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Devwudfw

Uhfhqw |hduv kdyh zlwqhvvhg dq hqruprxv dprxqw ri uhrujdql}dwlrq ri

wkh frusrudwh vhfwru lq wkh XV dqg lq Hxursh1 Wklv sdshu h{dplqhv wkh

uroh ri pdunhw frpshwlwlrq iru wklv wuhqg lq frusrudwh uhrujdql}dwlrq1 Zh

�qg wkdw dw lqwhuphgldwh ohyhov ri frpshwlwlrq wkh FHR ri wkh frusrudwlrq

ghflghv wr kdyh ohvv srzhu lqvlgh wkh �up dqg wr ghohjdwh frqwuro wr orzhu

ohyhov ri wkh �upv* klhudufk|1 Wkxv/ zrunhuv hpsrzhuphqw dqg wkh pryh

wr  dwwhu �up rujdql}dwlrqv hphujh dv dq htxloleulxp zkhq frpshwlwlrq

lv qrw wrr wrxjk dqg qrw wrr zhdn1 Wkh prgho suhglfwv phujhu zdyhv ru

zdyhv ri rxwvrxuflqj zkhq frxqwulhv ehfrph pruh lqwhjudwhg lqwr wkh zruog

hfrqrp| dv wkh frusrudwh vhfwru uhrujdql}hv lq uhvsrqvh wr dq lqfuhdvh lq

lqwhuqdwlrqdo frpshwlwlrq1



41 Lqwurgxfwlrq

Lq wkh odvw wzr ghfdghv wkh frusrudwh vhfwru lq wkh XV dqg pruh uhfhqwo| lq Hxursh

kdv jrqh wkurxjk dq hqruprxv dprxqw ri uhvwuxfwxulqj1 Pruh wkdq kdoi ri doo

Iruwxqh 833 �upv kdyh hlwkhu ehhq wdujhwv ri wdnhryhuv ru ehhq lqyroyhg lq vrph

rwkhu vruw ri frusrudwh vwuxjjoh wkdw kdv ohg wkhp wr uhvwuxfwxuh wkhlu rshudwlrqv1

Wklv wuhqg lq frusrudwh rujdql}dwlrq kdv riwhq lqyroyhg d vwurqjhu irfxv rq �fruh

frpshwhqflhv � dqg d �grzqvl}lqj� ri �upv1 Pdunhwv kdyh ehhq lqwrohudqw wrzdug

frqjorphudwhv dqg irufhg �upv wr vhoo slhfhv wkdw gr qrw qdwxudoo| ehorqj wr lwv

�fruh dfwlylw|�1 Wkrvh �upv zklfk kdyh qrw reh|hg kdyh ehhq fkdujhg zlwk

d �frqjorphudwh glvfrxqw�1 Lq wkh XV/ wkh frqjorphudwh glvfrxqw lv fxuuhqwo|

hvwlpdwhg dw derxw 48 shufhqw14 Dw wkh vdph wlph/ �upv uhrujdql}hg wkhlu dfwlylw|

e| holplqdwlqj od|huv ri plggoh pdqdjhphqw/ e| lqwurgxflqj pruh ghfhqwudol}hg

ghflvlrq pdnlqj lqvlgh wkh frusrudwlrq dqg e| hpsrzhulqj zrunhuv dw orzhu ohyhov

ri wkh �up klhudufk|1 Wkhvh ghyhorsphqwv uhvxowhg lq  dwwhu klhudufklhv zlwklq

frusrudwlrqv15

Zkdw dffrxqwv iru wkhvh fkdqjhv lq frusrudwh rujdql}dwlrqB Lw lv riwhq dujxhg

wkdw klhudufklhv duh lq h{leoh dqg lqh!flhqw1 Rqh ri wkh uhdvrqv zk| klhudufklhv

duh edg lv wkdw ghflvlrqv kdyh wr eh dssuryhg e| vhyhudo shrsoh ehiruh wkh| fdq

sdvv16 Dqrwkhu uhdvrq lv wkdw klhudufklhv pljkw ohdyh wrr olwwoh urrp iru lqlwldwlyh

wr lqglylgxdo zrunhuv* ohdglqj wr lqh!flhqw surgxfwlrq1 Wkh odfn ri lqlwldwlyh ri

wkh �up*v zrun irufh pljkw kdyh d sduwlfxodu vwurqj qhjdwlyh lpsdfw rq wkh �up*v

shuirupdqfh zkhq lw pryhv lqwr qhz dfwlylw| zlwk ohvv h{shulhqfh1 Wkh wuhqg wr

zrunhuv hpsrzhuphqw lv wkhq d zd| wr wdfnoh wkhvh lqh!flhqflhv1 Vlploduo|/ wkh

�upv* jurzwk yld glyhuvl�fdwlrq pljkw kdyh uhvxowhg lq juhdwhu frq lfw ri lqwhuhvw

ehwzhhq gl�huhqw glylvlrqv zlwklq wkh frusrudwlrq1 Glylvlrq pdqdjhuv hqjdjh lq

lq xhqfh dfwlylw| iru pruh uhvrxufhv udwkhu wkdq lq surgxflqj1 Wkh wuhqg wr pruh

vshfldol}dwlrq zlwklq �upv lv wkhq d zd| wr dyrlg wkhvh frvwv ri lqwhuqdo srolwlfv1

4vhh Ehujhu dqg Rihn +4<<8, dqg Odqj dqg Vwxo} +4<<7,1
5Iru d ghvfulswlrq ri uhfhqw wuhqgv lq frusrudwh rujdql}dwlrq vhh Kropvwurp dqg Ndsodq

+5334,1 Iru wkh skhqrphqrq ri hpsrzhuphqw lq rujdql}dwlrqv vhh Duj|ulv +4<<;, dqg Prkupdq/
Jdoeudlwk/ dqg Dozdlu +4<<;,1

6Lq wkhlu dvvhvvphqw ri krz gl�huhqw v|vwhpv h{soruh dqg lqqrydwh Vdk dqg Vwljolw} +4<;9,
dujxh wkdw klhudufklhv duh sduwlfxoduo| edg lq wlphv ri fkdqjh1 Iru dq hydoxdwlrq ri wkh frp0
sdudwlyh dgydqwdjh ri klhudufklhv dqg pdunhwv/ vhh Kropvwurp +5333,/ iurp wkh wudqvdfwlrq frvw
shuvshfwlyh/ vhh Zlooldpvrq +4<:8,/ iurp wkh surshuw| uljkwv shuvshfwlyh vhh Jurvvpdq dqg Kduw
+4<;9,/ Kduw dqg Prruh +4<<3,1
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Lqvwhdg ri orrnlqj dw wkh srvvleoh zhdnqhvvhv lq wkh lqwhuqdo frqwuro phfkd0
qlvpv ri �upv/ zh irfxv lq wklv sdshu rq fkdqjhv lq wkh hfrqrplf hqylurqphqw
wkdw fdq h{sodlq zk| �upv kdyh vkliwhg wkh prgh ri rujdql}dwlrq1 Uhfhqw |hduv
kdyh zlwqhvvhg d vxujh lq ghuhjxodwlrq/ erwk rq wkh qdwlrqdo dv zhoo dv rq wkh lq0
whuqdwlrqdo ohyho1 Wkh uhvxowlqj lqfuhdvh lq frpshwlwlyh suhvvxuh pljkw kdyh ehhq
wkh gulylqj irufh ehklqg wkh vhdufk iru prghv ri rujdql}dwlrq zklfk duh �phdq
dqg ohdq�17 Lq wklv sdshu zh ghyhors d wkhru| ri rujdql}dwlrq lq zklfk wkh �up
dgdswv lwv rujdql}dwlrq wr fkdqjhv lq pdunhw frqglwlrqv1

Lq d uhfhqw sdshu Djklrq dqg Wluroh +4<<:, +khqfhiruwk DW, ghyhors d wkhru|
ri rujdql}dwlrq zklfk lv edvhg rq Pd{ Zhehu*v glvwlqfwlrq ehwzhhq �udwlrqdo� dqg
�ohjdo� dxwkrulw|1 DW ghvfuleh wkh doorfdwlrq ri irupdo dxwkrulw| zlwklq rujdql}d0
wlrqv dqg ri wkh vhsdudwlrq ehwzhhq �irupdo dxwkrulw|� dqg �uhdo dxwkrulw|�1 D
FHR ri d frusrudwlrq zkr kdv �irupdo� dxwkrulw| ryhu d ghflvlrq fdq uhyhuvh khu
vxeruglqdwh*v ghflvlrq exw zloo uhiudlq iurp grlqj vr li wkh vxeruglqdwh lv pxfk
ehwwhu lqiruphg dqg li vkh fdq wuxvw klp1 Wkh vxeruglqdwh wkhq kdv �uhdo�/ exw
qr �irupdo�/ dxwkrulw|1 Ghohjdwlqj irupdo ghflvlrq srzhu wr wkh vxeruglqdwh 0
ghfhqwudol}dwlrq ri ghflvlrq pdnlqj zlwklq wkh �up 0 frphv zlwk wkh ehqh�w ri
lqfuhdvlqj wkh vxeruglqdwh*v lqlwldwlyh exw dw wkh frvw ri wkh FHR*v orvv ri frqwuro
ryhu wkh ghflvlrq1

Lq wklv sdshu zh duh frpelqlqj wkh DW prgho ri �up rujdql}dwlrq zlwk d Gl{lw
dqg Vwljolw} +khqfhiruwk GV, prgho ri prqrsrolvwlf frpshwlwlrq wr ghvfuleh wkh
lqwhudfwlrq ehwzhhq wkh �up*v prgh ri rujdql}dwlrq rq wkh rqh kdqg dqg pdunhw
frpshwlwlrq rq wkh rwkhu kdqg lq d jhqhudo htxloleulxp iudphzrun1 Wkh sdshu*v
frqwulexwlrq lv lq wkh iroorzlqj1 Iluvw/ wkh DW prgho ghvfulehv wkh srzhu g|qdp0
lfv zlwklq d vlqjoh �up exw qhjohfwv wkh pdunhw hqylurqphqw lq zklfk wkh �up
rshudwhv1 Wkxv/ wkh �up*v sur�wv dqg wkh ghjuhh wr zklfk wkh FHR fdq wuxvw khu
glylvlrq pdqdjhu uhpdlq h{rjhqrxv lq wkh DW prgho1 Lq wklv sdshu zh hqgrjhql}h
wkh �upv sur�wv dqg wkh ghjuhh ri frq lfw ehwzhhq gl�huhqw od|huv ri pdqdjhphqw
ri wkh frusrudwlrq e| ohwwlqj lw eh ghwhuplqhg e| wkh ghjuhh ri pdunhw srzhu �upv
krog lq surgxfw pdunhwv iru gl�huhqwldwhg jrrgv1 Vhfrqg/ wkh GV prgho ghvfulehv
frpshwlwlrq dprqj �upv zlwk pdunhw srzhu exw qhjohfwv wkh g|qdplfv lqvlgh wkh
�up1 Zh duh rshqlqj wkh eodfn er{ ri wkh �up dv dq rujdql}dwlrq e| prghoolqj
wkh srzhu g|qdplfv ehwzhhq gl�huhqw od|huv ri pdqdjhphqw1 Wkh lqwhjudwlrq ri

7Kropvwurp dqg Ndsodq +5334, dujxh wkdw wkh gulyhuv ri wkh fkdqjhv lq frusrudwh jryhuqdqfh
lq wkh 4<;3v dqg 4<<3v duh hfrqrp| zlgh wuhqgv lq ghuhjxodwlrq/ joredol}dwlrq/ dqg lqirupdwlrq
whfkqrorj|1
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wkh wzr prghov zloo doorz xv wr h{dplqh krz pdunhw frpshwlwlrq d�hfwv wkh �up*v
rujdql}dwlrq dqg krz wkh �up*v prgh ri rujdql}dwlrq ihhgv edfn wr wkh pdunhw
sodfh1

Wkhuh lv d vpdoo olwhudwxuh zklfk lqwurgxfhv hqgrjhqrxv rujdql}dwlrqv lq lq0
whuqdwlrqdo wudgh dqg lqgxvwuldo rujdql}dwlrq lq jhqhudo htxloleulxp1 Lq Pf Oduhq
+5334, �qdo jrrgv surgxfhuv dqg lqsxw vxssolhuv idfh wkh fkrlfh ehwzhhq uhpdlq0
lqj vhsdudwh �upv ru wr phujh wr yhuwlfdoo| lqwhjudwhg �upv1 Wkh fkrlfh ghshqgv
rq wkh wudgh0r� ehwzhhq wkh krog0xs sureohp wkdw lqsxw vxssolhuv idfh uhodwlyh wr
wkh frvwv ri uxqqlqj d odujhu rujdql}dwlrq1 Wkh wudgh0r� lv gulyhq e| wkh wklfnqhvv
ri wkh pdunhw iru lqsxwv1 Wkh pruh xqlqwhjudwhg �upv duh durxqg wkh pruh olnho|
lw lv wkdw wkhvh �upv zloo eh srwhqwldo ex|huv ri lqsxwv iurp lqghshqghqw vxssol0
huv lqfuhdvlqj wkh dwwudfwlyhqhvv ri xqlqwhjudwhg lqsxw vxsso|1 Wkxv/ wkhuh lv d
qhjdwlyh h{whuqdolw| iurp yhuwlfdo lqwhjudwlrq zklfk pdnhv dup*v ohqjwk duudqjh0
phqwv ohvv ihdvleoh iru rwkhuv1 Lqwhuqdwlrqdo wudgh d�hfwv wkh wudgh0r� ehwzhhq wkh
krog0xs sureohp dqg wkh jryhuqdqfh frvwv ri d odujhu rujdql}dwlrq e| lqfuhdvlqj
wkh qxpehu ri dowhuqdwlyh ex|huv deurdg pdnlqj dupv* ohqjw wudqvdfwlrqv pruh
uhpxqhudwlyh1 Edvhg rq d vhdufk0wkhruhwlf frqfhsw ri pdunhw wklfnqhvv Nudqwrq
+4<<9, irupdol}hv wkh lghd ri *uhflsurfdo h{fkdqjh* dv dq dowhuqdwlyh wr pdunhw
h{fkdqjh lq ghyhorslqj frxqwulhv dqg vkrzv wkdw vhdufk h{whuqdolwlhv fdq jlyh
ulvh wr pxowlsoh htxloleuld dqg lqh!flhqflhv lq wkh fkrlfh ehwzhhq wkh wzr prghv
ri rujdql}dwlrqv1 Jurvvpdq dqg Khospdq +5335, ghyhors dq htxloleulxp prgho
ri lqgxvwuldo rujdql}dwlrq zklfk h{dplqhv wkh olnholkrrg ri dq htxloleulxp zlwk
rxwvrxuflqj dqg yhuwlfdo lqwhjudwlrq1 Wkh| dqdo|}h wkh lqwhudfwlrq ehwzhhq wkh
ghjuhh ri frpshwlwlrq lq wkh surgxfw pdunhw dqg wkh h{lvwhqfh ri dq htxloleulxp
zlwk rxwvrxuflqj1 Dq htxloleulxp zlwk rxwvrxuflqj lv prvw olnho| wr h{lvw zkhq
wkh h{fhvv frvwv ri yhuwlfdoo| lqwhjudwhg �upv duh odujh dqg wkh ghjuhh ri surgxfw
pdunhw frpshwlwlrq lv qhlwkhu wrr odujh qru wrr vpdoo1

Wkh sdshu lv rujdqlvhg lq wkh iroorzlqj vhfwlrqv1 Lq vhfwlrq 5 zh h{dplqh wkh
doorfdwlrq ri srzhu lqvlgh wkh �up iurp d sduwldo htxloleulxp shuvshfwlyh1 Zh
ghwhuplqh wkh �up*v rswlpdo �up rujdql}dwlrq lq uhvsrqvh wr h{rjhqrxv fkdqjhv
lq wkh pdunhw hqylurqphqw1 Zh �qg wkdw dw lqwhuphgldwh ohyhov ri sur�wv rqo| wkh
�up rujdql}dwlrq pdwwhuv iru wkh lqfhqwlyhv lqvlgh wkh �up1 Lq vhfwlrq 6 zh hpehg
wkh wkhru| ri �up rujdql}dwlrq lq d jhqhudo htxloleulxp prgho lq zklfk gl�huhqwl0
dwhg frqvxphu jrrgv fdq eh surgxfhg e| �upv zlwk wkuhh w|shv ri rujdql}dwlrqv=
d S0rujdql}dwlrq lq zklfk wkh FHR kdv irupdo ghflvlrq frqwuro/ dq D0rujdql}dwlrq
lq zklfk wkh FHR ghohjdwhv ghflvlrq srzhu wr orzhu pdqdjhphqw/ dqg d vlqjoh
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pdqdjhg �up rujdql}dwlrq zlwkrxw dq lqwhuqdo klhudufk|1 Zh fkdudfwhul}h wkh
htxloleulxp lqgxvwuldo vwuxfwxuh dqg zh vkrz wkdw pl{hg htxloleuld gr qrw h{lvw
lq zklfk gl�huhqw w|shv ri �up rujdql}dwlrqv frh{lvw lq wkh hfrqrp|1 Lq vhfwlrq
7 zh h{dplqh krz fkdqjhv lq pdunhw frpshwlwlrq d�hfw wkh htxloleulxp prgh ri
rujdql}dwlrq1 Zh vkrz wkdw zlwk dq lqfuhdvh lq frpshwlwlrq wkh htxloleulxp �up
rujdql}dwlrq pryhv iurp fhqwudol}dwlrq ri srzhu wr ghfhqwudol}dwlrq ri srzhu dqg
�qdoo| wr d vlqjoh pdqdjhg �up1 Ixuwkhupruh/ zh vkrz wkdw dw lqwhuphgldwh ohyhov
ri frpshwlwlrq wkh hfrqrp| zloo eh fkdudfwhul}hg e| dq D0rujdql}dwlrqdo htxlole0
ulxp lq zklfk srzhu lv ghohjdwhg wr orzhu ohyhov ri wkh �upv* klhudufk|1 Wkxv/
zrunhuv hpsrzhuphqw dqg wkh pryh wr  dwwhu �up klhudufklhv duh skhqrphqd
zklfk hphujh zkhq frpshwlwlrq lv qrw wrr wrxjk dqg qrw wrr zhdn18 Wkh �upv*
rujdql}dwlrqdo ghflvlrqv ihdwxuh d vwudwhjlf frpsohphqwdulw| zklfk fdq ohdg wr
pxowlsoh rujdql}dwlrqdo htxloleuld1 Wzr rwkhuzlvh lghqwlfdo frxqwulhv pljwk kdyh
gl�huhqw frusrudwh fxowxuhv zklfk zloo whqg wr frqyhujh zkhq frxqwulhv ehfrph
pruh lqwhjudwhg lqwr wkh zruog hfrqrp|1 Wkxv/ joredol}dwlrq fdq ohdg wr phujhu
zdyhv ru zdyhv ri rxwvrxuflqj dv wkh frusrudwh vhfwru uhrujdql}hv lq uhvsrqvh
wr dq lqfuhdvh lq lqwhuqdwlrqdo frpshwlwlrq1 Ilqdoo|/ lq vhfwlrq 8 zh udqn wkh
rujdql}dwlrqdo htxloleuld lq whupv ri zhoiduh wr vrflhw|1 Vhfwlrq 9 frqfoxghv1

51 Srzhu G|qdplfv lqvlgh wkh Ilup

Zh �uvw vwduw zlwk d vlpsoh sduwldo htxloleulxp prgho ri wkh fkrlfh ri �up rujd0
ql}dwlrq1 Wklv exloglqj eorfn zloo eh xvhixo odwhu zkhq zh dqdo|}h wkh lqwhudfwlrq
ehwzhhq wkh srzhu g|qdplfv lqvlgh wkh �up dqg wkh pdunhw vwuxfwxuh lq d jhqhudo
htxloleulxp prgho ri prqrsrolvwlf frpshwlwlrq1

Iroorzlqj Djklrq dqg Wluroh +4<<:,/ zh frqvlghu d �up zlwk wkh vlpsohvw
klhudufk| frqvlvwlqj ri d FHR +wkh sulqflsdo S, klulqj d glylvlrq pdqdjhu +wkh
djhqw D, wr lpsohphqw d surgxfwlrq surmhfw1 Wkhuh duh 6 srwhqwldo dqg d sulrul
lghqwlfdo surmhfwv +ru zd|v wr surgxfh d jrrg,1 Sd|r�v duh h{ dqwh xqnqrzq wr
erwk sduwlhv1 Dprqj wkh6 surmhfwv/ wkhuh lv rqh zklfk |lhogv wkh kljkhvw srvvleoh
ehqh�w � iru wkh sulqflsdo dqg rqh zklfk |lhogv wkh kljkhvw srvvleoh ehqh�w K iru

8Lq Jurvvpdq dqg Khospdq +5335, dq htxloleulxp zlwk rxwvrxuflqj hphujhv/ dv lq rxu fdvh/
dw dq lqwhuphgldwh ohyho ri frpshwlwlrq1 Wkh phfkdqlvp lv txlwh gl�huhqw/ wkrxjk1 Lq Jurvvpdq
dqg Khospdq/ wkh rxwvrxuflqj htxloleulxp dulvhv iurp d wudgh0r� ri wkh frvwv ri uxqqlqj d
odujhu rujdql}dwlrq zlwk wkh srwhqwldo frvwv ri ex|lqj dq lq dwhg lqsxw1 Lq rxu prgho/ wkh
D0htxloleulxp dulvhv iurp wudglqj0r� wkh FHR*v frqwuro lq wkh �up zlwk wkh zrunhuv* lqlwldwlyh1
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wkh djhqw1 Ohw k� eh wkh sulqflsdo*v h{shfwhg ehqh�w zkhq wkh djhqw*v suhihuuhg
surmhfw lv lpsohphqwhg zlwk Ef � k � ��� Vlploduo|/ qK lv wkh djhqw*v h{shfwhg
ehqh�w zkhq wkh sulqflsdo*v suhihuuhg surmhfw lv lpsohphqwhg zlwk Ef � q � ��1 k
dqg q duh frqjuxhqfh sdudphwhuv ehwzhhq wkh sulqflsdo dqg wkh djhqw fdswxulqj
wkh ghjuhh ri wuxvw ehwzhhq wkh sulqflsdo dqg wkh djhqw1 Wkh orzhu k dqg q wkh
orzhu lv wkh pxwxdo wuxvw ehwzhhq wkh sulqflsdo dqg djhqw1

� dqg K duh vxssrvhg wr eh nqrzq h{ dqwh wkrxjk wkh sduwlhv gr qrw nqrz
h{ dqwh zklfk surmhfw |lhogv vxfk sd|r�1 Zh dvvxph dovr wkdw/ dprqj wkh 6
surmhfwv/ wkhuh duh vrph zlwk yhu| kljk qhjdwlyh sd|r�v wr erwk sduwlhv/ lpso|lqj
wkdw fkrrvlqj udqgrpo| d surmhfw zlwkrxw ehlqj lqiruphg lv qrw sur�wdeoh wr erwk
djhqwv zkr lqvwhdg suhihu wr gr qrwklqj +surmhfw f,1 Wklv dvshfw/ wrjhwkhu zlwk
wkh idfw wkdw hdfk xqlqiruphg sduw| suhihuv wr uxeehu0vwdps wkh rwkhu lqiruphg*v
sduw| vxjjhvwlrq wr gr qrwklqj/ lpsolhv wkdw sulydwh lqirupdwlrq derxw sd|r�v
jlyhv ghflvlrq frqwuro wr wkh lqiruphg sduw|1 Lq wklv fdvh/ wkh lqiruphg sduw| kdv
�uhdo dxwkrulw|� udwkhu wkdq �irupdo dxwkrulw|�19

Sduwlhv pd| dftxluh lqirupdwlrq rq wkh sd|r� vwuxfwxuh lq wkh iroorzlqj zd|1
E| vshqglqj vrph uhvrxufh frvw

}� E.� ' }
.2

2

wkh sulqflsdo � ohduqv wkh sd|r� vwuxfwxuh ri doo surmhfwv zlwk suredelolw| . dqg
uhpdlqv xqliruphg zlwk suredelolw| �� .1 Vlploduo|/ e| h{huwlqj vrph h�ruw

}�Ee� ' &e zlwk e 5 dfc eoc & 	 K

wkh djhqw ohduqv wkh sd|r� vwuxfwxuh ri doo surmhfwv zlwk suredelolw| e dqg uhpdlqv
xqlqiruphg zlwk suredelolw| � � e1

Zh dvvxph wkdw wkh sulqflsdo lv ulvn qhxwudo dqg wkdw wkh djhqw lv lq�qlwho| ulvn
dyhuvh zlwk uhvshfw wr lqfrph1 Wkhuhiruh/ wkh djhqw lv qrw uhvsrqvlyh wr prqhwdu|
lqfhqwlyhv dqg kh djuhhv wr uhfhlyh d �{hg zdjh � htxdo wr klv rssruwxqlw| frvw1
Klv lqfhqwlyhv wr jdwkhu lqirupdwlrq rq surmhfwv zloo eh gluhfwo| uhodwhg wr wkh
sulydwh qrq shfxqldu| ehqh�w K kh jhwv iurp klv �ehvw� surmhfw1

9Dv hpskdvl}hg e| Djklrq dqg Wluroh 4<<:/ wkh dprxqw ri lqirupdwlrq dftxlvlwlrq lv dw wkh

khduw ri wkh glvwlqfwlrq ehwzhhq �irupdo� dqg �uhdo� ghflvlrq srzhu zlwklq �upv1

9



Ghflvlrqv duh wdnhq lq wkh iroorzlqj vhtxhqfh1 Wkh sulqflsdo doorfdwhv irupdo
srzhu wr khuvhoi +S0rujdql}dwlrq, ru wr wkh djhqw +D0rujdql}dwlrq,1 Wkhq wkh wzr
sduwlhv froohfw lqirupdwlrq derxw surmhfwv* sd|r� vlpxowdqhrxvo|1 Wkh sduw| zkr
grhv qrw kdyh ghflvlrq srzhu vxjjhvwv d surmhfw +ru qrwklqj, wr wkh rwkhu sduw|1
Ilqdoo|/ wkh sduw| zlwk srzhu uxeehu vwdpsv wkh rwkhu sduw|*v vxjjhvwlrq ru vhohfwv
dq dowhuqdwlyh surmhfw/ ru ghflghv wr gr qrwklqj1 Khqfh/ wkh sduw| zlwk irupdo
dxwkrulw|/ zkhqhyhu lqiruphg/ slfnv khu suhihuuhg surmhfw1 Zkhq vkh uhpdlqv
xqlqiruphg h{ srvw/ wkdw sduw| uxeehu0vwdpsv wkh vxjjhvwlrq ri wkh rwkhu sduw|
zkr/ zkhqhyhu lqiruphg/ kdv uhdo dxwkrulw| ryhu wkh surmhfw fkrlfh dqg jhwv klv
suhihuuhg surmhfw lpsohphqwhg1 Zkhq qhlwkhu sduw| kdv lqirupdwlrq rq wkh sd|r�
vwuxfwxuh/ qr surmhfw lv xqghuwdnhq e| wkh �up1

Ohw xv orrn wkhq dw wkh htxloleulxp lqirupdwlrqdo h�ruwv ri wkh wzr sduwlhv
xqghu wkh wzr rujdql}dwlrqv1

5141 S0rujdql}dwlrq

Zh vwduw zlwk wkh fdvh zkhuh wkh sulqflsdo kdv irupdo srzhu lq wkh �up1 Wkh wzr
sduwlhv* h{shfwhg sd|r�v duh wkhq

�� ' .� n E� �.�ek� � }� E.�� �

�� ' .qKn E�� .�eK� }�Ee�

Zlwk suredelolw| .c wkh sulqflsdo ehfrphv ixoo| lqiruphg derxw khu sd|r�v
dqg slfnv khu suhihuuhg surmhfw zlwk prqhwdu| sd|r� �/ zkloh wkh djhqw uhfhlyhv
rqo| wkh h{shfwhg sulydwh ehqh�w qK�Zlwk suredelolw| ��./ wkh sulqflsdo uhpdlqv
xqlqiruphg derxw sd|r�v1 Wkh djhqw pd| wkhq ohduq zlwk suredelolw| e wkh sd|0
r� vwuxfwxuh dqg vxjjhvw klv ehvw surmhfw wr wkh sulqflsdo +zkr dffhswv lw,1 Wkh
sulqflsdo uhfhlyhv d prqhwdu| sd|r� k� zkloh wkh djhqw jhwv klv ehvw sulydwh
ehqh�w K1 Ru wkh djhqw pd| uhpdlq dovr xqlqiruphg lq zklfk fdvh/ qr surmhfw lv
xqghuwdnhq1

Wkh �uvw rughu frqglwlrqv ri wkh wzr sduwlhv zlwk uhvshfw wr h�ruwv . dqg e

duh
Sulqflsdo= �E�� ek� ' }.

Djhqw=
e ' e li & � KE�� .�
' f li & : KE� �.�

:



Wkh frqglwlrqv kljkoljkw wkh wudgh r� ehwzhhq wkh sulqflsdo*v frqwuro dqg wkh
djhqw*v lqlwldwlyh1 Wkh sulqflsdo vxshuylvhv pruh wkh kljkhu khu vwdnh lq wkh surmhfw
+wkh odujhu �,/ wkh odujhu wkh frq lfw ri lqwhuhvw ehwzhhq wkh sulqflsdo dqg wkh
djhqw +wkh orzhu wkh frqjuxhqfh k, dqg wkh orzhu wkh djhqw*v h�ruw e� Wkh djhqw/
lq wxuq/ kdv pruh lqlwldwlyh wkh kljkhu khu vwdnh +wkh odujhu K, dqg wkh orzhu wkh
sulqflsdo*v lqwhuihuhqfh +wkh orzhu .,1 Wkxv/ frqwuro frphv zlwk wkh frvw ri orrvlqj
wkh djhqw*v lqlwldwlyh1

Wkhuh duh wkuhh srvvleoh Qdvk htxloleuld lq h�ruw ohyhov1 Zh vhohfw wkh htxl0
oleulxp zlwk wkh kljkhvw djhqw*v h�ruw zklfk lv dovr wkh rqh suhihuuhg e| wkh
sulqflsdo1:

Wkh Qdvk htxloleulxp ohyho ri h�ruwv xqghu wkh S0rujdql}dwlrq lv

d, eW
�

' ec dqg .W

�
'

�E� � ek�

}
zkhq � � h�� Ek�

e, eW
�

' fc dqg .W

�
'

�

}
zkhq � : h�� Ek�

zlwk
h�� Ek� '

}E�� &*K�

� � ek

h�� Ek� fdswxuhv wkh wkuhvkrog ohyho ri sur�wv dw zklfk wkh djhqw*v lqlwldwlyh lv
nloohg xqghu wkh S0rujdql}dwlrq1 Iru prqhwdu| sd|r�v ryhu wkh wkuhvkrog ohyho
h�� Ek�/ wkh sulqflsdo h{huwv vr pxfk frqwuro +l1h1 wkh h�ruw .W

�
, wkdw kh nloov wkh

lqlwldwlyhv ri wkh djhqw wr dftxluh lqirupdwlrq e| klpvhoi1

Iurp wklv glvfxvvlrq/ zh fdq �qdoo| ghulyh wkh htxloleulxp h{shfwhg xwlolw| ri
wkh sulqflsdo xqghu wkh S0rujdql}dwlrq dv

�W
�

' .W

�
� n E� �.W

�
�eW
�
k� � }

E.W

�
�2

2
� �

' }
E.W

�
�2

2
n eW

�
k� � �

:Iru d glvfxvvlrq ri wkh wkuhh Qdvk htxloleuld vhh Djklrq dqg Wluroh 4<<:1

;



5151 D0rujdql}dwlrq

Frqvlghu qrz wkh fdvh zkhuh wkh sulqflsdo kdv ghohjdwhg ghflvlrq frqwuro wr wkh
djhqw dqg wkxv wkh djhqw kdv irupdo dxwkrulw|1 Qrz wkh sulqflsdo lv suhyhqwhg
iurp ryhuuxolqj wkh djhqw*v ghflvlrq zkhq erwk kdyh dftxluhg lqirupdwlrq1 Wkh
wzr sduwlhv* h{shfwhg sd|r�v duh wkhq

�� ' ek� n E� � e�.� � }� E.�� �

�� ' eKn E�� e�.qK� }�Ee�

Qrz wkh djhqw fkrrvhv klv suhihuuhg surmhfw zkhq lqiruphg1 Zkhq wkh sulqfl0
sdo lv lqiruphg dqg wkh djhqw lv xqlqiruphg/ wkh sulqflsdo vxjjhvwv khu suhihuuhg
surmhfw/ zklfk lv wkhq lpsohphqwhg e| wkh djhqw1

Wkh dqdo|vlv lv vlplodu wr wkh rqh iru wkh S0rujdql}dwlrq1 Zh jhw wkh iroorzlqj
fkdudfwhul}dwlrq ri wkh Qdvk htxloleulxp h�ruw ohyhov

d, eW
�

' e dqg .W

�
'

�E�� e�

}
zkhq � � h��

e, eW
�

' f dqg .W

�
'

�

}
zkhq � : h��

zlwk
h�� '

}E�� &*K�

qE� � e�

h�� lv wkh fulwlfdo sur�w ohyho dw zklfk wkh djhqw*v lqlwldwlyh lv nloohg xqghu wkh
D0rujdql}dwlrq1 Deryh wkh wkuhvkrog ohyho h�� wkh sulqflsdo*v vwdnhv duh vr kljk
wkdw vkh dftxluhv lqirupdwlrq .W

�
ohdglqj wr d kljk suredelolw| ri lqwhuyhqwlrq

zklfk/ lq htxloleulxp/ ohdgv wr plqlpxp djhqw*v h�ruw eW
�
' f 1

Qrwh krzhyhu wkdw

h�� '
}E� � &*K�

qE�� e�
:

}E� � &*K�

�� ek
' h�� Ek�

Dv h�� : h�� Ek�c D*v lqlwldwlyh lv nloohg douhdg| dw d orzhu sur�w ohyho xqghu wkh
S0rujdql}dwlrq wkdq xqghu wkh D0rujdql}dwlrq1 Wkh uhdvrq lv wkdw xqghu wkh D0
�up wkh djhqw kdv irupdo dxwkrulw| dqg wkhuhiruh kdv ehwwhu h�ruw lqfhqwlyhv wkdq

<



zkhq wkh sulqflsdo kdv irupdo dxwkrulw|1 Khqfh/ lw uhtxluhv d odujhu sulqflsdo*v
h�ruw wr nloo wkh lqlwldwlyh ri wkh djhqw xqghu wkh D0�up wkdq xqghu wkh S0�up1
Frqvhtxhqwo|/ wkh wkuhvkrog ohyho ri sur�wv ri wkh sulqflsdo dw zklfk wkh djhqw*v
h�ruw lv vkxw0r� fdq jr xs xqghu wkh D0�up dv frpsduhg wr wkh S0�up1

5161 Rswlpdo Ilup Rujdql}dwlrq

Zh qrz vxppdul}h dqg frpsduh wkh gl�huhqw prghv ri rujdql}dwlrq iru gl�huhqw
sur�w ohyhov ri wkh sulqflsdo1 Wkuhh fdvhv fdq eh glvwlqjxlvkhg1

Fdvh 4= � � h�� Ek� +orz sur�wv,

Wkh xwlolw| ohyhov ri wkh sulqflsdo xqghu wkh wzr irupv ri rujdql}dwlrq duh
vlpso|

�W
�
' }

E.W

�
�2

2
n eW

�
k� � � dqg �W

�
' }

E.W

�
�2

2
n eW

�
k� � �

Jlyhq wkdw eW
�

' eW� ' ec dqg wkdw .W

� : .W

� lq wklv uhjlph/ lw iroorzv wkdw
�W� : �W� 1 Wkxv/ wkh S0rujdql}dwlrq grplqdwhv wkh D0rujdql}dwlrq1 Dw wklv sur�w
ohyho wkhuh lv qr wudgh0r� ehwzhhq wkh sulqflsdo*v frqwuro dqg wkh djhqw*v lqlwldwlyh1
Zkhq � lv orz/ wkh sulqflsdo prqlwruv dqg lqwhuyhqhv olwwoh xqghu erwk rujdql}d0
wlrqv ehfdxvh khu vwdnhv duh vpdoo1 Wkhuhiruh/ erwk rujdql}dwlrqv jlyh vx!flhqw
h�ruw lqfhqwlyhv wr wkh djhqw1 Krzhyhu/ wkh sulqflsdo suhihuv wkh S0rujdql}dwlrq
ryhu wkh D0rujdql}dwlrq/ vlqfh wkh iruphu jlyhv khu pruh frqwuro ryhu wkh �up1

Fdvh 5= h�� Ek� 	 � � h�� +lqwhuphgldwh sur�wv,

Dw wklv sur�w ohyho/ wkh S0rujdql}dwlrq nloov wkh djhqw*v h�ruw eW� ' f/ zkloh
kh h{huwv pd{lpdo h�ruw eW� ' e xqghu wkh D0rujdql}dwlrq1 Wkxv/ wkh sulqflsdo*v
h{shfwhg xwlolwlhv xqghu wkh wzr rujdql}dwlrqv/ uhvshfwlyho| duh jlyhq e|

�W� '
�2

2}
� � dqg �W� '

E�� e�2�2

2}
n ek� � �

�W� : �W� dqg wkxv wkh sulqflsdo suhihuv wkh S0�up ryhu wkh D0�up zkhq

� : �Ek� '
2}k

2 � e
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�Ek� lv wkh fulwlfdo sur�w ohyho dw zklfk wkh sulqflsdo lv lqgl�huhqw ehwzhhq
wkh S0rujdql}dwlrq dqg wkh D0rujdql}dwlrq1 Zkhq � lv odujhu wkdq 7�Ek�c wkh
sulqflsdo suhihuv wr h{huw pruh frqwuro zlwk qr djhqw*v lqlwldwlyh wr ohvv frqwuro
zkloh nhhslqj wkh djhqw*v lqlwldwlyh1

Dw lqwhuphgldwh sur�wv wkh rswlpdo �up rujdql}dwlrq vzlwfkhv lq wkh iroorz0
lqj zd|1 l, Iru �Ek� � h�� Ek�/ wkh S0rujdql}dwlrq zlwk djhqw*v h�ruw grpl0

qdwhv wkh D0rujdql}dwlrq1 ll, Iru h�� Ek� 	 �Ek� � h��c rq
k h�� Ek�c �Ek�

l
wkh

D0rujdql}dwlrq grplqdwhv/ dqg rq
k
�Ek�c h��

l
wkh S0rujdql}dwlrq zlwkrxw djhqw*v

h�ruw lv wkh rswlpdo �up rujdql}dwlrq1 lll, Iru h�� 	 �Ek� wkh D0rujdql}dwlrq
grplqdwhv wkh S0rujdql}dwlrq1

Fdvh 6= h�� 	 � +kljk sur�wv,

Dw wklv sur�w ohyho wkhuh lv djdlq qr wudgh r� ehwzhhq frqwuro dqg lqlwldwlyh1
Erwk �up rujdql}dwlrqv nloo wkh djhqw*v lqlwldwlyh dqg surylgh wkh vdph ohyho ri
frqwuro wr wkh sulqflsdo1 Khqfh/ wkh| duh mxvw htxlydohqw1 Krzhyhu/ li zh doorz
iru wkh orzhvw djhqw*v h�ruw e wr eh lq wkh lqwhuydo dec eo zlwk e vpdoo exw vwulfwo|
srvlwlyh/ wkhq wkh S0rujdql}dwlrq grplqdwhv wkh D0rujdql}dwlrq1 Wkhuh lv pruh
frqwuro xqghu wkh S0�up1 Wkhuhiruh/ zh frqvlghu wkh S0�up wr grplqdwh wkh
D0�up lq wklv uhjlph1

Zh vxppdul}h wkh suhfhglqj glvfxvvlrq lq sursrvlwlrq 5141 Lw vwdwhv wkh rs0
wlpdo �up rujdql}dwlrq dv d ixqfwlrq ri wkh sulqflsdo*v prqhwdu| sd|r� � zkhq
khu suhihuuhg surmhfw lv lpsohphqwhg1

Sursrvlwlrq 5141 Ohw �4�?Ek� ' ��?i�Ek�( h��j
l, Li �4�?Ek� 	 h�� Ek� wkh S0rujdql}dwlrq grplqdwhv wkh D0rujdql}dwlrq iru doo

ydoxhv ri �
ll, Li h�� Ek� 	 �4�?Ek�/ wkh �up pryhv iurp wkh S0rujdql}dwlrq zlwk djhqw*v

lqlwldwlyh wr dq D0rujdql}dwlrq wr d S0rujdql}dwlrq zlwkrxw djhqw*v lqlwldwlyh dv
wkh sur�w ohyho lqfuhdvhv1

0 Iru � � h�� Ek� wkh S0�up grplqdwhv wkh D0�up zlwk eW� ' e dqg .W

� '
�E�3ke�

}
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0 Iru h�� Ek� 	 � 	 �4�?Ek� wkh D0�up grplqdwhv wkh S0�up zlwk eW� ' e

dqg .W

� ' �E�3e�
}

0 Iru �4�?Ek� � � wkh S0�up grplqdwhv wkh D0�up zlwk eW� ' f dqg .W

� ' �
}

Lqwxlwlyho|/ wkh �up*v rujdql}dwlrq pdwwhuv iru lqfhqwlyhv lqvlgh wkh �up dw
lqwhuphgldwh ohyhov ri sur�wv rqo|1 Dw orz dqg kljk sur�w ohyhov wkhuh lv qr wudgh0
r� ehwzhhq frqwuro dqg lqlwldwlyh1 Dw orz sur�w ohyhov/ wkh sulqflsdo prqlwruv dqg
lqwhuyhqhv olwwoh ehfdxvh khu vwdnhv duh vpdoo dqg vkh fduhv olwwoh1 Wkhuhiruh/ wkh
S0rujdql}dwlrq jlyhv vx!flhqw lqlwldwlyh wr wkh djhqw1 Wkh S0�up grplqdwhv wkh
D0�up/ ehfdxvh lw jlyhv wkh sulqflsdo pruh srzhu ryhu wkh rujdql}dwlrq1 Dw kljk
sur�w ohyhov/ wkh sulqflsdo*v vwdnhv duh vr odujh wkdw vkh lqwhuyhqhv hyhq xqghu wkh
D0rujdql}dwlrq ohdglqj wr plqlpxp h�ruw e| wkh djhqw lq erwk �up rujdql}dwlrqv1
Vlqfh S kdv pruh frqwuro xqghu wkh S0�up frpsduhg wr wkh D0�up/ wkh sulqflsdo
suhihuv wkh S0�up1 Dw lqwhuphgldwh ohyhov ri sur�wv wkhuh lv d wudgh0r� ehwzhhq
frqwuro dqg lqlwldwlyh1 Dw vrph lqwhuphgldwh ydoxh ri �/ wkh D0�up grplqdwhv wr
jlyh wkh djhqw vx!flhqw lqfhqwlyhv iru lqlwldwlyh1 Zkhq wkh sur�w ohyho � nhhsv
lqfuhdvlqj krzhyhu/ wkh jdlq hpdqdwlqj iurp wkh djhqw lqlwldwlyh lv ryhufrph e|
wkh orvv ri frqwuro ri wkh sulqflsdo dqg wkh S0�up zlwk qr lqfhqwlyhv iru wkh djhqw
ehfrphv wkh rswlpdo rujdql}dwlrq1

Iurp rxu suhylrxv dqdo|vhv zh kdyh ghulyhg wkuhh prghv ri �up rujdql}dwlrqv1
Iluvw/ wkh irupdo S0�up lq zklfk wkh djhqw*v lqlwldwlyh lv vxvwdlqhg1 Lq wklv rujd0
ql}dwlrq wkh �up kdv dq lqwhuqdo klhudufk| zlwk wzr od|huv ri pdqdjhphqw +wkh
FHR dqg wkh glylvlrq pdqdjhu, dqg wkh ghflvlrq srzhu lv fhqwudol}hg dw wkh wrs
ri wkh rujdql}dwlrq1 Rqh fdq wklqn ri wklv prgh ri rujdql}dwlrq dv lqwhjudwlrq lq
zklfk wkh FHR dqg wkh glylvlrq pdqdjhu duh phujhg lq rqh �up1 Vhfrqg/ wkh
irupdo D0�up lq zklfk wkh FHR ghohjdwhv irupdo frqwuro wr wkh glylvlrq pdqdjhu1
Lq wklv rujdql}dwlrq wkh ghflvlrq srzhu lv ghfhqwudol}hg1 Wkh �up rujdql}dwlrq lv
ohvv klhudufklfdo dqg hpsrzhuv zrunhuv dw orzhu od|huv ri wkh �up klhudufk|1 Rqh
fdq wklqn ri wklv prgh ri rujdql}dwlrq dv rxwvrxuflqj lq zklfk wkh FHR dqg wkh
glylvlrq pdqdjhu uxq wzr lqghshqghqw �upv1 Wklug/ wkh irupdo S0�up zlwk qr
djhqw*v lqlwldwlyh1 Lq wklv fdvh wkh frusrudwlrq lv uxq e| d vlqjoh pdqdjhu +wkh
sulqflsdo, zlwk qr lqwhuqdo klhudufk|1 Zh ghqrwh wkh vlqjoh pdqdjhg �up zlwk qr
lqwhuqdo klhudufk| dv wkh GV0rujdql}dwlrq1;

;Zh xvh wkh Gl{lw dqg Vwljolw} +GV, prgho wr lqwurgxfh pdunhw frpshwlwlrq dprqj �upv lq
wkh qh{w vhfwlrq1 Wkxv/ wkh GV0�up zloo vhuyh dv d ehqfkpdun iru frpsdulvrq1
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61 Jhqhudo Htxloleulxp

Lq wklv vhfwlrq zh hqgrjhql}h wkh sulqflsdo*v sur�w � e| ohwwlqj �upv frpshwh iru
pdunhw vkduhv lq wkh surgxfw pdunhwv dqg iru oderu lq wkh oderu pdunhwv1 Wklv
zloo doorz xv wr dqdo|}h wkh lqwhudfwlrq ehwzhhq wkh rujdql}dwlrq ri wkh �up dqg
pdunhw frpshwlwlrq lq jhqhudo htxloleulxp1 Lq rughu wr gr wklv/ zh hpehg wkh
prgho ri srzhu lqvlgh wkh �up ri wkh suhylrxv vhfwlrq lq d jhqhudo htxloleulxp
iudphzrun zlwk prqrsrolvwlf frpshwlwlrq1

Frqvlghu dq hfrqrp| zlwk u zrunhuv zkr fdq eh hpsor|hg dw surgxfwlrq dv
zhoo dv prqlwrulqj surmhfwv1 Oderu lv wdnhq dv wkh qxphudluh zlwk d zdjh udwh
� ' �� Wkhuh duh ? �upv +sulqflsdov, zlwk ? odujh hqrxjk wr kdyh prqrsrolvwlf
frpshwlwlrq kroglqj1 Lq rughu wr surgxfh d jrrg/ hdfk �up kdv wr xqghuwdnh d
sur�wdeoh surgxfwlrq surmhfw zklfk lv d zd| wr uxq wkh �up*v surgxfwlrq zlwk d
frqvwdqw pdujlqdo frvw whfkqrorj|1 Zh hpehg rxu suhylrxv prgho ri srzhu lqvlgh
wkh �up e| dvvxplqj wkdw wkhuh duh h{ dqwh 6 dowhuqdwlyh zd|v wr surgxfh wkh
jrrg1 Wkxv/ ehiruh vwduwlqj wr surgxfh wkh �up qhhgv wr jhw lqiruphg derxw wkh
frvw sdudphwhuv ri wkh ydulrxv zd|v ri surgxflqj1 Lq rughu wr jhw wkh lqirupdwlrq
dqg wr prqlwru wkh surmhfw/ wkh �up kluhv dq djhqw zkr fdq xqghuwdnh dq h�ruw
e wr jhw wkh uhohydqw lqirupdwlrq1 Wkh �up pd| dovr ohduq gluhfwo| derxw wkh
frvw vwuxfwxuh ri wkh gl�huhqw surmhfwv e| vshqglqj d oderu uhvrxufh frvw }.2*2�
Dv ehiruh zh dvvxph wkdw rxw ri doo wkh srvvlelolwlhv/ rqo| wzr surmhfwv duh zruwk
grlqj iurp wkh srlqw ri ylhz ri wkh wzr sduwlhv zlwklq wkh �up1 Wkh �ehvw surmhfw�
iru wkh �up +wkh sulqflsdo, kdv pdujlqdo frvwv ri surgxfwlrq S� lq whupv ri oderu1
Wkh �ehvw surmhfw� iru wkh djhqw kdv pdujlqdo frvwv ri surgxfwlrq SK lq whupv ri
oderu<1 Zh vxssrvh wkdw S� 	 SK ' )S� zlwk ) : � vr wkdw wkhuh lv qr shuihfw
frqjuxhqfh ehwzhhq wkh �up dqg khu djhqw1

Ilupv surgxfh d frqwlqxxp ri ? gl�huhqw surgxfw ydulhwlhv1 Rq wkh ghpdqg
vlgh zrunhuv kdyh suhihuhqfhv ryhu wkhvh ydulhwlhv ri wkh w|sh Gl{lw0Vwljolw}431

� '
�] ?

f

+E���_�
�

�

� zlwk f � � � �

<Zh pdlqwdlq khuh doo wkh dvvxpswlrqv pdgh lq wkh sduwldo htxloleulxp vhfwlrq1
43Qrwh wkdw/ vwulfwo| vshdnlqj/ wr eh frqvlvwhqw zlwk wkh sduwldo htxloleulxp dqdo|vlv/ wkh

prqlwrulqj djhqwv kdyh wr eh dovr lq�qlwho| ulvn dyhuvh wr dyrlg shfxqldu| lqfhqwlyhv1 Wklv zloo

eh vr zkhq wkhlu suhihuhqfhv duh dq lq�qlwh frqfdyh wudqvirupdwlrq ri wkh ixqfwlrq x1 Jlyhq

wkhq wkh djhqw*v lqfrph z @ 4> rqh fdq vwloo ghulyh wkh ghpdqg iru hdfk jrrg lq wkh vdph zd|

dv iru wkh rwkhu zrunhuv
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zkhuh +E�� lv frqvxpswlrq ri ydulhw| �1 Wkh sdudphwhu � phdvxuhv wkh ghjuhh

ri surgxfw gl�huhqwldwlrq/ wkh odujhu � wkh ohvv gl�huhqwldwhg duh wkh ydulhwlhv ri

jrrgv1

6141 Prqrsrolvwlf frpshwlwlrq dqg surgxfw pdunhw

Jlyhq Gl{lw0Vwljolw} suhihuhqfhv/ wkh ghpdqg ri hdfk �up � lv ri wkh irup

+E�� ' �RE��3
�

�3� +614,

zkhuh RE�� lv wkh sulfh ri jrrg � dqg � lv jlyhq e|

� '
-

v?
f
RE��3

�

�3� _�

zlwk - dv djjuhjdwh vshqglqj1 Djjuhjdwh vshqglqj htxdov qdwlrqdo lqfrph lq
wkh jhqhudo htxloleulxp1

Iru d surgxfw zlwk pdujlqdo frvw ri surgxfwlrq SE��/ prqrsrolvwlf sur�w pd{0
lpl}dwlrq surylghv wkh vwdqgdug pdun0xs uhodwlrqvkls

RE�� '
SE��

�
+615,

dqg sur�w ohyhov fdq eh zulwwhq dv

ZE�� ' E�� ���
�

�3�� dSE��o3
�

�3�

Wdnlqj wkh frvw gl�huhqwldo ehwzhhq wkh wzr rujdql}dwlrqv SK ' )S� lqwr df0
frxqw zh fdq uhzulwh wkh sulqflsdo*v sur�w zkhq khu ru wkh djhqw*v ehvw surmhfw
lv lpsohphqwhg/ uhvshfwlyho|/ dv lq wkh sduwldo htxloleulxp iudphzrun ri vhfwlrq 5
zlwk wkh iroorzlqj h{suhvvlrqv iru wkh frqjuxhqfh sdudphwhu k dqg wkh rshudwlqj
sur�w ohyho ri wkh sulqflsdo �

k ' )3
�

�3� dqg � ' E�� ���
�

�3�� dS� o
3

�

�3� +616,
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Qrwlfh wkdw wkh wuxvw sdudphwhu k lv qrz uhodwhg wr wkh wzr sdudphwhuv ) dqg
�1 Wkh frvw gl�huhqwldo ) ' SK*S� phdvxuhv e| krz pxfk surgxfwlrq frvwv ri wkh
�up SE�� jr xs zkhq wkh djhqw kdv frqwuro udwkhu wkdq wkh sulqflsdo/ ) : �� Iru
jlyhq �/ k ghfolqhv zlwk dq lqfuhdvh lq )1 Zkhq wkh frvw glvdgydqwdjh ri ehlqj
xqghu wkh D0�up ehfrphv odujhu/ wkh frq lfw ri lqwhuhvw ehwzhhq wkh sulqflsdo dqg
wkh djhqw ehfrphv odujhu dqg suhihuhqfhv ehwzhhq wkh sulqflsdo dqg wkh djhqw duh
ohvv frqjuxhqw1 Wkxv/ wkh odujhu lv ) wkh pruh wkh �up rujdql}dwlrq pdwwhuv iru
sur�wv1 � fdswxuhv wkh ghjuhh ri frpshwlwlrq lq wkh surgxfw pdunhw/ f 	 � 	 �1
Wkh odujhu lv � wkh pruh vlplodu jrrgv ehfrph dqg wkh ehwwhu vxevwlwxwhv wkh|
duh iru hdfk rwkhu +l1h1 wkh odujhu lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq ydulhwlhv
j ' �*E���,,1 Wkxv/ zkhq � lv forvh wr rqh wkh pdunhw lv yhu| frpshwlwlyh1 Wklv
lq wxuq phdqv wkdw wkh �up*v sur�wv duh pruh vhqvlwlyh wr wkh frvw gl�huhqwldo
ehwzhhq wkh S0�up dqg wkh D0�up )� Iru jlyhq )/ k ghfolqhv zlwk dq lqfuhdvh lq
�1 Zkhq pdunhw frpshwlwlrq lqfuhdvhv/ wkh ghjuhh ri wuxvw ehwzhhq wkh sulqflsdo
dqg wkh djhqw pdwwhuv pruh iru sur�wv1 Zkhq frpshwlwlrq ehfrphv pruh lqwhqvh/
d jlyhq frvw gl�huhqwldo ehwzhhq wkh D0�up dqg wkh S0�up wudqvodwhv lqwr d odujhu
gl�huhqwldo lq pdunhw vkduhv ehwzhhq wkh wzr �up rujdql}dwlrqv pdnlqj wkh D0�up
d ohvv sur�wdeoh prgh ri rujdql}dwlrq frpsduhg wr wkh S0�up1

Vxppdul}lqj/ wkh �up rujdql}dwlrq pdwwhuv wkh pruh iru sur�wv/ wkh pruh
surgxfwlrq frvwv lqfuhdvh zkhq wkh djhqw kdv frqwuro udwkhu wkdq wkh sulqflsdo
+wkh odujhu ) ,/ dqg wkh pruh lqwhqvh frpshwlwlrq lv lq wkh surgxfw pdunhw +wkh
odujhu �,1

6151 Oderu pdunhw

Zh wxuq qrz wr wkh oderu pdunhw1 Ilupv kluh dq djhqw wr vxshuylvh wkh surgxfwlrq
surmhfw dqg hpsor| zrunhuv wr surgxfh wkh jrrg1

Wkh �up*v rxwsxw lv jlyhq e|

+E�� ' �
�

�3�� dSE��o3
�

�3� +617,

Iurp wklv/ zh fdq ghulyh wkh wrwdo oderu ghpdqg iru hdfk lqwhuqdo rujdql}dwlrq
ri wkh �up xvlqj wkh odz ri odujh qxpehuv dqg wkh idfw wkdw wkh suredelolw| iru d
�up wr uxq d surgxfwlrq surmhfw zlwk d xqlw oderu frvw SE�� lv dovr wkh iudfwlrq ri
�upv kdylqj vxfk d frvw vwuxfwxuh1
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0 Oderu ghpdqg xqghu S0rujdql}dwlrq zlwk djhqw*v h�ruw1

Frqvlghu �uvw wkh djjuhjdwh oderu ghpdqg xqghu wkh S0rujdql}dwlrq1 Lw fdq
eh zulwwhq dv

u(
�
' ? d.W

�
S�+� n E�� .W

�
�eW
�
SK+Ko n ?

%
� n }

E.W

�
�2

2

&

Wkh �uvw whup lq wkh �uvw eudfnhw lv wkh oderu ghpdqg iurp �upv iru zklfk
wkh sulqflsdo*v suhihuuhg surmhfw kdv ehhq lpsohphqwhg1 Wkhlu iudfwlrq lv +e| wkh
odz ri odujh qxpehuv, .W

�
xqghu wkh S0rujdql}dwlrq zlwk d �up*v oderu ghpdqg

S�+� 1 Vlploduo|/ wkh vhfrqg whup lq wkh �uvw eudfnhw lv wkh oderu ghpdqg iurp
�upv iru zklfk wkh djhqw*v suhihuuhg surmhfw kdv ehhq lpsohphqwhg1 Wkhlu iudfwlrq
lv E� � .W

�
�eW
�
xqghu wkh S0rujdql}dwlrq zlwk dq lqglylgxdo �up*v oderu ghpdqg

SK+K� Lq wkh vhfrqg eudfnhw ri wkh UKV/ wkh qxpehu � uh hfwv wkh klulqj ri wkh

prqlwrulqj djhqw iru hdfk �up zkloh wkh whup }
E.W

�
�2

2
uh hfwv wkh oderu lqsxw ri

gluhfw prqlwrulqj e| wkh sulqflsdo1 Qrwlfh/ wkdw wkh djjuhjdwh oderu ghpdqg ri
wkh hfrqrp| ghshqgv rq wkh hfrqrp| zlgh pl{ ri uhdo S0�upv dqg uhdo D0�upv
+dv frpsduhg wr irupdo S0�upv dqg irupdo D0�upv,1 Wkh uhdvrq lv wkdw wkh �up
rujdql}dwlrq d�hfwv wkh �up*v surgxfwlrq frvwv dqg zlwk lw lwv rxwsxw ohyho dqg
lwv lqglylgxdo oderu ghpdqg144 Vxevwlwxwlqj +�/ +K dqg SK jlyhv

u(
�
' ?��

�

�3� d.W

�
n E� �.W

�
�keW

�
o dS�o

3
�

�3� n ?

%
� n }

E.W

�
�2

2

&

zklfk fdq eh uhzulwwhq dv

u(
�
' ?

��

�� �
d.W

�
n E�� .W

�
�keW

�
o n ?

%
� n }

E.W

�
�2

2

&
+618,

Fohduo|/ wklv oderu ghpdqg ixqfwlrq krogv iru uhjlrqv ri wkh sur�w ohyhov � iru
zklfk wkh S0rujdql}dwlrq grplqdwhv1 Xvlqj sursrvlwlrq 514 +618, krogv iru

� 	 ��� Ek� dqg .W

�
'

�E� � ek�

}
c eW

�
' e +619,

44Qrwh wkdw hyhq xqghu wkh irupdo S0rujdql}dwlrq wkhuh zloo eh d vkduh ri uhdo D0�upv lq wkh
hfrqrp|/ zkhq wkh sulqflsdo lq wkhvh �upv ghflghv qrw wr jhw lqiruphg derxw wkh surmhfw lq
zklfk fdvh wkh djhqw kdv uhdo dxwkrulw| +d uhdo D0�up,1
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Vxevwlwxwlqj lq +618,/ jlyhv �qdoo| wkh iroorzlqj djjuhjdwh oderu ghpdqg

u(
�
' ?

%
�2E� � eW

�
k�2

2}

� n �

� � �
n

�

�� �
keW

�
� n �

&
+61:,

0 Oderu ghpdqg xqghu D0rujdql}dwlrq zlwk djhqw*v h�ruw

Frqvlghu qh{w wkh djjuhjdwh oderu ghpdqg xqghu wkh D0rujdql}dwlrq1 Dv eh0
iruh/ lw fdq eh zulwwhq dv

u(
�

' ? deW
�
SK+K n E� � eW

�
�.W

�
S�+� o n ?

%
� n }

E.W

�
�2

2

&
+61;,

' ?
��

�� �
deW
�
k n E�� eW

�
�.W

�
o n ?

%
� n }

E.W

�
�2

2

&

Wklv djjuhjdwh oderu ghpdqg ixqfwlrq krogv iru uhjlrqv ri wkh sur�w ohyho �
iru zklfk wkh D0rujdql}dwlrq grplqdwhv1 Xvlqj djdlq sursrvlwlrq 514/ wklv krogv
zkhq h�� Ek� 	 � 	 �Ek� dqg .W

�
'
�E�� e�

}
/ eW

�
' e +61<,

Djdlq vxevwlwxwlqj +61<, lq +61;, surylghv

u(
�
' ?

%
�2E�� eW

�
�2

2}

� n �

�� �
n

�

�� �
keW

�
� n �

&
+6143,

0 Oderu ghpdqg xqghu GV0rujdql}dwlrq zlwk qr djhqw*v h�ruw1

Xqghu wkh GV0rujdql}dwlrq rqo| wkh sulqflsdo uxqv wkh �up dqg vkh lv wkh
rqo| djhqw zkr hqjdjhv lq lqirupdwlrq froohfwlrq1 Surgxfwlrq fdq rffxu rqo|
zkhq lqirupdwlrq rq surmhfwv lv uhyhdohg1 Wkh djjuhjdwh oderu ghpdqg xqghu wklv
ehqfkpdun uhjlph fdq eh zulwwhq dv

u(f ' ? d.W

fS�+� o n ?

%
� n }

E.W

f�
2

2

&

4:



Wkh �uvw whup lq wkh �uvw eudfnhw lv wkh oderu ghpdqg hpdqdwlqj iurp yduldeoh
frvwv ri surgxfwlrq iurp �upv zklfk surgxfh h�hfwlyho|1 Wkhlu iudfwlrq lv +e| wkh
odz ri odujh qxpehuv, .W

f +wkh suredelolw| iru wkh sulqflsdo wr jhw wkh uhohydqw
lqirupdwlrq rq wkh surmhfwv* sd|r�v, zlwk d �up*v oderu ghpdqg S�+� 1 Wkh
vhfrqg eudfnhw ri wkh UKV/ ghvfulehv wkh oderu ghpdqg hpdqdwlqj iurp wkh �{hg
frvwv ri surgxfwlrq1 Wkh qxpehu � uh hfwv wkh klulqj ri wkh prqlwrulqj djhqw

iru hdfk �up145 Wkh whup }
E.W

f
�2

2
uh hfwv wkh oderu frvw ri gluhfw prqlwrulqj e|

wkh sulqflsdo/ jlyhq wkdw kh lv wkh rqo| rqh wr dfwlyho| vhdufk iru lqirupdwlrq1

Vxevwlwxwlrq djdlq jlyhv =

u(f ' ?��
�

�3�.W

f
dS�o

3
�

�3� n ?

%
� n }

E.W

f
�2

2

&

zklfk fdq eh uhzulwwhq dv =

u(
f
' ?

��

� � �
.W

f
n ?

%
� n }

E.W

f
�2

2

&
+6144,

Fohduo|/ wklv oderu ghpdqg ixqfwlrq krogv iru uhjlrqv ri sur�wv � iru zklfk
wkh GV0rujdql}dwlrq grplqdwhv1 Xvlqj sursrvlwlrq 514 +6144, krogv iru

� : �Ek� dqg .W

f
'
�

}
c +6145,

Vxevwlwxwlrq lq +6144,/ |lhogv �qdoo| wkh iroorzlqj djjuhjdwh oderu ghpdqg

u(
f
' ?

%
�2

2}

� n �

� � �
n �

&
+6146,

Wkh oderu pdunhw fohdulqj frqglwlrq fdq wkhq eh jhqhudoo| vwdwhg dv

u(
�
' u iru � 5 i�c�c fj +6147,

Lw lv xvhixo wr frpsduh khuh wkh wkuhh oderu ghpdqg ixqfwlrqv u(
�
c u(

f
c u(

�

xqghu wkh wkuhh rujdql}dwlrqv1 Qrwlfh iurp +61:,/ +6143, dqg +6146, wkdw u(
f
: u(

�

45Wkrxjk wkh djhqw lv xvhohvv iru wkh sulqflsdo xqghu wkh GV0rujdql}dwlrq/ kh qhyhuwkhohvv kdv

wr eh sdlg klv uhvhuydwlrq xwlolw| ohyho ehfdxvh ri frqwudfw lqfrpsohwhqhvv h{ dqwh1
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: u(
�
iru d jlyhq ydoxh ri �1 Wkh uhdvrq lv wkdw xqghu wkh GV0�up wkh sulqflsdo*v

oderu lqsxw iru lqirupdwlrq dftxlvlwlrq lv odujhvw/ vlqfh wkhuh lv qr djhqw durxqg

dv fdswxuhg e| wkh whup }
E.W

f
�2

2
1 Wkh sulqflsdo vxshuylvhv dovr pruh xqghu wkh

S0�up frpsduhg wr wkh D0�up1 Wklv h{wud h�ruw e| wkh sulqflsdo ohdgv wr orzhu
pdujlqdo frvwv ri surgxfwlrq/ odujhu rxwsxw dqg wkxv odujhu oderu ghpdqg xqghu
wkh S0�up +zlwkrxw dqg zlwk djhqw lqlwldwlyh, frpsduhg wr wkh D0�up1

6161 Rujdql}dwlrqdo Htxloleulxp zlwk Iuhh Hqwu|

Zh wxuq qrz wr fkdudfwhul}h wkh htxloleulxp lqgxvwuldo vwuxfwxuh dqg wkh dvvrfl0
dwhg rujdql}dwlrq zlwklq �upv1 Wkh wlplqj ri hyhqwv lv wkh iroorzlqj1 Lq d �uvw
vwdjh/ �upv ghflgh zkhwkhu ru qrw wr hqwhu wkh pdunhw dqg wr kluh dq djhqw wr
prqlwru surmhfwv1 Dw wklv vwdjh/ wkhuh lv iuhh hqwu|1 Lq d vhfrqg vwdjh/ �upv ghflgh
zkr kdv irupdo srzhu lq wkh rujdql}dwlrq e| fkrrvlqj ehwzhhq wkh irupdo S0�up
dqg wkh irupdo D0�up1 Lq d wklug vwdjh/ lqirupdwlrq froohfwlrq h�ruwv duh uhdol}hg
e| wkh wzr sduwlhv dqg d surmhfw lv vhohfwhg1 Wklv/ lq wxuq/ ghwhuplqhv zkr kdv
uhdo srzhu lq wkh rujdql}dwlrq1 Ilqdoo| wkhuh lv surgxfwlrq/ frqvxpswlrq dqg oderu
pdunhw fohdulqj1

Wr ghvfuleh wkh lqgxvwuldo vwuxfwxuh ri wkh hfrqrp| zh xvh wkh iuhh hqwu| frqgl0
wlrq iru wkh prqrsrolvwlf vhfwru1 Wklv frqglwlrq fdq eh zulwwhq dv�@%iL� E��c L�E��c LfE��j '
� ' � zkhuh L� E��c L�E��c dqg LfE�� duh wkh sur�w ohyhov ri wkh �up jurvv ri
wkh zdjh ri wkh djhqw/ uhvshfwlyho| xqghu hdfk lqwhuqdo rujdql}dwlrq � / � ru (746

Wkh �Pd{� dujxphqw lq wkh iuhh hqwu| frqglwlrq uh hfwv wkh idfw wkdw hdfk �up
ghflghv derxw lwv rswlpdo w|sh diwhu pdunhw hqwu|1

Wkuhh w|shv ri iuhh hqwu| htxloleuld duh srvvleoh1

l, Htxloleulxp zlwk S0rujdql}dwlrq dqg eW
�
' e

Wkh iuhh hqwu| frqglwlrq lq vxfk d uhjlph lv

L� E�� ' }
E.W

�
�2

2
n ek� ' � +6148,

46Zlwk wkh suhylrxv qrwdwlrq wkhvh sur�w ohyhov duh

XS +E, @ xS . z @ j
+H�

S
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Wkh hqgrjhqrxv ydoxhv E�c?c.W

�
c eW

�
�ghwhuplqlqj dq htxloleulxp lq wklv uhjlph duh

wkhq jlyhq e| +BB,/ +61:, dqg +6148,1 Diwhu vxevwlwxwlqj/ wkh iuhh hqwu| frqglwlrq
dqg wkh oderu pdunhw fohdulqj frqglwlrq fdq eh uhvwdwhg dv

�2E�� ke�2

2}
n ek� ' � dqg u '

?

� � �

%
�2E� � ke�2

2}
n �

&
+6149,

Wkh iuhh hqwu| frqglwlrq jlyhv d xqltxh srvlwlyh vroxwlrq �� ' �W

�
Ek� zklfk

lv wkh sur�w ohyho uhtxluhg wr pdnh d �up lqgl�huhqw ehwzhhq hqwhulqj dqg qrw
hqwhulqj wkh pdunhw dv d S0�up1 Vxevwlwxwlqj lqwr wkh oderu pdunhw fohdulqj
frqglwlrq surylghv wkhq wkh htxloleulxp qxpehu ri �upv ?W

�
dv

?W
�
'

E� � ��uk
E�W

�
�2E�3ke�2

2}
n �

l +614:,

Reylrxvo|/ dq htxloleulxp lq wklv uhjlph h{lvwv li dqg rqo| li �W

� Ek� �
h�� Ek��

Dv lv zhoo nqrzq iurp wkh Gl{lw dqg Vwljolw} prgho/ wkh qxpehu ri ydulhwlhv ?W�
ghshqg rq wkh vl}h ri wkh frxqwu| u dqg rq wkh ghjuhh ri pdunhw srzhu � dv jlyhq
lq wkh qxphudwru147 Zlwk dq lqfuhdvh lq � �upv* pdunhw srzhu ghfolqhv +surgxfw
ydulhwlhv ehfrph pruh vlplodu dqg duh ehwwhu vxevwlwxwhv iru hdfk rwkhu, dqg wkxv
�upv fkdujh orzhu pdun0xsv ryhu pdujlqdo frvwv1 Rxwsxw shu �up lqfuhdvhv dqg
wkxv/ d vpdoohu qxpehu ri �upv fdq eh vxvwdlqhg lq htxloleulxp1 Ixuwkhupruh/ wkh
qxpehu ri �upv ghfolqh zlwk wkh �{hg frvwv iru pdunhw hqwu| +zlwk wkh frvwv ri
lqirupdwlrq froohfwlrq e| wkh sulqflsdo dqg wkh djhqw, dv jlyhq e| wkh ghqrplqdwru
ri wkh h{suhvvlrq1 Wkh �{hg frvwv ri pdunhw hqwu| lqfuhdvh zlwk dq lqfuhdvh lq wkh
frq lfw ri lqwhuhvw lqvlgh wkh �up +zlwk d ghfolqh lq k, vlqfh �upv zloo uhtxluh d
odujhu ohyho ri sur�wv wr hqwhu wkh pdunhw1

ll, Htxloleulxp zlwk D0rujdql}dwlrq dqg eW
�
' e1

Wkh iuhh hqwu| frqglwlrq lq vxfk d uhjlph lv

L�E�� ' }
E.W

�
�2

2
n ek� ' � +614;,

47Dq lqfuhdvh lq frxqwu| vl}h ohdgv wr dq lqfuhdvh lq wkh qxpehu ri �upv zlwkrxw fkdqjlqj

rxwsxw shu �up1 Wklv lv d zhoo nqrzq surshuw| ri wkh GV0prgho1
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Wkh hqgrjhqrxv ydoxhv E�c?c.W

�
c eW
�
� ghwhuplqlqj dq htxloleulxp lq wklv uhjlph

duh wkhq jlyhq e| +61<,/ +6143, dqg +614;,1 Diwhu vxevwlwxwlrq/ wkh iuhh hqwu|
frqglwlrq dqg wkh oderu pdunhw fohdulqj frqglwlrq fdq eh h{suhvvhg dv
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Wkh iuhh hqwu| frqglwlrq jlyhv d xqltxh srvlwlyh vroxwlrq iru �W
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Ek� zklfk lv

wkhq vxevwlwxwhg lqwr wkh oderu pdunhw fohdulqj frqglwlrq1 Wklv wkhq surylghv wkh
htxloleulxp qxpehu ri �upv ?W
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Dq htxloleulxp lq wklv uhjlph h{lvwv li dqg rqo| li h�� Ek� � �W
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lll, Htxloleulxp zlwk GV0rujdql}dwlrq dqg eW� ' f
Ilqdoo| wkh iuhh hqwu| frqglwlrq lq vxfk d uhjlph lv
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Diwhu d vlplodu fdofxodwlrq dv lq wkh fdvhv ehiruh zh rewdlq wkh htxloleulxp qxpehu
ri �upv dv

?Wf '
� � �

2
u +6155,

Vxfk dq htxloleulxp h{lvwv zkhq �W

� '
s
2} : �Ek��

Qrwlfh wkdw wkh ?Wf htxloleulxp fruuhvsrqgv wr wkh vwdqgdug Gl{lw dqg Vwljolw}
htxloleulxp qxpehu ri ydulhwlhv zlwk �{hg frvwv ri surgxfwlrq htxdo wr 2c zklfk
frqvlvwv ri wkh oderu lqsxw ri � djhqw soxv wkh sulqflsdo*v oderu lqsxw iru lqirupd0
wlrq dftxlvlwlrq }E.W
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� �
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Iljxuh4= Wkh Htxloleulxp Lqgxvwuldo Vwuxfwxuh

Wkh htxloleulxp lqgxvwuldo vwuxfwxuh xqghu iuhh hqwu| lq hdfk uhjlph lv looxv0
wudwhg lq Iljxuh 41 Lq wkh E?c�� vsdfh duh gudzq wkh oderu pdunhw htxloleulxp
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+6147, fxuyhv ?�E�� xqghu wkh wkuhh uhjlphv � 5 i�c�cfj1 Hdfk fxuyh lv grzq0
zdug vorslqj dv wkh sulqflsdo prqlwruv pruh zlwk odujhu � lqfuhdvlqj wkh �up*v
lqglylgxdo oderu ghpdqg1 Wkhuhiruh/ d orzhu qxpehu ri �upv lv vxvwdlqdeoh xqghu
wkh djjuhjdwh uhvrxufh frqvwudlqw1 Ixuwkhupruh/ xqghu wkh GV0�up/ wkh sulq0
flsdo*v h�ruw lv odujhvw +wkhuh lv qr djhqw wr ghohjdwh wr, dqg orzhvw xqghu wkh
D0rujdql}dwlrq/ zlwk wkh S0�up zlwk djhqw*v h�ruw lq ehwzhhq148 Wkhuhiruh dj0
juhjdwh oderu ghpdqg xqghu hdfk uhjlph fdq eh udqnhg e| u(

f : u(
� : u(

� 1 Wkxv/
iru d jlyhq oderu vxsso| wkh qxpehu ri �upv zklfk fdq eh vxvwdlqhg lq htxloleulxp
lv ?�E�� : ?� E�� : ?fE��1 Ilqdoo|/ ohw �W

�c �
W

� dqg �W

f eh wkh uhtxluhg htxlole0
ulxp sur�w ohyhov wr pdnh �upv hqwhu wkh pdunhw xqghu wkh D0 rujdql}dwlrq/ wkh
S0rujdql}dwlrq zlwk dqg zlwkrxw D*v h�ruw dv rewdlqhg iurp +614<,/ +6149,/ dqg
+BB,/ uhvshfwlyho|1 Wkhq/ fohduo| �W

f
: �W

�
: �W

�
� Rxu GV0�upv duh frqvwudlqw

GV0�upv frqglwlrqdo rq lqirupdwlrq dftxlvlwlrq1 Lqirupdwlrq dftxlvlwlrq h�ruw
e| wkh djhqw fdqqrw eh frqwudfwhg xsrq h{ dqwh zkhq wkh djhqw lv kluhg1 Wkh
GV0�up zlwkrxw djhqw*v h�ruw lv ohvv h!flhqw iurp dq lqirupdwlrqdo srlqw ri ylhz
wkdq wkh S0�up zlwk djhqw*v h�ruw dqg wkh D0�up1 Wkh uhdvrq lv wkdw lq wkh
S0�up zlwk djhqw*v h�ruw dqg lq wkh D0�up wzr shrsoh duh dftxlulqj lqirupdwlrq
derxw surmhfwv dqg wkxv wkhuh lv d kljkhu fkdqfh wkdw d jrrg surmhfw lv glvfryhuhg
wkdq zkhq wkh sulqflsdo grhv lw doo e| khuvhoi1 Wkhuhiruh/ wkh GV0�up uhtxluhv
d odujhu sur�w ohyho �W

f
wr pdnh khu hqwhu wkh pdunhw1 Dovr/ �W

�
: �W

�
c vlqfh

vrph ri wkh sulqflsdo*v sur�w jhwv orvw xqghu wkh D0rujdql}dwlrq +dv phdvxuhg e|
k,1 Khqfh/ wkh sulqflsdo zloo kdyh dq lqfhqwlyh wr hqwhu wkh pdunhw rqo| zkhq
vx!flhqw kljk sur�wv pdnh vxuh wkdw vkh lv frpshqvdwhg iru wklv orvv lq suri0
lwv xqghu wkh D0rujdql}dwlrq1 Wkh lqwhuvhfwlrqv ri wkh ?�E��/ ?� E�� dqg ?fE��
fxuyhv/ uhvshfwlyho|/ zlwk wkh �W

�
/ �W

�
dqg �W

f
olqhv jlyh wkhq wkh htxloleulxp lq0

gxvwuldo vwuxfwxuh1 Wkxv/ ?W
�
: ?W

�
: ?W

f
c ehfdxvh ihzhu �upv hqwhu xqghu wkh

D0rujdql}dwlrq frpsduhg wr wkh S0rujdql}dwlrq dqg hdfk ri wkhvh D0�upv kdyh d
vpdoohu oderu ghpdqg +ehfdxvh ri ohvv prqlwrulqj e| wkh wkh sulqflsdo, doorzlqj
d odujhu qxpehu ri �upv wr eh vxvwdlqhg lq htxloleulxp1

Iljxuh 5= Wkh Ilupv* Sur�w Fxuyhv

Iljxuh 5 looxvwudwhv judsklfdoo| wkh wkuhh htxloleuld mxvw ghvfulehg1 Iurp wkh
�jxuh lw ehfrphv dssduhqw wkdw wkh htxloleuld duh vwdeoh dqg zh fdq uxoh rxw
pl{hg htxloleuld zlwk vrph �upv fkrrvlqj dq D0rujdql}dwlrq dqg rwkhuv fkrrvlqj

48Wkh D0�up lv prvw h!flhqw iurp dq lqirupdwlrqdo srlqw ri ylhz dqg ohdvw h!flhqw iurp d

surgxfwlrq frvw srlqw ri ylhz1
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d S0rujdql}dwlrq1 Wkh �jxuh jlyhv wkh gl�huhqw sur�w fxuyhv ri wkh sulqflsdo jurvv

ri wkh zdjh udwh � ri wkh djhqw L� E��/ L�E�� dqg LfE�� xqghu wkh wkuhh �up
rujdql}dwlrqv �c � dqg f lq whupv ri wkh sulqflsdo*v sd|r� E +vhh irrwqrwh 46,1
L� E�� lv deryh L�E�� dqg LfE��c zkloh L�E�� fxwv LfE�� iurp deryh dw srlqw
��� Deryh wkh wkuhvkrog ohyho ri sur�wv h�� wkh djhqw*v lqlwldwlyh lv nloohg xqghu
wkh S0rujdql}dwlrq1 Wkxv/ deryh h�� wkh S0�up zlwk lqlwldwlyh vwrsv wr h{lvw1 Dv
d uhvxow L� E�� deryh wkh sur�w ohyho h�� lv luuhohydqw dqg wkhuhiruh gudzq dv d

grwwhg olqh1 Wkh �up fkrrvhv wkh rujdql}dwlrq zklfk �@% dL� E��c L�E��c LfE��o
zklfk lv jlyhq e| wkh erog olqh lq wkh �jxuh1 Wkh �jxuh looxvwudwhv wkh uhvxowv ri
sursrvlwlrq 5141 Iru � 	 h�� / wkh sulqflsdo fkrrvhv wkh S0�up zlwk lqlwldwlyh dv
khu rswlpdo rujdql}dwlrq1 Iru h�� 	 � 	 ��/ wkh rswlpdo fkrlfh ri rujdql}dwlrq
lv dq D0�up/ dqg iru �� 	 �/ wkh sulqflsdo fkrrvhv wkh GV0�up dv khu rswlpdo
rujdql}dwlrq1 Wkh iuhh hqwu| frqglwlrq lv jlyhq e| �@% dL� E��c L�E��c LfE��o '
� ' �� Wkh iuhh hqwu| htxloleuld duh rewdlqhg e| wkh lqwhuvhfwlrq ri wkh krul}rqwdo
olqh � ' � zlwk wkh jurvv sur�w fxuyhv �� E��c ��E��c �fE��1 Wkuhh htxloleuld duh
srvvleoh ghshqglqj rq zkhuh wkh zdjh olqh furvvhv wkh jurvv sur�w fxuyhv1 Dv lw lv
gudzq zh kdyh d S0htxloleulxp lq srlqw D/ dq D0htxloleulxp lq srlqw G/ dqg d GV0
htxloleulxp lq srlqw H1 Wkh �jxuh ghprqvwudwhv wkdw wkh D0htxloleulxp lv vwdeoh1
Iru h{dpsoh/ wkh D0htxloleulxp fdqqrw eh glvwxuehg e| d S0�up +zlwk orzhu frvwv,/
vlqfh lq wkh udqjh ri sur�wv lq zklfk wkh D0�up hphujhv dv dq htxloleulxp/ wkh
S0�up zlwk djhqw*v lqlwldwlyh vwrsv wr eh d d ihdvleoh rujdql}dwlrq1 Lq wkh udqjh ri
sur�wv h�� 	 � 	 �� wkh sulqflsdo fdq fkrrvh rqo| ehwzhhq wkh D0rujdql}dwlrq
dqg wkh GV0rujdql}dwlrq1 Jlyhq wkdw wkh D0rujdql}dwlrq |lhogv kljkhu sur�wv/ vkh
fkrrvhv wkh iruphu149

71 Pdunhw Frpshwlwlrq dqg Ilup Rujdql}dwlrq

Lq wklv vhfwlrq zh dqdo|}h krz pdunhw frpshwlwlrq d�hfwv wkh �up rujdql}dwlrq1
Lq whupv ri wkh prgho/ zh orrn dw zkhwkhu fkdqjhv lq k dqg2ru � pdnh lw pruh

49Iurp wklv dujxphqw lw iroorzv wkdw wkh glvfxvvhg vwdelolw| ri htxloleuld gr qrw ghshqg rq wkh

vhtxhqfh ri hyhqwv1 Li zh uhyhuvh wkh wlplqj dqg ohw �upv fkrrvh wkhlu �up w|shv ehiruh pdunhw

hqwu| wkh vdph v|pphwulf htxloleuld hphujh1
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olnho| wkdw d irupdo S0rujdql}dwlrq +zlwk ru zlwkrxw djhqw h�ruw, ru d irupdo
D0rujdql}dwlrq zloo hphujh lq htxloleulxp1

Lw lv xvhixo wr vwduw wkh dqdo|vlv ri wkh lqwhudfwlrq ehwzhhq wkh �up rujdql}dwlrq
dqg pdunhw frpshwlwlrq iurp d sduwldo htxloleulxp shuvshfwlyh1

Iljxuh 6= Rswlpdo Ilup Rujdql}dwlrq dqg Pdunhw Frpshwlwlrq

Wkh rswlpdo �up rujdql}dwlrq lv looxvwudwhg lq Iljxuh 64:1 Wkh ��� Ek� 0 fxuyh
uhodwhv wkh sur�w ohyho wr wkh lqfhqwlyhv lqvlgh wkh �up dqg wkxv wr wkh frvwv
ri surgxflqj1 Uhfdoo wkdw wkh ��� Ek� fxuyh uhsuhvhqwv wkh sur�w ohyho dw zklfk
wkh h�ruw lqfhqwlyh ri wkh djhqw lv nloohg xqghu wkh S0rujdql}dwlrq1 Wkxv/ ��� Ek�
fdswxuhv xqghu wkh S0�up wkh frvwv ri kdylqj d fhqwudol}hg prgh ri rujdql}dwlrq
lq whupv ri wkh orvv ri wkh djhqwv lqlwldwlyh1 ��� Ek� lv xszdug vorslqj lq k +lv
grzqzdug vorslqj lq �, ehfdxvh zlwk dq lqfuhdvh lq k wkh frq lfw ri lqwhuhvw
ehwzhhq wkh sulqflsdo dqg wkh djhqw ghfolqhv +wkh suhihuhqfhv ehwzhhq wkh sulqflsdo
dqg wkh djhqw ehfrph pruh vlplodu,1 Dw d jlyhq sur�w ohyho �/ wkh sulqflsdo
lqwhuyhqhv ohvv zkhq wkh djhqw*v suhihuuhg surmhfw lv pruh frqjuxhqw zlwk khu
remhfwlyhv/ doorzlqj wkh sur�w ohyho dw zklfk wkh djhqw*v lqlwldwlyh lv nloohg wr jr
xs1 Lq wkh duhd ehorz wkh ��� Ek� 0olqh wkh S0�up nhhsv wkh djhqw*v lqlwldwlyh
dolyh/ zkloh lq wkh duhd deryh ��� Ek� wkh djhqw grhv qrw h{huw dq| h�ruw xqghu wkh
S0rujdql}dwlrq1

Lq Iljxuh 6/ wkh 7�Ek�0 olqh uhodwhv wkh sur�w ohyho wr wkh pdunhw hqylurqphqw ri
wkh �up dqg wkxv wr wkh ehqh�w ri kdylqj dq h!flhqw prgh ri rujdql}dwlrq1 Uhfdoo
wkdw wkh 7�Ek� 0olqh uhsuhvhqwv wkh sur�w ohyho dw zklfk wkh sulqflsdo lv lqgl�huhqw
ehwzhhq wkh GV0�up zlwk e ' f dqg wkh D0�up zlwk wkh djhqwv pd{lpxp lql0
wldwlyh e +wklv lv wkh uhohydqw frpsdulvrq ehfdxvh wkh sulqflsdo dozd|v suhihuv wkh
S0�up zlwk e frpsduhg wr wkh D0�up zlwk e,1 Wkxv/ 7�Ek� fdswxuhv wkh ehqh�w
ri kdylqj d fhqwudol}hg prgh ri rujdql}dwlrq lq whupv ri wkh �up*v sur�w1 �Ek� lv
grzqzdug vorslqj lq � +lv xszdug vorslqj lq k, ehfdxvh zlwk dq lqfuhdvh lq � wkh

4:Wr vlpsoli| wkh h{srvlwlrq/ Iljxuh 6 rqo| vkrzv wkh fdvh zkhuh E+�, ? hED iru doo � 5 ^3> 4`
dqg Eplq+�, @ E+�,= Dv lv vkrzq lq wkh dsshqgl{/ wklv lv hqvxuhg zkhq =

5h

5� h
?

+4� n@e,

�+4� h,
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pdunhw srzhu ri wkh �up ghfolqhv1 Wkxv/ ghohjdwlqj srzhu wr wkh djhqw ehfrphv
pruh frvwo| wr wkh sulqflsdo vlqfh dq lqh!flhqw prgh ri rujdql}dwlrq wudqvodwhv
lqwr d odujhu orvv lq pdunhw vkduh1 Zlwk d orvv ri srzhu lq wkh pdunhw/ wkh �up
zdqwv pruh srzhu lqvlgh wkh �up1 Wkhuhiruh/ wkh wkuhvkrog ohyho ri sur�wv dw
zklfk wkh sulqflsdo lv lqgl�huhqw ehwzhhq wkh S0�up dqg wkh D0�up jrhv grzq
zlwk pruh frpshwlwlrq +zlwk dq lqfuhdvh lq �,1 Lq wkh duhd ehorz wkh 7�Ek�0 olqh
wkh jdlq lv odujhu zkhq wkh djhqw*v lqlwldwlyh lv vxvwdlqhg hyhq zkhq wkh sulqflsdo
orrvhv frqwuro1 Wkxv/ wkh sulqflsdo suhihuv wr ghohjdwh srzhu wr wkh djhqw1 Lq wkh
duhd deryh wkh 7�Ek�0 olqh wkh uhyhuvh lv wkh fdvh dqg wkxv wkh sulqflsdo suhihuv wr
nhhs frqwuro1

Zh duh qrz uhdg| wr dqdo|}h zklfk rujdql}dwlrq zloo hphujh lq uhvsrqvh wr
fkdqjhv lq wkh pdunhw hqylurqphqw1 Lq wkh duhd �f pdunhw frpshwlwlrq lv vr wrxjk
wkdw lw lv yhu| frvwo| iru wkh sulqflsdo wr jlyh xs frqwuro1 Wkhuhiruh wkh S0�up
grplqdwhv iru doo ydoxhv ri �� Lq wkh duhd �� ehorz wkh ��� Ek� fxuyh wkh sulqflsdo
fkrrvhv wkh S0�up dv khu rujdql}dwlrq vlqfh lq wklv duhd wkh jdlq ri kdylqj frqwuro
rxwzhljkwv wkh frvwv/ vlqfh dw � 	 ��� Ek� wkh djhqw*v lqlwldwlyh fdq eh nhsw dolyh
xqghu wkh S0rujdql}dwlrq1 Lq wkh duhd �/ lq ehwzhhq wkh wzr fxuyhv ��� Ek� dqg
7�Ek� wkh sulqflsdo fkrrvhv wkh D0�up/ vlqfh lq wklv duhd ghohjdwlqj frqwuro doorzv
wr pdlqwdlq wkh djhqwv lqlwldwlyh zkloh dw wkh vdph wlph lw grhv qrw frvw wrr pxfk
lq whupv ri orvv lq pdunhw vkduh/ vlqfh � 	 7�Ek� 1 Dv fdq eh vhhq/ wkh duhd � lq
zklfk wkh D0rujdql}dwlrq lv rswlpdo lqfuhdvhv lq vl}h zlwk d ghfolqh lq � / vlqfh wkh
vpdoohu �/ wkh vpdoohu wkh orvv lq pdunhw vkduh zklfk uhvxowv iurp ghohjdwlqj srzhu
lqvlgh wkh �up1 Ilqdoo|/ lq wkh duhd �2/ wkh �up fkrrvhv wkh GV0rujdql}dwlrq vlqfh
lq wkh uhjlrq ��� Ek� 	 7�Ek� 	 � wkh sulqflsdo*v vwdnhv duh vr kljk wkdw wkh frvwv
ri kdylqj frqwuro ehfrph vpdoohu uhodwlyh wr lwv jdlq1 Pdunhw frpshwlwlrq lv vr
wrxjk dqg2ru sur�wv duh vr kljk wkdw wkh sulqflsdo nloov wkh lqlwldwlyh ri wkh djhqw
dovr xqghu wkh D0�up/ zkloh ghohjdwlqj srzhu lqfxuv odujh orvvhv lq pdunhw vkduhv1

Iljxuh 7= Htxloleulxp Hqwu|

Zh qrz wxuq wr dqdo|}h krz wkh �up*v lqfhqwlyh wr hqwhu wkh pdunhw lv d�hfwhg
e| pdunhw frpshwlwlrq1 Lq whupv ri wkh prgho/ zh orrn dw krz wkh htxloleulxp
frqglwlrq iru iuhh hqwu| iru wkh S0�up dqg D0�up/ uhvshfwlyho| lv d�hfwhg e|
fkdqjhv lq � ru k1 Wklv lv vkrzq lq Iljxuh 71 Uhfdoo wkdw wkh fxuyhv �W

�
Ek� dqg

�W

�
Ek� duh wkh uhtxluhg sur�w ohyhov wr hqwhu wkh pdunhw dv d S0�up dqg dv dq

D0�up/ uhvshfwlyho|1 Erwk fxuyhv vorsh grzq zlwk k +vorsh xs zlwk �, vlqfh erwk
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�upv uhyhqxhv lqfuhdvh zlwk k +l1h1 ghfuhdvh zlwk �, dqg wkxv �upv uhtxluh d
orzhu sur�w wr hqwhu wkh pdunhw1 Wkh �W

�
Ek� fxuyh olhv deryh wkh �W

�
Ek� fxuyh/

vlqfh iru dq| jlyhq k wkh D0�up zloo kdyh d kdughu wlph wr vxuylyh frpshwlwlrq
lq wkh surgxfw pdunhw dv lwv sulfh zloo eh odujhu wkdq wkh sulfh ri wkh S0�up1
Wkhuhiruh/ wkh D0�up uhtxluhv d kljkhu sur�w wr hqwhu wkh pdunhw1 Zkhq wkh
�up grhv qrw idfh dq| frpshwlwlrq ru suhihuhqfhv ehwzhhq wkh sulqflsdo dqg wkh
djhqw duh shuihfwo| frqjuxhqw +zkhq k ' � ru � ' f, wkh rujdql}dwlrq ri wkh �up
vwrsv wr pdwwhu vlqfh doo frvwv fdq eh sdvvhg rq wr frqvxphuv zlwkrxw orrvlqj
pdunhw vkduh +dw k ' � wkh wzr fxuyhv froodsvh wr wkh vdph uhtxluhg sur�w ydoxh
�W

�
Ek� ' �W

�
Ek�,1

Iljxuh 8= Htxloleulxp Rujdql}dwlrq zlwk Iuhh Hqwu|

Iljxuh 8 frpelqhv wkh lqvljkwv ri Iljxuh 6 dqg Iljxuh 7 wr dqdo|}h wkh htxl0
oleulxp prgh ri rujdql}dwlrq xqghu iuhh hqwu|4;1 Wkxv/ wkh �jxuh orrnv dw krz
hqgrjhqrxv sur�wv +jlyhq e| wkh iuhh hqwu| frqglwlrqv, lqwhudfw zlwk wkh �up*v
rswlpdo fkrlfh ri rujdql}dwlrq1 Wkh wzr fxuyhv ��� Ek� dqg �Ek� iurp Iljxuh 6
fkdudfwhul}lqj wkh rswlpdo fkrlfh ri lqwhuqdo rujdql}dwlrq duh sorwwhg dv zhoo dv
wkh wzr fxuyhv �W

�
Ek� dqg �W

�
Ek� iurp Iljxuh 7 ghvfulelqj wkh iuhh hqwu| sur�w

ohyhov xqghu wkh S0�up zlwk djhqw*v h�ruw +l1h1 e ' e, dqg xqghu wkh D0�up1 Lq
dgglwlrq/ wkh krul}rqwdo olqh �W

f
'
s
2} lv jlylqj wkh iuhh hqwu| sur�w ohyho xqghu

wkh GV0�up1

D iuhh hqwu| htxloleulxp S0rujdql}dwlrq zlwk djhqw*v h�ruw lv dorqj wkh fxuyh
�W

�
Ek� lq wkh uhjlrq ri k lq dk� c �o1 Ehorz wkh ��� Ek� fxuyh �upv zdqw wr fkrrvh

wkh S0rujdql}dwlrq +zh nqrz wklv iurp Iljxuh 6, dqg dorqj wkh �W

�
Ek� fxuyh �upv

kdyh dq lqfhqwlyh wr hqwhu wkh pdunhw dqwlflsdwlqj wkhlu fkrlfh ri d S0rujdql}dwlrq1
Wkxv/ dorqj wkh fxuyh �W

�
Ek� lq wkh uhjlrq ri k lq dk� c�o �upv hqwhu dqg fkrrvh

wkh S0rujdql}dwlrq1 Vlploduo|/ d iuhh hqwu| htxloleulxp D0rujdql}dwlrq zlwk kljk
djhqw*v h�ruw lv dorqj wkh fxuyh �W

�
Ek� dqg lq ehwzhhq wkh wzr fxuyhv ��� Ek� dqg

�Ek�1 Zh nqrz iurp Iljxuh 6 wkdw lq ehwzhhq wkh fxuyhv ��� Ek� dqg �Ek� �upv
fkrrvh wkh D0rujdql}dwlrq1 Dorqj wkh �W

�
Ek� fxuyh �upv zloo kdyh dq lqfhqwlyh

wr hqwhu wkh pdunhw dqwlflsdwlqj wkhlu fkrlfh ri dq D0rujdql}dwlrq1 Wkxv/ �upv
hqwhu dqg fkrrvh wkh D0rujdql}dwlrq dorqj wkh �W

�
Ek� fxuyh lq wkh uhjlrq ri k lq

4;Wkh suhflvh ghulydwlrq ri �jxuh 8 lv jlyhq lq wkh dsshqgl{1
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dkck�o1 Ilqdoo|/ d iuhh hqwu| htxloleulxp GV0rujdql}dwlrq lv dorqj wkh  dw fxuyh
�W

f
'
s
2} deryh wkh fxuyh �Ek�1 Zh nqrz iurp Iljxuh 6 wkdw deryh wkh fxuyh

�Ek� �upv suhihu wkh GV0rujdql}dwlrq wr wkh D0rujdql}dwlrq zlwk djhqw*v h�ruw1
Dorqj wkh �W

f
fxuyh sur�wv duh vxfk wkdw �upv zdqw wr hqwhu dv GV0�upv14<

Wkh erog olqh lq Iljxuh 8 ghvfulehv wkh qdwxuh ri wkh iuhh hqwu| rujdql}dwlrqdo
htxloleuld dv d ixqfwlrq ri wkh ghjuhh ri frpshwlwlrq � +ru wkh ghjuhh ri wuxvw
k�1 Vhyhudo srlqwv duh zruwk qrwlflqj1 Iluvw/ dw k ' � dqg � ' f wkh wzr
rujdql}dwlrqv duh htxlydohqw iurp wkh srlqw ri ylhz ri wkh �up1 Dw wklv sdudphwhu
ydoxhv/ suhihuhqfhv ri wkh sulqflsdo dqg wkh djhqw duh shuihfwo| frqjuxhqw1 Hlwkhu
) ' � dqg wkhuh lv qr frvw gl�huhqwldo ehwzhhq wkh wzr prghv ri rujdql}dwlrq1 Ru
) : �/ exw wkh frvw gl�huhqwldo grhv qrw pdwwhu iru sur�wv1 Pdunhw frpshwlwlrq
lv vr zhdn dw � ' f wkdw dq| rujdql}dwlrqdo lqh!flhqf| fdq eh sdvvhg rq wr
frqvxphuv zlwkrxw orrvlqj pdunhw vkduh1

Vhfrqg/ zlwk dq lqfuhdvh lq � +d ghfuhdvh lq k, wkh htxloleulxp �up rujdql}d0
wlrq pryhv iurp fhqwudol}dwlrq ri srzhu wr ghfhqwudol}dwlrq ri srzhu dqg �qdoo| wr
d vlqjoh pdqdjhg �up +iurp d S0�up zlwk djhqw h�ruw wr dq D0�up wr d GV0�up,1
W|slfdoo|/ zlwk dq lqfuhdvh lq frpshwlwlrq wkh �up uhtxluhv d odujhu ohyho ri sur�w
�W wr hqwhu wkh pdunhw xqghu erwk rujdql}dwlrqv1 Wklv phdqv wkdw wkh vwdnhv
ri wkh �up ulvh zlwk pruh frpshwlwlrq dqg wkxv wkh �up kdv d odujhu lqfhqwlyh
wr prqlwru surmhfwv1 Lqlwldoo|/ zlwk olwwoh frpshwlwlrq iru ydoxhv ri k lq wkh udqjh
ri dk� c�o/ wkh �up*v iuhh hqwu| vwdnhv �W duh qr wrr kljk1 Wkhuhiruh/ wkh �up*v
prqlwrulqj grhv qrw nloo wkh lqlwldwlyhv ri wkh djhqw hyhq xqghu wkh S0rujdql}dwlrq1
Khqfh/ �upv fkrrvh wkh odwwhu1 Krzhyhu/ zkhq frpshwlwlrq nhhsv lqfuhdvlqj dqg
� wdnhv lqwhuphgldwh ydoxhv/ wkhq wkh uhtxluhg vwdnhv wr hqwhu wkh pdunhw duh kljk
hqrxjk wr nloo wkh lqlwldwlyh ri wkh djhqw xqghu wkh S0�up exw qrw xqghu wkh D0
�up1 Wklv lq wxuq phdqv wkdw wkhuh lv d wudgh0r� ehwzhhq frqwuro dqg lqlwldwlyh
iru wkh �up1 Dv orqj dv wkh iuhh hqwu| vwdnhv duh qrw wrr kljk +l1h1 fruuhvsrqglqj
wr ydoxhv ri k lq dkck�o,/ wkh D0rujdql}dwlrq zloo hphujh dv dq htxloleulxp iuhh

4<Wkh �jxuh fdq eh xvhg dovr wr ghprqvwudwh wkdw pl{hg htxloleuld fdq eh uxohg rxw doprvw
vxuho|1 Lq rughu wr kdyh d pl{hg htxloleulxp �upv pxvw eh lqgl�huhqw ehwzhhq wkh D0rujdql}dwlrq
dqg wkh GV0rujdql}dwlrq +uhfdoo wkdw wkh S0rujdql}dwlrq zlwk h�ruw dozd|v grplqdwhv wkh D0
rujdql}dwlrq zlwk h�ruw,1 Wklv uhtxluhv E wr eh rq wkh E+�,0 olqh1 Exw lw dovr uhtxluhv E wr eh

rq wkh E�

D
+�,0 fxuyh lq rughu iru wkh �up wr kdyh dq lqfhqwlyh wr hqwhu dv dq D0�up1 Wklv nlqg

ri vlwxdwlrq fdq rffxu rqo| lq wkh �jxuh zkhq wkh wzr fxuyhv lqwhuvhfw dw �1 Khqfh/ li dw doo d

pl{hg htxloleulxp ehwzhhq wkh D0rujdql}dwlrq dqg wkh GV0rujdqlvdwlrq fdq rffxu rqo| iru rqh

ydoxh ri � @ �1

5:



hqwu| rxwfrph iru hdfk �up1 Ilqdoo|/ dv frpshwlwlrq lv lqfuhdvlqj ixuwkhu + l1h1
fruuhvsrqglqj wr ydoxhv ri k vpdoohu wkdq k,/ wkh uhtxluhg sur�w ohyho iru pdu0
nhw hqwu| lqfuhdvhv ixuwkhu xqwlo wkh vwdnhv iru wkh �up ehfrph vr kljk wkdw wkh
wudgh0r� ehwzhhq frqwuro dqg lqlwldwlyh edodqfhv rxw lq idyru ri frqwuro dqg wkh
GV0�up hphujhv dv wkh htxloleulxp rujdql}dwlrq1

Wklug/ wkh prgho surgxfhv pxowlsoh htxloleuld iru k lq wkh udqjh ri dk� c k�o1
Dw lqwhuphgldwh ohyhov ri frpshwlwlrq rqh htxloleulxp prgh ri rujdql}dwlrq lv wkh
S0�up zlwk kljk djhqw*v h�ruw dqg dqrwkhu htxloleulxp prgh ri rujdql}dwlrq lv
wkh D0�up531 Wkh uhdvrq iru vxfk pxowlsoh htxloleuld frphv iurp d �vwudwhjlf frp0
sohphqwdulw| � dprqj �upv dw wkh ghflvlrq vwdjh ri rswlpdo �up rujdql}dwlrq1 Dw
dq lqwhuphgldwh ohyho ri frpshwlwlrq wkh dwwudfwlyhqhvv ehwzhhq wkhvh wzr prghv
ri rujdql}dwlrqv ghshqgv rq wkh rujdql}dwlrqdo ghflvlrqv wdnhq e| rwkhu �upv lq
wkh pdunhw1 Hdfk �up lqglylgxdoo| zrxog fkrrvh wkh D0rujdql}dwlrq dw wklv ohyho
ri frpshwlwlrq/ vlqfh lq ehwzhhq wkh fxuyhv ��� Ek� dqg �Ek� wkh D0rujdql}dwlrq lv
rswlpdo1 Krzhyhu/ zkhq wkh �up dqwlflsdwhv dw wklv vwdjh wkdw doo wkh rwkhu �upv
zloo fkrrvh wkh S0rujdql}dwlrq/ wkhq/ vkh dovr dqwlflsdwhv wkdw wkh sur�w dqg frvw
ohyho lq wkh pdunhw zloo eh orz dv zhoo1 Uhfdoo wkdw S0�upv kdyh orzhu frvwv dqg
wkxv uhtxluh d orzhu sur�w ohyho iru pdunhw hqwu|1 Wkxv/ wkh �up dqwlflsdwhv wkdw
lw zloo eh kdug iru khu wr vxuylyh frpshwlwlrq zlwk dq D0rujdql}dwlrq1 Wkhuhiruh/
pdunhw hqwu| dv dq D0�up lv qrw sur�wdeoh dqg wkh �up*v ehvw fkrlfh diwhu hqwu|
zloo eh wr fkrrvh d S0rujdql}dwlrq dv zhoo1 Vlploduo|/ zkhq wkh �up dqwlflsdwhv
wkdw doo wkh rwkhu �upv zloo fkrrvh wkh D0rujdql}dwlrq/ wkhq vkh h{shfwv wr eh
d yldeoh frpshwlwru lq wkh pdunhw zlwk dq D0rujdql}dwlrq1 Wkxv/ wkh �up dovr
rswv iru dq D0rujdql}dwlrq diwhu pdunhw hqwu|1 Wkh pxowlsolflw| ri rujdql}dwlrqdo
htxloleuld dulvh gxh wr d frruglqdwlrq sureohp dprqj �upv zklfk frphv iurp wkh
idfw wkdw wkh �up*v fkrlfh ri rujdql}dwlrq ghshqgv rq khu sur�wv dv zhoo dv rq
wkh sur�wv ri wkh rwkhu �upv lq wkh pdunhw1 Wkh rwkhu �upv sur�w ohyho/ lq wxuq/
ghshqgv rq zkdw �up rujdql}dwlrq wkh| kdyh fkrvhq1 Dv djjuhjdwh frvwv lq wkh
pdunhw duh ghwhuplqhg e| wkh frpsrvlwlrq ri D0�upv dqg S0�upv lq wkh pdu0
nhw/ wkh prgho surgxfhv d ihhgedfn phfkdqlvp e| zklfk wkh �up*v rujdql}dwlrqdo
fkrlfh ghwhuplqhv pdunhw frqglwlrqv/ zklfk/ lq wxuq/ lq xhqfh dq lqglylgxdo �up*v
fkrlfh ri �up rujdql}dwlrq1

53Wkhuh lv dovr d wklug htxloleulxp zklfk fruuhvsrqgv wr wkh fdvh zkhuh wkh S0�up kdv d

wklug Qdvk �lqwhulru � htxloleulxp lq whupv ri wkh djhqw*v h�ruw dqg wkh sulqflsdo*v h�ruw h�
S
@

4

�
+4 �

j+4� n

e
,

E
,> H�

S @ 4 � n
e
= Wklv Qdvk htxloleulxp kdv ehhq vhohfwhg dzd| ehfdxvh lw zdv

grplqdwhg e| wkh djhqw*v kljk h�ruw htxloleulxp h�S @ h> H�

S @ +4� �h,E@j
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Qrwh wkdw wkh frruglqdwlrq sureohp dprqj �upv glvdsshduv iru orz dqg kljk
ohyhov ri frpshwlwlrq/ rxwvlgh wkh udqjh ri k ri dk� c k�o1 Zkhq frpshwlwlrq lv orz
+lq wkh udqjh ri k ri dk�c�o wkh �up*v rujdql}dwlrqdo fkrlfh grhv qrw ghshqg rq
rwkhu �upv* rujdql}dwlrqdo ghflvlrq/ ehfdxvh lqglylgxdo dqg djjuhjdwh frvwv gr qrw
pdwwhu wrr pxfk iru krz zhoo wkh �up lv grlqj lq wkh pdunhw1 Zkhq frpshwlwlrq
lv wrxjk +lq wkh udqjh ri k ri dkck� o, wkh rswlrq iru wkh �up wr fkrrvh d S0
rujdql}dwlrq zlwk kljk djhqw*v h�ruw glvdsshduv dowrjhwkhu dqg wkxv/ dv rxu �up/
doo wkh rwkhu �upv lq wkh pdunhw zloo fkrrvh wkh D0rujdql}dwlrq dv zhoo dqg wkh|
zloo qrw �qg lw sur�wdeoh wr hqwhu dv S0�upv1 Wkxv/ lq hlwkhu fdvh/ dw orz dqg kljk
ohyhov ri frpshwlwlrq/ wkhuh lv qr qhhg wr frruglqdwh dfwlrqv dprqj �upv1

81 Zhoiduh

Lq wklv vhfwlrq zh h{dplqh zkhwkhu wkh rujdql}dwlrqdo iuhh hqwu| htxloleuld fdq
eh udqnhg lq whupv ri hfrqrplf zhoiduh wr vrflhw|1 Vlqfh �upv sur�wv duh gulyhq
grzq wr }hur lq htxloleulxp/ zh fdq irfxv rq frqvxphu zhoiduh1

Zh pd| frpsxwh frqvxphu zhoiduh dv

` ' � -
�] ?

f

dSE��o3
�

�3� _�
�

�3�

�

zkhuh - lv wrwdo lqfrph lq wkh hfrqrp|1 Ghshqglqj rq wkh rujdql}dwlrqdo
htxloleulxp � 5 d�c�c foc frqvxphu zhoiduh fdq eh h{suhvvhg dv

`� ' � -� ?
�3�

�

�

�
�3�

�

�

S�
+814,

zlwk D � wkh �rujdql}dwlrqdo pl{� xqghu hdfk uhjlph dv

D� ' .W

� n E�� .W

� �ke
W

� / D� ' keW� n E� � eW��.
W

� / Df ' .W

f

dqg -� wkh hfrqrp|*v lqfrph xqghu hdfk uhjlph

-� ' ?� d .W

� R�+� n E�� .W

� �e
W

� RK+Ko ' ?� D�
��

� � �

-� ' ?� dE� � eW��.
W

� R�+� n eW� RK+Ko ' ?� D�
��

� � �

-f ' ?f d .
W

f
R�+� o ' ?f Df

�f

� � �
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Iurp +814, zh fdq vhh wkdw frqvxphu zhoiduh ghshqgv rq wkh lqfrph h�hfw

fdswxuhg e| -�/ rq wkh ydulhwlhv h�hfw jlyhq e| wkh whup ?
�3�

�

� / dqg rq wkh frvw

h�hfw jlyhq e| wkh whup �
�3�

�

� *S�� Iurp rxu suhylrxv glvfxvvlrq zh nqrz wkdw
?W� : ?W� : ?W

f
wkh ydulhwlhv h�hfw lv odujhvw lq hfrqrplhv zlwk D0rujdql}dwlrqv

dqg vpdoohvw lq hfrqrplhv zlwk GV0rujdql}dwlrqv1Zh dovr nqrz wkdw jrrgv sulfhv
duh odujhu lq hfrqrplhv zlwk D0�upv wkdq zlwk S0�upv/ vlqfh D0�upv kdyh odujhu
frvwv1 Khqfh/ wkh frpsdulvrq ehwzhhq wkh rujdql}dwlrqdo htxloleuld zloo ghshqg
rq zklfk ri wkhvh h�hfwv grplqdwh1

Wr h{soruh wklv ixuwkhu zh uhzulwh wkh oderu pdunhw fohdulqj frqglwlrq lq hdfk
uhjlph dv

u ' ?� D�
� ��

� � �
n ?� 8�

zkhuh ?� D�
� ��

�3�
lv wkh oderu ghpdqg hpdqdwlqj iurp wkh yduldeoh frvwv ri

surgxfwlrq dqg ?�8� lv wkh oderu ghpdqg hpdqdwlqj iurp wkh �{hg frvwv ri lqiru0
pdwlrq dftxlvlwlrq 8� ' �n }.2

� *21 Zlwk wkhvh qrwdwlrqv/ zh fdq uhzulwh wkh iuhh
hqwu| frqglwlrqv +6148,/ +614;, dqg +6154, dv

8� ' D� ��

zklfk lpsolhv

?� D � '
E�� ��u

��

Vxevwlwxwlqj lqwr +814, jlyhv

`� '
�

�� �

�

S�
EE�� ��u�

�

� E�W

� �
3

�3�

�

Qrwh wkdw frqvxphu zhoiduh lq wkh Gl{lw dqg Vwljolw} prgho fdq eh h{suhvvhg dv d
vshfldo fdvh zlwk wkh rujdql}dwlrqdo pl{ htxdo wr D � ' �� Ghqrwlqj �E�� ' �

�3�
�

S�

EE�� ��u�
�

� / frqvxphu zhoiduh fdq eh uhvwdwhg dv

`�E�c )� ' �E��E�W

� E�c )��
3

�3�

� iru � ' �c�

wdnlqj lqwr dffrxqw wkh idfw wkdw htxloleulxp sur�w ohyhov xqghu wkh S0rujdql}dwlrq
�W

� +ru �W

f
, dqg D0rujdql}dwlrq �W

� ghshqg wkurxjk k ' )3
�

�3� rq � dqg wkh
frvw gl�huhqwldo )� Wkh zhoiduh ixqfwlrqv lq wkh wkuhh gl�huhqw uhjlphv duh qrz

63



h{suhvvhg lq whupv ri wkh uhtxluhg sur�w ohyhov iru pdunhw hqwu| �W

� 1 Wkxv/
frqvxphu zhoiduh lv lqyhuvho| uhodwhg wr �W

� dqg fdq eh udqnhg e| frpsdulqj wkh
uhtxluhg sur�w ohyhov iru pdunhw hqwu| �W

� lq wkh wkuhh uhjlphv1 Zh nqrz iurp
vhfwlrq 615 wkdw wkh iuhh hqwu| sur�w ohyhov duh udqnhg dv

�W

f
: �W

�Ek� : �W

� Ek�

iurp zklfk zh rewdlq

` W

f
E�c )� 	 ` W

�E�c )� 	 ` W

� E�c )� +815,

Iru jlyhq � dqg )c frqvxphuv duh ehvw vhuyhg zlwk dq rujdql}dwlrq ri S0�upv lq
zklfk srzhu lqvlgh wkh �up lv fhqwudol}hg dw wkh wrs dqg frqvxphuv ehqh�w ohdvw
iurp rujdql}dwlrqv uxq e| vlqjoh pdqdjhg �upv1 Lw wxuqv rxw wkdw wkh zhoiduh
udqnlqj lv h{foxvlyho| gulyhq e| wkh �{hg frvwv ri pdunhw hqwu| ghwhuplqlqj wkh
qxpehu ri ydulhwlhv/ zkloh wkh frvw dqg lqfrph h�hfw mxvw fdqfho rxw1 Wkh frvw
gl�huhqwldo ehwzhhq dq hfrqrp| zlwk D0�upv dqg dq hfrqrp| zlwk S0�upv zloo
eh h{dfwo| pdwfkhg e| d gl�huhqwldo lq zdjhv ohdglqj wr lghqwlfdo dyhudjh frvwv lq
wkhvh hfrqrplhv zlwk gl�huhqw rujdql}dwlrqdo uhjlphv154

91 Frqfoxvlrq

Lq wklv sdshu zh h{dplqh krz pdunhw frpshwlwlrq lqwhudfwv zlwk wkh �upv* prgh
ri rujdql}dwlrq lq jhqhudo htxloleulxp1 Pdunhw frpshwlwlrq fkdqjhv wkh ehkdylru
ri wkh shrsoh lqvlgh wkh �up1 Zlwk dq lqfuhdvh lq pdunhw frpshwlwlrq wkh frq lfw
ri lqwhuhvwv ehwzhhq gl�huhqw od|huv ri pdqdjhphqw ehfrphv pruh frvwo| wr wkh
�up dv wkh srzhu vwuxjjoh wudqvodwhv lq d odujhu orvv lq pdunhw vkduh1 Dv wkh vwdnhv
ulvh/ wkh FHR jhwv pruh lqyroyhg lq wkh ghflvlrqv wdnhq dqg prqlwruv pruh lqvlgh
wkh �up zkhq khu pdunhw srzhu lv hurghg e| frpshwlwlrq1 Wkh lqfuhdvh lq wkh
FHR*v frqwuro lq wkh �up frphv/ krzhyhu/ zlwk wkh srwhqwldo frvwv ri orrvlqj wkh
lqlwldwlyh dqg hqwkxvldvp ri orzhu ohyho pdqdjhphqw1 Xqghu wkhvh flufxpvwdqfhv/
lw pd| eh zruwkzloh iru wkh FHR wr fkdqjh wkh prgh ri rujdql}dwlrq dqg wr

54Wklv jhqhudo htxloleulxp h�hfw lv zhoo nqrzq iurp d Ulfdugr prgho zlwk pdq| jrrgv dv lq
Gruqexvfk/ Ilvfkhu/ Vdpxhovrq +4<::,1
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ghohjdwh ghflvlrq srzhu wr orzhu ohyhov ri pdqdjhphqw wr suhvhuyh lwv lqlwldwlyh1
Wkh hpsrzhuphqw ri pdqdjhphqw lqyroyhv wkhq d vkliw wr d �up rujdql}dwlrq
zlwk odujhu surgxfwlrq frvwv1 Wkxv/ wr hpsrzhu zrunhuv dw orzhu ohyhov ri wkh
�up klhudufk| d sur�w pd{lpl}lqj frusrudwlrq pljkw qrw rsw iru wkh *ohdqhvw*
rujdql}dwlrq zklfk plqlpl}hv frvwv1

Rxu prgho surgxfhv pxowlsoh htxloleuld zklfk dulvh rxw ri d vwudwhjlf frp0
sohphqwdulw| dprqj �upv rujdql}dwlrqdo ghflvlrqv1 Ilupv rujdql}dwlrqdo fkrlfh
ghwhuplqhv pdunhw frqglwlrqv/ zklfk lq wxuq/ lq xhqfh dq lqglylgxdo �up*v fkrlfh
ri �up rujdql}dwlrq1 Wklv ihhgedfn phfkdqlvp fdq dffrxqw iru zk| wzr rwkhu0
zlvh lghqwlfdo frxqwulhv pljkw kdyh gl�huhqw frusrudwh rujdql}dwlrqv +olnh l1 h1 wkh
vwdnhkroghu hfrqrp| lq Jhupdq| dqg wkh vkduhkroghu hfrqrp| lq wkh XV,1 Ilupv
lq rqh frxqwu| fkrrvh d sduwlfxodu frusrudwh rujdql}dwlrq ehfdxvh wkh| h{shfw
rwkhu �upv wr fkrrvh wklv rujdql}dwlrq155 Joredol}dwlrq fdq ohdg wr d frqyhujhqfh
lq frusrudwh fxowxuhv dfurvv frxqwulhv1 Wklv pd| uhvxow lq phujhu zdyhv +d vkliw
iurp dq D0rujdql}dwlrq wr d S0rujdql}dwlrq, ru lq zdyhv ri rxwvrxuflqj +d pryh
iurp d S0rujdql}dwlrq wr dq D0rujdql}dwlrq, zkhq frxqwulhv ehfrph pruh lqwh0
judwhg lqwr wkh zruog hfrqrp| dv wkh frusrudwh vhfwru uhrujdql}hv lq uhvsrqvh wr
dq lqfuhdvh lq lqwhuqdwlrqdo frpshwlwlrq1 56

55Iru wkh uroh ri klvwru| yhuvxv h{shfwdwlrqv/ vhh Nuxjpdq +4<<4,1
56Lq Pf Oduhq +5334, lqwhuqdwlrqdo wudgh fdq ohdg wr dq lqfuhdvh lq dup*v ohqjwk wudgh zklfk

whqgv wr eh *lqwhuqdwlrqdoo| frqwdjlrxv*1 Lq klv prgho lqwhuqdwlrqdo wudgh orzhuv wkh krog0xs
sureohp wkdw lqsxw vxssolhuv idfh/ zklfk lq wxuq/ ohdgv wr dq lqfuhdvh lq dup*v ohqjwk wudgh1

65



:1 Uhihuhqfhv

S1 Djklrq dqg M1 Wluroh1 4<<81 Vrph Lpsolfdwlrqv ri Jurzwk iru Rujdql}dwlrqdo

Irup dqg Rzqhuvkls Vwuxfwxuh1 Hxurshdq Hfrqrplf Uhylhz 6<1 ss1 77307881

S1 Djklrq dqg M1 Wluroh1 4<<:1 Irupdo dqg Uhdo Dxwkrulw| lq Rujdql}dwlrqv1
Mrxuqdo ri Srolwlfdo Hfrqrp|1 438= 41 ss 405<1

Fkulv Duj|ulv1 4<<;1 Hpsrzhuphqw= Wkh Hpshuru*v Qhz Forwkhv1 Kduydug
Exvlqhvv Uhylhz1 Pd|0Mxqh1 ss <; 0 4381

J1 Ehujhu dqg H1 Rihn1 4<<81 Glyhuvl�fdwlrq*v H�hfw rq Ilup Ydoxh1 Mrxuqdo

ri Ilqdqfldo Hfrqrplfv1 6:/ ss1 6<0981

D1 N1 Gl{lw dqg M1 H1 Vwljolw}1 4<::1 Prqrsrolvwlf Frpshwlwlrq dqg Rswlpxp
Surgxfw Glyhuvlw|1 Dphulfdq Hfrqrplf Uhylhz1 9:/ ss1 5<:063;1

U1 Gruqexvfk/ V1 Ilvfkhu/ S1 D1 Vdpxhovrq1 4<::1 Frpsdudwlyh Dgydqwdjh/
Wudgh/ dqg Sd|phqwv lq d Ulfdugldq Prgho zlwk d Frqwlqxxp ri Jrrgv1 Dphulfdq
Hfrqrplf Uhylhz1 9:= 8/ ss1 ;5606<1

J1 Jurvvpdq dqg H1 Khospdq1 53351 Lqwhjudwlrq yv1 Rxwvrxuflqj lq Lqgxvwu|
Htxloleulxp1 Txduwhuo| Mrxuqdo ri Hfrqrplfv1 iruwkfrplqj1

V1 M1 Jurvvpdq dqg R1 Kduw 14<;91 Wkh Frvwv dqg Ehqh�wv ri Rzqhuvkls= D
Wkhru| ri Yhuwlfdo dqg Odwhudo Lqwhjudwlrq1 Mrxuqdo ri Srolwlfdo Hfrqrp|1 <71 ss1
9<40:4<1

R1 Kduw dqg M1 Prruh1 4<<31 Surshuw| Uljkwv dqg wkh Qdwxuh ri wkh Ilup1
Mrxuqdo ri Srolwlfdo Hfrqrp|1 <;1 ss1 444<0448;1

E1 Kropvwurp1 53331 Frusrudwh Uhvwuxfwxulqj= Pdunhwv yhuvxv Pdqdjhuv1
Ohfwxuh jlyhq dw wkh Xqlyhuvlw| ri Pxqlfk1 Plphr1

E1 Kropvwurp dqg Vw1 Q1 Ndsodq1 53341 Frusrudwh Jryhuqdqfh dqg Phujhu
Dfwlylw| lq wkh Xqlwhg Vwdwhv1 Mrxuqdo ri Hfrqrplf Shuvshfwlyhv1 48= 5/ ss1
45404771
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U1 H1 Nudqwrq1 4<<91 Uhflsurfdo H{fkdqjh= D Vhoi0Vxvwdlqlqj V|vwhp1 Dphu0
lfdq Hfrqrplf Uhylhz ;9= 7/ ss ;630841

S1 Nuxjpdq1 4<<41 Klvwru| yhuvxv H{shfwdwlrqv1 Txduwhuo| Mrxuqdo ri Hfr0
qrplfv1 439=5/ ss1 98409:1

O1 Odqj dqg U1 Vwxo}1 4<<71 Wrelq*v T/ Frusrudwh Glyhuvl�fdwlrq/ dqg Ilup
Shuirupdqfh1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ 4351 ss1 457;045;31

M1 PfOduhq1 53331 Joredol}dwlrq dqg Yhuwlfdo Vwuxfwxuh1 Dphulfdq Hfrqrplf
Uhylhz1 <31 ss1 456<045871

V1 D1 Prkupdq/ M1 U1 Jdoeudlwk/ dqg H1H1 Dozdlu1 4<<;1 Wrpruurz*v Rujdql0
}dwlrq1 Vdq Iudqflvfr= Mrvvh|0Edvv1

U1N1 Vdk dqg M1 H1 Vwljolw} 4<;91 Wkh Dufklwhfwxuh ri Hfrqrplf V|vwhpv=
Klhudufklhv dqg Sro|dufklhv1 Dphulfdq Hfrqrplf Uhylhz1 :9=7/ ss1 :4905:1

P1 Zhehu1 4<9;1 Hfrqrp| dqg Vrflhw|= Dq Rxwolqh ri Lqwhusuhwlyh Vrflrorj|1
Qhz \run= Ehgplqvwhu Suhvv1

R1H1 Zlooldpvrq1 4<:81 Pdunhwv dqg Klhudufklhv= Dqdo|vlv dqg Dqwlwuxvw
Lpsolfdwlrqv1 Qhz \run= Iuhh Suhvv1
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;1 Dsshqgl{ L

Ghvfulswlrq ri wkh ydulrxv htxloleuld lq whupv ri wkh frqjuxhqfh sd0

udphwhu k1

� Ghulydwlrq ri Iljxuh 4

Uhfdoo wkh ixqfwlrqv=

h�� Ek� '
}E�� &*K�

� � ek
/ h�� '

}E�� &*K�

qE�� e�
/ �Ek� '

2}k

2� e

�4�?Ek� ' ��?i�Ek�( h��j
Lw fdq eh vhhq wkdw h�� Ek� lv lqfuhdvlqj frqyh{ zlwk

h�� Ef� ' }E�� &*K� : f dqg h�� E�� '
}E� � &*K�

�� e

Zh dvvxph iru vlpsolflw| ri h{srvlwlrq=

Frqglwlrq D14=
2E� � e�

2 � e
qe 	 E�� &*K� 	

2E�� e�

2� e

Iurp wkh �uvw lqhtxdolw| ri frqglwlrq D14=

2e

2� e
	

E� � &*K�

qE� � e�
+;14,

Khqfh �Ek� 	 �E�� 	 h�� dqg �4�?Ek� ' ��?i�Ek�( h��j ' �Ek�

Iurp wkh vhfrqg lqhtxdolw| ri frqglwlrq D14=

h�� E�� '
E�� &*K�}

� � e
	

2}

2� e
' �E��

6;



Khqfh wkh wzr fxuyhv �Ek� dqg h�� Ek� orrn olnh lq �jxuh 4 dqg gr lqwhuvhfw
zlwk hdfk rwkhu dw vrph srlqw hk1

Ghulydwlrq ri Iljxuh 6

Qrz frqvlghu wkh �htxloleulxp� ohyhov ri sur�wv �W

� Ek� xqghu d S0rujdql}dwlrq
+zlwk kljk h�ruw e, dqg �W

�Ek� xqghu wkh D0rujdql}dwlrq1 Wkh| duh/ uhvshfwlyho|
jlyhq e| =

�2
� E� � ek�2

2}
n ek�� � � ' f +;15,

dqg
�2
�E�� e�2

2}
n ek�� � � ' f +;16,

Gl�huhqwldwlrq jlyhv lpphgldwho|=

Y�W

� Ek�

Yk
'
�e��

k
�� �� E�3ek�

}

l
�� E�3ek�2

}
n ek

	 f

Y�W

�Ek�

Yk
'

�e��

��E�3e�2

}
n ek

	 f

Wkh wzr ixqfwlrqv duh ghfuhdvlqj lq k1 Pruhryhu/ iurp +;15, dqg +;16,

�W

� Ek� 	 �W

�Ek� iru doo k 5 dfc �d/ dqg �W

� E�� ' �W

�E�� ' �W

zlwk �W vxfk wkdw
E�W�2E� � e�2

2}
n e�W ' �

Dovr �W

� Ef� '
s
2} zklfk lv wkh htxloleulxp �up*v sur�wv xqghu d S0dxwkrulw|

vwuxfwxuh zlwk qr djhqw*v h�ruw +e ' f,1 Wkh wzr ixqfwlrqv �W

� Ek� 	 �W

�Ek� duh
wkhq dv uhsuhvhqwhg lq �jxuh 51

Wkh odujhvw srvvleoh htxloleulxp sur�w ydoxh lv �W

�Ef� ' E
s
2}�* E�� e�� Wkxv

wr hqvxuh wkdw wkh sulqflsdo*v h�ruw ohyhov . /duh dozd|v ohvv wkdq � +wr eh sured0
elolwlhv,/ zh qhhg

�E�� ke� 	 } iru doo srvvleoh ydoxhv ri � dqg k 5 dfc �o

6<



Dvx!flhqw frqglwlrq iru wklv wr krog lv

�W

�Ef� 	 }

ru wkh iroorzlqj frqglwlrq

Frqglwlrq D15=
2

E�� e�2
	 }

zklfk zh dvvxph wr eh vdwlv�hg + wkh frvw ixqfwlrq }E.� lv frqyh{ hqrxjk,
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� Ghulydwlrq ri Iljxuh 8

D qxpehu ri xvhixo uhvxowv duh ghvfulehg qrz=

Ohppd ;141 = Jlyhq frqglwlrq D=5/ zh kdyh

�W

�
E�� ' �W

�
E�� ' �W 	 �E�� '

2}

2� e

Surri1 = Lqghhg �W 	 �E�� li dqg rqo| li

E�W�2E�� e�2

2}
n e�W ' � 	

E�E���2E� � e�2

2}
n e�E��

wkh odvw lqhtxdolw| lv htxlydohqw wr

� 	 2}

%
E�� e�2

E2� e�2
n

e

2 � e

&

zklfk lv vdwlv�hg zkhq

� 	 2}
E� � e�2

E2 � e�2

zklfk lv lpsolhg e| frqglwlrq D151

Ohppd ;151 Wkhuh h{lvwv d xqltxh ydoxh k ' k ehwzhhq f dqg � vxfk wkdw

�W

�
Ek� ' �Ek� ' �W

�
Ef� '

t
2}

Lq rwkhu zrugv/ k lv dw wkh frpprq lqwhuvhfwlrq ri wkh fxuyhv �W

�
Ek�c �Ek� dqg

wkh krul}rqwdo olqh � ' �W

�
Ef� '

s
2}

Surri1 = Frqvlghu wkh ydoxh k 5ofc �d vxfk wkdw =

�W

�
Ef� '

t
2} ' �W

�
Ek� +;17,

Vxfk d ydoxh h{lvwv/ dv �W

�
Ek� lv vwulfwo| ghfuhdvlqj lq k dqg �W

�
Ef� : �W

�
Ef� :

�W

�
E�� ' �W

�
E�� ' �W� Iurp +;17,/ lw iroorzv wkdw

E�W

�
Ek��2

2}
' �
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dqg e| gh�qlwlrq ri �W

�
Ek�c

E�W

�
Ek��2E� � e�2

2}
n ekE�W

�
Ek�� ' �

dw wkh vdph wlph �Ek� lv gh�qhg e| wkh ydoxh ri sur�wv vxfk wkdw

�Ek�2E� � e�2

2}
n ek�Ek�� � '

�Ek�2

2}
� �

+lqgl�huhqfh ehwzhhq dq D0rujdql}dwlrq dqg d GV0rujdql}dwlrq zlwk e ' f,1
Fohduo|

E�W

�
Ek��2E� � e�2

2}
n ekE�W

�
Ek��� � '

E�W

�
Ek��2

2}
� � ' f

Khqfh �W

�
Ek� ' �Ek� dqg k lv dw wkh frpprq lqwhuvhfwlrq ri wkh fxuyhv �W

�
Ek�/

�Ek� dqg wkh krul}rqwdo olqh � ' �W

�
Ef� '

s
2}�

Frq�jxudwlrq ri sdudphwhuv hqvxulqj wkh h{lvwhqfh ri dq D0htxloleulxp1

Fohduo| wkhuh zloo eh dq D0rujdql}dwlrqdo htxloleulxp li dqg rqo| li wkhuh h{lvwv
k vxfk wkdw h�� Ek� 	 �W

�
Ek� 	 �Ek�

Jlyhq wkdw �W

�
Ek� lv ghfuhdvlqj lq k dqg wkdw �Ek� lv lqfuhdvlqj lq kc wklv

frqglwlrq lv htxlydohqw wr wkh h{lvwhqfh ri vrph k : k vxfk wkdw h�� Ek� 	 �W

�
Ek��

Lw lv hdv| wr vhh wkdw/ ehfdxvh ri wkh frqwlqxlw| ri wkh ydulrxv ixqfwlrqv lq kc wklv
lv htxlydohqw wr h�� Ek� 	 �W

�
Ek�� Qrz k lv ghwhuplqhg e|

t
2} ' �Ek� '

2}k

2 � e

Khqfh

k '
2� es

2}

Diwhu vxevwlwxwlrq/ wkh frqglwlrq h�� Ek� 	 �W

�
Ek� zulwhv dv=

Frqglwlrq D16 }

#
� � &

K

$
	
t
2} � eE2 � e�
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zklfk zh dvvxph wr eh vdwlv�hg1 + Li wklv lv qrw wkh fdvh/ wkh D0rujdql}dwlrq
fdqqrw eh dq htxloleulxp rxwfrph zlwk iuhh hqwu|,1

Wkh zkroh slfwxuh ri wkh vwuxfwxuh ri wkh rujdql}dwlrqdo htxloleuld lq whupv ri
k lv wkhq ghvfulehg e| wkh iroorzlqj sursrvlwlrq

Sursrvlwlrq ;161 Wkhuh h{lvw k� dqg k� lq dfc �o zlwk f 	 k 	 k� dqg k� �
k� � � vxfk wkdw

l, wkh GV0rujdql}dwlrq zlwk e ' f lv dq htxloleulxp iru k 5 dfc��?Ekck� �d�
ll, wkh S0rujdql}dwlrq zlwk e ' e lv dq htxloleulxp iru k 5 dk� c�d
lll, wkh D0rujdql}dwlrq lv dq htxloleulxp iru k 5 dkck�o
ly, dw k ' �/ wkh �up rujdql}dwlrq lv luuhohydqw1

Surri1 = 4, Dvvxph �uvw wkdw �W 	 h�� E��� �W

�
Ek� dqg �W

�
Ek� duh ghfuhdvlqj

frqwlqxrxv ixqfwlrqv ri k dqg wkdw h�� Ek� lv lqfuhdvlqj frqwlqxrxv lq k� Dovr zlwk

frqglwlrq D16/ �W

�
Ef� : �W

�
Ef� '

s
2} : }

�
� � &

K

�
' h�� Ef� dqg�

W

�
E�� ' �W

�
E�� '

�W 	 h�� E��� Khqfh wkhuh h{lvwv e| frqwlqxlw| k� dqg k� lq dfc �o vxfk wkdw
�W

�
Ek� � ' h�� Ek� � dqg �W

�
Ek�� ' h�� Ek��1 Ehfdxvh ri frqglwlrq D16/ �W

�
Ek� :h�� Ek�1 Wkhuhiruh �W

�
Ek�� h�� Ek� : f ' �W

�
Ek��� h�� Ek��1 Dv �W

�
Ek� � h�� Ek�

lv ghfuhdvlqj lq k/ lw iroorzv fohduo| wkdw k 	 k�1 Dovr/ dv �W

�
Ek� : �W

�
Ek�

iru doo k 5 dfc �d/ �W

�
Ek� � h�� Ek� : �W

�
Ek� � h�� Ek� iru doo k 5 dfc �d 1 Khqfh

�W

�
Ek�� � h�� Ek�� ' f ' �W

�
Ek� � � h�� Ek� � 	 �W

�
Ek� � � h�� Ek�2�� Dv djdlq

�W

�
Ek�� h�� Ek� lv ghfuhdvlqj lq kc zh jhw k� 	 k��

5, Dvvxph wkdw �W : h�� E��� Wkhq/ iru doo k lq fc �d�W

�
Ek� : �W

�
Ek� : �W

�
E�� '

�W : h�� E�� : h�� Ek�� Lq wkdw fdvh zh srvh k� ' k� ' �1
Zlwk wkhvh gh�qlwlrqv ri k� dqg k�/ lw lv wkhq hdv| wr yhuli| wkh frqglwlrqv

zklfk surylgh l,/ll, /lll, dqg ly,1

l, Wkh grpdlq ri ydolglw| iru d GV0rujdql}dwlrq zlwk e ' f wr eh dq htxloleulxp
lv
s
2} : �4�?Ek� dqg wkh idfw wkh S0rujdql}dwlrq zlwk e ' e lv qrw srvvleoh zlwk

iuhh hqwu|1 Jlyhq frqglwlrq D14/ wkh �uvw dvshfw fdq eh uhvwdwhg dv
s
2} : �Ek�

zklfk lv htxlydohqw wr k 	 k� Zkhq k 	 k� wkhq wklv frqglwlrq lv dovr vx!flhqw1
Zkhq k� 	 k krzhyhu/ wklv lv qrw vx!flhqw ehfdxvh lq vxfk d fdvh/ wkhuh h{lvwv
d k 5ok� c kd vxfk wkdw �W

�
Ek� 	 h�� Ek�� Iru vxfk dq kc d S0rujdql}dwlrq zlwk

e ' e lv srvvleoh zlwk iuhh hqwu|1Wklv rujdql}dwlrq zloo dozd|v grplqdwh d GV0
rujdql}dwlrq zlwk e ' f� Khqfh wkh frqglwlrq iru d GV0rujdql}dwlrq zlwk e ' f
wr eh dq htxloleulxp ehfrphv lq vxfk d fdvh k 	 k� 1 Vxppdul}lqj wkh wzr
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suhylrxv fdvhv/ zh fdq vd| wkdw d GV0rujdql}dwlrq zlwk e ' f lv dq htxloleulxp
iru k 5 dfc��?Ekck� �d�

ll, Wkh grpdlq ri ydolglw| iru d S0rujdql}dwlrq zlwk e ' e wr eh dq htxloleulxp
vlpso|�W

�
Ek� 	 h�� Ek�1 Jlyhq wkh gh�qlwlrq ri k� c wklv lv htxlydohqw wr k 5 dk� c �d

lll, Vlploduo| wkh grpdlq ri ydolglw| iru dq D0rujdql}dwlrq wr eh dq htxloleulxp
lv h�� Ek� 	 �W

�
Ek� 	 �4�?Ek� ' �Ek� zklfk lv htxlydohqw wr k 5 dkck�o e| wkh

gh�qlwlrq ri k dqg k��
ly, lv wulyldo dv iru k ' �/ wkh wzr rujdql}dwlrqv duh htxlydohqw

Wkh fkdudfwhul}dwlrq lv uhsuhvhqwhg lq �jxuh 8 iru wkh fdvh k 	 k� � Qrwlfh wkdw
iru k 5 dk� c k�d wkhuh duh pxowlsoh rujdql}dwlrqdo htxloleuld= wkh S0rujdql}dwlrq
zlwk kljk h�ruw dqg wkh D0rujdql}dwlrq1

<1 Dsshqgl{ LL

� Zhoiduh Dqdo|vlv

Uhfdoo iurp wkh pdlq wh{w wkdw wkh wzr zhoiduh ixqfwlrqv/ xqghu wkh S0rujdql}dwlrq
dqg D0rujdql}dwlrq/ uhvshfwlyho| fdq eh zulwwhq dv=
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zklfk/ xvlqj wkh idfw wkdw .W

� '
�� E�3eW

�
k�

}
dqg wkh iuhh hqwu| frqglwlrq =
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Xvlqj wkh oderu pdunhw frqglwlrq +6149, ru +BB, wr holplqdwh ?� / rqh �qdoo|
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Xvlqj wkh oderu pdunhw frqglwlrq +614<, wr holplqdwh ?�/ rqh �qdoo| jhwv =
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