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Abstract

Motivated by the great moderation in major U.S. macroeconomic time series, we
propose a new method to study the nonstationarity of time series data. We take the
long-run volatility change as a recurrent structure change, while the short-run/medium-
run mean growth rate change is viewed as switching of regimes. The state of the
economy is thus characterized by its structure and regime, both of which are unobserved
and must be inferred from the data. We assume that structure follows an exogenous
first order Markov chain. Conditioning on the structure, regimes also follow a first
order Markov chain, whose transition matrix is structure-dependent. Empirical studies
show that this model well identifies both medium-run regime switching and long-run

structure change in U.S. macroeconomic data.
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1 Introduction

The volatility of major macroeconomic variables has experienced a substantial decline since
early 1980s.! The evidence to this decline is so striking that economists have named it the
“Great Moderation”. This feature should be captured in the calibration and estimation of
macroeconomic models that are applied to the entire postwar U.S. data. For example, in a
stochastic growth model, when modeling the endowment process, the volatility of exogenous
income should be treated as a random process, not just one parameter to be estimated.?

Hamilton (1989)’s seminal application of a Markov switching model to U.S. GDP growth
data successfully captured its cyclical behavior, but at that time, the changing volatility was
not a noteworthy feature of the data. In fact, the original version of the Hamilton model
(constant variance) fails to simultaneously explain pre-1984 and post-1984 periods.

To allow for changing volatility, Kim and Nelson (1999) added an unknown change point
to the Markov switching model. They found that, for U.S. postwar GDP growth data, not
only is there a structure change toward stabilization around the first quarter of 1984, but the
gap between growth rates during recessions and booms has narrowed. Lettau, Ludvigson and
Wachter (2006) applied an independent Markov switching framework, as in McConnell and
Perez-Quiros (2000), for consumption data, and found evidence of a shift to substantially
lower volatility regimes at the beginning of 1990s. By dividing the whole sample of GDP
growth time series into two subsamples according to these estimated structure breaks, we
find evidence to support Kim and Nelson (1999)’s conclusion on the narrowing gap between
mean growth rates. We also find evidence for a notable difference between pre-break and
post-break transition probabilities for booms and recessions. Recession durations also vary

across the subsamples.

!See Kim and Nelson (1999), McConnell and Perez-Quiros (2000), Warnock and Warnock (2000), Blan-
chard and Simon (2001), Kim, Nelson, and Piger (2004), etc.
2 An alternative method is to assume there was a structure break in variance for the endowment process.



One of the objectives of this paper is to establish a simple model that captures these key
features of the data, such as the narrowing mean growth rate gap and changing transition
probabilities®. A good model should be able to identify all these features endogenously, using
the whole sequence of the observed data.

In order to do so, this paper explicitly models both long-run and short-run regime
switches. The state of the economy is categorized into two groups: the exogenous state
and the endogenous state. The exogenous state is named structure. This is designed to
characterize long-run structure change. The endogenous state is called regime, and will be
used to describe the short-run/medium-run business cycles. The exogenous state evolves ac-
cording to a homogeneous Markov chain. Given the exogenous state, the endogenous state
also follows a homogeneous Markov chain, whose transition probabilities are determined by
the exogenous state. The endogenous state thus follows a “conditional Markov chain”, where
the Markov property applies only after conditioning on the exogenous state.

The model is closely related to the conventional Markov regime switching model. It can
be viewed as an extension of the Markov switching model to allow for time varying transition
probabilities that are driven by some (persistent) hidden states. For simplicity, we will call
our model the conditional Markov chain model. Later we will see that a version of our model
can also be viewed as a way to impose structural restrictions on a Markov switching model,
with only part of the states directly affecting the observed data. However, the conditional
Markov chain framework admits much richer forms to model cyclical behavior. For example,
we can allow mean gap and the duration for regimes to vary across different structure states.
Another benefit of our model is that it keeps the number of parameters reasonably small.

Consider the following example. Let y; be the log difference of GDP time series data,

3The later also implies changing recession durations.



ie., y =log(GDP,) —log(GDP;_).

Yt = [y T €

where e; ~ N(0,02). Let there be two structure states: high or low volatility. Thus the
structure state belongs to {Ay = 0%, A = 02}.* The structure state evolves over time
according to an exogenous first order Markov chain with transition matrix P#. Let there
be two regime states: high/low mean {sy,sy}. Within high volatility structure, the pair
of means is given by {uf!, uf}; while within low volatility structure, the mean takes value
in {uf, ul}.5 Given that the structure is 0% for time ¢, the transition between regimes sy,
and sy is given by P¥; Pl is defined as transition matrix for regimes under low volatility
structure. With this specification, the medium-run business cycles are characterized by
switches between high and low mean growth rate of GDP, while the long-run change of

volatility can be viewed as a transition from 0% to 0% .°

To convey the main idea, we start with a simplified notation. Let structure A; take
a value in {1,2} and regime s; be either 1 or 2. By assumption, A; follows a first order
stationary Markov chain, with a 2 x 2 transition matrix P4. Regime s; follows a conditional
first order Markov chain described as follows:

Under structure A = k, regime switching is dominated by the transition matrix P, where
k = 1,2. For example, we assume P (i,j) = Pr(s; = i|4; = 1,51 = j)7. By assumption,

the model is characterized by three transition matrices and joint distribution of initial states

4The subscript “H” denotes high, while “L” denotes low.

SWe can think of x as a function of the joint state (A, s;), for example u(Agw,sz) = p; and o2 as a
function of structure A; alone. Then we can also write the model as y; = u(Ay, s¢) + e, e ~ N(0,02(Ay)).

6Tt is a long-run change in the sense that the probability of staying in the same structure will be highly
persistent, say 0.99.

T“Pr” means probability of an event.



(Ao, S0), that is

pA p l—gq P p l-q . p2 l1—q
= 5 1: 2:

l—=p ¢ l—=p @ l—p2 @
and Pr(Ao, so), where A; € {1,2},s; € {1,2}. We assume both states are hidden states, not
observed by econometricians.

Like the conventional Markov switching model, the econometrician only observes a time
series data {y; }_,, where the data generating process of y; is determined by y; = u( Ay, s¢)+ey,
e; ~ N(0,0%(A;)). This implies y; ~ N(u(Ay, s¢), 0%(A)).

Because both A; and s; are not observed, we treat them as missing data and apply an
expectation-maximization algorithm to estimate the entire model. By applying this model
to US post-war data on GDP, employment, we find that there is a volatility change at around
the first quarter of 1984, consistent with most existing literature, and all NBER recession
dates are precisely identified by looking at smoothed or filtered recession probabilities. The
estimated structure transition probabilities also suggest that the volatility change is highly

persistent.

2 Relations to Other Markov Switching Models

The above model is designed such that it can identify both short-run/medium-run regime

switching and long-run structure change.® It admits rich model features while keeps a rea-

8Notice that we can also model this long-run and short-run transitions within the conventional Markov
regime switching framework, with four regime states, i.e., s; € {(0%, utt), (6%, ), (02, uk), (o2, uk)}.
The problem with this setup is that there are 12 probability parameters concerning the transition matrix
of these 4 states, whose MLE estimates are hard to find. Also there might be multiple local maximum
for the likelihood function, and it is hard to achieve a reasonable local maximum. Instead, by explicitly
modelling the long-run and short-run regime changes, our model only involves 6 parameters concerning the
transition matrix, which greatly reduces the computation burden. Thus our model can also be viewed as a
parsimonious way to model the above 4-state Markov regime switching problem.



sonably parsimonious model structure. For example, it includes the unknown change point
Markov switching model (Kim and Nelson, 1999) and the independent Markov switching

model (McConnell and Perez-Quiros, 2000, and Lettau et al, 2006) as special cases.

Example 1 (Unknown change point Markov switching model) In the conditional Markov
chain model, let 0 < p < 1 and q = 1, then the low variance structure state is an absorbing
state. What remains is to estimate the location of the (deterministic) permanent structural
change. By further restricting P, = P, the resulting model is equivalent to the unknown
change point Markov switching model as in Kim and Nelson (1999)°. The transition matrices
p 0 o l-aq
are given by P4 = , Pp=P, = . We will see in the next
l-p 1 l-p @
example that it is also a special case of the independent Markov switching model.
Example 2 (Independent Markov switching model) If we restrict our model such that p; =
P2 and q1 = qo, then the resulting model is equivalent to the independent Markov switching
model, where the switching of regime s; mo longer depends on the structure state A;. We can
see that the independent switching model essentially requires the conditional transition matrix
. . . o l—aq
for regime s; to be the same across different structures, i.e., P, = Py = ,
1—p 41

with no restrictions imposed on transition matrix for structure A;.

Recently, Geweke et al. (2007) proposed a Hierarchical Markov Normal Mixture model
(HMNM) to study financial asset returns. Our model also includes HMNM as a special case

by imposing some restrictions on the transition matrices.

Example 3 (HMNM) If we restrict the conditional transition matriz for regimes such that
the diagonal terms add up to one and each row contains the same elements, then our model

becomes a HMNM model. In particular, the resulting transition matrices take the following

9They considered a general setup to allow mean gap difference and variance change, i.e., mean growth
rate depends on both A; and s;, while variance only depends on A;.
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p 1l—gq 1 P1 D2 D2
forms: P4 = , P = Py =

l—=p ¢ l—p1 1—=m 1—ps 1—po
In particular, HMNM restricts the conditional transition kernel such that it degenerates:

Pr(s; = i|As = k,s1-1 = j) = Pr(s; = i|A; = k), for all i, k, j. Conditioning on a specific

structure A; = k, the regime s; follows a mizture of Normals distribution.

3 General Model Setup and Properties

In general, the model admits M exogenous states and N endogenous states, with A; €
{1,..,M} and s, € {1,..., N}. We have an M x M probability matrix P* to characterize
the evolution of A;. Accordingly, there are altogether M probability matrices characterizing
transitions of s; conditional on A;, each being of dimension N x N.

We can define a joint state Z; = (A, s;), which is proved to be first order Markovian (see
the Lemma). A typical realization of joint state is given by (4; = m,s; =n), m € {1,..., M},

n € {1,...,N}. The number of joint states is given by M N.

Lemma 4 The joint state Z; is first order Markovian, i.e.,
Pr(Asi1, sev1| Aty 56, Ar1, 8621, -5 Aoy 80) = Pr(Avsa, se11| Ay, 8t)

Proof: Write out the probability using Bayes rule:

Pr(Aii1, sev1|As, Sty A1, St—1, -+, Ao, So)

= Pr(sii1|Ai1, Aty 56, Ar1, Se-1, -, Ao, So) - Pr( A1 | A, sty A1, St—1, vy Aoy So)

= Pr(si1]Aer1, st) - Pr(Aga|Ar)

The second equality comes from two model assumptions. Firstly, conditional on the struc-
ture state Ay, s; is first order Markovian. This implies that conditioning on A;, s; ; forms a

sufficient statistic for all past history for predicting s;, or Pr(s,1| A1, As, St, A1, St—1, -, Ao, So) =

7



Pr(sir1]|Aii1, 5¢). Secondly, A, is assumed to be exogenously first order Markovian, which
means A;_; forms a sufficient statistic for predicting A;, or Pr(A;1|As, s¢, A1, S¢-1, -+, Ao, So) =

PI‘(AH_l |At> QED

Then the M N x M N transition matrix PZ? characterizing the Markov process {Z;} can

be constructed as follows'®

Pr(Ai1, 3t+1|At7 s5¢) = Pr(siy1| A1, A, St) : Pr(At+1|At7 5¢)

= Pr(si1|Aeg, se) - Pr(Aga|Ar)

where Pr(s,y1|A;41,5;) and Pr(A,41|A;) are given by elements of P,, (m =1,..., M) and P4

respectively.

Example 5 Consider a simple case with only two structures (A =1 or 2) and two regimes
p l—gq o 1l-a P2 1—q
(sy = 1 or2), where P4 = P = Py =
I=p ¢ l-p @ l—p2 @

transition matrix takes the form

p- P (1_9)‘]31
(1—]0)'P2 q- Py

pPZ =

10We can also let transition from s;_; to s; to be lst-order stationary conditional on past structure A;_;.

For example, we can let Pi(i,5) = Pr(s; = i|Ai—1 = 1,8.—1 = j). Then we can carry the same analysis
throughout with the new joint state Z, = (A¢—1,s:)— we will have Pr(Ay, s¢1]Ai-1,8t) = Pr(ser1|As, st) -
Pr(A¢|As—1). Also notice that the structure is unobservable, so all the properties developed as follows do no
depend on whether A;_; or A; contribute to the evolution from s;_1 to s;.



Denote the time ¢ unconditional distribution of A; and Z; by

mas = [Pr(A;, =1),...,Pr(4, = M)

w20 = [Pr(Z, = (1,1)),Pr(Z, = (1,2)), ..., Pr(Z, = (M, N — 1)), Pr(Z, = (M, N))]'

then from the Markovian property,

A
TAt+1 = P CTTA

Z
TZt4+1 = P A

It is worth mentioning that the marginal process {s;} by itself is not Markovian, i.e.
Pr(sis1|Se, .-y S0) # Pr(sis1]se). In the business cycle example, regime represents low or high
growth rate, while structure represents high or low variance state. Under Hamilton’s (1989)
original setup, low (high) growth rate means recession (boom), and regimes are assumed to be
an exogenous first order Markov process. Suppose all historical regimes are observed. Then
Hamilton’s model assumption implies that we can drop all except the most recent observation
of regimes, and still will not lose any information in predicting the next period regime. While
under our conditional Markovian assumption, since all information on historical regimes is
useful for making inference on the variance state, dropping any historical information would
result in a less efficient prediction for future regimes. The non-Markovian property for {s;}

is summarized in the following proposition.

Proposition 6 In the conditional Markov chain model, the marginal process of regime {s;}

is not Markovian'®, i.e.,Pr(s;1|I7) # Pr(ses1|s:) for t > 1, where I7 = {sq, 51, ..., 8¢}

'Throughout the paper, we use Markovian to denote first order Markov property.



Proof:

5t+1|I ZZPZC At+175t+1714t|[ )

A1 Ag

= Z ZPT At+17$t+1’Ata ) PI"(AtUS)
Appr Ag

= Z Z Pr(At+1, St+1|At7 St) . Pr(At|Iig)
A1 Ag

Here Pr( Ay 1, si41|As, I7) = Pr(Ai41, s141| Ay, 5¢) because the joint state (A, s) is 15%-order
Markovian. But Pr(A4;|I7) generally depends on the whole history 1. Q.E.D.

The intuition is as stated in the business cycle example. Under conditional Markovian
assumption, all information on historical regimes is useful for inferring A,,;. Thus by using
today’s regime information alone would result in a less accurate prediction for future regimes
because of a less efficient estimation of A;,;. Precisely estimating A;,; is crucial because it

determines the pattern of transition probabilities from s; to s;;1 in our model.

Example 7 To see how Pr(A;|I°) depends on the whole history I, the simplest example

would be Pr(A;|s1, so) # Pr(Ails1). Suppose the initial distribution 7z is given, from which

we can compute Pr(Ag|sg) = % Then we can update Pr(Ay|so) = > 4 Pr(As, Aolso) =

>4, Pr(A1|Ag) Pr(Ag|so), which depends on so. We can further update Pr(Ai|s1, so) = %
)

Z?g;giﬁ?iﬁ;ﬁﬂjg'%) which depends on both sy and si.The following is a numerical exam-
1 b

ple. Let Py =[1/3 1/5; 2/3 4/5 ], where Py(i,j) = Pr(Ao = ilso = j). Assume the

conditional transition matrix and structure transition matriz are given by

3/5 1/5 3/4 1/3 11/12 2/3
PR IR R (ETURR VE I I (REVEE R

2/5 4/5 1/4 2/3 1/12 1/3

10



Using the formula given at the beginning, we obtain two matrices

0.2903 0.1628 0.7097 0.8372
Py = , Pag =

0.6000 0.4375 0.4000 0.5625

where Pay(i,j) = Pr(A; = klsy = 4,80 = Jj), k,1,7 = 1,2. We can see that all elements in

“s” is useful in

P41 and Pasy are different, meaning that all the conditioning information of
predicting A;. For example Pr(A; = 1|s; = 1,50 = 1) # Pr(A4; = 1|s; = 1,80 = 2) such that

So 1s relevant for inferring A;.

In the long run, the whole dynamic system is stationary, and detailed properties are

analyzed in Appendix A.

3.1 A state-space representation

Suppose in the general setup, y; = u(As, s¢) + e, er ~ N(0,0%(4;)). The process for joint

state Z; admits an AR(1) representation with a specially defined system error

X1 = PZX, + Vis

where X, € {e; = [1,0,...,0),e2 = [0,1,0,...,0]',...,exy = [0, ...,0,1])'}, with e; representing
jt joint state, j = 1,..., M N. PZ is the transition matrix for (4;, s;), and V; ;1 = X1 —P? X,
satisfies E(Vi,1]|X;) = 0'2.

The process for observed y; is given by y; = p(Ag, s¢) + o(As) - €, &0 ~ N(0,1). If we

define two M N x 1 constant vectors i and &, whose j elements correspond to u(Z; = e;)

12T.e., Vi41 is a martingale process adapted to X;.

11



and o(Z; = e;), then the measurement equation takes a nonlinear form

yt:ﬁ/'Xt"i_a-/'Xt'gty WlthgtNN(O,l)

4 Applications to economic time series data

The GDP growth data we considered span from the second quarter of 1947 to the fourth
quarter of 2006.1* To see how the model works for the simplest setup, we abstract from
autoregressive components for economic variable for the moment, and concentrate on the
basic mixture-of-normals setup as in section 1 and 2.

The employment growth data span from the second quarter of 1947 to the fourth quarter
of 2006.

4.1 GDP

The growth rate is measured as the difference of log-valued GDP multiplied by 100. We
estimate a conditional Markov chain model with two pairs of means corresponding to the
regime state, and two states of variance (i.e., with mean gap). The estimation procedure
features a two-step process. We use EM algorithm as the first step to obtain initial estimates
for parameters, while in the second we directly maximize the likelihood function to refine
our estimates and obtain the standard errors.

Maximum likelihood parameter estimates are given by

3Data source: U.S. Department of Commerce, Bureau of Economic Analysis. All data are measured in
2000 chain-weighted dollars.

12



0 i 1 7 1 oh ot
0, -0.0849 14149 01716  0.8913  0.8780  0.1590

(0.2181) (0.1610) (0.1492) (0.0545) (0.1326) (0.0258)

0y 1 q1 D2 q2 b q
65 0.7572 0.8637 0.8332 0.9630 0.9933 1.0000

(0.0867) (0.0629) (0.1181) (0.0273) (0.0066) (0.0000)

where standard errors are shown in parenthesis.
log(likelihood) = -188.6801

Implied transition probabilities for the joint states'* are given by

0.7522 0.1354 0.0000 0.0000
0.2412 0.8580 0.0000 0.0000
0.0055 0.0002 0.8332 0.0370

0.0011 0.0064 0.1668 0.9630

Probabilities for low growth regimes!® and high variance structures are shown in the

following figure. The shaded areas are NBER dated recessions. Reference period: 1947Q2 —

14The order of the four states are “high variance, low mean”, “high variance, high mean”, “low variance,
low mean” and “low variance, high mean”.

15In the model, recession is described as the regime with low mean growth rate. Notice that the NBER
recession is defined as “a significant decline in economic activity spread across the economy, lasting more
than a few months, normally visible in real GDP, real income, employment, industrial production, and
wholesale-retail sales.” The intriguing feature of Markov switching model is that its estimates for recession
probabilities accord with NBER/’s recession dates amazingly well, by just looking at a single time series.

13



2006Q4.

dlog(GDP) dlog(GDP)
2 T T T T AFT T T T
2 2
0 0
2 2
4. . . . . . ki -4 . . . . .
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

fitered low-mean probability fitered high-var probability

05

1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

smoothed low-mean probability smoothed high-var probability

1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

We can see that not only the NBER recessions are very precisely estimated'®, but the low
frequency movement of variance is well captured'”. The parameter estimates also suggest
that besides a substantial volatility drop, a changing mean growth gap is also an important
feature. Along with the added assumption that recession duration depends on volatility
structure, this model is able to provide much more precise recession probabilities than exist-
ing literature. McConnell and Perez-Quiros (2000) use a Markov switching model with mean
and variance having independent switching, which does not capture the reduced recession
duration observed in the post-1984 U.S. GDP data. Although their model identifies the
volatility change very well, the recessions are estimated with much less precision as we will

see from the following exercise.

16Here in terms of filtered and smoothed recession probabilities.

1"The smoothed probabilities for high variance structures around the turning point are given by
Pr(1984Q1|I7) = 0.9821, Pr(1984Q2|Ir) = 0.8075, Pr(1984Q3|Ir) = 0.2880, and Pr(t|/Ir) > 0.99 for
t < 1983Q4.

14



We reestimate the independent Markov switching model as in McConnell and Perez-
Quiros (2000), where the regime changes of mean growth rate and variance are independent
of each other. Independent Markov switching model can be seen as a special case of our
conditional chain model by forcing the transition matrix for mean growth rate to be the
same across different structures. The graph shows that although the persistent volatility
change is well identified, the recessions before 1984 are only weekly identified in terms of

lower filtered or smoothed recession probabilities.

dlog(GDP) dlog(GDP)
ar T T T AFT T T T
2 2
0 0
-2 F 2
-4 . . . . . 3 -4 . . . . .
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

fitered low-mean probability fitered high-var probability

1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

smoothed low-mean probability smoothed high-var probability
1 ]
05 q
ol
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

4.2 Employment

Again, the growth rate is measured as log difference of employment multiplied by 100. We

apply the model to nonfarm employment data spanned from 1947Q2 to 2006Q4.

15



Two-step parameter estimates, with standard error in parentheses, are given by

0 uf 1 7 1 o4 ot

6, -0.6274 0.8550  -0.1354 0.5735  0.2598  0.0364
(0.1227)  (0.0584) (0.0587) (0.0264) (0.0364) (0.0061)

> pl ql p2 q2 p q

0, 0.7480  0.9252  0.8910  0.9721  0.9847  0.9880
(0.0823) (0.0268) (0.0738) (0.0195) (0.0142) (0.0157)

log(likelihood) = -138.8607

Recession and high variance probabilities are shown in the following graph.

dlog(Emp) dlog(Emp)
2f ] 2f ]
or ] or ]
-2 r B 2+ 4
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
fitered low-mean probability fitered high-var probability
1r ] 1 ]
05 1 05 W
0 or
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
smoothed low-mean probability smoothed high-var probability
1r ] 1 ]
05 1 o5l v—w ~ \ |
0 or
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000

Again, the NBER recession dates are very precisely estimated in terms of smoothed
or filtered recession probabilities. Post-1984 periods are identified to be under low-variance

structure. But there are also several pre-1984 years to be identified as low variance structure,
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such as early 60s, 70s and 80s. The reason why we get different result from that of GDP
data is that the employment growth of early 50s appears to be extremely volatile, compared
with what we observe since the 60s. The growth rate shoots up to a record high from a
negative growth rate within only several quarters. The data around early 50s tend to bring
up our estimates for high variance to a certain level, such that it is hard for the simplified
two-variance structure model to identify high variance structure unless the actual variance
is high enough. To justify our conjecture, we reestimate the model using data from 1950Q4

to 2006Q4. The resulting recession and high variance probabilities are as follows

dlog(Emp) dlog(Emp)

1960 1970 1980 1990 2000 1960 1970 1980 1990 2000

filtered low-mean probability fitered high-var probability
1r El 1 4
0 ot
1960 1970 1980 1990 2000 1960 1970 1980 1990 2000
smoothed low-mean probability smoothed high-var probability
1 1
051 1
ot
1960 1970 1980 1990 2000 1960 1970 1980 1990 2000
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Parameter estimates are given by

H H L L 2 2
01 prp HrH ML e OH oL

. -0.5931 0.8145 -0.1336 0.5666  0.1914  0.0351
(0.1105) (0.0444) (0.0542) (0.0253) (0.0251) (0.0055)

0y pl ql P2 q2 P q
0, 0.7323  0.9338  0.9008 0.9702  0.9928  1.0000
(0.0889) (0.0244) (0.0673) (0.0208) (0.0072) (0.0001)

log(likelihood) = -108.7197

4.3 Adding an autoregressive component

We modify the above model by adding an autoregressive (AR) component. The estimated
AR coefficient for GDP data is rather small. But for employment data, it is very large.
This finding suggests that the model in previous sections is a good approximation for mod-
eling GDP time series, but an AR component is needed for a better characterization of the

employment data.

4.3.1 GDP with AR component

The model is specified as

yr — w(As, se) = p(As) - (Y1 — (A1, S¢-1)) + e, e ~ N(O, 02(At))-

18



Parameter estimates are about the same as in previous sections, with very small AR coeffi-

cients,
0 pi wit 17 7 o ot Pu 2
6, -0.0583 1.3371  0.1752  0.8953  0.9369  0.1543  0.2336  -0.0818
(0.3745) (0.2392) (0.1308) (0.0505) (0.1738) (0.0253) (0.1312) (0.1213)
02 p1 0 P2 q2 p q
6, 0.7397 0.8703  0.8328  0.9627  0.9933  0.9997
(0.1405) (0.0764) (0.1157) (0.0283) (0.0067) (0.0020)
log(likelihood) = -285.2330
Recession probabilities are also similar to previous results
‘ ‘ ‘ dIog(GD‘P) ‘ ‘ ‘ ‘ ‘ dIog(GD‘P) ‘ ‘

filtered low-mean probability

|

1950

1960 1970 1980 1990 2000

smoothed low-mean probability
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1960 1970 1980 1990 2000
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4.3.2 Employment with AR component

Data range is from 1950Q4 to 2006Q4. The model is specified as y; — u(As, s¢) = p(A) -

(ye—1 — (A1, 80-1)) + e, e ~ N(0,0%(A;)). Parameter estimates are given by

0 uf 1 1y 1 ot ot Pu L

0; -0.2541 0.6796  0.1102  0.4989  0.1986  0.0223  0.7132  0.8909
(0.2607) (0.2109) (0.1530) (0.1343) (0.0622) (0.0037) (0.0944) (0.0401)
0y pl ql P2 q2 D q
0, 0.7297  0.8917  0.6916  0.9599  0.9778  0.9899
(0.1323) (0.0680) (0.1846) (0.0248) (0.0158) (0.0101)

log(likelihood) = -52.9063

Estimates for recession probabilities

dlog(Emp) dlog(Emp)
1960 1970 1980 1990 2000 1960 1970 1980 1990 2000
fitered low-mean probability fitered high-var probability
1t ] 1 ]
) /\\/\JMJ\[\M 05 %
or " or
1960 1970 1980 1990 2000 1960 1970 1980 1990 2000
smoothed low-mean probability smoothed high-var probability
1r ] 1 ]
) WUJUM—LMJ\[\AJM ) m
0 4 or
1960 1970 1980 1990 2000 1960 1970 1980 1990 2000

The above figure shows that estimated duration of recessions fit the data better than
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the case without AR component, especially for post-1984 periods. A large part of 1960s is

identified to be under the low-variance structure.

5 Identifying recessions dates using partial data

There is a noteworthy lag when NBER recession dating committee announced the most
recent recession. For example, the November 2001 trough was announced July 17, 2003,
while the March 1991 trough was announced December 22, 1992. Can we do better in
terms of identifying recession dates with a shorter time lag of announcement? By fitting out
model to GDP growth data up to 2002Q1, we are already confident to see the 2001 recession
by looking at model estimates. The estimated recession probability by 2002Q1 is close to
1. In this exercise, we use observations up to 2002Q1 instead of the whole sample to get
parameter estimates. Thus the filtered/smoothed low growth probabilities are different from

those obtained in section 4.1.

dlog(GDP) dlog(GDP)
2 T T T aF T T T
2 2
0 0
2 -2 r
Z . . . . L3 -4 b . . . . L3
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
fitered low-mean probability fitered high-var probability
1t 1p b
) M\W\A‘MM 05 'V‘W
or b or
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
smoothed low-mean probability smoothed high-var probability
1r 1 1
) MMM 7 \—7
or ] or
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
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Using GDP growth data up to 1991Q2, we are also able to identify the 1991 March

trough; the estimated recession probability is close to 1, as is shown below.

dlog(GDP) dlog(GDP)
AFTT T T T T T T T T AFTT T T T T T T T T
0 0
-2 F -2 F
-4 . . . . . . . s -4 . . . . . . . k|
1950 1955 1960 1965 1970 1975 1980 1985 1990 1950 1955 1960 1965 1970 1975 1980 1985 1990
fitered low-mean probability fitered high-var probability
1l
05
ol i
1950 1955 1960 1965 1970 1975 1980 1985 1990 1950 1955 1960 1965 1970 1975 1980 1985 1990
smoothed low-mean probability smoothed high-var probability
1 1 bl
05 05 T
or 1 or

1950 1955 1960 1965 1970 1975 1980 1985 1990 1950 1955 1960 1965 1970 1975 1980 1985 1990

By looking at GDP growth rate alone, and within a very simple Markov switching frame-
work, we can provide a very nice guide to the estimates for recession dates, which precisely
accords with NBER’s announced recession dates. A noteworthy advantage of our model is
that we do not need to wait too long to obtain a reasonable estimate of smoothed or filtered

recession probabilities.

6 Conclusion

Using a conditional Markov chain model, we are able to incorporate several important fea-
tures for major aggregate economic time series data. Economic explanations well accord with
the model structure. Empirically, the volatility decline since the 80s is well identified and

is highly persistent. Recessions during each volatility structure are also precisely identified
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in terms of filtered and smoothed probabilities. The method of this paper can be applied

to macro or asset pricing models with Markov switching and learning. For example, it is

possible to reformulate the learning mechanism of Lettau et al. (2006) for their consumption

process. Our next step includes developing a multivariate model incorporating monthly data

to identify and forecast state of the economy.
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7 Appendix A: Properties of the regime process

Because the number of joint states is finite, there exist invariant distributions'® 7, — 7z

and m4; — ma, as t — o0. These two are mutually consistent in that they are related
by the equality SN 74(A, = m, s, = n) = wa(A, = m)."” Also the marginal stationary

distribution of s is obtained via 3.0_ 7z (A, = m, s, = n) = (s, = n).
Lemma 8 The conditional probability Pr(s,y1|s:) is asymptotically time invariant.

To see this, let’s assume joint stationarity of (A, s;) has been achieved. Then the joint
distribution of Z; = (A, s;) does not change over time, so does the marginal distribution for
s¢. Moreover the conditional probability Pr(A|s;) is time invariant. Thus, the conditional

probability

Pr<8t+1|8t> = / / PI'(At+1, St+17 At|5t)dAtdAt+1
A1 J A

:/ / PY(AtH,3t+1’At,St)Pr(AtISt)dAtdAtH59(5t+1,5t)
Appr J A

is also time invariant, where g(-, -) is a function of s;,; and s;, not depending on time. To get
intuition of the result, first notice that the transition matrix carries marginal distribution
from the current to the next period. By assumption the unconditional distribution of joint
state (A, s;) already achieves stationarity, and thus will not change over time. As a result,
the marginal distribution of regimes will also be the same over time. However, it is important
to notice that although the conditional probability Pr(s;,1|s;) is time invariant given that the

joint state has achieved its long-run distribution, the marginal process for s; is not Markovian

181f we assume that elements of P, ..., Py; and P4 are all strictly positive, then elements of PZ are strictly
positive, which implies the invariant distribution for joint state Z is also unique.

YHere 74(A = m, s = n) means the probability of the event (A = m, s = n) under invariant distribution
Tz.
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as we have discussed. Even in the long run, the dynamic behavior will be different from that
of a first Markov process with transition probabilities given by g(s;11, ¢).

Generally, the conditional probability Pr(s;1|s:) depends on the initial distribution of
joint state and changes over time.

To see this, first notice that the conditional probability Pr(A;|s;) = P;,(:é;;“;t)

changes over
time. The numerator is an element of the M N x 1 probability vector mz,, which is obtained
via w7 = (PA)t .1 Z’020. The denominator, if we regard it as element of a N x 1 probability
vector 7y, is obtained directly by summing up corresponding elements of 7z,2!. We can see
that Pr(A|s;) depends on both the initial distribution of joint state, which can be treated
either as given or as model parameters, and the time ¢; thus so does P, whose elements is

given by Pr(seialse) = D4, 2oa, Pr(Aevr, seens Aelse) = 324, D04, Pr(Aeirs sepa| Avs se) -
Pr(At‘St).

8 Appendix B: Estimation of the model

From now on, we use )?T = {X31, Xy, ..., X7} to denote the full history of X up to time 7.

Given the time series of observables, the likelihood function is given by

—_—

L(0: ) = £, (7irl6) = /m £ A 50/0)d(AL5),

=3 > > F@r Ar,5rl0)

(Avs)T (A7S)T71 (A,S)l

where (A,s); = (A, s¢). In the simple case with a binary structure and binary regime,
involves computation and summation of 47 terms. It will be a great computational burden

to do so. Here we turn to the Expectation-Maximization method to estimate the model. A

20Notice here that if Tz, is the stationary distribution of the joint state, then 7z, = mz ¢ for all ¢, and
the previous corollary applies.

M
21For example, for n =1,..., N, we have Y 7z:(A: = m, sy =n) = m,4(s = n).
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by-product of the EM procedure is that the likelihood function is recursively computed.

8.1 EM Algorithm

Let § be a vector of the model’s unknown parameters??. The EM algorithm will iterate

between expectation and maximization steps until some convergence criteria is met:

e Expectation step: Suppose we have complete data, then we multiply the log-likelihood
of the complete data by the likelihood evaluated using last step parameter estimates
(0*71). The “expectation” is in the sense that we integrate out the effect of unobserv-

ables, to obtain the following

H(0; 5, 0" = /N log[f (Tirs Ar. 5110 - /(G A 30165 ) d(Ars),
(Avs)T

e Maximization step: The objective function H is maximized with respect to parameters

of the model, resulting in the step-k estimates 6.

0F = arg max H(O;yp, 0"

One favorable property of EM algorithm is that each iteration results in a higher value
of the likelihood function. With arbitrary initial values of the parameters, 6°, the above two

steps are iterated until 8% converges to a local maximum of the likelihood function?®.

22Here, if we ignore the initial condition, we have 6 parameters concerning probabilities, 4 parameters for
mean, and 2 parameters for variance. And thus we have 12 parameters in total.

23The power of EM method is that we take “log” inside the integration, which will greatly simplify
computation, as we are soon to see.
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The joint density of 7 , Ay and 57 can be written as,

f@r, Ar,3730) = f(Ur|Ar, 373 0) - Pr(Ar, 37;0)
’ A5 O T Pr(A,, s,|A 0
= thl f(ytl t) St; )thl r( t75t| t—1, St—1; )

T » T .
= thl f (el Z; )thl Pr(Z|Z—1;0)

where Z; = (A, s;) is the joint state.

And then the log likelihood is given by sum of a set of conditional probabilities,

T T
log f (5ir, Ar,57;0) = > _log f (11| Z;0) + > log Pr(Z|Z:1; 6)

t=1 t=1

It is useful to notice that the maximization of H is equivalent to maximize (), with

QO; yr, 0°71)

= H(0;5r. 0" ")/ f(Gr; 0"1) = / log[f @z, Z7|0)] - Pr(Zr|gr; 0" 1)dZr

Zr

= [ log[f (Jr| Z7; 0)] - Pr(Zp|gr: 0 dZy + / log[Pr(Z7|0)] - Pr(Zp|ip; 051 dZy

Zr Zr

where Pr(ZT@T; 6*~1) can be obtained using a filtering-smoothing procedure as described

in Kim and Nelson (1999).2*

24Here we can treat the objective function @ as the conditional expectation of complete data likelihood
function, with the expectation taken over unobservables conditional on all information available.
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8.1.1 Imside the likelihood function

Now we compute fZT log|f (77| Zr; 0)]-Pr(Zr|r: 0 4)dZy and fZT log[Pr(Zr|0)]-Pr(Zy|gr; 0 d Zy

to facilitate our deduction of first order conditions.

h
M”

[ 081Gl Zr: 00 Pl o)
Zr

t

1

I
Mﬂ

F Wil Zi;00)] Pr(Z|gr; 6571)

/ log[f (411 Zs; 61)) Pr(Zlii; 0°~1)d 2
Zt

t=1

2
where log|f (| Z;; 01] = —3 log(27) — 5 log(c?(A)) — %—02%53)) '

Similarly, we have

/ log[Pr(ZT; 02)] PT(ZT|gT; ")

/ ZlogPr Z4| Zy—1:05)| Pr(Zr|ir; 0571
Z

T t=1

T
:Z/~ log[Pr(s;|si—1, As; 02)] Pr(ZT|§T;0k_1)+Z/~ log[Pr(A¢ Ai_1;02)] Pr(Zp|yr; 6571
t=1 721 t=1 721

T
ZZ Z log[Pr(sy|si_1, At; 02)] Pr(As, sp, 521 |5r; 0571

t=1 Ay,s¢,5t-1

T
+3 > log[Pr(A|Ar_1;05)] Pr(Ay, Ay [§r; 0571

t=1 A, At

8.1.2 Closed-form solution

First order condition concerning structure transition yields

S Pr(A g =1, 4, = 1fgr; 0F 1)

S Pr(A =1, A, =17 051 + S0, Pr(A, 1 = 1, Ay = 2jp; 687)
S Pr(A, =2, A = 2[g; 60571

S Pr(Aiy = 2,4, = 1r; 057 + 300 Pr(Ayy = 2, Ay = 2[gr; 0571

p:

q:
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where p is the probability of staying in high-volatility structure if A; = 1 means volatility
is high.

The first order condition with respect to conditional transition matrix for regimes gives

us
b — S Pr(Ay = j, sy = 51,501 = sp|yr; 0°7)
= T . — ~ k1 T . — ~ k1
t= - b - 9 —1 ) — A - 9 -1 9
! Yoo Pr(As = J,se = s, 8021 = splyr 07 ) + >, Pr(Ay = 4,80 = sy, 021 = sp|yr; 07 )
7. Zthg Pr(A; = j,s; = sy, 811 = su|yr; Qk_l)
j

Efzg Pr(A, = j, 8 = sm, 801 = sp|yr; 0F7) + Zthg Pr(A; = j,8: = 81,501 = su|yr; 0" )

where j = 1,2 and p; is the probability of staying in “low-mean” regime under structure
A=j.
Under normality assumption, we also have closed form solution for mean and variance.

For example the low mean under high variance structure is

(57 )
{ZtT:l Pr(A; = 1,8 = sc|yr; Qk‘l)}

n =

After obtaining all mean parameters, the high variance is given by

{ iy — 2 Pr(Ay = 1,8 = sp[yr; 057 + S0 (ye — pdh)? - Pr(A, = 1,8, = su|r; Qk_l)}

o =

S Pr(Ay = 1gr; 0571

In order to get the above parameter solutions, we still need 3 types of smoothed prob-
abilities: Pr(A;, s¢|yr; kal),Pr(At,At,ﬂyNT; 9’“*1) and Pr(A, s, st,lfﬂT;Qk*I). The following

sections describe the expectation step, featured by a filtering and smooth procedure.
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8.2 Filtering

Let Iy = v = {yo, 1, ---, Y} be the information available at time ¢. It is helpful to work with
the joint state Z = (A4, s).%
Step 1. Given Pr(Z,y = i|l;_1), i = 1,2, at the beginning of time ¢ iteration, the

weighting terms Pr(Z; = j|[;_1), j = 1,2, are calculated as

Pr(Zy|Ii1) = Y Pr(Zy, Zia|1i-1)

Zi_1

=Y Pr(Z|Zi—1) - Pr(Zi-1| 1)

Z-1

Step 2. Once y; is observed at the end of time ¢, we can update the probability term in

the following way:

PI"(Zmytut—l)
Syl Le-1)
_ Sl %) - Pr(Zili-)
Ezt fil Zy) - Pr(Zy|1i-1)

Pr(Zi|1y) = Pr(Z| -1, ) =

where by definition I; = {l;_1,y;}.

To start the above iteration, we need the initial guess Pr(Zy|ly), for which a good candi-
date is the invariant distribution computed from last step parameter estimates 6% 1.

As a by-product, we also obtain the likelihood function as Likelihood =, f(y:|Z;) -
Pr(Z|1,_,), which is recursively computed during the above filtering steps, treating 6*~* as

an unknown parameter 6.

25Tn the simple case we considered, the state number is four.
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8.3 Smoothing

We can make inference on Z;, based on the entire available information in the sample, to
obtain the smoothed probability Pr(Z;|Ir) and Pr(Z;, Z, 1|I7), t = 1,2, ..., T.

Consider the following joint probability,

Pr(Z, = j, Zip1 = k|Ir) = Pr(Zos = k|I7) - Pr(Z, = j| Zoss = K, I7)

=Pr(Zy1 = k|Ir) - Pr(Z, = j|Ziy1 =k, L)
Pr(Zy1 = k|Ir) - Pr(Zy = j, Zyi1 = k| )
Pr(Z;1 = k|I)
Pr(Zy1 = k|Iy) - Pr(Zyq = k| Z, = 5, 1) - Pr(Z, = j|1})
Pr(Z;1 = k|I;)
Pr(Zy1 = klIr) - Pr(Zypy = k|Z, = j) - Pr(Z, = j|1L)
Pr(Z; 1 = k|I)

Notice that

Pr(Z, = j| Zesr = k, Ir) = Pr(Z; = j|Zerr =k, Tprr, I)
_ Pr(Z; = j, E+1,T|Zt+1 =k, 1)
Pr(lyja 0| Zii = K, 1)
. Pr(Z, = j|Zy1 =k, 1) - Pf([t+1,T|Zt =7, Zis1 =k, Iy)
Pr(lyjar|Zivr = K, 1)

= PI'(Zt = j|Zt+1 = ]f,]t)

where ZH,T = {Yi11,---, yr}, and the last line of the above equation comes from the fact
that 1,1 and its future depends on Z;,; only; once Z;,; is known, Z; and [; contain no
further information for E+17T.

The other smoothed probability is calculated as follows,
4
Pr(Z, = jlIr) = Pr(Z, = j, Zi1 = k|I7)

k=1
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Thus given Pr(Zr|Ir) at the last iteration of the filtering process, the above can be

iterated for t =T — 1,7 — 2,...,1 to get the two types of smoothed probabilities we need.

Notice that Pr(Z;, Z,_1|Ir) = Pr(Ay, s, Ai—1, si—1|I7). Integrating out the effect of A; ; will
give us Pr(Ay, sy, s¢—1|I7). And Pr(A;, A;—1|I7) is obtained by integrating out the terms s;

and s;_1.
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