Appendix A Data

This Appendix describes construction of the data used in the application of Section 8.

A.1 Veneto Workers History

Our data come from the Veneto Workers History (VWH) file, which provides social security based
earnings records on annual job spells for all workers employed in the Italian region of Veneto at
any point between the years 1975 and 2001. Each job-year spell in the VWH lists a start date,
an end date, the number of days worked that year, and the total wage compensation received by
the employee in that year. The earnings records are not top-coded. We also observe the gender of
each worker and several geographic variables indicating the location of each employer. See Card,
Devicienti, and Maida (2014) and Serafinelli (2019) for additional discussion and analysis of the
VWH.

We consider data from the years 1984-2001 as prior to that information on days worked tend
to be of low quality. To construct the person-year panel used in our analysis, we follow the sample
selection procedures described in Card, Heining, and Kline (2013). First, we drop employment spells
in which the worker’s age lies outside the range 18-64. The average worker in this sample has 1.21
jobs per year. To generate unique worker-firm assignments in each year, we restrict attention to
spells associated with “dominant jobs” where the worker earned the most in each corresponding
year. From this person-year file, we then exclude workers that (i) report a daily wage less than
5 real euros or have zero days worked (1.5% of remaining person-year observations) (ii) report a
log daily wage change one year to the next that is greater than 1 in absolute value (6%) (iii) are
employed in the public sector (10%) or (iv) have more than 10 jobs in any year or that have gender
missing (0.1%).
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Appendix B Computation

This Appendix describes the key computational aspects of the leave-out estimator é, with an
emphasis on the application to two-way fixed effects models with two time periods discussed in

Example 4 and Section 8.

B.1 Leave-One-Out Connected Set

Existence of 8 requires P; < 1 (see Lemma 1) and the following describes an algorithm which
prunes the data to ensure that P; < 1. In the two-way fixed effects model of Section 8.2, this
condition requires that the bipartite network formed by worker-firm links remains connected when
any one worker is removed. This boils down to finding workers that constitute cut vertices or
articulation points in the corresponding bipartite network.

The algorithm below takes as input a connected bipartite network G where workers and firms
are vertices. Edges between two vertices correspond to the realization of a match between a worker
and a firm (see Jochmans and Weidner, 2016; Bonhomme, 2017, for discussion). In practice, one
typically starts with a G corresponding to the largest connected component of a given bipartite
network (see, e.g., Card et al., 2013). The output of the algorithm is a subset of G where removal
of any given worker does not break the connectivity of the associated graph.

The algorithm relies on existing functions that efficiently finds articulation points and largest
connected components. In MATLAB such functions are available in the Boost Graph Library and

in R they are available in the igraph package.

Algorithm 1 Leave-One-Out Connected Set

1: function PRUNINGNETWORK(G) > G = Connected bipartite network of firms and
workers

2 Construct G; from G by deleting all workers that are articulation points in G

3 Let G be the largest connected component of G;

4: Return G

5: end function

The algorithm typically completes in less than a minute for datasets of the size considered in
our application. Furthermore, the vast majority of firms removed using this algorithm are only

associated with one mover.

B.2 Leave-Two-Out Connected Set

We also introduced a leave-two-out connected set, which is a subset of the original data such that

removal of any two workers does not break the connectedness of the bipartite network formed by
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worker-firm links. The following algorithm proceeds by applying the idea in Algorithm 1 to each
of the networks constructed by dropping one worker. A crucial difference from Algorithm 1 is that
two workers who do not break connectedness in the input network may break connectedness when
other workers have been removed. For this reason, the algorithm runs in an iterative fashion until

it fails to remove any additional workers.

Algorithm 2 Leave-Two-Out Connected Set

1: function PRUNINGNETWORK2(G) > G = Leave-one-out connected bipartite network
of firms and workers

2: a=1

3: while a > 0 do

4 gdel _ @

5: forg=1,...,N do

6: Construct G; from G by deleting worker g

7 Add all workers that are articulation points in G; to g
8: end for

9: a = |gdel|

10: if a > 0 then

11: Construct G; from G by deleting all workers in G
12: Let G5 be the largest connected component of G,
13: Let G be the output of applying Algorithm 1 to G,
14: end if

15: end while

16: Return G
17: end function

~

B.3 Computing 6
Our proposed leave-out estimator is a function of the 2n quadratic forms
I o—1 I o—1 -1 .
Pii == szxac ZT; B“ = szxz ASmx Z; fOI' 1 = 1, ey T

The estimates reported in Section 8 of the paper rely on exact computation of these quantities. In
our application, k is on the order of hundreds of thousands, making it infeasible to compute Sm_xl
directly. To circumvent this obstacle, we instead compute the k-dimensional vector 2; cyqct = S;xlsci

separately for each ¢ = 1,..,n. That is, we solve separately for each column of Z_,,.; in the system

/
Sxeezact =X
kxk kxn kxn
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/ !/ . . .
We then form Pj; = %72 cyoer @a0d Bjj = 2 cpact A% epact- The solution z; op4 is computed via

MATLADB?’s preconditioned conjugate gradient routine pcg. In computing this solution, we utilize
the preconditioner developed by Koutis et al. (2011), which is optimized for diagonally dominant
design matrices S,,. These column-specific calculations are parallelized across different cores using
MATLAB’s parfor command.

B.3.1 Leaving a Cluster Out

Table 3 applies the leave-cluster-out estimator introduced in Remark 3 to estimate the variance of
firm effects with more than two time periods and potential serial correlation. The estimator takes

the form 6

all observations in the cluster to which observation i belongs. A representation of écluster that is

cluster = D1 yiiﬂgﬁ,c(i) where ch(i) is the OLS estimator obtained after leaving out
useful for computation takes the observations in the c-th cluster and collect their outcomes in y,.

and their regressors in X,.. The leave-cluster-out estimator is then

C
Octuster = B'AB =Y 4eB(I = P) ™ (ye — X.),
=1
where C denotes the total number of clusters, P, = XCS;xlXé, and B, = XCS;;AS;;XQ. Since
the entries of P, and B, are of the form P;, = xéS;;xg and B, = x;S;mlAS;xlx@, computation can
proceed in a similar fashion as described earlier for the leave-one-out estimator.

When defining the cluster as a worker-firm match, Table 3 applies éclustﬂ to the two-way fixed
effects model in (6). When defining the cluster as a worker, the individual effects can not be
estimated after leaving a cluster out. Table 3 therefore applies écluste,. after demeaning at the
individual level. This transformation removes the individual effects so that the resulting model can

be estimated after leaving a cluster out.

B.3.2 Johnson-Lindenstrauss Approximation

When n is on the order of hundreds of millions and k is on the order of tens of millions, the exact
algorithm may no longer be tractable. The JLA simplifies computation of P;; considerably by only
requiring the solution of p systems of k linear equations. That is, one need only solve for the

columns of Z; 4 in the system

SmeJLA = (RPX)lv
kxk kxp kxp

which reduces computation time dramatically when p is small relative to n.

To compute B;;, it is necessary to solve linear systems involving both A; and A,, leading to 2p
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systems of equations when A; # Ay. However, for variance decompositions like the ones considered
in Section 8.2, the same 2p systems can be reused for all three variance components, leading to a
total of 3p systems of equations for the full variance decomposition. This is so because the three
variance components use the matrices A, = A/fAf, Apy = %(A&Af + A/fAd), and A, = ALA,

where

) 0 0 0 ) dy—d ... d,—d
A= |\A-F -« fu—f| and Ag= | o 0 o |-
0 0 0

Based on these insights, Algorithm 3 below takes as inputs X, A;, Ay, and p, and returns ]5“ and
three different Bii’s which are ultimately used to construct the corresponding variance component

éJLA as defined in Section 1.2.

Algorithm 3 Johnson-Lindenstrauss Approximation for Two-Way Fixed Effects Models
1: function JLA(X A A,p)
2: Generate Rp, Rp € RP*" where (Rp, Rp) are composed of mutually independent
Rademacher entries

3: Compute (RpX)', (RgA;), (RgAy) € RM?

4: fork=1,...,pdo

5: Let v, 0, 71, Tho € R* be the x-th columns of (RpX)', (RpA;), (RpAy)

6: Let z,, € R* be the solution to S,z = 70 for £=10,1,2

7: end for

8: Construct Z, = (214, ..+, 2,¢) € R¥? for £=10,1,2

9: Construct ]511 = %HZéxiHQ, Bmp = %HZ{xZ 2, Elm %HZéa:i”Q, Bu’,aw =

%(Z{xi)/(Zéa:i) fori=1,...,n
10: Return { P, Bii v, Bii o B’ii,aw}znzl
11: end function

B.3.3 Performance of the JLA

Figure B.1 evaluates the performance of the Johnson-Lindenstrauss approximation across 4 VWH
samples that correspond to different (overlapping) time intervals (2000-2001; 1999-2001; 1998-
2001; 1997-2001). The z-axis in Figure B.1 reports the total number of person and firm effects
associated with a particular sample.

Figure B.1 shows that the computation time for exact computation of (B;;, P;;) increases rapidly
as the number of parameters of the underlying AKM model grow; in the largest dataset considered
— which involves more than a million worker and firm effects — exact computation takes about 8
hours. Computation of JLA complete in markedly shorter time: in the largest dataset considered

computation time is less than 5 minutes when p = 500 and slightly over 6 minutes when p = 2500.
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Notably, the JLA delivers estimates of the variance of firm effects almost identical to those computed
via the exact method, with the quality of the approximation increasing for larger p. For instance,
in the largest dataset, the exact estimate of variance of firm effects is 0.028883. By comparison,
the JLA estimate equals 0.028765 when p = 500 and 0.0289022 when p = 2500.

In summary: for a sample with more than a million worker and firm effects, the JLA cuts

computation time by a factor of 100 while introducing an approximation error of roughly 104

B.3.4 Scaling to Very Large Datasets

We now study how the JLA scales to much larger datasets of the dimension considered by Card
et al. (2013) who fit models involving tens of millions of worker and firm effects to German social
security records. To study the computational burden of a model of this scale, we rely on a synthetic
dataset constructed from our original leave-one-out sample analyzed in Column 1 of Table 2, i.e.,
the pooled Veneto sample comprised of wage observations from the years 1999 and 2001. We scale
the data by creating replicas of this base sample. To connect the replicas, we draw at random
10% of the movers and randomly exchange their period 1 firm assignments across replicas. By
construction, this permutation maintains each (replicated) firm’s size while ensuring leave-one-out
connectedness of the resulting network.

Wage observations are drawn from a variant of the DGP described in Section 8.7 adapted to
the levels formulation of the model. Specifically, each worker’s wage is the sum of a rescaled person
effect, a rescaled firm effect, and an error drawn independently in each period from a normal with
variance % exp(ag+ a1 By + a9 Pyg+agIn Ly +agIn Lyp). As highlighted by Figure B.1, computing
the exact estimator in these datasets would be extremely costly. Drawing from a stable DGP allows
us to instead benchmark the JLA estimator against the true value of the variance of firm effects.

Figure B.2 displays the results. When setting p = 250, the JLA delivers a variance of firm
effects remarkably close to the true variance of firm effects defined by our DGP. As expected, the
distance between our approximation and the true variance component decreases with the sample
size for a fixed p. Remarkably, we are able to compute the AKM variance decomposition in a
dataset with approximately 15 million person and year effects in only 35 minutes. Increasing the
number of simulated draws in the JLA to p = 500 delivers estimates of the variance of firm effects
nearly indistinguishable from the true value. This is achieved in approximately one hour in the
largest simulated dataset considered. The results of this exercise strongly suggest the leave-out
estimator can be scaled to extremely large datasets involving the universe of administrative wage

records in large countries such as Germany or the United States.
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Figure B.1: Performance of the JLA Algorithm
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Note: Both panels consider 4 different samples of increasing length. The four samples contain data from
the years 2000-2001, 1999-2001, 1998-2001, and 1997-2001, respectively. The z-axis reports the number of
person and firm effects in each sample. Panel (a) shows the time to compute the KSS estimate when relying
on either exact computation of {B,;, P;; };—; or the Johnson-Lindenstrauss approximation (JLA) of these
numbers using a p of either 500 or 2500. Panel (b) shows the resulting estimates and the plug-in estimate.

Computations performed on a 32 core machine with 256 GB of dedicated memory. Source: VWH dataset.



Figure B.2: Scaling to Very Large Datasets
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Note: Both panels consider synthetic datasets created from the pooled Veneto data in column 1 of Table 2
with T' = 2. It considers {1, 5, 10, 15, 20} replicas of this sample while generating random links across replicas
such that firm size and T are kept fixed. Outcomes are generated from a DGP of the sort considered in
Table 6. The z-axis reports the number of person and firm effects in each sample. Panel (a) shows the time
to compute the Johnson-Lindenstrauss approximation 6 714 using a p of either 250 or 500. Panel (b) shows
the resulting estimates, the plug-in estimate, and the true value of the variance of firm effects for the DGP.

Computations performed on a 32 core machine with 256 GB of dedicated memory. Source: VWH dataset.



B.4 Split Sample Estimators

Sections 4.2 and 5.2 proposed standard error estlmators predicated on being able to construct
independent split sample estimators xzﬁ ;1 and xlﬂ_m. This section describes an algorithm for
construction of these split sample estimators in the two-way fixed effects model of Example 4. We
restrict attention to the case with T, = 2 and consider the model in first differences: Ay, = A féw—i—
Agg for g =1,...,N. When worker g moves from firm j to j', we can estimate Aféw = wj/ —
without bias using OLS on any sub-sample where firms j and j' are connected, i.e., on any sample
where there exist a path between firm j and j'. To construct two disjoint sub-samples where
firms j and j' are connected we therefore use an algorithm to find disjoint paths between these
firms and distribute them into two sub-samples which will be denoted &; and S;. Because it can
be computationally prohibitive to characterize all possible paths, we use a version of Dijkstra’s
algorithm to find many short paths.10

Our algorithm is based on a network where firms are vertices and two firms are connected by
an edge if one or more workers moved between them. This view of the network is the same as the
one taken in Section 7, but different from the one used in Sections B.1 and B.2 where both firms
and workers were viewed as vertices. We use the adjacency matrix A to characterize the network
in this section. To build the sub-samples §; and S,, the algorithm successively drops workers from
the network, so A_g will denote the adjacency matrix after dropping all workers in the set S.

Given a network characterized by A and two connected firms j and ;' in the network, we let
ij/(A) denote the shortest path between them."' If j and j' are not connected ij/ (A) is empty.
Each edge in the path ij/ (A) may have more than one worker associated with it. For each edge in
ij/(A) the first step of the algorithm picks at random a single worker associated with that edge
and places them in &;, while later steps place all workers associated with the shortest path in one
of §; and Sy. This special first step ensures that the algorithm finds two independent unbiased
estimators of A f;w whenever the network A is leave-two-out connected.

For a given worker ¢ with firm assignments j = j(g,1),5’ = j(g,2) and a leave-two-out con-
nected network A the algorithm returns the { Py 1, Pg“}é\f:l introduced in Section 4.2. Specifically,

Afg ZZ 1 Py 1Ay, and Afgw = Zévzl Py 2Ay, are independent unbiased estimators of

9T he algorithm presented below keeps running until it cannot find any additional paths. In our empirical

implementation we stop the algorithm when it fails to find any new paths or as soon as one of the two
sub-samples reach a size of at least 100 workers. We found that increasing this cap on the sub-sample
size has virtually no effect on the estimated confidence intervals, but tends to increase computation time
substantially.

11Many statistical software packages provide functions that can find shortest paths. In R
they are available in the igraph package while in MATLAB a package that builds on the
work of Yen (1971) is available at https://www.mathworks.com/matlabcentral/fileexchange/
35397-k-shortest-paths-in-a-graph-represented-by-a-sparse-matrix-yen-s-algorithm?
focused=3779015&tab=function.
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A féw that are also independent of Ay,. If A is only leave-one-out connected then the algorithm
may only find one path connecting j and j. When this happens the algorithm sets Py o =0 for all

¢ as required in the formulation of the conservative standard errors proposed in Appendix C.5.1.

Algorithm 4 Split Sample Estimator for Inference

—_

. function SPLITSAMPLEESTIMATOR(g, j, j', A) > A = Leave-one-out connected network
Let S; =0 and S, =0
For each edge in P] 7/ (A_g), pick at random one worker from A_, who is associated
with that edge and add that worker to S;

4: Add to S, all workers from A_, sy who are associated with an edge in PJ (A gsy)

5: Add to &; all workers from A_y, s s,3 who are associated with an edge in Py (A_,)

6: Let stop = 1{1:')]‘3"(-’4—{9,81732}) =0} and s =1

7 while stop < 1 do

8: Add to S all workers from A_y, s s who are associated with an edge in
ij’ (A—{g,sl,SQ}) .

9: Let stop = 1{P,/(A_(ys,s,;) = 0} and update s to 1 + 1{s = 1}

10: end while

11: Fors=1,2and {=1,...,N,let P, , =1{l € Ss}Afé(Zmess AfmAf,%)TAfg
12: Return {P,,;, ng72}£1

13: end function

In line 5, all workers associated with the shortest path in line 3 are added to S; if they were not
added to Ss in line 4. This step ensures that all workers associated with ij/(A_g) are used in the
predictions. In line 11, Py, ; is constructed as the weight observation ¢ receives in the prediction
Af;zﬂs where 1&8 is the OLS estimator of ¢ based on the sub-sample S,.

B.5 Test of Equal Firm Effects

This section describes computation and interpretation of the test of the hypothesis that firm effects
for “younger” workers are equal to firm effects for the “older” workers which applies Remark 6 of
the main text.

The hypothesis of interest corresponds to a restricted and unrestricted model which when

written in matrix notation are

Ay = AFy + Ae 9)
Ay = AFpp° + AFypY + AFyhs + Ae = X3+ Ae (10)
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where Ay and AF collects the first differences Ay, and Af, across g. AF represents AF for
“doubly connected” firms present in each age group’s leave-one-out connected set interacted with a
dummy for whether the worker is “old”; AFy- represents AF for doubly connected firms interacted
with a dummy for young; AFj represents AF for firms that are associated with either younger
movers or older movers but not both. Finally, we let X = (AFy, AFy,AFy), = (1/)0', @ZJY/,d)é)/,
and ¢ = (7,5’

The hypothesis in question is wo — wy = 0 or equivalently RS = 0 for R = [I,,—1,,0] and
r=|J| = dim(wO). Thus we can create the numerator of our test statistic by applying Remark 6
to (10) yielding

N
0=pFAB- By, (11)
g=1

where A = %R/(RS;;R’)AR; B, and 6’2 are defined as in Section 1.

Two insights help to simplify computation. First, since AFHLAFy, = 0, AFH,AF; = 0 and
AF{/AF;)) = 0, we can estimate equation (10) via two separate regressions, one on the leave-one-
out connected set for younger workers and the other on the leave-one-out connected set for older
workers. We normalize the firm effects so that the same firm is dropped in both leave-one-out
samples.

Second, we note that B’AB = 4/ By where

Px — Pap
T b

B=XS,'AS, X' = (12)
Py = XS, X', and Pap = AF(AF'AF) 'AF'. Equation (12) therefore implies that B;; in
(11) is simply a scaled difference between two statistical leverages: the first one obtained in the
unrestricted model (10), say Py 44, and the other on the restricted model of (9), say Pag 4, Section
B.3 describes how to efficiently compute these statistical leverages. To conduct inference on the

quadratic form in (11) we apply the routine described in Section 4.2.
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Appendix C Proofs

This Appendix contains all technical details and proofs that where left out of the paper. The

material is primarily presented in the order it appears in the paper and under the same headings.

C.1 Unbiased Estimation of Variance Components
C.1.1 Estimator

Lemma C.1. [t follows from the Sherman-Morrison- Woodbury formula that the two representa-
tions of  given in (1) and (2) are numerically identical, i.e., that B/AB—Z?:I B;67 = S YR

whenever S, has full rank and max; P;; < 1.

Proof. The Sherman-Morrison-Woodbury formula states that if S, has full rank and P,; < 1, then

—1 ! a—1
-1 Sx:c xzxzsxaz n—1
Szx + 7 A—1 = (S:m: - xzxz> .
1- szmx Z;

1 a1 1401
Furthermore, we have that z;S,, ; = ;5,5 ASy, x; = B;; so

—1 ra-1
15 - Y TS xS
yzx;/g—z = yixz ( Txr Zl’gyg yzx Sa:ac foyf + = xx/SZle = Zxéyﬂ
(+i (+i T TiRzx Ti gt
-1
~1' A 2 A
=y %8 — Byy; + y; By 7 — Z Teye = Y8 — Byyi(y; — v16_;)
Szx Z; 144
=1237i

where the last expression equals y;& 15 Bma This finishes the proof since ,6’ AB S YT IB.

In the above the Sherman-Morrison-Woodbury formula was also used to establish that

. _ St
l‘;ﬁ—i = l‘; (Sm - JUZLU;) ! Zfﬁew = S_ Z LoYe,
xx

0i Li pi
— 2B
and from this it follows that y; — Zﬂ, ﬁ as claimed in the paper. O

C.1.2 Large Scale Computation

All discussions of the computational aspects are collected in Appendix B.

C.1.3 Relation To Existing Approaches

Next we verify that the bias of éHO is a function of the covariation between 0? and (By;, Py;).
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. A . n
Lemma C.2. The bias of 0o is OB, 02 + SptE0p 2 where

11994

n
- 2 2y 2 1 2 _ _ 2 2
OnB,; 02 = E Bi(oj —07), 0" = n ElUiy Sp = E By, 9p, 02 = n 4 Py(oj — 7).
1= =

Proof. Since 6> = -5 (y; — 235)* = LS Sl Myeiep we get that

E[éHO] —0= En:Bz'z’Uz'Q - (En: Bii) niik zn: Miiazz
i=1 i=1

=1

- 2 2 1 O 2 2
:Z;Bii(ai -0 )_SBn_kZIMii(Ui —-07)

2+SBLO' 2. O

=0
nB;;,05 n—k Pio;

Comparison to Jackknife Estimators

This subsection compares the leave-out estimator 0 to estimators predicated on jackknife bias
corrections. We start by introducing some of the high-level assumptions that are typically used to
motivate jackknife estimators. We then consider some variants of Examples 2 and 3 where these
high-level conditions fail to hold and establish that the jackknife estimators have first order biases
while the leave-out estimator retains consistency.

High-level Conditions Jackknife bias corrections are typically motivated by the high-level as-
sumption that the bias of a plug-in estimator épl shrinks with the sample size in a known way and

that the bias of % Sy §p17_i depends on sample size in an identical way, i.e.,

A D D
Elfp] =0+ 2+ -2, E
n n

1~ D D
— g Op_i| =0+ ——+ 2 5 for some Dy, Dy, (13)
ne— n—1 (n-1)

Under (13), the jackknife estimator 0y = nfp; — an Sy épL_i has a bias of —%.
For some long panel settings the bias in épl is shrinking in the number of time periods 71" such
that

; D, D L
Elfp1] =0 + ?1 + T—; for some Dy, D,.

In such settings, it may be that the biases of % Z;le GAPL_t and %(épm + éPLQ) depend on T in an

identical way, i.e.,

1 X
T Z Op1,—¢
t=1

D D
=0+ ———+—2
-1 (T-1)

1, ; 2D, 4D
; and E [2(9131,1 + 9131,2)] =0+ =1+ T—QQ

E
T
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From here it follows that the panel jackknife estimator ép K = Tépl — % Zle HAPL,t has a bias
of —% and that the split panel jackknife estimfator Osprx = 20p; — %(épm + HAPLQ) has a bias

2D, D,

of — 7 both of which shrink faster to zero than = if T" — oo. Typical sufficient conditions for
bias-representations of this kind to hold (to second order) are that (i) 7' — oo, (ii) the design is
stationary over time, and (iii) that épI is asymptotically linear (see, e.g., Hahn and Newey, 2004;
Dhaene and Jochmans, 2015). Below we illustrate that jackknife corrections can be inconsistent in
Examples 2 and 3 when (i) and/or (ii) do not hold. Finally we note that fp; (a quadratic function)
need not be asymptotically linear as is evident from the non-normal asymptotic distribution of 6

derived in Theorem 3 of this paper.

Examples of Jackknife Failure

Example 2 (Special case). Consider the model
Ygt = Qg + Eg (g=1,...,N, t=1,...,T > 2),

2 2 . . N 2
where o, = ¢” and suppose the parameter of interest is § = % > g=1 Q- For T even, we have the

g
following bias calculations:

2 2

o 1 o » o o
E[fp] = 60 + — E 7§ Opr | =0+ — +
Op1} =0+ 7 n & PL’] +T+n(T—1)’

1 o 1, . 20°
E TEHPL—t :9+ﬁ7 E 5(9131,1‘*'9131,2) :9‘*'?‘
The jackknife estimator 6 Ji has a first order bias of —ﬁil), which when T' = 2 is as large as

that of épI but of opposite sign. By contrast, both of the panel jackknife estimators, 0 pyi and the

leave-out estimator are exactly unbiased and consistent as n — oo when T is fixed.

This example shows that the jackknife estimator can fail when applied to a setting where the
number of regressors is large relative to sample size. Here the number of regressors is N and the
sample size is NT, yielding a ratio of 1/T" and we see that 1/T — 0 is necessary for consistency of
éJK. While the panel jackknife corrections appear to handle the presence of many regressors, this

property disappears in the next example which adds the “random coefficients” of Example 3.

Example 3 (Special case). Consider the model

Ygt = Qg + TgeOg + Egy (9g=1,...,N, t=1,...,T > 3)
where azt =o%and 6 = %Z;V:l 53.
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An analytically convenient example arises when the regressor design is “balanced” across groups

as follows:

(xghnga <. '7ng) = (371,(172,. . '7'1"T)7

where x1,zq9, T3 take distinct values and Zthl x; = 0. The leave-out estimator is unbiased and

consistent for any 7' > 3, whereas for even T' > 4 we have the following bias calculations:

2
~ g
E[QPI] 0 + T PR
t=1 Tt

1 . 0_2 T 1
E|= GPI,—t]—g‘i‘ —,

r tzl T t=1 Zs;ﬁt(l‘s —zy)
1 . N o2 o2

E [(QPI,l + '9131,2)] =0+ + 7 —»

2 2 Zth/f Ly — 331)2 2 Zt:T/2+1(xt —Iy)

_ 1 _ 2 T/2 _ 2 T
where T_; = 75 ZS# Lgy X1 = 7T Zt:/1 zy, and Ty = & Zt:T/ZJrl Lt
The calculations above reveal that non-stationarity in either the level or variability of x; over

time can lead to a negative bias in panel jackknife approaches, e.g.,

A 202 o? o2

_ _ <0
= 7T 2 T/2 2 T -
D1 Tt 2 th/l Ty 2X—r/41 T

where the first inequality is strict if Z; # T9 and the second if ZtT:/f 2? ZtT:T /241 2?. In fact, the

following example
(a:l,wQ,...,xT) = (—1,2,0,...70,—1)

renders the panel jackknife corrections inconsistent for small or large 7"

; 7/5 1 A 8/5 1
Elfpyk] =0 — éUQ +0 <T> and  E[fspyk] =0 — é02 +0 <T) .

Inconsistency results here from biases of first order that are negative and larger in magnitude than

the original bias of fp; (which is %2)

Computations For this special case of example 2 we have that A = IﬁN and S,, = Ty so that

A= % and trace(A%) = NITQ = 0(1) which implies consistency of §. Similarly we have that the
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bias of @ is

N
—ZTV& ;;O‘Q where &, = T Zygt.

9 t=1

The same types of calculations lead to the other biases reported in the paper.

0 TI 0
For this special case of example 3 we have that A = IN] and S,, = N P 2]
N 0 InD g7
which implies that trace(A2) = ——21 - = 0(1) and therefore consistency of §. Similarly we

N(Z?:l x?>2
have that the bias of 8 is

o2
. . z
— g TV5 e where 597 Zt 1 tygt
Zt 1% Zt 13%

The same types of calculations lead to the other biases reported above. Now for the numerical

example (z1,xq,...,27) = (—1,2,0,...,0,—1) we have Zthl z; =6, ZtT:T/QH(xt — T =1— 2
T/2 N2 T/2 2 2

th/l(a:t—xl) :2Zt/1 Ty — Tx1:5—%, and

2 — A ift=2,

T—1
S — )= 5 gl e (LT,
s#t .
6 otherwise,
Thus
To* o (T — 1) 1
Elfpx] =0 = =7 > —
t=1T¢ T =1 Zs;ﬁt(xs —T_y)

6 T T—1 2_ﬁ 6
2<2 4 T-1 2 T-1 1 ) 7 +0<1>
~% 13 6T T i |7 739°
3 6T T 5- L T 2- L 30 T
. 202 0_2 02
and E[QSPJK]—QZ T + T —
Siaar 2w —5)° 25 g ( — T2)

o (1 1 1 ) 8 1
=0 | - — ol 1 =——0°+0
(3 0-4 2-4 30 T
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C.1.4 Finite Sample Properties

Here we provide a restatement and proof of Lemmas 1 and 2 together with a characterization of

the finite sample distribution of 6 which was excluded from the main text.
Lemma C.3. Recall that 0* = 3'AS — St Biio
1. If max; P; < 1, then E[f] = 6.
2. Unbiased estimators of 0 = ' AB exist for all A if and only if max; P;; < 1.
3. Ife; ~ N(0,02), then 0% = S0_, A, (z}% - V[Bg]) and b~ N (b,w}]).

4. If max; P, < 1 and ¢; ~ N(0,0’?), then 6 = 221 A (C) (gﬁ — VM) where § ~ N (u, V),
n=QeXB. V= QoEQc. C = (Cu)ie, £ = diag(or.....07), and C = QuDeQe is a
spectral decomposition of C' such that Do = diag(Ai(C), ..., A\, (C) and r¢ is the rank of C.

P’I"OOf First note that B AB 27, 1 ZE 1 Zéyzyf and o0 U — yz( Y; — 1/8 ) - sz ZE 1 'Léyb S0

n n
N —1
=) Biyiye — BiM;; My,

i=1 =1
n n n
-1 -1 1
=> > (BM -2 My (BiiMii + By My, >> vive =YY Ciotite-
i=1 (=1 i=1 i

The errors are mean zero and uncorrelated across observations, so

Z > CiynpryB = Z Z By By — ByiMj; My BB = 0,

i=1 (#13 i=1 (=1

since > ), Bywwy = A and 3", Mz, = 0. This shows the first claim of the lemma.

It suffices to show that no unbiased estimator of 3'S,, 3 exist when max; P;; = 1. Any potential
unbiased estimator must have the representation 3Dy + U where E[U] = 0 and D = (Dig)ie
satisfies (i) D;; = 0 for all 4 and (i) X'DX = S,, for X = (xy,...,x,)". (ii) implies that D must
be D =1+ PDM + MDP + MDM for some D where P = (Py)ie and M = (M;); 4. If the exist
a i with P; =1, then Y, Pfg = P;; yields M;, = 0 for all £ which implies that D;; must equal 1
to satisfy (ii). However, this makes it impossible to satisfy (i). This shows the second claim.

Recall the spectral decomposition A = QDQ’ and definition of b= Q'S. 1/ 26 which satisfies that
b~ N(b,V[b]) when &; ~ N(0,07). We have that 0 = S7,_ )\, (bg V[bg]) since

BAB = B'SY2ASY23 = Db = ZAM,
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and

n
Z Bj;07 = trace(BX) = trace(AV[3]) = trace(DV[b Z A VD).
i=1
where B = (By;); ¢ This shows the third claim.

The matrix C is is well-defined as max; P; < 1. Define j = Qo (yy, - .., ¥,) which satisfies that
g~ N(u, V) when g; ~ N(0,07). Furthermore,

ro
0=y'Cy=9'Dci=> MO,
(=1
and C;; = 0 for all 4, so that >, A\, (C') Vy = trace(CY) = 0. This shows the last claim. O

C.1.5 Consistency

The next result provides a restatement and proof of Lemma 3.

Lemma C.4. If Assumption 1 and one of the following conditions hold, then -6 0.
(i) A is positive semi-definite, = 3’ AB = O(1), and trace(A*) = i1 Ap = o(1).
(i) A= 1(A Ay + ASA)) where 0, = B'ATA B, 05 = B'AyAyB satisfy (i).

Proof. Suppose that A is positive semi-definite. The difference between 0 and 0 is

Q_QZZwaéﬁg +ZZBM55K+ZBM g —0 z >

i=1 ¢=1 i=1 {#£i

and each term has mean zero so we show that their variances are small in large samples. The

variance of the first term is
42 (Z B Kg;gﬁ) o? <4dmaxo:f X'B* X = 4maxor B AS, L AB < 4max a6\ = o(1)
i1 : 1 1 1

where B = (By); 4, the last inequality follows from positive semi-definiteness of A, and the last

equality follows from 6 = O(1) and A\, < trace(flz)l/ ? = 0(1). The variance of the second term is

n n n
2 2 2 4 2 4 72
2 g E Bjo;0; < 2mzaxai g E B, = 2mzaxai trace(A”) = o(1).

i=1 i =1 (=1
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Finally, the variance of the third term is

Z (Z My By M, wﬁﬁ) o; +2ZZM_2 M2o20?

=1 \/=1 i=1 E;ﬁz
n
Py 2 32N g2 B2
<5 maxo; mlax(xzﬁ) Z i +  max o} E =
c

i=1

where min; M; > ¢ >0 and > -, B2 < trace(A%) = o(1). This shows the first claim of the lemma.
When A is non-definite, we write A = % (A/1A2 + A'QAl) and note that

BAS AR < = (@1 Amax (A2) + O\ maX([h)) and  trace(A?) < trace(fl%)1/2‘51r3u(3e(fl§)1/2

where A, = S_l/QAkAkS_l/ for £ = 1,2 and Ay (As) is the largest eigenvalue of A,. Thus
consistency of 8 follows from ©; = O(1), Oy = O(1), trace(A}) = o(1), and trace(A3) = o(1). O

The next result provides a restatement and proof of Lemma 4.

Lemma C.5. If Assumption 1, n/p* = o(1), V[l] " = O(n), and one of the following conditions
hold, then VI0)™*(8,,4 — 6 — B,) = 0,(1) where |B,| < 1571, Pi|Bylof.

(i) A is positive semi-definite and B[S AB] — 0 = O(1).

(i) A=L1(AAy+ A4A,) where 0, = B AYALB, 0, = B AbAyB satisfy (i) and %[‘Z]W —0(1).

n 4 2 2
_ 1 QZZZ;ﬁ'PM_Pii(l_Pii)

Proof. Define B, = ZZ 1 Biioi Z(I_PH)Q
11

proximation of 6,4 — 0, we first show that E [(9JLA —HA)Q} = B, and W = O(%).

Then we finish the proof of the first claim by showing that the approximation error is ignor-

. Letting (0,74 — 0)5 be a second order ap-

able. The bias bound follows immediately from the equality ;. i Pj = P,;(1— P,;) which leads to
0< 37 Py < Pi(1— Py)”.
We have 0,74 —0 = (0574 — 0)y + AE, where

n 3 2
N N 9 A L - .o 13FP;+ P;
(Oypa —0)2 = E 0 (Bii — B;; — Bya; — By; (ai - *%
i1 b L=

~. — Pu i1
for a; = 5= P and approximation error

2 ~3
AEQ 262311 1 Sf)u + Pu — (31311 + Rz)(l + 1) o a; )
i=1 b (1+a’)(1_PM) 1—|—CL7;
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For the mean calculation involving (0774 — 0)y we use independence between B,

N

2
and &7,

unbiasedness of Bm, P, and 0 , and the variance formula

i)

Via,] = »

Taken together this implies that

‘P’iia
2 2 4
— S P _13P+ P Pl = Py)” — 2300, P
(1 ~P)' p 1D p(1 = Fy)?
n 3 2
A A 9 . 13F; + P;
E {<0JLA - 9)2} =- ZBz'iUi (V[ai] - *% =B,.
izl b L—=1Iy
For the variance calculation we proceed term by term. We have for y = (y;,. . ., yn)/ that

A2
v ZUiBii ly
i=1

1 ZZB?K]E {a aé] -0

7,1@1

trace(A?)
p b

no "o 2 O 2 BBy B |E[6767]
A2F A 25 2
\% ZoiBnai =E |V Z(&'Bnai\y»RB s - » § :ZPZ (1- P/;](l Pu;
i—1 i=1 i=1 ¢=1
_0 (trace(/?) n trace(ﬁ%)lptrace(flg)lﬂ>
= 2
p p

Sol 2 A ASY for £ =1,2,

~ Via)

where A, =

> atBy (aF

i=1 4=1

= zn:f:E [B”Bge} E [0 U’/} Cov (dzzvd%)

( trace(A?) n

trace(fl%)UZtm%me(/l%)l/2 >

2 3
p p
—~ 5 (A 23 7. P — Ph(1— Py) B trace(A?)
V{;ﬁ(B”_B”) l#< P, }‘O< v )
[Rpmaot o) E R o ()

From this it follows that V[d]~"/2 ((é A — )y —

V[64]V[65]
pvid)?

=o(1).

We now treat the approximation error while utilizing that E[a;] = O ( 12), Elaj] = O (%),
p P

and max;|a;| =

0,(log(n)//p) which follows from (Achlioptas, 2003, Theorem 1.1 and its proof).
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Proceeding term by term, we list the conclusions

p
(n) ]E[él,PI — 04+ ]E[é2,PI - 92])

A

a2

" .G lo
S 2B, ~-0 (
i Pig ~ P 2
i ]-+ ai P
1 Zn ap 3P+ P — (3P + P)(1+ ) log(n)\ E[©; pr — O] + E[O p1 — O4]
]; O'i Bii Op ]. +
=1

(14 a;)*(1 - Py) VP p’

E

Il
N

which finishes the proof. O

C.2 Examples

All mathematical discussions of the examples are collected in Appendix C.7.

C.3 Quadratic Forms of Fixed Rank

The next result provides a restatement and proof of Theorem 1.

Theorem C.1. If Assumption 1 holds, r is fized, and max; wiw; = o(1), then
1. VB Y20 — b) S N (0, ) where b= Q'SY?8,
2. V[V B I,
8. 0=y M (B = VIbe]) + 0, (VIA)'/?),

Proof. The proof has two steps: First, we write 6 as DRPY (l;? — V[i)g]) plus an approximation
error which is of smaller order than V[§]. This argument establishes the last two claims of the
lemma. Second, we use Lyapounov’s CLT to show that beRis jointly asymptotically normal.

Decomposition and Approximation From the proof of Lemma 2 it follows that

=1 =1

(V[a)'7?).

. 2 A2\ -
where we now show that the mean zero random variable > " ;| By(0; —6;) is o

p
We have

n n n n n
2 2 —1 2 2 —1
Z By(6; —o7) = Z B;; Z M;; @B Mype, + Z Byi(ei —o7) + Z B;; Z M;;~ Mipeie-
i=1 =1 i=1

i=1 i=1 0£i
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The variances of these three terms are

n n 2 =
Dot <Z My BiM;;' ’ﬁ) < maxo? Y BEM2(e}6)? < maxo? max({9)Mi? x 3" B,
/=1 =1

i=1 i=1

n
> BiV[ei] < max Efe Z B2,
=1
n

2 —2 —1 —1
3 (Bz'iMii + BiiM;; By My, ) Mjoio] < 2max o7 My ? x ZBZZ
i=1 (£

Furthermore, we have that

n T
-1 Z B2 < max wiw; V[ Z A (A) < mzaxw;wi Jnazau(oi_4 = o(1),
i=1 =1

so each of the three variances are of smaller order than V[6].

V[v'b)— V[v b
Viv'D]

v € R" with v'v = 1. Let v € R" be nonrandom with v'v = 1. As above we have that §(v) =

For the second claim it suffices to show that d(v) := = 0,(1) for all nonrandom

Dy w;(v)(67 — o) is a mean zero variable which is 0,(1) if 37", w;(v)* = o(1) where w;(v) =
(v'w,)”

m But this follows from

—4 /
E w; ( 1< Maxo; ~ Max wiw; = o(1)
1

where the inequality is implied by max; wjw; = o(1), v'v = 1, and .1 | ww; = I,.

Asymptotic Normality Next we show that all linear combinations of b are asymptotically normal
Let v € R” be a non-random vector with v'v = 1. Lyapunov’s CLT implies that V[v'b]~ 1/2 v (b— b)
N(0,1) if

/b]72 En:E[Ez Q Sxml/Q z U /3 - ZE 0(1) (14)

We have that max; wjw; = o(1) implies (14) since maxi(v’wi)z < max; w,w; and
Z:(fu'wi)2 =1, V'8! < maxa; % = O(1), max E[e]] = O(1),

=1

by definition of w; and Assumption 1. O
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C.4 Quadratic Forms of Growing Rank

This appendix provides restatements and proofs of Theorems 2 and 3. The proofs relies on an

auxiliary lemma which extends a central limit theorem given in Sglvsten (2019).

C.4.1 A Central Limit Theorem

The proofs of Theorem 2 and Theorem 3 is based on the following lemma. Let {v,;};, be a

triangular array of row-wise independent random variables with E[v,, ;] = 0 and Vv, ;] = 072%1-, let

{0}, be a triangular array of non-random weights that satisfy >, wi’iai,i =1 for all n, and

nxn

let (W,,),, be a sequence of symmetric non-random matrices in R with zeroes on the diagonal

that satisfy 237, > et Wiwaiiaivg = 1. For simplicity, we drop the subscript n on v, ;, J?M-,
Wy, ; and W,,. Define

n n
S, = Z wv; and U, = Z Z W,pv,0,.
i=1 i=1 i

Lemma C.6. If max; E[v}] +o; 2 = O(1),

(4) miaXU'f? =o(1), (i) Amax(W?) = 0(1),

then (S,,U,)’ 4 N(0, I,).

This lemma extends the main result of Appendix A2 in Sglvsten (2019) to allow for {v;}; to
be an array of non-identically distributed variables and presents the conclusion in a way that is
tailored to the application in this paper. The proof requires no substantially new ideas compared

to Selvsten (2019), but we give it at the end of the next section for completeness.

C.4.2 Limit Distributions

Theorem C.2. If

N o2 2 SN
(i) VIO max ((@8)° + (#8)°) = 0(1),  (id) AR

and Assumption 1 holds, then V[0 "/*(0 — 0) 4 N(0,1).

Proof. The proof involves two steps: First, we decompose 0 into a weighted sum of two terms of
the type described in Lemma C.6. Second, we use Lemma C.6 to show joint asymptotic normality

of the two terms. The conclusion that 6 is asymptotically normal is immediate from there.
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Decomposition The difference between 6 and 0 is

é —0= i (253;,3 — JV);B) &+ i Z Ci€€i€€>

i=1 i=1 O£

where these two terms are uncorrelated and have variances

n

Vs =Y (238 —#B)%0; and V;=2) Y Cihojof.

i=1 i=1 (i

Thus we write V[é]_l/z(é —0) = w;S,, + wold,, where

n

Sn = VS_1/2 Z (Qj;ﬁ - j;ﬁ) Eis un = VL[_1/2 Z Z Ciﬁgigb

i=1 i=1 {#i
wy =/ Vs/V[d], wy =\ Vi /V[6).

Asymptotic Normality We will argue along converging subsequences. Move to a subsequence
where w; converges. If the limit is zero, then V[é]fl/ 20— 0) = wyld, + 0,(1) and so it follows from
Result C.2 below and Theorem 2(ii) that g is asymptotically normal. Thus we consider the case
where the limit of w; is nonzero.

In the notation of Lemma C.6 we have

w; = (1/2) and WM = W
VS VM
For Lemma C.6(i) we have
~1 0\2 I o\2
maxw? < 4w;1 max (mzﬁ) +A($7,B) _ 0(1)7
i i V[e]

where the last equality follows from Theorem 2(i) and the nonzero limit of w.

For Lemma C.6(ii) we show instead that trace(W?*) = o(1). It can be shown that for all n,
trace(C?) < ¢y - trace(B*) = ¢y - trace(A?) < ey A? - trace(A?) and Vi, > ¢ min; o - trace(A), where
the finite and nonzero constants ¢;; and ¢;, do not depend on n (but depend on min; M;; which is

bounded away from zero). Thus, Assumption 1 implies that

2 72 2
trace(W?) < o 4t1"ace(A )~2 5 =0 Lﬂ = o(1)
(cr, min; o; - trace(A”)) trace(A”)

where the last equality follows from Theorem 2(ii). O
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/

Theorem C.3. If max; WigWiq = o(1), V[é B
1 and 2 holds, then

2. 0=30_1 N\ (6? —~ V[ZSE]) + 0, +0,(V[A]'?)

for
2 2
V[(Bl é ),] n Wqu;qUi 2Wiq (ZE#@ Czﬁqx2/3> g;
qrYq = 2 2 2 2 2 217
i=1 2qu (Zé;éi Ci&ﬂ’%ﬁ) o 4 (Zé;éi Ciquéﬁ) o; +2 Zé;ﬁi Cz‘éqaz' Oy
—1 —1 —1 —-1/2 7 —1/2 1
Cz'fq = BiZq -2 My (Mu Biiq + MM BMq): Bifq = x;Smm/ Aquz/ Ly, Aq = ZZ:q—‘,—l AZQZQ27

~ n - n -1
Tig = > yp—q Biegwe, and &g = Y p_y MMy, By,

Proof. The proof involves two steps: First, we write 6 as the sum of (la) a quadratic function
applied to Bq, (1b) an approximation error which is of smaller order than V[é], and (2) a weighted
sum of two terms, S,, and U,,, of the type described in Lemma C.6. Second, we use Lemma C'.6 to
show that (B;,Sn,l/{n)/ € R is jointly asymptotically normal.

Decomposition and Approximation We have that

q n
0 =" N(by = VIbe)) + 0, + 0,(VIO]'?) for 0, =" Crgiti
=1 i=1 (i

q n o n
BAB =" Nbi + > Bigguive
=1

i=1 (=1

since

and
n n

n n
2 2 A2 ~2 2
D Biti = Binoi + ) Bigdi + ) Bigl67 — o)
1=1 i=1

i=1 i=1

AVIb) + 3" Biig6? + 0,(VI0]'?)
1 =1

I
M=

~
Il

o = Bii — By, and it follows from max; wj,w;, = o(1) and the calculations in the proof
2 2

of Theorem 1 that the mean zero random variable > " | B;; _,(6; — 0;) is op(V[é]l/ %),

where B;; _

We will further center and rescale éq by writing

V07 (6, — El0,)) = 1S, + wilhy
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where

Sn = VS_1/2 Z (2~,q5 v;qﬁ) Eis un = Vvl,{_l/2 Z Z Ciéqgigév
im1 i=1 04
VS = Z (2'%;‘16 V;qﬁ) Jl ’ VU =2 Z Z szqaz U@?
i=1 1=1 (#£i
VS/V[éqL Wy = VZ/{/V[éq]a

and U,, is uncorrelated with both S,, and Bq.

Asymptotic Normality As in the proof of Theorem 2, we will argue along converging subse-
quences and therefore move to a subsequence where w; converges. If the limit is zero, then the
conclusion of the theorem follows from Lemma C.6 applied to (V[v/Bq]fl/z (U,Bq - E[v/Bq]),Un)/ for
v € R? with v'v = 1. Thus we consider the case where the limit of w; is nonzero.

Next we use Lemma C.6 to show that

<v/6q — E[U/Bq] +usS,

/

d
- U | S A,
Vib, + uS,]"/? ) (0, 22)

for any non-random (v, u)" € R?™ with v'v 4+ u® = 1. In the notation of Lemma C.6 we have

/ —1/2 (ot i
0 — U Wi+ uVS (233?52— xiqﬁ) and W, = %‘
Vb, + uS,]" v,/

A simple calculation shows that V[v/Bq + uS,,] > min,; o? > 0, so max; W = o(1) follows from
Theorem 3(i), Theorem 3(ii), and w; being bounded away from zero.

Similarly, we have as in the proof of Theorem 2 that

,
trace(C’;l) < ctrace(Bg) < c)\§+1 Z A and Vg o> wy miin oitrace(A?)?
l=q+1

for C, = (Cy4q)i 0 and B, = (Bjgq)i e, s0 Assumptions 1 and 2 yield trace(W?) = o(1). O

C.4.3 Proof of a Central Limit Theorem

The proof of Lemma C.6 uses the notation and verifies the conditions of Lemmas A2.1 and A2.2 in
Solvsten (2019) referred to as SS2.1 and SS2.2, respectively. First, we show marginal convergence
in distribution of §,, and U,,. Then, we show joint convergence in distribution of §,, and U,,. Let
V,, = (v1,...,v,) where {v;}; are as in the setup of Lemma C.6.

Before starting we note that max;o; > = O(1) and 250 >0z W, 20707 = 1 implies that
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trace(W?) = Yo oz W % = 0(1) and therefore that
Amax(W?) = 0(1) & trace(W?) = o(1).

Marginal Distributions

Result C.1. max; E[v]] + 0; 2 = O(1), S wio? = 1, and Lemma C.6(i) implies that S, LN
N(0,1).

In the notation of SS2.1 we have,
n
0 . 2, 2 2
A;S, =ww; and  E[T,|V,] =143 E w; (v — 07),
i=1

and it follows from max; E[v}] + o; 2 = O(1), Yo wio} =1, and Lemma C.6(i) that

7

4
E[T, |V,] = ZE [(AYS,)%] =1, ZE [(AYS,) <maXE[1;i]wi2:0(1),

i

so Result C.1 follows from SS2.1.

Result C.2. maXiE[U?] t+o;%= O(1), 25", 2oz W, nwafma ¢ =1, and Lemma C.6(ii) implies
that U, % N(0,1).

In the notation of SS2.1 we have,
A Z/I = 21] Z WZ[Ug and E T | V Z Z Z v; + 0' ZZWku[Ukv
0+ i=1 (#£i k#i

and

D OE(AMU) =2, > E[(AU,)"] < 2° maxE[v;]’ max o7 max Y Wi,
i=1 i=1 ' ' Lo
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where max; » W5 < y/trace(W*) = o(1). Now, split E[T, | V,,] — 1 into three terms

n

21,2 2 o
a, =YY 0iWi(vg + vi — 07)

i=1 (£
n n
2 2 9 9
b, =2 Z Z Z oW Wigvive + Z Z Wigvi(vg — o7)
=1 (i ki i=1 (£
n
2 2
G =)0 WiWir (v — 07)vguy.
i=1 O£ ki

Interlude: Convergence in £'

a,,b,, and c, are a linear sum, a quadratic sum, and a cubic sum. We will need to treat similar sums

later, so we record some simple sufficient conditions for their convergence. For brevity, let Z?# =

. 4
S > ozis and Z?ﬂ#k =3, D 0zi Dokpipr €bc. We use the notation u; = (v;1, vig, i3, via) € R

to denote independent random vectors in order that the result applies to combinations of v; and

2 2. . . . .
v; —o; asin a,, b,, and ¢, above. For the inferential results we will also treat quartic sums, so we

provide the sufficient conditions here.

Result C.3. Let S, = Y1 wivin, Sna = D iz WitVirVezs Sn3 = Doipppr, WitkVi1VeVks, and Spy =
Z?##k#m WipkmVi1Vr2Vk3Uma Where the weights w;, wip, Wik, and Wippy, are non-random. Suppose
that Eu,;] = 0, max; E[uju,;] = O(1).

1
1 If> w? = o(1), then S, £50.
n 2 ct
2. If >0 sowig = o(1), then Spo = 0.
n 2 c'

2 c!
4. If Z?##k#m Wigkm = 0(1), then S, = 0.

Consider S,,3, the other results follows from the same line of reasoning. In the notation of SS2.2

we have,

0
A;Sps = vi E E WigkVp2Vk3 1 Vo E E Wik V1 Vg3 1 V53 E E WiV Vg2-

O£ kil O£ kil 040 kil
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Focusing on the first term we have,

n

n
3 2
DTE v D] D wikveavis < m?XE[U’iUi] > (wiék + Wi@kwiké)
=1

LFi k#i L 1#LFk

<2maXEuu Z kaa
iAl£k

so the results follows from SS2.2, Zf{;#k wiye = o(1), and the observation that the last bound also
applies to the other two terms in A?Sng.

Marginal Distributions, Continued

1 1 1 B
To see how a,, £, 0, b, £50 and Cn £—> 0 follows from Result C.3, let W, = >~} Wy, Wy, and
note that trace(W*) = S > 1 Wis. We have

2
n n
> | DooiWi | <maxoi Y Wi
)
1=1

i=1 \ (i

n

2
n n
ZZ Z oWuWi | < m?XU?ZZWiQK
i=1 O

vy i=1 (=1
Z Z Ww = <max W; >
i=1 (%1
n
ZZ Z WZQZVVZZk =0 maXZWZ% )
=1 £ kAi R

all of which are o(1) as trace(W*) = o(1).

Joint Distribution

Let (up,uy) € R? be given and non-random with u% + u% = 1. Define W,, = w1 S,, + uxld,,.
Lemma C'.6 follows if we show that W, 4 N(0,1). In the notation of SS2.1 we have,

A?Wn = ulwivi + ’LLQQUZ' Z Wig’l)g
£
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and

BT, |V,] = (1 . az>) PSS S 04 ) W Wy
=1

i=1 04 ki

n
2 2y .
+U1U23ZZ(’Ui +O'i )’LUlWM’UJ
i=1 (i

The proofs of Result C.1 and Result C.2 showed that
D E[(AIW,)?] = 0(1), Y E[(AIW,)"] = o(1)
i=1 i=1

and that the first two terms of E[T}, | V,,] converge to u} + u3 = 1. Thus the lemma follows if we

show that the “conditional covariance”

3 z”: Z(U? + 07 )i Wigv;

i=1 0+

converges to 0 in £°. This conditional covariance involves a linear and a quadratic sum so

2
n n
Z ZangWM < miauxafL max (W) Zw? = O(m?x A2 (W)
i=1 \ (i i=1
n n
SSatwd < 33 Wi maxii? = Ofmaxu?)
i=1 i i=1 (£

ends the proof.

C.5 Asymptotic Variance Estimation

This appendix provides restatements and proofs of Lemmas 5 and 6 which establish consistency
of the proposes standard error estimators that rely on sample splitting. Furthermore, it gives ad-
justments to those standard errors that guarantee existence whenever two independent unbiased
estimators of ;vgﬁ cannot be formed. However, these adjustments may provide a somewhat con-
servative assessment of the uncertainty in @ as further investigated in the simulations of Section
8.7.

Lemma C.7. For s = 1,2, suppose that 95;/34,5 = Z?ﬁ Py sy satisfies ZZ&Z PM’S:CZB = 2.8,
Py 1Py =0 for all £, and Ay (PP2) = O(1).

1. If the conditions of Theorem 2 hold and |B| = O(1), then @fe}% 4 N(0,1).
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2. If the conditions of Theorem 2 hold, then liminf, , P (9 € {9 + 2z V[G]I/ﬂ) >1—-«

Proof. The proof continues in two steps: First, we show that V[é] has a positive bias which is of
smaller order than V[0] when |B| = O(1). Second, we show that V[0] — E[V[0]] = op(V[é]). When
combined with Theorem 2, these conclusions imply the two claims of the lemma.

Bias of V[0] For the first term in V[4], a simple calculation shows that

2 2
n n
E 42 ZC%«W G; :42 Zciﬂéﬁ o; +4ZZCMU o7
=1 \ £ =1 \ £ i—1 (£
n n
+ 42 Z Z CmiCmZ(Pmi,lme,Q + Pm P, ml, 1)0 Uﬁ
i=1 f#i m=1
n ~
= V[0] +2 Z Z Cyoio}.
i=1 (A

For the second term in V[@] we note that if Py, Py, _; = 0 for all k, then independence between

—

error terms yield E[afolg] = E[&i_g]E[&g,_i] = o207 Otherwise if Py1+ Pyo =0, then

E[@}—E Z 5 1€ Z won | (208 +e) e — Zpem —i€m

j#i k#£i m#L

:afa§+x'g,3[€ Z ij,1€5 Z ik,2€k Zpﬁm —i€m

VED k#i m#£L

where the second term is zero since Py, = 0 and P;;1F;;, = 0 for all j. The same argument
applies with the roles of 7 and ¢ reversed when Py, ; + Pgm =0.
Finally, when (i,¢) € B we have

E [a/Qo\ﬂ = <a? (03 + (20 - i)’ﬁf) +0 (i)) Lié,<0p

where the remainder is uniform in (4,¢) and stems from the use of § as an estimator of z' 3. Thus
for sufficiently large n, E[Cj,070;] is smaller than Cj,0;0} leading to a positive bias in V[f]. This

bias is

- B 1. .
> Cuof (031 (o0 + (@ —2)8)*1 {éw<0}) +0 <nw[9]>

(i,0)eB

which is ignorable when |B| = O(1).
Variability of V[f] Now, V[§]—E[V[0]] involves a number of terms all of which are linear, quadratic,
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cubic, or quartic sums. Result C.3 provides sufficient conditions for their convergence in £' and
therefore in probability. We have already treated versions of linear, quadratic, and cubic terms
carefully in the proof of Lemma C.6. Thus, we report here the calculations for the quartic terms
(details for the remaining terms can be provided upon request) as they also highlight the role of
the high-level condition A, (P.P.) = O(1) for s = 1,2.

The quartic term in 437", (Z#i C,-gyg)2 57 is D it ttmatk WitmkEi€EmE), Where

1, if i = ¢,

n
Witmk = Z CjicjeMjm,lek,z and My s = o
j=1 —Py s, ifi# L

Letting ® denote Hadamard (element-wise) product and M, = I,, — P,, we have

> Wik £ Y Wik = Z(C ) ((My My) ;0 (MyM3) ;o
iAlEmAR itmk 4.4’
= trace ((02 © C*) (MM & MzMé))

< A (My M} © MyM3) trace (€2 © C°) = O (trace (C*) ) = 0 (VIO

where A\ .« (MIM{ ©) MQMé) = 0(1) follows from M. (P;P.) = O(1) and we established the

—

last equality in the proof of Theorem 2. The quartic term involved in 23 ; >, i C’MJ? ag has

variability of the same order as E?ﬂ#m#k WigmkEi€rEmEL Where
n
Wigmk = Cie My 1 My 1 + Z Cii My 1 M1, 1 M o
Letting C = (C’ig)w, we find that

Z wzﬁmk < QZCM MlMl i M2M2 ot 222 i Z] MlMl)u(MlMl) (MQMé)jj’
1AbEMAEk ]
n
OS2+ trace ( C? & My M) (M, M. & MzMg))

1,0

~0 (trace (02)) .

We have C = C © C +2(C 0 P,) (C® Py) +2(C® P,)'(C® P)), from which we obtain that

trace(C?) = O <(H£XCZ + )\maX(C2)> trace(C2)) —o <V[é]2)
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where we established the last equality in the proof of Theorem 2. O

Section 5.2 proposed standard errors for the case of ¢ > 0, but left a few details to the appendix
since the definitions were completely analogous to the previous lemma. Those definitions are
C’Z‘gq = Z-ng + 230 1 CrniqCuntg(Prmi1 P2 + P2 Pre1) where Cyy, was introduced in the proof
of Theorem 3 and is of the form Cyp, = By, — 27 "M (M;Bﬁq + M;Bﬂq) for By, = By —

=1 AsWisWys.

Furthermore, the proposed standard error estimator relies on

2

&i 061 i if Py _oPp_; = 0 for all k,
;;2;/?: 512'5? —is else if Py + Pyyo =0,
04—t ° Uz» else if Py 1 + Py o =0,
o (Yo — 17)2 : 1{éi2q<0}7 otherwise.

Lemma C.8. For s =1,2, suppose that x;ﬁfﬁs satisfies Z?ﬁ P,L'&Sl‘éﬁ = Py 1P =0 for all
¢, and )‘max(PsP;) = 0(1) where P, = (f)if,s)i,f'

1. If the conditions of Theorem 3 hold and |B| = O(1), then Z’;lﬁ’q 2, Iy
2. If the conditions of Theorem 3 hold, then liminf, . P (9 € CA'OQC,q) >1—-o.

The following provides a proof of the first claim of this lemma, while we postpone a proof of

the second claim to the end of Appendix C.6.

Proof. The statements V[Bq]_1V[Bq] 2, I, and V[éq}_lqu] 2, 1 follow by applying the arguments

in Theorem C.1 and Lemma C.7. Thus we focus on the remaining claim that

§(v) == AR ]1‘1/’2 dl » 2,0 where C[/ by, b, —2ZUqu ZCwqyg 52
v by 0#1

for all non-random v € R? with v'v = 1.

Unbiasedness of C[v' bq, Gq] Since &7 is unbiased for o7, it follows that

[é Bq,éq] = QZU Wig chql'eﬁ o; +2ZUqu ZCMJ e,57] :C[v/Bq,éq]
U#£i A1

as split sampling ensures that E[sga | for £ # 4.
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~ ~ ~

Variability of C[v'b,, 0,] Now, C[v'b,, 0,]—C[v'b

and quartic sums:

o q] o Aq] is composed of the following linear, quadratic,

n

Z U Wig (5 —0; ) Z CirgzB + 0; Z Cieger + Z Citg0t Z w01 Mo + My oMy 1) €y,

=1 £ i £ k#L
Z U Wiq Z Czﬂqxﬂﬂ Z Z im, lek 2EmEE T+ Z i0q€e (52 - 012)
O£ m k#m 0+
+ ) Cirg > (Mg My 5 + My s My 1) & (54—%)]
122 k#£L
Z U Wig Z Czéq Z Z im k 25€€m5k
=1 £ m#l k#£m, ¢

These seven terms are op(V[v/Bq]l/ QV[éq]l/ %) by Result C.3 as outlined in the following.

2

n

D Wwi)? | Y CiggiB | = O(max Wi V(0,]) = o(V['b,[V[,))
=1 (#i

3

(z wo) O (COVIVBy]) = OO2 11 VIt'By]) = o(VIe'BVId,)
/=1 =

n n 2
(Z v'wig cqumMikQ) O(maxw Wigtrace(C, My © C,My)) = o(V[v'b,]V[d,))

k=1 \i=1 4
2 2
n n n n
Z Z U Wiq Z Cz@quﬁ im1 My, ,2 =0 Z U Wiq Z C’Léquﬁ
1k=1 \i=1 LF#1 i=1 -0

=i

iq

ZC’wq vwlq —O(maxw w; V[é )]

i=1 0#£i
n n n 2
<Z v W; Cz z( 1Mik,2> =0 (V[U/bq])‘ma:c((cq © Ml)(c © Ml) )) - O(V[U/bq]qu])
k=1+¢=1 \i=1
n n 2
Z Z (Zv Wiq quMim,lMisz) =0 (V[v/bq]Amaz(Cg)) O
(=1 m=1k=1

C.5.1 Conservative Variance Estimation

The standard error estimators considered in the preceding two lemmas relied on existence of the
independent and unbiased estimators xéﬁ_m and xéﬁ_w. This part of the appendix creates an

adjustment for observations where these estimators do not exist. The adjustment ensures that one
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can obtain valid inference as stated in the lemma at the end of the subsection.

For observations where it is not possible to create x;ﬁfm and xéﬁfm, we construct :cgﬁfi,l to
satisfy the requirements in Lemma 6 and set Py, = 0 for all £ so that x;ﬂfiyz = (. Then we define
Q,=1 {max, P3 =0} 85 a1 indicator that x;B_m could not be constructed as an unbiased estimator.

Based on this we let

2
n n —_—
o 2 5 2 2
V0] :42 ZCMW 0i2 —2ZZCMUz‘Uzz
i=1 \ (i i=1 O
~2 ~2 2
where 655 = (1 — Q;)0; + Q;(y; —¥)” and
(62,62, if Py, Py, =0 for all k and Qi = Qp =0
57 - 67 i else if Py + Pyp =0 and Q; = Q;; =0,
/2\2 6'12’75 . 5'!?, else if P@i,l + PZ’L',Q =0 and Q[ = Qw = O,
0;0¢9 = ) 2 .
05 —¢" (yg - y) : 1{éié<0}’ else if Q'M = Ov
(yz - g)Q : a-l?,fi ' 1{C~’ié<0}a else if Qli = 07
(i =97 (Yo —9)° - 115, ) Otherwise

where we let Q; = lyp, 2040,}- The defintion of V,[0] is such that V5[] = V[4] when two
independent unbiased estimators of l‘;ﬁ can be formed for all observations, i.e., when Q; = 0 for
all 4.

Similarly, we let

I A2 ~2
- WigWiqT1i,2 2w, <Ze¢i Ciéqye) 0;2

Zq72:§: 2 22

~2 ~2 2 2 2
i=1 2W;q <Z€;£i Ci@q?/e) 0io 4 (Zz;&i Cizqye) i — 22(;&,‘ Citgoi 002

where (32-272 = (1—Q;)67 + Qi(y; — )* and o0}, is defined as o707, but using éigq instead of Cy.
The following lemma shows that these estimators of the asymptotic variance leads to valid

inference when coupled with the confidence intervals proposed in Sections 4 and 6.

Lemma C.9. Suppose that Zz;i Pi571$,gﬁ = 2.8, either Z’Z# PM’Q:E}B = 23 or max, me = 0,
Py1Piypo =0 for all £, and )\max(PsP;) = O(1) where Py = (P ); -

2

1. If the conditions of Theorem 2 hold, then liminf,_, P (0 € {HA + 2, V, [é]l/Q]) >1-—a.

2. If the conditions of Theorem 3 hold, then liminf, , P (0 € CZ( Aq72)> >1-—a.
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The following provides a proof of the first claim of this lemma, while we postpone a proof of

the second claim to the end of Appendix C.6.

Proof. As in the proof of Lemma 5 it suffices to show that Vg [é] has a positive bias in large samples
and that V,[0] — E[V,[]] is op(V[é]). The second claim involves no new arguments relative to the
proof of Lemma 5 and is therefore omitted. Thus we briefly report the positive bias in Vg [é]

We have that

2
E[V00]) = Vil +4 > | CuslB | (- 2)8)
1:Q,=1 \ {#i
+2 Y Cuo? (o710 + (@0 = 391y, o))
(3,0)eBy
+2 3 Cuot (071,00 + (0= D81, gy
(3,0)€By
+2 3 Cu(ootlig,m0p + (207 (e = 2)'B) + (2 — ) Blog — 8)'8)) 1, <0y)
(i,0)€B;

+0<iv@>

where the remainder stems from estimation of § and By, By, Bs refers to pairs of observations that

fall in each of the three last cases in the definition of 01-2 032. O

C.6 Inference with Nuisance Parameters

This Appendix starts by defining curvature and accompanying critical value for a given curvature as
introduced in Section 6. Then it derives the closed form representation of C’g(f]l) for any variance

matrix f]l € R**? where for general ¢ we have

q q
Cz(i’ )= ~min ) )\gb? +0 . max ) )\gi)? +6
T by bgy) €Ea () o @a;; !

( 17"'7bqvéq)/6Ea
~ / A~
- b,—b ~ b,—b
_ / / q+1 | q q —1 q q < 2 _
Ea(Eq) {(b(p 9(1) eR : (éq . gq) Zq <éq . 0q> — Za,n(Z'q)} :

Finally, it proofs validity of (Z*fi,q = Cg(i’q) and Cz(i’qg) for any fixed ¢q. As for f]q and EA%Q,

and

we partition ffq into ZN’q =
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C.6.1 Preliminaries

Critical value function For a given curvature x > 0 and confidence level 1 — «, the critical value

function z, , is the (1 — a)’th quantile of

2
p(gxam) =+ (a+ s ) — =
g X1 q 1 P P

where xﬁ and X% are independently distributed variates from the y-squared distribution with ¢ and

1 degrees of freedom, respectively. p (an X1, /ﬁi) is the Euclidean distance from (x,,x1) to the circle
with center (0, —%) and radius % The critical value function at k = 0 is the limit of 2, , as x | 0,
which is the (1 — «)’th quantile of a central X% random variable. See Andrews and Mikusheva
(2016) for additional details.

Curvature The confidence interval Cg(i’q) inverts hypotheses of the type Hy : 8 = c versus
H, : 0 # ¢ based on the value of the test statistic

~ / ~
min lfq ~ b f];l lfq b
by.04:9(bg.04,0)=0 \ 6, — 0, 0, — 0,

where g(b,,0,,¢) = >0, )\gb? +6,—cand b, = (by,...,b,). This testing problem depends

on the manifold S = {z = i‘;lm(bq,@q)/ : g(bg,04,¢) = 0} for which we need an upper bound
on the maximal curvature. We derive this upper bound using the parameterization x(y) =
2;1/2(3)1, N D ) A7) which maps from R to S, is a homeomorphism, and has a Jacobian

of full rank:

dx(y)zg—m[ diag(1,...,1) ]

2\ 01, -y — 20T

The maximal curvature of S, /{(f]q), is then given as /{(ffq) = max,cgs Ky where

_ (I = Py)V(uou) em1)2 0
Ky - Sup . 2 9y V - q 5
ueR? [[dx()ull —2X1, ., —2)

and P, = dx () (dx(9)'dx()) "'dx(y)’. See Andrews and Mikusheva (2016) for additional details.

Curvature when g = 1 In this case the maximization over uw drops out and we have

V/V . (U/V)2
K(Z) = 131)1&? o o7 where v = 2;1/2(1, —2)\9)
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=—1/2 ¥ V[0 - Clby.0 . L
and V = X / (0,—2X;). The value y° = _21;1“[/[%}1} = WMEL]W is both a minimizer of
2|2 [V[by]

/ e 2 ) =\
v and (v'V)7, so we obtain that k(X)) = TP

Curvature when ¢ > 1 In this case we first maximize over g and then over u. For a fixed u we

want to find

ViV~ ViByY, ) ‘ )
max Y Q,L vy u, where V,, = 2(1_1/2(0, —QZ Agup), Vyy = 2;1/2(1/, —2u'D,y),

and D, = diag(Ay,...,A,). The value for g that solves —2D,y = @[qul@[ﬁq, Aq] sets PV, =0
and minimizes v;’yvu’y. Thus we obtain

|u' Dgul o o
: PR e, T 211 (V1b,]"*D, Vb))
r(2g) = 12 1/2
T S e Ve b N
<V[9q]—(C[bq,0q] V[b,] @[bq,eq]) (V[eq]—@[bq,eq] V[b,] C[bq,eq])

where )'\1 (+) is the eigenvalue of largest magnitude. This formula simplifies to the one derived above

when ¢ = 1.

C.6.2 Closed Form Representation of C?(%,)

An implicit representation of 02(21) is
Cg(ﬁl) = [)‘lbi— +6; _, /\1b%,+ + 91,4

where by 4 and ¢, 4 are solutions to

. - . ~ 1/2
biae=biE2,,.5) (V[bl](l - a(bl,j:))> ; (15)
I VR . o 1/2
Ore =0, — p%lﬂm(m —bs) £ 2y sy (VB0 = 570y ) (16)
1

-1

Vb, Vi-5
This construction is fairly intuitive. When p = 0, the interval has endpoints that combine

- ; 2
for a(b;) = 1+<sgn<xl>nl</221>bl . >

. R } 1/2\ 2 - 1/2
A (bl 2, 50 (V[bl](l fa(bli))) ) and 0, %7, , 5 (V[Hq]a(bli))

where a(b;) estimates the fraction of V[4] that stems from 6; when E[b;] = b;. When p is non-zero,

C?(%,) involves an additional rotation of (by,0;)". This representation of C%(%,) is however not
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unique as (15),(16) can have multiple solutions. Thus we derive the representation above together
with an additional side condition that ensures uniqueness and represents b; . and 6; ; as solutions
to a fourth order polynomial.

Derivation The upper end of C’g(i‘l) is found by noting that maximization over a linear function
in A, implies that the constraint must bind at the maximum. Thus we can reformulate the bivariate

problem as a univariate problem

. . . . ~ A 7 7 \2
Cmax | Ab2 46, = max \ b+, — ﬁ‘ﬁ? ]1/2 (by — by) + \/V[Ol](l — ) (zi wiy — ik )
(blvel)eEa(Zl) bl [b } ’

where we are implicitly enforcing the constraint on i)l that the term under the square-root is non-
negative. Thus we will find a global maximum in 61 and note that it satisfies this constraint. The

first order condition for a maximum is

o SV b Vid](1-p>)
2Mby + P TS \/ ECERLA

z A(ED T T

which after a rearrangement and squaring of both sides yields (b @_[i)b]) =(1- a(b))zfy w(5,)- This
1 b

in turn leads to the representation of b; y given in (15). All solutions to this equation satisfies the

implicit non-negativity constraint since any solution b satisfies

) (by —by)?

z o — ——— =a(b))z> &, >0.
a,k(X1) V[bl] ( 1) a,k(X1)

A slightly different arrangement of the first order condition reveals the equivalent quartic condition

2 SN 2
(by—b)) sgn(A)r(5)b; _ [ sen(A)k(X1)by 5 2
Viba) (1 " ( Vb, T 1,02) ) B ( v[f)l]l/? + 1-5° Fak(£y) (17)

which has at most four solutions that are given on closed form. Thus the solution b; ; can be found

as the maximizer of

1/2 . ~

. . L N1)2
MbE 4+ 01— ST (b = b1) + 20 0 (VOyJa(by)

among the at most four solutions to (17). More importantly, the maximum is the upper end of
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02(21). Now, for the minimization problem we instead have

. 9 . 9 4 V612 5 : ~ A 2 2 by —by)?
om0 = min B0y — TR (b b) - \/V[Hﬂ(l = %) (22 o) — B5)

which when rearranging and squaring the first order condition again leads to (17) as a necessary

condition for a minimum. Thus b; _ and the lower end of C’g(i’l) can be found by minimizing

. N _T16.11/2 - . IR . 1/2
ML+ 01— i (b = by) = 2, 5, (V16,Jatby))

over the at most four solutions to (17).

C.6.3 Asymptotic Validity

Lemma C.10. If E;lffq 2, 1,41 and the conditions of Theorem 3 hold, then

lim inf P (0 € é§,q> >1-a.

n—oo

Proof. The following two conditions are the inputs to the proof of Theorem 2 in Andrews and
Mikusheva (2016), from which it follows that

A / ~
. b,—b,\ - (b —b
lim inf P (9 e’ q) — liminfP min A IS vl ISCRICE IS U [ et
n—00 ’ n—00 (by,0,) :g(bg.04,0)=0 \ 0, — O 0,—0 w

where g(by,0,,60) = > 7], by + 0,— 0 and b, = (by,...,b,)".
Condition (i) requires that ﬁ’q_lﬂ ((B;, éq)/ — E[(b !
Theorem 3 and Z;lﬁ'q 2, Iy
Condition (ii) is satisfied if the conditions of Lemma 1 in Andrews and Mikusheva (2016) are
satisfied. To verify this, take the manifold

S = {x e R . (i) = 0}
for

1D, 0] - . D, 0] .
§(i) = i’ 5} [0‘1 0] 3%+ (2E[b,)', 1) [oq 1] 5125,

The curvature of S is &, g(0) = 0, and g is continuously differentiable with a Jacobian of rank 1.
These are the conditions of Lemma 1 in Andrews and Mikusheva (2016). O

Proof of the second claims in Lemmas C.8 and C.9. The proof contains two main parts. One part
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is to establish that the biases of ﬁ’q and Z:’qg are positive semidefinite in large samples, and that

E[S,) 'S, — 4y and E[S£,,] ' 5,5 —

presented in the proofs of Lemmas C.8 and C.9 and are therefore only sketched. The other part is

I,+1 are oy(1). These arguments are analogues to those

to show that this positive semidefinite asymptotic bias in the variance estimator does not alter the
validity of the confidence interval based on it. We only cover ZA'q’Q as that estimator simplifies to
ﬁ’q when the design is sufficiently well-behaved.

Validity First, we let QDQ’ be the spectral decomposition of E[ﬁ‘q’z]*lﬂEqE[ﬁ‘q,Q]71/2. Here,
QY = Q'Q = I,41 and all diagonal entries in the diagonal matrix D belongs to (0,1] in large

samples. Now,

~ / ~
. b, —b - b, —b
P(6ecC? =P min ) B LT ) <2 +o(1
( ( q,z)) ((bg,eq)’:g(bq,eq,e):o <0q —6q> =2 (0 -0 > = Tan(ElZg.]) W

where the minimum distance statistic above satisfies

~ / ~
b, —b . b, —b
min 29 E[X, 7 ) = min(€ —2) (€ — )
(by.04) :9(bg.04,0)=0 \ 8, — 0, ’ 0, — 0, T€S,

where Sy = {z: z = Q/IEJ[ZA’(LQ]*U2 ((b/ 0,) —E|[(b,0 )/]) ,g(b,,0,,0) =0} and the random vector

9 7q 9’ 7q Q@

. . A - d
£ = Q/]E[qu} 1/2 ((b;,Oq)/ - E[(b;,ﬁq)/D has the property that D 2¢ 4 N(0,1,:1). From the

geometric consideration in Andrews and Mikusheva (2016) it follows that S, has curvature of

k(E[Y, 2]) since curvature is invariant to rotations. Furthermore,

. N (e < 2 S
min(€ —2)'(€ ) < * (€] 1] £(ELZ,2]))
<" (10729 411,10 20)ul, w(ELE, )
where £ = (&,¢" ;) and D_1/2§ = ((D_1/2§)1, (D_1/2§)/_1) and the first inequality follows from the
proof of Theorem 1 in Andrews and Mikusheva (2016). Thus
liminf P (6 € C1(5,.)) = liminf P (iréiél(g —a)(E-a) < Zi,n(E[ﬁq,ﬂ))

o 2 3 2
> hnrgloréfﬂ” <p <Xq7X17 KJ(E[EqQ])) = Za,H(E[Eq,z})> =l-e

. d
sice (|’€—1”7 |€1D - (Xq?Xl)‘
Bias and variability in Y, , We finish by reporting the positive semidefinite bias in X, 5. We
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have that

/
R 0 0 A
E [Eq,Q} = Eq + z2 ( "ia ) ( s ) © (1V[9}>
vot \2% 0 CuiB) \23 s CiB 0 B "
where
2 —\/ 2
=2 Z Citq® (O—’Z Lic,>op + (¢ — 7)) 1{@eq<0})
(Z E 681
+2 3 Cugot (760 + (5= 2816, <o)
(i,0)eBy
+2 Y Gy (o20f1y, oy + (203 — 28 + (s — ) Blae — 2)8)°) Ly, <o)
(i,0)eBs

for By, By, By referring to pairs of observations that fall in each of the three last cases in the
. 2 2
definition of o; 0y ,. O

C.7 Verifying Conditions

Example 1. The only non-immediate conclusions are that:

Vﬁlm%(ﬁ)—O<m“mwf@2>:o<mmmmf>

min; o trace(A?) r

V@*mm@mf=o<m“ M (P — 1) (28)” (| Mifl)’ /n >

min; o; trace(AQ)

()<nwxw@éﬁ)(§k 1[Mae)) >.

Example 2. We first derive the representations of &i given in section 2. When there are no

common regressors, the representation in (5) follows from B;; = nTl(-) (1 — %) and
g(i
| &
A2
T > gt | Yar - Z Ygs 7 Ti
7= T 1z izg(i)=g
which yields that
n N
1 T,
A2 2
St =13 (1-32) 4
=1 g=1



With common regressors, it follows from the formula for block inversion of matrices that

X = AgL D’] 1 (D' —d1y,) (I—X(X/(I—PD)X’)_IX'(I—PD))
TT / _TL .

1

n

D' —di, —I"X'(I — Pp)
0

where D = (dy,...,d,)", X = (Zg0)u(1)s - - - » Tg(myi(m))’s Po = DSz D', 1, = (1,...,1)', and Syg =
D'D. Thus it follows that

7 - _
= (dz’ —d =T (zgqy) — %m)) _

(2 n 0
The no common regressors claims are immediate. With common regressors we have
-1 -1 N - _ -1 -1
Py = Ty Lg=g0} T 1 ooy = To) W (g00) = Tg(n)) = Ty(i)Lii=ey + O(n )

where W = 1 Z;V:l Zle(xgt —ZTy) (g — i‘g)/ so P; < C < 1 in large samples. The eigenvalues of

A are equal to the eigenvalues of
1 /2 = e 1 _ _
- (IN —nS,,dd s, 2) (IN + =S D'Xw X' DS, 2)
n n

which in turn satisfies that - <\, < 2 for £ =1,...,N — 1 and ¢y > ¢; > 0 not depending on n.

wiw; = O(P;;) so Theorem 1 applies when N is fixed and ming T, — oo. Finally,

2 21 yn 2 2
- max, ; o + |z 17 L S @ ol o
max V[6] ' (#8)* = O < Ko, 0 + 1ot X[ZZ—IH sll°o )

( max; ; (23)° <2?:1\Mm>2>
N

max V[6] ' (#;8)* = O

and Y_,_,|M;| = O(1) so Theorem 2 applies when N — co.
We finish this example with a setup where an unbalanced panel leads to a bias and inconsistency

in éHO‘ Consider
Ygt = Qg + €y (g=1,...,N, t=1,...,T,)
where N is even, (T, = 2, E[e%,] = 20°) for g < N/2 and (1, = 3,E[e2,] = 0°) for g > N/2, and the

g gt gt
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estimand is,
N
1 ) 5N
9:nngga9 where n = Eng:2.
g= 9=

Here we have that A = Iy/n and trace(A*) = N/n* = o(1) as n — 0o so the leave-out estimator

is consistent. Furthermore,

1, ifi <N, ) 20%, ifi <N,
nB; = Py = ) ) 9 =3 .
5, otherwise, o”, otherwise,
SO
o N 302
_Q_ZBMU :n<N+2> :Tu
A n 20 2 20° o
El0go] — 0 = S =— 4= = —
(o] Tubol VOB NPl T 50 3 50 15
Example 3. A is diagonal with N diagonal entries of %%, SO A, = %Sszg,g forg=1,...,N.
~9 A ’ (zge—Z )2 .
trace(A”) < — lzzg Zg 1 Tg = O(\y). max; w;w; = max,, égzizgg = o(1) when min, S,, , —
oo. Furthermore, V[0] ™" = O(W)v S0
2252
Vé 2 =0 9t79 = 1 ,
(0] max(;3) (Ir;%x NS.., o(1)

and M;, = 0 if g(i) # g(¢) so

v max( 18)* = max M 2 = O | max 1 2 = o(1)
" g VN B 9 \VNS,,, B

both under the condition that N — oo and % — 0o. Used above:
R (Zg(i)t() — Z9()) (Zg(iyt0) — Zg(i)
Pie = Ty Hgt)=g(0} + 5o o Lg(=g(e)}

B - LA ~ %60 Toe)
n Szz,g(i) Szz,g(i)
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Finally,

g e ¢ Szz,l
2 2'2#52
j 9t% | _
V[0,]” " max(z;,8)" = O (}g;}i NSZZg) = o(1),

2
. T
-1 - 2
vt =0 e (e ) ] <o

under the conditions that ngszzg —ooand S,,; — oco. Thus, Theorem 3 applies when TLJXSZZJ =

0(1).

Example 4. Let fz = (1{j(g,t):0}7fi/)/ = (l{j(g,t):(]}71{j(g,t):1}7' . 'a]-{j(g,t):J})/ and define the
following partial design matrices with and without dropping vy from the model:

n n N N
Srp=D_fifis  Spp=Y_fifis  Sapar =Y AfAfe  Sajaj= > AfAL,
i=1 i=1 g=1

g=1

where Afg = fi(gg) — fi(g,l). Letting D be a diagonal matrix that holds the diagonal of SAfAf' we
have that

E=DS;} and L=D"25;, ;D"

i faf

Sa N is rank deficient with S, faflivt = 0 from which it follows that the non-zero eigenval-

ues of EY2LEY? (which are the non-zero eigenvalues of S;fl Sa A f) are also the eigenvalues of

Safa f(SJTfl + ; fJfljl ). Finally, from the Woodbury formula we have that Ay, is invertible with

L S—lffls—l 1 1/
At =n(Ssr—nff) t=n(Sit4nLs T ) = (97 4 2L )
s =Sy —nff) Y s ity

SO

1 1
Moo= M(AppSiiag) = B _
PO N siSararAs])  ndjiy o BVPLE)

With E;; =1 for all j, we have that

A A 4
T 2 w7 2= L \2
DI ERP VERD Sy Py (VM)
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since Ay < 2 (Chung, 1997, Lemma 1.7). An algebraic definition of Cheeger’s constant C is

. =D jex 2akgX SAFAF ik
C— min o j EX TAFAS
XC{0,}: 3 jex Dy <5 50 Dy 2jex Djj

and it follows from the Cheeger inequality A; > 1 — /1 — c? (Chung, 1997, Theorem 2.3) that
\/j}\J—>ooif\/jC—>oo.

For the stochastic block model we consider J odd and order the firms so that the first (J+1)/2
firms belongs to the first block, and the remaining firms belong to the second block. We assume

that A fg is generated i.i.d. across g according to
Af=W(1-D)+BD

where (W, B, D) are mutually independent, P(D =1) =1-P(D =0) =p;, < %, W is uniformly dis-
tributed on {v € R v’lJH =0,0'v =2, max; v

J
R/ V154 = 0,0'v =2, max; v; = 1, (v/c)2 =4} for ¢ = (1/(J+1)/2, —1/(J+1)/2)/. In this

=1,0v¢c= 0}, and B is uniformly distributed
on {v € i Vj
model E;; =1 for all j. The following lemma characterizes the large sample behavior of S, N
and L. Based on this lemma it is relatively straightforward (but tedious) to verify the high-level

conditions imposed in the paper.

Lemma C.11. Suppose that % + ‘“OTg(J) —0asn— oo and J — oco. Then
1,1 15,41
HETJ;LHSAf'Af' — L+ = = 0p (1) and H['TE — L+ = = o ()
where L =171 — 1"3173“ —(1- 2pb)f—j/1 and ||-|| returns the largest singular value of its argument.

Additionally, max, Ag_l‘j\g - AZ) = 0,(1) where 31 > 2> AJ are the non-zero eigenvalues of cl.

Proof. First note that

!
J+1 ], 242p oyl o ap, o
wBSajafl —L=F7 Ly — =5 1) T Ioi

n

and QT =I5 — Lysilisn _ (1 — L) e oo

15,41
HETTE[SAfAf'] — Ly + =

242 (7 Ll o + -2 e’
T—1 J+1 J+1 J+1 T—1J+1

2+4-2py,
J—1
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Therefore, we can instead show that ||S|| = 0,(1) for the zero mean random matrix

N
g=1

where s; = 4/ J+1Afg 2p — Afg \/ﬁ Now since

1 - J 1
ss —O<n—|—> and ZE[sgsgsgsg] :O<n+>

Py =1 1Py

2 (L+5k)
it follows from (Oliveira, 2009, Corollary 7.1) that P(||S|| > t) < 2(J + 1)e S0 for some
log( J/5n) + Jlog( J/6,,)

constant ¢ not depending on n. Letting ¢ \/ for §,, that approaches zero

slowly enough that log(‘;/bé n) 4 Jlogle/é BN yields the conclus10n that ||S]| = o,(1).
Since £ = D_1/2SAfAfD_1/2 the second conclusion follows from the first if H%D — 1,4 =
0,(1). We have JHIE[D] =1I;,1 and J‘HD = Lt Zév I(Af; ])2 where e; is the j-th basis vector
in R’ and P((Afle;)? =1) = 1-P((Af; ]) = 0) +2.. Thus it follows from V(£ D) < 25

and standard exponential inequalities that HJHD — I = max; |J+1D — 1] = 0,(1) since
Jlog(J)
n

— 0.

< € implies

Finally, we note that HETE — I+ l”fij:l’“

v Lu(l —€) < 'Ly < v Lu(l+€)

which together with the Courant-Fischer min-max principle yields (1 —¢) < &2 < (1 +¢). O

7]
A

Next, we will verify the high-level conditions of the paper in a model that uses 775 L in place

of S, N and %QT in place of A and Iy, in place of D. Using an underscore to denote objects

J+1
from this model we have

. . 19
max P, = max %Af;éTAfg = 2% + 2% =o(1),

g
ot £H?y  J-1 1
trace(d) = LUE)) _JoL L ),
n n 4(npp)
A 1 1

ZZ:1A? - Aitrace((é”% C(J=1)dpE+1
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< 1. Furthermore,

which is o(1) if and only if v/.Jp, — oo, and Z =<7
= l—f

maxw

2 —max<M7>2:< 2 >2:2:0(1)
g 9t g Vn V2ppn np, ’

2
max(z,)* = (/L8 ) < 5
n

g
1 1
— O —_ _—
<n2 i <npb>2>

which is o (V[é]) if v/ Jp, — oo as trace(Az) = O(V[d]) and

. 1\? - .
m;iX(Afgw)Q + <1 - 2pb> (wcl,l - wcl,2)2]

max(,6)° = max ( W Afg) _0 (;) = o (Vi)

Finally,
m;ix gﬁ Z ng = <m;1x ngtrace(;l))
where
m;mxﬁ gg = ma Af; J: ! (ET) Afg = QJJ ! 1(;})?)’? =0 (trace(ﬁ))
trace(A) = J; ! + 2]311;71 =o(1)

7 72
so max, B, trace(4) = O(trace(A”))o(1).
Finally, we use the previous lemma to transfer the above results to their relevant sample ana-

logues.
mgax\ng -P,|= max|Afg( AFAFT ZléT)Afg|
1,41 ;
= Jngax‘Afg g)lm <él J+1STAfAf£1/2 et %) (éT)lmAfg‘
_ TJ+1 1,410 —
=0 (Hé TTSAf'Af — Ly + =5 ) mjxﬂgg =0 <mgangg>
J . .
~ ~ 1 1 ~ Ap— A ~
trace(A? — AQ)’ = Z -z - —| = trace(AZ)O max| =4 ] = o (trace(AQ))
S nPh ¢ A
A Al

. . 2 52
B A2 Ay — Al trace(A — A )‘ B
= =7 3¢ - + = = 0p(1)
PIRP.Y Ay trace(4 ")

SN S A
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As ,\2

with a similar argument applying to —52— . Furthermore,
ZZ:I )‘Z ZZ 1 —Z
2
maxwy; = max (A, (52LN (L3284 50 )20 < N(Lg Sk ) I max By,
and maxg|(£;ﬁ) ( B)?| = (trace(ﬁ)) since

. ’ 2
L ma (AfsL" (LSaparD = Lywn + 2ot ) )

[
X By T

max(Z 96 - ﬁ)
g

: 1,,,1/
< HLSAfAfD — IJ+1 + 7J+Jl+i7+1

=0, (trace(A?))

= Op(l)

and this also handles max;|(Z}, B)? — @/915)2’ = 0,(1) as the previous result does not depend on

the behavior of v/ Jp,. Finally,

J+1 oot (n ot t 1 t
mgX|ng_§gg‘: 2 mSX‘Afgé (THLSAfAfDSAfAfE Iy + =57 Hl)ﬁ Afg‘
n 1 J+1 7y n_ ot 1,.,1

< ﬁéSAfAf n DTASAf'AfL*IJHJF% mgxﬁgg
zop(mgxngg)
L T N, —
trace(A — A)‘ = —— — ——| = trace(4)O | max| “—=£ | = 0, (trace(A))
— nAp NNy Ay
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