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1. TINTRODUCTION

We shall consider a stochastic process {(x ), teT}, where T is the

e Je
set of all integers. We are primarilyvinterested in the distributiqn of

{yt, teT} conditional on {xt, teT}. The paper has two main sections: one on
identification and ome on estimation. The identification problem is that the
parameters of interest depend on the entire distribution of {(xt, yt), teT},

but we are only given the distributionm of {(x ), t=1, ..., T}. The esti-

e Tt
mation problem is to use a sample, (xil’ Y0 cetr X470 yiT)’ i=1; ceey N,
to make inferences about the distribution of {(xt, yt), t=1l, ..., T}.

A typical application will be based on follo&ing people or firms through
time. We do not assume that observing a long time series on a single
individual allows us to infer the distribution of the stochastic process.

T
In the case of a stationary process, the time average I g(xt, yt)/T

t=1
converges to a well defined random variable (g) as T = = if E[g(xt, yt)l < @,
We do not assume that § = E[g(xt, yt)]; this is true if the variance of § is
zero, but in general the variance will not be zero. If there is‘somehg with
non-zero variance, then we say that the {xt, yt} process is heterogeneous.

Then the heterogeneous stationary processes are precisely the non-ergodic

ones.



The associated identification problem is that a parameter of interest

T T
N - - -2
may be E(B) = E{lim T (x_ - x)(y, -¥.)/ L (x_ =x)°1. If the {x_, y}
Too =l t Tt T =l t T -

process is ergodic, then E(B) = Cov(xl, yl)/V(xl), and we can identify z(G)

wiéh T =1, With a non-ergodic process, however, we can only say that
T
E(lim xT) = E(xl), E(lim yT) = E(yi), E(lin I xi/I) = E(xi), and
Tore T T+ t=1
T .
E(%i: :51 xcyt/T) = E(xlyl). Since in general E(mlmz) # E(ml) E(mz) and
E(ml/mz) # E(ml)/E(mz), we need core restrictions and may need T > 1. The

population parameter E(g) corresponds to the following estimator: accumulate
a long time series on each of a iarge nunber of randomly sampled individuals;
compute a linear regression coefficient for each individual; then average
these coefficients across the individuals. This does no;; in general,

correspond to the regression coefficient obtained from a large cross-section

sample at a single point in time.

Our solution to the identification problex takes the following form:

we assume that E(ytl...,x_l, X s Xgy cees O ...,b_l, bo’ bl, cea)
-]

c+ I bjxt-j’ where ¢ and the bj are coustant over time but may vary
j=—=

across individuals; then if the.{xt} process satisfies a regularity conditionm,
our theorem asserts that if E(yt[..., X_1s Xgo Ip ces) = E(ytlxt >

then E(yt'xt) =y + B x,, where B =E(d) = E(b) and E(bj) = 0, j#0.

There are corresponding results for the case in which E(ytl..., X_1» Xgr Xy» ces)
is not contemporaneous but displays lags and leads of finite order. We

show how the theorem can be applied to linear transfermations of the process;

for example, if §_ =y - ¥,_;» ¥ =X - X _;, then ;(ytl..., X_, X, ¥, eed)

= E(F,|%,) implies that E(F ) = v + 8 %, where 8 = E(b)) and E(by) = 0, j#0.



Alternative linear transformations allow us to treat general rational dis-
tribuéed lag schemes.

Our estimation results focus on linear approximations. We assume that
(yil’ cevs Fyps Xyps eees xiT) = (Zi’ §£), i=1, ..., N, are independently
and identically distributed (i.i.d). ¥%e consider the following minimum mean
square error linear predictors: E*(Yit!fi) =n, + fé I which we write as
E*(zilfi) =n+ g X The identification fesuits suggest examining certain
restrictions on g. It is not appropriate, however, to assume that
E*(Zi]§i) = E(Zilfi); so we require a theory of inference for linear approxi-
mations.

This is provided.by noting that g is a function of population wmoments.
The least squares estimator is the corresponding function of the sazple
moments. Hence the problem ié to derive the limiting distribution of a
differentiable functionﬁof sample moments, under i.i.d. sampling. This is
straightforward and gives VX (vec ﬁ’ - vec E') 3 N(g, 9) as N +®m, Ve
.simplify the formula for g and provide a consistent estimator §.
| We'can impose restrictions within this framework by using 2 minimum
distance estimator. We find the Il matrix satisiying the restrictions that

. 2 ) a-1

is closest to E in the norm provided by g . This leads to some surprising
results. For example, consider a univariate linear predictor (T=l):
E*(yilxil, xiz) = 7N +'ﬂlxil + nzxiz. We can impose the restriction that
Ty, = 0 by using the least squares regression of y; on %54 to provide an

estimator of Ty however, that estimator is less efficient, in general, than

our minimum distance estimator of e



2. IDENTIFICATION

Cénéider a bivariate stochastic process {(xt, yt), teT}, where T is
the set of all integers. We are interested in the distribution of {yt, teT}
conditional on‘{xt, teT}. A realization of the process is a point wef
consisting of a doubly infinite sequence of vectors: uw = {..., W_ps Wy Wy e} =
{wt, teT}, where w, = (wlt’ wzt); (xt(m), yt(w)) = (wlt’ mzt) is the tEE
coordinate function. -

A distinctive feature is that we shall consider the case in which more

than one (partial) realization of the process is observed. Let z, =

(xil’ yil’ sevs Xgmo yiT)' We have a sample z:s i=l; «vey N, where we regard

the z; as independent and identically distributed (i.i.d) according to the °
probability law of {(xt, yt), t=1, ... T}. Typically i will index people
or firms.

We shall consider in some detail the case of a stationary process.
This will_allow us to state clearly the key definitions and to obtain some
sharp results. These results should provide guidance in attempts to deal
with the additional identification problems created by non-stationarity.
Our estimation results will not rely on any stationarity assucptionms.

Consider the sample mean for a single individual (point):

We shall not assume that observing a very long time series for a single
individual allows us to infer the distributiou ol i. sccol.astic process.

In particular, we shall not assume that lim §I(w) = E(xt) as T + =, The




assumption that {(xt, Y:)’ teT} is a stationary stochastic process implies
that lim QT(w) exists except for w in a set with probability measure zero,
which we shall abbreviate by saying that it exists a.e.. We can set
%(w) = lim ET(w) and % is a well defined random variable. If it is
degenerate, then ; = E(xt) a.e.; but the variance of 2, which we shall denote
denote by V(x), need not be zero.

More generally, consider time averages of the following form:

T

l -
lin = ¢ g(x_(w), y. (@) = lim g (w).
oo T =l t t oo T

1f E]g(xt, yt)l < =, then the ergodic theorem assets that g(w) = lim gr(w)
exists a.e. and E(g) = E[g(xt, yt)]; in addition, we can interpret § as a
conditional expectation: g = E[g(xt, yt)lJ], where J is the g-algebra of
shift invariant sets. (See Billiﬁgsley (1965), theorem 1.3, p. 13 or

Rozanov (1967), theorem 5.1, p. 157). 1If V(g) = 0, then g = Elg(x., v)] a.e.
In general, however, V(§) # 0. We shall say that there is heterogeneity if
V(g) # O for some g. Then there is heterogenasity if and only if the process

is not ergodic.

What is heterogeneity bias? Consider the following time average:

A 1 T 1 T 1 I
C(xt(m), yt(w)) = 1lim T z xt(w)yt(u) - lin 7 I x W) lim T I yt(m)
T+ © t=1 T & og=l T+< ~ t=l

If E(x§)<='and E(&i)<=n then E(Xc, y.) is a well defined, integrable random
variable. Say that the population parzmeter of interest is E[E(xg, yc)]-
Consider measuring E[E(xt, yt)]by using Cov(w_, v_) = C(=_, y:) = E(xtyt) -

E(xt) E(yt). We shall say that there is a hetercgeneity bias if

E[C(xt, yt)]# C(xt, yt). Since



EG(x,, y)1= E(x_ v,) - E(x ), where

~ ‘ 1 T PN 1 T
x(w) = limx I xc(m), y(w) = lim = 2 Y (w)
T © t=] To © t=]

and since E(X)= E(xg and E(§)= E(yt),we see that there is no heteroéenei:y
bias if and omly if Cov(X, §) = 0. The absence of heterogeneity in x or
in y is a sufficient condition for Cov(X, ¥) = 0, for then V(X) = 0 or
V() = 0.

The associated identification problem is somewhat more general. Clearly
E[E(xt, yt)]depends on the entire distribution of {(xc, yt), teT}. We would
like to know whether E[a(xt, yt)]can be recovered from a knowledge of the
marginal distribution ;f {(xt, ¥ t =1 ess T}, where T is small. This
problem is relevant if we have an i.i.d. sample of (xil, Yip0 vrer Xypo in)’
i=1, ..., N, where N is large. The use of C(xt, y:) is an attempt to
recover E[E(xt, yt)]from the marginal distribution of (xl, yl) when T = 1,

For a regression example, consider the following:

1 I 1 T 1 I
F X xt(m)yt(w) -(f T xt(u)>(rr- b yt(m)> E(x L ¥
t=1 t=1 t=1 £t
bo(w) = lim T T 2 s
. e 7]5- z xi(w) - (-,]E- z xt(w)> V(x:)
t=l t=1

This is a well defined random variable if G(xt) # 0 a.e. This restriction
on G(xt) is an example of a regularity condition om the {xt} process; it is
violated if there is a set of individuals with non-zero probability for whom
x_ is constant over time. Assume that E!bol < @ a2nd say that E(bQ) is the

population parameter of inmterest. Consider mezsuring E(bo) by using



B° = Ctxt, yc)/V(x:). We shall say that there is a heterogeﬁeity bias

In order to analyze the bias, assume that

E*(ytlxt, c, bo) = ¢ + b° X,

where
Clx,.; v,) " .
bo T e, c=y - bo X ,
V(xt)
and E* is the minimum mean square error linear predictor -- the linear or

wide sense regression function. (We would obtain this directly if we used
* i = c v = . i

.E (ytlxt, J) since b, C(xt, yt)/V(xt) C(xt, ytlJ)/V(xt!J).) Since
C(xt, yt) a bo V(xt), we havg

E[C(x )]

v
t? ‘'t

. = E(b,)
E(V(x)]

if C(bo; 9(xt)) = 0, so that there is no correlation between the conditiomnal

variance of x and the slope of the linear predictor. Im that case we can

gse
Clx,, 7,) = E[C(x,, 7)1+ C(x, 3)
V(x) = ET&x)] +VE

to obtain



Clx,» ¥,) ) ElC(x., v.)] E[v(xt)l+ C(x, y) V(&)
v(xt) ' E[X';(x )] v(xt) V(S‘E) v(xc)
. t

=X E() + (1-1) HET)
V(x)

E(¥(x,)]
where A= —_—, 0 <A<l
V(xt) -

Hence there is no heterogeneity bias if and only if V(§) = 0 or

Clxes 7,) C(x, ¥)

Vix,) - V&)

—-—- the cross sectional linear regression must coincide with the liner

regression of the long run mean of y on the long run wean of x.

T T
This suggests that the linear regressionof y. = I v /Tonx.= I x/T
T 1t T a1 ¢

should have the same slope as the linear regression of Y. om X.. If£T=2,
this is equivalent to the ligear regression of Yo = ¥y om%y =X having
the same'slope as the linear regressiom of Y3 0- Xy Or y, on X,. A suffi-
cient condition is that

E*(y %, %) = EX(y.lx) = ¥ + B, %, T t=1,2,
so that

E*(yz-yllxl, X)) = B (%, - x).

2.1. THE THEOREM

A general version of a related argument is presented in appendix A.

We assume that the following regression function is in fact linear:



E(ytl... x-l, x°, xl, sesy C, -.c’b-l’ b°’ bl, ocn)
-

=c+ I b
j--@ j

x teT,

t-j °

where the series is assumed to be absolutely convergent a.e. and integrable. The
coefficients c,bj are integrable, invariant random variables. The {Xt} process is
assumed to satisfy a regularity condition (C), which will be discussed below.
Consider the regression functien E(ytl...,x_l, X Xp» eve), which we shall

denote by E(ytlx); it does not condition on the random coefficients. We show

that if this regression function displays finite lags and leads, then it

must be linear and its coefficients are unconditional means of ¢ and the bj:
E(y lx) = E(y Iz, g0 ooes ®py) (02,8 <x)

implies that

J
E(y |x) =y+ £ B.x
t jay 3

£=j? where

Y = E(c) = E(c|x) a.e.

B, = E(b) = E(bj[x) a.e. for jel[=M, Jl

3

E(b,) = E(bj[x) = 0 a.e. for j ¢ [-M, J].

3

So in this case there is no heterogeneity bias. 1If iavariant random coefficients
are correlated with x, then they must be correlated with the values of x in

the distant future and distant past.
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Next we shall indicate how the theorem can be applied to‘linear
transformations of the model. Then we shall provide some interpretation

of the regularity condition on {xc}.

2.2 LINEAR TRANSFORMATIONS
Our assumption that E(ytlx, ¢, ""b-l’ bo? bl’ .es) is a linear

regression function implies that

EF Jx, €5 veesbys By byy vel)

<o

where

Ve =T = ¥ = Sy Yev

-8, =

X, = x - §x L ¥e-L

S B

by = by = 8pby g = een = 8 by, €

Hence there are two ways in which we can apply the theorem, depending omn
which representation we use for the convolution.
- K3 . bt - - - = - -
We shall first consider the important case y, = ¥, = ¥, 7 X, =X, = X g3
. . . . 1 .
this is the basis for the analysis of covariance estimator. It will be wore
fruitful to apply the theorem to the first representation of the convolution.

Assume that the {;t} process satisfies the regularity condition (C). Then

the theorem asserts that if




E(ytlx) - E(ytlxt-J’ cees ) (0T M <),

then

E(?tlx) = I

B.x where
3Te-j3
j M .

B

g = E(b

j) = E(bjlx) a.e. for je[-M, J]

E(bj) = E(bjlx) =0 a.e. for j¢[-M, JI.

Say that-we do_not find finite lags and leads with E(yt}x) but we do
with E(?tli). -An interpretation is that E(c|x) # E(c), which causes a
heterogeneity bias in E(ytlx) that is eliminated b; differencing in E(?tli).
Anothér possibility is that E(bjlx) # E(bj) but E(bjli) ='E(bj).' This is
quite plausible since it is always true that E*(bjli) = E(bj): by stationarity"
Cov(b

R §c) = E(bjxt)- E(b = 0 since bj is an invariant random variable.

3 $%e-1)
So E(?tlx) will not necessarily display finite lags and leads, but we do not

require that for the identification of E(bj). This is the reason that we
chose the first form for the convolution.
Consider next the case it =Y. =P V1o where |p| < 1. Here it is

more fruitful to use the second form for the conmvolution:

E(S;tlx’ c, ---’b_l, bo, bl, ..-) = E. -+ E_@ b.xt-j

If {xt} satisfies the regularity conditiom (C), then

E(yt]x) = E(?t[xt_J, cees xt+M) 0<J, M<w
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implies that

- J -
EF |x) =y+ £ B, x . where
t J=-M j Tt~
Y = E(G) = E(Z|x) a.e.
éj = E(Sj) = E(gjlx) a.e. for je(-M, J]
E(Ej) = E(Sjlx) =0 a.e. for JEl-N, J1.

For example, say that E(ytlx) = E(ytlxt). Then E(y:lx) =Yy + Soxc, E(bo) =

Bo’ E(Sj) = 0 for j # 0. The solution is

= B
E(by) = 0 By 520

E(b;) =0, j <o.

3

So the E(bj) follow a geometric distributed lag.

More generally, let L 61 Veap = GL Ver? where the roots
of the lag polynomial lie outside the unit circle. Then E(yt]x) =
E(ytlxt, . xt_J)'implies that the E(bj) follow a general rational distri-
buted lag scheme. For example, if Yo =¥ - (p1 + pz) Yeo1 + 1Py Yeoa»

|pl| <1, !pzl <1, and E(§tIx) = E(?c[xt, X,_,), then we have

EG, %) =¥+ B, = + 8 %
i-1 .

~ 3
- m_j-m = o _j-l-m
) =B, _Z_ P17 +B1 L PP » 321,
m=0 m=0

E(bj

and E(bo) = Bo’ E(bj) =0 for j < 0.
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. 2.3 REGULARITY CONDITIONS
The regularity condition (C) has two parts. The first part (C.l)

rules out mover-stayer type processes for which there is non-zero pro-

bability that X, =Xy for all t. We can see the need for this condition
9 P - oy = - Y e ~> - Q% . -

by congidering Ve = Ve = Yooy ¥ = X X1 E(ytlx) SoXps say we also

assume that bj = 0 for j#0 so that E(§:I§» bo)'= b, it. Does this imply

that Bo = E(bo)? We can say E(?tli) = E(boli) it’ which implies that

E(bolx) =8 if x, # x but E(bolx) can take on any value if x = x _,

t-1} t

for all t, and so Ed%) can be arbitrarily far from BO if there is non-zero
pro?abillty that X, =X,y for all t.

If the probébility that x for all t is zero, then for almost

I _
all w we can find a t, which may depend on w, such that xt(m) # xt_l(m);
then for that t, E(bolx)mxt(m) = Bo xt(w) implies that E(bolx)m - 69' Hence
E(bolx) = B, a.e. and so E(b) = 8.

Condition (C.2) applied to it el L S rules out a process ia which
it(m) = 0 or u(w) where V(u) # 0; in this process, x changes by the same
amount for a given individual whenever it changes, and this amount is a non-
degenerate random variable. To see the need for this conditiom, say that

v |x = B(v |% = )% i { ) = E -
E(ytlx) -(ytlx:) E(bolx)xt. This does not imply that E(bo[x) (bo) a.e

since we can set E(?tlit) = ii and E(boli) = u. This is a valid solutiomn

since ii =u it for all t; but E(boli) =u # E(b,) if V(u) > 0.

2.4  IDENTIFICATION UNDER ALTERNATIVE ASSUMPTIONS

An alternative approach is to begin with the assumption that

E(ytix, c, ""b-l’bo’bl’ ...) displays finite lags and leads in additiom to
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being linear:
J

E(Y:lx’ Cy ooy b-l’ bo’ bl’ esd) = c + jE-M bjxt_j .

We shall modify this formula by limiting ourselves to probability
statements that involve only the finite dimensional distribution of
{(xt, yt), t =1, ..., T}. We shall illustrate by considering the case

T = 2 and a purely contemporaneous relationship (M = 0, J = 0):

t =1,2.

E(ytlxl, Xy, €, bo) = ¢c + bo X s

Then if.E(y2 - yllx2 - xl) is linear, we have
E(yz-yllxz—xl) = E(bolxz-xl)(xz—xl) = Bo(xz-xl).

As noted in our discussion of regularity condition (C.1l), this does not
by itself imply that E(b°)= Bo; but if P(x2 = xl) = 0, then we do obtain
E(bclxz-xl) = 8 a.e. and so E(b)= B,. The restriction P(x, = x;) = 0
excludes the case in which x is discrete; for example, if x, =0 or 1,

then there will be a non~zero probability that X =X = 0 or X =% = 1.
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If we assume that P(x2 = xl) = 0, then there is a more howerful approach

that does not rely on E(bolxzv-_xl) - E(bo). We simply say

E(yz-yilxz-xl) = E(bolxz-xl) (xz-xl) a.e.

YV
E x_z";]—. lxz-xl = E(bolxz - xl) a.é.

Hence if El(yz-yl)/(xz-xl)l < =, we have

PR = s = \{
So if we have an i.i.d. sample of z; (xil, yil’ X9 yiz), i=1l, ..., N,
we can obtain a consistent estimator of E(bo)as N + « from the sample mean

of (yy, - Yil)/(xiz - xil)’

For T > 2 we compute a linear least squares regression of Yip O Xyp»

t=1l, ..., T, for each individual i to obtain a slope coefficient goi; then

N

L b _/N converges almost surely to E(b )as N » = if E|b_,| < =. This works since
{=1 oi o ol

. N ’ = . N = 3 %
E(b;|%4qs =ov» Xyps By) = b ; hence E(b )= E(b ) if Elboi | <= so

iT’ "o
we are averaging unbiased estimators. It would fail miserably if X, = Ve
<~ it is essential that there be strict exogeneity: E(ytlxl, sees Xpy G b)) =

c + box and not just E(ytlxt, c,'bc) = c + boxt‘

t
2

Note that strict exogeneity is usually taken to mean
* = EX
E (ytlx) E (yt[xt, X _1» I I

In addition to using regression functions instead of linear predictors, we

require finite lags, not just one-sided lags. If we condition on all past
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values of x and then find that the first few future values of x are
irrelevant, this is not evidence against heterogeneity bias. For we

show in appendix A that .

E(clx) = ECclx_, x .e.) = E(clx

t-1’ t+l’ xt+2’ o)

and .the same is true for E(bjlx).
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3. ESTIMATION

Consider a sample fi = (§£, Zi)’ i=l, ..., N, where fi - (xil’ ceey xiT)
and Zi = (yil’ ooy yiT)' We shall assume that the Zys i=1, ..., ¥, are
independent and identically distributed (i.i.d.) according to some multi-
variate distribution with E(xit)< @, E(yig < o t=l, ..., T, and V(fi) non-
singular. The résults'on estimation will not require stationarity
assﬁmptions. We shall focus on the estimation of the linear predictor of
Yie conditional on Xigseees Xyme The key simplification is linearity in
the parameters; the variables x, could be non-linear functions of more

it

basic variables. Also X5 0 could be a vector of variables, but we simplify

notation by discussing the scaler case.

Consider the following minimum mean square error linear predictors:
* + ' = . e
E (yitl’fi) = nt Et fi s t=1, » Ty
which we write as

i=1, ..., X,

]

* =
EX(y lx)) = n+ 1
where
H'.= Vcl(x ) Cov(x., yi). .
~ ~31 ~i? Z3i

Our theorem suggests that we look for finite lags and leads. This zay be
most promising for ¥, near the end of the sample period, since insufficient

lags may result in a full set of leads. (The point is, of course, symzetric;
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3
In general it will not be true that E*(yilfi) = E(yilxi). For small

if b # 0, then insufficient leads may result in a full set of lags.)
t there may be omitted lags and E(x_jlxl, ooy xT) is not linear, in
general; throughout the sample period there may be non-linear terms arising
from E(c[xl, caey xT) # E*(c[xl, ceey xT) and E(bjlxl, ey xT) # E(bj).
So in making inferences about @I, we shall be careful to treat I x; as a
linear predictor and not assume that it is the multivariate regression ' ;
function.

We shall also be interested in estimating linear tramsformationms.
Given our focus on linear predictors, there are simple relationships that

nmust hold if a linear transformation results in zero coefficients on certain

lags or leads. First consider differencing; say that it produces a con-
temporaneous relationship that is stationary apart from additive period

effects:
* - - - = - . -
E (yt yt-llxz Xpr e xI xT-l) Ve T 8 (xt xt—l)’ t=2, ..or T.
Then the original I matrix must have been of the form
T=81. +28",

where é is a Tx1l vector of ones and § is an unrestricted TX1l vector. So
our criterion of looking for transformations that produce finite lags or
leads can be stated in terms of restrictions on E.
It is clear that a céntemporaneous relationship holds a somewhat special .
position. It is easier to justify tham a claim that two lagged values of x

are necessary but not three lags. For an example where a conteczporaneous
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vrelatiohship might ‘be expected to hold for the differences, say that

= 21 (hours worked), = fn (wage rate) for individual 1 in period

Tie *it
t. We ignore the probleams created by non-participation. Ghez and Becker
(1975), MaCurdy (1980), and Heckman and MaCurdy (1980) have argued that

E*(ytlxl, cesy xT) will dazpend on all the x_, since wages in all periods

t
‘affect the individual's life time budget constraint. Im a model in which
individuals have periect foresight, however, there are restfictions en utility
functions that will justiff a purely contemporaneous relationship between
Ve = Vel and xtﬂ— X1 Then it is of interest to test whether past and
future values of x, = Xel1 really have zero coefficients.

Consider next the transformation it = yt -p y;_l, lpl < 1l. 1In the

contemporaneous case, we have
e - =
E*(y, - 0 yt-l|xl’ cees Xp) =Y F B x, .

Then it must be that

L=

=B8D+Ad

where D is a TxT lower triangular matrix:
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§ is an unconstrained Tx1 vector, and éis a TX1l vector with Xf - pt-l, t=l, ..., <.

This interpretation of At was pointed out to me by Zvi Griliches and Ariel-

‘Pakes. Combining the two cases gives §t = (y, - yt-l) - P(y._y = ¥._p) and

N=BD+2L &+ )4
-~ ~ -~ - -~ ~ ’
1 2
where 61 and §, are unconstrained Txl vectors, £ is a Tx1l vector of ones,

and A is a Tx1l vector with lt = pt-l, t=1, ..., T.

We should stress once again that this is only a wide sense regression
nction. It ma *(y - ces -x is in fact a regression
func y be that E (yt[xz 15 > Xop \T—l) gressi

function (indeed, we hope that it is); but in integrating back to E(yt[xl, ceny xT),

-]
v J s
we pick up E(c[xl, ceay xT) and ~(jio o x_jlxl, ceuy xT)? which are both
non-linear in general. So we cannot rely on an asymptotic theory that begins

with the assumption that we are estimating a true regression function.

2.1 THE ESTIMATION OF LINEAR APPROXIMATIONS
We are assuming that zi = (xi, yi) is i.i.d4., i=1, ..., N. So

vi= (2}, z; O x) is 1.1.d. and

~

- -1 ;
I' =V "(x;) Covizy, 31)

A
is a function of E(w.). The least squares estimator [I' is the corresponding
N~ -
function of w = I wi/N. Hence our problem is to derive the limiting dis-

tribution of a differentiable function of a sample mean, under i.i.d. sampling.

This is a straightforward application of the §-method and gives
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A(vec T' - vec 1) 2 (0, O,

where
Q=E[(yf - T x¥)(y% - Tx®)' &) V' ox)(x% x1%) vV i(x)]
2 71 T2 EMI Tl X p3 R B ] bt R

-§; =% - E(fi)’ Z; =¥~ E(Zi). (See appendix B.) A consistent (as N + =)

estimator of Q is readily available from the corresponding sample moments:

N

A 1 - A - - -
Qaﬁiil Gy -9 - 0 =10y, - y)-@ (x, - 01’
-1 - - - ! -1
® sy - DG -0 ST
y= I y. /% x= L /8 S_= T (x,-x)(x,-x)"/N.
R R T e

Y]
o)
(]
WS
[
o
~
[

n+1 Xy then we have

QO
H

-1 PR W
AR OR SCRIC ENSI IR
: -l * 1%
If V(yi[xi) is uncorrelated with X %% then
Q = E[V(y. |x)] ® vz, .
If we have homoskedastic variance, so that V(yi[§i) = § does not depend on
x, then @ = I ® vV(x,).

This approach was used by Crazér (1946) to cbtain limiting normal dis-

tributions for sample correlation and regression coefficients (p. 367);

ciTosace of a simple

- -

gt

he presents an explicit formula for the asyzp

correlation coefficient (p. 359). Kendall and Stuart (1961, p. 293) and
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GoldbergerA(l974) present the formula for the asynptotic sampling variance
of a simple regression coefficient. Using a different approach, White (1980)

obtains the asymptotic covariance matrix for univariate regression coefficients.

2.2 DMPOSING RESTRICTIONS
We can impose restrictions on I by using a minizuxz distance estimator:

nin{vec f' - vee I'(®)] ﬁ-l[vec fi' - vee I' ()1,
e -~ d - d -~

where the constrazints on E'are specified by the condition that § depends only
on a pxXl parameter vector g. The domain of g is some compact subset of RP.
The relevant asymptotic theory is developed, for example, in Malinvaud (1970,
Chap. 9). Since we already have the asymptotic distribution of ﬁ, we only

need to assume that Q is non-singular and that the I(9) functioms are continuous

and satisfy Malinvaud's assumptiors3 and 6 (p. 349), which impose invertibility and

differentiability restrictions in a neighborhood of the true parameter value

D

L N(O, A); a consistent (as N -~ =) estimator of § is

6°. Then /N(8 -¢%)
provided by

A= &t

-~ - -~

o,

. We can test the rastrictions

D)

where G = 3 vec NI'(5)/36" is evaluated at & =

by using the limiting distribution of
N{vec ' - vec EY@)]' ﬁ_l[vec.ﬁ' - vec T'(8)],

which is XZ with MK-p degrees of freedom if Il is MxK.
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This framework leads to some surprising results on efficient estiration.

For a simple example, we shall use a univariate linear regression model:
L ¥

E*(yilxil, xiz) =1 + LTI + 7 .x. (i=1, ..., N).

2712

Consider imposing the restriction vz = 0. If we assuze that the distribution
. . )
f y. conditional on x, X,, is N(n + 7. x,. + 7,x%, o} en und
of y; D X;95 Xo (n 1¥41 F To% g0 ), then under random

sampling the efficient, maximum likelihood estimator of :l is byt » the slope
1

coefficient in the least squares regression of y on x Let = 2 be the

1’ 1
coefficients in the multiple regression of y on X, X,. If Cov(xil, xiZ) =0
and nz = Q, thei Vﬁkb .- Wl) and vﬁkﬁl - ﬁl) have' the same limiting
distribution -- but §l is generally less efficient than tbe>mini:um distance
estimator if the regressioﬁ function is non-linear or if there is

heteroskedasticity.

’ ~ ”~
To see this, consider the asymptotic covariance between 7., and Tyt

1
' 2
_ELOT - mxh - Taxp) xh X5
12 VG0 V()

w

This is non-zero, in general, even though Cov(xil, xiz) = 0. So if Ty = 0,

we gain efficiency in estimating Ty by considering a linear cocbination

%l + T %2, where T is chosen to minimizz the variznce. (We have comsistency
for any T since %2 almost surely converges to Ty = 0 as ¥ + =,) Hence we

want T = - w12/m22‘ It is a general property of minimum distance estimétion
that substituting a consistent estimator (@) for Q does not affect the limiting

distribution. So we use

®
?I’i = 1?1 - r——mlz T,
22

This has a smaller asymptotic variance than 51 (or byx ) unless
1



24

, . >
-l - - %*
(yi no= X, ﬂzxiz) is uncorrelated with xil x¥,e
If Cov(xil, xiz) 0, then our minimum distance estimator still has
. A*’A-A A -~ A -~ '
the form T} = 7y (mlzluzz) Tos where Wy and w,, are obtained from our
general formula for 9. In the special case where E(y!xl. xz) is linear and
2 . ~
V(ylxl, x,) = 07, then w,/t,, = = Covlx, , x,,)/V(x;;) and 7f = L but in

~
general they differ and bvk is not efficient since it is correlated with v2.3
71

2.3 AN EXTENSION

Consider a panel of N farms observed over T seasons. The technology

is Cobb~Douglas:

Vie ® B X T Oy +u, (i=1, ..., N; t=1, ..., T),

where y = £n (output), x = £rn (input), c represents an unmeasurad inmput

(soil quality) that is constant over the period of the sample, and u

represents a stochastic input such as rainfall. All farms use the sane

technology so there is no variatiom in 8.

Assume that farmers choose x to maximize expected profits, conditional

on an information set that includes c. Then E(c.lx. s seey X.m) * E(e.);
it7il iT i

under plausible assuzptions, farzers on the higher quality soil will use

. 4 - i ~
more of the variable factor. The transiorzatiomn to Yie = yit yi,t-l’
= -
Fe T Fie T X4 -1

This will not hold, however, if the farmers forecast u_ on the basis of

is appropriate if Cov(xit, uis) =0, s, t=1,..., T.

past values.

Say that Ui =P ui,t-l + Vies where Vig ;s serially independent. Then
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Vie = Vi,e-1 = B (e = Xy 1) ~ B POy g = % 2
+ 00 ey = Vye-2) Yt Vie T Vil
Since Cov(xc, vs) = 0 for t <s and Cov(yt, vs) = Q0 for £t < s, we can obtain

_consistent estimates by using instrumental variables based on Xo1 Xpagr cecr X

.and Vean? Ypa3s =000 yie
The asymptotic distribution for the instruzental variable estimator is

derived in appeﬁdix B. We set

N N
~ - - -1 - -
Em = [.Z (Sim - Sm)(?fim - }fm)'] .Z (Sim - Sm)(yim - ym)
i=1 i=1 : .
-1
= 1 = hel
m, = (Cov(g, ., xi)1 T Covigy» Yig) @=1, ..., M),

where x. is K X1, q._ is K x1, and Cov(q; , x! ) is assuzed to be nom-singular.
~im m <im ! <im’ ~im

We assume i.i.d. sampling from a distributiom with finite forth moments. Then

/I\_I(?rm - 'rrm) and »fﬁ(?rn - ﬂn') have a limiting normal distribution with

mean 0 and covariance matrix

' -1 -1
R = * o« ' wx sk o ml ok a * txy&!
S...Zmn E[(yim T fi_m) (}in Ta fin) Ia (Sim Sin)g n 1,

- s(yim),"x* =x,_ - E(x;.),

= v x =
where 9m Cov(gim, §im)’ Yia =7 Xiz = ¥im

im

S;‘k.m = QT E(gim), m, n=l, cees M.

),

In our example) Ym is yit - yi t"’l; z
s

. contains (x.
<inm i

t” *i,e-1
(xi,t-l - xi,t—z)’ (yi,t-l - yi,t-—Z); and q; contains three variables

based on Xy ;_1s Xj pogs cves ¥ypr Ty pog0 Viee3e cver i
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We can impose restrictions on the coefficients, both within and across
equations, by using the minimum distance procedure. There is, however,
another efficiéncy issue, since we have more than K.m instrunmental va:i;bles
for the msh equation. Given our previous discussion of imposing réstriccions,
it is perhaps not surprising that the standard two stage least squares
estimator is not, in general, an efficient procedure for coztining instru-
mental variables. We shall demonstrate this by means of a sizple exaxmple.

Say that (yi, Xgs Q417 inj ;s i.i.d. according to some distributicm
with finite forth moments. Assume that E(yi) = E(xi) = E(qil) = E(qiz) = 0,

E(xiqil) #0, E(xiqiz) # 0, and

E(r4941) _ E(y;445)
E(xiqil) E(xiqiz)

& -

Then we have two instrumental variable estimators that both almost surely

converge to T as N =+ =:

N N R N N
v.q../ L x.Q.4, T,= I ¥.9../1
i*il j=1 1 il 2 =1 i 12'i=

T. = I

X.4q. .
1l i=1 i*i2

1

The two stage least squares estimator combines Ty and Ty by forming
'33 = ﬁlql + $2q2 based on the least sguares regression of x on 910 99

(We shall assume that V(qil’ qiz) is non-singular):

~ N"NA - [~
TrsLs = - Y3453/ L x4 Mot Q-8 Ty,
=1 i=1
5.3 1 5§ i 3
where =Yg L xiqil/(‘a’l “ox.q4q t ¥, ;Z xiin)'
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So we have

/A ( m) =8 /N @G -m+a-H A& T, - M.

TrsLs

We c¢an obtain the limiting distribution of /ﬁ(ﬁl - T, ﬁz - ) from our
general result on instrumental variable estimation: set M = 2,

X;1 = X B9 = Xgs G4y F Q490 G40 T Gypp Yig = Vyr Yyp = ¥y (We mever

assumed that V(y.,, Y.,) is non-singular.) So we have
il i2

5 n
/:\? ~ - D N(Oa Q),
T, T - <7 .

where 9 = (wjk):

- 2

Wiy = - , .k =1,2.
Ik Elgyxg) Elagyxy)
Since
- Y, E(x.q.4)
3 a.s. 1 i%il SasN~®,

- YiE(x;957)F Y, E(x;4,,)

it follows that

A @ m 2 x, 52 & asn-e

TSLS ~

-where §' = (§, 1-8). (Note that the limiting distribution coincides with
wke ~
what we w i i = 7 (x = - U in .
e would obtain using 43 (xiql,qz) ¥1d; F Va8, nstead of 45 )
We see that the limiting distribution of TrsLs coincides with that of
$ ﬁl + (1-4) ﬁz. This suggests fiadizy the T ¢ .- :inizizts the asymptotic
variance of T T + (1-1) Tos the answer leads to the minimum distance

estimator:



~ N -~
1rl 8 - 1r1 8
min 2 ) - Q A -
9 Ty e ~ Ty ] ‘ '
A* - A _ PN
gives T T "1 + (1-7) Ty
where T = (mll + mlz)/(ull + Zwlz + wzz)
and wjk is the },k elexent of 9-1. The estimacér obtained by using a consistent

Q instead of Q has the same limiting distributiom.
In general T #8 since T is a function of forth moments and § is not.

For example, say that X, = Qe Then § = 0 but 7T#0 unless
2

i X%
D) 194

x
= 0.

2
E (yi-ﬂxi)

Hence the asymptotic variance of T* is less than that of %TSLS unless (yi-'n'xi)2

is uncorrelated with [xi/E(xi)] - [(xiqil)/E(xiqil)].

If we add another equation then we can ccusider the conventional three
4séage least squares estimator. Its limiting distributiou can be derived in a
straighﬁforward fashion since the estimator is a differentiéble function of
sample moments; however, viewed as a minimum distance estimator, it is using
the wrong norm im generai.

Instead we should simply recognize that the restrictions can be expressad
as restrictions on population zoments. We let fi = (fi; Zi) and let v, be
the vector formed from z; and the lower triangle of :.:i. Then the population
parameters of interest are functions of E(fi)' The restrictions can be
expressed by the condition that E(Yi) depends Ci.l. w. & D..1 parameter Vectos

a: E(wi) = g(g), where the domain of ¢ is some compact subset of R® that

-~ -~ m
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contains the true parameter vector 6°. ‘Under i.i.d. sampling we have
VG.[G - E(wi)] 2 N(g, V(wi)) if V(wi) is finite; a consistent estimator
of V(wi) is provided by

~ l N - -
V(wi) =X z (wi -w)(w, -w)'.

1f V(wi) is non-singular and if g is continuous and satisfies Malinvaud's

assumptions 5 and 6, then
miald - g(@1" T, 13 - @]

gives -
AE - 6% Dneo, Dasn-=,

ﬁhere a consistent estimator qf é is provided by
A=re T a1

with G = Bglag' evaluated at g = §.



4. CONCLUSION

Under stationarity, the heterogeneous stochastic processes are the
non-ergodic ones. We showed that if a distributed lag is of finite order,
then its coefficients are the unconditional meang of the underlying random
coefficients. This result can be uséfully applied to linear transformations
of the process.

V The estimation framework is a multivariate wide-sense regression
function. The identification analysis suggests that we e#amine certain
restrictions on the coefficients. The actual regression function is non-
linear, and so we provide a cﬂeory of inférence for linear approximations.
It rests on obtaining the asymptotic distributiom of fgnchions of sample
moments. Restrictions are imposed by using a minimum distance estimator;

it is generally more efficient than the conventional estimators.
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APPENDIX A

Let ) be a set of points where w € Q is a doubly infinite sequence
of vectors of real numbers: w = {... W_g stgstlys ces} = {mt, t €T},
where W, = (wlt,glzt) €% and T. is the set of all integers. Let
(xt(m)’yt(w)) = (mlc,th) be the t' coordinate function. Let F be the

o-field consisting of sets of the form
A= {w: (x, W),y (W) € BO,...,(xt+k(w),yt+k(w)) € Bk}’

where t,k € T and the B's are two-dimensional Borel sets. Let P be
a probability measure defined on F such that {(xt,yt), t €T} is a
stationary stochastic process on the probability space @, F, P).

The shift transformation S is defined by
(xt(Suo,yt(SuD) = (xt+l(w),yt+l(w))-

It is an invertible, measure preserving transformation. A random variable
z is in%rariant‘: if z(Sw). = z(w) a.e. (We shall use "a.e.” as an
abbreviation for "except on a set of probability measure zero.") A set
A€F is invariant if itsl indicator function is an invariant random
variable. A o-field G CF is inva'riant if sG = G; that is, for every
GEG we have SGEG and SE =G for some E €G.

We shall use ‘z-'_’(z[G)m to denote the conditional expectation of the
random variable 2z with respect to the o-field G, evaluated at w. We
shall use 0(x) to denote the c-fiald generated by ...»X_;,XgsXgsere

and E(z|x) will denote E(z|o(x)).
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We shall need the fPllowiqg :wo.lemmas.
1EMMA 1. If G 1is, an invariant o-field, then
r:(zlc;)sm = E(le)w a.e.
where v(w) = z(Sw).
PROOF. A change of variable argument shows that
E(z|6). = E(v|sTr6) .
Sw w

(See Billingsley (1965), example 10.3, p. 109.) The result follows since
st6 = 6.
Q.E.D.

"LEMMA 2. If G is an invariant g-field and if z is an invariant random

variable, then E(z|G) is an invariant random variable.

PROOF. By Lemma 1, E(zlG)Sm = E(VIG)m a.e., where v(w) = z(Sw;
since z is invariant, z(Sw) = z(w) a.e.; hence E(z[G)sw = E(z!G)m a.e.

Q.EOD'

Our theorem will require that the {xt} process satisfy the follewing

regularity condition:

CONDITION (C). 1. Let {(zlt’ZZt)’ t € T} be a stationary stochastic

process where z is measurable c(xt,...,xt+k) and Zy, is measurable

1t

1S
0(""xt—l’xc+k+l"°')’ t,k € T. Then

P(zlt =2z, for all t) = 0
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unless 2 is a constant a.e.

1t
2. Llet Al € c(xt,...,xt_*_k), Az € c(""xt-l’xt-i-k-i- ,...),‘

t,k € T. Then

P(a, N4y = P(A)

implies P(Al) =0 or P(Az) =1,

In addition, we assume that Var(xt) # 0.

THEOREM. If {xt} satisfies the regularity condition (C),. if Elytl < w0,

and if

E(y,lo(GVa(x))) =c+ I b, x _; ae., t&T,
jE—= J J .
where ¢ and the bj are integrable, invariant random variables and

©
z |b. xt_.l ‘< @ a.e. and integrable, then
jom 3 3
E(ytlx) = E(ytlx:_J,...,xH}I) a.e. (£€T, 0<JI,M<=)

f

implies that

J
EGy. |x) =vy+ . B, x_, 2a.e., t€T,
¢ j=y 3t
where
Y = E(c) = ECelx) a.e.
= = By i € [N,
sj E(bj) E(bjlx) a.e j € [-4,J]

¢ ="

E(bj[x) =0 a.e., j&[-¥7.

(We can take G to be J, the g-field of shift invariant sets, but this

is not necessary.)



PROOF. E(y,|%,_pseeesXp ) = E(7 |00 = E(E(y,|0(G UV a(x)))|x]

= E(c|x) +EC Z b

ju—e

3 L | %)

= E(clx)v + I E(bj{x)xt a.e., tE€T

ju—n - ’
since
K R . @
ljf-L by xt_j‘ ij-l.  ij xt_j| gjf_c ij xt-jl .
@
and ._Z_m lb..xt_jl is intégrable. (See Billingslev (1979), theorem

34.2(v), p. 396.)

0
Let Tl = N o(xt,xt_l,...) be the left tail c-field and
«© L=
T2 = N g(x_ ,X ., +.-.) be the right tail c-field. Since a(x) 1is an
=0 t’ e+l .

invariant o-field, lemma 2 implies that E(c|x) and E(bjlx) are
invariant random variables. Hence they are =—ezsurable Tl and
measurable TZ. (See Rozanov, lemma 6.1, p. 162; more precisely, there

exist versions of E(clx) - and E(bjix) thar are ceasurable Tl and

.r.

there exist versionms of E(c|x) and E(bj!.:i) hat are measurable T,.)

Define

z = [EGr = _gorerXp) - E(c|x) - E(b, l x):v::_j]/E(bklx)

ifk

t-k,k

for t €T and u:EA.k, where

A = {w: E(bklx)w # 0};

h

set 2z =0 for w€ A‘k Then f{z ., £ ST 1is a stationary
i t-k,k

t-k,k

stochastic process since E(clx), E(bjlx), j €T, are invariant random

variables and Ak is an invariant set.
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If k $ [-M,J], then E(yclxt_J, cee ’xt+M) is measurable
a(.. "xt—k‘-l'xt-k+l’_"')‘ Since E(c|x) and E(bjlx) are measurable Tl’
they are measurable (""xt-k-Z’xt—k—l); since A'k is an invariant set,

its indicator function is measurable Tl and so measurable ('”’xt-k-Z’xc-k-l)'

> * e e -
Hence is measurableé O(...,X__ 15X, poqoece)y ST

Zek,k
o - - . w€E
Since Kook ™ Zeok,k for all t €T for - w ALs condition (C.1l)
implies that Var(xt) =0 1if P(Ak) > 0. We conclude that E(bklx) = 0 a.e.
for k € [-M,J].

So we have

J
E(clx) + j=Z-M E(bjlx)xt_j = E(ytlxt-J;""xt-!-M) a.e.

for t ET. If we consider this equation for t = J,J+1,...,2J+Ml, we

can say

Q_c} = g a.e.

-

where .i." = [E(c]x),E(b_M[x), ...,E(bJ{x)] , g,' = [82J+M+l’ ey gJ]

M
>

= i M2 Mt ix:
where gs E(yslxs-l’ eeas xs_H), and Q is & (J=)2)x(JHH2) matrix

1Y fopown T2 0 Fraen
Q- Lo%poy Foge2el ot Xy
LI Egy BN S ¥ -
We show below in lerma 3 that 2(D) > 0 wheze = = ‘.: O is non-singular}.

~

let h = Q—lg for w €D; h =0 otherwise. Then

-~

) = d' for w € D. We shall show that E(c[x) = E(c) a.e.
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14

If h, is not constant a.e. for w € D, then we can choose a constant t

1
such that
A - {w: w€D and hl(m) < rl, P(Al) >0
A - D - Al, P(A}) > 0.
Then set

A, = {w: E(e|x) <z}, &, =Q-a4,.

Since Q, g, and the indicator function for D are measurable

it follows that A and A.: are in c(xo""'x2J+2M+l)'

T(xgseee2Xy g )

. R 1 . -
E(chs) is measura-ble Tl and so AZ and 4, are in c(...,x_z,x_l).

E(c|x) = h, for w €D implies that

1
' P4, Na) = P(4), P(A]'. N A:,_) = ?(.:_i

Sinée P(Al) >0, P(Ai) > 0, condition (C.2) implies that P(Az) =1
‘and P(A;) = 1, a contradiction. Hence h.l is ecual to some constant
r a.e. for w€D. | »

Now set Al = D, Az = {u: E(cl:‘:)m = r}. Then P(Al nAZ) = P(Al),
and so (C.2) implies P(Az) = 1. Hence E(c|x) = E(c) a.e.

An identical argument estzblishes that E(bjlx) = E(bj) a.e.,
j € [-M,J]. So we have shown that

J
E(y_|x) = E(e) + T E(b)x__. a.e.
. t j=-}1 J -

| Q.E.D.
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LEMMA 3. Let

L % %og * 0t gy

l xzs xzs-l * L 2 L] xs
<Pl : . :

_l xs xs-l « o o xo _

where s 1is a non-negative integer. Then conditiom (C) izplies that

P(Qs non-singular) > 0 for all s.

PROOF. We shall use indu;tion on s. If s =20, then 95 singular
implies %, = Xg- if .P(xl = xo) = 1, then (C.1l) or (C..Z) implies
Var(xt) = 0. So P(go non-singular) > 0. Now assmﬁe that

P(gs-l non-singular) > 0 for some s > 1 and show that

P(gs hon-singular) > 0.

If gs is singular a.e., then expanding det(gs) in ter=s of the

cofactors of the first row gives

Xyl det (gs_l) = g(xo,. .- ,xzs) a.e.

where g is a neasurable functiom. By tke induction hypothesis,

P(Ds_l) > 0 where D.; = {w: det(gs_l) # 0}. Let

1

h = g(xo,. . e ,xzs)/det(gs_l)

=h for wEDs_

for meDs_ ; h=0 for w$Ds_l. Then x 1

1 “2s+l

If h is not constant a.e. for w € Ds-l’ we can chocse a constant T

such that
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A = {w: w€ D1 and hw) < r}, P(Al) >0

Then set

Since Al and Ai are in c(xo,...,xzs) andk
P(a; MA,)) = Pa)),  B(a NA) = P4,

condition (C.2) implies that P(AZ) =1 and P(Aé) = 1, a contradiction.

So if Qs is singular a.e., there must be a constant r such that hi{w) = ¢

a.e. for w €D ..
s-1
= = ] e = n =
Now set A =D__,, A, {w: x2$+l(w) r}. Then P(A1 AZ) P(Al),
and so (C.2) implies that —P(Az) = 1, which contradic;s Var(xt) # 0.
We conclude that P(Qs non-singular) > 0.

Q.E.D.
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APPENDIX B

Let fi = (fi’ Zi)’ i=1, ..., N, where Xy is Kx1, Yy is Mxl. Ve
shall assume that the z; are independent and identically distributed (i.i.d).
We shall also assume that E(xik)< © (k=1, ..., K), E(yim)< © (m=1, ..., M),
e L - ' 1y = t ' '
and V(f ) non-singular. Let-gi -(Yil’ Yiz) ﬁfi’ z; C) §i). Then the

wi are i.i.d. with V(wi) < =, Hence the central limit theorem for i.i.d.

randon variables implies that

A @ - Ew@)) D N0, V(@) as K+,

N
where w = I w,/N.
-~ . ~l
i=1

Consider the estimator

e N _ _ ]-1 N _ _
I =] I (x, - x)(x, - x)' I (x;, ~x)(y, =)
~ L= 7P TR imp -1 MREOS

N
z yi/N.' I is a function of w:
i=1 ~ - -

where % = T Ei/N, i =

vec I' = g(w),

where vec II' is the MKX1l vector formed by stacking the successive columns

-~

of I'. Evaluating g at E(wi) gives

vec {'I' = .g.(E(wi))’

where
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1" = V-l(x ) Cov(x,, y')
-~ ~1 ~i? £i/°

Since g is differentiable at E(wi), the §-method gives

-~

D

-

/N (vec fi' - vec mY) N(g, S;Z) as N+ =,

where _ '
ag ' 3g'
¢ = ar' V(Yi) ar

-~ -

and the partial derivatives are evaluated at r = E(wi). (See, for example,

Billingsley [1979, example 29.1, p. 340] or Rao [1973, p. 388].) We shall
evaluate.the partial derivatives and simplify to show that

-

- i o T - ' ,~1 -;E' T -1
TR -IaGr - TE @ VGG Y Ve,
% = - * = -
vhere x¥ = x, - E(x;),  y¥ =y, - EGH.

Let zg* = (x3%, yi%), wi* = (v, wif) = (z}%, 21* (® %;*), and

i ~il’ <i
set wkx = W;/N. Now note that g(w*) = g(v) and g(E(wg)) = g(E(wi))

since zz - z%x = 2z, -2 and V(z;) = V(zi). Since wi is i.i.d., we have

% %
U T

where the partial derivatives are evaluated at E(wi).

We can write

g(r) = £(a(n) 1, a(r) =z, - = TDTea

-

where the E’ = (Ei’ Eé) partition conforms to the Y' = (Yi, Eé) partition
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and 3% is the sub-vector of I containing the first X elements. When

T = E(gi), we have

AN

3h 3h
LR o JC

hence we can simplify to

of of'
Temr VD) wm oo

where the partial derivatives are evaluated at h = E(wz ).

The function £ can be implicitly defined by

where vec(il, sees Sps §1’ ey éM) = E’ § = (El, cees EK)’ and

vec (gl, ceey £M) = g. So we have

af |
§ —a;s-z-i-fmk&:g (k‘l’ ey K;m‘l’ ssey M)’

(@, =1, ..., M.

tn

gms {g ifn#a

ad L ifa=n

= *. = = 3 =- ' .
If E E(Yiz)’ then S V(§i), ém Cov(fi, }im)’ and f vec g . So the

partial derivatives evaluated at h = E(w?z) are

8 -1
5?““5’&)®V ST
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Since
* = * ]
V) = vzt ® =
= ' t -
E(zf 2;* @ 3} 5 - Ezf ® =) Er ® 3,

there are two terms to evaluate:

. of of!
S SO § 00

- 2{len 5 @ eIyt @ m HYIC 10 @ Vi)

=E -G - I ® ORI EIDR AR

of of!
2 w [FE @ =D B © 5 g 0
since
-1 '
E{[(-I}, L) ® Vil (23 ® :5;)}
- Bl -Te) @ V) ®)
and

¥ o 7' wk * = C - V(x T ) = ] M),
E(y. .-. }-Ei) :f. OV(Y_ ’ xi) (-i) = O (m .’ ss sy &-)
We concluda that

R R R Lo R R MO R SR AR
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Next we shall apply this prdcedure to evaluate the limiting distri-
bution of the instrumental variable estimator. Let 9y be Jx1 and assume
that (xi, Yq0 qi),li'l, eees N, is i.i.d. according to some multivariate

distribution with finite forth moments. Let Xim be a Kmxl subvector of §i;

let Um be a KmXI subvector of 9y and consider the instrumental variable

-~

.estimators:

N ‘ N
Fom T (g - )0, - BT P (g - R0y - T (=L e

i=1 i=

We shall assume‘that ?m = Cov(sim, §;m) is non-singular, m=1l, ..., M. Then

~ "l
= 1
T almost surely converges to T [Cov(gim, §im)]_ Cov(gim, Yim) as N + =,
Let T' = (%i, ...,_ﬁﬁ)'and T o= (ni, esey T'). Since 7 is a differentiable
-~ -~ -~ -~ -~ ) -

function of sample moments, we have

AG-m 5 no, 0 asv-e.
In order to simblify Q, we shall repeat the procedure used for the

multivariate regressionm case. Now £' = (f], ..., f:) is implicitly defined

by

£ =4 (n=1l, ..., M)

where §m-= (Eml’ cees S_p ) is Kmem'

m
af 9 ifon#nm
S ._:'E =
~m af' -fmk EK ifn=g
nk m

k=1, ... Kn; n, @ =1, «..y M.
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afm 0 if ofm . ,
§m 3@: = IKE' if m-nv (n,m=l, ..., M).

= ' = = .
We have §m Cov(gim, fim)’ gm Cov(gim, ym), and Em L when these
functions are evaluated-at the population means. Leat hm =

vec(sml, sess Sop s dm)' Then evaluating the partial derivatives at the
~, -~ m -

population means gives

_.ﬂ = _1
ah’ (-m, 1) & ¢7 if nem (n, m=l, ..., M).

The m, n submatrix of @ gives the asymptotic covariance between

-~ "~
T and T _:
pes | -0

of
= 0 * &1 % &t
Qo = Tor (B2 2t O b @)

-~

1
- B, ® gy 2en O a4l

T = % * * = - %* = v
where 2z (§m’yim ), Xn = Xm E(Eim)’ Yim = 7

~im Py - E(ym)’ and

in
q* =4q. - E(q..). As before there are two terms to evaluate and the
<im  <im <im

i ir * - ' x* % = (Q, The first term simplifies to
second one is zero since E(ylm o 333) Sun P

-1 |"l
= k - vk * o mlyk 3 *x q'%
gmn E[(yim Emfim)(yin Enfin) ?m Simgin ?n 1

where ?m = COV(Sim’ fim)’ m,n=l, ..., M.
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FOOTNOTES

lsee Mundlak (1961, 1978).

Z5ee Sims (1972).

3MaCurdy (1979) considers the conventional maxizum likelihood esti-

mator in a homoskedastic multivariate regression model. He shows that its
asymptotic distribution can be obtained without normality assumptions by
treating it as 2 mininum distance estimator. In our model, however, that

maximum likelihood estimator is generally imeificient since it is using
the wrong norm.

4See Mundlak (1961), Chamberlain (1980).
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