose (A) holds. There is no riskless asset if and only

if E( ) and C( ) are both continuous on F.
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PROOF: The negation of (R) is equivalent to the continuity of C( ) on F.
Condition (A) implies that whenever C( ) is continuous on F, E( ) is
also continuous on F.

Q.E.D.

Note that in contrast to this result, E( ) is always continuous, as

2 < o
(PyoPy)s = (pysBy) + [E(py)]" > 0 implies E(p,) > 0.

Condition (A) implies there is no way to make a riskless positive
return unless there is a riskless asset. If there is a riskless asset, the

situation is different.

. PROPOSITION 3: There is a riskless asset if ||qy|l ~ 0 and c(gN) > 1;
then E(QN) converges to a unique limit r if and only

if (A) holds.

PROOF: Suppose (A) holds. Note first that IE(qN)I is uniformly bounded.
Suppose IE(qN)I 4+ o (perhaps on a subsequence). Consider Py = IE(SN)I'1 qy -
C]earfy |E(EN)| =1 for all N. For N sufficienf1y large,

eyl < layll > 0. But Clpy) = IE(qN)I'] C(qy) > 0. Thus (A) implies
E(pN) +~ 0, a contradiction.

Since E(qN) - is bounded, it either converges or it has convergent
subsequences converging to different limits. Suppose'{gN} and'{QN} are
sequences satisfying |lq.ll + 0, gyl >0, Clgy) ~ 1, c(gy) » 1, and
E(gy) ~ r while E(§N)_+ r. Consider Py =Gy - Gy -
lIpgll < Nlayll + 11gyll > 0.* But c(py) = Clgy) - C(§) » 0. Thus (A)

implies E(EN) -+ 0. But E(EN) >r -r.




13

To prove the converse, suppose that there is a éequence Py such that
V(BN) + 0 and C(BN) + 0; we must show that E(p ) > 0. Let gy be any
sequence such that V(qN) + 0 and C(qN) > 1, Then, by assumption
E(gy) ~ r. Consider zy = byt ay- llzyll < eyl + llgyll ~ 0 and
C(EN) = C(EN) + C(SN) + 1. Thus E(EN) + r. Since E(EN) = E(BN) + E(SN)
and E(qy) + r, it follows that E(EN) ~ 0,

| - Q.E.D.

This result allows us to define r as the rate of return on the
riskless asset.

It is desirable now to extend our definition of no arbitrage
opportunities. If the rate of return r is zero, then investors face no
-budget constraints. It is possible by selling the riskless asset short to
generate arbftréri]y large amounts of cash, which can be used to purchase
investments or, in a complete model, for current consumption, while
incurring no future obligations. Thus we define the lack of arbitrage

opportunities as

(Ag) If there is a riskless asset, its rate of return is unique and

positive.

A1l sequences g, such that [|qy|| ~ 0- have as their Timit the
vector zero. In P, fhe riskless asset is indistinguishable from 0. Thus
it is very hard to speak of a riskless asset in P. However, the sequence
whose existence is asserted ih (R) converges in mean square to a well-

defined 1imit in P,, which is distinct from Q if r # 0.
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COROLLARY 1: If ||9N|| + 0, C(gN) -+ 1, then (A,) implies there is a
mean-square limit portfolio s € P, such that gy % S.

Furthermore s # 0.

PROOF: Since'E(gN) > r and llgNll* = (llgNllz + [E(gN)]Z)]/Z, it follows
-that'{gN} is a Cauchy sequence in P,. Thus there is an s € P, such that

gy 7 S- That r # 0 implies s # 0 follows from the fact that E(gN) + E(s)

(E( ) is continuous,).
N.t.D.

It is worth noting that s/r  represents E( ) in the || [|4 norm;

hence s is unique.

COROLLARY 2:  E(p) = = (ps S)s -

PROOF:  Since - E(B) js continuous, , there-is a unique a, belonging to.

P, such that
(2.1) E(p) = (p»ax)s = cov(p, a,) + E(p) E(as) -

But a, = §/r satisfies (2.1) for all p.
’ Q.E.D.

PROPOSITION 4: Suppose (A) holds. If there is a riskless asset, then the
1inear functional Lp( ) given by
L (p) = E(p) - o Clp)
is continuous on F if and only if p is the rate of return

on the riskless asset.
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Since Lp( ) is continuous if and only if HENH + 0 implies Lp(pN) -> b,

this proposition implies

COROLLARY 3: Suppose (A) holds. If there is a riskless asset with rate of

return r, |[[pyll ~0 implies E(py) - rcC(py) + 0.

.PROOF OF PROPOSITION 4: Since E( ) is continuous on the hedge space (HF)’
there is a unique limit portfolio h GFF such that E(g) = (z,h) f@r

z € Hp. Let {gy} be a sequence of portfolios in F such that HSN“ >0
and C(SN) = 1. Proposition 3 implies E(SN) ~r. Let p be an arbitrary
element of F and define Zy = p- C(E) gy - Then

E(zy) = E(p) - c(p) E(gN) + E(p) - rC(p). Since 2y € He, we have

(zy> h) = (p,h) - C(p) (gy,h) > (p,h); hence E(p) - rcC(p) = (p,h),

E(zy)
and so Lr( ) is continuous on F. If p # r, then

Lp(p) = Lr(B) +'(r-p)C(g) is continuous on F only if C( ) is continuous
~on F;' but .C( ) 1is not continuous if there is a riskless asset.

Q.E.D.

PROPOSITION 5: Condition (A,) implies C( ) 1is continuous,.

PROOF: Consider a sequence p, € F such that ”B)N”* ~ 0. If C(py)
does not converge to O, there is an ¢ > 0 and a subsequence with

IC(pN)I >e. let gy =p,/Cpy). Then along the subsequence we have
clay) =1 llaylls = Hpylle/1clpy) | < lpylls/e > 05 hence there is a

riskless asset with a zero rate of return, which violates (A,).
| Q.E.D.
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If there is a riskless asset, any portfolio may be approximated (in

the || || norm) by a hedge portfolio.
PROPOSITION 6: If there is a riskless asset, the || || closure of HF‘ is
equal to P.

PROOF: Let p € F and consider a sequence of finite portfolios qN} such

that HSN“ ~ 0 while C(qy) =1. Define
gy = B CR) gy

then C(yy) = C(p) - C(p) = 0> so yy € He. However ||y, - pll = [c(p)f lfaylls
so |lyy - pll > 0, which implies y, - p.

~

Q.E.D.

We close this section by noting that the lack of arbitrage opportunities
is equivalenvt to the distance between the vector of means T and a vector

of ones e, being uniformly bounded in the Z;ﬂ norm. In the next section

below, we shall show how this.bound, which we denote §, is related to (and
can be computed from) the mean-variance efficiency frontier. The bound §

is Just the risk premium on an efficient risky portfolio.

If ¥ and Z are vectors in RN and Q is a pbsitive-definite NxN

-~

matrix, then let

and

-~ o~

“.}_’ - [g]”o = Min [({ - az)' oy - GE)]UZ )
2 a
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PROPOSITION 7: Condition (A) is equivalent to the existence of a least

upper bound & such that

Hmy - [eydll y <8
Iy
for all N.

PROOF: It is easy to check that the values of the solutions to the

following two problems are the same:

. - 1/2
(2.2) Min[imy - o) 2y (my - agy)]
and
(2.3) MaxlE(gN)l subject to p, € RY, C(PN)v= 0, IIEN” =1.

However, since (A) is equivalent to E( ) being continuous on He, the

values of solutions to (2.3) will remain bounded if and only if (A) holds.

Q.E.D.

In the proof of Proposition 4, we defined b as the unique limit
portfolio in HF that represents E( ) on HF' It is importaﬁt to realize
that h is well defined if there is a riskless asset (as in Proposition 4)
or if there is not. If there is no riskless asset, we can explicitly

calculate that
(2.4)  h=a-q(a,c)/(c,c)l c,

where a and ¢ are the 1imit portfolios in P that represent E( ) and C( ).
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' PROPOSITION 8: ||h|| = &, where & is the bound given in Proposition 7.

PROOF: (1) Let 8y = Max |E(p,)| subject to py € RV, Jlpyll = 1,
Clpy) = 0. We shall show that &y -~ |Ibl]. Let z € fie be a sequence of
hedge portfolios converging to h as n + o _ Consider 9, * gn/llgnll,
Thus C(g.) = 0 and llgnll = 13 hence & > E(g,) for some N. But
E(g,) = (ggoh) = (zoh)/ 1z 11 > (h)/1IRL = [1h]].

(2) For any hedge portfolio p, E(B) = (B,b) so that

[E(p)| < llpll [Ih]1; hence |hl] > &y. 0
| .E.D.

In the next section we shall see that ||h|| or & is the slope of the

tradeoff between risk and return on the mean-variance efficient set.

3. MEAN-VARIANCE EFFICIENCY

Rol1l [14] and Ross [17] have shown that the empirical content of the CAPM
is contained in the obseryation that the market portfolio is on the mean-
variance efficiency frontier. If arbitrage opporfunities exist on an
infihite market -- that is, if (A) does not hold -- then there is no trade-
off between mean and variance, If the mean functional is not continuous on
the hedge space, then there exist finite hedge portfolios with arbitrarily
Targe means and arbitrarily small variances. If (A) does hold, there is a
well-defined tradeoff between mean and variance; the set of portfolios
which are mean-variance efficient is a subset of P. In this section we
show that the relationship between the absence of arbitrage opportunities
and the mean-variance efficient set is even closer. We show in
Proposition 9 that if there is not a riskless asset, the mean-variance

efficient set is é cone generated by the limit portfolios that represent
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the linear functionals E( ), -E( ), and -C( ) in the || || norm. As was prbved
in Proposition 2 above, the existence of 1limit pbrtfolios that represent |
these functionals is, if there is no riskless asset, equivalent to
condition (A).

If there is a riskless asset, the same result holds. We showed in
Proposition 5 above that the extended arbitrage condition (A,) implies
that C( ) is continuous,, so that there is an element c, € P, such
that C(B) = (E*’B)* for a]f p € P,. In Corollary 1 we showed that
(A,) implies that there is a riskless asset s € P, and that s # g.; In
Corollary 2 we showed that a, =s/r represents E( ) din the | ||« norm.
In Proposition 10 we shéw that if there is a riskless asset, the mean-
variance effidient set is the cone generated by S, =S, and
- =Cy; of course this is the same as the cone generated by a,, -3y, and “C-
Proposition 11 gives another representation of the mean-variance efficient
set. It is the cone generated by 5,.-5, and the 1imit portfolio E,which

represents the continuous linear functional Lr( y = E() - rc( ).

In either case, the efficient set is a very small subset of P; the
CAPM is, in principle, as empirically restrictive on.an infinite market as
on a finite market. The absence of arbitrage opportunities does not cause
asset prices on a large market to exhibit relations like those predicted
by the CAPM; condition (A) makes it possible to de;cribe the set of 1imit
portfolios which are mean-variance efficient. When (A) does not hold,
the efficiency frontier is trivial; there is no meaningful tradeoff
between mean and variance.

The representations of Propositions 9 and 11 make it easy to compute

the constant & of Propositions 7 and 8.
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PROPOSITION 9: If there is no riskless asset and (A) holds, then for any

portfolio Ps there is a limit portfolio p0

~

oc + Ba
with ‘@ <0 such that E(Bo) = E(B)’ V(Eo) < V(p), and
c(p’) < Clp).

PROOF: If ¢ is proportional to a this is obvious; so assume ¢ is not

proportional to a. Let d=c - Ya, where y is chosen so that

(d,a) = 0. Consider p° = oc + Ba = ad + ya where vy =B +ap. Choose

~

v so that

E(p°) = v(a,a) = (p.a) = E(p) .

~

~

Let g, =p- Y2 and note that (q2’§) = 0. Choose o so that

v(p%) = az(g,g) + Yz(g,g) = (gp.95) * Yz(g,g) = V(p)

~

with o < 0. Then

() - VE(R) = aldd) = ~(g58) "2 (4,011,
so that E(E) = E(EO) implies

Clp) - %) = (g08) + (ap00) /2 (6:0) /% 2 0

by the Cauchy-Schwarz inequality. The inequality is strict unless p = p°.

~ -~

Q.E.D.
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We have shown that (mean-variance) efficient 1imit portfolios have
the form P =ac + pa when there is no riskless asset. As in (2.4), we

can set h = a - [(S’E)/(E’C)] c; so if p and q are efficient limit

2

portfolios with C(E) = C(g), it follows that p - q = ¢ h for some y, which

[ =]

implies that V(E'S) = wzllgllz. Since p-q € HF’ we have E(B-g) = (B-g, g);

hence

1/2

(3.1) [E(p-q)| = sIV(p-q)]

PROPOSITION 10: If there is a riskless asset andb(A*) holds, then for

any portfolio p there is a mean-square limit portfolio

0
P

E(p°) = E(p), V(p°) < V(p), and C(p°) < C(p).

ac, + Bs (= ac, + B ra,) with a < 0 such that

PROOF: The result follows from Propositfon 11.

Since (A) implies that E( ) is continuous on He, there is a unique

h € He

then E(gN) is a Cauchy sequence; hence ay = h and h €P,. We know

such that E(p) = (p,h) for pE€ HF.VIf gy € He and g, > h,

from the proof of Proposition 4 that E(E) -r C(g) = (g,b) for p €F.
An explicit representation for E € P, is Q = -rcy t rC(S*)g. For then

C(E) = 0 and

S
E(B) - Y'C(E) = (p,s_‘—:' - rc*)* .

~ ~
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Another representation of the efficiency frontier is given by

PROPOSITION 11: If there is a riskless asset and (A,) holds, then for anyﬂ

portfolio p there is a mean-square Timit portfolio
(3.2) | g° = ah + Bs-

with « > 0 such that E(Eo) = E(p), v(p®) < v(p)> and
c(p®) = clp).

PROOF: Observe first that if E(p) < r C(p), the constraints can be
satisfied by a portfolio consisting solely of the safe asset s. Assume

~now that E(p) > rC(p)sso that @ = (E(p) - r C(p))/(h,h) = (p,h)/(h,h) > 0.

Let 8 = C(p). Then E(p°) = E(p) and C(p°) = C(p), but
,V(p°) = (E’E)Zl(ﬁ’b) 5_(3,2) = V(E)' The inequality is strict unless p

-~

0.E.D..

P

~

Consider the tradeoff between risk and return_évai]ab]e to an
jnvestor if he invests a dollar in a portfolio of the form (3.2). Since
a dollar is to be invested, B =1, but a >0 is arbitrary. The return
on such a portfolio is u =r +a E(h) = r + a\lb”z; risk, as measured by

standard deviation, is o = a ||h||; thus, for an efficient portfolio,
(3.3) pw=r+olhl;

||b” or § is the'slope'of the tradeoff between risk and return.
Thé—mééﬁ-Var{ance efficient set, constructed from the risky assets
alone, is always drawn (in mean-standard deviation space) as a curve. If

there is a limiting riskless asset, then representation (3.3) implies that

the curve is a straight Tine.
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4. FACTOR STRUCTURE AND ROSS' THEOREM

Ross [16,18] proved that if there were no arbitrage opportunities, then
expected returns would be approximately linear in factor loadings. In
this section we show that our definition of there being no arbitrage

opportunities is, with some minor additional assumptions, equivalent to
Ross' result. For an alternative proof of Ross' theorem, see Huberman
7.

We shall say that there is a factor structure if, for every N,'the

variance-covariance matrix can be decomposed as follows:

(4.1) Iy = Dy * By Bys

where DN is a diagonal matrix and By is an N by Kmatrix. This decom-

position will hold when the return on the ith asset is geﬁerated by.

(4.2) Xg = ms 4 bﬂ Vit e b bV toes,

where v1,...,vK are random factors with zero mean uncorrelated with the

ei's. The ei's are called idiosyncratic disturbances and are uncorrelated

with each other.

Suppose that y is a Nx1 vector, Z is a NxJd matrix, Q is a NxN

~

positive-definite matrix, and T is a-Jx1 vector; then define

[y - [Z]{1g = min [(y-Z7)" 9(}1-}3)]]/2.
Tl T

~

Let T' = (m], cees mN).
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PROPOSITION 12: 1If there is a factor structure, that is, if (4.2) holds,
then condition (A) implies there is a number My such

that for all N
(4.3) [Imy - [SN’gN:l“IN My

(Iy is the identity matrix of order N.)

Proppsition 12 is a special case of Proposition 14, whose proof is
given below. It follows from Proposition 14 that ||m, - [ey B 1[I, < MN1/26,
~N ~N’<N IN -
where MN = maX{Gii’ i=1,...,N} and & 1is given in Proposition 7. So

M] = M]/Za, where M= 1lim M, is finite by assumption. We shall give a

N->e

N
numerical example to illustrate this bound; similar calculations are

presented in Ross [16].

| Table 1 in Rol1 [14] gives a riskless return (r-1) of .0192 per year,

and a mean and standard deviation for a market proxy of .1896 and 1.069. These
estimates are taken from Black, Jensen, and Scholes [1] and cover the

vperiod 1931 - 1965. If the market proxy is close to a limit portfolio of

the form (3.2), then (3.3) and Proposition 8 imply that

§=(.1896 - .0192)/1.069 = .159. Rol11 then uses the mean and standard
deviation of the orthogonal (zero-beta) portfolio to calculate that the

mean and standard deviation pf the Sharpe-Lintner tangent portfolio are

.1234 and .5849; the calculation assumes that the market proxy and its
orthogonal portfolio are on the.mean—variance frontier generated by the

risky assets. The Sharpe-Lintner tangent portfolio should converge as

N+ o toa limit portfolio of the form (3.2); so we obtain
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§ = (.1234 - .0192)/.5849 = .178. Roll repeats these calculations using
data from Morgan [ 9] for the period July 1962 through December 1972 and a
riskless rate of .03. Now the & estimates ére § = (.1554 -.03)/1.014 = .724
and & = (.1275-.03)/.7774 = .125. Using dafa from Friend [6] and Myers
[10] for the period January 1962 through Deqember 1971, Ross [16] sets the
mean and standard deviation on the market proxy at .074 and .123, and he
uses .051 for the risk-free rate. He argues that a hedge portfolio éarning
the market risk premium is unlikely to have less than one-half the market
variance; hence a conservative estimate is § = /2 (.074- .051)/.123 =
V2 (.187) = .264. So the calculations suggest a & in the .1 to .3 range.
It is instructive to bresent the bound in terms of the squared
multiple correlation coefficient: |

: 2
R =1 - =

-~

Im, - [ey]]]2
N7 RN

Table 4.3 in Fama [sj gives the sample means and standard deviations for
the thirty common stocks that accounted for the largest fraction of the total
value outstanding on the New York Stock Exchange at the end of 1971. The

sample period is July 1963 through June 1968. For these thirty stocks,

the bound in (4.3) implies a lower bound on R§0 of .84 if § = .2 and a

Tower bound‘Rg0 > .64 if § = .3. Fama's Table 4.4 gives the sample means

and standard deviations for thirty randomly selected stocks. The bound

for these stocks is Rgo > .69 if § = .2 and Rgo > .31 if 6§ = .3. Combinihg

the two sets of stocks gives Ry > .83 1f 6 = .2 and RZ, > .61 if 6 = .3,

60 —
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The bound ih (4.3) implies that the lower bound on'Rﬁ tends to one as N =+ o3
our caTcu1ations indicate that the bdund has considerable force even for
moderate values of N.

It is natural to‘ask whether condition (4.3) is equivalent to tﬁere
being no arbitrage opportunities. That is, we ask whether if (4.2) holds,
(4.3) is equivalent to (A). It is easy to see that without further
~assumptions, (4.3) does not imply (A). It seems to be necessafy for the
diagonal elements of 9 to be bounded away from 0. Recall that by Proposition
7, (A) is equivalent to ||TN - [gNJIIZ_] being bounded. Suppose, for example,

there are no factors and ~N

- 1
X.i"(]'.i)"'e.i’
e 2 < N q,:2 o
where V(e;) = 1/i. Then |{my - [EN]”IN = Iy 1/i%, which is bounded.

However, ||mN - [eN]HZ_] = (Z? 1/4) - 2N/(N+1), which is unbounded.
SNTORNL |
, ~N

PROPOSITION 13: If (4.2) holds and inf dﬁ >d>0, then (4.3) implies
i
(n).
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PROOF: We know that

(4.4) min-[lmy - ey - B All; <M, .
8\ ~N ~N  2NZ IN 1

Let Oy2Ay solve the minimization problem in (4.4). Clearly it will

.suffice to show that there is an M2 < » such that

(4.5) ”TN - eNSN” RN
Iy
for all N.
Let ry =my - Oyey - Bydy. Since my -8y ey = + By,
”TN - eNEN” -1 h ”rN” -1 + “gN -Z\N” -1+ We shall use "A > B" to
Iy Iy In N

denote "A-B is positive semi-definite."

- ] ]
Iy = Dy * By By xcll+BB>cI,

where ¢ = min [1,d]; hence 2&] g_c'] I. Since (I +BB')™ =

(1-B(B'B +1)7'8"), we have

2 -1 . 112 -1y,
IIIN”Z_] Lc ””’rN”IN <c M] >

<N
2 "'.I ]
By ANl op < e 2 By
ZN |
‘ ! ' B, (B! B, + I)']B' B The maximal eigenvalue of Q
where Qu = By By - ByBy(By By + 21 EnEw N

ijs less than one. Thus
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“BNAN” N?.‘N'
N

To complete the proof, we need on1y show that g AN is uniformly bounded.

Let Cy = (SN,gN). We shall assume that rank(EJ) = k+1 for some J.
(1f rank(B ) < K for all N, then we can respecify the model with a
sma]]er number of factors; if ey is in the column space of § for all N,
then our argument will apply with By ~ 0.) Let Zﬁ = (eN, %'), For

N2 J we have
Mz limy - Sl 2 129 - EJIN”IJ

> ||C |[m

JYNHI J”I

1/2
P (D'YNYN) ”mJ”IJ

where o is the minimal eigenvalue of CJ Cyp 0> 0 since CJCJ is

positive definite. So we have

Why <y < (M ¥ ”mJ”I QE.D.
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Up to this point we have assumed,as did Ross [16], that the factor
structure is exact. This is both an overly strong assumptién and one
which is at odds with the way in which factor-mode1s are used and tested.
It seems more reasonable to suppose that, for any N, EN can: be

approximated by a factor structure with KN factors. That is, we suppose

that
= 1
(4.6) Iv = By By * Dy * Ry
~ where BNvis an N by KN matrix, and R, is a residual matrix. In the

| representation (4.6); the number of factors depends on N, as do the
factor loadings. That is, the first row of B may changé as N changes,
‘reflecting the fact that as N changes, then so may the best approximating
factor structure. This is to be contrasted with the exact factor
structure (4.2), where the first N-1 rows of EN are By ;-

Of course the representation (4.6) is only interesting if Ky is
much Tess thén N and the approximation error is small. (In applications

this requirement generally determines KN.) We can measure the approxi-

mation error by

[lvec Ryllo >
~NT

where ygs_R is the column vector formed from the lower triangle of the
symmetric matrix BN and o is a poéitive-definite matrix of dimension

N(N+1)/2. This corresponds to the fitting criteria used in the estimation
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of factor models. A minimum distance (generalized least squares) approach
will, for given K, choose . Dy and EN?& to minimize

fas l 2 - . 3 )
||vec(zy - By By - QN)IlgN, where I, fis the sample covariance matrix and

QN is an estimate of the inverse of the asymptotic covariance matrix of
ng(gN). If we have a random sample of T obsefvations from a hu]tivariate
normal distribution, then g, is based on gﬁ] ) §&1/2; or we can drop the
normality assumption and use the sample fourth moments. A maximum 1ikelihood
~estimator based on normality assumptions is asymptotically (as T -+ )
equivalent to a minimum distance estimator that uses 2&1@9§&]/z. This

equivalence holds even if the assumption of multivariate normality is

 false (see Chamherlain [2]).
It is natural to ask whether a version of Ross' theorem

(Proposition 12) holds for this more general setting. The answer is yes
and is given by |
PROPOSITION 14: If ||vec Ryllo < o, then condition (A) implies that
' XN
4.7 [Imy - A[EN’gN]”IN Ay 8

where § 1is as in Proposition 7,

-1/2
NN

2 MN-+~(1 + /2) a

N

maxTo.., i=1,...,N].

MN i

and oN is the-smallest eigenvalue of 9 .
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PROOF: Since Ry = Iy - (PN'+ By g&),

2 2 . 2
Oy 2 |lvec (BN)”Q Z Py || vec (BN)”IN
N

1 - 2 1 2
2 7 oy triRyRy) LRI R
2 42 g

where A]N 2 oee 2 Ay are the squared eigenvalues of Ry.
2 2 -
AlN <2 aN/pN and so

. -1/2

Ry < Iaql Iy < V2 ooy 0y

Let 95N be the it diagonal e]ement of D, + B BY. Then

=N TOINENT
N ||lvec (R )H2 > g (o, - )2
N = PN HHYEC ~N~IN—pN] ii ~ 94N
> py _Mmax (0._i - g.N)z
Yician ! !
' -1/2 -1/2
9N L9544 +0‘N"N/ < My +ayoy 2,
and so
Dy < (M 4oy pN]/z)I
Hence
§N=9N+§NB';,+R < B(Iy + o) s
wheré L ¥ (1+/7)a P -1/2 and C ']/2 B,
N NPN Ov =4y By

Hence
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Let EﬁSN = §Nstﬁ’ where ¥y is a diagonal matrix containing the

~

positive eigenvalues and SySy = I Let (Q&EN)’ = §Ng&]§ﬁ and note that

SN(EﬁEN)-Eﬁf is the orthogonal projection {relative to EN) of z onto the
column space of EN; this is clearly identical to the orthogonal projection

onto the column space of B,,.

1 -1(

WEPALG A ¢!

z In* ChCy

= -] ! -1 ]
Ly (Iy - OCNCy + 1) ey)

"] 1 “r - '] 1 “D
2 £y (Iy = CN(CNEN) TCR) = £y (Iy-By(BiBN)BY).

2 2
8% 2 [Imy - [eydll
Iy

> £y minfmy - o &) (1 - By(8; B B)(m - aey)
! |

-1 .. o, - ‘
ty min min(my - oy - Byg) oy - ey - ByE)

-1 2
ey lmy - [SN’EN]”IN'

Q.E.D.

Note that we have not shown that BNB' convefges in some appropriate

sense as} N - «. In the one-factor case, Proposition 14 impliés that if

Py 2p> 0 and ay Lo <@ with Ky = 1 for all N, then

N 2 .. | . .
ﬁ=] (ms = Toy = Typ %pq) is uniformly bounded as N +. . This result would
be more useful if there were a sequence "{b;, 1 = 1.2,...} such that
Tim b,
N—roo.'

NS bi' We shall return to this imbortant convergence question in

the next section.
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A problem with using o = ||vec BN”QN as a measure of approximation
error is that apparently minor departures~from an exact factor structure
can result in oy being unbounded as N » «. . For example, supbose that
X; =my + bi_v tegs where the €; are "almost" uncorrelated:
Cov(ei,sj) =0 if |i- 3| >1. Then ay will be unbounded as N »
unless KN + o,
.In fabt the condition that ay Lo < is overly strong. Let Aj(ﬁ)

denote the jth largest eigenvalue of the symmetric matrix A. It follows

from the proof of Proposition 14 that if oy2P> 0 and ay Lo <@, then
N 2 .

Zj;][xj(EN)] and the diagonal elements of Dy are uniformly bounded as

N > «. We shall show in the next section that a sufficient condition for

Ross' result is that only the Kilargest'eigenvalues of £, are unbounded

as N = =, This condition is satisfied if L](RN) and the diagonal elements

~

of PN are uniformly bounded as N » « with KN = K. For we have
Aan (Zy) < Apq (B BY) + >‘_1(9N + Ry)
< "1_(9N) + g (Ry) -

(See Rao [11], Exercise 1.f.1.9.)
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5. WHEN IS THERE A FACTOR STRUCTURE ASYMPTOTICALLY?

Suppose that we do not have an exact factor structure. Under what
conditions can we find a sequence {(bil""’biK)’ i=1,2,...} and
scalars TgoTys-- =Tk such that

5 - - - - 2 o ?
iE] (mi Tg = T3 bi] . TKbiK) < @7
We shall show in Proposition 15 that a sufficient condition is that only
K of the eigenvalues of I, are unbounded as N - «. In addition, we shall
show that in a relevant sense, the corresponding K eigenvectors converge to
the b's.
) | = N ! 1 = I - . .
Let Iy =Ty qdgytyntiye where toptoy =1 ity =0 G 7k

j.k = 1,...,N), and Ay 2 Ay 27!'7 > Ayys Jet ﬁjN = (t1jN’ cens thN)'

- PROPOSITION 15: Assume that AKN is unbounded as}_N + o and that

At N S M1 <@ Ay 2 Ao >0 forall N.o Then

condition (A) implies:
I. There exists a sequence '{(biT....,biK), i=1,2,...}

and sca]ars TO,T],,.f,TK such that

n 2 2
(mg = tg = Tybyy = oo = Teby)” < g 8

1 1

e g

;
where & is the bound given in Proposition 7;
II. For any m, let B be the mxK matrix with i,]

element bij and let B, be the mxK matrix with i,]

element yij tijN

then each element of BN?& converges as N + o«

-~

‘(i'=],-oo,m; j=],-ov’K);

to the corresponding element of B g'.
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PROOF: I.1 Let Pd be the space dual to P and let g€ P represent a

bounded linear functional in Py. Let (x;,g) = vy,
QLP'J = (a],...,aN), Zl:l = (Yl“"’YN)’ and xy = (X1""’XN)° Then if

q-= gl\'( Xys We have (3,5) = ‘i‘I:l W and the maximum value of I(g,g)l

subject to (g,g) =9|:1§N9N =1 is (Zl:l E&]IN)]/Z' Hence (mgﬁlzN) is

an increasing sequence that converges as N + o to [|g|l2. Let YPZd

consist of all the linear functionals defined on F with Z:f;] y? <

j.e.s G( )EP2d if G(q) =Z;0,v; for g=12 a,x €F, where

Z:.°=] y? < o, We show in Lemma 1 that P_, is a closed linear subspace of

2d
L : 1

1.2 Let PJ. consist of the g€ 7P that represent linear

functionals in de (3 = 1.,2); then P = 2 ®P2' If p €P,, then there

is a sequence PN © Z'L] iy X € F such that Py~ P as N> We

N 2
shall show that Z._, a; ~0.

. 2 n

”En - Em” = ].’§=] (o"in B CJ‘1'r|'1)(°L.]'n B 0L\]'m)c‘ij
n
2
Z P 1.51 (0jp = eip)”

where n >m and we set o, = 0 for i >m. Hence Hpn - pm|| +0 as

n,m >« qimplies that there exists a sequence {Yi’ i=1,2,...} with
© 2 N 2
Ty Y; <= such that I, (o - ;)

i +0 as N -+ o, Consider the

linear functional G(g) RIICTRE for g = I; o;x; € F. Since

G( ) e P,q> there is a g € P, that represents G( ). py~pEP

implies that

N
z
i=

(py> @) = I ogyvy > (o) = 0.

1
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Hence

2
OiqYs T 2 v:-0
i=1 iN i j21 0

“implies that Z?=] a?N +0 as N - o,

1.3 We shall show that dim P; < K. Suppose that dim Py > K.

Then we can choose Py € Py such that ”Bj" =1, (pj,pk) =0 (j#ks

PN X, with pJN P

K
Zin T =1 JNEJNEJN’

-~

— | : _ N
jok = 1,...,K+1). There is a sequence ij Iigy © P

as N> oo, Let ai -and let 2

2N = (ale""’“NjN)

=z then we have

Ion = Iy 7 Id

(Pyne Prn) = %inZan v %in Zan G

N)]/Z ( )1/2

loin Zon w1 (25 Zon %N Z2n %N

%N ZaN%gn 2 Akl E5N SN
We know from 1.2 that PiN
(Pyys By > (Bys B ): we have agy Toyopy > (s py).  Let

Ay = (§1N""’9K+1,N) and Tet Fy =,EN §1N5N' Then rank(Fy) < K but

Fy converges to a (K+1)x(K+1) identity matrix. This is a contradiction

and so dim P, < K.

> Ej € P] “implies that 93N ~jN - 0. Since

1.4 If there is a riskless asset, then condition (A) implies that
E( ) - rC( ) is a bounded linear functional. In that case we set
Tp = Y- If there is no riskless asset, then condition (A) implies that
E( ) and C( ) are bounded Tinear functionals represented by a,c € P; in
that case we choose Tp SO that (a - 15 S c) = 0. Set ng =M Th3

then H(q) = ; oy Ny for g=12;0a;% €F defines a bounded linear

-~
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functional with a norm of §; it is represented by h€P. Let

h=f+g, where f €P, and g€ P, Since dimP; <K, we have
- K =
f= Zj=] T Ej for P; € P]. Set bij (Xi’Ej)°

Then we have

(9 h-f) =2 ai(mi - Tg - Ty by oo - TKbiK)

-~

for q-= ):1. Qs X; € F. Since h - fE P2 represents a linear functional

in P2d’ we have

- 2
1'51 (mi - Ty - T4 bﬂ - . - TKbiK)

< o,

Using a result from the proofnbf Lemma 1, we can give an explicit bound:

® . 2 .
T T S T L W T

i=1

el - 1) <2, uhu Aoy O

11.1 It remains to show that §NBN converges to §§' as N = o,
N

Let P =Ij1 %5Xy and q- Z']L] B X; be portfolios in F. Define

_ N
(E’S)zz = Zi=1 %4By-




38

Then it is a consequence of the Riesz Representation Theorem that there
js a unique bounded linear operator S: P -+ P such that (p,q)z =(p, Sq)
| , 2 . 2, Il
for p,q € F. So we can extend the definition of ( , )p. to P by

- . 2
continuity. S is positive ((p, Sp) > 0) and symmetric:

(> 29) = (p:9)y, = (9:p)p, = (3.5P)

II.2 We-shall show that there is a ¥ > 0 such that

(g, §g) > ¢(g,q) for g€ P2. If not, then there is a sequence 9 € P2

~

~

with '[Ignl[ =1 and (gn,§gn) >0 as n- . Since 9 i*eprese‘nts a

linear functional in Pog> We have (g, gn) = L.0: Yip for

2

_ [+<3
q=I,a;% € F, where I. v, <<

3 i
Lemma 1 that

"It follows from the proof of

0

2 2 _
2 Yin S Mt 11" = A -

We can construct a sequence 9 such that

N
n
% T '21 an X € B llgy - gpll + 0
'I: .
as n - . Then Hgnll + 1, (Sn’§9n) +~ 0, and (gn,gn) > 1. But we
also have
Nn ’ Nn © 5 1
: 2 \1/2 /2
(q..9.) = £ o vio < (2 o5 )/ 702 v3,)
2n7Zn’ T L2y Tin i = o Hin sop 1IN
1/2 1/2

a contradiction. Hence (g,S9) > ¥(g,g) for g €P,.
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- - = ¢N
I1.3 Let tJN (tle""’thN) and let Pin L5 'IJNX // .
j= 1,...,K. Then ”BjN“ =1, (EjN’EkN) =0 (J #k), and
(ij, Sp.N) = A‘;; +0 as N>« (j=1,...,K). Consider the orthogonal
K

‘proaectwn QN P > P defined by QN p = ZJ ](p pJN)pJN QN projects

_ onto the linear subspace spanned by PiN>" - Any p € P -can be

’EKN"
uniquely decomposed into P=P + Pos where P1 € P] and Py € P2; SO
QB = P defines the orthogonal projection onto P]. We shall show that
lQy P -Qpfl >0 a N>« forany p€P, sothat Q converges
strongly to 9

Let PiN = P3N + P2;iN> where P13N € Pys P23N € PZ. We shall show
first: that P2sN +0 as N>« We know from I.2 that if 9y~ 9 € P]
for qNE F, then (SN’SqN) + 0. Since §<~1N+§g, we also have
(qN, N) > (9’§9)’ which implies that (g, §g) =0 for g€ P]. For

any p eP,

2

(p»S9)° < (p»Sp)(g.S9) = 0

(Riesz and Sz.-Nagy [13] p. 262); hence Sgq =0 for g€ P,.

(Psn Seind = (Prgn * Pojne S Poin)

_ 2
= (Ppjne S Pogn) 2 Wlpggnll

_ .- o -
So (ng, SpJN) >‘jN - 0 implies that Poin * 0 (i =1,....,K).
Since EjN = Ele + Esz, Ele € P], EZjN € PZ’ we have

Qu = Qp * Qpy Wwhere
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K
Snk =L (B> Py P1gn >
K
Oy P = J.E] SRUINE

92NE + 0 since PoiN 0 (j=1,...,K). So we need to show only that

~N
FN converges to a KxK identity matrix, and so there is an N* such that

QP > Qp. Consider the KxK matrix F, with j.k element V(E'le’ E]kN)'

P13N (j =1,...,K) are linearly independent for N > N*. We showed in

I.3 that .dim P; <K, and so P1iN (5 =1,...,K) form a basis for Py if
‘ .

* : N
N> N . Hence Qp = E : (PsPyn’ f‘g‘k Pysn for N > N*, where f‘&k is
. J’ = ~
the j,k element of f—]. Then 1im i implies that ||Q p - Q;\P|| » O
N_)oo ~ ~ ~o~ ~1N~

for any p € P.

11.4 Let Ej (j =1,...,K) be an orthonormal basis for P]. As in

1.4 we set bij = (xi’Bj) . Then the orthogonal projection

onto P, is given by Qp = oK (p, pj)pj. We know from II.3 that

J=1
QP ~ QP
K
(X.is QN Xk) = JE] (st EJN)(xl’EJN)
K -
ji] ij tijtijN (i,k < N),
K
(X.ia gxk) - JE] (Xk’ BJ)(XT’EJ)
K
= ¥ b,.b..
j=1 KU

Hence (xi, Qka) - (xi, Qx_k) implies that the i,k element of BB

N
converges as N -« to the i,k element of BB'. Q.E.D.
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LEMMA 1: Assume that )‘KN is unbounded as N + « and that
K+1N<>‘K1<°°’ ANN_>_)\°°>O for all N. Then P2d is a
closed linear subspace of Pd.
= ZN o, X. € F, where
i=1 717 i

PROOF: 1. Let 6(g) = I asv. for g

2 o

Tiog Yi < Then G € P2d' Let oy = (o ..,aN) and Il:l = (Y'I""’YN)'
The maximum value of |G(q)| subject to |[|qff = (o Iy N)]/2 =1 is

1/2 ’
(vy Zy YN) .

i -1 -1 ' .
WA IN S e NIN S ZY

So GEP, and P,, CP

d 2d
summable sequences form a linear space.

d* P2d is a linear subspace since the square-

2. lLet G] and G2 be Tinear functionals in Pd. The inner

product on P induces an inner product on P,: (Gl’GZ)d (g] ,92), where

~ ~

Gj(_g) = (g,gj) and q,9. €P (j =1,2). Let i G(xi)_. We shall

~,

complete the proof by showing that
-T2
(G, G)d > }‘Kﬂ § Y;
i=1
if 6 &P, It then follows that P,, is closed under I 1lg- For
suppose that G € P, , and HGn - Gde +~0 as n,m- = Let
Yip = G (x;). Then

2,1 7
160 - Gnllg 2 Ar Z (in = Yim

)2

implies that there exists a sequence {y’;} such that 201?='I y?z < o and

Yf)2—>0 as n - Let G*(x;) =

o *, *
Ziy (g - 1) 2 ;) = Y3 then G €P,, and
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1 s\ 2
(Yin -y:)" >0

%2 -

R

i=1
as n -+ «, Hence (G,G)d 2_x;11 z?=] [G(xi)]2 implies that P2d is
closed.

3. Consider the Hilbert space .22 of square-summable sequences:

2

Y = {Yl’YZ""} € £2 iff I Yi <3 the inner product is

i=1
(§,x> = Z:;] BiYi for B,y € 12. Every Y € £2 corresponds to a G € Péd’

where G(xi) = v.. We use this correspondence to define a quadratic form

i
on ‘Kzz (B,Y)d = (B,G)d, where B(xi) = B, and G(xi) =Yg i=1,2,... .

~ -~ 1
(BayY5 < (BB (yoy) g <27 B8 Cvay)

So ( , )d is a bounded quadratic form, and it is a consequence of the
Riesz Representation Theorem that there exists a unique bounded linear
operator T: £2 - 52 such that <B,y)d =(B, Ty). T 1is positive

((ys Ty) > 0) and symmetric:

(B, TY?

n
~~
™w
L' d
<
S~

o.
i
~~
<
A d
tRos
~

o.

4. Llet B,y € 22 and @& = (B]""’BN)’ Iﬁ = (Y1’°"’YN)°
Define the Tinear operator Ty £2 > Zé by |

= ] ']
TN'Y” {XNEN s Os 09 --'}

~ ~

for N=1,2,... . TN is positive and symmetric.

1.-1

(Ty YTy Y = Iy Iy W

~

< &;Z(y,y).

~ o~
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Hence this sequence of operators is uniformly bounded as N =+ «. Since
(Z’I 1{) = Il:l §&] N is increasing in N, the sequence of operators is
mpnotom‘c. It follows that IN converges strongly to a bounded, symmetric
operator T ; i.e., (T vy - Ty, TNY-T,y?+0 as N=o for every

X€£2 ‘(Riesz and Sz.-Nagy [13], p. 263). As N » =,

- 1 "] -
o Tyy? =y Iy oy > Creydy = ¢

~

=
-

¢ -

-2
-

Since Tyy + T, v, we also have

and so <X’ (1’ - Ioo)Y) =0 forall yE€ 22. Since T - T_ is a symmetric

-~

operator, its norm is equal to sup|{y, (T - T_)y)| subject to

(y,y> =1 (Riesz and Sz.-Nagy [13], p. 230). Hence T_=T.

-~

5. Let c(IN) be the spectrum of T\ it consists of the points
0, A;&,'..., Art"':‘ For any € > 0, there is an N* such that o(T,) has

no points in the open interval (e, Ai}_]) for N > N*. Since {T,} is a

sequence of symmetric operators that converges strongly to.the symmetric
operator T, we have o(T) N (e, x"(_]ﬂ) =¢ (Riesz and Sz.-Nagy [13],
p. 369 or Reed and Simon [12], Theorem VIII.24).

6. Note that o cannot be an éigenva]ue of I: Ty = 9 implies

, o=l - . .
that <X’Z>d = <l(’ Ty»=0; 0= (I’X)d 2IWWEIv W for all N implies
that <Y’I> = Z:.:] 'y? = 0. Hence the spectrum of T 1is contained in the
. -1 -1 -1

interval [A 45 2,1, and so Cray 2y = <y Ty > Mgy (y,y). Hence

| 1 e 2

D(G’G)d Z.AK+] Zi=1 [G(Xi)]

that P2d is c]osgd.

if GE€ Pyy. Then the argument in step 2 shows

Q.E.D.
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We have focused on the eigenvalues (AjN) of Iy relative to an
jdentity matrix IN. Suppose that we used instead the eigenvalues of ZN
rg]atwe to some positive-definite matrix ¥y* EN EjN = ijfN ij’

PIN = PoN 2 o+ 2 Pyye E;iN YNSiN T 1 (j=1,...,N). Let the eigenvalues

of ¥y relative to In be KIN 2 Koy 2 o0 2 Ky and assume that these

eigenvalues are uniformly bounded away from zero and infinity:
0 < Ko Ky < KN JKy <@

for all N. Then {‘i’N} is equivalent to {I,} for the purposes of Proposi-
tion 15; if Py 1S unbounded and PR+T N <Pk <0 PN >p, >0 .for
all N, it follows that the >‘jN have the same properties, and so there

exists a sequence of b's such that

' 2
(mi'To‘T]bi]‘-..-TKbiK) < o,

n~ g

i=1

The convergence part of our proof goes through as before, with

~

(E’S)£2 in II.1 replaced by (E’ﬁ)w = an Y8y for p=oyXe 9° By XN

[ - - N I
where Xy "(Xl"”’XN)' In II.3 we set Pin Lia1 SijNXi/‘/ij
(j =1,...,K), where st = (Sle""’SNjN)‘ The only difference is that

~

in 11.4 we have

K
(32 Q) = 2 (s By (%4 By

K

= T PanWyanWes i,k <
521 JN TkIN 13N
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where Win T (w'le"“’wNjN) = EjNg}N' So now we let EN be the mxK

matrix with i,j element /Bﬁ W, As before we let B be the mxK matrix

N’
with i,j element bij' Then N]ln; §N IEN = §§ .

In factor analysis, one considers the eigenvalues of § relative to
a diagonal matrix 9 (EN §jN = ij PN §jN)' So if the diagonal elements
of PN are uniformly bounded away from zero and infinity, a sufficient
condition for Ross' result is that PxN be unbounded, PR+1,N < Py <
| and PN 2 Peo > 0. Furthermore, the factor loadings are obtained from
PN §jN (i =1,...,K); hence the columns of By are proportional to the .
factor loadings.

However, we depart from standard factor analysis in our criterion for
the appropriate number of factor_s. Standard goodness-of-fit tests
correspond to the distance measure used in Proposition 14; they measure
‘how much the eigenvaTues PR+T.N " PN differ from unity (Lawley and
Maxwell [8], p. 36). Our discussivon of Proposition 14 argued that "small"
departures from an exact .K factor model will result in these measures
being unbounded as N - «». Proposition 15 shows that these measures do
" not correspénd to the relevant population criterion; we require only that
PK+1,N be uniformly bounded.

Furthermore, the precise choice of D, is of no consequence for our
results. So computational costs in empirical work can be reduced by
dispensing with iterative methods, such as maximum Tikelihood, that are
used to estimate ~D from a sample ﬁovam’ance matrix g . The implementa-
tion of Proposition 15 requires only a principal components analysis of g .
Our results provide one of the few rigorous justifications for this |

technique and pose some challenging problems in statistical inference.
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6. RISKLESS PORTFOLIOS

We shall say a portfolio p = ZT a{xi is nontrivial if

z$|a1| > 1. Nontrivial portfolios are those in which the total amount

invested and disinvested i§ nontrivial. Nontrivial 1imit portfolios are

1imits of sequences of nontrivial portfolios.
PROPOSITION 16: There are nontrivial riskless limit: portfolios.

To prove Proposition 16, it is necessary to construct a sequence of

portfolios {py} such that ZTlaiNl = Tand V(p) = ]|pN|]2 + 0. Since

the solution to

. N
Min o' Zya  subject to 2 Jas] =1
~ ~N~ 1 1

a

is bounded away from zero when I, is nonsingular, there are no riskless
portfo]ﬁos on markets with finite numbers of assets. The existence of
nontrivial riskless portfolios distinguishes infinite from finite

markets.

PROOF OF PROPOSITION 16: Let di’ i=1,...,N be a sequence of i.i.d.
random variables independent of the xi's. The di's are binomial and
Pr{di =+1} = Pr{di =-1} = 1/2. Llet z; = dixi ; then
E(Zi) = E(di) E(xi) =0 and E(Zizj) = E(xixj) E(didj) =0 (i#j) while

V(z,) = £(x?) < B. Let d be any realization of the i.1.d. binary

sequence. For each d and each N there is a portfolio in which a net
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investment of $d, N1 is made in asset i, i =1,2,...,N. Let

py =N Z)z,. Clearly E(py) = 0, and V(py) ~ O since
Vipy) = N 21N E(z?) <ne z? B = B/N + 0.

We want to show that there is a riskless portfolio, that is, some

A

realization of the d process, say d, such that V(Bng) + 0. Now
(5.1) V(py) = E(V(pyld)) + V(E(py|d)) .

Since. V(EN) - 0 while both terms on the right-hand side of (5.1) are non-
negative, these tefms must both converge to 0. Let yN(g) = V(EN|§) and ]et.P bé
the measure on sequences of +i's and -1's generated by the di's. Then

we have shown that ny(g)dP +~ 0. But since yN(g) > 0, Fatou's Lemma

states that
[ Vim inf y,(d)dP < Tim inf [yy(d)dP = 0.

Therefore 1im inf yN(d) = 0 almost surely P,so‘that for almost any g,

there is a subsequence, say N', such that
(5.2) yy (d) = v(py.[d) » 0.

By construction, the sequence of portfolios Py is nontrivial, so (5.2)

states that there is a riskless 1imit portfolio. Q.E.D.




48

The net investment in such a portfolio 1is Tlim N'] z? di’ which

N+

is almost surely 0, so that d generates a sequence of portfolios which
almost surely converges to a hedge portfolio.

In the last section we showed that the implications of arbitrage
depended on whether or not there was a riskless asset, which we defined as
a limit portfolio which cost $1 and had no risk. Whether or not such a
portfolio can be approximated arbitrarily closely by a finite portfolio is
a relatively simple question to pose, and to answer. The problem of find-
ing the portfolio of the first N assets that has minimum variance among
all portfolios costing $1 is simply:

Min o'y, o subject to a'e, =1,

where e& = (1,...,1), the vector in RN all of whose components are equal
to one. It is straightforward to calculate that the value of the solution

to this problem is simply [Sr'q E&] eN]'], so that we have proved

PROPOSITION 17: There is a riskless asset if and only if the sequence

{eﬁ§&1eN}is unbounded.

Note that it is immediate from the structure of the problem that

{e& ZR]eN} is an increasing sequence. It is easy to give examples where

{eﬁz&1eN} is bounded and examples where it diverges.. If the assets are

uncorrelated, then e& Z&] ey = Z? 0;} > N/M > . If on the other hand assets

are equally corre1ated,so 05 © 02 and Gij = pdz (i #j, 0<p<1),




49

~ then ex g;l] ey (pcz)']< ©, This example is illustrative of the general
| case. In a sense the nonexistence of a riskless asset is equivalent to the
Variance-covariance matrix of the x1.'5' having an equally correlated

component. When assets are equally correlated,

Iy=oly +Beyey

for some scalars o and B. We shall say the sequence of random variables

'{x],xz,...} has an equally correlated component if

T T sup{tlgN -T SNSI\IJ is positive definite} is bounded away from zero.

PROPOSITION 18: There is a riskless asset if @and only if {X'l ’X2’°"} does

not have an equally correlated component.

PROOF: Recall that a matrix is positive definite if and only if its

| inverse is positive definite. The proof is based on the following identity:

-] -

' ' TZIy €yehl

(5.3) . (Z - T€ el)--l = Z-] + N NZNZN
b~ ~N 3N <N - e‘Z']e

: T‘VN%N ~N

1

Suppose {x] ’X2’."'} has an equally correlated component. Then the 1eft-

hand side of (5.3) is a positive-defin'i'te matrix for 7 € [0, T) for some

> 0. Thus

-1
ez, e
-1 ___SNEN SN

0 < en(zy - Teyey) ey

7
V- TegZy ey

. ' _ R - -
But this can only happen if 1> Tey gN ey orif ey §N1 ey <T 1 for all
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To prove the converse,note that 1f eN N1 en
-1

ey > 0 for 0<t<t. For O0<t<7z, the right-

hand side of (5.3) is the sum of a positive-definite matrix and a positive

is bounded, there is a T

such that 1 -1 SN~N

semi-definite matrix; hence it is positive definite. ' Q.E.D

It is commonly remarked that an asset market does not'permit perfect
diversification if all the assets share a common risk. such as the risk of
war. Proposition 18 is a precise statement of when a 1afge mafket permits
perfect diversification. We now give two examples which show that thé
condition thét'{x],xz,...},have an equally correlated component is a very
stringent one. It is not enough for the assets {x],xz,.,.} all to be
positive]y correlated with the same random facfor. SuppoSe, for example,

that

g = rtav e | | (i odd)

td
[}

X; = SVt g (i even) ,

where 0 <a <1, r>0, and v, and all the €5 's are zero-mean uncorrelated

random variables. Form an asymptotically riskless portfolio by investing
1/(2N) in each of the first N odd assets and -a/(2N) in each of the

first N even assets. Net investment is (1 -q)/2 and the random return is

N N
/2+(Ee /N - I e, /N,
2 735y T2i-l jo1 2

which conyerges in quadratic mean to r/2. Thus, there is a




51

riskless asset. If a =1, there is an equally correlated component, but
there is also a nontrivial riskless hedge portfolio which yields a positive
return, so condition (A) is violated.

For a second example, consider the exact K-factor model:

(5.4) Iy = By By * Dy

where DN'is diagonal and § is NxK. Let

)\'IN -?-)\ZN > ... Z}‘NN‘

be the eigenvalues of ZN; then it is an immediate consequence of Exercise

1.£.1.9 in Rao [11] that AK+1,N 5'1Miﬁ dii <M, so that

N
lim K“N"N= 0.
N+

(5.5)

" PROPOSITION 19: If (5.5) holds, there is a riskless asset if‘the.mu1tip1e

correlation between e, and the eigenvectors corresponding

~

to the K Targest eigenvalues of z does not converge to

+ 1.

PROOF: If EjN

(j = 1’---9N)9

(j = 1,...,N) are eigenvectors corresponding to xjN
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N
t -.l = "] ) 2
ey Zy SN jET Anley l‘jN)
e b2
> L
ok TN ENE3N
. N (e} t. N)2
> 3 p) ———Jﬁl——- .
K+1,N j=K+1
Since NA -1 e! Z’J ey Will diverge unless N‘ (e, ) /N >
K+1.N 7 %> SNEN °N g Li= K+'| enEin

N 2 _ (. - N
However, Zj=] (eN jN) = (eN eN) =N, so J k4] (eN N) /N owill not

converge to zero if ZK'] (eNt ) /N does not converge to one. Since

JN
=1, t! =0 (j # k), we see that Z -1 (~N~JN) /N is the

~jN ~jN ~jN N
squared multiple corre]at1on coefficient between eN and the eigenvectors’
cprrespondlng #o the largest K eigenvalues of EN' 0.E.D.
Propositions 17, 18, and 19 state the conditions for the existence of
a riskless asset in three different ways. Whether these conditions are met
is an empirical question. While Propositions 18 and 19 may make it appear
that the sufficient conditions are quite weak, it should be remembered
that it is an immediate consequence of Proposition 11 that a necessary
condition for the existence of a riskless asset is that the mean-variance

efficient frontier be a straight line. This seems to be a strong condition.

It is also one which can be checked empirically.
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FOOTNOTES

IWe are indebted to Bob Anderson, Steve Ross, and Jose Scheinkman
for helpful suggestions and to the National Science Foundation for

research support.

For precise definitions see Section 4 below.

A simple example demonstrates that his conclusfons do not hold
without further assumptions. Consider a market on which N+1 assets are
traded. Let Xjs i=0,1,...,N, be the random return on the ith ésset and
suppose that |

x0=2+e0

Xi =1 +e, - (i=1,2,...),
where the e; are i.i.d. random variables with E(ei) =0, 1= 0,T,...,N.
Then all risk-averse investors will choose portfolios consisting of a

combination of X4 and the diversifiedfportfolio I& = N-]Z?xi. As

N > o, EN becomes a riskless asset with return 1. The relative price of
Xq ‘andyS%‘ will be determined by investors' attitudes towards risk.
Arbitrage alone cahnot determine the relative prices. The same conclusions
would hold if there were a simple factor structure so that

x0=2+806+veo

X

where & is a mean-zero common factor. Consider for simplicity the case where

By = B B

+1 if i is even, and B; = -1 if i is odd.

4Conno’r requires that the supply of assets be "well diversified." In
the example of the previous footnote, they are not. As the number of assets
increases, the fraction of asset i = 1,2,... in everyone's portfolio
shrinks to insignificance. Asset 0 on the other hand will continue to be

a significant fraction of everyone's portfolio. If this is to be true in
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equilibrium, there must be much more of asset O than assets 1,25000 &

~ Supply is not well diversified.

5 . . s . . e s
In this paper, linear combinations are finite linear combinations.

0 . . . N
Z] aixi is not a linear combination of XpoXoseen

6Bob Anderson and Jose Scheinkman suggested that we work with | |, .
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