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In standard finance theory, investors optimally allocate assets using a given stochastic model of asset
returns. It follows that the optimal asset allocation depends on the choice of the model. Uncertainty
about the correct choice of a stochastic model, or simply model uncertainty, has recently become
a research topic of greater interest. This issue has been well known in the academic literature
and even appears recently in the popular press. In the national best seller, When Genius Failed:
The Rise and Fall of Long-Term Capital Management by Lowenstein (2000), the issue of model
uncertainty is described as follows: “There is a key difference between a share of IBM...and a pair
of dice. With dice, there is risk—you could, after all, roll snake eyes—but there is no uncertainty,
because you know (for certain) the chances of getting a 7 and every other result. Investing confronts
us with both risk and uncertainty. There is a risk that the price of a share of IBM will fall, and
there is uncertainty about how likely it is to do so.” The author of the book believes that the
partners of Long-Term Capital failed to consider the chances that their models, which prescribe
their investment strategies, are wrong. When models are likely to be wrong and the correct model
is unknown, investors are naturally averse to the uncertainty. This paper examines the implications

of this aversion in asset allocation.

When specifying the distribution of asset returns, finance professionals often impose restrictions
of equilibrium models. A major reason for doing so is that using sample estimates of the mean
and variance to obtain optimal allocation over a large number of risky assets is well known to be
problematic'. The restriction of an asset-pricing model such as the CAPM or Fama-French model
reduces the dimension of the estimation problem and leads investors to allocate wealth among
the factor portfolios in the model. Another major reason for imposing restrictions of asset-pricing
models is that asset prices inconsistent with the market equilibrium are believed to be less likely
to persist. Although restrictions of asset-pricing models help us obtain portfolios that are more
intuitive and easier to implement, we face uncertainty regarding models’ pricing ability because all

models are rejected in some empirical tests?

Currently, a popular approach for analyzing model uncertainty is Bayesian inference, which
combines the prior beliefs in models and the information in data.? Of course, different prior beliefs
lead to different posterior and predictive probability distributions of asset returns. Thus, researchers

have tried various prior distributions of the pricing errors to see how they affect asset allocation.

'Best and Grauer (1991), Green and Hollifield (1992), Michaud (1989), and Britten-Jones (1999).

?Hodrick and Zhang (2001) show that all the recently proposed multi-factor models can be statistically rejected.
Although the Fama-French model generally fits the data best, its validity is still questionable (see, for example, Daniel
and Titman (1997)).

3Black and Litterman (1991, 1992), He and Litterman (1999), Pastor (2000), and Pastor and Stambaugh (2000).



In practice, researchers often take the empirical Bayes approach, in which prior distributions are
estimated from the observed samples using the maximum likelihood method. The Bayesian analysis

in the current literature, however, does not incorporate investors’ aversion to model uncertainty.

Since the most difficult task in Bayesian analysis is to choose the prior distribution, investors
naturally dislike the fact that they do not know what the correct prior belief is. They are averse
to model uncertainty because each choice of prior belief will lead to gain or loss in investment
value or utility. This aversion should affect their asset allocation. The purpose of this paper is to
investigate how investors, who are averse to model uncertainty, make domestic and international
asset allocations when they are uncertain about the correct prior belief in asset-pricing models. It
helps us gain more understanding of the empirically observed asset allocations. In the standard
Bayesian analysis of asset allocation, optimal portfolio is obtained from the predictive distribution
implied by a chosen prior. It is important to understand whether a certain choice of prior belief

can lead to an optimal portfolio for uncertainty-averse investors.

The theoretical framework of aversion to model uncertainty is the robust analysis, in which a
preference is represented by the minimum of the expected utility over the set of possible probability
distributions. Investors solve the maxmin problem, in which they choose the portfolio that max-
imizes the minimum expected utility. Intuitively, the minimum expected utility over the choices
of priors reflects their conservative attitude and thus their aversion to uncertainty. Using an ax-
iomatic approach, Gilboa and Schmeidler (1989) demonstrates that the minimum expected utility
represents the preference with aversion to uncertainty about the probability distributions. A so-
lution to the maxmin problem gives the asset allocation optimal for investors who are averse to
model uncertainty. Using robust analysis, this paper examines asset allocations associated with the
models and data that attract the most attention in the empirical finance literature. The models
are the CAPM and Fama-French model related to the mean-variance utility function. The data

are the returns on the domestic and international equity.

An important observation made in this paper is that aversion to uncertainty about an asset-
pricing model may lead investors hold a portfolio that is mean-variance inefficient for any prior
belief in the model. Over the portfolios sorted by firm size and book-to-market, there exists no
prior belief in the CAPM such that the corresponding tangency portfolio gives the optimal allocation
for uncertainty-averse investors. This can be viewed as a failure of the CAPM in the context of
asset allocation. Uncertainty-averse investors do not want to rely on either the estimate restricted

by the CAPM or the unrestricted estimate because of considerable doubts about the estimates.



Moreover, the optimal allocation by uncertainty-averse investors is not the tangency portfolio for
the mean and variance estimated from any prior belief in the model. It is commonly observed that
investors do not appear to hold mean-variance efficient portfolios. Aversion to model uncertainty
can potentially be an important reason. This issue has not been previously investigated in the

literature.

For some models and data, however, there exist prior beliefs so that the tangency portfolios are
optimal for uncertainty-averse investors. For example, this paper shows that the tangency portfolio
corresponding to the dogmatic prior belief in the Fama-French three-factor model is optimal for
investors who are averse to model uncertainty. The reason is that the Fama-French model is
a summary of the empirical properties of the portfolios sorted by firm size and book-to-market
and gives a more reliable estimate of the mean and variance than the unrestricted estimate. The
analysis in this paper also demonstrates that the tangency portfolio corresponding to the prior
belief obtained from the empirical Bayes approach is not optimal for investors with aversion to

model uncertainty.

An important empirical observation in international finance is investor’s home bias. Finance
professionals sometimes contend that investors’ distrust of the world equilibrium model might
justify the home bias. Elton and Gruber (1995) argue that, since there is little evidence to support
the world CAPM, investors with no ability to forecast expected returns might seek to minimize the
variance of their portfolio rather than consider the trade-off between the risk and returns. When
discussing the possible explanations for home bias, French and Poterba (1991) write, “The statistical
uncertainty associated with estimating expected returns in equity markets makes it difficult for
investors to learn that expected returns in domestic markets are not systematically higher than
those abroad. Because it is difficult to estimate ex ante returns, investors may follow their own
idiosyncratic investment rules with impunity.” This interesting discussion invites questions. What
can be the idiosyncratic investment rule? Is the idiosyncratic rule simply their home bias? Can
the rule be explained by aversion to model uncertainty? The analysis in this paper demonstrates
that even investors averse to uncertainty about the world CAPM should hold the world market
portfolio. Therefore, the strong home bias of investors cannot be justified by aversion to model
uncertainty. The optimal asset allocation with aversion to uncertainty about the world CAPM is

also inconsistent with variance minimization.

In order to apply robust analysis to Bayesian analysis of asset allocation using asset-pricing

models, a shrinkage approach is developed in this paper. It shows that Bayesian analysis of model



uncertainty shrinks both the predictive mean and variance of asset returns from the unrestricted
sample moments to the estimates restricted by the asset-pricing model. More importantly, the
predictive mean and variance share the same shrinkage factor, which indicates the relationship
between the mean and variance implied by the asset-pricing model. The shrinkage approach reveals
that a Bayesian investor, facing uncertainty about an asset-pricing model under consideration,
implicitly assigns a weight between the unrestricted estimate and the estimate restricted by the
asset-pricing model. The weight is the shrinkage factor. For a given prior distribution, the weight
on the estimate restricted by the asset-pricing model is larger if the frontier of the factor portfolios
has a higher Sharpe ratio. The weight on the model is large if a long history of stationary data
is not available. Investors who take the empirical Bayes approach, in which they use the observed
data to estimate the prior, choose the shrinkage factor to be 1/2, which assigns equal weights to the
restricted and unrestricted estimates. The shrinkage approach is very useful because it explicitly
shows how a prior belief affects the estimates of the mean and variance. For the purpose of this
paper, the shrinkage approach allows us to obtain the properties of the solutions to our maxmin

problems in robust analysis.

The shrinkage approach also helps us gain insights into investors’ asset allocation decisions in
international financial markets. We can use the shrinkage factor to measure the degree of home
bias on a scale from 0 to 1. For U.S. investors, the degree of home bias measured on this scale is
0.9, which should be considered to be rather high. In the literature of international finance, there
are many studies of international diversification benefits for the home-biased U.S. investors. Some
studies do not impose any asset-pricing models*, while some others impose the world CAPM.?
This paper shows that the use of the world CAPM substantially affects the perceived international
diversification benefit for U.S. investors. The greatest lower bound of the diversification benefit is
less than one-third of the benefit measured without the model restriction but still well above zero.
Interestingly, the benefit measured under the model restriction is close to the lower bound. The
analysis in this paper offers a unified understanding of the studies using and not using the world

CAPM.

The rest of the paper is organized as follows. Section I gives an overview of the classic, Bayesian,
and robust analysis in the context of asset allocation using asset-pricing models. Section 11 develops

the shrinkage approach to the Bayesian and robust analysis. The next two sections are empirical

“Examples include Bekaert and Urias (1996) and Lewis (1999).
SExamples include De Santis and Gerard (1997).



investigations. Section III examines domestic asset allocations. Section IV investigates international
asset allocation and the issue of home bias. Conclusions and future research are discussed in Section

V. Mathematical derivations are provided in the Appendix.

I. Aversion to Model Uncertainty

There are m risky assets. Let ri; be the m x 1 vector of excess returns (over the risk-free rate)
on the assets during period t. An asset-pricing model is given and there are k factor portfolios in
the model. Let r9; be the k x 1 vector of excess returns on the factor portfolios during period ¢.
The time series of T observations, denoted by R = {r¢}t=1,...7 = {(r1;,75;) }+=1,....7, are assumed
to follow a normal distribution with mean g and variance (2, independently across t. The mean

and variance are decomposed into the following parts corresponding to the m assets and k factors:
7 Q1 Qo )
= , Q= ) 1
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The mean and variance can be summarized by the parameters in a regression model:
Tt = a + Brog + uy, (2)

where « is the m x 1 vector of Jensen’s alpha, 3 is the m x k matrix of the betas, and u; is the
m X 1 vector of the residual terms in the regression. The variance of u; is assumed to be X. It
follows that the mean and variance of the returns can be expressed as

(3 - (E )

The asset-pricing model u; = Bus holds if and only if o = 0,,%1, where 0,,x1 is the m x 1 vector

of zeros.

In the classic framework of asset allocation using asset-pricing models, investors choose either to
believe or not to believe the asset-pricing model. Those who do not believe the asset-pricing model
estimate the parameters without restricting a to zero. Denote the maximum likelihood estimates
of a, § and X by &, B and & respectively. The maximum likelihood estimates of the mean and

variance are

. i1 G + Biiz ) A (30223/ +3 B )
= R = ~ d Q - A - A . 4
a (HQ ) ( fi2 an Qoo 5 Qoo )

where fio and (299 are the sample mean and variance of ro;. The above estimates of p and 2 are in

fact equivalent to the sample mean and variance of ;. Those investors who do not believe the model



make asset allocation based on the unrestricted estimates of the mean and variance in equation
(4). Those who believe the asset-pricing model, however, impose the restriction o = 0,,x1. Let
3 and ¥ be the maximum likelihood estimates of 5 and ¥ with the restriction of a = 0,,,x1. The
restricted maximum likelihood estimates of the mean and variance are

. A o e =A
Those investors who believe the model make asset allocation decisions based on the restricted

estimates of the mean and variance.

Discarding the dichotomy between disbelieving and believing the model, the Bayesian framework
introduces an informative prior distribution of « to represent an investor’s belief in the asset pricing
model. The prior of «, conditional on ¥, is assumed to be a normal distribution with mean 0,,x1

and variance 0, i.e.,
p(a|X) = N(0px1,0%) . (6)

The parameter 6 is a positive number that controls the variance of the prior distribution of Jensen’s
alpha. Since an asset-pricing model does not impose any restrictions on (3, 3, ps, or g9, prior
distributions of these parameters are assumed to be independent and non-informative. Specifically,
each of the prior probability density functions of 8 and puo is proportional to a constant. The
prior probability density function of €y is proportional to [Qg|~*+1)/2 and the prior probability
density function of ¥ is proportional to |Z\_(m+1)/ 2. These are the standard specifications for

non-informative prior distributions.

In Bayesian framework, asset allocation is based on the predictive distribution, which is the
distribution of r741 conditional on the observed data R. Let Efrry;|R,0] and V[rri1|R, 0] be the
mean and variance of the predictive distribution. They depend on the choice of the parameter 6 in
the prior distribution. For a given parameter # and portfolio x, the mean-variance utility function

of an investor is
1
U(z;0) = Elrr41|R,0)'x — ifycc’V[rTJrﬂR, Oz, (7)

where « is the degree of risk aversion. Investors choose the following vector of portfolio positions

on the risky assets:

2(0) =" (V[rr1|R,6) 7" Elrria| R, 6] . (8)



If we scale z(0) to portfolio weights, it will be independent of the risk-avesion parameter 7. It is
well known that an investor with a mean-variance utility function chooses the risky portfolio that
maximizes the Sharpe ratio. This portfolio of risky assets is referred to as the tangency portfolio

in the finance literature.

Since different values of 6 lead to different predictive distributions and asset allocations, investors
face the problem of making a choice among alternative values of 6. Investors are naturally averse to
the uncertainty about the value of §. Gilboa and Schmeidler (1989) demonstrate that an investor
with aversion to model uncertainty chooses his portfolio by maximizing the minimum expected

utility over the set of probability distributions. That is, he solves
max min U(z;0) . 9)

It will be shown in the next section that the solution z* to this maxmin problem exists and is in
fact unique. The portfolio choice x* is the optimal asset allocation for investors who are averse to
model uncertainty. Fixing x*, we can find the solution 8* to ming U(z*;0). It is well known that
that z* is not necessarily the solution to max, U(z;6*). That is, * can be different from the asset
allocation obtained by setting # = 6* in (8). Notice that if we scale x* to portfolio weights, it may

still depend on the risk-aversion parameter ~.

The most popular way of solving a maxmin problem is to transform the maxmin problem to a

minmax problem. The minmax problem is
rrbinmax U(x;0) . (10)
T

In the minmax problem, investors are conservative and choose the probability distribution that
gives the minimum of optimal utility. If #' is a solution to the minmax problem, z' is the solution
to the utility maximization problem for given #T. That is, 7 = argmax, U(z;07) = z(07). The
asset allocation z' can be understood as a conservative portfolio choice. If we substitute equation

(8) into the utility function in (7), the minmax problem (10) becomes
m@in Elrr41|R,0) (V[rry1|R,0) " E[rry1|R, 6] . (11)

Here, the parameter 6 is chosen to minimize the highest Sharpe ratio of the predictive mean and
variance. The resulting optimal Sharpe ratio is the greatest lower bound of the Sharpe ratios that

an investor can obtain by varying parameter 6 in the prior distribution.

Transformation of a maxmin problem to a minmax problem requires some assumptions on the

utility function. If the utility function U is (weakly) concave in x and (weakly) convex in 6, the



maxmin and the minmax problems are equivalent. This is the well known MiniMax Theorem.
Sion (1958) and Bazaraa (1993) provide the general form of the theorem. When the MiniMax
Theorem holds, the maxmin and minmax problem are equivalent and (z*;0*) = (zf; 7). It implies
x* = argmax, U(zx;0*) = x(0*), i.e., the tangency portfolio corresponding to the particular prior
belief in the model with § = 6* will be a portfolio that is even optimal for investors averse to
model uncertainty. However, when the maxmin and minmax problems are not equivalent, there
may not exist an prior so that the corresponding tangency portfolio is optimal for uncertaity-averse

investors. This point will be demonstrated in Section III.

II. The Shrinkage Approach

In the Bayesian approach, different prior beliefs in asset-pricing models lead to different predic-
tive distributions. However, for each given prior belief, it is not clear how much impact it has on the
predictive distribution. In other words, we would like to know how a prior belief in an asset-pricing
model affects the estimate of the mean and variance. This section develops the shrinkage approach
that explicitly shows how a prior belief modifies the sample estimate of the mean and variance
toward to the estimate restricted by the asset-pricing model. The shrinkage approach is then used

to solve the maxmin problem.

The shrinkage formulation is summarized in the following theorem, which relates the predictive

mean and variance to the maximum likelihood estimates:

THEOREM 1: Let S be the highest Sharpe ratio of the efficient frontier spanned by the sample

mean and variance of the factor portfolios, and let

1
YTl Te/ (1182

Then, the mean and variance of the predictive distribution are

BlrralRel =o (7)1 0w (A1) (13)
Vieraiead = (30 58,) a9
where Vi1 (w) and Vis(w) are given by
Vil(w) = bwB+ (1 -w)BlQnlwd + (1 —w)bl
+ hlwd + (1 — w)d][wS + (1 — w)3] , (15)
Vis(w) = blwB+ (1 —w)B]Q . (16)



Here, 6, 3, b and h are scalers and defined as follows:

b = gg - ?f 2]§ - T(Tk—+k3— 2) 1 :S:ng ’ (17)
i = e (18)
ho o= ﬁ : (20)

Equation (13) states that the predictive mean is a weighted average of the estimated means
restricted and unrestricted by the asset-pricing model.® It is a shrinkage estimator. The shrinkage
target is the maximum likelihood estimate of p under the restriction of the asset-pricing model.
According to Efron and Morris (1973), w is referred to as the shrinkage factor. The predictive
variance of the assets, V11(w), is a quadratic function of the shrinkage factor w, rather than a
linear weighted average. Although this is not a shrinkage estimator in the traditional sense, it can
be understood as a nonlinear extension to the classic shrinkage estimator. If the shrinkage factor
is one, Vj1(w) is proportional to the estimate restricted by the model. If the shrinkage factor is
zero, Vi1(w) is proportional to the unrestricted sample estimate. The theorem also states that the
predictive covariance, Vis(w), between the assets and the factors is proportional to the weighted
average of the estimates restricted and unrestricted by the model. The weight is the same shrinkage

factor w.

The above theorem establishes the link between the classic and Bayesian framework of asset
allocation using asset-pricing models. The link is the shrinkage factor w, which indicates the
relative weight between the estimates restricted and unrestricted by the model. More importantly,
the predictive mean and variance share exactly the same shrinkage factor. The theorem explicitly
shows how prior beliefs influence the estimated mean and variance. As expected, the shrinkage
factor w is a decreasing function of . When 6 approaches 0, the weight assigned to the estimate
restricted by the model converges to 1. When 6 becomes infinitely large, the weight assigned to
the unrestricted estimate converges to 1. Therefore, choosing 6 is equivalent to choosing the weight

between the estimates restricted and unrestricted by the model.

Equation (12) captures another new feature, stating that the shrinkage factor w is an increasing

function of the Sharpe ratio of the frontier spanned by the factor portfolios. Given 7" and 6,

SPastor and Stambaugh (1999) have noticed that if there is one asset and one factor, the posterior mean of Jensen’s
alpha is approximately a weighted average of the estimated alpha restricted and unrestricted by the model.



more weight is assigned to the estimate restricted by the model if the Sharpe ratio of the factor
portfolios is higher. This is reasonable. If the asset-pricing model holds, some combination of the
factor portfolios should give the highest Sharpe ratio of the efficient frontier spanned by all the
assets. If the Sharpe ratio of the frontier spanned by the factors is much lower than the Sharpe
ratio of the frontier spanned by all the assets, the asset-pricing model is likely to be wrong. If the
Sharpe ratio of the factors is higher, it is closer to the highest Sharpe ratio of all the assets, and
the model is more likely to be correct. More weight (higher shrinkage factor) is therefore assigned

to the estimate restricted by the model.

Theorem 1 points to a simple way to implement the Bayesian analysis. First, obtain the maxi-
mum likelihood estimate subject to the model restriction and the estimate without the restriction;
Then, choose w and use the formula in the theorem to calculate the predictive mean and variance.
This simple implementation is more accessible to practitioners than the framework of Bayesian
analysis, especially to those not trained in Bayesian statistics. It is also more intuitive to prac-
titioners because they can choose w to reflect their belief in the relative importance between the
model and data. If they think the model and data are equally important, they should choose w as
1/2. If they think the data is twice as important as the model, the choice of w should be 1/3. Each

choice of w implies a choice of 6 and thus a choice of prior distribution.

A major distinction of Theorem 1 from other shrinkage estimation in the literature is to shrink
both the mean and variance with the same shrinkage factor. In fact, MacKinlay and Pastor (2000)
argue that it is very important to consider the relationship between the mean and variance im-
plied by asset-pricing models. Using Monte Carlo simulation, they demonstrate that portfolios
constructed using some relationship between the mean and variance have higher Sharpe ratios than
those constructed without using any relationship. This idea is formalized in Theorem 1, which
shows that the predictive mean and variance both depend on the same shrinkage factor. It reflects
the relationship between the predictive mean and variance implied by an asset-pricing model. In
the next section, it will be further demonstrated that shrinkage of the variance is important for
optimal asset allocation among a large number of assets. Most existing shrinkage theorems in the
literature shrink only the mean of asset returns but assume the variance to be given.” Since the
main issue in finance is the trade-off between return and risk, the estimation of variance should be

at least as important as the mean, because the variance is closely related to risk. Bayesian inference

"For example, see Andersen (1971), Black and Litterman (1991), Efron and Morris (1973), Jobson and Korkie,
Ratti (1979), Jorion (1986, 1991).
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of variance and its shrinkage formulation are considered in a few studies,® but their prior distrib-
utions do not consider the restrictions of asset-pricing models. Those studies shrink the predictive
mean and variance separately with different shrinkage factors. It does not reflect any relationship

between the mean and variance.

Most importantly, Theorem 1 allows us to obtain useful properties of the maxmin problem and
solve it easily because the predictive mean and variance is a simple function of w, whose range is
from 0 to 1 (rather than from O to infinity). The mean-variance utility function of an investor is a

function of x and w, denoted by U(z;w). The maxmin problem becomes
max min U(z;w) . (21)

Since U (z;w) is continuous in (z;w) and the set of possible w is compact, the function min,, U(z;w)
is continuous in z. Since U(z;w) is strictly concave in x, the function min,, U(x;w) is also strictly
concave in z. It follows that there is a unique z* that solves the maxmin problem (21). With the

fixed z*, solutions w* to min, U(z*;w) always exit but may not be unique.

Using the shrinkage factor w, the minmax problem becomes

min max U(z;w) . (22)

A solution w', referred to as a conservative shrinkage factor, solves
min Elrr1|R, o) (VIrra | R, )™ Elrrga | R, @] - (23)

The solution w exists because the objective function in (23) is continuous and the set of w is

compact. The corresponding conservative portfolio choice is

1 —1
o= . (V[rT+1!R,wT]) Elrr1| R wl] . (24)

The Bayesian analyses of asset allocation in the current literature do not incorporate aversion to
model uncertainty. They often use the empirical Bayes approach to specify prior beliefs. In the basic
parametric empirical Bayes approach, researchers specify a functional form of the prior distribution,
which sometimes depends on hyperparameters. Researchers estimate the hyperparameters using the
marginal distribution of data. Either maximum likelihood or the method of moments can be used
for estimating the hyperparameters. This approach is also called the compound decision problem in

the statistics literature. In this approach, the set of data used for estimating hyperparameters is the

8See Brown (1976) and Frost and Savarino (1986).

11



same set of data used for computing the posterior distribution.? Since the empirical Bayes approach
is often applied in asset allocation,'” it is important to understand what shrinkage factor it implies

and whether the resulting asset allocation is optimal for investors averse to model uncertainty.

For the issues examined in this paper, the hyperparameter is 6. In order to determine 6, classic
statistical inference is used to estimate the sampling distribution of Jensen’s alpha. The estimated
sampling distribution is then used as the informative prior distribution of Jensen’s alpha. In the
Appendix, it is shown that, under the null hypothesis of @ = 0,,,%x1, the sampling distribution of the
maximum likelihood estimator of «, conditional on the factor and the parameters («, 3, %, pa, Q922),

is a normal distribution with mean 0,,x; and variance T~'(1 + SQ)E. That is,'!
. 1.
G~ N (Ot (14 8)2) (25)

It follows from equation (6) that the parameter in the prior distribution of «a should be specified
as 0 = T71(1+ S2). Substituting this choice of § into equation (12) gives w = 1/2. A researcher
taking the empirical Bayes approach, therefore, assigns equal weights to the estimates restricted
and unrestricted by the asset-pricing model, implying that the model and data have equal impor-
tance. This makes it convenient to compare the asset allocation obtained using the empirical Bayes

approach with the allocation obtained using the maxmin approach.

ITI. Domestic Asset Allocation

Let us first look at allocations over a set of assets widely used in empirical studies when the
CAPM is used to affect the estimates. The factor in the asset-pricing model is the monthly excess
return on the value-weighted market index portfolio of NYSE, AMEX and Nasdaq during the period
from July 1963 to December 1998. The excess returns on the assets are the monthly excess returns
on the portfolios used by Fama and French (1993) and updated to the end of 1998. In order to
compare the CAPM with the Fama-French model, the returns on the two Fama-French factors,
SMB and HML, are also included as part of the asset returns.!? The last five of the Fama-French
portfolios that contain the largest firms are excluded because the market, SMB and HML factors
are almost a linear combination of the 25 Fama-French portfolios. Table I presents the tangency

portfolio weights for various values of the shrinkage factor w. As expected, most of the weight is

9Berger (1985), Bernardo and Smith (1994) provide overviews of the compound decision problems.

9For example, see Frost and Savarino (1986) and Pastor and Stambaugh (2000).

"This sampling distribution has been derived by Gibbons, Ross and Shanken (1989) for the CAPM, which has
only one factor. The distribution in (25) is a multi-factor extension.

12The data are made available by Kenneth French on his Web page.
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on the market portfolio when w is close to 1.

Since the Fama-French model is empirically successful in fitting the data, it is natural to apply
it to asset allocation. The returns on the factors in this model include the returns on the SMB
and HML portfolios in addition to the monthly excess returns on the value-weighted market index
portfolio of NYSE, AMEX and Nasdaq. The excess returns on the assets are the monthly excess
returns on the Fama-French portfolios considered in Table I. The tangency portfolio weights for
various values of w are reported in Table II. When w is close to 1, most of the portfolio weight is
assigned to the three Fama-French factors. When the value of w is .1 or less, the portfolio weights
in Tables I and II are very similar. In this case, the tangency portfolios are mainly determined by
the unrestricted sample estimates.

Now, let us examine the optimal allocation with aversion to uncertainty about the CAPM. The

13 is scaled

solution z* to the maxmin problem corresponding to each selected degree of risk aversion
into a vector of portfolio weights and reported in columns 2-5 of Table III. It is interesting that
the solution to the maxmin problem assigns large positive or negative weights to either SMB or the
HML portfolios, even when the CAPM is used to shrink the estimate. The optimal portfolio for an
investor with aversion to model uncertainty is very different from the market portfolio prescribed
by the CAPM. It is also very different from the portfolio based on the unrestricted sample estimate.
It indicates that the utility loss caused by the uncertainty about the CAPM is probably as much as
the loss caused by the uncertainty about the unrestricted estimate. More importantly, the optimal
allocations by uncertainty-averse investors in no way resemble the tangency portfolios obtained
in Table I. In fact, there is no prior belief in the CAPM that yields the optimal allocation for
uncertainty-averse investors. That is, there is no w such that z* = argmax, U(x;w). Thus, the
optimal allocation for uncertainty-averse investors is not a tangency portfolio corresponding to any
prior beliefs in the CAPM. In particular, the tangency portfolio obtained using the empirical Bayes

approach (w = 0.5) is not optimal for uncertainty-averse investors.

Naturally, we should also look at the optimal allocation with aversion to uncertainty about
the Fama-French model. The solutions z* to the maxmin problems are reported in columns 6-9
of Table III. When the Fama-French model is used, the portfolio weights in the solution to the
maxmin problem is very similar to the tangency portfolio weights implied by the model with w being

close to 1 in Table II. Therefore, when the Fama-French model is under consideration, an investor

13The risk aversion + is set to be 3, 5, 7, or 9 in this paper. Bodie et al. (1999, see page 191-193 for details)
calibrated that v = 2.96 for U.S. investors. Similarly, Pastor and Stambaugh (2000) calibrated that v = 2.84.
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with aversion to model uncertainty can approximate his/her desired asset allocation by setting the
shrinkage factor w close to 1 or simply assuming the model holds. It appears puzzling why aversion
to the uncertainty about the Fama-French model leads to asset allocations similar to the tangency
portfolio obtained from the model. In fact, in the set-up of the maxmin problem, the investor is
making a choice between two stochastic models—the predictive distribution restricted by the Fama-
French model and the unrestricted predictive distribution. The unrestricted predictive distribution
may be more likely to be incorrect than the Fama-French model because the estimate depends
too much on noisy observations. In this case, aversion to the uncertainty about the unrestricted
predictive distribution forces the investor to rely more on the Fama-French model. Notice that
the optimal asset allocation with uncertainty-aversion is very different from the tangency portfolio

obtained from the empirical Bayes approach (w = 0.5) when investors use the Fama-French model.

One should not simply conclude that the CAPM is a useless model. First, the CAPM is a
static model applied to 30 years of asset returns. It is likely that this static model cannot capture
the time-variation of risk. Second, the market portfolio in the CAPM contains only equity, which
is a small part of the aggregate wealth of the economy. Investments on capital other than equity
could be partially responsible for the empirical failure of the CAPM.' These might be the reasons
why investors with uncertainty-aversion do not choose the static CAPM. In contrast, the Fama-
French model is constructed to fit the data. The SMB and HML factors serve as the correction
portfolios, in the sense of Hansen and Jagannathan (1997), for the pricing errors of the CAPM. The
two correction portfolios proxy the changing risk in the economy and the premium on the missing
assets in the market portfolio. This might be why the Fama-French model is chosen when investors

compare it with the unrestricted sample estimate.

In the above application of Gilboa and Schmeidler’s (1989) preference theory, the maxmin
problem is solved directly, unlike in other papers that apply the MiniMax theorem to transform

15 The MiniMax theorem cannot be applied to the

the maxmin problem to a minmax problem.
problems discussed in this paper. The trouble is that U(x;w) can be shown to be a weakly concave
(rather than convex) function in w for the problems and data discussed in this paper. In the issue
addressed in this paper, the unequivalence of the maxmin and minmax problems is an important

implication of the data to the model. If we assume that the maxmin and minmax are equivalent,

14 Jagannathan and Wang (1996) argue that human capital can be important.

5For example, Chamberlain (2001) applies the maxmin utility theory to autoregressive models for panel data.
Hansen and Sargent (2001) apply the maxmin utility theory to robust control problems facing model uncertainty.
Both papers transform their maxmin problems to minmax problems.
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we will lose some important information contained in the data.

Since the conditions in the MiniMax Theorem is sufficient but not necessary, the maxmin and
minmax problems may happen to be equivalent in our case. Therefore, we should also solve the
minmax problem to compare with the solution to the maxmin problem. In Figure 1, when the
CAPM is used, the optimal Sharpe ratio is plotted as a function of the shrinkage factor (the solid
curve). Since the function is strictly decreasing, the conservative shrinkage factor is wf = 1. A
similar function can be plotted for the Fama-French model (the dotted curve). This function is
also decreasing and thus the conservative shrinkage factor is also w’ = 1. For both the CAPM and
Fama-French model, the solutions to the minmax problems assign all the weights to the models,
and the corresponding portfolios have positions only on the factor portfolios. Since the asset
allocation obtained from the Fama-French model is similar to the allocation obtained from the
maxmin problem, the minmax problem and maxmin problem give similar (but not always identical)
asset allocations when the Fama-French model is in consideration. This implies that investors who
are averse to the uncertainty about the Fama-French model can obtain an approximate optimal
asset allocation by choosing the conservative shrinkage factor. However, this is not true when the

CAPM is used.

Besides helping to solve the maxmin problem, the shrinkage approach developed in this paper
offers additional insights into the Bayesian analysis of asset allocation under model uncertainty.
To examine the impact of model uncertainty on asset allocation, Pastor (2000) and Pastor and
Stambaugh (1999, 2000) specify the prior distribution of Jensen’s alpha as N (0, (¢2/5?)%), where

52 is defined as s = trace(X)/m. We can view s

as the average sample variance of the residual
terms in the regression equation (2). They show that o2 can be interpreted as the average prior
variance of Jensen’s «, unconditional on Y. Therefore, o is viewed as the measure of uncertainty
about the model’s pricing ability. They experiment with different values of o and look at the
resulting asset allocations. Clearly, § = 02/s%. Thus, each value of o corresponds to a value of
f and a shrinkage factor w, which determines the tangency portfolio weights. Since the shrinkage

factor w is a decreasing function of 6, it is also a decreasing function of o. Like 6, the range of ¢ is

from 0 to infinity.

Pastor and Stambaugh (2000) observe that the difference in tangency portfolios using different
models “are substantially reduced by modest uncertainty about the models’ pricing abilities.” In
Figure 2, the shrinkage factor w is plotted as a function of o. The shrinkage factor drops quickly as

o increases. The sharp reduction of the shrinkage factor is consistent with Pastor and Stambaugh’s
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observation and explains why modest value of ¢ substantially reduces models’ impact on portfolio
choice. The main reason for the fast drop of the shrinkage factors is the large number of observations.
It is easy to see this from equation (12). Since the factor Sharpe ratio is .1219 for the CAPM and
0.2551 for the Fama-French model, the magnitude of the second term in the denominator is of
the order of T9, which equals T'(0?/s%). When T is large, the shrinkage factor w drops fast as o
increases. This is reasonable. When more than 30 years of monthly observations are used in the
inference of model parameters, it is implicitly assumed that the parameters are constant and the
stochastic process of the returns is stationary over 30 years. With such a long period, we should
be able to estimate the constant parameters very well with the observed data. Thus, little weight
will be assigned to the model when the model’s pricing ability is quite uncertain. If the model
parameters are varying over time, we are not able to use such a long period of observation in the

inference. It will then be more important to apply the restrictions of asset-pricing models.

Theorem 1 can be used to examine whether the shrinkage estimate of the variance is important
to optimal portfolio choice. If the predictive variance is not affected by the shrinkage factor, the
vector of portfolio weights is the weighted average of the tangency portfolios with and without the
restriction of the asset-pricing model. In this case, the tangency portfolio based on the unrestricted
sample estimate linearly shrinks to the tangency portfolio of the factors. This observation offers a
way to check whether the shrinkage of variance is important. The weights in Tables I and II are,
however, nonlinear with respect to the shrinkage factor. In Table I, the portfolio weight on the
market index increases from 1.00 to 2.97 when the shrinkage factor decreases from 1.00 to 0.90. The
weight then decreases to 0.57 when the shrinkage factor decreases to 0.75. As the shrinkage factor
drops further, the portfolio weight on the market index rises again. In Table II, we also observe
complicated changes of the portfolio weight on the market index. These indicate that the shrinkage
estimate of the variance has substantial influence on asset allocation. The shrinkage estimate of
the variance could be less important for some small number of assets, but it is more likely to be
important when the number of risky assets is large. It is the large number of risky assets that
motivates us to impose the restrictions of asset-pricing models, which offers better estimates by

reducing the dimension of our problems.

IV. International Asset Allocation

Perhaps the most puzzling empirical observation in international asset allocation is home bias—

people invest heavily in their home country. About 92 percent of U.S. investors’ equity holding
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is domestic. Investors in many other countries also have high domestic equity ownership.'® The
shrinkage factor developed in this paper offers a measure of investors’ bias on a scale from 0 to 1.
As French and Poterba (1991) point out, investors “may impute extra ‘risk’ to foreign investments
because they know less about foreign markets, institutions, and firms.” The “extra risk” relative to
the home equity market can be naturally expressed as the uncertainty about the prior distribution

of « in the following factor model:

T =a+frys+e e~ N(0,X) (26)

foreign

An “asset-pricing model” can be introduced by setting o = 0 in equation (26). An investor who is
completely U.S.—biased allocates all his/her wealth to the U.S. market. A model that justifies this
allocation to be optimal is the asset-pricing model that specifies the U.S. market index as the only
factor. Therefore, this model is referred to as the U.S.-bias model.!” Since a shrinkage factor is
the weight assigned to a model when investors combine the information from the model and data,
it is a measure from 0 to 1 for the bias toward such a model. For example, if an investor always
uses the model despite the observed data, he chooses a shrinkage factor of 1. An investor who takes
the empirical Bayes approach to determine the uncertainty about Jensen’s alpha will be half-way
biased toward the model. Following this idea, we can use the shrinkage factor to measure the home

bias of U.S. investors.

Economists are often interested in the incremental diversification benefit obtained by adding
emerging markets to the portfolio of industrial countries. The shrinkage factor can be used to
model the bias toward industrial countries. For this purpose, we consider a model that has the
index portfolios in seven industrial countries as its factors. This model can be referred to as the
G7-bias model. The index portfolios in emerging markets are treated as the assets. If the portfolios
of the industrial countries span the efficient frontier of all the markets, the G7-bias model should
correctly price the portfolios of the emerging markets, in which case investors only allocate their
wealth to the industrial countries. The shrinkage factor for the G7-bias model therefore measures

the degree of bias toward the seven industrial countries.

Consider the asset allocation over a set of major international markets, which include seven
developed markets in industrial countries (the United States, the United Kingdom, Canada, France,
Germany, Italy, and Japan) and eight emerging markets (Argentina, Brazil, Chile, Mexico, Hong
Kong, South Korea, Singapore, and Thailand). The historical data of the dollar-denominated

63ee Bohn and Tesar (1996), Cooper and Kaplanis (1994), and French and Poterba (1991).
"Pastor (2000) refers to it as the domestic CAPM.
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monthly returns on the equity indices in the emerging markets, with the exception of Hong Kong
and Singapore, are obtained from the International Finance Corporation (IFC). The data for other
markets are obtained from Morgan Stanley Capital International (MSCI). The data cover the period
from January 1976 to December 1998. All returns are converted to excess returns by subtracting
the monthly returns on the U.S. Treasury Bills, which are obtained from CRSP. Table IV reports
the optimal portfolio weights on the U.S. for various degrees of U.S. bias. It also reports the sum

of the optimal portfolio weights on G7 countries for various degrees of G7 bias.

We can extract investors’ degree of bias by comparing Table IV with the actual asset allocation
of investors. If portfolios are unconstrained, the tangency portfolio weight on the U.S. is nearly 90
percent, even when the degree of bias is as low as 0.01. This is mainly due to the large short position
on Canada (not reported) because of the low average return on the Canadian market and its high
correlation with the U.S. market. A large short position on a country is especially unrealistic for
long-term asset allocation. If short sales are not allowed, the unbiased tangency portfolio weight on
the U.S. is about 40 percent. Since U.S. investors’ actual foreign equity holdings account for only
about 8 percent of their total equity holdings, Table IV indicates that the degree of U.S. bias is
0.9, if short sales are not allowed. Therefore, the degree of home bias of U.S. investors is measured
as 0.9, which is rather high on a scale from 0 to 1. In particular, U.S. investors do not seem to use

the empirical Bayes approach (w = 0.5) to determine their beliefs in the U.S.-biased model.

Given the strong home bias of U.S. investors, there are many studies on the existence and mag-
nitude of the international diversification benefits. However, different studies often take different
approaches separately. Some studies examine the efficient frontier spanned by the international
markets. Other studies assume the world version of the CAPM that specifies the world portfolio
as the efficient portfolio. Still other studies consider the effects of short-sale constraints on interna-
tional diversification.!® Each study addresses an important perspective separately. This makes it
difficult to obtain a unified understanding of those studies. The world CAPM is rejected in several
empirical tests.!” It is also well known to be difficult for investors to take some short positions. In
addition, all the studies assume that U.S. investors are completely biased and they invest 100 per-
cent of their wealth in the U.S. The international diversification benefits obtained in the empirical
analysis depend on whether the world CAPM is used, how biased the investors are, and whether

short positions are constrained.

181i, Sarkar and Wang (2001) offer an overview and Bayesian analysis on this issue.
Y9Example of such tests are reported by De Santis and Gerard (1997) and Fama and French (1998).
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The shrinkage approach can provide a synthesis of these studies. To appreciate the economic
importance of international diversification, the diversification benefit is often measured by the
increase in utility, a measure that depends on the degree of risk aversion. For an investor who
is U.S.-biased/G7-biased (wy), the vector of his/her portfolio positions is zj = 'y_lQ,Zl th, where
un and Qp are the predictive mean and variance affected by the U.S.—bias/G7-bias model with
the shrinkage factor wy. For an analyst who assigns weight w, to the world CAPM, the vector
of tangency portfolio positions should be z, = 71O u,, where u, and €, are the predictive
mean and variance affected by the world CAPM with the shrinkage factor w,. The international
diversification benefit is calculated as the difference in the utility of the analyst’s tangency portfolio
and the utility of the investor’s biased portfolio. That is, the diversification benefit is measured by

1 1
AU = (H;xa - Q'Yx:zgaxa> - <H;xh - 5'}’55;19(150}1) . (27)

The utility difference can also be interpreted as the change in certainty equivalent return. Substi-
tuting out =, and x,, we obtain

_ _ _ 1 _ _ _
AU =51 (u;(Qa Yo — Q) — 5 (1afl Y — i, IQthlﬂh)> : (28)

Since AU is proportional to =y, the relative comparison of the diversification benefits should not
be affected by the degree of risk aversion. Following French and Poterba (1991), the degree of risk

aversion «y is assumed to be 3 in the calculation of AU.

To see how the diversification benefit over international markets depend on investors’ bias, the
world CAPM, and the short-sale constraints, Table V reports AU for various values of w, and
wp. Let us start with the case where portfolios are unconstrained. For an investor who is strongly
U.S.-biased (wp, > .90), the increase in the utility due to diversification is well above 1 percent in
annual certainty equivalent return, if the analyst assigns a very small weight (w, = 0.05) to the
world CAPM. If the analyst assumes that the world CAPM holds exactly, he/she concludes that
the diversification benefit is only .26 percent in annual certainty equivalent return, which is less
than one-fourth of the diversification benefit measured by the analyst who does not use the world
CAPM. If the analyst uses the empirical Bayes approach (w, = 0.50) to construct his/her prior
belief in the world CAPM, he/she concludes that the increase in the annual certainty equivalent
return for an investor with U.S. bias is between .34 and .47 percent. This is about one-third of the
benefit perceived by the analyst who does not use the world CAPM but higher than the benefit

perceived by the analyst who completely relies on the world CAPM.
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Since the international diversification benefit reported in economic analysis depends on the
shrinkage factor for the world CAPM, it is important to know the range of the diversification
benefit as the shrinkage factor changes. Especially, we are interested to know if the range is above
zero. Corresponding to the degree of U.S. bias measured as wp = 0.9, the greatest lower bound
of the diversification benefit measured by the certainty equivalent return is about 0.2 percent per

annum, which is above zero.

In summary, three important observations can be made from Table V. First, the lower bound of
the international diversification benefit is positive, indicating the existence of diversification benefit
for U.S. investors. Second, the lower bound is less than one-third of the benefit measured without
the model restriction, indicating the sensitivity of the estimated diversification benefit to the prior
belief in the model. Third, the benefit measured under the restriction of the world CAPM is close
to the lower bound, indicating that the world CAPM offers a rather conservative estimate of the

diversification benefit.

The short-sale constraints reduce the magnitude of the diversification benefit, especially when
the shrinkage factor for the World CAPM is small. However, the effects of the world CAPM on the
diversification benefits are the same as in the case of unconstrained portfolios. Moreover, short-sale
constraints do not eliminate diversification benefits for U.S. investors. Table V also presents the
international diversification benefit for G7-biased investors. The results are qualitatively similar to

those for U.S.—biased investors.

Although the lower bound of the diversification benefit is positive, U.S. investors do not diversify
over the international markets. One possible reason is investors’ aversion to the uncertainty about
the world equilibrium model. To examine this issue, the maxmin problem for the uncertainty
about the world CAPM is solved directly by numerical search.?’ The solution suggests investing
100 percent in the world market portfolio, as shown in Table VI for various degrees of risk aversion
~. It turns out that the solution to each maxmin problem is exactly the same as the solution to
the corresponding minmax problem. In Figure 1, for the world CAPM, the shrinkage factor of
w = 1 gives the lowest Sharpe ratio. It shows that uncertainty about the world CAPM does not
justify putting most wealth in the U.S. In the solution to the maxmin problem, the weight on the
world market portfolio is 100 percent. It indicates that the utility loss caused by the uncertainty
about the world CAPM is probably much smaller than the loss caused by the uncertainty about

20 Again, the Minimax Theorem cannot be applied because the mean-variance utility function in the problem is not
convex with respect to the shrinkage factor.
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21 Since the actual weight of the U.S. in the world market portfolio

the unrestricted estimate.
is only around 50 percent, aversion to the uncertainty about this world equilibrium model does
not justify the strong home bias of U.S. investors. Uncertainty-averse investors should impose the
world CAPM and hold the world market portfolio rather than use the empirical Bayes approach

or variance minimization. This also implies that the world CAPM should be imposed when we

measure the international diversification benefit for uncertainty-averse investors.

Since there is also uncertainty about the home-bias model, it is natural to question whether
aversion to this uncertainty pushes U.S. investors’ asset allocation away from the U.S. Table VI
presents the asset allocations obtained from the maxmin problem when the U.S.—bias model is used
to affect the predictive mean and variance. The maxmin problems are solved for various degrees
of risk aversion . As shown in the table, even if investors are unsure about the U.S.—bias model
and are averse to this uncertainty, they still allocate all the wealth to the U.S. Uncertainty about
the U.S.-bias model does not deter them from making home biased asset allocation. In this case,
the solution to the maxmin problem is also the solution to the minmax problem because the lowest
Sharpe ratio is at w = 1, as shown in Figure 1. The heavy portfolio weight on the U.S. assets thus

indicates that U.S. investors are using the U.S.-bias model rather than the world CAPM.

V. Conclusion

Standard investment theory seeks to equate owning a share of stock with rolling a pair of fair
dice. In practice, this linkage is tenuous. Because the true stochastic process of asset returns
is uncertain, owning stock is like rolling dice without knowing whether the dice are fair or even
how many faces they have. The distinction between owning a stock and participating in a lottery
causes investors to allocate their assets differently in reality than in a model because of aversion
to model uncertainty. The analysis in this paper maintains the distinction as well as the link
between investments and lotteries. It is shown that investors with aversion to model uncertainty
may choose an asset allocation that is not mean-variance efficient for the probability distribution
estimated from any particular prior belief in the model. In most cases, the portfolio obtained from

the empirical Bayes approach is suboptimal for uncertainty-averse investors.

This paper demonstrates that a Bayesian investor implicitly assigns a weight (shrinkage factor)

between the restricted asset-pricing model and the data (or the unrestricted statistical model). For

2n fact, Hodrick, Ng and Sengmueller (1999) show that the world CAPM usually prices the country indices well.
The model is strongly rejected only when test assets include international book-to-market portfolios.

21



a given prior distribution, the weight on the asset-pricing model is larger if the frontier of the factor
portfolios has higher Sharpe ratio, i.e., history lends stronger credibility to the factor-based pricing
model. The connection between Bayesian inference and shrinkage estimation is used to understand
various issues on asset allocation in the presence of model uncertainty. Not surprisingly, the paper
shows that the weight on the asset-pricing model is large if a long history of stationary data is
not available. The shrinkage approach helps to understand the empirical Bayes approach in this
context. For example, the popular empirical Bayes approach is shown to assign equal weights to

the asset-pricing model and the data.

This paper illustrates how to use the shrinkage approach to understand investors’ international
asset allocation decisions. The shrinkage factor measures the degree of home bias on a scale from 0 to
1, and it is found to be 0.9 for U.S. investors. Most researchers probably agree that U.S. investors are
home-biased, but the perceived international diversification benefit can be quite different, depending
on the extent to which they trust the historical data and the model for prediction. It is shown that
the greatest lower bound of the benefit is positive, although it is less than one-third of the benefit
measured without the restriction of any asset-pricing model. Interestingly, the benefit measured
under the restriction of the world CAPM is close to the lower bound. More importantly, the paper
shows that the strong home bias of U.S. investors cannot be justified by aversion to uncertainty

about the world market equilibrium model.??

The approach to home bias indicates that shrinkage factors for models are actually very flexible
for analyzing portfolio advice. Most investment opinions can be expressed as some suggested
portfolios. One can specify an “asset-pricing model” that contains the suggested portfolios as the
factors. The shrinkage factor for this “asset-pricing model” gives the mix of the prior opinion and
the observed data in asset allocation. Omne can also use the same methodology to measure the

degree of home bias in other countries or regions.

Although the paper focuses on the choice between the estimated probability distributions re-
stricted and unrestricted by an asset-pricing model, economists usually face the choice of several
asset-pricing models. It is an interesting but difficult task to develop a Bayesian framework of
asset allocation using multiple asset-pricing models. However, it might be possible and useful to

implement the shrinkage approach to the choice of multiple asset-pricing models. The shrinkage

22 Although many other possible reasons for home bias have been explored in the literature, it is still unclear what
causes the bias. Most recently, Huberman (2001) suggests that familiarity is the potential explanation. He argues
that similar bias is observed even in the domestic arena, for instance, in employee’s strong tendency to hold company
stock in their 401(k) retirement plans.
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estimate of the mean can be a weighted average of the estimated means restricted by various mod-
els. The shrinkage estimate of the variance might be constructed as a quadratic function of the
weights and the estimated variances restricted by the models. The extension of the analysis of

model uncertainty to multiple asset-pricing models deserves more research.

In this paper, it is assumed that the observations of returns are drawn from identical and
independent normal distributions with constant parameters. The asset allocation problem is con-
sidered for an investor with mean-variance utility function during a single period. Although this
is the simplest problem of asset allocation over multiple risky assets, it offers a starting point for
understanding the complicated problems of dynamic asset allocation with more general stochastic
processes. Numerous recent papers empirically examine optimal asset allocation problems in mul-
tiple periods when returns are predictable.?> When returns are not identically and independently
distributed over time, it would be useful to incorporate dynamic equilibrium models into asset allo-
cation decisions during multiple periods. Dynamic optimal allocation over a large number of risky
assets is more difficult and sensitive to the estimates of the conditional probability distribution. In
this area, it may be even more interesting and fruitful to address the issue of model uncertainty

using the shrinkage approach.

23For example, Ang and Bekaert (2000) and Lynch (2000) examine the dynamic optimal portfolios of multiple risky
assets when asset returns are predictable.
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Appendix. Mathematical Derivations
A. Two Lemmas

It is convenient to prove two lemmas before deriving Theorem 1. The set of unknown parame-
ters is denoted by © = (I, X, pg, Q92), where I' = (a, 8)’. The distribution assumption for asset
returns in Section II and the prior distribution (6) imply that the posterior distribution of (I, X)
is independent of the posterior distribution of (ug,22). Let X = (r21,---,72r) and Z = (1, X),
where ¢ is the 7' x 1 vector of ones. Also, define D = §~1JJ’, where J is a (k + 1) x 1 vector in
which the first element is one and all other elements are zero. The posterior distributions imply

the following posterior moments of the parameters:

EL|S,R] = (D+2'2)7'2'21 =T = (a,3) (A1)
E[X|R] = (TS+1'QD)/(T—m—-k—-1)=% (A2)
var(vec(T)|R) = Y@ (D+2'2)™! (A3)
Elpa|Qa2, R] = fig (A4)
E[Qxn|R] = QuT/(T —k—2)=Qx (A5)
(A6)

var(pa|R) = Qoo/(T —k—2), A6

where Q = Z'(Ir — Z(D + Z'Z)~'Z')Z, and the notation “=" represents the expression “which

b

is denoted by.” The above formulas can be obtained by following the standard derivations in the

textbooks of Bayesian statistics.

LEMMA 1: The posterior means of the parameters are

E[l|%,R] =wl + (1 —w)l (A7)
E[S|R =h[wS + (1 - w3 (A8)
Elpz | Q22, R] = fi2 (A9)
E[Q | R] = a s , (A10)

where a =T/(T — k —2) and h is defined as in Theorem 1.

Proof of Lemma 1: It follows from the properties of the inverse of partitioned matrix that

O-l+T JX \7!
o+zz7 = (" T ) —eGr ez (A11)
where w and G are defined as follows:
9—1
w o= (A12)

O~ 4+ T —V/X(X'X)"1X"’
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_ 0 01><k
¢ = (o, ) (A13)

It is easy to see that /X (X' X) ™ X", = T}il(Qas + fiojih) ' fiz. The inverse matrix of Qg + figfil is
92—21 - 522—21 ﬂg/l’QQQ_QI(l + /l’QQQ_QI fi2) ™1, which the reader may verify by multiplying the two together.
It follows that /X (X' X))~ X"t = T (405, 0) /(1 + ihQ55 ). Tt is well known that [i,Q5, fio is
the square of the highest Sharpe ratio of the frontier spanned by the sample mean fio and variance

Qoo. Denoting the Sharpe ratio as 5', we have
VX(X' X)X =T8%/(1 + §7) (A14)

and thus T — /X (X'X)~' X", = T/(1 4+ 5?), which gives equation (12). Equation (A7) in Lemma
1 follows immediately from substituting equation (A1ll) into equation (Al). Since substitution of

(A11) into @ gives
Q=wT—-/XX'X)'X")J], (A15)
we should have
QI = w(T — /X (X'X) 1 X")ad . (A16)
Noticing T — /X (X' X) "1 X" = /[I7 — X (X' X)71X']e and letting M = Iy — /T, one can then
show that
'Qr = wald[Ir — X(X'X) 1 X"ud/
= WY{I-XX'X)'X - [M-MX(X'MX)'X'M}Y
= wTS-T3). (A17)
Substituting this into (A2) gives equation (A8), which completes the proof of Lemma 1.

LEMMA 2: The posterior mean of u and € are

B R = w (%’?) +(1—w) (Z;) , (A18)

B P (w) alwB + (1 — w)B]Q
E[Q|R] o <aQ22[wﬂ —|— (1 — w)ﬁA]’ CLQQQ 22> ’ (Alg)

where

D(w) = awh+ (1 —w)BlQws + (1 —w)f] (A20)
+ hlwr+ (1 —)AWwE + (1 —w)X], (A21)
A= [(T-2)-8%/1+8)/(T-k-2), (A22)
A= (T-2/(T—k-2), (A23)
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and w, S, and h are defined as in Theorem 1 and a is defined as in Lemma 1.

Proof of Lemma 2: Since the posterior distributions of (I', ¥) and (u2, Q22) are independent, we

have
E[uQ,R] = <5”;f’12> (A24)
[ E[BQ»fF'|R] + ORCIOI%
el = (PR R (429

It follows from equation (A3) and the law of iterated expectations that
E[Q920'|R] = Q2 + tr[FQ00]3 (A26)

where F is the k x k submatrix in the lower-right corner of (D + Z’Z)~!. Using equations (A5),
(A11), (A14) and S$? = 3505, 1o, we obtain
tr(F2) ! b ) o (A27)
r =—|wlk- - —w .
2T g2 1+ 82

Equation (A18) in the theorem follows easily from (A7) and (A24). Equation (A19) in the theorem

follows from (A7), (A8), (A25), (A26) and (A27). This completes the proof of Lemma 2.
B. Proof of Theorem 1
It follows from the law of iterated expectations that
Elrr|R] = E[u|R] (A28)
var(rr41|R) = E[Q|R] + var(u|R) . (A29)

Equation (13) holds because of equations (A28) and (A18). Given equations (A29) and (A19), we

only need to figure out var(u|R). This can be written as

var(u|R) = var <<a ‘Zﬁ/@) |R>

2

_ 1 (Bflmﬂ' B ) n (E[Var(a + Bpzlp, R)|R] Opx ) (A30)
T—k—2\ Q2f Qo Okxm Okxk )
The second equality in the above expression follows from
var(a + Buz|R) = var(E[a + Buz|psz, R]|R) + E[var(a + Buz|pz, R)|R] (A31)

as well as equations (A1), (A4), (A5), and (A6). Since a+ Bug = (I, @ (1 ph ))vee(T), it follows

from equation (A3) that

var(a + Buolps, R) = (In® (1 wh))(E@ (D+2'2) ) In® (1))
= 201 w)(D+2'2)71 (1 )]
= %, (A32)

26



where p= (1 ph)(D+2'Z)" (1 phy)’. With equations (A4) and (A6), it is straightforward to
show that the posterior mean of p is E[p|R] = p, where

- (1 %
p=w (0227 (o ko i) (A33)

One can use equation (Al11) and (A14) to show that

p=wp+(1-w)p, (A34)
where
1. G2
P= 7T —kk oy " T(TT —kk: —32) 1 f 52 (A35)
5 = ﬁ . (A36)
Therefore, we have
Elvar(a + Buz|pz, R)|R] = [wp+ (1 — w)p]Z . (A37)

Substituting this into equation (A30), we obtain

var(u|R) = var ((a +5H2> \R)

2
1 309208 BQas ) ( wp+ (1 = w)pE Ok >
- pels ~ + . A38
T—k—2 ( Qo' Qo Okxm Ok xk (A38)

We then combine equation (A38), (A29) and Lemma 1 to get var(Rr41|R). Finally, equation (14)
is obtained by letting 6 = X\ + p and b=\+ p. This completes the proof of Theorem 1.

C. Derivation of the Distribution in (25)

It follows from the definition of I' and equation (2) that
=T+ (222U . (A39)
Notice that o = I".J and & = I"J. We have
a=a+U'2(Z22)7'T, (A40)

which implies that &, conditional on X and the parameters, has a normal distribution with mean

« and variance
var(a) = B [U'Z(2'2)711.7(2'2)7 20 . (A41)
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Let U; be the i*® column of U and ;5 be the element of ¥ at i row and j*® column. The covariance

between &; and &; can be calculated as

var(ay,&;) = B |UjZ(2'2)7107(2'2)" 2'U}]
= J(Z'2) oy .

Using the formula of the inverse of partitioned matrix, one can show that
J(Z'Z) T =(T-/XX'X)" ' X))t
It then follows from equation (A14) that
JA 1 80
var(G, &) = ?(1 + 5%)oi; ,

which gives

R R

var(é¢) = =(1+ S9)X .
T

Therefore, under the null hypothesis of & = 0, we have

1 A
Q| ~ N<0mx1, T(HSQ)E) .
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Table I
Asset Allocation Using the CAPM

This table reports the tangency portfolio weights on assets and factors for various values of the
shrinkage factor w. The assets are the Fama-French portfolios, excluding the five portfolios that
contain the largest firms, and the SMB and HML portfolios constructed by Fama and French (1993)
according to firms’ market capitalization and book-to-market ratio. There is one factor, which is the
value-weighted market index return of the NYSE, Amex and Nasdaq. The monthly excess returns
on these portfolios during the period from July 1963 to December 1998 are used for estimating
the mean and variance of the predictive distribution. The sample Sharpe ratio (5’) of the factor
portfolios and the number of time-series observations (7') are provided.

S = 1219, T =426
w 1.00 .95 .90 .75 .50 .30 .10 .01
Optimal portfolio weights
MKT 1.00 1.19 2.97 .57 .69 .71 .72 .73
SMB .00 —-.59 —-6.03 1.33 .95 .88 .85 .84
HML .00 -—-.32 -3.27 .72 .52 .48 .46 45

S-L .00 —-36 —3.65 .81 .58 .53 .51 .01
S-2 .00 13 132 -29 -21 -19 -—-19 -—-.18
S-3 .00 —-.04 —.36 .08 .06 .05 .05 .05
S-4 .00 .35 3.54 —78 —-56 —.52 —-50 —.49
S-H .00 15 1.57 =35 —-25 —-23 —-.22 —.22
2-L .00 .02 16 —-04 —-03 —-02 —-.02 -—-.02
2-2 .00 .07 S5 —-17 —-12 —-11 —-11 -.10
2-3 .00 .19 194 —-43 -31 -—-28 -—-.27 —-.27
2-4 .00 19 194 —-43 -31 -28 -—-.27 -—-.27
2-H .00 .08 81 —-18 —-13 -—-12 —-11 -—-.11
3-L .00 —-21 -—-2.12 A7 33 31 .30 .29
3-2 .00 .07 712 -16 -.11 —-10 -.10 -.10
3-3 .00 —-.02 =21 .05 .03 .03 .03 .03
3-4 .00 12 1.26 —-28 —-20 -.18 —-.18 -—.18
3-H .00 12 127 -28 —-20 -19 -.18 -—.18
4-L .00 .30 3.08 —68 —-49 —-45 —-43 —-43
4-2 .00 —-35 —=3.55 78 .56 .52 .50 .49
4-3 .00 —-11 -1.17 .26 18 A7 .16 .16
4-4 .00 .05 S6 —12 —-09 -—-.08 —-.08 -—-.08

4-H 00 -0 —.54 12 .08 .08 .08 07
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Table 11
Asset Allocation Using the Fama-French Model

This table reports the tangency portfolio weights on assets and factors for various values of the
corresponding shrinkage factor w. The assets are the Fama-French portfolios constructed by Fama
and French (1993) according to firms’ market capitalization and book-to-market ratio, excluding
the five portfolios that contain the largest firms. There are three factors, which are the SMB and
HML risk factors constructed by Fama and French (1993) and the value-weighted market index
return of the NYSE, Amex and Nasdaq. The monthly excess returns on these portfolios during
the period from July 1963 to December 1998 are used for estimating the mean and variance of the
predicative distribution. The sample Sharpe ratio (5’) of the factor portfolios and the number of
time-series observations (7') are provided.

S = .2551, T =426
w 1.00 .95 .90 .75 .50 .30 .10 .01
Optimal portfolio weights
MKT .32 .29 24 —.12 1.46 .89 77 .74
SMB .04 —-.03 —-.13 -—-.82 2.25 1.15 .92 .86

HML .64 .66 .68 .84 A2 .38 43 45
S-L .00 —-04 —-10 -—-.55 1.41 .71 .56 .52
S-2 .00 .02 .04 20 -51 =26 —-20 -.19
S-3 .00 .00 —-.01 -—-.05 14 .07 .06 .05
S-4 .00 .04 10 b3 —-136 —.68 —-54 —.51
S-H .00 .02 .05 24 —-61 -30 —-24 22
2-L .00 .00 .00 02 —-06 —-03 —-.02 -.02
2-2 .00 .01 .02 1 -29 —-14 —-11 -11
2-3 .00 .02 .06 29 =7 -38 —-30 —-.28
2-4 .00 .02 .06 29 -7 —-38 —-30 -—-.28
2-H .00 .01 .02 12 =31 —-16 —-.12 —-.12
3-L .00 —-.03 —-.06 -—-.32 .82 A1 .32 .30
3-2 .00 .01 .02 A1 —-28 —-14 —-11 -.10
3-3 .00 .00 —-.01 -.03 .08 .04 .03 .03
3-4 .00 .02 .04 19 —49 —-24 —-19 -.18
3-H .00 .02 .04 19 —-49 —-25 —-19 -.18
4-L .00 .04 .09 46 —-1.19 —60 —-47 —.44
4-2 .00 —-04 -10 -—-.53 1.37 .69 .54 51
4-3 .00 —-.01 -.03 -—-.18 45 .23 18 A7
4-4 .00 .01 .02 08 —-22 —-11 —-.09 -.08
4-H .00 —-.01 —-.02 -.08 21 .10 .08 .08
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Table III
Asset Allocation with Aversion to Model Uncertainty

For the assets and data considered in Tables I and II, this table presents the portfolio weights in
the solutions to the maxmin problems, for various degree of risk aversion 7, when the CAPM or
the Fama-French model are used in asset allocation.

The CAPM Fama-French Model

~ 3.0 5.0 7.0 9.0 3.0 50 7.0 9.0
MKT 1.13 .96 91 .86 32 .32 .32 31
SMB —.49 .22 .33 .43 .04 .04 .03 .03
HML —.20 .06 .08 .14 .64 .64 .64 .65
S-L 03 —-.01 —-.05 -—-.04 .00 .00 .00 .00
S-2 .01 -.01 .01 —-.05 .00 .00 .00 .00
S-3 .06 —.06 —.06 .02 .00 .00 .00 .00
S-4 —.01 .07 .03 —.05 .00 .00 .00 .01
S-H .09 —-.07 —-.04 -—-.07 .00 .00 .00 .00
2-L 03 —-.03 —-.05 -.02 .00 .00 .00 .00
2-2 .02 .00 .01 .00 .00 .00 .00 .00
2-3 .02 —-.02 .02 —.03 .00 .00 .00 -.01
2-4 08 —.06 —-.09 -—-.05 .00 .00 .00 .01
2-H .07 —-.03 —-.04 -.02 .00 .00 .00 .00
3-L .00 —-.02 —-.01 -.02 .00 .00 .00 .00
3-2 .02 .01 —-.06 -.02 .00 .00 .00 .01
3-3 .06 .05 —.05 -.07 .00 .00 .00 .00
3-4 .04 —-.03 .01 -.01 .00 .00 .00 .00
3-H .06 .00 —-.02 -.03 .00 .00 .00 .00
4-L .01 .00 .02 .00 .00 .00 .00 .00
4-2 02 —-.02 .02 —-.01 .00 .00 .00 .01
4-3 —-.05 —.03 -—-.01 .00 .00 .00 .00 .00
4-4 .01 .03 .03 .01 .00 .00 .00 .00
4-H —.01 .00 .00 .02 .00 .00 .00 .00
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Table IV
International Asset Allocation with Bias

This table reports the tangency portfolio weights on the U.S. or G7 countries for various degrees
of bias toward the U.S. or G7 countries. The international asset allocation problem considers the
tangency portfolio weights on the seven industrial countries (the U.S., Canada, Japan, France,
Germany, Italy, and U.K.) and eight emerging markets (Argentina, Brazil, Chile, Mexico, Hong
Kong, Singapore, Thailand, and Korea). Portfolio weights are either unconstrained or constrained
to be non-negative (no short sales).

Degree of bias to U.S. 1.00 .95 .90 .75 .50 .30 .10 .01
The weight on the U.S.
if uncontrained 1.00 .99 99 97 94 .92 .90 .89
if no short sales 1.00 .96 92 .80 .64 .52 43 .39
Degree of bias to G7  1.00 .95 .90 .75 .50 .30 .10 .01
Sum of the weights on G7 countries
if uncontrained 1.00 98 96 .91 83 .77 .72 .70
if no short sales 1.00 .99 98 .92 82 .74 .66 .63
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Table V
Diversification Benefits for U.S.— and G7-Biased Investors

For various values of the shrinkage factor (w,) assigned to the world CAPM, this table reports
the diversification benefit for an investor with various degrees of U.S. and G7 bias (wp). The
diversification benefit is reported as annual certainty equivalent returns (percent).

we 1.00 95 90 .75 50 .25 .10 .05
wh, Benefit for U.S.—biased investors

if portfolios are unconstrained
1.000 | .26 .24 .24 .26 .47 .89 1.25 1.39
975 25 24 23 25 44 84 119 1.33
950 | 26 .23 22 23 40 .79 1.13 1.26
9251 26 .23 21 .21 .37 .74 1.07 1.20
900 26 .23 21 .20 .34 .69 1.01 1.13
if no short sales are allowed
1.000 | .26 .24 .23 24 36 .59 .79 .86
975 25 23 22 23 33 56 .75 .82
950 | 26 23 22 21 31 .52 .71 .78
9251 24 22 21 20 29 49 67 .74
900 24 22 20 .19 27 46 .63 .70
wh, Benefit for G7-biased investors
if portfolios are unconstrained
1.000 | 41 .37 .34 29 .36 .65 .93 1.05
975 41 37 34 28 34 .61 .89 1.00
950 | 42 37 33 27 31 57 84 .95
925 42 38 33 26 .29 54 .79 .90
900 | 43 .38 .34 25 27 50 .75 .85
if no short sales are allowed
1.000 { .13 .11 .10 .11 .21 .43 .62 .69
975 .13 .11 .10 .11 .21 43 .62 .69
950 | .13 .11 .10 .10 .21 43 .62 .69
925 .13 .11 .10 .10 .21 43 .61 .69
900 | .13 .11 .10 .10 .20 41 .59 .66
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Table VI
International Asset Allocation with Aversion to Model Uncertainty

For the assets and data considered in Table IV, this table presents the portfolio weights in the
solutions to the maxmin problems, for various degrees of risk aversion 7, when the U.S.—bias model
or the world CAPM are used in asset allocation.

The U.S.—bias Model The World CAPM

0% 3.0 50 70 9.0 3.0 50 70 9.0
World 1.00 1.00 1.01 1.00
United States 1.00 1.00 1.00 1.00 .00 .00 .00 .00
Canada .00 .00 .00 .00 .00 .00 .00 .00
Japan .00 .00 .00 .00 .00 .00 .00 .00
France .00 .00 .00 .00 .00 .00 .00 .00
Germany .00 .00 .00 .00 .00 .00 .00 .00
Italy .00 .00 .00 .00 .00 .00 .00 .00
United Kingdom .00 .00 .00 .00 .00 .00 .00 .00
Argentina .00 .00 .00 .00 .00 .00 .00 .00
Brazil .00 .00 .00 .00 .00 .00 .00 .00
Chile .00 .00 .00 .00 .00 .00 .00 .00
Mexico .00 .00 .00 .00 .00 .00 .00 .00
Hong Kong .00 .00 .00 .00 .00 .00 .00 .00
Singapore .00 .00 .00 .00 .00 .00 .00 .00
Korea .00 .00 .00 .00 .00 .00 .00 .00
Thailand .00 .00 .00 .00 .00 .00 .00 .00
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Figure 1
Sharpe Ratio as a Function of the Shrinkage Factor

The highest Sharpe ratio of the efficient frontier spanned by the assets and factors is plotted as a
function of the shrinkage factor w. The solid line is for the CAPM with the assets considered in
Table I. The dotted line is for the Fama-French model with the assets considered in Table II. The
dash line is for the U.S.-bias model with the assets considered in Table VI. The dot-dash line is
for the world CAPM with the assets considered in Table VI.
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Figure 2
The Shrinkage Factor as a Function of o

The shrinkage factor w is plotted as a function of ¢ (in annual percentage returns) in the prior
distribution. The solid line is for the CAPM with the assets considered in Table I. The dotted line
is for the Fama-French model with the assets considered in Table II.
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